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Abstract. Two results on textile systems are obtained. Using these we prove that for any
automorphism ¢ of any topologically-transitive subshift of finite type, if ¢ is expansive
and ¢ or ¢! has memory zero or anticipation zero, then ¢ is topologically conjugate to
a subshift of finite type. Moreover, this is generalized to a result on chain recurrent onto
endomorphisms of topologically-transitive subshifts of finite type. Using textile systems
and textile subsystems, we develop a structure theory concerning expansiveness with
the pseudo orbit tracing property on directionally essentially weakly one-sided resolving
automorphisms and endomorphisms of subshifts.

1. Introduction

For a subshift (X, o) over an alphabet A and k > 1, let L (X) denote the set of all words
aj ...ajyi—1 that appear on some point (a;) jez, € X witha; € A. Let (X, o) and (X', ¢”)
be subshifts. Let m, n > 0. A mapping ¢ : X — X’ is called a block map of (m, n) type or
a block map if there exists a local rule f : Ly 1,+1(X) — L1(X’) such that

¢ ((@))jez) = (@))jez Witha, = f(@j_m ... ajin) forall j € Z.

A block map of (m, n) type is said to have memory m and anticipation n.

For subshifts (X, o) and (X', ¢’), amapping ¢ : X — X’ is a homomorphism of (X, o)
into (X’, 0’) (i.e. a continuous map with ¢o = o’¢) if and only if ¢ is a block map
(Curtis—Hedlund-Lyndon Theorem [14]). Hence we use the same terminology as above
for homomorphisms between subshifts.

The following problem remains open: for any expansive automorphism ¢ of a
topologically-transitive subshift of finite type (SFT) (X, o), is the dynamical system
(X, ¢) conjugate to an SFT? This was asked in [20] for automorphisms of general SFTs,
but Doris Fiebig [13] gave examples of an automorphism ¢ of a non-transitive SFT (X, o)
such that (X, ¢) is not conjugate to an SFT. (Her examples are included in Boyle [6]
as an appendix.) Recently Boyle [6] proved that if the dynamical system defined by an
expansive automorphism of a non-wandering SFT is conjugate to an almost Markov sofic

https://doi.org/10.1017/50143385707000375 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385707000375

168 M. Nasu

system, then it must be conjugate to an SFT. However, from Fiebig’s result until Boyle’s
result, no progress on the problem was made. This contrasts with the complete solution of
the similar problems for positively-expansive endomorphisms of one-sided and two-sided
SFTs and expansive automorphisms of one-sided SFTs and remarkable further progress on
these and related subjects [4, 7, 8, 12, 13, 16, 20-23, 25] (for a quick survey, see [24]).
The open problem above is extended to the following problem: for any automorphism
¢ of a transitive SFT (X, o), determine the dynamics of <pioj for i, j € Z. The starting
point of the research on this problem was given by Boyle and Krieger [9]: they proved
that if ¢ is an automorphism of an SFT (X, &), then (X, ¢o/) is conjugate to an SFT for
all j greater than max{k, n} if ¢ has memory k and ¢~! has anticipation n. This result
was improved to the following in [20]: for any automorphism ¢ of a topological Markov
shift (X, o), o/ is an ‘LR’ automorphism for some j € Z; if ¢ is LR, then ¢’ is LR
for all i > 0 and go is LR and expansive; and if ¢ is LR and expansive, then (X, ¢) is
conjugate to an SFT (which is explicitly given by using the ‘LR’ property). It turned out
that an automorphism ¢ of an SFT is essentially LR (ELR) if and only if ¢ essentially has
the property that ¢ has memory zero and ¢! has anticipation zero [21]. Here the term
‘essentially’ means ‘up to topological conjugacy between endomorphisms of dynamical
systems’.

In this paper we prove that for any automorphism ¢ of any transitive SFT (X, o), if ¢ is
expansive and ¢ or ¢! has memory zero or anticipation zero, then (X, ¢) is topologically
conjugate to an SFT (Theorem 5.2).

This is generalized to a result on chain recurrent onto endomorphisms of transitive
SFTs. Using textile systems we define the notions of ‘p-L’, ‘p-R’, ‘g-L’ and ‘g-R’ for
onto endomorphisms of topological Markov shifts and say that an onto endomorphism
of a topological Markov shift is ‘one-sided resolving’ if it has at least one of these four
properties. An onto endomorphism of an SFT is essentially p-L (respectively, p-R) if
and only if it essentially has memory (respectively, anticipation) zero; an automorphism
of an SFT is essentially g-L (respectively, ¢g-R) if and only if its inverse essentially has
memory (respectively, anticipation) zero. We obtain the result that if ¢ is a chain recurrent
onto endomorphism of a transitive SFT (X, o) with at least one of the four properties
of (i) being essentially p-L and left o-expansive, (ii) being essentially p-R and right
o -expansive, (iii) being essentially g-L and left o-expansive, and (iv) being essentially g-R
and right o -expansive, then ¢ has the pseudo orbit tracing property (POTP) (Theorem 6.3).
This, combined with a result of Boyle and Kitchens [8] unifies and generalizes the known
affirmative solutions for the versions of the problem mentioned above. (For the definitions
of left and right o-expansiveness, see the beginning of §6.)

Before proving the above results, we prove two main results on textile systems:
Propositions 3.10 and 4.3. The former is proved by using a method developed in [23] and
a fundamental result of Boyle in [6]; the latter is proved by using the method of [23] with a
new ingredient, the chain recurrence condition, which in symbolic dynamics was explained
by Boyle [6]. Our result stated first is proved in two ways: one uses Proposition 3.10
and the other uses Proposition 4.3, and the generalized result stated next is proved by
using Proposition 4.3. Proposition 3.10 gives necessary and sufficient conditions for
the dynamical system defined by an expansive automorphism of a mixing SFT to be
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conjugate to an SFT, but we can only make use of an extremely special case of it in this

paper.
We introduce the notions of ‘weakly p-L’, ‘weakly p-R’, ‘weakly g-L’ and ‘weakly
g-R’> for onto endomorphisms of subshifts, using ‘textile subsystems’. An onto

endomorphism of a subshift is essentially weakly p-L (respectively, p-R) if and only if it
essentially has memory (respectively, anticipation) zero; an automorphism of a subshift is
essentially weakly g-L (respectively, g-R) if and only if its inverse essentially has memory
(respectively, anticipation) zero. In §7, we develop the basic properties of these essentially
‘weakly one-sided resolving’ endomorphisms of subshifts.

Let X be a zero-dimensional compact metric space, S(X) the monoid of surjective
continuous maps of X and H(X) the group of homeomorphisms in S(X). Let t be
an expansive element of H(X). Let J be a commutative submonoid of S(X). Let
P L ;(7) denote the set of all elements of J that are a directionally essentially weakly p-L
endomorphism of (X, t). (For any property P of endomorphisms of dynamical systems,
we say that an endomorphism ¢ of (X, 7) is ‘directionally’ P to mean that for some r, s > 1
the endomorphism ¢” of (X, t¥) is P.) Similarly, we define QR (7). Let PL5(7) and
QRS () be the set of all right T-expansive elements of P L, () and the set of all left -
expansive elements of Q Rj(t), respectively. If T € J, then we can imagine that PL ;(7)
is a kind of ‘cone’ with {t” |n =0, 1, ...} as an ‘inner half-line of points’ and with the
‘interior’ PLS(7), and can do similarly for QR;(t). We define C,(7) to be the set of
all directionally essentially weakly LR endomorphisms of 7, and define C$(7) to be the
set of all expansive elements of C;(tr). (Here the term ‘expansive’ is used in the sense
of ‘c-expansive’ in [2]; see §2.) If T € J, then we can also imagine that C;(7) is a kind
of ‘cone’ with {t" |n =0, 1, ...} as an ‘inner half-line of points’ and with the ‘interior’
C5(t). We prove that C(t) = PL5(t) N QRS (7) (Proposition 8.1). For the case when
7 has POTP, we prove that if J C H(X) or t is transitive, then every element of PL ;(t)
(respectively, QR (7)) is an essentially p-L (respectively, ¢g-R) endomorphism of (X, 1)
and every element of PL j(t) N QR () is an essentially LR endomorphism of (X, ), so
that PL;(t) N QR;(7) = Cy(t) (Theorem 8.8). We also prove that QL5 (t) N QRG(7)
is the set of all positively expansive onto endomorphisms of (X, ) in J (Proposition 8.3),
where QL5 (t) denotes the set of all right t-expansive elements of QL (7).

Let Dy(tr) = PL;(t) U QR;(1). Let t have POTP. Then D, (t) U D;j(r™') is the
set of all essentially one-sided resolving endomorphisms of (X, t) in J. Our main result
above (Theorem 6.3) implies that if 7 is transitive, then every expansive element of J
with periodic points dense and without POTP, if any, cannot exist in Dy (t) U Dy (7 h.
For an onto endomorphism ¢ of a transitive SFT (X, ) and J = {¢'c/ |i >0, j € Z}, if
Dj(o)N Dy~ #{ix},then J =D;(c) U Dy (0~1) and hence all expansive elements
of J have POTP (Proposition 8.9). Typical examples satisfying the hypothesis are an
automorphism ¢ of a transitive SFT (X, o) with both ¢ and ¢! having memory 0, and a
positively expansive endomorphism ¢ of a transitive SFT (X, o) (Corollary 8.10).

In §9, we develop the properties of the ‘cones’ PLk (1), ORk(t) and Cg (7), where
K is a commutative subgroup of H(X). (A part of the results on Cg(7) were stated
in [21] without proof.) For ¢, T € H(X) let us write ¢ — 7 (respectively, ¢ — 7, ¢ — 7)
to mean that 7 is expansive and ¢ is a directionally essentially weakly p-L (respectively,
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¢-R, LR) automorphism of (X, 7). The properties of the relations —, — and — obtained
are summarized in Propositions 9.4 and 9.5. We show in particular that the restriction of
— on the set of expansive elements of K, say E(K), is an equivalence relation on E(K),
so that for any element 7 of E(K) and any v’ € C% (1), Cg (r) = Cg (r'). Hence we call
Ck(t) acone in K. If 7 € E(K) has POTP, then Ck(7) is the set of all essentially LR
automorphisms of (X, 7) (as follows from the above), and every element of Ck (7) has
POTP (Proposition 9.9). We call such a cone Ck (t) an ELR (essentially LR) cone in K.
The interiors of cones and those of ELR cones are closely related with the zero-dimensional
cases of the ‘expansive components and Markov components of 1-frames’ for a Z%-action
in the theory of expansive subdynamics due to Boyle and Lind [11].

Moreover, we show the following: the equivalence relation — on E(K) is compatible
with each of the relations — and — restricted on E(K) (Proposition 9.7), so that these
induce the quotient relations — and — on the set of all interiors C°’s of all cones C’s in
K; and if C and C’ are two of these with C° — C’° or C° — C’° and either one of them is
an ELR cone containing an expansive, topologically-mixing element, then so is the other
(Corollary 9.12).

2. Preliminaries

Let ¢ : X — X be an onto continuous map of a compact metric space. A bisequence
(xi)iez of points x; of X is called an orbit of ¢ if ¢(x;) = x;41 forall i € Z. For § > 0, itis
called a 8-pseudo orbit of ¢ if dx (¢(x;), xi+1) < é foralli € Z. For € > 0, an orbit (x;);c7
of ¢ is said to e-trace a 8-pseudo orbit (x!);cz, of ¢ if dx (x;, x]) < € for all i € Z. We say
that ¢ has the pseudo orbit tracing property, or POTP for short, if for any € > 0, there
exists § > 0 such that any §-pseudo orbit of ¢ is e-traced by some orbit of ¢. We say that ¢
is chain recurrent if for any x € X and any § > 0 there exists a periodic §-pseudo orbit of ¢
passing through x. We say that ¢ is chain transitive if for any x, y € X and any § > 0 there
exists a periodic §-pseudo orbit of ¢ passing through x and y. We say that ¢ is expansive
if there exists § > 0 such that for any orbits (x;);c7 and (y;);c7z of ¢, if dx(x;, y;) < § for
all i € Z, then (x;);c7 = (yi);ez. (This notion appears in Aoki and Hiraide [2, p. 57] with
the term ‘c-expansive’.)

