
PROBLEMS AND SOLUTIONS

PROBLEMS

99+2+1+An Empirical Likelihood Ratio Test for a Unit Root,proposed by Jonathan
Wright+ Consider the univariate AR~1! model

yt 5 ayt21 1 ut , t 5 1, + + + ,T,

wherey0 is fixed and known andut is an independent and identically distributed
~i+i+d+! random variable with mean zero, variances2, and six finite moments+
Define weightsp1, + + + , pT to solve the maximization problem

Max
p1, + + + , pT

(
t51

T

log~ pt !

subject to the restrictions

~i! (t51
T pt ct 5 0,

~ii ! (t51
T pt 5 1,

wherect 5 yt21~ yt 2 yt21!+ Clearly E~ct ! 5 0 iff a 5 1+ This maximization
problem is identical to that which arises in using empirical likelihood to test a
moment restriction with i+i+d+ data~see, e+g+,Owen, 1988, 1990;Qin and Lawless,
1994! except that the weightsp1, + + + , pT do not have the same interpretation as in
the i+i+d+ case+ Correspondingly define the empirical likelihood ratio statistic for
testing the unit root hypothesis~H0 : a 5 1! as

ELR5 22 (
t51

T

log~Tpt !+

In i+i+d+ applications, the empirical likelihood ratio statistic is asymptotically
x 2 ~Owen, 1988, 1990!+ Prove that, under the null, as T r `, ELR n

~2*0
1 W~r !2 dr!21~W~1!2 2 1!2, the square of the simple Dickey–Fuller distri-

bution+
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99+2+2+ Asymptotic Normality of the Nonparametric Part in Partially Linear
Heteroskedastic Models, proposed by Hua Liang, Wolfgang Härdle, and Axel
Werwatz+ Consider partially linear models

Yi 5 Xi
T b 1 g~Ti ! 1 «i , i 5 1, + + + ,n,

whereXi andTi arep-dimensional and one-dimensional random regressors, re-
spectively, b is a vector of unknown parameters, g~{! is an unknown smooth
function, and«i are independent~possibly! nonidentically distributed with mean
zero conditional onX andT+ Define an estimator ofg~{! as follows:

gn~t! 5 (
i51

n

vni ~t!~Yi 2 Xi
T bLS!,

wherevni~t! 2 vni~t;T1,T2, + + + ,Tn! are weight functions based on kernel function
K~{! and bandwidthh andbLS is the least squares estimator ofb ~see Speckman,
1988!

bLS 5 ~ FXT FX!21 FXT EY,

where FX 5 ~ FX1, + + + , FXn!T and EY 5 ~ EY1, + + + , EYn!T are the presmoothed design and
response variables+

Denotehj ~Ti ! 5 E~xij 6Ti ! anduij 5 xij 2 E~xij 6Ti !+ Let us takehn 5 Cn2103 for
someC . 0+ Make the following assumptions+

Assumption 1+ E~u1u1
T! is a positive definite matrix, where u1 5

~u11, + + + ,u1p!T+

Assumption 2+ supp~K ! 5 @21,1# , sup6K~x!6# C ,`, *K~u! du51, K~u! 5
K~2u! and*6u6$ahn

21 K~u! du5 O~n2103 log n! for any givena . 0+

Assumption 3+ n2203 (i51
n vni

2 ~t!E«i
2 5 s0

2 1 o~1! for somes0
2 . 0+

Then, prove the following theorem+

THEOREM+ Assume that«1, + + + ,«n are independent randomvariables with
E«i 5 0 andinf i E«i

2~5si
2! . cs . 0 for some cs and that there exists a function

G~u! satisfying*0
` uG~u! du , ` such that

P~6«i 6 . u! # G~u!, for i 5 1, + + + ,n and large enough u+ (1)

Then

gn~t! 2 Egn~t!

