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This paper deals with statistical inference for the fixed effects panel data seemingly
unrelated partially linear regression model. The model naturally extends the tradi-
tional fixed effects panel data regression model to allow for semiparametric effects.
Multiple regression equations are permitted, and the model includes the aggregated
partially linear model as a special case. A weighted profile least squares estima-
tor for the parametric components is proposed and shown to be asymptotically
more efficient than those neglecting the contemporaneous correlation. Furthermore,
a weighted two-stage estimator for the nonparametric components is also devised
and shown to be asymptotically more efficient than those based on individual re-
gression equations. The asymptotic normality is established for estimators of both
parametric and nonparametric components. The finite-sample performance of the
proposed methods is evaluated by simulation studies.

1. INTRODUCTION

Econometric models often involve jointly estimated equation systems. Examples
include demand equations across different sectors and industries or regions, cost
share equations for a translog cost function, etc. (see Srivastava and Giles, 1987).
The seemingly unrelated (SU) regression estimation approach proposed by
Zellner (1962) uses the correlation between disturbances in different equations
to improve the efficiency of joint estimation. There are many applications of
the SU regression procedure in both time series and cross section data areas—
see, e.g., Zellner (1962, 1963), Kakwani (1974), Gallant (1975), Ghazal (1986),
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Robinson (1988), Rocke (1989), Neudecker and Windmeijer (1991), Mandy and
Martins-Filho (1993), Kurata (1999), Smith and Kohn (2000), Wang, Guo, and
Brown (2000), Liu (2002), Ng (2002), Koop, Poirer, and Tobias (2005), and Welsh
and Yee (2006).

The analysis of panel data has attracted considerable research interest in
economics. Examples of panel data are abundant in a number of fields; see
Baltagi (1995) for many interesting examples. According to Baltagi (1995),
the widespread attention enjoyed by panel data models is amply justified by
many attractive features they offer, most notably their allowance for observation
heterogeneity, permitting more efficient estimation of parameters. Avery (1977)
proposed a panel data SU regression model combining the SU regression
approach with panel data modeling. The combined model was motivated by an
application of estimating a system of consumer demand equations on a set of
panel data, to take the advantages of the SU regression approach and panel data
modeling. Many authors have subsequently studied the statistical inference and
applications of the panel data SU regression model. Baltagi (1980) took into ac-
count the contemporaneous correlation among equations in addition to the one-
way error structure to construct efficient estimators for the regression coefficients
of the panel data SU regression model. Verbon (1980) applied this model to a set
of four labor demand equations with data from the Netherlands on 18 industries
over 10 semiannual periods during 1972-1979. He extended the error compo-
nent specification to allow for heteroskedasticity and applied the Lagrange mul-
tiplier test of Breusch and Pagan (1979) to test for heteroskedasticity. Beierlein,
Dunn, and McConnon (1981) used the panel data SU regression model with a
two-way error component disturbance to estimate the demand for electricity and
natural gas in the northeastern United States. Wan, Griffiths, and Anderson (1992)
applied this model with heteroskedastic disturbances to estimate the rice, maize,
and wheat production in China. Carroll, Dong, Larry, and Victor (2006) applied
this model to analyze the nutritional data with measurement errors on some of the
covariates. Further applications and references can be found in the comprehensive
monograph of Baltagi (1995).

Most estimation results on panel data SU regression models are established in
the setting of parametric regressions, mainly linear regression. Parametric spec-
ifications are often subject to significant modeling biases. Zhou, Xu, and You
(2011) studied the estimation of nonparametric panel data SU regressions and pro-
posed efficient weighted estimation. Nonparametric regression models do not re-
quire detailed information on model structure and often provide useful insight for
further parametric fitting.

Nonparametric methods, however, can have serious drawbacks, including the
“curse of dimensionality,” lack of extrapolation capability, and difficulty of
interpretation. The panel data SU nonparametric regression model shares these
drawbacks including the curse of dimensionality when the covariates are mul-
tidimensional, causing the optimal rate of convergence to decrease with an
increasing dimensionality of covariates (see Stone, 1986). In addition, it is
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difficult to describe, interpret, and understand the estimated regression surface
when the dimension exceeds two.

To circumvent these shortcomings, this paper proposes a panel data SU
semiparametric regression model, namely, the panel data SU partially linear
regression model:

YSU=,uSi+X§i[/6s+gA‘(USil)+vSl‘ta S=la‘-'aMa i=15"'9k7 t=19'~'7Ta
1.1)

where Yy, is the measurement of the sth response variable on the ith individual
at the rth time point, (X;,, Uy;;) are the corresponding explanatory variables, 3,
is an unknown p; x 1 parameter vector, g,(-) is an unknown function, uj; is the
individual effect of the ith individual about the sth response variable, vg;; is the
random error, and the superscript 7 is the notation for transpose.

Panel data models are often divided into two classes based on the relationship
between the explanatory variables and individual effects. First is the random ef-
fects model where individual effects are random, the explanatory variables and
individual effects are uncorrelated, and individual effects are random errors. Sec-
ond is the fixed effects model where individual effects are fixed or correlated
with the explanatory variables and treated as unknown nuisances. The fixed ef-
fects specification has the advantage of robustness compared to the random effects
specification (e.g., Baltagi, 1995; Entorf, 1997; Hahn, 1999; Abrevaya, 1999; Ahn
and Schmidt, 2000; Hahn, 2001; Horowitz and Lee, 2004). However, the analysis
of the fixed effects panel data is more challenging because of increasing num-
ber of parameters with the sample size, yielding the famous Neyman and Scott
problem (cf. Neyman and Scott, 1948). In this paper, we allow u,; to correlate
with (XF;,, Usi;)® with an unknown correlation structure. Hence (1.1) is assumed
a fixed effects model.

Semiparametric regression helps solve complex scientific problems. Model
(1.1) includes many well-known regression models. When M = 1, the model re-
duces to the partially linear in-slide model, independently proposed by Baltagi and
Li (2002) and Fan, Peng, and Huang (2005) and applied, by the latter, to the nor-
malization of microarray data. When p,; = us,; and E(vg,;v5,i;) =0 forall 1 <
s1 7# 52 < M, model (1.1) reduces to the aggregated partially linear in-slide model,
which was studied by Fan et al. (2005). When ug; =0 forall s =1,..., M and
T =1, model (1.1) becomes the SU partially linear model mentioned by Robinson
(1988). When g (-) =0forall s =1,..., M, i.e., the nonlinear components are re-
moved, model (1.1) becomes the well-known panel data SU linear model, which
has been widely applied in economics; see the literature mentioned earlier.

Throughout this paper assume, in (1.1), that k is large and 7" and M are small.
This is typical in labor or consumer panel data studies (see, e.g., Baltagi, 1995).
Because the number of nuisance parameters u; (s =1,...,M,i =1,...,k) grows
with k, estimating the parametric and nonparametric components requires care.
In the context of us; = py5,i and E(vs Vs ) =0 for all 1 <s1# s <M
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(the so-called aggregated partially linear in-slide model), Fan et al. (2005)
proposed an aggregated profile least squares estimator for the parametric com-
ponents by combining the local polynomial with least squares techniques and
established their asymptotic normality. No results are available on the nonpara-
metric components other than some description of their estimation. This makes it
difficult to select bandwidth and hinders statistical inference for the nonparametric
components.