A commuting system (X, T, ¢) means an ordered pair of commuting continuous maps
7:X —> X and ¢ : X — X of a compact metric space. If (X, t, ¢) is a commuting
system, then ¢ is an endomorphism of the dynamical system (X, t) (and hence 7 is an
endomorphism of the dynamical system (X, ¢)). When ¢ is a homeomorphism in this
definition, then ¢ is an automorphism of (X, t).

A commuting system (X, 7, ¢) (respectively, an endomorphism ¢ of a dynamical
system (X, 7)) is said to be topologically conjugate to another (X', t/, ¢') (respectively,
another ¢’ of another (X', t’)) if there exists a a topological conjugacy 0 : (X, ©, ¢) —
(X', 7/, ¢'), i.e. a homeomorphism 6 : X — X’ which gives topological conjugacies
0:(X,7)—> (X, t)and 0 : (X, ¢) > (X, ¢’) between the dynamical systems at the same
time.

Let A be an alphabet (i.e. a finite non-empty set of symbols). Let AZ be endowed with
the metric d such that for x = (a;) jez and y = (bj) jez With a;, b; € A, d(x, y) =0 if
x =y, and otherwise d(x, y) = 1/(1 + k), where k = min{| j| | a; # b;}. The metric d is

https://doi.org/10.1017/50143385707000375 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385707000375

Automorphisms and endomorphisms of the shift 171

compatible with the product topology of the discrete topology on A. Let o4 : AZ 5 AZ
be defined by 04 ((a;) jez) = (aj+1) jez- The dynamical system (AZ, o4) is called the full
shift over A. For a closed subset X of AZ with o (X) = X, the dynamical system (X, ox)
is called a subshift over A, where oy is the restriction of o4 on X.

Let AN = {(aj)jen | a; € A} be endowed with a metric compatible with the product
topology of the discrete topology on A. Let 64 : AN — AN be defined by oa((aj)jen) =
(@j+1)jen. The dynamical system (AN, G4) is called the one-sided full shift over
A. For a subshift (X, o) over A, let X ={(a;)jen|3(a;)jez € X}. Then, with the
onto continuous map ¢ = 6 4|X, we have a dynamical system (X, 6) which is called a
one-sided subshift over A and is said to be induced by (X, o). From (X, &) we can
uniquely recover (X, o), so that (X, o) is said to be induced by (X,5). Letsy: X —> X
be the continuous map which maps (a;) jez 10 (@) jeN. If a homomorphism ¢ of a subshift
(X, o) into another (X', ) has memory zero, then it uniquely induces a homomorphism
é between the induced one-sided subshifts (X, &) and (X', &') such that syr¢ = $sx, and
conversely each homomorphism & of a one-sided subshift (X, &) into another ()2 o’ )
uniquely induces a homomorphism ¢ between the induced subshifts (X, o) and (X', o)
such that ¢ has memory zero and sx/¢ = bsx.

A subshift (X, o) over an alphabet A is called a subshift of finite type, or an SFT for
short, if there is a finite set F' of words (blocks) over A such that X is the set of all points
(aj)jez in AZ with aj...aj ¢ Fforall j < j'. A one-sided SFT is a one-sided subshift
induced by an SFT.

It is well known (Hedlund [14], Reddy [26]) that for a zero-dimensional, compact metric
space X, if t: X — X is an expansive homeomorphism, then (X, ) is conjugate to a
subshift, and if T : X — X is a positively expansive onto continuous map, then (X, 7) is
conjugate to a one-sided subshift. It is also well known (Walters [27]) that a subshift is of
finite type if and only if it has POTP.

The reader is referred to [15] or [17] for a comprehensive introduction to symbolic
dynamics, and to [2] for more information on topological dynamics.

Let P be a property of endomorphisms of dynamical systems. We say that an
endomorphism ¢ of a dynamical system (X, t) essentially has P or is essentially P if
there exists an endomorphism ¢( of a dynamical system (Xo, 79) such that ¢g has P or is
P and (X, 7, ¢) is topologically conjugate to (Xo, 7o, ¢0o).

Finally we make the following remark. Let P be a property of endomorphisms of SFTs
such that (i) if an endomorphism ¢ of an SFT (X, o) has P, then the endomorphism ¢”
of (X, 0°%) essentially has P for all r, s > 1, and such that (ii) if an endomorphism ¢ of
an SFT which is the disjoint union of finitely many SFTs (X, o) with ¢(X ;) = X; has
P, then the restriction of ¢ on each (X;, o) has P. Consider the claim that if an onto
endomorphism ¢ of a topologically-transitive (or more generally, non-wandering) SFT
(X, o) essentially has P, then ¢ has POTP. To prove this, it suffices to prove it under
the additional condition that o is topologically mixing. To see this, let ¢ be an onto
endomorphism of a topologically-transitive (or non-wandering) SFT (X, o). Then for
some s > 1, (X, o) is conjugate to a disjoint union of finitely many mixing SFTs. Since ¢
is an onto endomorphism of (X, o), up to the conjugacy, it permutes these mixing SFTs
and hence ¢" fixes each of them for some r > 1. If the restriction of ¢" on each of them has
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POTP, then so does ¢" itself, so that ¢ has POTP. (An analogous argument is found in Boyle
[6, the proof of Theorem 5.5].)

3. Textile systems

Let G be a graph. Here a graph means a directed graph which may have multiple arcs
and loops. Let Ag and Vi denote the arc-set and the vertex-set, respectively, of G. Let
ig:Ag — Vg and tg : Ag — Vi be such that for each arc a € Ag, ig(a) and tg(a) are

its initial and terminal vertices. Hence the graph G is represented by Vg L Ag LN Ve.
Let X be the set of all points (a;) jez in A% such that tg(a;) =ig(ajyy) forall j € Z.
Then we have a subshift (X, o), which is called the topological Markov shift defined
by G. Throughout this paper we assume that any graph defines a non-empty topological
Markov shift.

An SFT can be defined as a subshift which is topologically conjugate to a topological
Markov shift. A sofic system is a subshift which is the image of a topological Markov shift
under a block map.

For graphs I' and G, a graph-homomorphism h of T into G, written by h : T" — G, is
a pair (hy, hy) of mappings hy : Ar — Ag (arc-map) and hy : Vr — Vg (vertex-map)
such that the following diagram is commutative.

ir

Vr Ar Vr
N m
Vo —S— Ag & Ve

We call a block map of (0, 0) type between subshift spaces a /-block map. For a graph-
homomorphism 4 : I' — G, we define ¢, : X — X to be the 1-block map with the local
rule iy : Ar — Ag.

A textile system T over a graph G is an ordered pair of graph-homomorphisms p : I —
G and g : ' — G. (NB The additional condition of the one—one correspondence between
o € Ar and the quadruple (ir (o), (@), pa(®), ga(a)) imposed on the original definition
in [20] is removed. In earlier theorems on textile systems, this condition automatically
follows from the hypotheses of the theorems, and hence its removal has no impact on the
statements of the theorems. The removal makes the definition simpler and makes it easier
to define the composition of textile systems.) We write

T=(p,q:T—G).
We have the following commutative diagram.

iG G

Ve Ag Ve
TPV PAT PVT
Ve < Ar =T vp
[
Ve o A —% Vg
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If we observe this diagram vertically, then we have the ordered pair of graph-

homomorphisms
Vo S Ag A — Vg
Tov pa] pa] w]
Vr <_lr_ Ar and Ar T V-
J'qv qu qu qvl
Vo <9 Ag Ag —— Vo

This defines another textile system
T = (p*, q":T* - G*)

called the dual of T, where ir+ = py, tr* = qa, ig+ = py and g+ = qy.

Let T =(p,q:T — G) be a textile system with T* = (p*, ¢* : T* — G*). Every
point in X¢ is called a G-thread or simply a thread, and every point in X1 is called
a I'-thread. Let & = ¢, and let n =¢,;. For n > 1, a two-dimensional configuration
(i, j)1<i<n, jez Of arcs a; j € Ar is called an obi of width n woven by T if («; ) jez € XT
forall 1 <i <n,n((,j)jez) =&§((i+1,j)jez) forall 1 <i <n — 1 and in addition

(@i j)i<i<n € Lo(Xp+) forall j € Z. 3.1)

Our definition of an obi is its original definition in [20] to which the condition (3.1) is
added for some technical reason. We note that if | =#Ag + 1 and (e, j)1<i<k+21, jez With
k > 1 is an obi without condition (3.1) imposed on, then its sub-obi (@, j)iy1<i<k+1, jeZ
is an obi satisfying condition (3.1). Hence, it is easily seen that all notions defined for
T below (including in particular ‘upwardly finitely saturated’ and ‘downwardly finitely
saturated’) are independent of the addition of condition (3.1).

Let n > 1. Let Wr, denote the set of all obis of width n woven by T. If we regard
each (vertical) path (@;)1<i<n € L,(Xr+) as an arc going from vertex (ir(c;))i<i<n =
(P (i) 1<i<n to vertex (tr(ai))1<i<n = (¢4 (i) 1<i<n, then we have a graph with arc-
set L, (Xr+), which is denoted by At ,. Since the space of the topological Markov shift
defined by the graph Ar ,, is equal to Wr , (indeed, each point satisfies condition (3.1)), the
topological Markov shift is denoted by (Wr ,, ¢7,,) and called the obi shift of width n of T.

Let X7,0,0 be the set of all G-threads (a;) jez with a; € Ag such that for all j € Z, a;
appears on some point of X as a vertex of I'*. For m, n > 0, let Z7 ,, , denote the set of
all (m + 1)st I'-threads (o4, +1,7) jez of some obi (&, j) 1<i<myn+1,jez Of widthm +n + 1
with «; j € Ar; let X7 041 =&(Z1,m,n) and let X7 41,0 = 9(Z71,m,n)- Then we have
subshifts (X7 .1, 07.m.n) and (Z7 .0, ST,m,n) for m, n > 0. These are sofic systems, as
(X71.,0,0, 07,0,0) 1s an SFT and the others are the images of the obi shifts of 7 under 1-block
maps. Let &7 n : Zrmn = X7 mon+1 ad 07 o 2 Z7,m.n — X7 m+1,n be defined as the
restrictions of & and 7, respectively. Then &r,, , and nr; , are onto. It is clear that if
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O<m<m'and0<n<n',then X740 D X7.m's'>a0d ZT sy.n D Z7 s’ . Define

00 00
XT,m,oo = ﬂ XT,m,n and ZT m0o = m ZT,m,n for m > 0,
n=0 n=0

00 00
XT,oo,n = ﬂ XT,m,n and ZT,oo,n = ﬂ ZT,m,n for n 20

m=0 m=0
Define
X7 =X70,00"NX7,000 and Zr=Z270,00 N Z7,00,0-

A two-dimensional configuration (w;;); jez, @ij € Ar, is called a fextile woven by T if
(@ij) jez € Xr and n((ai—1,j) jez) = E((aij) jez) for all i € Z. Then X7 is the set of all
G-threads that appear on some textile woven by T, and Z7 is the set of all I'-threads that
appear on some textile woven by 7. We have subshifts (X7, o) and (Zr, ¢7). We call
(X1, or) the woof shift of T. The woof shift of the dual 7* of T is called the warp shift
of T. Letér : Zr — X7 and nr : Zr — X7 be the restrictions of & and 7, respectively.
We say that T is one-sided 1-1 if &7 is one-to-one. If T is one-sided 1-1, then we define
an endomorphism @7 of the woof shift (X7, or) by ¢or = nréT_l. We say that T is /-1 if
both &7 and n7 are one-to-one. If T is 1-1, then @7 is an automorphism of the woof shift
(X1, or). We say that T is finitely one-sided I-1 if there exist m, n > 0 such that &7, ,, 1S
one-to-one. We say that T is finitely I-1 if there exist m, n > 0 such that both &7, , and
NT,m.n are one-to-one. We say that 7' is finitely bounded-1 if there exist m, n > 0 such that
both &7, and nr ., are bounded-to-one.