%Var$gn~t!%

L
&& N~0,1! as nr `+
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99+2+3+ Asymptotic Efficiency of OLS Estimator in Models with Deterministic
Regressors, proposed by Jinyoung Hahn+ Consider a linear regression model

yi 5 xi
'b 1 «i , i 5 1, + + + ,n,

wherexi is deterministic and«i ; N~0,s2! is independent and identically dis-
tributed~i+i+d+!+ Suppose that

lim
nr`

1

n (
i51

n

xi xi
' 5 Y, lim

nr`

max
1#i#n

xi
'xi

n
5 0,

whereY is nonsingular+ Show that, for any regular estimatorb of b, the limit
distribution of !n~b 2 b! can be expressed as the distribution of a sum of
N~0,s2Y21! and some other random variable independent of the normal random
variable+ Conclude that OLS is asymptotically efficient+ ~Observe thaty’s are
non-i+i+d+ Therefore, maximum likelihood estimation, which is asymptotically
efficient for i+i+d+ sample, cannot justify the asymptotic efficiency+!

99+2+4+ Prediction in the Spatially Autocorrelated Error Component Model,
proposed by Badi H+ Baltagi and Dong Li+ Testing for spatial autocorrelation is
important in regional science and urban and transportation economics~see Anse-
lin, 1988!+ This problem considers the panel regression model

yit 5 xit
' b 1 «it i 5 1, + + + ,N; t 5 1, + + + ,T (1)

with error components that are spatially autocorrelated~see Anselin, 1988,
p+ 152!+ The disturbance vector for timet is given by

«t 5 m 1 ft (2)

where«t 5 ~«1t , + + + ,«Nt!
',m5 ~m1, + + + ,mN!' denote the random region effects that

are i+i+d+~0,sm
2!, andft 5 ~f1t , + + + ,fNt!

' are the remainder disturbances that are
independent ofm+ Theft’s follow the spatial error dependence model

ft 5 lWft 1 nt (3)

whereW is the matrix of known spatial weights andl is the spatial autoregressive
coefficient; nt 5 ~n1t , + + + ,nNt!

' is i+i+d+~0,sn
2! and is independent offt andm+ De-

rive the best linear unbiased predictor ofyi,T1S for the ith region at periodT1 S+
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SOLUTIONS

98+2+1+Consistency of OLS in the Presence of Lagged Dependent Variable and
Serially Correlated Errors—Solution, proposed by Jeffrey M+Wooldridge+

~i! E~ut ! 5 E~ yt ! 2 bE~ yt21! 5 0+ Further, E~ yt21ut ! 5 s12 ~s10sy
2!sy

25 0,where
sy

2 5 Var~ yt ! ands1 5 Cov~ yt21, yt !+
~ii ! This follows from part~i! by basic algebra and the law of large numbers:

p lim Zb 5 b 1 p limSn21 (
t51

n

yt21
2 D21Sn21 (

t51

n

yt21utD
5 b 1 ~10sy

2!E~ yt21ut ! 5 b 1 ~10sy
2!{0 5 b+

~iii ! In general, E~ut ut21! Þ 0+ In fact, we can write

E~ut ut21! 5 E @ut ~ yt21 2 byt22!# 5 2bE~ yt22ut ! 5 2b~s2 2 bs1!,

wheresj [ E~ yt yt2j !, j $ 1+ We have assumed nothing abouts2+ If b Þ 0 and
s2 Þ bs1, thenut andut21 are correlated+ ~Incidentally, if $ yt % follows an AR~1!
process thens2 5 bs1, and soE~ut ut21! 5 0+!