Open questions in the setting of model (1.1) include (i) whether the contem-
poraneous correlation among equations should be taken into account to construct
an efficient estimator for the parametric components (ii) whether it is possible
to construct an estimator for the nonparametric components with easily derived
asymptotic properties, and (iii) whether the nonparametric component estimator
should take into account the contemporaneous correlation among equations to
improve the efficiency. These problems are addressed in the following sections.
Moreover, a weighted two-stage estimator for the nonparametric components is
proposed, and its asymptotic normality is derived. Taking into account the con-
temporaneous correlation among equations is shown to increase the efficiencies
of the estimators for both parametric and nonparametric components.

The construction of efficient estimators of the parametric and nonparametric
components relies on the estimates of the contemporaneous correlation among
equations of model (1.1), which in turn requires pilot estimates of the parametric
and nonparametric components. We take the profile least squares estimators pro-
posed by Fan et al. (2005) as our pilot estimators. For ease of understanding, the
profile least squares estimators are described in Section 2. Section 3 investigates
the estimating problems of the error variance and contemporaneous correlation.
A weighted profile least squares estimator for the parametric components is pro-
posed in Section 4, and its asymptotic normality is derived. Section 5 describes a
weighted two-stage estimator for the nonparametric components and provides the
corresponding asymptotic properties. Simulation studies are reported in Section
6, followed by a concluding discussions in Section 7. Proofs of the main results
are presented in the Appendix.

2. PROFILE LEAST SQUARES ESTIMATION

The profile least squares (PLS) estimators proposed by Fan et al. (2005) are taken
as our pilot estimators of the parametric and nonparametric components. Based on
a random sample {Yy;;, Xsi1, Uiz s =1,...,M;i=1,...,k;t =1,...,T} from
model (1.1), the PLS estimation proceeds as follows. For fixed s write (1.1) as

YSif_,uA‘i_X;'i[Bszgs(USil)+USils i=1>"'sk5 S=1,...,T. (2'1)

This transforms the partially linear model into the usual nonparametric
model. Applying the well-known local linear regression technique in a small
neighborhood of u, gs(Usi;) can be locally approximated by a linear function
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gs(Usit) ~ gs(u) + gs )(u)(u — Usit) = ag + by(u — Uj;), where gs )(M) =
0gs(+)/ou. This leads to local least squares to find {(ay, by)} that minimize

Z Z [ sit — Hsi — X;'iz:@s —ds — bs (Usit - u)]Z Khs (Usit - M) B (2-2)

i=lt=

where Kj_(-) = K(-/hy)/ hg with a kernel function K (-) and bandwidth /. The
solution is given by (dy(u), by )" = (DguwsuDsu)_lD;uwsu (Ys —Bp, —
X ﬁs) , where B =1I; ® 17 with ® the Kronecker product,

T

1 1 1
Dy, = Usi1 —u UsiT —u Uskr —u 5
hS hs hS

and
W,y = diag(KhS Us11 —u), ..., Ky, Usit —u), ..., K, (Uskr —u)).
Substituting da, (1) into model (2.1) yields the following estimator of 3:

N N PR Tt DN A
Bo={XiWr —Py )X} Xty — Py,

Wpere XS = (X\S”)':[w)A(SIT)"')XSkT’)\T :A (IkT _ASS)XS’ n ﬁS . =
(lela---aBS]T:"'7BSkT) = (IkT_SS)B’ YA‘ = (Y.S‘lj)'”, YslTa--stkT) =
(IkT - S')YS7 P]‘;T = BS(BgBS)_1B§7 XS = (Xslla"-9XS1T9"'9XS]<T)Z7
Y, —( sljs-ees YSIT,...,YSkT)T,and

(l 0) (D:&L:USUWSUSIIDSU.VII) D;-USHWSU.VH

. -1
Ss= [ (10) (Ds?U“TWSUnTDSUslT) D;’US]TW‘YUSIT

(10) (DgUskTWSUskTDSUskT) ) DSy, WsUsir
Further, the nonparametric estimator of g (-) has the form
Gy = (& WUsi1), ... & WUsir), ..., & (Uskr))"

={lr - W =S, P) " W =S } (Y, - X,3,),

where Pg = B(I;7 — LkTL};T/kT)(BTB)_IBT with B defined as before and ¢ 7 is
the kT -vector with all elements equal to 1.
Let hy; (u) = E (X |Usir = u), i = Xiig —h(Ui), P = B(BTB)_IBrv and

D,, =E <2 nmnm) (Z My Y, Hm2> :

t=1 =1 =1

https://doi.org/10.1017/50266466613000352 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466613000352

412 JINHONG YOU AND XIAN ZHOU

The asymptotic properties of ,@s and G, are derived under the following
assumptions.

Assumption 1. For fixed s, the function, g,(-) has bounded second derivatives.

Assumption 2. For fixed s, (X%, ..., X%z, Usir, ..., Usr) " are independent
and identically distributed (i.i.d.) overi =1, ..., k. In addition, Dy is nonsingular,
and each component of h(u) satisfies the Lipschitz condition in u.

Assumption 3. For fixed s, the random variable Uj;; has a bounded support I;.
Its density function f;(-) is Lipschitz continuous and bounded away from 0 on ;.

Assumption 4. The kernel function K (-) is a density function with a compact
support.

Assumption 5. For fixed s, the bandwidth h satisfies khf — 0 and
khg/(logk)2 — oo as k — oo.

Assumption 6. For fixed s, each component of (le Ireees X;-T) * is bounded in
probability.

Assumption 7. For fixed s, vg; are i.i.d. over i=1,...,kand t =1,...,T
with mean zero and variance ¢2;. In addition, avzmz = E(vy11v511) # 0
and E(vflllvlel) < oo for 51,52 = 1,..., M. Further, vy, are independent of
(X;zit,UsZit)T forall s;,sp =1,...,M,i=1,...,kandt =1,...,T, and each

Isic has a zero mean and finite variance.

Remark 1. Assumptions 1-7 are not the weakest possible conditions, but they
are imposed to facilitate proofs. These assumptions were also made by Fan et al.
(2005). Assumption 5 gives a range of the bandwidth 4;. Obviously, the usual
optimal bandwidth of order k=!/3 falls into this range. Assumption 6 is needed
to prove k_lX§ (IkT — Pﬁx)ﬁs — p Dyy as k — 00 see the proof of Lemma A.2
in Fan et al. (2005). Assumption 7 shows the usual restrictions for random errors
and identifiability conditions in model (1.1). These identifiability conditions are
the same as those in Baltagi and Li (2002), Fan et al. (2005), Su and Ullah (2006),
and Henderson, Carroll, and Li (2008). Note that our results could be extended
to the scenario that v, and (XT s Usa, ) * are mean independent in the sense that

S2it
E [vslifl(X;—zit ’ USZiz)T] =0.

The following asymptotic properties of Bx and G, are established by Fan
et al. (2005).

LEMMA 1. Under Assumptions 1-7, we have \/%(BS — ,6’S) LN (0, Ds_sl)
as k — oo and

MSE {2;()|Us11, ..., Usits ..., Ugcr }

1 kK T A ’
:ﬁz ZE{(gs(Usit)_gs(Usit)) |Us11,---,UslT,m,UskT}

i=1t=1

https://doi.org/10.1017/50266466613000352 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466613000352

ASYMPTOTIC THEORY IN PANEL DATA REGRESSION MODELS 413

4(ay —a2)

(T —1)o mw (T-1%2,\ %
X +e
T2 T2 kThy

.1
oo\ Bt )
S

where Dy; is defined in Assumption 2, a; = [u' K (u)du, 6 = [u’ K*(u)du, and
|Us| is the length of Us.