We say that T is non-degenerate if & = ¢, and n= ¢, are onto. Clearly, T is
non-degenerate if and only if Xg = X7. We say that T is finitely saturated if there exist
m,n >0 with X7 = X7,,,. We say that T is upwardly finitely saturated if there exists
m > 0 such that X7 ,,.0 = X7,00,0. We say that T is downwardly finitely saturated if there
exists n > 0 such that X709, = X7.0,00-

Remark 3.1. Let T be a textile system. Then T is finitely saturated if and only if T is both
upwardly finitely saturated and downwardly finitely saturated.

Proof. Assume that T = (p,q:I' = G) is finitely saturated. If Xr00= X7, then
X71.00=XT.0.00 = XT,00,0- Assume that X7 = X7, , withm,n >0andm 4+ n > 1. Let
w = (&, j)1<i<min,jeZ € Wrm+n. Then the (m + 1)-st thread (pa(@m+1,7))jez Of w is
in X7, so that there exists a textile (B;,;); jez Woven by T such that (pa(Bo,;))jez =
(pa(@m+1,)) jez, which is in X7,0,00 N X7,00,0. Hence the first (uppermost) thread
(palai,j))jez of w is in Xr1,0,00 and the last (lowermost) one (ga(utn,;))jez 1S
in X7,00,0. This implies that X7,0,m4n C X7.0,00 and X7 410 C XT,00,0, SO that
XT1,00m4+n = XT1,0,00 a0 X7 11,0 = X7,00,0-

Conversely, assume that X7 ,,.0 = X7,00,0 and X7,0.,» = X7,0,00 With m, n > 0. Then
X7.mn = X1.m0 0 X100 = X7,00,0 N X7,0,00 = XT. O

We recall the most fundamental property of textile systems.

THEOREM 3.2. [20, Theorem 2.5] Let T be a one-sided 1-1 textile system. Then @t is
expansive if and only if T* is 1-1. If both T and T* are 1-1, then the commuting systems
(X7, o7, o1) and (XT+, T+, o7+) are topologically conjugate.
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Remark 3.3. Let T be atextile system. Suppose the dual T* = (p*, ¢* : I'* — G*) is one-
sided 1-1 and non-degenerate. Letn > 0. Let § = 1/(n 4 1). Then the obis of width 2n + 1
woven by T are the same as the §-pseudo orbits of g7+ in the sense of the following. For
any &-pseudo orbit ((b; j);ez) jez of @r+ with (b; j)icz € X1+, bi,j € A+, there exists
an obi (o j)_p<i<n,jez of width 2n 41 woven by T such that (p}(ai j))—n<i<n =
(bi,j)—n<i<n» and conversely any obi (¢, j)_n<i<n, jez Of width 2n + 1 woven by T is
extendable to a configuration (a;, ;);, jez such that ((p} (e, j))iez) jez is a §-pseudo orbit
of QT*.

Proof. Since T* is non-degenerate, X7+ = Xg+ and hence Zr+ = Xp+. Therefore, for
(bi)iez, D)icz € X1+, o1+ ((bi)iez) = (b])icz if and only if there exists (;)icz € X+
with (p% (@i))iez = (bi)iez and (g} (a;))iez = (b});ez. Hence, by noting the definition of
an obi, in particular the condition (3.1), the remark is easily proved. O

PROPOSITION 3.4. Let T be a textile system. Suppose the dual T* is one-sided 1-1 and
non-degenerate. Then @1+ has POTP if and only if T is finitely saturated.

Proof. LetT = (p,q:T — G) and let T* = (p*, ¢* : T* — G*).

Assume that T is finitely saturated. Then there exists n > 0 such that X7, , = Xr.
Let €e > 0. Let k be a positive integer with 1/(k+ 1) <e. Let §=1/(n+k+ 1).
Let ((bi,j)ieZ)jeZ be any d-pseudo orbit of @7+ with (bi,j)ieZ € X¢g~, bi,j € Ag+.
Then there exists an obi (¢ ;) _k—n<i<k+n,jez Of width 2(n +k) +1 woven by T
such that (p} (@i j))—k—n<i<k+n = (bi,j)—k—n<i<k+n for j € Z. Since (pa(ai ;))jez €
Xrpnfori=—k, ..., k+1,wehave (pa(a; ;))jez € X7 fori =—k, ..., k+ 1. This
implies that there exists a textile (B;,;); jez woven by T such that (8; ;) _k<i<k,jez =
(i, j) —k<i<k,jez- We see that (p}y (Bi,j))icz) jez €-traces ((bi j)icz) jez-

Conversely, assume that @7+ has POTP. Let k>0 be such that ST_*I is a block
map of (k, k) type. Then there exists § > 0 such that every §-pseudo orbit of @7+ is
e-traced with e =1/(2k + 1). Let n be a positive integer with 1/(n 4+ 1) < §. To see
that X7 5 n+1 = X7, let (&, j) _n<i<n,jez be an obi of width 2n + 1 woven by T. Then
it is extendable to a configuration (e, ;);, jez such that ((p} (i j))icz) jez is a 8-pseudo
orbit of ¢7=. Since this is e-traced by ¢+, there exists a textile (B;,j);, jez woven by T
such that p% (Bi, /) —k<i<k = (P} (@i, j)) —k<i<k for all j € Z. Since E;*l is a block map of
(k, k) type, (a0, ;) jez = (Bo,j) jez- Thus (pa(ao,j))jez € Xr- O

LEMMA 3.5. Let Z be the space of a topologically-transitive sofic system and let ¢\ and
¢2 be bounded-to-one block-maps with Z as their common domain. Then ¢1(Z) C ¢p2(Z)

implies $1(Z) = $2(2).
Proof. This follows from [23, Lemma 2.1]. O

PROPOSITION 3.6. Let T be a finitely bounded-1 textile system such that the obi shift
of width n of T is topologically transitive for infinitely many n. Then the following are
equivalent.

(1) T is finitely saturated.

(2) T is upwardly finitely saturated.

(3) T is downwardly finitely saturated.
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Proof. By Remark 3.1, (1) implies each of (2) and (3).
Assume (2). Then there exists k > 0 with X7 1.0 = X1.00,0 and hence we have

X741 =Xrp, forall kK'>k and [ >0, (3.2)

because X7k = X7k0N X700 and X771 = X7 1,0 N X701 With X7 60,0 C X7 870 C
XT1.k0=XT.00,0.- Since T is finitely bounded-1, there exist non-negative integers m and
nsuchthat&r . Zr.mn = XT.mn+1 a0d N7 m.n 2 ZT.m.n = XT.m+1,n are bounded-to-
one. For any m’ > m, &gy, and n7 py, are bounded-to-one because Z7 ,y C ZT,m.n
and &7,y , and 17, , are the restrictions of &7, , and 17 . ., respectively, on Z7 , 4.
Hence, by replacing m by sufficiently large one if necessary, we may assume that m > k
and the obi shift of width m 4+ n 4 1 of T is topologically transitive. Using (3.2) we have

%_T,m,n(ZT,m,n) = XT,m,n+1 = XT,m+1,n+1

C XT,m—H,n = nT,m,n(ZT,m,n)-

Since (Z1,m.n, ST.m.n) is the image of the topologically-transitive topological Markov shift
(W7 m4n+1, ST.m+n+1) under a block map, it is a topologically-transitive sofic system.
Therefore, since both &7, » and 17, » are bounded-to-one 1-block maps, it follows from
Lemma 3.5 that X7 y+1.» = XT.m.n+1. Hence, using equation (3.2) we have

XT,m,n = XT,m,n+l- (33)

To prove by induction on / that X7, » = X7 m.n4 for all ] > 1, assume that X7, , =
Xr.mn+i- Let x € X1,.,. Then since x € X7, n+s by the induction hypothesis, there
exists an obi w = (&, j) 1<i<m+n+1, jeZ € WT,m4n+1 such that the (m + 1)st thread of w is
x. Since the (m + [ + 1)st thread, say x’, of w is in X7 410 C X7 m.n, it follows from
equation (3.3) that x" is in X7, n+1 C X7.0,n+1. Hence there exists w’ € Wr 4 such that
the first thread of w’ is x”. Sewing w’ to the subobi (a; ;) 1<j<m+1, jez of w in the bottom,
we obtain an obi in W7 ;1 ,4/4+1 in which x is the (m + 1)st thread. Thus x € X7 m pnti41-
Therefore X7 1.0 C X7, m.n+i+1, 50 that X1 » = XT . nti+1-

We have proved that X7 ,, , = X7,m s for all I >1. Hence by equation (3.2),
XTmn = X7/ .ntt forallm’ > m and ! > 1, so that X7, , = X7 and (1) is proved.

The proof that (3) implies (1) is similar. O

PROPOSITION 3.7. Let T be a textile system. Then T is one-sided I1-1 if and only if T is
finitely one-sided 1-1, and T is 1-1 if and only if T is finitely I-1.
Proof. The proof is similar to [23, the proof of Proposition 3.1]. O

Boyle [6] proved the following theorem, a special case of which has an important
interpretation in the theory of textile systems.

THEOREM 3.8. (Boyle [6]) If ¢ is an expansive automorphism of a mixing sofic system,
then ¢¥ is chain transitive for all k > 1.

COROLLARY 3.9. If T is a 1-1 textile system with T* 1-1 and non-degenerate and o+
topologically mixing, then for all n > 1 the obi shift of width n of T is topologically mixing.
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Proof. By Theorem 3.2, ¢+ is an expansive automorphism of the mixing SFT (X 7+, or+).
It therefore follows from Boyle’s theorem that (p]}* is chain transitive for all £ > 1. Hence
it easily follows from Remark 3.3 that for all » > 1 the obi shift of width n of T is
topologically mixing. a

The following is one of the two main propositions of this paper.

PROPOSITION 3.10. Let T be a 1-1 textile system such that T* is 1-1 and non-degenerate
with o+ topologically mixing. Then the following are equivalent.

(1) (Xr,o0r)isan SFT.

(2) T is upwardly finitely saturated.

(3) T is downwardly finitely saturated.

Proof. By the corollary to Boyle’s theorem above, for all n > 1 the obi shift of width n of T'
is topologically transitive. Since T is 1-1, it is finitely 1-1 by Proposition 3.7. Therefore, by
Proposition 3.6, each of (2) and (3) is equivalent to the condition that 7 is finitely saturated,
which is equivalent to (1) by Proposition 3.4, Theorem 3.2 and the result of Walters [27]
mentioned in §2 or directly by [20, Theorem 2.7]. O

Proposition 3.10 gives necessary and sufficient conditions for the dynamical system
defined by an expansive automorphism of a mixing topological Markov shift to be
conjugate to an SFT, but we can only make use of an extremely special case of it in this
paper (see §5).

4.  One-sided resolving textile systems
LEMMA 4.1. Letn > 1. Let T be a textile system such that:
1) X700 CXT,00,05
(1) &7.0n:Z1.0n = XT.0.n+1 and 01,00 : ZT,0.n — XT.1,0 are bounded-to-one; and
(iii) the obi shift (Wt n, ¢1.n) of width n is topologically transitive.
Then
X700 =Xr.

