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1. Introduction
A main objective of the ergodic theory of smooth dynamical systems is to understand
long-term behavior of typical orbits for a majority of systems. Much effort has been
dedicated to constructing physically relevant invariant measures which statistically predict
typical asymptotic behaviors. A refined description of the dynamics requires the analysis
of atypical or transient behaviors before orbits settle down to equilibrium. The theory of
large deviations is concerned with such rare events. The large deviation principle (LDP)
asserts the existence of the rate function which controls probabilities of rare events on an
exponential scale.

It is now classical that a transitive uniformly hyperbolic (Axiom A) attractor supports
a unique Sinai—Ruelle-Bowen measure [2, 3, 31], and Lebesgue almost every orbit in
the basin of attraction is asymptotically distributed with respect to this measure. The
LDP for Axiom A attractors was established by Kifer [19], Orey and Pelikan [24] and
Takahashi [32]. For one-dimensional non-hyperbolic systems, after much progress [6, 26,
27], a major advance was made in [7] which establishes the LDP for an arbitrary C 4o
multimodal map with non-flat critical points that is topologically exact. The aim of this
paper is to treat what is left out in [7]: the LDP for renormalizable unimodal maps,
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including infinitely renormalizable ones. The conclusion is that the LDP holds for an
arbitrary S-unimodal map with a non-flat critical point.

We introduce our setting and results in more precise terms. Let X C R be a compact
non-degenerate interval. A C! map f: X — X is called unimodal if it has a unique critical
point ¢, which is contained in int(X) and is an extremum, and satisfies f(0X) C dX. An
S-unimodal map f is a unimodal map of class C3 on X \ {c} with negative Schwarzian
derivative f"'/f' — %(f”/f’)2 < 0 such that if x € 3X is a fixed point of f then
|f'(x)| > 1. We say that the critical point ¢ is non-flat if there exist [ > 1 and c3
diffeomorphisms ¢ and i defined on a neighborhood of ¢ and f(c) respectively such
that p(c) = 0 = ¥ (f(¢)) and |p(x)|' = | (f (x))| for any x near c.

Let M denote the space of Borel probability measures on X endowed with the weak*
topology. The empirical measure at time n with initial point x € X is the uniform

probability distribution on the orbit {x, f(x), ..., f*~!(x)}, denoted by
1 n—1
(S: = ; ];)(ka(x) € M,

where § R @) denotes the unit point mass at f k(x). For a Borel set A C X, we write |A| for
its Lebesgue measure. Our main result is stated as follows.

THEOREM A. (Level-2 LDP) For an arbitrary S-unimodal map f: X — X with a
non-flat critical point, the level-2 LDP holds, namely, there exists a convex lower
semicontinuous function I . M — [0, oo] such that

1
(lower bound)  lim inf — log [{x € X : §¥ € G}| = —inf
n—-oo n g
for any open set G C M, and

1
(upper bound)  lim sup — log |{x € X : §] € C}| < — irclfl

n—oo N

for any closed set C C M.

Hereafter we follow the convention that sup @ = —oo, inf # = oo, log 0 = —o0. The
function [ is called the rate function. Since M is a metrizable space, the LDP determines
the rate function uniquely [28, Theorem 2.13].

In order to explain the meaning of Theorem A, let us recall that an S-unimodal map
f with a non-flat critical point is classified into the following mutually exclusive cases
[10, 14]:

(D f has an attracting periodic orbit;
(II) f is infinitely renormalizable;
(III) £ is at most finitely renormalizable and has no attracting periodic orbit.
Guckenheimer [14] proved this classification for negative Schwarzian C3 unimodal maps
with non-degenerate critical points. The same holds in our slightly more general setting.
For details, see [10, Ch. III, §4]. The dynamics is relatively simple in cases (I) and (II): the
empirical measure along the orbit of Lebesgue almost every initial point converges in the
weak™* topology to the measure supported on the attracting periodic orbit or the attracting
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Cantor set. The dynamics in case (III) is much more complicated and displays a rich
array of different statistical behaviors (see, for example, [5, 15, 17, 18]). As a prototypical
example, consider the quadratic map x € [0, 1] — ax(1 — x) with 1 <a < 4. It is well
known that:
e the set of g-values corresponding to case (I) is open and dense in the parameter
space [13];
e the set of a-values corresponding to case (II) is non-empty [11, 12], and has zero
Lebesgue measure [22];
e the set of a-values corresponding to case (III) has positive Lebesgue measure [1, 17].
Irrespective of rich bifurcations, Theorem A states that the LDP continues to hold for an
arbitrary parameter a.
The rate function / in Theorem A is given as follows. Let M(f) denote the set of
elements of M which are f-invariant. For each u € M(f), the limit

1
x() = lim - log |(f")' ()

exists for w-almost every x € X and belongs to R U {—oo}, because log | f/| is uniformly
bounded from above. We set

x T (x) = max{x (x), 0} € R,

and define a (non-negative) Lyapunov exponent of [ by

xtw = f xT(x) du(x). (1.1)

Let () denote the measure-theoretic entropy of u with respect to f. Define a free
energy F: M — [—o0, 0] by

h(w) — x () if € M(f),
F() =: . (1.2)
—00 otherwise.
The rate function / in Theorem A is defined to be the negative of the upper semicontinuous
regularization of F:

I () = — inf sup F(v).
gan g

Here, the infimum is taken over all open sets G in M containing w. Note that the entropy
and the Lyapunov exponent are upper semicontinuous as functions of measures. In cases (I)
and (II), the Lyapunov exponent is in fact continuous (see Lemma 2.10) and thus / = —F'.
In case (II), the Lyapunov exponent may fail to be lower semicontinuous [4, §2], which
implies I # —F.

The next theorem asserts that Theorem A cannot be extended to maps with multiple
critical points.

THEOREM B. (The breakdown of the LDP) There exists a C> interval map with exactly
two non-degenerate critical points for which the level-2 LDP does not hold.
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The rest of this paper consists of four sections. In §2 we introduce several basic
definitions and results on S-unimodal maps. In §3 we prove the lower bound for open
sets in Theorem A. In §4 we prove the upper bound for closed sets in Theorem A. In §5 we
prove Theorem B.

For only finitely renormalizable maps, the dynamics of typical orbits consist of two
stages: transition to the deepest renormalization cycle, and circulation within that cycle.
The LDP restricted to the deepest renormalization cycle mostly follows from the known
result [7]. For infinitely renormalizable maps, orbits contained in sufficiently deep cycles
are approximated by the post-critical measure supported on the attracting Cantor set.
Therefore, all we have to do is to analyze the transitions between renormalization cycles.
The main point of §3 is to prove that any f-invariant measure supported on a hyperbolic
set is approximated with orbit segments from finitely many subintervals of X (see
Proposition 3.1). This claim is standard if the measure is ergodic, and if non-ergodic then
we glue orbit segments together which approximate its ergodic components.

The main technique used in §4 to derive the upper bound is a ‘coarse graining approach’.
Here the set of orbits with prescribed time averages of continuous functions are coarse
grained (see §4.3), and estimates on the resultant ‘clusters’ are transferred to the large
deviations upper bound on empirical measures (see Propositions 4.1 and 4.6). The estimate
on each cluster consists of contributions from the uniformly hyperbolic dynamics on each
renormalization cycle and the transitions between them.

A counterexample of a bimodal map we construct in the proof of Theorem B is
non-transitive and has two non-degenerate critical points, one of which is non-recurrent.
With a slight modification of our construction, one can find a counterexample in
polynomial maps of degree 3 (see Remark 5.5). It is plausible that there is an S-unimodal
map with a non-recurrent flat critical point for which the level-2 LDP fails. For a transitive
S-unimodal map with a non-recurrent flat critical point and all periodic orbits hyperbolic
repelling, the level-2 LDP was shown in [8] under an assumption that the criticality
increases at some specific rates.

2. Preliminaries

This section introduces several basic definitions and results on the dynamics of S-unimodal
maps and its renormalization. In §2.1 we classify attracting periodic orbits. In §2.2 we
prove a lemma on the Lyapunov exponent of invariant measures. In §2.3 we define
renormalization of S-unimodal maps. In §2.4 we introduce basic structures associated
with the renormalization. In §2.5-§2.7 we are concerned with the dynamics on each
renormalization cycle. In §2.8 we introduce some notation which will be frequently used
later. In §2.9 we summarize a few results on infinitely renormalizable maps.

2.1. Classification of attracting periodic orbits. Let f: X — X be aunimodal map, and
let { f* (x)},f;é be a periodic orbit of f with prime period p. We say that { ¥ (x)},f;é is:

e hyperbolic attracting if |(fP) (x)| < 1;

e neutral if |(fP) (x)| = 1;

e hyperbolic repelling if |(fP) (x)| > 1.
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The basin of the periodic orbit { f¥ (x)},f;é is the set of points in X whose omega-limit
set is contained in the set { fk (x)},i:(}. We say that { f k (x)},f;& is attracting if its basin
contains an open set. In this case, the union of the connected components of the basin
containing a point from { f* (x)};;;; is called the immediate basin of { fk(x)},f;ol. Each
connected component of the immediate basin contains exactly one point from { f¥ (x)},f;é.

If f: X — X is S-unimodal, a neutral periodic point x with prime period p satisfies
either

(@ (f7)"(x) #0,o0r

()  (fP)'(x)=0and (fP)"(x)/(fP)(x) <O0.

In case (a), the periodic point x is locally attracting from only one side and in case (b)
it is attracting from both sides. Hence, a periodic point is attracting if and only if it
is hyperbolic attracting or neutral. The immediate basin of an attracting periodic orbit
contains the critical point [10, Ch. II, Lemma 6.1, Theorem 6.1]. Therefore, there is at
most one attracting periodic orbit, denoted by O (f). Let B(f) denote the immediate basin
of O(f).Iff has no attracting periodic orbit, we put B(f) = ¢ for convenience. Let 8¢ r)
denote the element of M ( f) that is supported on O (f). The attracting periodic orbit O (f)
is called two-sided attracting if it is hyperbolic attracting or neutral in case (b). Otherwise
(i.e., if it is neutral in case (a)), an attracting periodic orbit { f k(x)},f;é is called one-sided
attracting.

2.2. Lyapunov exponents. Since our definition of the Lyapunov exponent in (1.1) is a
little non-standard, we will use the next lemma in §3.

LEMMA 2.1. Let f: X — X be an S-unimodal map with a non-flat critical point. Then

the map u € M(f) — xT(w) is affine. Moreover, the following assertions hold.

(@)  Iff has no hyperbolic attracting periodic orbit, then x* (1) = [log | f'| du for any
n e Mf).

(b)  Iff has a hyperbolic attracting periodic orbit, then x () = [ log | f'| du for any
n € M(f) satisfying 1(O(f)) = 0.

Proof. Assertion (a) follows from [29, Proposition A.1]. Hence, x () is affine if f
has no hyperbolic attracting periodic orbit. Assertion (b) follows from Maiié¢’s theorem
[23, Theorem A] which asserts that the complement of O(f) is a hyperbolic set. Then
x T (-) is affine on the subspace of measures in M(f) not charging O(f). Since every
element of M ( f) can be written uniquely as a convex combination of () and a measure

not charging O(f), x 7 (-) is also affine in this case. O]

2.3. Renormalization of S-unimodal maps. Let f: X — X be a unimodal map with a
non-flat critical point c. A proper closed subinterval J of X is restrictive of period p > 2
if the following conditions hold (cf. [10, pp. 139]):

e theinteriorsof J, ..., ff’_1 (J) are pairwise disjoint;

e fP(J)yc Jand fP(0J) C dJ;
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one of the intervals J, ..., f P’l(J ) contains ¢ in its interior;
J is maximal with respect to these properties—if J' O J is a closed interval which
is strictly contained in X and satisfies the previous three properties with the same
integer p, then J' = J.

We define a strictly decreasing sequence of closed intervals

X=Jbo2h2h”h2 -
which contain the critical point ¢, and a strictly increasing sequence of integers

l=po<pi<pr<--:

so that J, is restrictive of period p,, for m > 1, inductively as follows. Given J,, and
pm for some m > 0, note that fP»|; : J, — J, is a unimodal map. If fP=|; has a
restrictive interval, then define J,, 1 to be the restrictive interval of f77|; containing ¢
and with the smallest period r,,,. We define py,+1 = pmrm. If fP7|;, has no restrictive
interval, then we do not define J,,+; and stop the definition setting m(f) = m. If
this inductive definition continues for arbitrarily large m, we set m(f) = co. We say
that f is:

e non-renormalizable if m(f) = 0;

o renormalizable it m(f) > 1;

e only finitely renormalizable if m(f) < oo;

e infinitely renormalizable if m(f) = oo.

We assume that f has negative Schwarzian derivative, and review the dynamics of the
unimodal map f7|; ,m > 0. We classify such dynamics into the following cases:

(A) fPm|,, is non-renormalizable and has no attracting fixed point;

(B) fPm|,, is renormalizable;

(C)  fPm],, is non-renormalizable and has an attracting fixed point.

For each m > 0, let L,, denote the closed interval in J,,, bordered by f7(c) and f 2rm ().
Note that L,, is possibly a singleton, that is, a degenerate closed interval.

In case (A), we have fP»(L,) = L,, and fPm|r  is topologically exact: for any rela-
tively open subset U of L,, there is an integer multiple n > 1 of p,, such that f"(U) = L,,.
One can check this by combining [10, Theorem V.1.3] and [30, Theorem 2.19 and
Proposition 2.34], for example.

In case (B), we have ¢ € int(L,,) and f?»(L,,) C L,,, and the orbit of any point in
int(J;,) eventually falls into L,,. There exists a restrictive interval J,,,4+ that contains the
critical point ¢ and the set Ufigl /P fkPm(J,,41) is forward invariant with respect to fPm.
We will consider two subcases:

B pm+1/pm #2;

(B2) pm+1/pm =2.