2 _ 4
<VT(VT - 1)2 (W”’“)’“E[g;'wm)f

Because ,@s and G, do not take into account the contemporaneous correlation
among equations, they may not be asymptotically efficient. By Lemma 1, how-
ever, they are consistent estimators of 3, and G;. Therefore, we can use ,BS and
(?}S as a basis to estimate residuals and then the contemporaneous correlation and
error variances. These will be shown in the next section.

3. ESTIMATING ERROR VARIANCE AND CONTEMPORANEOUS
CORRELATION

2
Vs1s)?

USI 5 /(Ovs,5,0vs,5,) fOr s # s2. Consistent estimation of avsl 5 is required for
the construction of efficient estimators of the parametric and nonparametric com-
ponents, the design of model-based tests, and the selection of the smoothing pa-
rameters. This section outlines such consistent estimation.

The error variance is o and the contemporaneous correlation is given by

T
Let e, = (ssn,.. S ESIT s SskT) Because E[sgl Ikt —PB)ETSZ] = (T —
1)/ Tamlsz, a natural estimator of ailsz is

A2

1 T ~ PN N
Oysysy = k(T ) ( Xslﬂsl - ) (IVl _PB) (Ysz _X32ﬁs2 _GS2> P

where Pg = B(B*B) " 'BwithB=I; ® 17.

The following theorem summarizes the asymptotic normality of ¢ o—U 5152°

THEOREM 1. Under Assumptions 1-7,

\//;(&2 —c? )gN(O,xMZ) as k— oo,

VS5 VS8

where

1 2 2 3-T ,
Ksisy = ? {E <VS| 1lvs211) + ﬁovslﬂavszsz .

To apply Theorem 1 for making statistical inference for o2
estimator of x;,, is required. This is given by

Jss,» & consistent
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1 & T-1 0N ., .,
X |]€T Z z l//Slll‘wSQll T2 (6 - T) Oys151%vsasn
3

2 ~2
T _ 1 vslslo-vszszﬂ

Q>

where (VA/xlls tees VA/slTs tees VA/skT)r = ‘ils = (IkT _PB) (Ys _Xxﬂs _Gs)'
The next theorem shows the consistency of &y,

THEOREM 2. Under Assumptions 1-7, }%xm —>p Ksys, aS k — 00.

4. WEIGHTED PROFILE LEAST SQUARES ESTIMATION

The contemporaneous correlation among the equations is crucial to the structure
of SU regression models and the form of the associated disturbance variance-
covariance matrix. It allows the model to contain more information than individ-
ual equations taken separately, and it is required for efficient statistical inference
on the parameters in the SU regression model (see, e.g., Srivastava and Giles,
1987). We now consider weighted profile least squares (WPLS) estimation using
the estimated contemporaneous correlation among the equations.

Write v = (v],...,v},) and Q= (VSIXZ)M Then

s1,80=1"
Cov(v) =Cov{(v],....,v})" } = (ofsm)ﬁszzl QLir =Q®Iir, say.

The following weighted profile least square estimator of 3 = (81,...,8%,)"
proposed:

BY = (8" Bl)
= [XT (Ierm —Pg) (Q_l ®IkT) Liry —Pg) }

x X (Ierm —Pyg) (f)_l ®IkT> (Ierm — Py )
where Py = blockdiag (B (B! 1) B{,.. BM(B’ By)'By), X =
blockdiag (X1, ...,Xu), Q =
proposed in the last section, Y= (

in Section 2.
Let =) = (02152Dy,,

A

(62, )Al - 6%, is the estimator of o2 |,

Y’ )T and Xs, Yg, and B are defined

._mn

M
)Sl,szz

D3152 =K (2 HSlltnszzt> *]E <2 HSlltl Z Hsgttg) :

=1 =1

1 where avzs“'z is the (s1, s2) entry of QO !and
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THEOREM 3. Under Assumptions 1-7,
«/E(,@W—ﬁ) N N(O,Zl_l) as k — oo.
Let B = (ﬁ;,...,,@;,,)r, where ,@j’s are defined in Section 2. By the same
argument as proving the first result of Theorem 2 in Fan et al. (2005), we have the

asymptotic covariance matrix of vk (,@ - ﬂ) as

PN :blockdiag( - D;/IM) Zgblockdlag( 1 ,...,D;,,lﬁ,,),

M
where X3 = (afszsm) . According to Lemma 2 in the Appendix,

51 ,Sz:l

R ~ -
Jim kX (Leru = Py) (7' @ L) (Lerw —Pg) X} =37

Similarly,
. A1 A
Jim £ {X (L =Pg) X} X7 (Lerr —Pg) (R L) (Tras —Py)
A~ —1
X{X (Lrm Pﬁ)x} =3,

N -1 .
(X (lrw —Pg) X} X7 (Terws — Py) (@@ Tir) (L —Py)

X {XT (IkTM —Pﬁ)X}_l

[IkTM _ (9—1/2 ®IkT) (Lrm —P3) X
X {XT (Lerm —Pg) (Q_l ®IkT) (Lerw —Pg) X }_1
x X* (lerm —Py) (Q_l/z ®IkT”
X (Ql/2®1kT) (Term —Pﬁ)X{XT (Term _Pﬁ)ﬁ}_l
we have
{f(r (krm —Pg) (Q_l ®IkT) (Ierm —Py) X}_l
< {XT (Ierm —Pyg) X}_l X? (Lerm =P ) (Q®er) (Term —Py)

X {Xf(lkTM — Pﬁ)f(}_l

>0,
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AW
Thatis, 1_1 < X,. This shows that the WPLS B ' is asymptotically more efficient

than the unweighted ,@ that ignores the contemporaneous correlation among the
equations.

A AW
Remark 2. For M = 1, it is easy to see that 3; = 3 . Fan et al. (2005) argued
~ AW
that 3, (or B ) achieves the semiparametric efficient bound when M = 1. For

AW . . . . . .
M > 1, whether B still achieves the semiparametric efficient bound is still an
open problem. We will investigate this in the future.

C . ~W . .
To make statistical inference based on 3, a consistent estimator of the asymp-
totic covariance matrix X is needed. This is given by

£1 = k71X (T —Pg) (7' ©Tr) (Terw —Py) X.

The next theorem shows that il is a consistent estimator of X .
THEOREM 4. Under Assumptions 1-7, £ — | = op(1).

We can apply these asymptotic results to construct test statistics and confidence
intervals for the parametric components 3 = (,Bf, . ,Bfw)r. For example, the
following corollary gives a test for the hypothesis Hy : C8 = 0, where C is a
known d x (p1 + -+ py) matrix with rank d.

COROLLARY 1. If Assumptions 1-7 hold, then under the null hypothesis
Hy:CB=0,

k(c[aw)r (Ci;‘Cf)_l (c8") D xd a5 koo,

where )(5 is the chi-square distribution with degree of freedom d.

5. WEIGHTED TWO-STAGE ESTIMATION OF NONPARAMETRIC
COMPONENTS

The PLS estimator of the nonparametric components proposed by Fan et al.
(2005) has two shortcomings. One is the difficulty in deriving its asymptotic dis-
tribution, and the other is the difficulty in accounting for the contemporaneous
correlation among equations. Therefore, we here propose a new estimator based
on a weighted two-stage technique.