Proof. The idea of the proof comes from [23, the proof of Proposition 3.2].
Let T=(p,q:T — G). We define two graph-homomorphisms p:I" — G and

q: [' > G as follows: ['= A7 n+1, and for (&;)o<i<n € Aay,.,» Which is a (vertical)
pathin L, 4+1(Xr*) witho;j € Ar= = Ar,

Pal(@i)o<i<n) = palao), and  ga((@i)o<i<n) = qa(ap).

Then Xp = Wr nt1, 95(Xp) = X7,0,0+1 and ¢5(Xp) = X715 (Recall that for a graph-
homomorphism 4, the 1-block map ¢;, is defined in §3.)

Let /i be the graph-homomorphism of = AT 41 into At , such that ha maps each
(@i)o<i<n € Arg,,, With a; € Ar to (@i)1<i<n € Arg,- By (), X100 C X710, and
hence for each obi (@i j)1<i<n,jez € Wr,n With ; ;j € Ar, there exists (ao, ;) jez With
ao,j € Ar such that (¢ j)o<i<n,jez 18 an obi in Wr ,41. This implies that ¢; is onto.
Since AT, is irreducible by (iii), there exists an irreducible component (i.e. a maximal
irreducible subgraph), say I, of " such that if 7 : I" — AT, is the graph-homomorphism
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given as the restriction of fz then o5 is onto, by [19, Lemma 6]. The fact that o5 is onto
implies that X710, C ¢5(X}). Therefore, since ¢p5(X) C ¢5(Xp) = X710 C X700, WE
have

¢5(Xp) = X100

Let 7 be the 1-block map of Xy = Wr ;41 onto Z7 o, which maps each obi of width
n + 1 to its first (i.e. uppermost) I'-thread. Then 7 (X}-) is the space of a transitive sofic
system because I" is irreducible. By (ii), &é7,0,» and 57,0, are bounded-to-one 1-block
maps. Moreover, we have

Er.0.n (T (X)) = 5 (Xp) CPp(Xp) = X7.00n41
C X700 = ¢5(Xj) = 071,00 (7T (X))-

Therefore, applying Lemma 3.5 to the restrictions of 7,9, and nr,0,, on 7 (X}), we see
that X1.0.» = X1,0,n+1, Which implies that X7, , = X7,0,00. Combining this with (i), we
have X7, = X7. d

A graph-homomorphism /4 : I' — G is said to be right resolving if for each pair (u, a)
ofu e Vranda € Ag with ig(a) = hy (u), there exists unique & € Ar with ir (o) = © and
ha(a) =a. Itis said to be left resolving if for each pair (u, a) of u € Vr and a € Ag with
tg(a) = hy(u), there exists unique o € Ar with fr (@) =u and h4 () = a.

LEMMA 4.2. Let T be a textile system with T* = (p*, ¢* : T* — G*) such that:

1)  p*orq*isleft resolving;

(i) T* is one-sided 1-1 and non-degenerate;

(iii) @7+ is chain recurrent; and

(iv) o7+ is topologically mixing.

If there exists n > 1 such that E1.0.n : Z1.0.n — XT.0.n+1 IS one-to-one, then the obi shift
(W1 .m, ST.m) of width m is topologically mixing for all m > 1.

Proof. The idea of the proof comes from [23, the proof of Proposition 3.3].

Suppose &7.0., is one-to-one with n > 1. We note that if m > n, then &1, is one-
to-one. We also note that for 1 <m <n, if (Wr,, ¢ ,) is topologically mixing, then
so is (Wr m, ¢7.m). (Let 1 <m <n. Since T* is non-degenerate, every path (in G*) in
L,(Xg~) appears on some obi in Wr , = Xa,, as a vertex in Ar ,, so that every vertex
in A1, = L;,,(Xg+) appears on the uppermost subobi of width m of some obi in Wz,
as the initial subpath of length m of a path in L, (Xg+). Hence if Ar, is irreducible and
aperiodic, then so is At ,,.) Therefore, it suffices to show that (Wr ,, ¢7,,) is topologically
mixing, additionally assuming that # is sufficiently large for a oG+-periodic point of period
n to exist in X gx.

First we observe that for any integer r > 1, A7, is the disjoint union of irreducible
graphs. Let s be an integer with 2s + 1 >r. Since T* is non-degenerate and @7+ is
chain recurrent, each point of X+ = X7+ is on some periodic §-pseudo orbit of g7+ with
d=1/(s +1). Hence every vertex in Va,, ., = Lag+1(Xg*) is on some periodic point
of the obi shift (Wr 2541, §1,25+1), s0 that every vertex in Va,, = L,(Xg+) is on some
periodic point of the obi shift (Wr ,, ¢r.-). Thus Ar . is the disjoint union of irreducible
graphs.
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Let T=(p,q:T— G). Let T=(p,q:T — G) be the textile system defined as

follows: I' = A7 ,, and for (o) 1<i<n € Aay, = Ly (Xr*) Witho; € Ap+ = Ar,

pal(ai)i<i<n) = pala1) and  ga((@i)1<i<n) = qa(oy).

Then Zj = W7 ,. Since €100 : Z7,0,n = XT,0.,n+1 is one-to-one, it follows that 5T,0,1 :
Z7 0.1 —> X0, 18 one-to-one. Since g is right or left resolving by (i), g is right or left
resolving.

Let i be a path in L,(Xg+) which appears on some og+-periodic point of period n of
XG+. Let U =ig+(i1). Then i is a circuit in G* going from ¥ to ¥. Let G* be the graph
over which T* is defined. Then the periodic sequence of period 1 on which i is the unique
symbol is a oz«-fixed point of X .. Hence, since T* is non-degenerate, there exists a
textile (oz, .j)i, jez woven by T such that ip(@j0) =uforalli € Z.

Let G be the irreducible component of G which contains v. Let I" be the irreducible
component of = At , which contains the vertex i in r.If p(F) and q(F) denote the
subgraphs of G with arc-sets ps(Ay) and ga(Ay), respectively, then they are irreducible.
Therefore, since py (i) = ¥ and gy (i) = ¥, p(I") and §(I") are subgraphs of G. Hence we
can define a textile system T=( D, q: I' - G) such that p and g are the restrictions of
p and ¢, respectively, onI". T weaves a non- empty set of textiles. Indeed, (@, ;)i jez is
woven by T, because (& .j)jez € Xy forall i € Z, since I' is an irreducible component of
= Ar,, which is the disjoint union of irreducible graphs and hence I" is closed in T in
the sense that every arc in I starting from a vertex in I" ends in a vertex in I" and every arc
in " ending in a vertex in I" starts from a vertex in I".

Since g is right or left resolving, ¢ is right or left resolving. It therefore follows that
X701 CXF 00,0

Since &7 o1 : Zf o — X7, is one-to-one, ST,O,l “Zi o1~ Xion is one-to-one.
Since g is right or left resolving, Nf.01: 21— Xj 1,1 is bounded-to-one.

Since I is irreducible, (Wy 1, gf1) 1s topologically transitive.

Therefore, applying Lemma 4.1 to T we have X 7.0 = X7. This implies that if
(@i, j)1<i<n,jez 1s an obi of width n woven by T such that (@; j)1<i<n,jez € Xf, then
there exists a textile (8; ;); jez woven by T such that

E((B1,j)jer) =&W(ar,j) jez) and  (Binti j)1<i<n,jez € X forall t € Z.

Assume that T is not irreducible. Then there exists i € Vi — V. Since i, i € L,(X7*)
and (Xr+, or~) is topologically mixing, there exists a textile (;, ;); jez woven by T such
that

(ir(oi0)1<i<n =0 and  (ir(0¢n4i,0))1<i<n = U for some ¢ > 1.

Since I" is closed in T, (@i, j)1<i<n, jez € Xi. Therefore, by the above, there exists a textile
(Bi,j)i,jez woven by T such that

§((B1,j)jer) =&W(1,j) jez) and  (Bin+ij)1<i<n,jez € Xy forallt € Z.

Clearly the half-textiles (o, j);eN, jez and (Bi,j)ieN, jez are different, but they have the
same uppermost thread, which contradicts that &7 , is one-to-one.
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Thus we have proved that [ is irreducible. Therefore (W70, 61.0) = (Xp, 0p) is
topologically transitive.

To show that (Wr,, ¢7.,) is topologically mixing, let k > 1 and define the textile
system T® = (p® ¢® . 7® . GO a5 follows: G® is the graph such that Agw =
Li(Xg), Vgw = Vg, and igw and fgw map each aj...ar € Agw with a;j € Ag to
ig(ay) and tG (ag), respectively; similarly '® is defined from I'; p;k) and q/(f) map each
ay...ox € Apw = Li(Xr) with aj € Ar to pa(ay) ... pa(ag) and ga(ay) ...qa(og),
respectively. Then the conditions (i), (ii), (iii) and (iv) of the lemma are satisfied for
(T™)* instead of T*, and Erw o0 Z1w 0.0 —> X7k 041 18 One-to-one. Thus by the
above we conclude that (WT(k)’”, gT(k>’n) is transitive. Hence g;n is transitive, because
(Wrw s STk ) is conjugate to (Wr p, S';(",n)-

Therefore (Wr,,, ¢7.,) is an SFT such that gén is transitive for all k > 1, so that ¢7
is topologically mixing. O

The following is the other main proposition of this paper.

PROPOSITION 4.3. Let T be a one-sided 1-1 textile system with T* = (p*, ¢* : T* — G*)
such that:

i)  p*orq*isleft resolving;

(i) T* is one-sided 1-1 and non-degenerate;

(iii) @7=* is chain recurrent; and

(iv) o7+ is topologically mixing.

Then @7+ has POTP and is topologically mixing.

Proof. Let T =(p,q:T" — G). Then ¢ is left or right resolving by (i). Therefore it
follows that X701 C X7,00.0-

Since T is one-sided 1-1, T is finitely one-sided 1-1 by Proposition 3.7. Since
T is finitely one-sided 1-1 and X701 C X7 00,0, there exists n > 1 such that &7, :
Z7,0,n — XT,0,n+1 1S one-to-one. Therefore it follows from Lemma 4.2 that the obi shift
(Wr.m, ST.m) is topologically mixing for all m > 1.

Since ¢ is right or left resolving, nr.0n : Z1,0n — X1.1,2 1S bounded-to-one. Since
X71.01C XT.00,0, We have X701, C X7,00,0. Therefore, it follows from Lemma 4.1 that
Xr.0n = X7, so that T is finitely saturated. Thus ¢+ has POTP by Proposition 3.4.

It remains to be shown that @7+ is topologically mixing.