Compare these in Figure 1. In case (B2) we have L, = P (Jpy1) U f2P7(Jy41) and
Lm C U/fz$l_l fk(Jerl)-

In case (C), m = m(f) and J,, contains a unique point z ¢ from O(f). Indeed, if J,,
contained two points from O(f), then one would find a restrictive interval for f7=|; as
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FIGURE 1. The graphs of the renormalized unimodal maps f77|;, : Jy, — Jp.

an immediate basin of O(f). In particular, the point zy € O(f) N Jy, is a fixed point of
the unimodal map f?|; . We will consider three subcases:

) zf € int(Un);

(C2) zy € dJy and O(f) is neutral;

(C3) zy € dJy and O(f) is hyperbolic attracting.

Compare these in Figure 1. In case (C1), O(f) is hyperbolic attracting and int(J,,) is
the connected component of B(f) containing z s. For any closed interval J contained in
int(J,,), the following uniform convergence holds:

lim sup|fP""(x) —z¢| = 0. 2.1
n—

X xeJ

In cases (C2) and (C3), since f has negative Schwarzian derivative, 7 (c) lies in between
zr and ¢ and the following uniform convergence on J,, holds:

lim sup|fP""(x) —zf| =0. 2.2)
— 0 ?

n xedm
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If, moreover, zy is two-sided attracting and m > 1, the dynamics of the previous
renormalization fPm-!|; | is similar to that in case (C1) from Lemma 2.2 below. For
this reason, if 1 < m(f) < 0o and dJ5(r) contains a two-sided attracting fixed point of
FPD| g 4y » then we zoom out to the previous renormalization by setting

m(f)=m(f) -1

In all other cases, we set
m(f) =m(f).

LEMMA 2.2. Let f: X — X be a renormalizable S-unimodal map, and let J be a
restrictive interval with period p containing ¢ and not contained in any other restrictive
interval with period smaller than p. If zy € 0J is periodic and two-sided attracting, then
2 is a fixed point of f, p = 2 and its immediate basin coincides with int(X). Further, for
any closed interval J contained in int(X), we have the uniform convergence (2.1) on J with
pm = 1.

Proof. Let B denote the connected component of the immediate basin of the periodic
orbit of z ¢ that contains z r. Then we have f”(B) C B. Since the renormalized map f7|;
belongs to case (C2) or (C3) and since z  is two-sided attracting, the interval J is strictly
contained in B.

We claim that f(B) C B. Suppose that this is not the case. Then, by the definition
of immediate basin, we have that f(B) N B = (). This implies that cl(B) is a restrictive
interval and contradicts the assumption of the lemma.

Since the immediate basin B contains only one point in the orbit of z ¢, the point z ¢ is a
fixed point of f. Then it follows that p = 2. Since f(dB) C 9B, it is immediate to see that
B coincides with int(X). O]

Remark 2.3. To summarize, in the case m(f) < oo the dynamics of the renormalization
S g 7 1s either in case (A), or one of the following:
(C-I) there is a two-sided attracting fixed point in int(J;,(r)) whose immediate basin
contains int(Jy(f));
(C-II)  there is a one-sided attracting fixed point in 9J,,(y) whose immediate basin
contains Jy,(f).

2.4. Structures associated with renormalization. Let f: X — X be an S-unimodal map
with a non-flat critical point ¢ such that m(f) > 1. For each integer m with0 < m < m(f),
we define the mth renormalization cycle K, by

pm_l

Ky = U fk(Jm)'

k=0

For each integer m with 0 <m < m(f) — 1, we denote by 55," the collection of the

connected components of K, \ Ufﬂgl_l int( fX(Jns1)).
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In the case m(f) < oo, we set

Pm()—1
J %) if f has an attracting periodic orbit,
k=0
Ky = Py —1 (2.3)
U f k (Lm(fy) if f has no attracting periodic orbit.
k=0

Moreover, we define @m( -1 to be the collection of the connected components of the

following sets: Ky (r)—1 \ Ufﬁ)f)fl int(fk(Jm(f))) if f has an attracting periodic orbit;

Kn(r)—1\ Ufﬁgfrl int(f* (L (s))) if f has no attracting periodic orbit.

The elements of &2, with 0 <m < m(f) are closed intervals in K, possibly
singletons, and &?,, has the Markov property: if P,Q € &, and f(P)NQ #0

then f(P) D Q. Let £, denote the set of elements of &2, that are contained in
o " fK(L,,). Note that 2, is non-empty.

Remark 2.4. Case (B2) is rather exceptional. The set &7, consists of the singletons
FXTmg) N fPr*(J41), 0 < k < p, — 1, which form a hyperbolic repelling periodic
orbit of prime period p;,.

For each integer m with 0 < m < m( f), we define

Km,m+l =cl(Kp \ Km+1)

and

(0.¢]
Fm:ﬂf_n( U P)
n=0 PeZ,
Note that I'), for 0 <m < m(f) contains an attracting periodic orbit only if
m =m(f) — 1, and this periodic orbit is one-sided attracting. In this case, K u+1 is
disjoint from the interior of the immediate basin of the attracting periodic orbit. For
convenience we set I'_1 = 9 X. In the case m(f) < oo we further define

o) if f has a two-sided attracting periodic orbit,
r _ ) -l
" U r* (Lim(s)) otherwise.
k=0

The sets I';,, —1 < m < m(f) are non-empty closed sets, and I';;, N I[,,; = @ holds for all
distinct integers m, m’ in {—1, ..., m(f) — 1}. Note that I',,(r)—1 intersects I', () if and
only if L(sy = Jm(s)-

For each integer m with —1 < m < m(f) we set

M (f) ={n € M(f): supp(n) C T},

where supp(u) denotes the smallest closed subset of X with full yu-measure. The sets
M, (f) are pairwise disjoint, and if m(f) < oo then M(f) is the convex hull of
Um(f) My (f). I m(f) < oo and f has a one-sided attracting periodic orbit, then L,,(r)

m=—1
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is contained in the basin of this attracting periodic orbit, and so M,,(r)(f) = ¥. The set
M_1(f) is a singleton that is supported on the fixed point in 9 X.

2.5. Symbolic dynamics on each cycle. Let f: X — X be an S-unimodal map such that
m(f) > 1. For each integer m with 0 < m < m(f), there is a topological Markov chain
over the finite alphabet &, determined by the transition matrix

1 if f(P)DQ,

(Mpo) 5, Mpo=
0 P.QePy, e 0 otherwise.

Let n > 2 be an integer and let Py, Py,..., P,—1 € 35,,[. The word PyPy - -- P, of
length n is admissible if Mp,p,,, = 1 holds for 0 <k <n — 2. Let E} denote the set of
admissible words of elements of @m of length n. Let X,, denote the set of one-sided
infinite sequences {Pk},fio of elements of @m such that Py - - - P,—1 € E}; holds for
every n > 2. We endow %, with the restriction of the product topology of the discrete
topology of Py Let : By — T denote the left shift: om({Pr}gey) = {Pr}p2,. For
each PPy - - - Py—1 € EJ,, weset Ipyp,..p, , = ﬂz;é f7K(Py), and define

Tm: S — ﬁf‘”( U P)

n=0 PeP,

by

o0
T (P0) € () 1p-Pus- (2.4)
n=1
By [21, Main Theorem], f has no wandering interval, and so any homterval is contained
in the basin of an attracting periodic orbit. Since ﬂflil Ipy...p,_,
basin of an attracting periodic orbit, it is not a homterval, namely, a singleton. Hence, 7,
is well defined.

is not contained in the

PROPOSITION 2.5. Let f: X — X be an S-unimodal map with a non-flat critical point
such that m(f) > 1. For each integer m with 0 <m < m(f), the restriction of f to
Moo U P, P) is topologically conjugate by the conjugacy map mw, to the
topological Markov chain oy, : Z,;;, — Zy.

Proof. By definition, m, is continuous and surjective. Since the elements of P
are pairwise disjoint, m, is injective and has a continuous inverse. For each
PyP; - -- P,_1 € E7, the Markov property of &2, implies fk_l(IPO.A.P”il) =Ip_,..p,_,
forevery 1 <k < n.Hence, f o m,, = m,, o oy, holds. We have verified that the restriction
of f to (Mmoo /(U pesp, P) s topologically conjugate to oy by . O

We will use the following lemma a few times.

LEMMA 2.6. Let f: X — X be an S-unimodal map with a non-flat critical point such
that m(f) > 1. For each integer m with 0 < m < m(f), we have

lim sup{|ly|:w € E;}=0.
n—oo
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Proof. Suppose there exist ¢ > 0 and an infinite subset F of [ J72 | E”, such that |/, > &
for all w € F. Since X has a finite diameter, we can choose a sequence {a)(”)};'lo:1 in F
such that {Iw<")}ZO:1 is a nested sequence. Since ﬂ,fozl I, m 1is not a singleton, it is a
homterval. However, it is not contained in the basin of an attracting periodic orbit. We
obtain a contradiction to [21, Main Theorem]. O]

2.6. Distortion estimate on each cycle. Let Y be a non-degenerate compact interval in
Xandletg: ¥ — X bea C! map. Let J be a subinterval of Y such that the restriction of g
to J is a diffeomorphism onto its image. By a distortion of g on J we mean the quantity

8" (0)]
sup = ——.
xyes 18]

We will frequently use the following distortion estimates on each cycle.

PROPOSITION 2.7. Let f: X — X be an S-unimodal map with a non-flat critical point

such that m(f) > 1. For each integer m with 0 < m < m( f) the following assertions hold.

(@) If 'y, does not contain a neutral periodic orbit, then there exists a constant
Vi > 1 such that if n > 1 then the distortion of f" on any connected component
of ﬂZ;(l) f MK ma1) is bounded by y,,.

(b) If Ty, contains a neutral periodic orbit, then for any € > 0 there exists N > 1

such that if n > N then the distortion of f" on every connected component of
MiZs £ (Kmm+1) is bounded by "

Proof. Since f is C2, the restriction of log | f’| to the union of the elements of Py, not
containing a point from an attracting periodic orbit is Lipschitz continuous. Moreover, by
Maiié’s theorem [23, Theorem A], the maximal f-invariant set in this union is a hyperbolic
set. Hence, (a) holds.

As for (b), if I'j, contains a neutral periodic orbit, then m = m(f) — 1 and dJy(p)
contains a point from the neutral periodic orbit. Let ¢ > 0, let n > 2 and let W be a
connected component of ﬂ f k (Km,m+1)- There exists w € E}} such that W = I,,.
Since K, m+1 does not contaln the critical point of f, the infimum of | f’| over this set is
positive. For all x, y € I,, we have

1@l ( f) - ( f”)”‘
1 ® I,|.
Byl = P 7 Z'f( I= 3w 7 2 sup

k=0 weEf,,_k

By Lemma 2.6, the last number is bounded by en for a sufficiently large n. The proof of
Proposition 2.7 is complete. O

2.7. Topological exactness on each cycle. Let Y be a non-degenerate interval in X and
g: Y — Y be acontinuous map. Let U be a non-degenerate subinterval of Y and letn € N.
Each connected component of g~ (U) is called a pullback of U by g". If V is a pullback
of U by g" and g"|y is a diffeomorphism, then V is called a diffeomorphic pullback of U
by g".
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The next lemma will be used later in §3.2 for the proof of the lower bound in Theorem A,
in order to glue different orbits in different cycles together to form one orbit with required
properties. It will also be used later in §4.2 for the proof of the upper bound in Theorem A.

LEMMA 2.8. Let f: X — X be an S-unimodal map with a non-flat critical point such
that m(f) > 1. Let 0 <m < m(f) and suppose py+1/pm 7% 2. For any open interval
J C L, that intersects T, there exists an integer n > 1 such that fP""(J) = L, and
for any n’ > n there exists a diffeomorphic pullback of int(L,,) by f P’ that is contained
inJ.

Proof. We assume m = 0 in the proof below. In the case m > 0, we can apply the same
argument to the renormalized map f 7 : J,, — J,, to obtain the conclusion of the lemma.

Without loss of generality we may assume X = [0, 1] and the critical point ¢ is
the maxima of f. We claim that the topological entropy hiwp(f) of f: X — X is
greater than or equal to log+/2. Indeed, the assumption p; = pi/po > 2 implies
that if we take an interval [x’, x] such that x’ < ¢ < x and f(x) =x = f(x'), then
f2(x) =x, f2(c) < x" and [x', x] C f2([x’, x]). Since [x’, x] contains an f2-invariant
set on which f?2 is topologically conjugate to the full shift on two symbols, we obtain
hiop(f) = hiop(f?)/2 > log v/2.

By the Milnor-Thurston kneading theory (see [10, Ch. 2, Theorem 8.1]), there exists
a semiconjugacy from f: X — X to a piecewise linear map with slopes +s where
s = eMoelf) > /2. More precisely, there exists a continuous and surjective monotone map
A: X — X satisfying T o A = A o f for the tent map

T: X — X, T(x)=min{sx,s(1—x)}.

The map A sends a non-trivial interval in X to a point only if it is eventually mapped by f
into the restrictive interval Jj. (For this, we use the non-existence of wandering intervals;
see [10, IIL.4, Proposition 4.3].) Hence, A maps an open interval J C L that intersects the
Cantor set 'y onto a non-trivial interval J'.

If s =+/2, then T is renormalizable with period 2 and so is f, contradicting the
assumption p; > 2. So we may suppose § > V2. Then there is n >0 such that
both T7"(J') and T"*!(J’) contain the turning point 1/2 of T in their interiors (see
[10, 1114, Proposition 4.4 and Exercise 4.1]). Consequently, f"(J) and f"T!(J)
contain c in their interiors and therefore f"*2(J) > Lo = [f2(c), f(c)]. Then we have
£ D U 2(Lg) = Lo forn’ > n + 2.