~iv! Parts~ii ! and~iii ! show that the statement given is generally false+ The resolution
is that the statement is correct in a very specific case+ If we write

yt 5 byt21 1 ut

and thenassumethat$ut % is a stable AR~1! process—with, say, parameterr—then
ut andyt21 are necessarily correlated+ This means that OLS ofyt on yt21 does not
consistently estimateb—but it will consistently estimate the linear projection ofyt

onyt21, as part~ii ! shows+ In some cases we might be interested inE~ yt 6yt21!, or
especiallyE~ yt 6zt , yt21!, wherezt is a vector of explanatory variables of interest+
Then, we do not care if the errors are serially correlated, except that our inference
would have to be adjusted+

It is useful to show directly that, if E~ yt21ut ! 5 0, then$ut % cannot follow an
AR~1! process+ If $ut % is an AR~1! process with parameterr, 6r6 , 1, then the
autocovariances must satisfy

E~ut ut2j ! 5 rE~ut ut2j11!, all j $ 1+ (1)

We can arrange~1! for finite j by choosing the autocovariances of$ yt % appropri-
ately+ But ~1! cannot hold for allj if b Þ 0+ To see this, note that, for j $ 3, ~1!
requires

aj 2 baj11 5 r~aj21 2 baj !, (2)

whereaj [ E~ yt2j ut !+ Because the process is asymptotically uncorrelated, we
must be able to chooser so thataj r 0 asj r `+We can easily see that this is
impossible by rewriting~2!:

aj11 5 ~10b 1 r!aj 2 ~ r0b!aj21+
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This second-order difference equation is stable if and only if

12 ~10b 1 r! 1 r0b . 0,

11 ~10b 1 r! 1 r0b . 0,

12 r0b . 0+

The first two conditions can be written as

~12 10b!~12 r! . 0, (3)

~11 10b!~11 r! . 0+ (4)

If 6r6, 1 then 12 r . 0 and 11 r . 0+ But with 6b6, 1, either 1210b , 0 ~if
b . 0! or 1110b , 0 ~if b , 0!+ Therefore, ~3! and~4! cannot both be true with
6b6 , 1 and6r6 , 1+ This completes the proof+

98+2+2+ Upper Bounds for Eigenvalues of Nonnegative Definite Matrices—
Solutions+1 The following solutions have been proposed independently by George
P+H+Styan and Hans Joachim Werner, and by Egon Zakrajsˇek+These solutions are
based on different types of interesting arguments+

1+—Solution, proposed by George P+H+ Styan and Hans Joachim Werner+
Let H 5 A ( B denote the Hadamard~Schur or elementwise! product of the

T3 T nonnegative definite matricesA andB+ From the “Augmented Schur Theo-
rem” on p+ 142 of Im~1997! we have that

l i ~H ! # ai ~A!l1~B! ~i 5 1,2, + + + ,T !+ (2)

PuttingB 5 ee' in ~2!, wheree denotes theT 3 1 column vector of ones, yields
l i ~A! # Tai ~A! at once, because nowH 5 A ( ee'5 A and the largest eigenvalue
of B 5 ee' is T ~all other eigenvalues are 0!+

2+—Solution, proposed by Egon Zakrajsˇek+
According to Courant–Fischer minimax theorem~Demmel, 1997, Theorem

5+2! we have

l i ~A! 5 min
dim~S!5T2i11

max
0Þs[S

s'As

s's
,

so we have

l i ~A! # max
0Þs[S

s'As

s's
,

whereS is some particularT 2 i 1 1 dimensional subspace, say the subspace
spanned by the lastT2 i 11 columns of the identity matrix+ If we partition matrix
A as
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A 5 FA11 A12

A21 A22
G ,

we see thatl i ~A! # lmax~A22!, where submatrixA22 is ~T2 i 11! 3 ~T2 i 11!+
In our case the matrixA is nonnegative definite; so is the matrixA22,which means
l i ~A22! $ 0, and as no eigenvalue can exceed the sum of the eigenvalues, which
equals the trace of matrixA22, we have

l i ~A! # (
k5i

T

ak~A!+

We can always permute the rows and columns of the matrix without changing
its eigenvalues, so we can assume that matrixAhas the diagonal elements already
sorted in descending order and we get

l i ~A! # (
k5i

T

ak~A! # (
k5i

T

ai ~A! 5 ~T 2 i 1 1!ai ~A!+

As this is a somewhat sharper bound the proposition is proved+

NOTE

1+ An excellent solution has been proposed independently by H+Neudecker and M+ van de Velden
and by Kyung-Taik Han and Eric I+ Im ~the posers of the problem!+
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98+2+3+ Partial Observability in a Bivariate Logit Model—Solution, proposed
by S+K+ Sapra+ The log-likelihood for modelP is