Let x, y € Xr+. Let € > 0. It suffices to show that there exists [ > 1 such that if k > [,
then (p’}*(B(x, €)) N B(y, €) # 0, where B(x, €) = {x" € X7+ | dx,.(x’, x) < €}. There
exist points («;);c7 and (B;);ecz of Zr+ with «;, B; € Ar such that (ir(«;));cz = x and
(tr(Bi))icz, = y. Since @7+ has POTP, there exists 6 > 0 such that any §-pseudo orbit of
o1+ 18 e-traced by some orbit of ¢7+. Let s be a positive integer with 1/(s + 1) < §. Since
AT 2541 is irreducible and aperiodic (because (W7 2541, S7,25+1) 1S topologically mixing),
there exists / > 2 such that for all m > [ — 2 there exists a path y,, of length m in A1 2541
going from vertex (fr (o)) —s<i<s to vertex (ir(B;))—s<i<s. Let k > [. There exists an obi
w = (&, j) _s<i<s, jez Of width 25 + 1 woven by T with o; ; € Ar such that (@; 0) —s<i<s =

configuration to which w is extended as in Remark 3.3, we see that there exists a §-pseudo
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orbit (x})jeZ of @7+ such that xj = x and x; = y. There exists an orbit (x;)jcz of ¢+
which e-traces (x;')jeZ- Therefore we have dy, . (x, xo) < € and dx . (y, x¢) < €, so that

gol;* (B(x, €)) N B(y, €) contains x; and hence is non-empty as required. O

5. One-sided resolving automorphisms

A textile system T = (p, q : T' = G) is said to be p-L if p is left resolving, p-R if p
is right resolving, g-L if g is left resolving, and ¢g-R if g is right resolving. An onto
endomorphism ¢ of a topological Markov shift (X, o) is called a p-L endomorphism
if there exists a one-sided 1-1, non-degenerate, p-L textile system with (X, o, ¢) =
(X7, 071, ¢r). We similarly define p-R, g-L, and g-R endomorphisms of topological
Markov shifts. An onto endomorphism of a topological Markov shift is said to be one-
sided resolving if it is p-L, p-R, g-L or g-R.

For a subshift (X, o) and an integer s > 1, we define the sth power system
of (X,0) to be the subshift (X o)) over the alphabet Ly (X) with X©) =
{Gajs .. .ag+ns—1jez | @j)jez € X, aj € L1(X)}. For an endomorphism ¢ of a
subshift (X, o) and s > 1, let (¢)*) denote the endomorphism of (X*), ®)) such that if
@ maps (a;)jez to (bj)jez with aj, bj € L1(X), then () maps @js - .- ag+1s—1)jez
t0 (bjs ... b(j+1)s—1) jez- Clearly (X, o, ¢) and (X®, o®) 9©)) are conjugate.

If both ¢ and ¢, are p-L (respectively, p-R, g-L, g-R) endomorphisms of a topological
Markov shift, then so is ¢p¢1; if @ is a p-L (respectively, p-R, g-L, ¢-R) endomorphism
of a topological Markov shift (X, o), then ((<p)(s))’ is a p-L (respectively, p-R, g-L, g-R)
endomorphism of the topological Markov shift (X, ¢®)) forall 7, s > 1 (see [20, pp. 55,
56]). Hence if ¢ is an essentially p-L (respectively, p-R, g-L, g-R) endomorphism of an
SFT (X, o), then ¢" is an essentially p-L (respectively, p-R, ¢-L, g-R) endomorphism of
(X,o0% forallr,s > 1.

Here we recall the definitions of the following ‘resolving textile systems’ and ‘resolving
endomorphisms of topological Markov shifts’ introduced and studied in [20]. A textile
system is said to be LR if it is p-L and ¢-R, RL if itis p-R and ¢-L, LL if it is p-L and ¢g-L,
RRif itis p-R and ¢-R and g-biresolving if it is g-L and ¢-R. An onto endomorphism ¢ of
a topological Markov shift (X, o) is called an LR endomorphism if there exists a one-sided
1-1, non-degenerate, LR textile system 7 with (X7, or, ¢1) = (X, 0, ¢). The definitions
of RL, LL, RR and g-biresolving endomorphisms of topological Markov shifts are similarly
given.

For a subshift (X, o) and n>1, we define the higher block system of order
n of (X,0) to be the subshift (X"l &[") over the alphabet L,(X) with X"l =
{(aj...aj1n-1)jez | (aj)jez € X, aj € L1(X)}. For an endomorphism ¢ of a subshift
(X,0) and n>1, let ¢!" denote the endomorphism of (X", o!"l) such that if ¢
maps (a;);ez to (bj) ez with aj, bj € L1(X), then (p["] maps (a; ...aj4n—1)jez tO
(bj...bjtn-1)jez. Clearly (X, 0, ¢) and (x1, ol plnly are conjugate.

We define the higher block graph G of order n of G to be the graph such that for
n>2, Agm = Ly(Xg), Vgm = L,—1(Xg) and igm and t5m send aj .. .a, € Agin,
aj€ Agtoay ...ay—1anday . .. ay,, respectively, and G is the minimal subgraph G’ of
G with X' = Xg.
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PROPOSITION 5.1. Let ¢ be an onto endomorphism of a topological Markov shift

(X, 06).

(1) @ has memory (respectively, anticipation) 0 if and only if ¢ is p-L (respectively, p-R).

(2) [21]If ¢ is one-to-one and has memory 0 and ¢~ has anticipation 0, then o™ is LR
for some n > 1.

Proof. (1) If ¢ is of (0, I) type with alocal rule f : L;j+1(Xg) — Ag,thenletT = (p, g :
[' — G) be the textile system such that ' = G+l palar...aqy1) =ayforay...a141 €
Li11(Xg),aj € Ag,and ga = f. Then T is one-sided 1-1 and non-degenerate with p left
resolving and (X7, o7, ¢7) = (XG, 0G, ¢).

Conversely, if T = (p, g : " = G) is a one-sided 1-1 non-degenerate textile system
with p left resolving and ¢r =¢, then there exist m,n>1 and a local rule
g Liyynt+1(Xg) — Ar such that ifgb;l((aj)ez) = (Otj)ez, aj € Ag, oj € Ar, then oj =
g@j_m...ajy,) for all jeZ. Since p is left resolving, for any a_,, ...a, €
Lysn+1(Xr), 0—p...0—1 € Ly (Xr) is determined by pa(o—p)...pa(e—;) and
tr(e—1) =ir(ap) =ir(g(palo—m) ... palan))). Hence we can define a local
rule g/ : Lygn+1(XG) — Ar by gl(PA(Ot—m) coopal@n)) =a—py with @y ...y €
Lyyn1(Xr). Then for (oj)ez € Xr, ga(@—m+j) =qag (pald—mij) ... palajy)) for
all j € Z, so that ¢7 is of (0, m +n + 1) type.

By symmetry the second version follows.

(2) This is a consequence of [21, Propositions 6.4 and 6.5]. Below is a direct proof. A
similar proof (attributed to Kitchens) to prove a somewhat different result is found in [3].

There exists n > 1 such that ¢ is of (0, n) type and ¢! is of (n, 0) type. Let Z’ be the set
of all elements of the form (a;/b;) jez, where (a;)jcz € X and ¢((a}) jez) = (b)) jez
with aj, bj € Ag. Then Z' is the space of an SFT. Let 7’ = (p’, ¢’ : T" — G’) be the
textile system defined as follows: G’ = G"T!; Ap = L,.1(Z), Vrr = L,(Z'), and for
each arc (a1/b1) . .. (ant1/bny1) € Ap, i, tr, ply and ¢/, map itto (ay/b1) . .. (an/by),
(aa/b2) ... (an+1/bn+1), a1 ...an+1 and by ... b,41, respectively. Then noting that
(Xpr, o) = (21 /"1y we see that T’ is 1-1, non-degenerate and LR with
X7, o, o) = (XEH, gl glnti), O

We can now show that every expansive, essentially one-sided resolving automorphism
of a transitive SFT is conjugate to an SFT.

THEOREM 5.2. If an expansive automorphism ¢ of a topologically-transitive SFT (X, o)
essentially has the property that ¢ or ¢~' has memory zero or anticipation zero, then
(X, @) is topologically conjugate to an SFT.

Proof. Tt suffices to prove the theorem only for ¢ which has memory zero, under the
additional condition that o is topologically mixing (by the final remark of §2). There
exists # > 1 such that (X", o"]) is a topological Markov shift. Since ¢! has memory
zero, it follows from Proposition 5.1 that there exists a 1-1, non-degenerate, p-L textile
system T with (X7, o7, ¢r) conjugate to (X, o, ¢). Since o is topologically mixing, so
is o7. Since ¢ is expansive, so is ¢7 and hence it follows from Theorem 3.2 that T* is 1-1
and (X7, @) is conjugate to (Xr+, or*).
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We give two proofs for proving that (X7, ¢r) is conjugate to an SFT.

The first proof: since T is p-L, T* is g-R (i.e. if T* = (p*, ¢* : T* — G*), then ¢* is
right resolving). It therefore follows that 7* is upwardly finitely saturated. Hence by (the
dual form of) Proposition 3.10, (X+, or=) is an SFT.

The second proof: since ¢r is an automorphism of a mixing topological Markov shift,
o1 has periodic points dense, so that it is chain recurrent. (This argument is found in
Boyle’s paper [6].) Hence by (the dual form of) Proposition 4.3, ¢7 has POTP. Since it is
expansive, (X7, ¢r) is conjugate to an SFT. a

Remark 5.3. Let ¢ be an endomorphism of a subshift (X, o).

(1)  If ¢ has memory (respectively, anticipation) zero, then for all i > 0, ¢/ has memory
(respectively, anticipation) zero.

(2) Ifeisof (k,[)type withk, [ > 0, then o is of (max{k — s, 0}, max{l + s, 0}) type
for s € Z.

(3) If ¢ is an automorphism of (X, o) and ¢~ is of (m, n) type with m, n > 0, then
(9o*)~Lis of (max{m + s, 0}, max{n — s, 0}) type for s € Z.

1

COROLLARY 5.4. Let ¢ be an automorphism of a topologically-transitive SFT (X, o)
such that each of ¢ and ¢~ essentially has memory 0. Then for all i, j € Z, (X, ¢'07) is
topologically conjugate to an SFT whenever ¢' o/ is expansive.

Proof. By Remark 5.3 we see that for all i, j >0, gz)i ol essentially has memory zero and
so does ¢ "o/ . Hence the result follows from Theorem 5.2. |

Example 5.5. Koji Akatsuka [1] developed a computer program which generates all local
rules f:{0, 1}° — {0, 1} with £(0%) = 0 that give automorphisms of the full shift (X, o)
over the alphabet {0, 1}. For each rule f it additionally computes the non-negative integers
Pf,qr such that f is ‘py right definite’ and ‘g left definite’ (see [18, Definition 3])
from which we can immediately know m ¢, ny > 0 such that if ¢ is an automorphism
of (0, 5) type with local rule f, then gaj?l is of (my,ny) type (see [18, Theorem 7
and Corollary 2]). One example from his results is as following. Let f be the local
rule such that the numbers a12> + a22* + - - - + a52 + ag with f(laraz . ..a6) =0 are
0,1,2,3,8,10, 13, 15, 16, 17, 18, 19, 24, 26, 27, 29, 32, 34, 35, 40, 42, 43, 45, 48, 49,
50, 51, 53, 56, 58, 59 and 61. Then (my,ny) =(9, 3) (py =9 and gy =8). Therefore,
by Remark 5.3 and Proposition 5.1, we know the following.

The automorphisms g0/ with j > 0 and i > —j/9 are p-L and their inverses ¢’o/
with j <0 and i < —j/9 are g-L. The automorphisms <pj‘-aj with j >0 and j/3>i >
—j/5 are g-R and their inverses (p}af with j <0and j/3 <i < —j/5 are p-R. These are
one-sided resolving automorphisms of (X, o), but we cannot say that they are all of the es-
sentially one-sided resolving automorphisms of the form (p}af of (X, o); we cannot even
say that they are all of the one-sided resolving automorphisms of the form w;o/ of (X, o).

The automorphisms (p;a-/ with j >0 and j/3>i> —j/9 (respectively, with j <0
and j/3 <i < —j/9) are essentially LR (respectively, essentially RL) automorphisms of
(X, o), but we cannot say that they are all of the essentially LR (respectively, essentially
RL) automorphisms of the form <p;cc7j of (X, o).
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Example 5.6. Here the reader is referred to Examples 1-3 in [20, §10].

(1) The automorphism (pzaﬂjll of the mixing topological Markov shift (X, o) in the
Example 1 is not an essentially one-sided resolving automorphism of (Xyy, opr), as will
be seen in Example 8.12. As was shown in the Example 1, (X, gozoj;ll) is conjugate to
an SFT.