Since f is unimodal, for any non-degenerate subinterval / of X we can take a subinterval
I’ C I such that f: I’ — f(I) is a homeomorphism. Applying this procedure to the
sequence of maps

It oy L L gy L o L

we find an interval J' C J such that f LN (N Lo is a homeomorphism. Then int(J’) is
a diffeomorphic pullback of int(Lg) by f " as required in the lemma. O

Let f: X — X be an S-unimodal map with a non-flat critical point such that m(f) > 1.
Suppose pp+1/pm % 2forsome 0 < m < m(f).Inview of Lemma 2.8, foreach P € &,
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that is contained in L, we fix ¢(P) € N such that fP»4‘P)(P) =L, and for any
n > g (P) there exists a diffeomorphic pullback of int(L,,) by f7=" that is contained in P.
For later uses and convenience we set

M,, = max{p,q(P): P € #y,and P C L,,} and M_; =2. 2.5)

2.8. Notation. Let C(X) denote the set of real-valued continuous functions on X. For
¢ € C(X) and n € N, write S,,¢ for the sum ZZ;(I) ¢ o f*. For £ e N define

CX)' ={p=(p1,....¢0): ;€ C(X) for1 < j<¢}.

For (Z: (@1,...,0¢) € C(X)(, a=(ag,...,0p) € RY and a measure uw e M, the
expression [ ¢ du > & indicates that [ ¢; dju > o holds for 1 < j < £. We set

An(P, @) = {x eX:/$d8§ >&}
and

Sudh = (Sudt. . . ... Supo).
Fora e Rand ¥ = (v, . . ., vg) € RY, we write

i=(a,a,...,a)eR" and |3 = max |vjl.
I<j<t
For v, w € R¢, the expression v > w indicates that vj > wj holds for 1 < j < ¢.

2.9. Infinitely renormalizable maps. Let f: X — X be an infinitely renormalizable
S-unimodal map with a non-flat critical point. The omega-limit set of Lebesgue almost
every initial point x € X coincides with the closed invariant set

o
A= ﬂ Ko,
m=0
and the empirical measure 87 converges to the post-critical measure |l supported on A.
The restriction of f to A is uniquely ergodic and the post-critical measure (oo is the
unique invariant measure on A. Moreover, h(ioo) = X T (itoo) = 0 holds (see [4, Theorem
3.4))D.
In order to ‘approximate’ (4o, We Will use the following lemma, which in particular
asserts that the post-critical measure is approximated by empirical measures along
sufficiently long orbit segments in sufficiently deep cycles.

LEMMA 2.9. [33, Lemma 2.3] Let f: X — X be an S-unimodal map with a non-flat
critical point such that m(f) = oo. Let £ € N, ¢ € C(X), @ € R*. For any ¢ > 0 there
exist my, Ny € N such that the following assertions hold.

(@ Ifn> N, and Ay($,&) N K, # D then

/&duoo>&—§.
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() Ifn > N, then

sup
Koy

< é.

1 - -
—Sn¢—/¢duoo

n

For infinitely renormalizable maps, the Lyapunov exponent depends continuously on
invariant measures.

LEMMA 2.10. [33, Lemma 2.6] Let f: X — X be an S-unimodal map with a non-flat
critical point such that m(f) = oo. Then u € M(f) — x+(w) is continuous.

3. Large deviations lower bound

In this section we complete the proof of the lower bound in Theorem A. In §3.1 we show
that this follows from a key lower bound stated in Proposition 3.1. The rest of this section
is dedicated to the proof of Proposition 3.1.

3.1. Key lower bound. The next proposition allows us to approximate a given invariant
measure with finitely many intervals in a particular sense.

PROPOSITION 3.1. Let f: X — X be an S-unimodal map with a non-flat critical point.
Lett €N, ¢ € C(X)!, & € Rt andlet p € M(F) satisfy [ édu > a. Foranye > O there
exists N > 1 such that for each integer n > N, there exists a finite collection <, of closed
intervals in A, (J), a) with pairwise disjoint interiors such that

#aty > exp((h(n) — €)n) and (a)

|A] > exp(—(x T () + &)n) forevery A € . (b)

In order to prove Proposition 3.1, we approximate the given measure p with a finite
convex combination of measures each supported on some I, or A, and then for each of
these measures construct a collection of finitely many intervals. We then glue orbits from
these intervals together to construct a collection intervals with the desired properties.

The proof of Proposition 3.1 is given in §3.4. Below we deduce a corollary to
Proposition 3.1 and complete the proof of the lower bound in Theorem A.

COROLLARY 3.2. Let f: X — X be an S-unimodal map with a non-flat critical point.
Lett €N, ¢ € C(X)', @ € R and let 1 € M(f) satisfy [ ¢ dp > a. Then

1 -
lim inf — log |A, (6, @) > F(u).
n—oo n
Proof. From Proposition 3.1 and (1.2), for any & > O there exists N > 1 such that
|A (¢, @)| > eFUI=20m holds for every n > N. Taking logarithms of both sides, dividing
by n and letting n — oo and then & — 0, we obtain the desired inequality. O

Proof of the lower bound in Theorem A. Note that subsets of M of the form

-

{nu e M: f (5 du > a) with £ € N, 43 e C(X)%, @ € RY constitute a base of the weak*
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topology of M. So, any non-empty open subset G of M is written as the union G = |, G
of sets G, of this form. For each G,, Corollary 3.2 gives

1
liminf — log [{x € X : 87 € G,}| = sup F.
n—oo n G,

Hence, we obtain

1
liminf — log [{x € X : §¥ € G}| > supsup F =sup F = —inf /,
n—-oo n r G g g

as required in Theorem A. O

3.2. Approximation of a measure on each cycle. The rest of this section is entirely
dedicated to a proof of Proposition 3.1. We fix £ € N, Js e C(X )@, & € RY in the statement
of Proposition 3.1 until the end of §3.4, and assume f: X — X is an S-unimodal map
with a non-flat critical point c.

The next lemma allows us to approximate an invariant measure on each single cycle

with a finite collection of intervals.

LEMMA 3.3. Let f: X — X satisfy m(f) > 1. Let 0 <m <m(f) and suppose
DPm+1/Pm # 2. Let € My, (f), P € Py, satisfy P C Ly, and u(P) > 0, and let P’
be a non-degenerate closed interval in L,,. For any ¢ > 0, there exists N > 1 such that
for each integer g > N, there exists a finite collection B,,,4(P, P') of pullbacks of P’ by
fPm4 that are contained in P such that

1 /
— log #%,,,4(P, P") — h(n)| < &, (a)
Pmq
1 - -
sup sup Spug® — | ddu| <e. (b)
BEBpyq(P.P)) B |l Pmq
If, moreover, P’ N {f(c), ..., fMn=1(c)} = @ for the integer M,, > 1 in (2.5), then every
pullback B € #,,,,(P, P') is diffeomorphic and satisfies
1
sup ‘— log [(fP"9)| — x T (w)| < e. (©)
B | Pmd

Proof. From the definition of m,, in (2.4) and Proposition 2.5, f|r, is topologically
conjugate to a topological Markov chain via the finite Markov partition 2,,. For ¢ € N
let #,,,4(P) denote the collection of the pullbacks of elements of &7, by fP=4 that
are contained in P. Lemma 2.6 gives limg— oo sup,_ Boma (P) |B] =0, and so for any
continuous function ¢: K, ,,+1 — R we have

. 1
lim sup sup ——1[8p,,q9(x) — Sp,.q0()| =0. 3.1
q—00 BEL@I)I?I‘](P) x,yeB Pmq

The proof of Lemma 3.3 divides into two cases. We first treat the case where u is
ergodic. Since m < m(f), u is not supported on the orbit of a hyperbolic attracting
periodic orbit (see §2.4). Let e > 0. Since u(L,,) = 1/ppn, the normalized restriction of ©
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to L, isan fPm|r, -invariant Borel probability measure with entropy p,,h(i). For g € N,
we set r =g — M,/ pm. Since P € &P, @pm,(P) coincides with the collection of the
pullbacks of elements of &7, by fP»” that are contained in P. We claim that for all
sufficiently large g there exists a subset %), ,(P) of ggpmr(P) for which the following
inequalities hold:

A

1
— log #%pmr(P) —h(w)
Pmt

1 - -
sup sup’—Spmrqﬁ—/Mu
BeBy,(P) B | Pml

A

W ®m W|m

A

W] ™

sup  sup ‘L log [(fP"")| — x ()
BeBy,r(P) B | Pml

Indeed, the first inequality follows from Shannon, McMillan and Breiman’s theorem [9]

for the normalized restriction. The second one follows from (3.1) and Birkhoff’s ergodic

theorem. The third one follows from Proposition 2.7, Birkhoff’s ergodic theorem and

xT(uw) = [log|f’| du by Lemma 2.1.

By the definition of M,, in (2.5), if Q € &, and Q C L,, then fM»(Q) = L,,.
For each B € %,,,-(P), the interval fP»"(B) is an element of &, that is contained
in L,,. We fix a connected component Wg of fPm"(B) N f_M'" (P’). Let B’ denote the
diffeomorphic pullback of Wp by fP»" that is contained in B. We define

Bpna(P, P') ={B': B € B, (P)).

Clearly we have #%,, ,(P, P') = #2,,.,(P), and the elements of #,, ,(P, P’) are pull-
backs of P’ by fPn9.If P'N{f(c), ..., fMm~1(c)} = ¥ then for every B € B, ,(P),
Wg is a diffeomorphic pullback of P’ by fMn. So, every element of B, ,(P, P') is
a diffeomorphic pullback of P’ by fPm4. Therefore, for all sufficiently large ¢ > 1 we
obtain inequalities (a), (b), (c) of Lemma 3.3 from the corresponding three estimates for
Bp,,r(P) as above. To deduce (c) we have noted that the orbits of points in elements of
Bpnq(P, P') up to time p,,q are uniformly bounded away from the critical point ¢ by a
distance independent of g.

It remains to treat the case where p is non-ergodic. By Lemma 2.1, the map
v € My (f) = xT(v) € Ris affine. By virtue of the ergodic decomposition theorem and
Jacobs’s theorem on the decomposition of entropy [16], for any ¢ > O there exist a finite
number of ergodic measures uy, ..., s in M,,(f) and constants py, ..., ps in (0, 1)
adding up to 1 such that the measure ' = Y i_; p; - i in M, (f) satisfies

lh(n) —h(u)| < &, H/rzdu—/qzdu’ <& IxTw—xTW)l <e,

and ' (P) is sufficiently close to w(P) so that u'(P) > 0. With no loss of generality we
may assume that p is written as a convex combination of ergodic measures u; € M, (f):

W=p1-pr+p2-p2tc ot psc U,
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with 1 (P) > Oand py, . . ., pg addingupto 1. We fix Py, ..., Py € &, sothat P| = P,
P, C Ly and u;(P;) >0forl <i <s.Weset P, | = P.
Let e > 0. Let g > s be a large integer, and write it as a sum of positive integers

q9=q1+q+---+gqs,

with |pnqi — pmpiq| < pm for 1 <i <s. From the previous argument in the ergodic
case, if g is sufficiently large then for each i there is a finite collection %), 4, (P;, Piy1) of
diffeomorphic pullbacks of P;y| by fP=49 that is contained in P; for which the following
three inequalities hold:

1 &
> log #%,,q; (Pis Pix1) —h(ui)| < X (3.2)
- e
sup sup ‘—S,,mq[qb - / ddui|| < =; 3.3)
BeBpyg; (PiPir) B Il Pmdi 2
sup sup log [(fPm4)| = x T (ui)| < (3.4)
Be,%’pmqi (Pi,Pi+1) B mdi

We now define #,,,,(P, P') to be the collection of the diffeomorphic pullbacks of P’
by the composition g5 o gg_1 o - - - o g1 of diffeomorphisms g; of the form f?»%|p with
B € B,,,q;(Pi, Pi11). If q is sufficiently large, then by (3.2) we have

| /\

log #4,,,4(P, P") — h(l/«)‘

Z log #‘%}qul (Pi, Pit1) — pqu pih (i)

Pmq i=1

qu

IA

P Z llog #%,,4; (Pis Piy1) = pmqih (i)
Pmq i=1

£y

i=1

__pl

h(ui) < + htop(f) <§g,

where Aop (f) denotes the topological entropy of f. Moreover, for each B € %,,,,(P, P'),
using (3.3) for 1 <i <, we have

N

1 ird -
" Hp q Spa® = /¢d” Spmql-¢—pmq1/¢dm

B

sup sup
qu —| B'€Bpyq; (Pi.Piy1) B

+Z‘—p,

Since ¢ > 0 is arbitrary, the above two estimates respectively imply (a) and (b) in
Lemma 3.3. We can prove (c) in the same way as (b), using (3.4) and noting that the
orbits of points in elements of %), ,(P, P') up to time p,q are uniformly bounded away
from the critical point ¢ by a distance independent of g. This completes the proof of
Lemma 3.3. O

s -
Il < = + =lIgll <e.
q

3.3. The initial transition. Let u_1 denote the element of the singleton M _;(f). Recall
that w_; is the unit point mass at the fixed point in X (see §2.4). Put p_; = 1. Recall
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that L is the closed interval in X bordered by f(c) and f 2(¢) (see §2.3). Let x s denote
the fixed point of f in dX. If Ly is strictly contained in X, let P_; denote the connected
component of X \ L that contains x s.

LEMMA 3.4. Let f: X — X be S-unimodal such that Ly is strictly contained in X and is

not a singleton. Let P be a non-degenerate closed interval in int(X). Suppose that either

(i) fis renormalizable and P C L, or

(ii)  fis non-renormalizable and P is contained in the open interval bordered by x y and
the unique fixed point z ¢ of fin int(X) (see (C1) in Figure ).

For any ¢ > 0, there exists N > 1 such that for each integer n > N, there exists a pullback

B of P by f™ that is contained in P_ such that

< €. (a)

1 - -
L [
B n
If, moreover, f(c) ¢ P, then the pullback B is diffeomorphic and satisfies

<e. (b)

1
sup ’— log [(f™)| — x T (u-1)
B |n

Proof. In case (i), f(c) is not contained in the closed interval bordered by xs and c.
Without loss of generality we may assume x y < c. We define a sequence {x,}7°, in (x 7, ¢)
inductively by x; € f “1(e) and x,41 € £ (x,) for every n > 2. From the minimum
principle for negative Schwarzian unimodal maps [10], this sequence is well defined and
satisfies lim, o X, = x . The interval [x f, x,,] is mapped by f" homeomorphically onto
[x 7, f(c)]. Let B denote the pullback of P by f" that is contained in [x s, x,]. If f(c) ¢ P,
then B is a diffeomorphic pullback. If n is sufficiently large, then (a) and (b) follow from
the bounded distortion near x y.