If the contemporaneous correlation among equations is ignored, we can con-
struct a two-stage estimator of the nonparametric components as in You and Zhou
(2008). For fixed s, subtracting (7 — 1) £/, (Ysir, = X5, B — &s (Usiyy)) from
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model (1.1) yields

1 L .
Ysit_ﬁ Z ( sit) — qutlﬁs gs(Usitl))
Tt
1 T
=X§itﬁs + 85 (Usit) +vsir + i — ﬁ z ( sit; — Xsll‘lﬁs gs(Usin)) .
1 #t

According to Lemma 1 in Section 2,

i 2 ( sif _X;;itllés _gs(USill))
11751

2 U g )

Therefore, if we denote
1 T
YS*,'[ =Y5ir——— z ( sitp — Xsm/Bs gs (Usitl)> and
T—-1 f ;ﬂ

vs*it =Vsit — z Vsity >
£t
then
* 2 1 1
Y5, — mﬂs 8s(Usit) + v+ 0p (hx + NN + \/%> . (5.1

Based on model (5.1), a two-stage estimator of gs(-) can be constructed by

* * * * w oy AW
&5 =,0) {Dy Wy, } T Diw, (Y X8, ),
where D"-‘ and W’f have the same definitions as D;, and W},,, respectively, ex-
cept that hg is replaced by iy, and Y; = (YS*U, D T YS*kT)T.
The following assumption is needed for the asymptotic property of &5 (u) in
the next theorem.

Assumption 8. For fixed s, the bandwidth h* satisfies that kh*® — 0 and
khjf2/(logk)2 — 00 as k — oo. In addition, iy = o(hy).

THEOREM 5. Under Assumptions 1-8,

)
VR |85 ) = g, 0) = 'fwg;’(w} 2N (0.675w) ask— oo
provided that fs(u) # 0, where
O'Uzss (6%50 +2cpc10; +C%52) 1
fs(u) T—1

] = az/(az —a%) and ¢ = —al/(az _“1) with o; and 0; defined in Lemma 1.

oSy =
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This g, TS (u), however, may not be asymptotically efficient as it does not take
into account the contemporaneous correlation among equations. Consequently,
we propose a weighted two-stage estimator for g, (-) and show it is asymptotically
more efficient than g7 (u). Define

é:it = Ys*it _X;itﬁs — 85 (Usir) and

2ss * T A A 2551
dsit = 0, (Yszt X1 ) Z Z Esyit -

S1F£S =1

The following weighted two-stage estimate for g (-) is proposed:
A A -1 * * * —1 x *
gV () = ((af”) ,0) {D;iwW;, D}, D Wi, dy,

where dy = (ds11,...,ds17 ..., dskr)7. This V75 (u) has the following asymp-
totic results.

THEOREM 6. Under Assumptions 1-8,

R h*2 a?—aja3 D
Vkh? [g:VTS(u)—gs(u) - 7;7 glw)| — N (O,CSWTS(M)) as k — oo,
2

provided that f;(u) # 0, where (WT5u) = (C550+260€151+C%52)/
(075 fs)(T = D)].

Remark 5.1. The weighted two-stage estimator §SW TS(u) is somewhat like
the SU kernel estimator proposed by Wang (2003), which is however focused
2

on longitudinal structure. Recall that ¢2* is the (s,s)-entry of Q™! o2 is

the (s, s)-entry of Q, and Q is a positive definite matrix. As in Wang (2003),
2
we only need to consider s = 1. If we write Q = | 7211 12 , then ¢! =
Qp, Qo
( o 912922 912) . Because 922 is positive definite, azuau 11 > L. Thus
the weighted two-stage estimator g;}V TS(.) is asymptotically more efficient than

the unweighted g75(.).

Selection of the smoothing parameter is is essential in the setting of
non/semiparametric regressions. According to the discussion by Fan in Bickel
and Kwon (2001), the performance of the parametric component estimators in
the semiparametric regression models is not sensitive to the bandwidth, as long
as the bandwidth is not so large as to create excessive biases. We also noted this
in our simulation studies. Hence, we choose bandwidths £ that are suitable for
estimating function g;(-). By Theorem 6, the asymptotic integrated mean square
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error (AIMSE) of /k* (8075 (u) — g5 (u)) is

kh*S 2_
AIMSE = = ( alm) / (&)} du

o2 —a
(c300 +2coc131 +c352) 1 du
(T - 1)0-1)25S Z/{s fS‘ (l/l)

Minimizing the AIMSE gives the optimal bandwidth

2
2
~1/5 (c050+200c151 +6162) az — o
sopt =k (T — 1)o2ss fs(u)du o2

2 —a103
N -1/5
V (g’ (u)}zdu] } .

419

(5.2)

Hence the optimal convergence rate of the AIMSE for gWTS(u) is of order k=4/°.
Basedon {Uyj;,i =1,...,k,t =1,..., T}, we can estimate f;(u) by applylng
the usual density estimation technique. In addition, a consistent estimator of g7/ (u)
can be constructed according to Theorem 5 of Horowitz and Mammen (2004).
Thus, a plug-in estimator of h;‘opt can be obtained by replacing unknown popula-

tion quantities on the right-hand side of (5.2) with their estimates.

6. SIMULATION STUDIES

In this section, we report some simulation results on the performance of the esti-
mators proposed in the previous sections. The data are generated from the follow-

ing fixed effects panel data SU partially linear regression model:

Vsit = Xsit1 Bs1 + Xsira Bsa + s (sir) + fhsi + Vsiz,
s=1,2, i=1,...,k, t=1,...,T,

where x1j;1, x2i;1 ~ i.i.d. N(0, 1), x1;42, x2i2 ~ i.i.d. Bernoulli(0.45), w1, uni; ~
iid. U0,1), p11 = 1.5, f1o =2, for = 1, oo = =2, g1(u) = 2sin(2ru),
g (u) =2cosmu), u1;, poi ~1ii.d U(—0.5,0.5) and are centralized. In addition,
for fixed n, T', and 0221, (m1i, 1) are generated only once to get fixed effects, and

] =isev (3] (422))
Vit 0] Loy o2

with o}, =2,03, =2.25,and 62, = 0, = 1.5 and 2 to reflect different correlation

levels.

Samples of sizes k = 100, 200, 500 and T' = 2, 3, 5 are drawn repeatedly, with
1,000 simulated realizations in each case. The Gaussian kernel is used, and the

bandwidth is selected by the method discussed at the end of Section 5.
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For a given sample size, the sample means (sms), standard deviations (stds),
mean of the variance estimates (ses), and coverage of the 95% nominal confidence
intervals (cps) for the estimators of f11, f12, f21, and S are obtained, and the
results are summarized in Tables 1 and 2, which compare the PLS estimator with
the WPLS estimator.

TABLE 1. The finite-sample performance of the PLS and WPLS estimators for
the parametric components in which 0122 =2

k=100 k =200 k=500
T=2 T=3 T=5 T=2 T=3 T=5 T=2 T=3 T=5

p11 sm  1.505 1.499 1.501 1.500 1.499 1.499 1499 1500 1.506
std  0.151 0.102 0.071  0.101 0.071 0.049  0.064 0.044 0.029
se 0.148 0.102 0.071  0.102 0.071 0.050  0.063 0.044 0.030
cp 0949 0953 0951 0956 0953 0952 0960 0.956 0.950
Pro sm 1994 1993 2.006 2.000 2.002 1997 2.000 1996 1.997
std  0.295 0200 0.141 0202 0.140 0.101  0.130 0.095 0.061
se 0297 0.205 0.143 0205 0.143 0.101  0.128 0.090 0.061
cp 0949 0950 0966 0954 0953 0949 0943 0936 0.954
Bry sm 1005 1.000 0997 1.007 1.002 0997 1.000 0.997 0.999
std  0.162 0.106 0.078 0.114 0.073 0.050 0.066 0.048 0.032
se 0.157 0.108 0.075 0.108 0.075 0.053  0.067 0.047 0.033
cp 0935 0959 0941 0933 0.952 0958 0950 0.940 0.961
Brr sm —1.988 —1.997 —2.003 —2.000 —2.003 —1.997 —2.010 —1.997 —1.998
std 0315 0219 0.151 0.218 0.155 0.107  0.130 0.099 0.066
se 0315 0218 0.152 0218 0.152 0.107  0.136  0.095 0.067
cp 0944 0945 0952 0945 0.944 0948 0962 0.942 0.949

