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PROBLEMS AND SOLUTIONS

PROBLEMS

99.2.1. An Empirical Likelihood Ratio Test for a Unit Rgptoposed by Jonathan
Wright. Consider the univariate AR) model

yt:CYYt—1+Ut, t:]-»”',T,

wherey, is fixed and known and; is an independent and identically distributed
(i.i.d.) random variable with mean zerwariances 2 and six finite moments
Define weights,,..., pr to solve the maximization problem

]
Max 3 log(py)

P1--es Pr t=1

subject to the restrictions

(i) Sapthe =0,
(i) Sap =1

wherey; = yi_1(y; — Yi—1). Clearly E(¢) = 0 iff « = 1. This maximization
problem is identical to that which arises in using empirical likelihood to test a
moment restriction withi.d. data(sege.g., Owen 1988 199Q Qin and Lawless
1994 except that the weights, ..., pr do not have the same interpretation as in
the ii.d. case Correspondingly define the empirical likelihood ratio statistic for
testing the unit root hypothesi#ly: @ = 1) as

.
ELR= —2> log(Tp).
t=1

In i.i.d. applications the empirical likelihood ratio statistic is asymptotically
y?2 (Owen 1988 1990. Prove that under the nullas T — oo, ELR =
(2S5 W(r)2dr)"%(W(1)? — 1) the square of the simple Dickey—Fuller distri-
bution
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99.2.2. Asymptotic Normality of the Nonparametric Part in Partially Linear
Heteroskedastic Modelproposed by Hua LiangNolfgang Hardle and Axel
Werwatz Consider partially linear models

Y =XTBgM) +e.  i=L...n,

whereX; andT, arep-dimensional and one-dimensional random regressers
spectively 8 is a vector of unknown parametery -) is an unknown smooth
function ande; are independeripossibly nonidentically distributed with mean
zero conditional orX andT. Define an estimator aj(-) as follows

gn(t) = ;wni(t)(Yi - XiT,BLS),

wherew,;(t) — w,i(t; Ty, Ts, ..., T,) are weight functions based on kernel function
K(-) and bandwidthh andg, s is the least squares estimatoidfsee Speckman
1988

Bis = (XTX)IXTY,

whereX = (Xy,...,X,)Tand¥ = (Y,,...,Y,)T are the presmoothed design and
response variables

Denoteh;(T;) = E(x;|T,) andu; = x; — E(x; |T;). Let us takeh,, = Cn~ %2 for
someC > 0. Make the following assumptions

Assumption 1 E(u,uf) is a positive definite matrix where u,
(U11,-~~,U1p)T~

Assumption 2 suppgK) =[—1,1], sugK(x)| = C < oo, [K(u) du=1, K(u)
K(—u) and jy/=an-: K(u) du= O(n~*3logn) for any givena > 0.

Assumption 3 n" %331, w2(t)Ee? = o€ + 0(1) for somesé > 0.

Then prove the following theorem
THEOREM Assume that,,...,e, are independent randomariables with

Ee; = 0 andinf; Ee?(=0?) > ¢, > 0for some ¢ and that there exists a function
G(u) satisfyingf,” uG(u) du < oo such that

P(l&|>u =G(u), fori=1...,n and large enough.u Q)
Then
gn(t) - Eg1(t) C
— 5 N(0,1) as n—co.
v Var{gn(t)}
REFERENCE
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99.2.3. Asymptotic Efficiency of OLS Estimator in Models with Deterministic
Regressorgproposed by Jinyoung Hah@onsider a linear regression model

yi:Xi’B+8i5 |:1,’n’

wherex; is deterministic and; ~ N(0,0?) is independent and identically dis-
tributed(i.i.d.). Suppose that

1 n max X X;
) . 1=i=n
lim =Y xx/ =Y, lim TZO’

n—oo i=1 n—oo

whereY is nonsingularShow that for any regular estimatdo of 8, the limit
distribution of vn(b — B) can be expressed as the distribution of a sum of
N(0,02Y 1) and some other random variable independent of the normal random
variable Conclude that OLS is asymptotically efficiefObserve thay's are
non-ii.d. Therefore maximum likelihood estimatignwhich is asymptotically
efficient for i.i.d. sample cannot justify the asymptotic efficiengy

99.2.4. Prediction in the Spatially Autocorrelated Error Component Model
proposed by Badi HBaltagi and Dong LiTesting for spatial autocorrelation is
importantin regional science and urban and transportation econ(seE#énse-
lin, 1988. This problem considers the panel regression model