The proof for case (ii) is analogous, with ¢ replaced by z . The proof of Lemma 3.4 is
complete. O

3.4. Proof of Proposition 3.1. If Lo = X then f is non-renormalizable, and the conclu-
sion of Proposition 3.1 was already shown in the proof of [7, Proposition 2.1]. If Lg is a
singleton, then f(c) = c and any element of M( f) is a convex combination of ©_; and
the unit point mass at c. Hence, it is not difficult to show the conclusion of Proposition 3.1
by slightly modifying the argument in Case 2 below.

We assume L is strictly contained in X and not a singleton. Let u© € M(f) satisfy
i <5 du > a. Let ¢ > 0 be small enough so that

f{sdu—b&. (3.5)

In what follows we treat four cases separately. We start with the case where f is infinitely
renormalizable. Arguments for the remaining cases will proceed pretty much in parallel to
the infinitely renormalizable case.

Case 1: m(f) = oo. Let m,, N, be positive integers for which the conclusion of
Lemma 2.9 holds with ¢ replaced by ¢/3. By the continuity of the Lyapunov exponent
in Lemma 2.10, we may assume with no loss of generality that there exist constants
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P=1s- -5 Pm, € (0, 1) that add up to 1, and for each m € {—1, ..., m, — 1} a measure
Um € M, (f) such that

M=p—1-H-1+p0 po+" "+ Pm,—1"° Mhm,—1+ Pm, - hoo-

For each m € {0, . .., m, — 1} we take a non-degenerate closed interval P,, so that the
following statements hold: if p,,+1/pm # 2 then Py, € &y, Py, C Ly, and pp, (Py,) > 0;
if pm+1/pm =2 then P, C L,,, P, contains the periodic point in 9J,, in its interior
and satisfies P, N {f(c), ..., me—‘_l(c)} = { (recall (2.5)). We set Py, = Jp,.
Foreachm € {—1, ..., m, — 1} and for sufficiently large g € N, we define a collection

B g (Pm, Pny1) of non-degenerate closed subintervals of Py, as follows.

o m=—1:%, ,,(P_1, Pp) is the singleton consisting of the pullback of Py by f?-14
that is obtained by applying Lemma 3.4 with P = Py. Since f(c) ¢ Py by the choice
of Py, this pullback is diffeomorphic by Lemma 3.4.

o m>0:if pyy1/pm # 2 then B, 4 (P, Pn1) is the collection of the diffeomorphic
pullbacks of Py, 11 by fP=4 contained in P, that are obtained by applying Lemma 3.3
with & = wy,, P = Py, P’ = P41 and ¢ replaced by £/2; if py41/pm = 2 then
B g (Pm, Pny1) is the singleton consisting of the diffeomorphic pullback of Py, 1
by fPm4 that is contained in P,, and closest to the periodic point in dJ,,4+1 among all
such diffeomorphic pullbacks.

We claim that for every —1 < m < m, — 1 the following inequalities hold provided ¢
is sufficiently large:

1 )
_1Og#=@pmq(Pm, Put1) —h(um)| < =3 (3.6)
Pmq 2
> - €
swp sup H Spua— [ @ dian| < 5: 37)
BeBpyg(Pm:Puy1) B |l Pmq 2
Pmay + g
sup sup log [(f7 )| = x " (m) | < 7 (3.8)
BeBpmq(Pm.Pny1) B m
Indeed, for m = —1, (3.6) is trivial since p—_1 is the unit point mass at the fixed point of f

in X, and (3.7) and (3.8) are consequences of Lemma 3.4. Let m > 0. If py,4+1/pm =2
then u,, is the empirical measure on the orbit of the hyperbolic repelling periodic point
in 8J,,41. Therefore, (3.6), (3.7) and (3.8) hold in these two cases. If p,,+1/pm # 2 then
(3.6), (3.7) and (3.8) are consequences of Lemma 3.3.

We write n € N as a linear combination of non-negative integers g_i, . . . , gm,—1, ' in
the form

n=p-19-1+ pogo+-- -+ Pm,—19m,—1+71,

with |pmgm — pmn| <1 for =1 <m <m, —1 and |r — pp,n| < 1. In what follows
we assume n is sufficiently large so that » > N,, and for each —1 <m <m, — 1,
B pmam P> Pmy1) satisfies (3.6), (3.7) and (3.8). Lemma 2.9(b) gives

1 _ - - e
sup ;Srqb—/qﬁdﬂoo < R 3.9)
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Let <, denote the collection of the pullbacks of P, by maps hy,_jo---oh_j,
where each #h,, is a diffeomorphism of the form fPmim|p with B € %),.4,,(Pms Pny1).
By #/, = [, #Byp,qn (P> Pns1), (3.6) and h(pioo) = 0, we have

m—l

1
'— log #47, — h(w)| < €. (3.10)
n

A similar argument to the proofs of (b) and (c) in Lemma 3.3 based on (3.7) and (3.9)
shows that

1 - -
sup sup H;Sﬂ)—/(bd,u < e. (3.11)

Aedl, A

From x T (o) = 0, x T () = Zm__l Omx T (1Lm) by Lemma 2.1 and (3.8), we obtain

<= (3.12)

10g|(f” = xtw 5

sup sup
Aedl, A

The inequality in Proposition 3.1(a) follows from (3.10). From (3.5) and (3.11), the
elements of .27, are contained in A, (cf;, @). The inequality in Proposition 3.1(b) follows
from (3.12).

Case 2: m(f) < oo and int(Jy(p)) contains a two-sided attracting periodic point
(Remark 2.3(C-I)). Recall that 8¢ () denotes the element of M(f) supported on O(f).
With no loss of generality we may assume there exist constants o1, . . ., om(f) € (0, 1)
adding up to 1 and for eachm € {—1, ..., m(f) — 1} a measure u,, € M,,(f) such that

W= p_1-U-14p0 10+ -+ Pm(s) S0

For each m € {0, ..., m(f)} we take a non-degenerate closed interval P, so that the

following assertions hold: if m < m(f) and py+1/pm # 2 then P, € &y, Py C Ly, and

Um (Pp) > 0; if m <m(f) and py41/pm = 2 then P, C L,,, Py, contains the periodic

point in 9.J,,41 in its interior and satisfies P, N {f(c), ..., fMn=1(c)) = @; Pp(p) is

contained in the connected component of the immediate basin of the attracting periodic
orbit that contains c. In the case of m(f) =0, we take Py, (y) to be a closed interval

contained in the open interval bordered by x s and the unique fixed pointin z r.

For each m € {—1,...,m(f) — 1} and for sufficiently large g € N, we define a
collection %,,,4 (Pm, Pyny1) of non-degenerate closed subintervals of Py, as follows.

o m=—1:%, ,,(P_1, Pp) is the singleton consisting of the pullback of Py by f7-14
that is obtained by applying Lemma 3.4 with P = Py. Since f(c) ¢ Py by the choice
of Py, this pullback is diffeomorphic by Lemma 3.4.

o m>0:if ppy1/pm # 2 then B, (P, Pni1) is the collection of the diffeomorphic
pullbacks of Py, 41 by fP74 contained in P, that are obtained by applying Lemma 3.3
with & = w,, P = Py, P’ = P41 and ¢ replaced by £/2; if pu41/pm = 2 then
B pmq(Pm, Puy1) is the singleton consisting of the diffeomorphic pullback of P41
by fPm4 that is contained in P,, and closest to the periodic point in dJ,,4+1 among all
such diffeomorphic pullbacks.

Note that the second case m > 0 occurs only if m(f) > 1.
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Let n > 1 be an integer, and write it as a linear combination of positive integers
q1s - - - » Gm(f)—1 in the form

n=p-19-1+- -+ PmpH)-19mf)—-1 + 71,

with |pugm — pmn| <1 for =1 <m <m(f) —1 and |r — ppu(ryn| < 1. In what fol-
lows we assume n is sufficiently large so that for each m € {—1,...,m(f) — 1},
Bpwam (Pm, Pmy1) satisfies (3.6), (3.7)" and (3.8)" which are exactly the same as (3.6),
(3.7) and (3.8) respectively under the different assumption on f, and

sup
Pincr)

ls,é;—/&;dao(f) <2 (3.13)
r 2

Let .7, denote the collection of the pullbacks of Py,(r) by maps hys—10---0hgo
h_1 where h;, for —1 <m <m(f) — 1 is a diffeomorphism of the form f?P=9|p with
B € By (P, Prui1). From #7, = [["7 48, o\ (Po, Puy1) and (3.6) we obtain
Proposition 3.1(a). From (3.5), (3.7)" and (3.13), the elements of 7, are contained in
Ay (¢;, a). Since the measure do(y) is supported on O(f), we have x+(80(f)) = 0 from
the definition (1.1) of the Lyapunov exponent and x T (u) = Zz(zfl;l omx T (m) by
Lemma 2.1. Hence, (3.8)" implies Proposition 3.1(b).

Case 3: m(f) < oo and 3Jy(y) contains a one-sided attracting periodic point

(Remark 2.3(C-1I)). This case is treated by a slight modification of the argument for

Case 2.
Case 4: m(f) < oo and f has no attracting periodic orbit. We may assume there exist
constants p_1, ..., pm(s) € (0, 1) adding up to 1, and for each m € {—1,...,m(f)} a

measure i, € M, (f) such that

H=p—1-U-1F00: 10"+ Om(f)  Km(f)-

Set g = fPmD]p,, ;) and let v denote the normalized restriction of fim(f) O Li(y).
Let h(g,v), x*(g,v) denote the entropy and Lyapunov exponent of the measure v
with respect to g. By Lemma 2.1 we have x*(g,v) = [ log|Dg|dv. As in §2.3, g is
topologically exact. From the proof of [7, Proposition 2.1], for all sufficiently large g > 1
there exist a closed interval Py(f) in Ly () and a finite collection 2),, ¢ (Pu(f)> Pn(f))
of diffeomorphic pullbacks of P, (s) by g? that are contained in P,,(r) such that

&
#Bpirya(Pm(r)s Pm(f)) > exp ((h(g, v) — E)Q)

= exp ((Pm(f)h(,um(f)) - §>Q>, (3.14)

and for every B € *%)pmmq(Pm(f)» Pucr))s

sup

R .
52¢ogk—f¢dv
k=0

1 - - e
= sup H_Spm(f)q¢ - pm(f) f ¢) d/"Lm(f) < E (315)
B 194
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and

|B| > exp <— (x*(g, v) + %)q) = exp (— (pmmx*(um(f)) + g)q) (3.16)

For each m € {0, ..., m(f) — 1}, we take a non-degenerate closed interval P,, such
that the following assertions hold: if p,1/pm # 2 then P, € &#,, P, C L,, and
Um (Pp) > 0:1f pp4+1/pm = 2 then P,, C L,,, P, contains the periodic point in dJ,,41
in its interior and satisfies P, N {f(c), ..., fMm—171()} = @.

For each m € {—1,...,m(f) — 1} and for sufficiently large ¢ € N, we define a
collection %),,4 (Py, Puy1) of non-degenerate closed subintervals of Py, as follows.

o m=—1:%, ,(P_1, Py) is the singleton consisting of the pullback of Py by f/-14
that is obtained by applying Lemma 3.4 with P = Py. Since f(c) ¢ Py by the choice
of Py, this pullback is diffeomorphic by Lemma 3.4.

o m>0:if pyy1/pm # 2 then B, 4 (P, Pyy1) is the collection of the diffeomorphic
pullbacks of P,4; by fP=9 contained in P, obtained by applying Lemma 3.3
with u = w,, P = Py, P’ = Py41 and ¢ replaced by &/2; if py41/pm = 2 then
B g (Pm, Puy1) is the singleton consisting of the diffeomorphic pullback of Py,
by fPm4 that is contained in P, and closest to the periodic point in d.J,,41 among all
such diffeomorphic pullbacks.

Note that the second case m > 0 occurs only it m(f) > 1.

Let n > 1 be an integer that is written as a linear combination of non-negative integers
q—1,--.>qm(f), " in the form

n=p_1g-1+- -+ Pu()=19m()~1 + Pm(f)dm(f) + 7>

with |ppugm — pmn| <1 for =1 <m <m(f) and 0 <r < pp(r). We assume n is
sufficiently large so that for each m, %p,.q, (Pn, Pny1) satisfies (3.6)”, (3.7)" and
(3.8)” which are exactly the same as (3.6), (3.7) and (3.8) respectively under the
different assumption on f, and ‘%pm(f)Qm(f)(Pm(f)’ Pu(p)) satisfying (3.14), (3.15)
and (3.16) exists. We set Py (s)+1 = Pu(s) for convenience. Define <7, to be the
collection of the pullbacks of P, sy by maps hy(ryo---o0hgoh_;, where each hy,
—1 <m < m(f) is a diffeomorphism of the form f#m%"|p with B € %,.4,, (Pms Pm+1)-
From #47, = [ #B), 4 (Pms Puy1), (3.6)" and (3.14) we obtain the inequality in
Proposition 3.1(a). From (3.5), (3.7)” and (3.15), the elements of .7, are contained in
An($,@). By Lemma 2.1 we have x (1) = >" | 0, x T (1t). From (3.8)” and (3.16)
we obtain the inequality in Proposition 3.1(b). The proof of Proposition 3.1 is complete.

4. Large deviations upper bound

In this section we complete the proof of the upper bound in Theorem A. In §4.1 we show
that this follows from a key upper bound stated in Proposition 4.1. The rest of this section
is dedicated to a proof of Proposition 4.1.