(2) Let ¢ be the non-expansive automorphism of the full 2-shift (X, o) found in [14,
§20] and considered in the Example 2. Both ¢ and ¢! are of (1, 2) type. Therefore
the automorphisms <pka” with n > 0 and |k| <n are p-L, and hence their inverses gpka"
with n <0 and |k| < —n are g-L. The automorphisms gpka" with n > 0 and |k| <n/2 are
essentially LR, and hence their inverses ¢¥o” with n < 0 and |k| < —n/2 are essentially
RL. In fact, go[z] (o121)? and (go[zl)_l(cr[z])2 are LR automorphisms of (X 21 5[2), The
automorphisms ¢ with [n|/2 < |k| < |n| are non-expansive. If k| > |n|, then ¢ko”
is not an essentially one-sided resolving automorphism of (X, o), as will be seen in
Example 8.12.

Let ¢’ be the symmetry of ¢, i.e. ¢’ is of (2, 1) type with the local rule f: {0, 1}* —
{0, 1} such that f'(ajaxazas) = f(asazaray) for a; € {0, 1}, where f is the local rule for
¢. By the above it follows that the automorphisms ¢’*¢” with n > 0 and |k| < n are ¢g-R
and the automorphisms (p’ka" with n > 0 and |k| < n/2 are essentially LR.

Let us consider the direct product (Xg, 0p) = (X X X, 0 X 0) and the direct product
wo=¢'o X (pa_l. Then ¢q is an automorphism of (X¢, 0g). From the above, we know
the following: the automorphisms <p’(§c76’ with —n/3 <k < n/2 are p-L, the automorphisms
<p'506’ with —n/2 <k <n/3 are g-R, and the automorphisms (pgog with —n/3 <k <n/3
are essentially LR. The automorphisms (p'éog‘ with |n|/3 < |k| < |n|/2 are non-expansive.
If |k| > |n|/2, then ¢¥o” is not an essentially one-sided resolving automorphism of
(Xo, 00). (Consider the automorphism go([)zl of (X [2], 0(52]) and use the obvious fact that
the direct product g1 x ¢y of a p-L (respectively, g-R) endomorphism ¢; of a topological
Markov shift (X1, o1) and a p-L (respectively, g-R) endomorphism ¢; of another (X2, 07)
is a p-L (respectively, g-R) endomorphism of the direct product (X; x X2, o1 X 02).)

(3) Let ¢ be the automorphism of the full shift (Xp, op) dually induced by a
bipermutive block map of (r, s) type over an alphabet A (#A >2) with r, s > 1 and
B = A""S in the Example 3. Then v is LL (and hence ¥ and ¥ ~! have memory 0).
wkog is non-expansive for (n, k) € 7?2 only on three lines: n =0, k =rn and k = —sn.
For all n > 0, wkag is a p-L automorphism of (X, o) and if —sn <k <rn, then it is an
LR automorphism of (X, o); for all n <0, wkag is a g-L automorphism of (X, o) and if
rn <k < —sn, then it is an RL automorphism of (X, o).

6. One-sided resolving endomorphisms
Let (X, 7, ¢) be a commuting system, where t is a homeomorphism. For any two g-orbits
(xi)iez and (yi)iez, let

A((xi)iez, (Vidiez) = supldx (x;, i) | i € Z}.

We say that ¢ is left T-expansive if there exists § > 0 such that for any two g-orbits (x;);c7,
and (yi)iez, if A((T™7(xi))iez, (t77 (yi))iez) < for all j >0, then (xi)iez = (Vi)iez.
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We say that ¢ is right t-expansive if ¢ is left T~ !-expansive. It is clear that if ¢ is
expansive, then g is left T-expansive and right T-expansive.
We can easily see the following proposition.

PROPOSITION 6.1. Let (X, T, ¢) and (X', T/, ¢") be topologically-conjugate commuting
systems such that T and t’' are homeomorphisms. Then @ is left T-expansive if and only if
@' is left T'-expansive; @ is right T-expansive if and only if ¢’ is right T’-expansive.

The proof of the following proposition is easy and hence omitted.

PROPOSITION 6.2. Let T be a one-sided 1-1 textile system. Then @r is left oT-expansive
if and only if E7x is one-to-one (T* is one-sided 1-1); @ is right o -expansive if and only
if nr+ is one-to-one.

The following theorem generalizes Theorem 5.2.

THEOREM 6.3. Suppose that ¢ is a chain recurrent onto endomorphism of a
topologically-transitive SFT (X, o) and has at least one of the following properties.

(1) ¢ is essentially p-L (or essentially has memory zero) and left o-expansive.

(1) ¢ is essentially p-R (or essentially has anticipation zero) and right o -expansive.
(iii) ¢ is essentially q-L and left o -expansive.

(iv) ¢ is essentially q-R and right o -expansive.

Then ¢ has POTP. If o is topologically mixing in addition, then ¢ is topologically mixing.

Proof. By the final remark of §2, it suffices to prove the theorem under the additional
condition that o is topologically mixing. Assume that ¢ satisfies (i) or (iii). There exists a
one-sided 1-1, non-degenerate, p-L or g-L textile system T with (X7, or, ¢7) conjugate
to (X, o, ¢). Since ¢ is left o-expansive, T* is one-sided 1-1 by Propositions 6.1 and 6.2.
Since ¢ is chain recurrent, so is ¢7. Since o is topologically mixing, so is o7. Hence it
follows from Proposition 4.3 that ¢ has POTP and is topologically mixing. Thus we have
the conclusions of the theorem.

By symmetry, we have the same conclusions when ¢ satisfies (ii) or (iv). O

COROLLARY 6.4. A chain recurrent, expansive onto endomorphism of a topologically-
transitive one-sided SFT has POTP.

Proof. Let ¢ be a chain recurrent, expansive onto endomorphism of a transitive one-sided
SFT (X, &). Then the subshift (X, o) induced by (X, &) is a transitive SFT and the
endomorphism ¢ of (X, o) induced by ¢ has memory zero. It is easy to see that ¢ is chain
recurrent, left o-expansive and onto. Therefore by Theorem 6.3, ¢ has POTP. Hence,
using the fact that ¢ has memory zero and a standard compactness argument, we easily
see that ¢ has POTP. (For any 8 > 0, there exists § > 0 such that every §-pseudo orbit
((bi,j) jeN)iez of @ with b; ; € L1(X) is extendable to a §-pseudo orbit ((b;}) jez)icz of ¢
with b; ; € L1(X). We also use the uniform continuity of sx : X — X.) O

It is an open problem whether an onto endomorphism ¢ of a mixing SFT has ¢-periodic
points dense [5, 8, 10]. If the answer is affirmative, then the chain recurrence condition
on ¢ in Theorem 6.3 and that on ¢ in Corollary 6.4 can be removed. However Boyle and
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Kitchens [8] gave the following result by which, in particular for ¢ satisfying (iii) and (iv),
Theorem 6.3 holds without assuming the chain recurrence of ¢.

A homomorphism ¢ : (X, 7) — (X', /) between dynamical systems is said to be right
closing (respectively, left closing) if it never collapses distinct backwardly (respectively,
forwardly) t-asymptotic points.

THEOREM 6.5. (Boyle and Kitchens [8]) If ¢ is a right or left closing endomorphism
of a topologically-mixing SFT (X, o), then the points which are jointly o-periodic and
@-periodic are dense in X.

COROLLARY 6.6. Suppose that ¢ is an onto endomorphism of a topologically-transitive
SFT (X, o) and has at least one of the following properties.

(i) @ isright or left closing, essentially p-L and left o-expansive.

(i) o is right or left closing, essentially p-R and right o -expansive.

(iii) o is essentially q-L and left o -expansive.

(iv) o is essentially q-R and right o -expansive.

Then ¢ has POTP. If o is additionally topologically mixing, then ¢ is topologically mixing.

Proof. We note the following: if ¢ is essentially g-R or essentially g-L, then ¢ is right
closing or left closing; if ¢ has periodic points dense, then ¢ is chain recurrent. Thus the
corollary is proved by Theorems 6.3 and 6.5 in the case o is topologically mixing.
Hence it is proved by the final remark of §2. O

COROLLARY 6.7. Suppose ¢ is an expansive endomorphism of a topologically-transitive
one-sided SFT (5(, 0) such that its induced endomorphism ¢ of the induced shift (X, o) is
right or left closing. Then ¢ has POTP.

Proof. If & is topologically mixing, then so is o, so that ¢ is chain recurrent by
Theorem 6.5. Thus the corollary is proved by the proof of Corollary 6.4, in case ¢ is
topologically mixing. Hence it is proved for a reason similar to that in the final remark
of §2. O

This corollary is a generalization of the main theorem of [23] that an expansive
automorphism of a mixing one-sided SFT is conjugate to an SFT.

Blanchard and Tisseur [S] proved that if an onto endomorphism ¢ of a topologically-
transitive SFT (X, o) has a point of equicontinuity, then ¢ has periodic points dense. One
can see that such ¢ is neither left o-expansive nor right o-expansive if X has infinitely
many points.

7.  Weakly one-sided resolving endomorphisms of subshifts

Throughout the remainder of this paper we require the notion of ‘textile subsystem’, which
was introduced in [21, §6] with the benefit of the criticism [11, Remark 8.11] to the textile
system machinery [20].

Let T = (p, g : ' = G) be a textile system. Then the set Ur of all textiles woven by T’
is a closed subset of A%z equipped with the product topology of the discrete topology on
Ar and is shift invariant (i.e. if (¢; ), jez € Ur witha; j € Ar, then (044, j+1)i, jez € Ut
for all k,1 €7Z). We define a textile subsystem of T to be a closed, shift-invariant
subset of Ur. Let U be a textile subsystem of 7. The dual U* of U is defined by

https://doi.org/10.1017/50143385707000375 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385707000375

Automorphisms and endomorphisms of the shift 187

U* ={(aji)ijez | (@ j)ijez € U, a;j € Ar}. Clearly U* is a textile subsystem of
T*. The woof shift (Xy,oy) of U is defined by Xy = {7 ((0,j) jez) | (@i,))i jez €
U} and oy =or|Xy. We also define another subshift (Zy, cy) by Zy =
{(20,/) jez | ()i, jez € U} and gy = s7|Xy. We define onto maps &y : Zy — Xy
and ny : Zy — Xy restricting &7 and nr, respectively. If U is one-sided 1-1, i.e. &y
is one-to-one, then we have an onto endomorphism ¢y of (Xy, oy) by gy =nvé, I
We say that U is I-1 if both &y and ny are one-to-one. For n > 1, we define a
textile subsystem U!"l, which is called the higher block system of order n of U, by
ulrl = {(oj - - i jrn—1)i jez | (@i j)i jez € U}. Clearly U is a textile subsystem of
the higher block system T of order n of T which is defined by

Tl — (p[n]’ q[ﬂ] LN G[Vl])’

where p™ and ¢ map each o) ..., € Arm =L, (I') with oj € Ar to pa(ar)
... palay) and ga(ay) . . . ga(ay), respectively.

Let T be a textile system. If U is a textile subsystem of 7', then forn > 1, Z((U*)m)* is
the subshift space consisting of all obis of width n (woven by T') that appear on some textile
(woven by T) in U, and the subshift spaces Z((U*)m)*, n=1,2,..., define U (because
the union of the sets F,, of ‘forbidden blocks’ for Z((U*)an)* gives the set of ‘forbidden
patterns’ for U). Therefore if U is one-sided 1-1, then Zy defines U. For every subshift
space Z C Zr with £&7(Z) = n7(Z) and &7|Z one-to-one, there exists a unique one-sided
1-1 textile subsystem U of T with Zy = Z.