[;’1‘"1/ sm 1499 1499 1500 1.499 1498 1500 1500 1.500 1.501
std  0.050 0.034 0.024 0.032 0.024 0.016 0.021 0.015 0.010
se 0.050 0.034 0.023 0.034 0.023 0016 0.021 0.015 0.010
cp 0944 0952 0942 0958 0.942 0948 0948 0.946 0.960
ﬁA’luzl sm 1998 2001 1999 2.002 1998 1998 2001 1.999 2.001

std  0.099 0.071 0.047 0.069 0.046 0.034 0.040 0.031 0.020
se 0.100 0.068 0.048 0.068 0.048 0.033 0.042 0.030 0.021
cp 0953 0939 0952 0943 0959 0937 0957 0.944 0.953
/)32“1/ sm 0999 0.999 0999 1.002 1.000 1.000 1.000 0.999 1.001
std  0.052 0.035 0.025 0.036 0.025 0.017 0.022 0.015 0.010
se 0.053 0.036 0.025 0036 0.025 0.017 0.022 0.015 0.011
cp 0953 0956 0956 0945 0950 0952 0945 0951 0.948
/)32“2/ sm —2.000 —2.003 —1.999 -2.002 —1.999 —1.999 —-1.999 —2.000 —1.999
std  0.105 0.072 0.050 0.071 0.051 0.034 0.046 0.032 0.020
se 0.106 0.073 0.050 0.073 0.050 0.035 0.045 0.032 0.020
cp 0953 0961 0952 0960 0.940 0961 0947 0940 0.951

https://doi.org/10.1017/50266466613000352 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466613000352

ASYMPTOTIC THEORY IN PANEL DATA REGRESSION MODELS 421

TABLE 2. The finite-sample performance of the PLS and WPLS estimators for
the parametric components in which 6%, = 1.5

k =100 k =200
T=2 T=3 T=5 T=2 T=3 T=5 T

500
T=3 T=5

>
Sl

f11 sm 1506 1503 1501 1.503 1499 1502 1.503 1.500 1.501
std  0.149 0.102 0.071 0.102 0.072 0.049 0.063 0.043 0.032
se 0.148 0.102 0.071  0.102 0.071 0.050 0.063 0.044 0.031
cp 0953 0951 0955 0954 0961 0951 0950 0.956 0.937
Pro sm 1990 1992 1994 2.006 1999 1.998 1993 2.001 2.001
std 0299 0203 0.137 0205 0.143 0.097 0.133 0.085 0.065
se 0298 0.205 0.143 0205 0.143 0.100 0.128 0.090 0.063
cp 0941 0947 0966 0957 0946 0.955 0943 0.967 0.945
por sm  1.005 0996 1.002 0.997 0999 1.001 0999 1.000 1.001
std  0.158 0.106 0.074 0.109 0.075 0.052 0.070 0.046 0.033
se 0.157 0.108 0.075 0.109 0.075 0.053 0.067 0.047 0.033
cp 0946 0957 0950 0951 0949 0958 0944 0945 0.956
pro sm —1.986 —2.003 —2.006 —2.006 —1.994 —1.998 —1.996 —1.996 —1.999
std 0305 0218 0.150 0.210 0.156 0.107 0.133 0.093 0.066
se 0315 0.217 0.152 0218 0.152 0.107 0.136 0.095 0.067
cp 0959 0953 0945 0957 0939 0945 0957 0948 0.954

A, sm 1510 1504 1.500 1498 1500 1.502 1501 1.500 1.500
std  0.104 0.073 0.051 0.073 0.052 0.036 0.044 0.030 0.023
se 0.105 0.072 0.050 0.072 0.050 0.035 0.045 0.031 0.022
cp 0954 0946 0949 0944 0942 0951 0958 00953 0.943
A% sm 1999 2000 1.997 2003 1.997 1999 1.996 1.999 2.001
std 0207 0.147 0.101  0.149 0.102 0.074 0.092 0.061 0.045
se 0212 0.145 0.101 0.145 0.101 0.071 0.090 0.063 0.045
cp 0949 0936 0949 0.948 00946 0.940 0.949 00955 0.947
B sm  1.005 0997 0999 0998 0999 1001 0999 0.999 1.000
std  0.110 0.075 0.051 0.076 0.052 0.036 0.047 0.032 0.023
se 0.112 0077 0.053 0077 0.053 0.037 0.047 0.033 0.023
cp 0951 0956 0.956 0.950 00958 0.954 0958 0.945 0.956
B sm —1.991 —2.004 —2.004 —2.003 —1.998 —2.001 —2.000 —2.000 —1.999
std 0234 0.152 0.107 0.158 0.110 0.076  0.097 0.068 0.046
se 0224 0.154 0.108 0.154 0.107 0.075 0.096 0.067 0.047
cp 0941 0960 0950 0936 0942 0953 0948 0.948 0.955

Tables 1 and 2 provide the following observations: (i) Both PLS and WPLS
estimators are asymptotically unbiased. (ii) The stds of the estimators decrease as
the individual size k grows, or as T" grows. (iii) The stds of the WPLS estimator
are much smaller than those of the PLS estimator, especially when the contem-
poraneous correlation is strong. (iv) The proposed variance estimator provides
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TABLE 3. The finite-sample performance of the two-stage and improved estima-
tors of the nonparametric components

k=100 k =200 k =500
T=2T=3T=5T=2T=3T=5T=2T=3T=5

0%, =2 RASE(ZTS()) sm0.138 0.072 0.034 0.076 0.033 0.017 0.028 0.015 0.007
std 0.065 0.040 0.017 0.040 0.017 0.009 0.015 0.007 0.003

RASE(£15()) sm0.186 0.077 0.041 0.078 0.038 0.020 0.034 0.015 0.007

std 0.095 0.042 0.023 0.037 0.019 0.010 0.019 0.008 0.004

RASE(£/'T5(-)) sm 0.017 0.008 0.004 0.009 0.004 0.002 0.003 0.001 0.001
std 0.009 0.004 0.002 0.005 0.001 0.001 0.001 0.000 0.000
RASE(ZY75(-)) sm 0.021 0.009 0.004 0.009 0.004 0.002 0.003 0.001 0.001
std 0.011 0.004 0.002 0.005 0.002 0.001 0.001 0.000 0.000

0122 =15 RASE(ngS(v)) sm 0.146 0.072 0.034 0.070 0.037 0.016 0.026 0.014 0.007
std 0.073 0.036 0.018 0.037 0.019 0.008 0.014 0.007 0.004

RASE(§;S(~)) sm 0.184 0.077 0.040 0.084 0.037 0.020 0.033 0.015 0.007

std 0.099 0.038 0.022 0.047 0.017 0.011 0.017 0.008 0.004

RASE(§]"T5(-)) sm 0.077 0.038 0.017 0.037 0.018 0.008 0.013 0.007 0.003
std 0.042 0.019 0.008 0.019 0.009 0.005 0.006 0.003 0.001
RASE(2Y 75 () sm 0.091 0.041 0.020 0.040 0.020 0.010 0.016 0.008 0.004
std 0.048 0.021 0.011 0.020 0.011 0.005 0.009 0.004 0.002

accurate estimates and coverage of the confidence intervals close to the nominal
95% level for the cases studied.