4.1. Key upper bound. Letf e N, $ e C(X)!, & € R. Define

An(é,&)={xeX:/¢3dsgz&}.
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PROPOSITION 4.1. Let f: X — X be an S-unimodal map with a non-flat critical point.
Lett €N, ¢ € C(X), @ € RE. Forany & > 0 there exists N € N such that ifn > N and
A, (¢, @) # 0, then there exists a measure u € M(f) such that

|Au(@, @)| < exp((F(u) + €)n) and (a)
/ bdu>a—%. (b)

We finish the proof of the upper bound in Theorem A assuming Proposition 4.1.

Proof of the upper bound in Theorem A. Let C be a non-empty closed subset of M.
Let G be an arbitrary open set containing C. Since M is metrizable and C is compact,
we can choose ¢ > 0 and finitely many closed sets Cy, . .., Cs of the form C; = {u €

-

M: [ ¢idu>a)with€; e N, ¢; € C(X)4, & € RY for 1 <i < s so that

cclJaclcaeca. 4.1)

i=1 i=1

where Ci(e) ={ueM: [ (/3,- du > a; —g}. Since F(u) <—I(n) for peM,
Proposition 4.1 implies

1
limsup —log [{x € X : 8y € i} <— inf I +¢ forl <i <s.
n—oo N Ci(e)
These inequalities and (4.1) give
1
lim sup — log |[{x € X : 8 € C}| < max (— inf I)—i—e < —infl +e¢.
n—oo N I<i<s Ci(e) g
Since ¢ > 0 is arbitrary and G is an arbitrary open set containing C, it follows that
1
limsup — log |(x € X : 87 € C}| < inf (—inf 1) =—inf/,
m sup g Il x }I_gDC n c

as required. The last equality is due to the lower semicontinuity of /. O

Standing hypotheses from §4.2 to §4.4. The rest of this section is entirely dedicated to
the proof of Proposition 4.1. We assume f: X — X is an S-unimodal map with a non-flat

critical point ¢, and £ € N, qg e C(X)t, & € R in the statement of Proposition 4.1 are fixed
till the end of §4.4.

4.2. Escape estimate in a single renormalization cycle. Suppose m(f) > 1, and let m
be an integer with 0 <m <m(f) — 1. For 8 € RE P C Kimm+1 and n € N, define

n—1

An(@. B. P) = Ay($, YN PO [ £ (Kinms1).

k=0

This subsection is dedicated to proving of the following lemma.
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LEMMA 4.2. Suppose m(f) > 1 and let 0 <m <m(f) — 1 be an integer. For any
& > 0 there exists N > 1 such that if B € R P e Pm, n > N satisfy P C Ky m+1 and
An (@, B, P) # 0, then there exists a measure v € M(f) such that

4@, B. P)| < exp(F() + &)m|P|  and @
/ FdusF -z (b)

Proof. Let ¢ >0 and let P € 35,”. Since P C Kum+1, if pms1/pm =2 then f(P)
contains a point from the orbit of the periodic point in d.J,,. Then we can verify (a) and (b)
easily, taking the measure u to be the equidistribution on this periodic orbit. For the rest of
this proof, we suppose pm,+1/pm 7 2, and split the proof into two cases, in which either
Pef@morPe??m\,@m.

Case 1: P € &,,. We perform an escape estimate relative to P. Let n € N and suppose
A, ((75, /§, P) # 0. Let &, ,(P) denote the collection of the diffeomorphic pullbacks of
elements of &, by f" that are contained in P and intersect A ((Z, ,5). Note that every
element of &, ,(P) isﬁco_}ntained in ﬂz;é f —k (Km,m+1), and the union of elements of
Pmn(P) contains A, (¢, 8, P).

SUBLEMMA 4.3. For any € > 0 there exists N > 1 such that for every Q € &2, every
n > N and every diffeomorphic pullback W of Q by f" contained in P, there exist k € 7,
with |k| < pm — 1 and a diffeomorphic pullback Y of P by f"tK+Mn that is contained in
W and satisfies

|Y| > exp(—en)|W|.

Proof. Since P, Q € &, there exist kp, kg € {0, ..., p; — 1} such that ka(P) and
fke (Q) are elements of &, contained in L,y,. By the definition of M), in (2.5), there exists
a diffeomorphic pullback Wp of f ke (p) by fMn that is contained in f ko (). Let W), be
the diffeomorphic pullback of Wp by f*¢ contained in Q. This is a diffeomorphic pullback
of P by fMntko=kr Tet Y be the pullback of W), by f"|w. Then Y is a diffeomorphic
pullback of P by f"+Mmtko—kp,

By Proposition 2.7 with ¢ replaced by ¢/2, if n is sufficiently large we have

Y| - ( en) /" ( sn)IW}I
— Z2eXpP\— = | =Xp|\— = | —
W] 2 )1 fr(W)] 2 ) 10|

> exp (— ﬁ)CM > exp(—en)
B 2 ) 1ffe@l

as required, where C > 0 is a constant independent of P and Q. O

In view of Sublemma 4.3, foreach W € &2, ,(P) we fix an integer k(W) with [k(W)| <
pm — 1 and a diffeomorphic pullback Yy of P by f"tk(W)+Mn that is contained in W and
satisfies |Yw| > exp(—en/3)|W]|. Set

gm,n,k(P) ={We gm,n(P): k(W) = k}.
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If n is sufficiently large, then for all —p,, + 1 < k < p,, — 1 we have

- = 1.
U YwcCAvinm, (qx B - §e> (4.2)
Wef@m,mk([))
and
- en
[An(p. @ P) < > Wl <exp (;) > Ivwl (4.3)
WePyn(P) WePyn(P)
Choose k € {—pm + 1, ..., pm — 1} such that
Yool =@on—1 ), 1wl (4.4)
WG@,,L,, (P) Weym,n,k(P)

and set i =n + k + M,,. The restriction of f" to Uyecz,  (p) Yw induces a fully
branched expanding Markov map onto P with finitely many branches. Let A C T, denote
its maximal invariant set, namely

A=fj)(fﬁ>—f( U YW>~

WePmni(P)

The map f™|5: A — A is topologically conjugate to the full shift o: £ — X over the
finite alphabet &, .« (P). We write m: ¥ — A for the conjugacy map, and define the
induced potential ®: ¥ — R by ®(w) = — log [(f™) (m(w))|. From Lemma 2.6, ® is
continuous with respect to the shift metric. The variational principle [2, pp. 40, 2.17] gives

j—1
sup (h(o, a)+/ @dﬁ) = lim llog( > epo@b(oiw)> (4.5)
j—00

PeM(o) J weoi (@)  i=0

for any fixed o’ € X, where M(o) denotes the space of o-invariant Borel probability
measures endowed with the weak™* topology, and A (o, V) denotes the measure-theoretic
entropy of v with respect to o. By the distortion estimates in Proposition 2.7, if n > 1 is
sufficiently large then for any W € &, ,x(P) and any w € X such that 7(w) € Yy we
have

en\ |Ywl

exp(®(w)) > exp <— > ) Pl

Hence, the series inside the logarithm in (4.5) is bounded from below as follows:

j—1 . j
Z exp <Z d>(a’a))> > <w1’2f2 Z exp(@(w)))

weo I (o) i=0 weo~Hw')

(o), 5, B

Weym,n,k(P)
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Taking logarithms of both sides, dividing by j and letting j — oo, we have
1 ! IYwl en
. j W
lim - lo ex @(a’w))) >lo _— =
Ry g( 2 p<Z_ PSR
wEeoT /(a)/) i=0 Wet@m,mk(P)
Plugging this inequality into (4.5) yields

sup (h(a,a)+/ d)dﬁ) >log Y. wl _en (4.6)

veM(o) Wee@m,n,k(P) |P| 2

Since M(o) is compact in the weak* topology and the entropy function on it is upper
semicontinuous, there exists a measure ;i € M (o) that attains the supremum in (4.6). The
measure L o 7' on A is f"-invariant and its spread

n—1
Yo D Ew) o (flom)!

We'@m,n,k(P) j:O

/1,:

S| =

belongs to M, (f). Although £ may not be the first return map to A, Abramov’s formula,
connecting the entropies of 4 and ji o 7!, and Kac’s formula, connecting the integrals
of — log | f| and @, still hold [25, Theorem 2.3] and we have

h(o, i) +/ ® dji = F(p)i. 4.7

From (4.6) and (4.7) we have

> Ivwl <exp (F(u)ﬁ + %”)|P|.

Weym,nﬂk(P)

From this inequality, (4.3) and (4.4), for all sufficiently large n > 1 we obtain

|An(@. B, P)| = @pw — 1) exp (%) > vyl

WPy ni(P)
< exp((F(u) + &)n)|P|,

as required in Lemma 4.2(a). The inequality in Lemma 4.2(b) follows from (4.2).

Case 2: P € 35,,1 \ &- Let z denote the periodic point of period py, in 3J,,. Then z is
hyperbolic repelling, and f?» maps the point in d.J,, \ {z} to z. For simplicity we assume
z € P. Otherwise, z € fP»(P) holds and so the argument is analogous.

Let n € N satisfy A, ((5, B, P) # @. Our strategy is to use the simplest version of the
coarse graining to be formally introduced in §4.3: we begin by splitting An(&;, B , P) into
two subsets, one consisting of points which remain in U,fﬁg ! f k(P) almost until time #,
and the complement of this set. For the first set, the influence of the dynamics near the
set [';, is negligible, and a local analysis near the orbit of z suffices for the estimate of
its Lebesgue measure. The second set is influenced by the dynamics near the orbit of z
and the dynamics near I';,,. We estimate the Lebesgue measure of each set separately, and
unify the estimates at the end to obtain the desired one in Lemma 4.2.
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For each t € N, we put

t—1

v,:Pm(f"( U Q)\Uf_k< U Q))’

QeP, k=0 QeP,

and split |A, (¢, B, P)| = I + II where

n oo
I=Y 1A B, V)l and II1= " Ay, B Vi)l.
=1 t=n+1

The set V; is non-empty if and only if 7 is an integer multiple of p,,. If V; # @ then f*(V;)
contains some element of £?,,, and thus

|f (V)| = min{|Q|: Q € P} > 0. 4.8)

Since the restriction of f’ to the smallest closed interval that contains V; and z extends to a
diffeomorphism on an open interval, the distortion of f* on the former interval is bounded
by a constant C > 0 that depends only on f. Then we have

[Vil < C exp(F(82")1)|P|. (4.9)
By (4.9) we obtain

00
C F SPm 1
11 < Z V| < exp(F (3;")(n + 1))

1 — exp(F (87" pm) Pl 10

t=n+1

In order to estimate the sum /, foreach € {1, ..., n} let M2 (¢, Z) denote the set of
2 x £ matrices (B;;)i=0,1,1<j<¢ With entries in {(¢/3)a: a € Z} for which the following
inequalities hold:

Pojt + Prj(n —1) > (,3,/‘ - %)n forl <j<¢ (4.11)
inf¢j—§<ﬂ,~j§sup¢j fori=0,land1 < j <. 4.12)

For B = (B;j) € M2(t, Z¢) andi = 0, 1, put E,- = (Bi1» - - - » Bi¢) and define

1 - _ 1 B, B,
Au(t,B) = {x eV ;SﬂP(X) > Bo and tSn—t¢(ft(x)) > ,31}-

n—
We claim that

A B.Voc | A (4.13)

BeM;(t,Z¢)

Indeed, for each x € A,,((i)', B, Vi) there exists B = (B;;) € M2 ,(t, Z) such that for
1 < j < /£ we have

1 £ 1 / £

Boj < ?Sﬂﬁj(x) < Boj + 3 and By; < ESn—t(f’j(f (x)) < B + 3

This implies (4.11) and (4.12), and hence x € A, (¢, B), which verifies (4.13).
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Let § > 0 be such that
o) — d(| < ; for x, y € X with |x — y| < 8. (4.14)

In view of what was proved in Case 1 and Lemma 2.6, for the rest of the proof in Case 2
we assume N > 1 is a sufficiently large integer for which the following assertions hold.
(D1) Ifn > N then the inequalities in (a) and (b) of Lemma 4.2 hold for every element
of &, with ¢ replaced by /4.

(D2) For every connected component W of ﬂ,lc\]:_ol f _k(Km,er 1) we have |W| < §.
To finish the proof in Case 2, for all sufficiently large n we establish the inequalities in (a)
and (b) of Lemma 4.2 for every element of . \ P

Letn> N andlett € {1,...,n— N + 1}. For each matrix B = (8;;) € M (t, Z¢)
with A,(t,B) # 0, we estimate the Lebesgue measure |A,(f,B)| from above. Let
Pm(t, B) denote the collection of the diffeomorphic pullbacks of elements of &, by
£~ that intersect f'(A,(t, B)). The elements of 22, (f, B) intersect A,_; (&, ,51) and
their union contains f’(A, (¢, B)), because

n—t—1

£ (A, B) C Aui(, BN [ f K1)

k=0
By (D1), for each Q € &2,,(¢, B) there exists u; 9 € M,,(f) such that

&

|An_i(6. B1) N Q] < exp <(F(Mt,Q) + 4)(n - t))IQI and (4.15)

. - 1.
/¢ d/,L,,Q > ,31 — ZS. (4.16)

Pick a measure y, g in the finite set {iu; o : O € &, (¢, B)} that maximizes the free energy
within this finite set. By (4.15) and ZQe@m B QI = |X]| we have

A B < Y [Aui(é, BN Q)
0eZ,,(t,B)

< exp ((F(Mz,B) + 48_1) n — t))|X|.

Combining this inequality with (4.8), we obtain

A B I (A B)|  CIX] e
AT S|ff(v,>|exp((“’”’"HZ)("—’))' 17

For the first inequality we have used the bounded distortion.