L~b1,b2! 5 (
i51

n

wi ln Fi 1 ~12 wi ! ln ~12 Fi !, (1)

whereFi 5 F~b1
' xi ,b2

' xi ! 5 10~11 e2b1
' xi 1 e2b2

' xi !+
The information matrix based onn observations is

I2k32k 5 SI11 I12

I21 I22
D , (2)

262 PROBLEMS AND SOLUTIONS

https://doi.org/10.1017/S0266466699152071 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466699152071


whereI11 5 (i51
n @$~e22b1

' xi !Fi
2%xi xi

'#0Ci , I12 5 (i51
n @$~e2~b1

'1b2
' !xiFi

2%xi xi
'#0Ci ,

I21 5 I12, andI22 5 (i51
n @$~e22b2

' xi !Fi
2%xi xi

'#0Ci , whereCi 5 e2b1
' xi 1 e2b2

' xi+
To show that modelP is not locally identified under each of the configurations

in the problem, we show that the information matrixI is singular in each case
~Rothenberg, 1971!+

Under configuration~i!, b1 5 b2, and therefore,

I11 5 I12 5 I21 5 I22 5 J, say+ (3)

ThenI 5 J J E, where

E 5 S1 1

1 1D+ (4)

Therefore, det~I ! 5 ~det~J!!k~det~E!!2 5 0 because det~E! 5 0+ Hence, I is a
singular matrix+

Under configuration~ii !, b1 5 ~b11,0,0, + + + ,0!', b2 5 ~b21,0,0, + + + ,0!', and
b1
' xi 5 b11, b2

' xi 5 b21+ Substituting these expressions into~2! yields

I 5 A J (
i51

n

xi xi
' , (5)

where

A 5 10D1Se22b11 e2~b111b21!

e2~b111b21! e22b21 D,
D1 5 ~e2b111e2b21 !~11 e2b111e2b21 !2+ (6)

Therefore, from ~5! and~6!,

det~I ! 5 ~det~A!!2SdetS(
i51

n

xi xi
'DDk

5 0 (7)

because det~A! 5 0+ HenceI is a singular matrix+
Under configuration~iii !, x1i 51 andx2i is a dummy variable taking the values

1 or 0+ Following Poirier~1980, p+ 213!, order the observations so thatx2i 50 ~i 5
1,2, + + + , r ! andx2i 5 1 ~i 5 r 1 1, r 1 2, + + + ,n!+ Then the information matrixI
reduces to

I 5 A1 J B1 1 A2 J B2, (8)
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where

A1 5 rA, B1 5S1 0

0 0D,
A2 5 ~n 2 r !0D2Se22~b111b12! e2~b111b121b211b22!

e2~b111b121b211b22! e22~b211b22! D,
B2 5 S1 1

1 1D5 E,

D2 5 ~e2~b111b12! 1 e2~b211b22! !~11 e2~b111b12! 1 e2~b211b22! !+2

~The termA is defined in equation~6!, andE is defined in equation~4!+!
It is easily verified that det~I ! 5 0+ In fact, rank~I ! # 2 because rank~I ! #

rank~A1 J B1! 1 rank~A2 J B2! and each rank on the right-hand side of the
inequality is 1+ HenceI is a singular matrix+

REFERENCES

Poirier, D+ ~1980! Partial observability in bivariate probit model+ Journal of Econometrics12, 209–
217+

Rothenberg, T+ ~1971! Identification in parametric models+ Econometrica39, 577–591+

264 PROBLEMS AND SOLUTIONS

https://doi.org/10.1017/S0266466699152071 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466699152071