The performance of the estimator g (-) of the nonparametric component is also
assessed via the square-root averaged squared errors (RASE) method:

| & T 12
RASE(@:) = | 17 2 X A& (Usio) = &5 WUsin)}*

i=lt=1
For a given sample size, the sm and std of the RASE are calculated and listed
in Table 3, which shows that the weighted two-stage estimator outperforms the
original two-stage estimator.

7. CONCLUDING REMARKS

Semiparametric regression models have attracted considerable attention recently
as they provide a sensible compromise between the parametric and nonparametric
models while retaining their nice features. This paper has investigated the statis-
tical inference of the fixed effects panel data seemingly unrelated partially lin-
ear regression model, which naturally extends the traditional fixed effects panel
data regression model to semiparametric regressions. It allows multiple regres-
sion equations and includes the aggregated partially linear model as a special
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case. By taking into account the contemporaneous correlation among equations,
and combining the local polynomial techniques with least squares, we proposed
a weighted profile least squares estimator for the parametric components and a
weighted two-stage estimator for the nonparametric components. The proposed
estimators are asymptotically more efficient than those neglecting the contempo-
raneous correlation.

Interesting topics for further study include the extension of our results to
two or more ways error component structure. Recently, Atak, Linton, and
Xiao (2011) proposed a semiparametric panel data model for unbalanced data
with a stationary f-mixing error process and applied it to climate change in the
United Kingdom. Whether and how this new semiparametric panel data model
can be extended to fixed effects panel data seemingly unrelated regression models
remain open problems.
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APPENDIX: Proofs of Main Results

We first present several lemmas that are need to prove the main results.

LEMMA 2. Let (X1,Y1),...,(Xn, Yn) be i.i.d random vectors, where Y;’s are scalar
random variables. Further assume that IE|YZ-|4 < 0o and supr|y|4f(x,y)dy < 00,
where f denotes the joint density of (X,Y). Let K (-) be a bounded positive function with a
bounded support and satisfying Lipschitz’s condition. If nh® = 0 and nh? /(log n)2 — 09,
then

sup

X nh

S m /2
%Z [Kh(Xi‘X)Yi—E{Kh(Xi—X)Yi}}‘=0p ({log(l/)} )
i=1

where Kp,(-) = K(-/h)/h.
Lemma 2 follows immediately from Proposition 4 of Mack and Silverman (1982).

LEMMA 3. Under Assumptions 4 and 5,
1. .
lim -X° (I —PA)(Q_I I )(I —PA)X=2 i
Jm kTM — P Lt ) (et — Py 1

where Q and X are defined in Section 4.

Proof. According to the definition of €, it is easy to see

%XT (IkTM _Pf;) (Q_l ®IkT) (IkTM _Pf;) X

0_‘)251 52 R

Arguments similar to the proof of Theorem 1 in Fan et al. (2005) lead to

M

s1,50=1

25152

g 2 2 .
=X (er =P ) (Lr =Py )Xy, > o 192Dy,5, ask — co.
This completes the proof. n

~W —
LEMMA 4. Under Assumptions 1-7, «/1?(,3 —ﬂ) —D% N(O, 21 1) as k — oo, where

3" = {XT (IkTM _Pf;) (Q_l ®IkT) (IkTM _Pf;) X}_l
X (IkTM —Pﬁ) (Q—l ®Ikr) (IkTM —Pﬁ) ¥

with 5( PB’ and Y defined in Section 4.
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Proof. According to the definition of /@W, we can decompose /@W —Bas
EW—,@=11+JQ+J3
={X" (krm —Py) (@7 @Lr) (Lerm —Py) x}
x {XT (IkTM ) (9_ ®IkT) (IkTM ﬁ) G
+XT (IkTM PB) ( ®IkT) (IkTM P, )17
( B

+ X7 (IkTM PB) Q~ ®IkT) (IkTM Ps

J

where G = (GI,...,G%,)". Gy = (& (Us11), -+, & (Us17), -+ 85 (Usir)) * with

~ —1
& Uyin) = §(Usin) — (1,O)(DZy, Wyp, Dy, ) ™' DIy Way, G,

V= (511—,...,17;”)1, vy = (’Uvsll,...,gslT,...,’ljskT)I with

-1
T — — T T
Bir = =(1,0) (Dl Wouy Dsur ) Dy, W s,
andv = (v],...,v},)" withvg = (Vxlla~~,Vs1Ta~~,VskT)r- Write

%XT (IkTM —Pf;) (Q_l ®Ikr) (IkTM _Pﬁ) G

M 0_2s152 M
" R -
= Z TXAT,I (IkT —-Py ) (IkT -Py )Gs2 .
Sz:l 1 2 —
s1=1

By the same arguments as for Theorem 1 of Fan et al. (2005) we obtain

s & ~1/2

EX§1 (IkT —Pﬁ”) (IkT —Pﬁyz) Gy, = 0p (k™1/2).

It then follows from Lemma 3 that J; = o0, (k~1/2). Similarly, J, = 0, (k=!/2) and
1 T -1

EX (IkTM - Pf;) (Q ®IkT) (IkTM - Pﬁ) v

M 0_23132 M
v —
- ( Y 2, (IkT—PB)V‘n) +op (k 1/2),

S2:1 S|:1

where Ty = (..., Mgy7, ..., Mgr)" with Mg, = Xy — E(Xir|Usis), s =
1,....,M,i=1,...,k,andt =1,...,T. As aresult, it suffices to prove

M 0_2s1s2 M D
ﬁ( D Vk l'I]?l (TItn, —PB) Vs) — N(@©0,2)) as k—> oco. (A.1)
3‘2:1 S]:l
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For any nonzero vector A = (Aq,...,Ap)" with Ay = (Asl,...,A‘%)T,

M 25182 M
\/;A‘l' < 2 Vk ;1 (IkT —PB)V52>
S2:l S]Zl
1 L 25152 AT TIT
= 7 Z 2 Oy Aslnsl Ikt —Pp)vy,
S1:1Y2:l
1 M M Dsy
=7 2 2 23152 2 2 Z Amsl ( msyit — Z Hm.slltl) Vsyit
ks1=132=1 m=li=lt= 1—1
1 4 i 2&‘18‘2
= [ 2 Z 2 gy, 2 Z Amv] mslit z HmS]lt] Vsoit
i=ls;=1s=1 m=1t= t]_l
1 X
=7 s say,
W@; i, say

where I1,,,5;; is the mth entry of I1g;,. Note that w1, ..., y; are independent random vari-
ables with mean zero. It is easy to check that {y; };‘:1 satisfy the Linderberg condition.

Moreover,

M a.2s132 M
Cov{ VEAT zl LI (L —Pe)vs,

52= S|=l

1
= A" {blockdiag (IT (lr —Pg), .., Ty (e = Py))}* (7' @ Ler)vw" (7! ® L)
x blockdiag (IT; (It — Pg), ..., Iy (It7 —PB))A
! . e
= EAT {blockdlag (Hl(IkT —PB), e :HM(IkT —PB))} (Q ! ®IkT)
X blockdiag (Hl(IkT - PB), ey HM(IkT - PB))A

1
= (AT @PL (L —PR)L,)Y o A =, ATEIA ask— oo,

Therefore (A.1) follows from Lemma 3. u
Proof of Theorem 1. According to the definition, &VZS] 5, can be decomposed as
2 ! T
Ois1sy = ]C(Ti)usl (Ixr —Pp)vy,
k(T 5 (Byl -B,, +6G,, -G, ) "X (L —Pp) Xy, (sz — B, +Gyy — Gz)
k(T = (8, =B, +64 Gy, ) X;, My —Py)w,
k(T 5 (B =B+ 6y =6 ) X, e Py,

=Ji+J+ 3+ Js, say.
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Write

1
k(T —1)Jy =vg (kr —Pp) vy, = v <IkT — 7l ®LTLTT) Vs,

k T T
Vs1itVsoit — 2 { 2 vSllt} { z Vszil}
t=1

l_l =1

1 L 1 L
Vslit_? 2 Vsiity Vszit_? Z Vsoity

=1 t1=1

M~

=
I
-

-
I
—_

I
M~ T~ T
M=

{Slszia say.