SUBLEMMA 4.4. If n is sufficiently large, then we have

/$@p>5_a
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Proof. Take x € AH(J), E, P). Since x, z € P, the same argument as the deduction of (3.1)
yields

(4.18)

N ™y

1 - 1 - A
=5:9(2) = =Spp(x) — = > B —
n n 2

provided n is sufficiently large.
Write n = p,,q + r, with non-negative integers ¢, r satisfying 0 <r < g — 1. Using
(4.18), we have

/%d&pm - $(z) = ——S $(2) — L G(fP(2))
b4 p q Pm‘l q n—pmq

m m

1
5@+ 1P L Gy — s b @)
n pmgq n Pmq
- g 27' - - N
>B-5-——lle@l >~
Pmq
provided n is sufficiently large. O

Define a measure v, g € M(f) by

t pm t
vp=—-6"+(1—=) ws.
n n

SUBLEMMA 4.5. If n is sufficiently large, then we have
/qzdv,,B > E—E.
Proof. From (4.16) we have
- - 1.
¢ dus > B — ;. (4.19)

We first treat the case ¢ sup ||<2§|| < en/30. Clearly we have

t -
- / ¢ ds" (4.20)
n
From (4.12) we have ||,§0|| < sup ||<13|| + ¢/3, which gives
H ,30 < = + % (4.21)

Combining (4.19), (4.20), (4.21) and then using (4.11), we obtain

/¢de13— quds”'" (1——)/¢dﬂt

S 50+n_t(/31——8>——,30

30
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1. t - n—t- 1, t-
> — RS o — —
> 308+(n/30+ " /31> 28— ko
i+ f I, 1. 1. 1. i
> ——£ —=f——-€t—-——€£>fB—¢,
0 3 4 3 30

as required.
It remains to treat the case ¢ sup ||<Z|| > en/30. We assume n is large enough so that
t > N.Let x € A,(¢, B). There exists k € {0, . .., p, — 1} such that for every 0 < s <
t—1, fS(x)and f*(f k) belong to the same connected component of K, ,,+1. Hence,
if s <7— N then f*(x) and f*(f¥(z)) belong to the same connected component of
T F K1), and so | 2 (x) — £5(f¥(2))| < 8 by (D2). From (4.14) we have

1S:(x) — S (X < 1S-n116(x) — Si—n 16 (K@)
FISv—1d STV ) — Sn—1g (SN Rl

e - te
< 5(t—N+l)+2(N— 1) sup ||@] < 3
provided n is sufficiently large, and thus
L. - & 1 - 1. - 1,
=S¢ (f7(2) > =Sip(x) — —€ = o — —&. (4.22)
t t 6 6
Since z is of period p,,, we have
1 - 1 - p - €
H—Spmqs(z) — =Sip(f )| < = sup Ipll < =
Pm t t 6
provided n is sufficiently large, and thus
1 - 1.- & 1.
—Sp,#(2) > =Sip(f*(2)) — —E. (4.23)
Pm t 6
Combining (4.22) and (4.23), we have
- 1 > - 1,
/ ¢ dsl" = —S,, ¢(2) > Po — 5. (4.24)
Pm 3
Combining (4.19), (4.24) and then using (4.11), we obtain
> t = o Mt >
¢pdvip=— | ¢$ds;" + —— | ¢diup
n n
t (- = n—t(- 1.
> —<ﬂo —z€ )+ (ﬂl - —8)
n n 4
t B + n — IB 1d 1 N Ié N
= - ——g—-¢g>B—¢&,
n 0 ! 3 4
as required. O
From (4.8) (4.9) and (4.17) we have
Ane By < X ((F( )+€> )|P| (4.25)
, < ex vB)+ — |n . .
" vl ST T
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Let u be a measure in the finite set {v,g: B € Mo, (t, Z;)} U {8P™} that maximizes the
free energy within this finite set. By (4.12), clearly we have

¢ 2
3
#Mo0 (1, Z) < [ ] <g( sup ¢; — inf ¢ ) + 2) . (4.26)
Jj=l1
By (4.13), if n is sufficiently large then (4.25) and (4.26) together imply
- o €
|An(o, B, VI =< Z |An (2, B)| < exp <<F(M) + g)n)IPI- (4.27)
BEMQ’Z(Z‘,Z};)
To finish, from (4.9) and (4.27) we have
n—N n
=Y 142, B. VOl + D 1A, B, V)
t=1 t=n—N+1
n—N n
<Y 1A@. B VOl+ Y il
t=1 t=n—N+1
n € Cn
= —exp ((F(M) + —)H)IPI + —exp(F(w)(n — N+ D)|P].
m 3 Pm

Combining this estimate with that of the sum /7 in (4.10), we obtain
|An(@, B, P)| =T + 1T < exp((F (1) + £)n)|P|

for all sufficiently large n, as required in Lemma 4.2(a). The inequality in Lemma 4.2(b)
is a consequence of Sublemmas 4.4 and 4.5. The proof of Lemma 4.2 is complete. O

4.3. Coarse graining decomposition into clusters. In this subsection, for all sufficiently
large n > 1 we decompose the set Ap (¢§, @) into a finite number of clusters consisting of
points that share the same ‘itinerary’ up to time n, and share almost the same average
values of q; along the segments of orbits each contained in a single cycle.

Suppose m(f) > 1. Let ¢ > 0 and write Z, = {(¢/3)a: a € Z}. If m(f) = oo, then
let my, Ny € N satisfy the conclusion of Lemma 2.9 with ¢ replaced by ¢/2, for any

-

B=@B1,...,Pe) € Zﬁ satisfying inf ¢; — ¢/3 < B; <sup¢; for 1 < j < £. We set

i {m* it m(f) = oo, 42%)

m(f) ifl <m(f) < oo.

For each x € X, we define by induction two (possibly infinite) increasing sequences

{ﬁ,-(x)}f.’i%), {n%,-(x)}?ﬁg of non-negative integers that successively record the time and

position at which the orbit of x falls into deeper renormalization cycles. Start with

no(x) =0 and mo(x) =max{0 <m < M: x € K,,,}.
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Let i > 0 and suppose 7;(x), m;(x) are defined. If m;(x) = M, or if m;(x) < M and
k) e K, vy (r)+1 for every k > 71;(x), then we stop the inductive definition by
setting g (x) = i. Otherwise, we define

Ai1(x) = minfk > A; () 50 ¢ K oo (o)1)
M1 (x) = max{im; (x) + 1 <m < M: fir1®(x) € K,,}.

If m; (x), nj(x) are defined for all i > 1, then we set g(x) =
For integers n > M and 0 < g < M, we define

t = ((n()’ m0)7 (n17 I’I’”), LR ] (nq, mq)) € (Zz)q+1:
I,(q) = O=no<ny<---<ng <n,
O<mo<my<---<myg <M
Let t = ((no, mo), . . ., (ng, my)) € I,(q). For convenience we set
nq+1 =n,
and call ng, n1, . . ., ngy1 transition times. Further, we set
ti =njy1 —n; for0 <i <gq. 4.29)
Define
Rt = 17 € X:qx) =q, (nij(x), mi(x)) = (nj,m;) for0 <i < g
B and 7ig41(x) > nif g(x) > ¢

We have

M
U U R(t). (4.30)
q=0 tel,(

We decompose the set Ay ((7), a) N R(t) with respect to coarse-grained values at scale
¢ of time averages of <Z> between two consecutive transition times. For each t € I,,(g), let
My 1,6(t, Zg) denote the set of (g + 1) x £ matrices A = (@;j)o<i<q,1<j<¢ With entries in
Z¢ such that the following inequalities hold:

Za,Jt, <aj - 3)n forl <j<eé, (4.31)
inf¢j—§<aij§sup¢j forO0<i<gandl<j</{ 4.32)
For a matrix A = (a;;) € Mgy1,6(t, Z), let a; = (41, . . ., ajp) denote the ith row of A.

Define

R(t,A) = {x € R(t): S, ¢(f" (x)) > 1;&; for 0 < i < g}.

https://doi.org/10.1017/etds.2026.10302 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2026.10302

Existence of large deviations rate function 2345

We claim that

A@.@nROC | REA. (4.33)
AEMq«Flvl(t,Zé‘)

Indeed, for each x € A, (¢§, @) N R(t) there exists A € My1¢(t, Z¢) such that for every
entry o;; of A we have

1 s €
aij = =5, (f7 (X)) < eij + 3.
l
This implies (4.31) and (4.32), which verifies (4.33).

4.4. Lebesgue measures of clusters. We are in a position to state and prove a main
technical estimate on the Lebesgue measure of each cluster R(t, A).

PROPOSITION 4.6. Suppose m(f) > 1. For any ¢ > 0 there exists an integer N > M
suchthatifn > N and 0 < q < M, then for every t € 1,,(q) and every A € My y1,¢(t, Z;)
satisfying R(t, A) # 0, there exists a measure u € M(f) satisfying

[R(t, A)| < exp((F(w) +&)n)|X| and (a)
/ bdu>a—%. (b)

Proof. Lete > 0, and let § > 0 be such that
I160) — dOII < % for x, y € X with [x — y| < 5. (4.34)

We first point out that the following three exceptional cases with no transition between

renormalization cycles can be treated by much simpler versions of later arguments.

Case El: ¢ =0, mog =M, m(f) < oo and int(J,,(y)) contains a two-sided attracting
periodic point (Remark 2.3(C-I)). This case is treated by a much simpler version of the
argument in Case 2 in Step 2 below.

Case E2: q =0, mo =M, m(f) < oo and 3Jy(r) contains a one-sided attracting
periodic point (Remark 2.3(C-1I)). This case is treated by a much simpler version of the
argument in Case 3 in Step 2 below.

Case E3: ¢q =0, mg = M, m(f) < oo and f has no attracting periodic point ((A) in
§2.3). This case is treated by a much simpler version of the argument in Case 4 in Step 2
below.

Hence, we refer the reader to Step 2 below, for details regarding proofs in cases El,
E2, E3.

We now move on to all the remaining cases with transitions between renormalization
cycles. We are concerned with sufficiently large integers Ny, N the purposes of which are
as follows.

e Ny concerns the number of iterations in one renormalization cycle, chosen depending
only on § in (4.34). In view of Lemma 2.6, we take Ny such that for every
integer 0 < m < M — 1 and every connected component W of ﬂ,ivial f _k(Km,mH),
|[W| < § holds.
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e Np is a lower bound on consecutive transition times such that some estimates go
through (see Lemmas 4.8 and 4.9), which is chosen depending only on ¢, ¢, §, Ny,
f and satisfies

Ni = No. (4.35)

The rest of the proof of Proposition 4.6 divides into three steps.

Step 1: Estimate of error bound in transition. Letn > M,0 < g < M and lett € I,(q),

A € Myy1,(t, Z) satisfy R(t, A) # @. Since we have excluded cases E1, E2, E3, we have

mo + 1 < M and so K, m,+1 is defined. Let %y (A) denote the collection of the connected

components of K, mo+1- Let Ro(A) denote the union of elements of %Zy(A). We have

Ro(A) = Ky mo+1.Fori =1, ..., g + 1 wedefine a collection %; (A) of non-degenerate

closed subintervals of Ry(A) as follows.

o Zi(A) for 1 <i < gq is the collection of the diffeomorphic pullbacks of f k(T ;) for
some k € {0, ..., py, — 1} by f™ that are contained in Ry(A) and intersect R(t, A).

o Ifmy, < M, then Z,41(A) is the collection of the diffeomorphic pullbacks of f k (Jm)
for some k € {0,..., pyy — 1} by f" that are contained in Ryp(A) and intersect
R(t, A).

o Ifmy=Mandm(f)=o00,orifmy = M, m(f) < oo and f has an attracting periodic
point, then let %Z;41(A) denote the collection of the pullbacks of f k(Jy) for some
kel{0,..., py— 1} by f" that are contained in Ryp(A) and intersect R(t, A). If
mg = M, m(f) < oo and f has no attracting periodic point, then let %’(’1 +1(A) denote
the collection of the pullbacks of FE(Lyp) for some k € {0, ..., py — 1} by f" that
are contained in Ro(A) and intersect R(t, A). Then %,11(A) is the refinement of

Z, .1 (A) by points in Ug;;q F*e).

Remark 4.7. Recall that n > n,, and see (2.3) to motivate the definition of %, (A) in
the case m, = M. In this case, for R € %,41(A), f"|g is may not be a diffeomorphism.
However, for every R € %q+] (A), f™|g is a diffeomorphism. The latter will suffice for
bounded distortion arguments to be developed later in the proof of Proposition 4.6: see
Cases 2 and 4 in Step 2.

For1 <i < g + 1let R;(A) denote the union of elements of Z%; (A). Note that
R(t,A) CR;11(A) C--- CRi(A) C Ro(A). (4.36)

Among all transition times, for our purpose it suffices to concentrate on consecutive
ones that are separated by Nj.

LEMMA 4.8. If Ny is sufficiently large then the following statements hold.
(@) Forevery(O) <i <gqwitht; > Nyandm; < M,
FM (Rip1(A)) C Ay (@, & — 38) N Koy,

(b) Ifty > N, myg = M and
i) m(f) = o0, 0r

(i) m(f) < oo and Jy(y) contains a one-sided attracting periodic point, or
(iii)  f has no attracting periodic point,
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then
1" (Ry+1(A)) C A, (. dg — 58) N Ko,

Proof. Let 0 <i <gq and suppose t; > Nj. Since the definition of %;1(A) yields
f"(Ri+1(A)) C Ky, it suffices to show that

FM(Ri+1(A) C Ay (¢, @i — 18). (4.37)

To this end, for each R € #Z;+1(A) we fix xg € f" (RN R(t, A)). The definition of
Z;+1(A) and that of R(t, A) give

Sy P(xR) > 1. (4.38)
Suppose m; < M. By (4.35),t; > Np and (4.29), we have
0<ni+Ni—No=<nj+ti—No—1=nj11 —No—1,

and so for every R € Z;+1(A),

ti—Nop—1 No—1
U m*®c () F Kmmin)-
k=0 k=0

Moreover, the choice of Ny yields |f""+k(R)| <4 for 0 <k <t; — Np — 1. For any
x € fM(R), (4.34) gives

18- MB ) = SN d R < S5 = No). (4.39)
For the remaining Ny iterations, clearly we have
ISn@ (F1 N0 0)) = Swg(F 7N (eIl < 2N sup [16]- (4.40)
Combining (4.38), (4.39), and (4.40) and dividing the result by #;, we obtain

1 - . 1.
—S.o(x) > a; — —¢
ti LP(x) = o >

provided N is sufficiently large depending only on 5, g, Np. Since R € #;+1(A) and
x € f"(R) are arbitrary, (4.37) follows. We have verified Lemma 4.8(a).