Remark 7.1. [21] Let ¢ be an onto endomorphism of a subshift (X, o). Then there exists
a one-sided 1-1 textile subsystem U with (Xy, oy, ¢v) = (X, o0, ¢).

Proof. Assume that ¢ is a block map of (k, /) type with k, [ >0 and let f : Ly4;+1(X) —
L1(X) be the local rule which gives ¢. Let Tyx;=(p,q:T' — G) be the textile
system defined as follows: G is the one-vertex graph with Ag = L{(X); if k=1=0,
then I' = G with pa(a) =a and ga(a) = f(a) for a € Ar = L1(X); if k41> 1, then
Ar =Liy11(X), Vr =L (X), and for w=ay...aky41 € Ar with a; € L1(X),
ir(w)=aj ...a, ir(w) =az . .. ag+i1+1, pa(w) = ag4+1 and ga(w) = f(w). Then

Tfig is one-sided 1-1. Since XU+ c 77, and &, (XEHH) = X =
N1, (X Uk++11y there exists a unique one-sided 1-1 textile subsystem U fik,t of Tr .y with
Zy, =X k+1+11 Clearly U = U ks has the properties required. 0

PROPOSITION 7.2. Let U be a one-sided 1-1 textile subsystem.

(1) u is left oy-expansive if and only if for some n > 1, & yin)« is one-to-one ((Ulnhyx
is one-sided 1-1).

(2) @y is right oy-expansive if and only if for some n > 1, (i« is one-to-one.

(3) [21] @y is expansive if and only if for some n > 1, (U")* is I-1.

(4) [21] If both U and U* are 1-1, then the homeomorphism yy : Xy — Xy which
maps &y ((@0,j) jez) to §ux((i0)iez) with ()i jez, € U can be defined and
Xy, ou, pu) is topologically conjugate to (Xy~, @y, oy*) through xy.

Proof. Assume that there exists no n > 1 such that é(U[n])* is one-to-one. Then for all

n > 1, there exist a pair of textiles (ozl.(nj)),-’jez and (,Bi(';))i’jez in U such that al.("j) = ﬂi('})
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foralli € Zandall —n < j < —1 but a(()'fg #* ﬁg’g. Hence a standard compactness argument
shows that there exists a pair of textiles (;, j);, jez and (B;, ;)i jez in U such thato; j = B ;
for all i € Z and j < —1 but ap o # Poo- From this, it follows that ¢y is not left
oy-expansive.

Assume that &y« is one-to-one with n>1. Let (x;)icz and (yi)iez be two
py-orbits with A((t77/ (xi));ez, (t7/ (¥i))icz) < 8 for all j > 0, where § > 0 is such that
for any x, y € Xy if dx,(x, y) <8 then dz, (Sal(x), “.;‘Jl(y)) < 1. Then there exist
textiles ()i, jez and (Bi. ) jez, in U such that &y (@) jez) = x; and &y ((Bi. ) jez) =
vi and hence «; j = B; j for all i € Z and j < 0. Therefore, since S(U[n])* is one-to-one,
(i )i jez = (Bi.j)i,jez, s0 that (x;);ez = (yi)iez- Thus ¢y is left oy -expansive.

We have proved (1). The proofs of (2) and (3) are similar to the above, and (4) is easily
seen. O

COROLLARY 7.3. Let ¢ be an endomorphism of a subshift (X, o). Then ¢ is expansive if
and only if ¢ is both left o -expansive and right o -expansive.

A graph homomorphism % : I' — G is said to be weakly right resolving if each « € Ar
is uniquely determined by ir () and h4(e). It is said to be weakly left resolving if each
o € Ar is uniquely determined by fr (o) and h 4 (@).

A textile system T = (p,q:T" — G) is said to be weakly p-L if p is weakly left
resolving. We similarly define weakly p-R, weakly q-L and weakly q-R textile systems. A
textile system is said to be weakly LR if it is both weakly p-L and weakly ¢-R, and weakly
RL if it is both weakly p-R and weakly g-L. Similarly, a both weakly p-L and weakly
g-L (respectively, both weakly p-R and weakly ¢g-R) textile system is said to be weakly LL
(respectively, weakly RR).

Let ¢ be an onto endomorphism of a subshift (X, o). We say that ¢ is weakly p-L
(respectively, weakly p-R, weakly q-L, weakly g-R) if there exists a one-sided 1-1 textile
subsystem U of a weakly p-L (respectively, weakly p-R, weakly g-L, weakly g-R) textile
system such that (Xy, oy, ¢u) = (X, 0, ¢). We say that ¢ is weakly one-sided resolving
if it is weakly p-L, weakly p-R, weakly ¢g-L or weakly g-R. We say that ¢ is weakly LR
(respectively, weakly RL, weakly LL, weakly RR) if there exists a one-sided 1-1 textile
subsystem U of a weakly LR (respectively, weakly RL, weakly LL, weakly RR) textile
system such that (Xy, oy, ¢v) = (X, 0, ¢).

From the proof of Remark 7.1, we can make the following remark.

Remark 7.4. For a subshift (X, o), the identity map of X is a weakly LR, weakly RL,
weakly LL and weakly RR automorphism of (X, ¢), and o is a weakly LR automorphism
of (X, o).

In the following propositions of this section, the second statements are the symmetric
versions of the first and hence follow from these by symmetry.

PROPOSITION 7.5. Let ¢ be an onto endomorphism of a subshift (X, o).

(1) @ has memory (respectively, anticipation) O if and only if ¢ is weakly p-L
(respectively, p-R).

(2) [21] If ¢ is one-to-one and has memory O and ¢~ has anticipation 0, then ' is a
weakly LR automorphism of (X", o) for some n > 1.
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Proof. (1)If ¢ isof (0, ]) type and has alocal rule f : L;11(X) — L1(X), theng = U5
where Uy, is the textile subsystem of the textile system T,o; defined in the proof of
Remark 7.1. Since T',0, is weakly p-L, ¢ is weakly p-L.

Assume that U is a one-sided 1-1 textile subsystem of a textile system
T =(p,q:I' — G) with p weakly left resolving. There exist m, n > 1 and a local rule
8 Lnsnt1(Xy) = L1(Zy) such that £ ((a))ez) = (8(@jm - - - aj4n)) jez. Since &y
is a restriction of ¢, with p weakly left resolving, for any a_, . ..oy € Liyygny1(Zy),
Q_p ...0—1 is uniquely determined by pa(a—_y) ... pa(e—1) and fr(e—1) =ir(ag) =
ir(g(pala_y) ... palay))). Hence we can define a local rule g’ : Lyi,e1(Xy) —
L1(Zy) which maps pa(a_p) ... pa(o,) toa_,. With g, éljl isof (0, m +n + 1) type.
With the local rule gag’, gy is of (0, m +n + 1) type.

(2) This is proved by [21, Proposition 6.4]. The following is a direct proof.

There exists n > 1 such that ¢ is of (0, n) type and ¢! is of (n, 0) type. Let Z’ be the
set of all elements of the form (a;/b;) jez, where (a;) jez € X and p((a;) jez) = (b)) jez
with aj, bj € L1(X). Then Z' is the space of a subshift. Let 7= (p’,q" : " — G’)
be the textile system defined as follows: Ag/ = L,+1(X), Vo' = L, (X) and for each arc
ai...ant+1 € Agr, i and tgr map it to ay ...a, and aj . .. a,+1, respectively; Apr =
Lyt1(Z"), Vrr = L,(Z"), and for each arc (a1 /by) . .. (an41/bpt1) € Arv, i, trv, ply and
gy map it to (a1/b1) ... (an/bn), (a2/b2) ... (An41/bns1), a1 ... apy1 and by ... by,
respectively. Then it is easily checked that 7’ is 1-1 and weakly LR. Since Z’ etz
and &7/ (21 = XU+ = 0 (2/17F1)) | we have a 1-1 textile subsystem U’ of T such
that Zy» = Z'""+11 and hence (Xy, oy, ppr) = (X1 gl glntlly O

PROPOSITION 7.6. Let ¢ be an onto endomorphism of a subshift (X, o).

(1) If ¢ is weakly p-L (respectively, p-R) , then go (respectively, oo ") is weakly p-L
(respectively, p-R) and right (respectively, left) o -expansive.

(2) If ¢ is weakly q-R (respectively, q-L), then go (respectively, oo ') is weakly q-R
(respectively, q-L) and left (respectively, right) o -expansive.

(3) If ¢ is weakly LR (respectively, RL), then o (respectively, oo ') is weakly LR
(respectively, RL) and expansive.

Proof. Assume that ¢ is weakly p-L. Then there exists a one-sided 1-1 textile subsystem
U of a textile system T =(p,q:I' = G) with p weakly left resolving such that
Xv, ou,ov) =X, ¢,0). Let T" = (p’, ¢’ : T" — G) be the textile system defined as
follows: I" =T'[?! and p’ and ¢’ are given by

Pulaiar) = paler) and gi(eiar) =qalen), ajoer € Apr= Ly(Xr).

Since p is weakly left resolving, it easily follows that p’ is weakly left resolving. Since
25] c Zyr, éT/(Zg]) =Xy = nT/(Zg]) and éT/|Zg] is one-to-one, we have a one-sided
1-1 textile subsystem U’ of T’ such that Zy/ = Zg]. Clearly ¢y = pyoy = @o. Hence
@o is weakly p-L.

To see that ¢o is right o-expansive, it suffices to show that n7~ is one-to-one, by
Proposition 7.2. Let T™ = (p'*, ¢/* : T"* — G’™). Any point in X5~ is of the form
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(ai)iez with o; € Ar and ga(ai—1)pa(e;) € Lo(Xg) for all i € Z. Since p is weakly
left resolving, an arc « € Ar with pa(a)) = ga(ej—1) and - (o)) = ir(e;) is unique, if
any, for all i € Z, and hence (] );c7 is a unique point in X whose image under ¢, is
(«i)ie7, if such a point exists. Therefore iy is one-to-one and (1) is proved.

The proofs of (2) and (3) are similar to the above. a

PROPOSITION 7.7. Let ¢ be an onto endomorphism of a subshift (X, o).

(1) If ¢ is weakly p-L (respectively, p-R) and right (respectively, left) o -expansive, then
for some k > 1, ko= (respectively, oo ) is essentially weakly p-L (respectively,
p-R).

(2) If p is weakly q-R (respectively, q-L) and left (respectively, right) o -expansive, then
for some k > 1, ko~ (respectively, o¥c ) is essentially weakly q-R (respectively,
q-L).

(3) If ¢ is weakly LR (respectively, RL) and expansive, then for some k > 1, ¢*¥o~
(respectively, p*o ) is essentially weakly LR (respectively, RL).

1

Proof. (1) Assume that ¢ is weakly p-L and right o-expansive. Then there exists a
one-sided 1-1 textile subsystem U of a weakly p-L textile system 7" such that 7y« is
one-to-one for some n > 1 (by Proposition 7.2) and (X, oy, ¢v) = (X, o, ¢). Replacing
Ul and T by U and T, we know that there exists a one-sided 1-1 textile subsystem
U of a textile system 7 = (p, g : I' — G) with p weakly left resolving such that =
is one-to-one and (X, oy, ¢y) is conjugate to (X, o, ¢) (because if a textile system
is weakly p-L, then its higher block system of any order is also weakly p-L). Let
T* = (p*, ¢* : T* — G*). Then g* is weakly right resolving and the one-to-one block
map ny+ is the restriction of ¢4+ on Xy+. Therefore it follows that n[_]i is a block map
of (k—1,0) type for some k> 1 (see the proof of Proposition 7.5). Hence for any
(i) 1<i<k € Lk (Zy+), (qj;(a,-))lsifk uniquely determines o and hence g4 (o), so that
we can define a mapping F : Ly (Xy=) — L1(Xy) by

F((q4(@i))i<i<k) = qalok) with (@) 1<i<k € Li(Zy~).