The variables {{s,s5,; 1 = 1,...,k} are independent random variables with mean

T (T — 1)2 1 T 5
]E[CS]Szi] = 2 T2 E(”slitvszit) + ﬁ 2 E(Vslitl ‘)Szitl) = (T - l)avslsz
t=1 1 #t

and variance

2
T
Var (C\'l-\‘zl') =E (Cszlszi) - (Eglegi)z =E |:2 vslitvxgit:|

=1

2 2
1 T T
+ﬁE (2 vslil|> (Z Vszitl)
=1 =1
2 T T
-=E z(vslif'gszi[) 2 Vsyity z Vsiity - (T - 1) V5152
t=1 =1

=1
1 5 6 T(T—-1) ,
_TE( slllvs2ll) +T(T ) vslsz+ TE( slllvszll) +FTJ1}3152

~

2 2
{TE( s,11”s211)+T(T Do uxlslavszXz}_(T DL s
1 3
(e b - 12) (i)

Hence E[J;] = Uvzslsz’ and

1 (T —1)? (T-1)(T-3) K
Var(J;) = KT 1) { T E( slllvszzll) - (01)2513-10'\;25252) = ;;2

Next, according to Lemma 1,

5 < k(T 5 (ﬁ“ — B, +G,, — G, ) X X, (ﬁsz — B, +Gyy — Gz) —op (k—l/z) .
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Furthermore, J3 can be decomposed as

T
J3:k(T—1)ZZ<S1” T szlill>

i=lt =1

x { Soit (5Sz ﬁn) _% il ngm (1852 _'352)}

=

k(T—l

1< .
<Vs11t z Vsu'n) {gsz (Uszit)_gsz(Uszit)}

t1:l

k(T—l

k T
ppa
k T T .
2 2 (Vldjl 2 v311t1> ? z {gsz(Uszitl)_gSQ(U(Szitl)}
i=1t=1 z =1

= J31+ J3p — J33, say.

Because

k T 1 T

2 2 (Vsltt Z V311t1> soit and 2 Z (Vslzt 2 S]ll]) 2 stltl
i=1i=1 i=li= r= T, =

are both of order O, kY 2), the root-k consistency of BS leads to J31 = 0p k=1 2).
Let d;; denote a kT-vector with its {(i — 1)T + ¢}th element being 1 and others 0. Ac-
cording to the definition of g (-),

& W) = {Tr = (er = S5Pg) ™ Wer —S9) } (Vs =X, 3, )
=, {Ner — ey — S4Ps) ™' Qi =80} X, (8, -5,
+dj; {IkT — (Lr —SsPp) ' (ir —SS)} G
+dj; {IkT — (kr —S,Pp) ™' (r —Ss)} s
+df, (I —S;Pp)~'S; (I — Pp)Bp,.

Because 2 _1Msi =0 for s =1,..., M, it is easy to see (IkT —SSFB)_ISS (IkT -

Pp)Bp, =0.
Consequently,

k T T
J32 k(T g Z (‘)Sllt t_zlvs‘[it]>

x df; {IkT — (er —SsPp) ™' (e — Ss)} X, (B, — By)

k
k(T _ 1) ,zi; < Vsyit — z qu) d,‘rt(IkT _SSPB)_l(IkT _SS)GS

t[l
T

kT 1 -
k(T m_y >y <Us1u Y Vslit1> d;, {IkT — (et —SsPp) ™' (e — Ss)} 2

i=1t tl 1

= J3o1+ J3p + J323,  say.
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By the root-k consistency of ,(:3 ¢ and the proof of Theorem 3 of Fan et al. (2005),

1
I = {k(T }

— 2
x{Ler —df, (L =8,P5) ™" ez =0}

3 % (i3 5 oo

i=lt= =1

x X5 (Bs = Byl
=0k 0, +1/khg) =0, k™),
so that J331 = 0p (k_l/z). Moreover, J322 = 0p (k_l/z) follows from
(It = S5) Gy = a25/2 (8 Ws11), - &4 (WUsi7)s - &) Wekr)) " 13 +0p(h),

and J323 = 0p (k‘l/ 2) follows from the same argument as proving Lemma 4(2) in You
and Chen (2006). Thus J3 = 0, (k~1/2). The proof for Jy = 0, (k~1/?) is similar. This
completes the proof of Theorem 1. n

Proof of Theorem 2. Write

Vair =X, (8- B,) - ZXW (85 = Bs) + & Wyir) = & Wyir)

_;zél [gS(U(sitl) _é;S(Usitl)} .
Then
| kT | kT | T 2 | T 2
ﬁi; Z,l Cs”tsz ﬁigi E,l (vm'z - ?tél vmm) (Uszit - ?tél vmm)

1 k T l T 2
2 z syit Y2”+kT 2 2 (Vslzt 2 Vs.it,)

l_lt_l i=lt= t|:l

1 I
X Vspit — ? z Vs,ity VSzl'l‘

=1

k T 1 T
+ kT z 2 Vsyit — ? z Vsity VS1i11 Vszit

=1

=Ji+---+J5, say.
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Calculate

J1 =

~| -
gl

T 2 T 2
1 1
E (Uslit - ? 2 Vslit1> <Vs1il - ? Z vslill) +0]J(1)

=1 t1=1

, 5 | T 2 T 2 4 2 T 2
E Vslitvszit"'ﬂ 2 Vsiity 2 Vspity | T3 ) Vit Z Vsaity
=1 =1 =1

2
2 T 4 T
2 2
+T2 Vit ( Z VSll'ﬁ) - ?Vslitvsy't 2 Vsaity
1

1= =1

4 [T 2/ 7
_F 2 Vsiity 2 Vsoity | Vsyit
=1 =1

T 2
2
ZE[ Vsi11Y s211] 3 ZE m:( )y Vrzltl) }
=1

, 5, L 3 T 2/ 2
VsiitVsyit 2 Vspity | — FE Z Vsi 1t Z Vsplt
n=1 t=1 t=1

6 3 4 2 2 (T-1) 9 2 2
=(1+F_F_?)E{vslllvszllj|+ TZ 6_? Uvslxlo-vszsz'

By Lemma 1, we can show that Zz—l Z S”t szlt = 0p(1). Therefore, the Holder
inequality leads to J; = o0)(1) for j =2,. 5 The theorem then follows. u

.‘
I
—-

~| -
1M

Proof of Theorem 3. Let X* = (It — Pg)X. Then

~ ~ ~ ~ Pt BN ~ ~ ~
p"-p=p"-p+{X @' oLk} {X"@'eLnG-X"@ " eLnG]

+{{X*’<Q— oLk} {ﬁ*f(fz—l@IkT)X*}_l}ﬁ*’(é—l®Imé
{x
{

X
[Xr@ ®IkT)X*}] {X*’(sz*@lkr)ﬁ*}_]}X*f(fz*@m)(u—ﬁ),

. =l (a e B
" *’(Q"@IkT)X} {X*Z(Q_I(X)IkT)V_XT(Q1®IkT)V}

+{xr @ ®IkT)X} {X*’(Q_I(X)Ikr)u—f(”(ﬂ_l®IkT)u}

+

where G and T are defined in the proof of Lemma 4. According to Lemma 4, it suffices
~W AW
toprove 3 —(3 = op(k_l/2). Because (A +aB)~! = A1 —gA~IBA~! 4+ 0(a?) as
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a — 0, Theorem 3 will follow from (A.2)—(A.7):

1 (o A o R
Xr@ ekt -Xr @ e L)X =0y (1),

1
- { (O @G - X Q! ®IkT)G} =o0p(k™1/2),
1

- { Q7 @) — X Q! ®IkT)u} =op(k~112),
1 }

=1

k {X*f(fz—l ®IkT)5(} g 0,(1).