To prove Lemma 4.8(b), suppose #, > Nj and my; = M. In case (i), the same argument
as in the proof of Lemma 4.8(a) remains valid to show (4.37) with i = ¢. In case (ii), since
n —ng =ty > Ny, if Ny is sufficiently large then the uniform convergence in (2.2) and
equation (4.34) together imply

> > £
sup ||S,q¢(x) — S,q¢(xR)|| < th for every R € %,41(A). 4.41)
xe f"(R)

From (4.38) and (4.41) we obtain (4.37) withi = q.
In case (iii), M = m(f) and M|, is topologically exact. Recall that we have chosen
6 > 0 so that (4.34) holds. There is n(8) € N such that for any integer 0 < j < py — 1
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and any interval J such that J C fj(LM) and |J| > 8, thereisr € {0, ..., pyy — 1} such
that fPM*@®)+(J) = L. We choose N so that
Ny > pu@m(d) + 1.

Then we have n —ngy — pyy(n(6) +1) > t, — Ni > 0. We claim that if R € %Z;11(A)
and ke{0,...,n—ny—py(m()+ 1)} then | F5(f"(R))| <8, for otherwise
frun@®+rtk(fna(Ry) = Ly would hold for some r € {0, ..., py — 1} and pyn(8) +
r+k <n-—n4;—1,andas aresult f"|g would not be injective, a contradiction.

The rest of the argument is similar to the proof of Lemma 4.8(a). By the above claim
and (4.34), for every R € %Z,41(A) and any x € f"4(R) we have

N - &
I Sn—ny—pu @) +1)PX) = Sn—ny—prn@+HP AR < g(n —ng — pu(n(d) + 1)).
4.42)

For the remaining pps(n(8) + 1) iterations, clearly we have

IS par s (@) — S sy (F1" MO ()|
< 2pu(n(8) + 1) sup . (4.43)
Combining (4.38), (4.42), and (4.43) and dividing the result by ¢, we obtain
LS, (") = @ — <8
— X Qg — =&
ty )
provided N is sufficiently large. Since R € #,+1(A) and x € f"4(R) are arbitrary, (4.37)
with i = g follows. The proof of Lemma 4.8 is complete. O

Step 2: Estimate of i-step conditional probability. The next lemma provides estimates
of conditional probabilities at consecutive transition times separated by Nj.

LEMMA 4.9. If N is sufficiently large, then for every 0 <i < g witht; > Ny, there exists
a measure u; € M(f) such that

% < exp((F(u) + o)1)~ and @
/‘Zdﬂi>&i_§’ ®

Proof. Let0 <i < g and suppose t; > Nj. In view of the definition of %;(A) in Step 1,
we treat the case m; < M and the case m; = M (hence i = gq) separately.

In the former case, let R € %;(A) and suppose R N R;11(A) # 0. Let &y, (A, R)
denote the collection of the diffeomorphic pullbacks of f k(Jm[. 4) for some k € {0, ...,
Pmiyy — 1} by f% that are contained in f™ (RN R;+1(A)). The union of elements
of (A, R) equals f"(RNR;+1(A)). By Lemma 4.8(a), every element of
Pm; (A, R) is contained in At, ((Z; a; — (1/2)8) N K, provided N is sufficiently large.
Moreover for every Q € ,@m, (A, R) there exists P € 5”,,1 such that P C Km ,m;+1 and
Q C P C fM(R). Let Py (A, R) denote the collection of elements of ,@m that is
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contained in f" (R) and contains an element of &, (A, R). Foreach P ¢ @m (A, R) we
have

s 1.
U oca, <¢, & = 5E, P>.
Q€ Pm; (AR)
QcCP

By Lemma 4.2, there exists vg p € M(f) such that
- 1.
Z: 10l < |Ay ¢ — & P

Qe (A.R)
Qcp

< exp <<F(VR,P) + %)h‘)”’l (4.44)

and
/ ¢ dvgp > & — E. (4.45)
Let u; € M(f) be a measure in the finite set
{vr.p: R € Zi(A), RORi11(A) £ 0, P e Py (A, R))
that maximizes the free energy within this finite set. By (4.44) we have

If""(RO Ry A= Y|P

PPy, (A.R)
- . 1.
< Z ‘At,»<¢701i—§8, P>‘
PEPm; (AR)
&
< Y exp ((F(vR,p> + z)“)""

PPy, (AR)

< exp ((F(m) + §>t,->|f"f<R)|. (4.46)

If i > 1, then we have UZQ“I fk(R) C K,,j,nj“ for 0 < j <i — 1. By Proposition

nj
2.7(a), the distortion of the composition f" = fli-1o...0 f o f on R is bounded
by the constant

i—1
D; =[] v, (4.47)
=0

Hence, from (4.46) we obtain
IRORi1(A)] _ D, [ /" (RN Ri+1(A))]
IR| - Rl

provided N is sufficiently large. Since ng = 0, the same upper bound remains valid for
i = 0. Since R is an arbitrary element of Z; (A) intersecting R;1(A), we obtain

< exp((F(ui) + &)t;)
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|Ri+1(A)] [RNRi+1(A)]
— 7 < max T 7 < exp((F(w) + 8)t),
IR:(A)| RE% (A) IR| p((F () )ti)
RNOR; 11 (A)#0

as required in Lemma 4.9(a). The inequality in Lemma 4.9(b) is a consequence of (4.45).

To complete the proof of Lemma 4.9, it remains to treat the case m; = M. In this case
we have i = g, and there are four subcases.

Case 1: m(f) =o00. We have M =m, by (4.28). Set u,; = (oo, Which is the
post-critical measure. The inequality in Lemma 4.9(a) with i =g follows from

q+1(A) C Ry(A) and F(uy) =0. Since t; > Ny and f"(R;11(A)) is contained in
A,q (qb oy — —8) N Kjr by Lemma 4.8(b)(i), the inequality in Lemma 4.9(b) with i = ¢
follows from Lemma 2.9(a) provided N > N, and N is sufficiently large.

Case 2: m(f) = M and int(Jy(r)) contains a two-sided attracting periodic point
(Remark 2.3(C-1)). We have Kp = cl(B(f)) by (2.3) and Lemma 2.2. Fix a closed
subinterval J of Jy such that ¢, zy € int(J), fP¥(J) C J and |Ky \ Ky 41| < 8 where
Ky = UM 5.

Recall that v denotes the element of M 7_1(f) supported on the orbit of the hyperbolic
repelling periodic point in 8 Jys. The rest of the proof is similar in spirit to the argument in
Case 2 in the proof of Lemma 4.2. For each R € %q (A) and each integer r with 0 < r < ¢,

define
Fr R N K ifr =0,
Ves = f"q(R)ﬂ(f_’(KMH)\;L:J;f—k(KMH)) 1 <r<i -1,
f""(R)\th_J1 F K ms1) ifr =1,
k=0

Notice that f*4(R) = Ul" Vr.. Then Vg ; has at most two connected components, which
are non-degenerate intervals. Let Wg denote union of the diffeomorphic pullbacks of the
connected components of Vg, by f" that are contained in R. Define vg, € M(f) by

t t
VR = — -V + (1 — —) “80(f)-
lq lq

There exists a constant C > 1 depending only f, § such that if x € X and k € N satisfy
, F¥1(x) € Kag \ Karq1 then |(f5)x] = C~lex" 0k Hence,

|VRt|
1f(R)| =
Since F(8o(y)) =0 by the definition of the Lyapunov exponent (1.1), we have

F()t < F(vg)t,. By Proposition 2.7, the distortion of f"¢ on R is bounded by the
constant Dy, in (4.47) so that (4.48) yields

< C exp(— X+(v)t) = C exp(F(v)t). (4.48)

|WR,t|

| < CDy exp(F(vr)tg). (4.49)
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Let 114 be a measure in the finite set
{vRi: Re Zy(A),0 <t <t;, Wg; N Ry11(A) # 0}
that maximizes the free energy within this finite set. Since #; > Ny, from (4.49) we obtain

|Rq+1(A)| ma RN Ry+1(A)] - max Z [Wg|
Ry (A)] Re% (A) |R| T ReZy(A) |R]

0<t<t,
WriNRy11(A)#D

= (g + 1) exp(F(ug)ty) < exp((F(ug) + €)tg)

provided N is sufficiently large. This yields the inequality in Lemma 4.9(a) with i = q.

Since t; > Ni, similarly to the proof of Sublemma 4.5 one can show thatif R € %, (A),
0<t<t, and Wg, N Ry1(A) # @ then [ ¢dvg, > &, —& holds, provided N; is
sufficiently large. This yields the desired inequality in Lemma 4.9(b) with i = q.

Case 3: m(f) =M and 0Jy(f) contains a one-sided attracting periodic point
(Remark 2.3(C-1I)). Set pn, =380(r). The inequality in Lemma 4.9(a) with i =g¢q
follows from Rq+1(A) C R4(A) and F(uy) =0. By Lemma 4.8(b)(ii), f"9(R;41(A))
is contained in A,q (¢ oy — 28) N K. Since t; > Ny, if Ny is sufficiently large then the
uniform convergence in (2.2) implies the inequality in Lemma 4.9(b) with i = q.

Case 4: m(f) =M and f has no attracting periodic point. Recall that Ky =

pM ! FRL ) by (2.3). Let R € %,(A). Lemma 4.8(b)(iii) gives

f" (RN Ry11(A) C Ay, (§, (@g — )8) N K.

Since the unimodal map f7¥ |, is topologically exact, the Lebesgue measure of the right
set is estimated as follows by [7, Proposition 4.4]: if Nj is sufficiently large, then there
exists a measure vg € M(f) such that

Ay ($, 3y — (1/28)NK
1A, ($, g |1<( /| BN Kul _ ((F(VR)Jrg)tq) and  (450)
M

/ ¢ dvg > qy —&. (4.51)

For all sufficiently large N1 we deduce that
IRORg41(A) _ J [f" (RO Rg41(A))]

IR - | /" (R)]
|Ar, ($, @y — (1/2)8) N K|
= Dy
| /" (R)|
< exp((F(VR) + &)ty). (4.52)

The first inequality is because the distortion of f"¢ on R is bounded by the constant D,
in (4.47) by Proposition 2.7. Since #;, > Nj, the last inequality follows from (4.50) and the
next uniform lower bound

f 4 (R)|_ mino<i<py 1 1S4 (La)
Kul ~ Kl

> 0.
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Let 4 be a measure in the finite set {vg: R € %,(A)} that maximizes the free energy
within this finite set. By (4.52) we have

[Rg+1(A)] _ IR0 Ry+1(A)]

< max < exp((F(ug) + &)tg),
R,A) ~ rethyinr IR PUT ) T &0

as required in Lemma 4.9(a) with i = ¢. The inequality in Lemma 4.9(b) withi = g is a
consequence of (4.51). The proof of Lemma 4.9 is complete. O

Step 3: Overall estimates. Let N be sufficiently large so that the conclusions of
Lemma 4.8 and 4.9 hold with ¢ replaced by ¢/3. Let n > max{M, (¢ + 1)N;}. Put

s(N))={0<i<gq:t > Ni}.

By (4.29) we have n = Z?zo ti,and so s(N1) # @. Foreachi € s(Ny), let u; be a measure
in M(f) for which the conclusion of Lemma 4.9 holds with ¢ replaced by ¢/3. Define a
measure ;£ € M(f) by

-1
M=(Z ti) Z L - .
ies(Ny) ies(Ny)

Since Rj+1(A) C Rj(A)for0 <i < g asin (4.36) and (1/n) ZiEs(Nl) ti > lasn — oo,
for all sufficiently large n we have

IRy 1(A) 1o [Rip1(A)] IRi+1(A)] ( ( 8) )
= [Ri+1(A)| AN
|Ro(A)] LI) |R; (A)] = H IR (A)] = exp Z (i) + 5 )1

ies(Ny) i€s(Ny)

< exp <F(M)(n — (g + DN + %) < exp((F(w) + &)n).

The desired inequality in Proposition 4.6(a) follows from this estimate and the first
inclusion in (4.36). By (4.31) we have

b | du > ula — Lz
> o fdanz ¥ a(a-3)

ies(Ny) ies(Ny)
q
I L
=' ti<ai—§£>—.z ti<06i—§6‘>
=0 i¢s(Ny)
L2, o
>nla— =€) —(g+ 1)N; max |o;] 1.
3 0<i<q

This yields the desired inequality in Proposition 4.6(b) for all sufficiently large n. The
proof of Proposition 4.6 is complete. O

4.5. Proof of Proposition 4.1. Let f: X — X be an S-unimodal map with a non-flat
critical point. We first treat the case m(f) > 1. Let ¢ > 0. Let N > M be an integer for
which the conclusion of Proposition 4.6 holds with ¢ replaced by /4. Let n > N satisfy
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An($, @) # 9. From (4.30) and (4.33) we have

M
Lgncl] U U  RtA.

q=0tely(q) AeMyy1¢(t2e)

Let 0 < g < M. By Proposition 4.6, for every t € 1,,(q) and every A € M, 1,(t, Z;)
with R(t, A) # ¢, there exists a measure puga € M(f) such that

[R(t, A)| <exp ((F(Mt,A) + Z)n) and (4.53)

g. (4.54)

B

f&dﬂt,A>&_

If n is sufficiently large, then by (4.32) we have

14

3 9+l en
#My 10t Ze) < H <g(sup ¢; —inf ¢;) + 2) < exp <Z>

j=1

Moreover, we have #1,(0) = M + 1, and for g > 1,

n M+1 q M+ 1 en
#In(q)§<q> <q+1)§n <q+1>§exp<1>.