Yit = Xit B+ &it i=L...N; t=1....T (1)

with error components that are spatially autocorrelai®ek Anselin 1988
p. 152). The disturbance vector for tintds given by

e = pt 2

wheres; = (&q,...,ent), o = (1,..., un)’ denote the random region effects that
are ii.d.(O,aj), and¢, = (¢y,...,dn) are the remainder disturbances that are
independent ofs. The ¢,’s follow the spatial error dependence model

by = AW + v 3)
whereWis the matrix of known spatial weights ands the spatial autoregressive

coefficient v, = (vyy,...,vn) S 1.0.d.(0,0,2) and is independent @f; andu. De-
rive the best linear unbiased predictonpf. s for theith region at period + S
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SOLUTIONS

98.2.1. Consistency of OLS in the Presence of Lagged Dependent Variable and
Serially Correlated Errors—Solution proposed by Jeffrey MWooldridge

(i) E(u) = E(y) = BE(Yr-1) = 0. Furthey E(yi—1 W) = 01 — (01 /0) 0y = 0, where
o = Var(y,) andoy = Cov(Yi—1, Y).
(i) This follows from part(i) by basic algebra and the law of large numbers

n -1 n
plim B =B+ plim (nl E Yt21> <nl E Yt1Ut>
t=1 t=1
=B+ (1/o?)E(Yi-1u) =B + (1/0y)-0=B.
(iii) In general E(u;u;—1) # 0. In fact, we can write

E(uUi—1) = E[U(Yi—1 — BYi-2)] = =BE(Yi—2U) = —B (02 — Boy),

whereo; = E(y;Yi—j), | = 1. We have assumed nothing abaut If 8 # 0 and
o, # Boy, thenu, andu,_, are correlatedIncidentally if {y,} follows an AR(1)
process thewr, = Boy, and soE(u;U;—1) = 0.)

(iv) Parts(ii) and(iii ) show that the statement given is generally faldee resolution
is that the statement is correct in a very specific csge write

Ve = BYi—1 T U

and therassumeéhat{u, } is a stable AR1) process—withsay parametep—then

u; andy;_, are necessarily correlatebhis means that OLS gf ony;_; does not
consistently estima@—but it will consistently estimate the linear projectionypf
ony;_i, as parf(ii) shows In some cases we might be interesteéiry;|y;—1), or
especiallyE(y;|z, yi-1), Wherez, is a vector of explanatory variables of interest
Then we do not care if the errors are serially correlaxtept that our inference
would have to be adjusted

It is useful to show directly thatf E(y,_,u;) = 0, then{u,} cannot follow an
AR(1) processlf {u.} is an AR(1) process with parametex, |p| < 1, then the
autocovariances must satisfy

E(uiuj) = pE(uUi_jq), allj=1 1)

We can arrangél) for finite j by choosing the autocovariances{®f} appropri-
ately But (1) cannot hold for alf if 8 # 0. To see thisnote thatfor j = 3, (1)
requires

@ — Baj1 = plaj1 — Bay), 2

wherea; = E(y;—ju;). Because the process is asymptotically uncorre|aiexd
must be able to choogeso thate; — 0 asj — oo. We can easily see that this is
impossible by rewriting2):

ajr1= (/B +play— (p/B)ay_1.
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This second-order difference equation is stable if and only if

1-(1/B+p)+p/B>0,
1+ (1/B+p)+p/B>0,

1-p/8>0.
The first two conditions can be written as
(1-18)(1-p) >0, 3
(1+1/8)(1+ p) > 0. (4)

If |p| <1then1l-p > 0and 1+ p > 0. But with | 8] < 1, either 1- 1/8 < O (if
B> 0)orl1+1/B8 <0(if B <0). Therefore(3) and(4) cannot both be true with
|B| < 1and|p| < 1 This completes the proof

98.2.2. Upper Bounds for Eigenvalues of Nonnegative Definite Matrices—
Solutions! The following solutions have been proposed independently by George
P.H. Styan and Hans Joachim Werrand by Egon Zakragk These solutions are
based on different types of interesting arguments

1.—Solution proposed by GeorgelP. Styan and Hans Joachim Werner

Let H = A © B denote the Hadamai@&chur or elementwiggproduct of the
T X T nonnegative definite matricésandB. From the “Augmented Schur Theo-
rem” on p 142 of Im(1997) we have that