~ A —1
k{X*’(Q_1®IkT)X} =0,(1).
1’\*7: A—1
K (0 o)

]‘A*’L' —1
X (eenr)w

It is easy to see that

1 (4 ~ ~ ~ N
z {X*T(Q—l ®IkT)X* —_X*T (Q—l ®IkT)X*} _ <(6_v231s2 25152) X*TX* )

{X*f(ﬁ—lqolkf)u X QT @It =0, (k12),

G=o (k_1/2) , and

v=0,k"1/?.

(A.2)
(A.3)
(A4)

(A.5)

(A.6)

(A.7)

M

51,82

Thus (A.2) follows from Theorem 1 together with the proof of Lemma 3. By the same
arguments combined with the proof of Lemma 4, we can prove (A.3)—(A.5) also. Finally,

(A.6)—(A.7) follow from the proof process of Lemma 4 together with Theorem 1.

Proof of Theorem 4. The proof of Theorem 4 is straightforward. We here omit the

details.
Proof of Theorem 5. Let
T
I,

1 A
830 =7 3 (X5, By = By)+ 85 Wsiny) = & Wiin) )
n#t

fori=1,...,k,t=1,...,T,ands =1,.
Accordmg to the deﬁnmon of gTS (u)

I w) = (1,00(DF, W, D) IDIT WY,

X{ (Ti z Vsltys - _1 z Vslty -

n#1 n#T

+(1,0) (DT Wi, D) TIDII W, (A% (—1 ),...,A{(—T),...,

su
_ ~W
+(1,0) (AW, D) T DI WX (B, — B )
+(1, 0D WS, D5,) T D WS, Gy
=J1+/h+J3+Jg, say.
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It is easy to see that
S S Ky War—w) S 3L (U——) Ky (Usir —u)

D*ZW* D* . n .
S S () Ky Ui =) Ay S (%) Ko Wi =)

su

Each element of the preceding matrix is in the form of kernel regression. By Lemma 2,

w12
D}“;WjuDsu:kas(u)@((l)o?z) [1+{1°g(1/hs)} }

kh
1+{log<1/h;‘)}”2 .
kh*

Combining these with the fact |3, —ﬁs = Op(k_l/z), we get J3 = OP(k_l/z). More-
over, let

holds uniformly in ;. The same argument leads to

10
D Wi X = kT fs E(), Xo111Us11 =) ® ( az)

870 = o Zxé,,l(ﬁs—fa) and

2
AP0 = o Z(gs(uml) & Uyir))
l‘];ﬁl‘
fori=1,...,k,t=1,...,T,ands =1,..., M. Then
s(1
ZI'(_] th ]Kh*(Usit_u)A?( )(_t) )

S S B K Uiy =) AT (1)

T

= (190)(D:1§W:MD:M)_1 (

Z,‘:lz.thl Kh;‘ (Usiz _u)Af(Z)(_l) )

+ 1,005 W) ( - 2
SE S Bt Ky (Ui — ) A7) (=1)

=Jo1+ Jp, say.

By the root-k consistency of ,fis together with the proof for J3 in the proof of Theorem 1,
it is easy to see Jo1 = Op (k—1/2). Further,

k T
(1LOYDEW:DL) Y S K (Ugis —u) AT (—1)
i=1t=1

. . Kh*(Ut u)
= (lao)(Dnl;W:uDsu) z z -

i=lt=

T —
x ¥ (g W) =@}, {lir = Qr =S, Po) ™ (s =$,) } G,
1 #t

k T
+(1,0)MEW:DIN)T Y Y Ky (Usis — )
i=1tr=1
T J— A
Y i {Lr = (er =S,P) ™ (s =)} X,(8, = By)
1 #t

X

T-1
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+(1,0)(DTW* D )~ Z Z Kh*(U“ &

i=lt=

T
x ¥ df, {Lr = (s =S,Pp) ™' (s —ss)} 2
1 #t

=Js+Jg+ J7, say.

It is not difficult to show that Js5 = o, {1}? + (kh})~'/2} and J7 = 0p (h3% + (kh)~1/?)
by the same argument as the proof of Theorem 1 in Horowitz and Mammen (2004), and
Jo = op(k_l/z) by Lemma 1 and the root-k consistency of By. It follows that Jq =
op{hy? + (kh}) =12y,

According to the usual nonparametric regression result,

2 02 —aja3
(kh?)'/? [14—gs(u)— e 14

- s@)| —p0 ask— oo.
2 _“1
Thus it suffices to show that (ki )1/2J1 —p N(O, CTS(u)) ask — o0o. Letcog=an /(00 —

al), 1= —al/(az—al), and

1 k T Usis — 1 T
E 2 Z co+cy T Kh;f(Usit—M) int_ﬁ 2 Vsity | -
i=lt=1 N 11 #t
Then
" 2 a% —aja3 _ .
TR |+ Js = g5 0) = == =22l )| = £ @GTRD 2@ +0p (1.

The variance matrix of (kh;‘)l/ 20is

k

Var((kh;‘)l/zQ) s ussco z ZK;,*(UW

i=1t=1
hf‘a2 c% LI (Usi,—u

) K/%;f(Usit_”)
7>Kh*(Um u)=Jg+Jo+ Jip, say.

It is easy to see that Jg — c%auzsséo, Jo —p czauzﬂéz, and Jjp —p CICOUuwal as
k — oo. Therefore Var((kh;‘)l/2 0) = ps_l(u)(c(z)éo +2coc19q +0152) +o(1). Let Bk =
SK_| Ea? with

T

U 1
=+/hy Z cp+cy ”t* Kpr (Usip —u) | vsis = — > Vsiry | -
h T—1,
17t
Then B,g = kas_l(u)(c(z)éo + 2cpc1d + cléz)av“ + o(k). Further, simple calculations
show that

* Usir — *—
2E|a,|3 <o(1)- 2 Eh G2 {|co|+|c1|-’%uu K Wyis —w) = 0™,
K ’

i=lt=
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Thus lim B, 3 2].‘_1 E|a3| = 0. The theorem then follows from the central limit
k—00 1= !

theorem. |

Proof of Theorem 6. By Theorem 1 and the standard nonparametric regression results,

mgy' TS () = (621, 0)D;F W5, D}~ ' DI WS,

su

o | I
x$ Y o, Vsl T S vy |

s1=1 1 #1

M 5 1 T
SS
LR 2 oy ! VsllT_T_l 2 Vsolty | »

s1=1 n#T
M ) 1 T

e 2 o, V‘vlkT—ﬁ 2 Vsokt
s1=1 HnET

+(1,0) (D} W3, D3,) ~ DI W, Gy +op {2+ G2}
=Ji+Jhh+op {h;‘z + (kh;‘)_l/z} ,  say.
It is easy to see that as k — oo, (kh;")l/2J1 —p NQ, (SWTS(u)) and

h*fz 0(2—0(10(3
2 —aj

(khi)'/? [Jz—gs(u)—

Thus the proof is complete. n
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