Let © € M(f) be a measure in the finite set

M
Jfrea: te @), A e Myp1e(t, Ze), R(t A) # 0}
q=0

that maximizes the free energy within this finite set. Combining (4.53) with the upper
bound on the number of all itineraries yields

M
A D<) Y Y IRtA)

q:0 tel, (4) AEMLﬁ»LZ(t,Zs)

&
< (M +1)exp ((F(M) + —)n) max_#1,(q#My 1 o(t, Ze)
4 0<q<M

< exp((F(u) + &)n),

as required in Proposition 4.1(a) provided n is sufficiently large. The inequality in
Proposition 4.1(b) is a consequence of (4.54).

It remains to treat the case m(f) = 0. If m(f) = 1, then f has a two-sided attracting
fixed point in int(X). The desired upper bound follows from the argument of Case 2 in
the proof of Lemma 4.9. If m(f) =0, then f|.,: Lo — Lo is topologically exact. The
desired upper bound follows from the argument of Case 4 in the proof of Lemma 4.9. The
proof of Proposition 4.1 is complete.
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5. Bimodal maps for which the level-2 LDP does not hold

In this final section we prove Theorem B. We start with a post-critically finite map with
two critical points, one periodic and the other not. After a small perturbation we obtain a
map for which the level-2 LDP does not hold.

5.1. A one-parameter family of bimodal maps. Let X =[0, 1] and K =[1/2, 1]. Let
f: X — X be a C> map with negative Schwarzian derivative having only two critical
points co and ¢y with 0 < ¢p < % < c1 < 1, which are assumed to be non-degenerate:
S (co) f"(c1) # 0. We assume the following conditions on .

(F1) f(X) C K and c is a local maximal point of f.

(F2) ¢ is periodic with prime period 3.

See Figure 2. Condition (F2) implies that the complement of the basin of the
super-attracting periodic orbit of ¢ in [f 2(¢y), f(c1)] is a non-trivial hyperbolic basic
set A. Set p = f(co). Fix a periodic point g € A. Further, we make the following
assumption.

(F3) pisaperiodic point in A, and not contained in the periodic orbit of g.

Remark 5.1. From (F1), we have f2(X) C [%, f(c)land so f3(X) C [f3(c1), f(cD].

We consider a C3 parametrized family of maps f,: X — X, a € [—1, 1], such that
fo = f and the following conditions hold.
(F4)  fulk doesnotdependona € [—1, 1].
(F5) The critical point ¢y of f remains a non-degenerate critical point of f, for

a € [—1, 1], and (d/da)(fa(co))la=0 # 0.

Let ), and 14 denote the uniform probability distributions on the periodic orbits of p and
q for f, respectively. Let x, and x, denote their Lyapunov exponents. From (F4), these
do not depend on the parameter a. For x € X, n € Nand a € [—1, 1], let SZ’X denote the
uniform probability distribution on the orbit { faj (x)};f;(l). Theorem B follows from the next
proposition.

PROPOSITION 5.2. There exists a parameter a € [—1, 1] arbitrarily close to 0 such that
for any ¢ > 0, there exist open sets G| and Gy in M such that:

mp € G Ccl(Gy) C Ga;
| n
liminf — log {x € X : 8 . € Go}| < —xp + &3
n—o0o n ’

1
lim sup — log [{x € X : §; , € cl(G)}| > —XTP,

n—oo N

Proof of Theorem B. Let a € [—1,1] be a parameter for which the conclusion of
Proposition 5.2 holds. If there were a rate function 7: M — [0, oo] for f,, we would
have
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1 ! .

N R VA

2 cq ifg(ﬁ) c1 fler)
0 ! 1

FIGURE 2. The graph of the bimodal map f, in §5.1.

1
lim sup— log [{x € X : 8] . € cl(G1)}| < — iréf I <—inf/
’ cl(@)

n—oo N G
1
<liminf — log |[{x € X : 8" . € Gu}|.
n—oo pn ”

This contradicts the conclusion of Proposition 5.2 for sufficiently small ¢ > 0. Therefore,
the level-2 LDP does not hold for f;,. O

5.2. Abnormal and normal large deviations rates. For § € (0, 1), let Os(p) denote the
open §-neighborhood of the periodic orbit of p and put

Gs = {n e M : u(0Os5(p)) > 1 —4}.

This is an open neighborhood of 1, and we have cl(Gs)) C G5 for 0 < 8" < 8 < 1.

The next two lemmas provide large deviations rates for neighborhoods of . For many
a, we observe an abnormal rate as in Lemma 5.3. For many other a, we observe the normal
rate as in Lemma 5.4.

LEMMA 5.3. If |a| is sufficiently small and f"(co) = p for some m > 1, then for any
§ € (0, 1) we have

1
lim inf — log |[{x € X : 8}, , € Gs}| > e,
n—-oo n > 2

Proof. Set y = /| f/(co)|~18, and let & > 0. The condition |x — co| < ye "»+)/2
for x € X and sufficiently large n > 1 implies | f,(x) — fu(co)| < 8e™"X»+8) and so
SZ’X € Gs. Hence, we have

Hx € X 1 |x —col < ye "2y = 2y~ pToM/2 < |(x € X : Sa.x € Gs}l.
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This implies that the lower limit in the lemma is bounded from below by —(x, + ¢)/2.
Since ¢ > 0 is arbitrary, the desired inequality follows. O

LEMMA 5.4. For any ¢ > 0O there exists 6, > 0 such that for any § € (0, 8,], if |a| is
sufficiently small and f}(co) = q for some m > 1 then

1
lim sup — log [{x € X : 8 , € Gs}| < —xp +&.

n—oo N

Proof. Let & > 0. Since f coincides with f, on [f2(c1), f(c1)], we have the large
deviation estimate

1
lim sup — log |{x € [f2(c1), fen]: 8%, € GsHl < —xp + =

=, 5.1
n—oo N 2 ( )
for § > 0 small enough. This is a simplest case in the proof of Theorem A, and basically
a known result. Since f is locally diffeomorphic except at the two critical points, we see
from Remark 5.1 that for any open interval U that contains cy,
. 1 n e
limsup —log [{x € X\ U :8;, € Gs}| < —xp+ 3

n—oo N 2

(5.2)

provided |a| is sufficiently small. Below we fix a small neighborhood U of ¢y, and consider
orbits starting from U.
Let p > 0. For an integer k > 0, let

Ji = (q — pe 7", g + pe by,

We assume p is small enough so that Jo C K, and the following properties hold for all

k> 0.

e The distortion of f¥ on J; is bounded by a constant independent of k.

e The Euclidean length of every connected component of f k(Jk \ Jk+1) 1s bounded
from below by a positive constant independent of k.

o 0s(pNUiso [0 = 0.

Since g is a hyperbolic repelling periodic point, all these conditions can be checked by

taking a C? linearization of f in a neighborhood of the orbit of ¢.

Below we suppose that |a| is sufficiently small and m > 1 is the smallest integer with
S (co) = q. Recall that f,|x = f|k. The point cp is a non-degenerate critical point of
S because its orbit does not contain c¢y. For k > 0, let Uy be the connected component
of f,"(Ji) that contains cy. If p > 0 is sufficiently small, there exists a constant C1 > 1
depending on m such that Cfle_xﬂlk/2 < |Ui| < Cre™*a%/2 for k > 0. The restriction of
S to each connected component of Uy \ Ury for k > 0 is a diffeomorphism onto a
connected component of Ji \ Ji41 with distortion bounded uniformly over all k£ > 0.

From the last property of Ji, if x € Uy and m < £ < m +k then ff(x) ¢ Os(p).
Hence, if 6’;,)( belongs to Gs for some x € Uy and n > 0, we have

m4+#L:m+k<t<n—1,fl(x) € 0s(p)} = (1—5n. (5.3)

Since the left-hand side is bounded by n — k, this happens only if 0 < k < én.
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The length of the image f;”“‘(Uk \ Uk+1) = f,f(]k) is bounded from below by a
constant independent of k. Hence, combining (5.1) with the uniform distortion estimates
for £|;, and £|y,\v,.,» We conclude that there exists a constant C; > 1 depending on m
such that the Lebesgue measure of the set of points in Uy \ Uy for 0 < k < én satistying
(5.3) is bounded from above by C; exp((—x, + &/2)(1 — §)n) provided n is sufficiently
large. Summing this bound over all integers k satisfying 0 < k < én yields

1
lim sup — log |{x € Up: 8}, € Gs}| < <— Xp + E)(l —8) < —xp+te.
n—00 ’ 2

The last inequality holds if > 0 is sufficiently small. Since ¢ > 0 1is arbitrary, this together
with (5.2) gives the conclusion. O

5.3. Proof of Proposition 5.2. Let ¢ > 0. Let §, > 0 be as in Lemma 5.4 and let
8,8 € (0, 8,) satisfy § > §. Recall that the periodic points p, ¢ of fy are contained in
its basic set A. From (F4) and (F5), for n > 2 we have

d d
Ta (o)) = (f"71Y (fa(co)) ——(falco)) # O (5.4)
a da

provided that |a| is sufficiently small and f(f,(co)) # c1 for every 0 < £ <n — 2. By
the transitivity of A, if |a| is sufficiently small and f)"(co) = p (respectively, f,"(co) = q)
for some m > 1, we can find a parameter a’ arbitrarily close to a such that f jfl(co) =q
(respectively, f’"/ (co) = p) for some m' > m.

We construct a sequence {a(i)}7°, of parameters in [—1, 1] converging to 0, a sequence
{A(i)}72, of positive reals converging to 0, and strictly increasing sequences {m(i)}7°,
{n()}72, of positive integers with the following properties.

() f;’(l;;)(co) p for i even, and f"Zl(;)(co) = ¢ for i odd.

(b) Ifae[-1, 1] and |a — a(i)| < A(i) then

1
—logl{x e X : 8" e Gy}| > =22 — — fori even,
i

( ) o 2

ﬂ log [{x € X : 829 € Gs}| < —xp +¢& fori odd.

(¢c) Forallintegers i, i’ with0 < i’ < i, |a@@’) —a(i)| < A@{).
Then Proposition 5.2 holds for f, with a = lim;_, », a(i), G; = Gs and G = Gs.

The construction is inductive. Start with a(0) =0, m(0) =n(0) =1 and a small
number A(0) > 0 such that (d/da)(f,(co)) # 0 when |a| < A(0). Let j > 1 and suppose
a(i), m(i), n(i), A(i) have been constructed fori =0, ..., j — 1. As in the remark after
(5.4), we take a parameter a(j) close to a(j — 1) and an integer m(j) > m(j — 1) so
that (a) and (c) hold for i = j. Further, we take a large integer n(j) > n(j — 1) so that
one of the two conditions in (b) holds for i = j and a = a(j), by Lemmas 5.3 or 5.4
depending on the parity of j. Finally, we take sufficiently small A(j) > O so that one of
the two conditions in (b) holds for any a € [—1, 1] with |a — a(j)| < A(j). Iterating this
construction yields the four sequences with the required properties.
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Remark 5.5. The counterexample in Theorem B can be found in polynomial maps of
degree 3, by considering an appropriate one-parameter family (f,) of polynomials of
degree 3 and applying the argument parallel to the proof of Proposition 5.2 above. Below
we explain the construction of the one-parameter family (f,), leaving the details to
interested readers.

First, we take a polynomial f of degree 3 so that there exist two non-degenerate critical
points cp < ¢; and non-empty compact intervals K and X with K C X, cp € X \ K
and c; € K, and a non-trivial hyperbolic basic set A C K, and a hyperbolic repelling
periodic point ¢ € A for which (F1), (F2), (F3) hold with p = f(cp). This is possible
by the combinatorial argument on the dynamics of continuous piecewise monotone maps
[10, Ch. II, §4-6].

Second, we consider a one-parameter family (f;) of polynomials of degree 3 with
fo = f. Clearly (F4) is not true in general, but this is not essential as we put (F4) just to
make computations easier. For a € R sufficiently close to 0, let co(a) < cj(a) denote the
critical points of f, and let p(a) denote the continuation of the hyperbolic periodic point
p of fy, respectively. Instead of (F5) we require

d
d_(fa (co(@)) — p(@))la=0 # 0. (5.5)
a

In order to verify (5.5), we exploit the theory of Douady, Hubbard and Thurston on the
dynamics of complex polynomials. Consider the two-parameter family

Jap(x) = f(x) +ax + B,

and regard it as a family of complex dynamical systems with complex parameters
(a, B) € C2. We apply [34, Main Theorem 1.1] to this family, restricting (o, 8) to a
small neighborhood V of (0, 0) in C2. To this end, we have to check that the family
(fa,) 1s a normalized family (see [34]), that is, no affine transformation conjugates two
maps in the family (fy g) with different parameters in V. This is not difficult: compute
Lo fa.p o L for an affine map L(z) = Az + B and use the fact that the coefficients of
Ja,p with degree 2 and 3 do not depend on the parameter (o, 8). As a conclusion, we
obtain that the differential of the map

W (@, B) €V i (fuplcol B) — pla, B), fo glci(e, B)) — ci(a, B)) € C*

at (0, 0) is injective, where co(«, 8), c1(«, 8) denote the two non-degenerate critical points
of fyp and p(a, B) denotes the hyperbolic periodic point of f, g that are continuations
of cg, c1 and p for fy, respectively. Clearly one can restrict W to V N R? and see that
DV o0): R? — R?is injective. Forall a € R sufficiently close to 0, define f;, = fu(a) ()
by W(a(a), B(a)) = (a, 0). Then (5.5) holds for the family (f,).

For the family f, constructed as above, we have

d d
Ta (f(co(@) — £~ (p(a)) = (f(?_l)/(fo(c’o)) - —(falco(@)) — p(@))| .
a . da _

=0 a=0

Since (d/da)f;’_l(p(a)ﬂu:o is uniformly bounded over all » > 1, (5.5) implies that
(d/da) f]! (co(a))]a=0 is comparable with (f(;’*l)’(fo(co)) and grows exponentially in n.
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With this estimate and other conditions on f = fy discussed above, we can follow the
argument in the proof of Proposition 5.2 to obtain the counterexample in Theorem B in
the family (f,).
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