Ai(H) = a;(A)A(B) (i=12,...,T). (2)

PuttingB = e€ in (2), wheree denotes thd X 1 column vector of oneyields
Ai(A) = Te;(A) atoncebecause now = A© e€ = Aand the largest eigenvalue
of B = e€ is T (all other eigenvalues are.0

2.—Solution proposed by Egon Zakragk

According to Courant—Fischer minimax theoréDemme] 1997 Theorem
5.2) we have

) S'As
Ai(A) = min max ——,
dim(S)=T—i+1 0#s€S S'S

so we have

S'As
Ai(A) = max ——,
0#s€S S'S

whereSis some particula — i + 1 dimensional subspacsay the subspace
spanned by the 1a3t—i + 1 columns of the identity matrixf we partition matrix
Aas
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A . All A12

A21 A22 ’
we see that; (A) = Ama(Azz), where submatriX,,is (T—1+1) X (T—i+1).
In our case the matri&is nonnegative definiteso is the matriXA,,, which means

Ai(Az,) = 0, and as no eigenvalue can exceed the sum of the eigenyalhieh
equals the trace of matrik,,, we have

T
Ai(A) =3 a(A).

k=i

We can always permute the rows and columns of the matrix without changing
its eigenvalugsso we can assume that matfkas the diagonal elements already
sorted in descending order and we get

T T
Ai(A) =D a(A) = ai(A)=(T-i+Dai(A.
k=i k=i
As this is a somewhat sharper bound the proposition is proved

NOTE

1. Anexcellent solution has been proposed independently.iNeddecker and Mvan de Velden
and by Kyung-Taik Han and Eric Im (the posers of the problem

REFERENCES
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98.2.3. Partial Observability in a Bivariate Logit Model-Selution proposed
by SK. SapraThe log-likelihood for modeP is

L(B1,B2) = En:Wi InF+(1—-w)In(1-F), (1)
i=1

whereF, = F(Bix;, By%) = 1/(1+ e i + e F2%),
The information matrix based anobservations is

l11 112
|2k><2k:<|21 I, s (2)
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wherely; = 3L [{(e7%19)F2}x X/ 1/Ci, 11 = ik [{(e” P A2xE2)x X/ 1/C;,
l51= lyp, andly, = S [{(e7282% ) F2}x; X/ ]/C;, whereC; = e A% + e B2,

To show that modédP is not locally identified under each of the configurations
in the problemwe show that the information matrixis singular in each case
(Rothenberg1977).

Under configurationi), 81 = B,, and thereforg

l11 = 1=l = 155 =J, say )

Thenl = J) E, where

3 1 1
E—<1 1). (4

Therefore det(1) = (det(J))*(det(E))? = 0 because d€E) = 0. Hence | is a
singular matrix

Under configuration(ii), 8, = (B11,0,0,...,0), B> = (B,1,0,0,...,0), and
Bix; = B11, B5X; = B21. Substituting these expressions i yields

n
l=A® X %X, (5)
i=1
where
e 2Bu e*(ﬁu*ﬁzl)
A=1/Dy e (ButBa1) @282 ’
Dl = (e*ﬂlue*ﬁzl)(l + e*,311+e*521)2. (6)

Therefore from (5) and(6),

n k
2 Xi Xi'>> =0 (7)

det(l) = (det(A))2<det<
i=1
because déB) = 0. Hencel is a singular matrix
Under configuratiordiii ), x;; = 1 andx,; is a dummy variable taking the values
1 or 0. Following Poirier(198Q p. 213), order the observations so that=0 (i =
L2,....,r)andxy,; =1(i=r+1r + 2,...,n). Then the information matrix
reduces to

| =A,®B;+A,R® B, (8)
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where
10
A =TA Bl:(o O)’
e~ 2(B11+B1) o~ (BurtBuztBar+Bz2)
Az =(N=T1)/D; <e(311+312+321+,322) o~ 2B+ B2 )’

B Ll E
2_11_5

D, = (e_(311+ﬁl2) + e—(.321+522))(1 + @ (Buthid) 4 e—(ﬁ21+522))‘2

(The termAis defined in equatiol6), andE is defined in equatioi).)

It is easily verified that dél) = 0. In fact, rank(l) = 2 because rar(k) =
rank(A; Q) B;) + rank(A, &) B,) and each rank on the right-hand side of the
inequality is 1 Hencel is a singular matrix
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