Let 7" = (p/, ¢’ : T’ — G) be the textile system such that the arc-set A is equal to
Li(Zy+) and i, trv, p’ and g’ are given as follows: for o’ = («;)1<j<k € Ar,

ir@)=pi@iNi<i<k, tr@) = (g4(@)i<i<k,

Pa@) = pala), qu(@")=F((pj(ai))i=izk)-

Since each o’ € Ar is uniquely determined by p/, (o) and rr ('), p’ is weakly left
resolving. Let Z' = Z . Then Z' is a subshift space with Z' C Z7/, &7/(Z') =
Xy =np/(Z') and £7/|Z’ is one-to-one. Hence we have a one-sided 1-1 textile subsystem
U’ of T’ such that Zy = Z'. Clearly ¢y = go’l‘jaljl. Thus (p/l‘]oljl is weakly p-L, so that
@*o 1 is essentially weakly p-L.

(2) The proof is given by straightforward modifications in the arguments above. Instead

of F, we have for some k > 1, F': Ly, (Xy+) — L1(Xy) such that

F'((ph(ai))i<i<k) = palar)  with (@) 1<i<k € Li(Zy»).
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We change p" and ¢ above to those defined by p’, (&) = F'((g; (@) 1<i<k) and ¢, (') =
ga(a) for o’ = (@) 1<i<k-

(3) The proof is also given by straightforward modifications in the arguments above.
We have both F and F’ in the above for some k > 1. We change T’ above to that
defined by 7" = (p’, ¢’ : T — G')) such that p/,(a) = pa(e1) F'((¢% (i) 1<i<k) and
gy (@) = F((p’ (@))1=i<)qa (@) for &’ = (;)1<i=k. Then gy = (g0, )2, O

Here we define a ftextile relation system to be an ordered pair of graph
homomorphisms p:I" - G; and g :I' = G2. (NB The additional condition of the
one—one correspondence between « € Ar and the quadruple (ir (@), fr (o), pa(a), ga(a))
imposed on the original definition in [21] is removed for reasons similar to those stated
for the definition of a textile system in §3.) A textile relation system 7 =(p:I" —
G1, g : ' — G») defines the relation {§(a)/n(a) | @ € X1}, where § = ¢, and 1 = ¢,.
Let X1,7 =&(Xr) and let X 7 =n(Xr). Let &7 : Xr — X7 and nr : Xr — X7 be
the onto maps naturally induced by & and », respectively. If T is one-sided 1-1, i.e. &7 is
one-to-one, then we define a factor map (i.e. an onto homomorphism) ¢r of (X1 7, o1.7)
onto (X2.1, 02,7) by 7 = nTéT_l. We say that T is -1 if both &7 and 5t are one-to-one,
and T is non-degenerate if both & and 5 are onto.

Note that a textile system is considered to be a textile relation system. The definitions
of p-L, p-R, q-L, q-R, LR, RL, LL and RR textile relation systems together with their
‘weakly’ versions should be clear.

For two textile relation systems 7 = (p:I' = G1,q: T > Gy) and T' = (p' : T/ —
G).q' :T" = G)), we define their composition T o T' to be the textile relation system
(p:T — G1,q:T — G)), where the arcs of T' are the elements of the form «/a’
with @ € Ar, o’ € Ap and g4 (o) = p/;(@’), and for each @ =«a/a’ € Af, ip(@) =
ir(e)/ir (&), tp(@) = tr (@) /tr (@), pa(@) = pa(e) and Ga(@) =qj (). If T and T’
are weakly p-L textile relation systems, then 7 o T’ is weakly p-L. In this statement,
‘p-L’ can be replaced by each of ‘g-R’, ‘p-R’, ‘g-L’, ‘LR’ and ‘RL’.

For a textile relation system 7 =(p:I' — G1,q:T — G2), a textile relation
subsystem of T is defined to be a subshift space Z C Xr with £z :Z — X1 z and nz:
Z — X, z which are the restrictions of £7 and 57, respectively, where X 7 =&7(Z) and
Xo.7z=n71(Z). If Z is one-sided 1-1, i.e. £z is one-to-one, then we define a factor map
Oz = '7252_1 of (Xy,z,01,7z) onto (X2, 7, 02,7). If Zis 1-1, i.e. both £z and 1z are one-
to-one, then ¢ is a conjugacy. For any factor map ¢ between subshifts, there exists a
one-sided 1-1 textile relation subsystem Z such that ¢z = ¢. (This is clear by the proof of
Remark 7.1).

A factor map ¢ between subshifts is said to be weakly p-L if there exists a one-sided 1-1
textile relation subsystem Z of a weakly p-L textile relation system with ¢z = ¢. Similar
notions are also given by replacing ‘p-L’ in this definition by each of ‘g-R’, ‘p-R’, ‘¢-L’,
‘LR’, ‘RL’, ‘LL’ and ‘RR’.

If Z is a textile relation subsystem of a textile relation system 7 and Z’ is another of
another T’ such that X» z = X, 7/, we naturally define their composition Z o Z' which is
a textile relation subsystem of 7 o T'. If Z and Z’ are one-sided 1-1, then sois Z o Z" and

we have ¢z.7 = ¢z ¢z.
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Remark 7.8. If ¢1:(X,0) = (X',0') and ¢, : (X', 0') —> (X", 0”) are weakly p-L
factor maps between subshifts, then ¢¢; is weakly p-L. In this statement, ‘p-L’ can be
replaced by each of ‘g-R’, ‘p-R’, ‘g-L’, ‘LR’ and ‘RL".

A textile subsystem U of a textile system 7' = (p, g : I' — G) is considered as the textile
relation subsystem Zy of the textile relation system 7’ = (p: I’ - G, q: ' > G). If Z is
a one-sided 1-1 textile relation subsystem of a textile relation system 7' = (p: ' — G, g :
I' - G) with X1,z = X2,z, then there exists a unique textile subsystem U of the textile
system T = (p, q : ' - G) with Zy = Z. For two one-sided 1-1 textile subsystems U
and U’ with Xy = Xy, we define U o U’ to be the one-sided 1-1 textile subsystem U
such that Z;; = Zy o Zy. Then we have gy ou = purou.

Remark 7.9. If @1 and ¢, are weakly p-L (onto) endomorphisms of a subshift (X, o),
then ¢1¢, is a weakly p-L (onto) endomorphism of a subshift (X, o). If ¢ is a weakly
p-L endomorphism of a subshift (X, ), then ((9)*))" is a weakly p-L endomorphism
of a subshift (X®), ¢®)), and hence ¢” is an essentially weakly p-L endomorphism of
(X, 0%), for all r, s > 1. In these statements, ‘p-L’ can be replaced by each of ‘g-R’,
‘p-R’, ‘g-L’, ‘LR’ and ‘RL’.

PROPOSITION 7.10. A factor map ¢ : (X, o) — (X', 6') between subshifts is right
closing if and only if o™ is weakly LR for some (all sufficiently large) n > 0.

Proof. Since a weakly g-R factor map between subshifts is right closing, the ‘if” part is
clear. The ‘only if” part is proved by a slight modification in [22, the proof of Proposition
4.10] (and Remarks 7.4 and 7.8). (In [22, the proof of Proposition 4.10], apply the
argument in [20, the proof of Proposition 6.30] to the ‘A-graph’ G = (G, 1) with A = ®”
instead of A = @', where ®” is such that if ®'(0)=ay...ay_; with a; € L{(Y) for
a € Ag, then ®"(a) =ay.) O

PROPOSITION 7.11. Let ¢ be an onto endomorphism of a subshift (X, o).

(1) If ¢ is essentially weakly p-L (respectively, p-R) and right (respectively, left)
o -expansive, then there exists m > 1 such that ¢" is weakly p-L (respectively, p-
R) for all n > m.

(2) If ¢ is essentially weakly q-R (respectively, q-L) and left (respectively, right)
o -expansive, then there exists m > 1 such that ¢" is weakly q-R (respectively, q-L)
foralln > m.

() Ifgisessentially weakly LR (respectively, RL) and expansive, then there exists m > 1
such that ¢" is weakly LR (respectively, RL) for all n > m.

Proof. The proof is similar to [20, the proof of Proposition 8.8].

To prove (1), assume that ¢ is essentially weakly p-L and is right o-expansive. There
exist a subshift (X1, 1) and a topological conjugacy 0 : (X, o) — (X1, o1) such that
@1 = 0p0~ ! is a weakly p-L endomorphism of (X, o). Since 6 and 6! are right closing,
it may be assumed by Proposition 7.10 that 6 is weakly p-L and 9_1011 is weakly p-L for
some [ > 0.

Since ¢ is weakly p-L and right oq-expansive, it follows from Proposition 7.7 that
there exists k > 1 such that golf o Yisan essentially weakly p-L endomorphism of (X, o1).
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Hence there exist a subshift (X7, 02) and a topological conjugacy 61 : (X1, 01) = (X2, 02)
such that ¢, = 6, golfol_1«9l_1 is a weakly p-L endomorphism of (X7, 02). For a reason
similar to the above, we may assume that 6, is weakly p-L and 6, laé' is weakly p-L for
some /| > 0.

Lety = 9(10211 goé‘“@l. It then follows from Remark 7.8 that v is weakly p-L, because
SO are 91_10'211, ¢ and 0;. Since <p]1‘ =91_102g0291, we have (p]f(hH) =o1y. Let m=
k(l; 4+ 1)I and let i be any non-negative integer. Then, since ¢t = 0’1<plf(l‘+1)l¢i@ =
0~ lolylpio, it follows from Remark 7.8 that ¢+ is weakly p-L, because so are
9_101’, ¥, 1 and 6. Hence (1) is proved.

The proofs of (2) and (3) are similar to the above. O

Let ¢ be an endomorphism of a dynamical system (X, t). Let P be a property
of endomorphisms of dynamical systems. We say that ¢ is directionally P if there
exist r, s > 1 such that the endomorphism ¢" of (X, t¥) is P. We remark that ¢ is
directionally essentially P if and only if ¢ is essentially directionally P. Hence the
property of being directionally essentially P is an invariant of topological conjugacy
between endomorphisms of dynamical systems.

PROPOSITION 7.12. Let ¢ and ¢o be commuting onto endomorphisms of a subshift

(X, o).

(1) If ¢1 and > are directionally essentially weakly p-L (respectively, p-R) with ¢
right (respectively, left) o-expansive, then @1@o is directionally essentially weakly
p-L (respectively, p-R) and right (respectively, left) o -expansive.

(2)  If 91 and @o are directionally essentially weakly q-R (respectively, q-L) with ¢; left
(respectively, right) o-expansive, then @12 is directionally essentially weakly q-R
(respectively, q-L) and left (respectively, right) o -expansive.

(3) If ¢1 and @2 are directionally essentially weakly LR (respectively, RL) with ¢
expansive, then @1¢> is directionally essentially weakly LR (respectively, RL) and
expansive.

Proof. (1) For i =1, 2, there exist r;, s; > 1 such that <p,.ri is an essentially weakly p-L
endomorphism of (X, 0%). Let r = ryras1s2. Then using Remark 7.9 we see that ¢; is an
essentially weakly p-L endomorphism of (X, o”) fori = 1, 2. Hence there exist a subshift
(X', 0') and a topological conjugacy 6 : (X, ") — (X', ') such that ¢} = 090{6’_1 is a
weakly p-L endomorphism of (X', 0’). Let ¢, =0¢560~!. Then ¢} is an essentially
weakly p-L endomorphism of (X', ) and is right ¢’-expansive (by Proposition 6.1).
Hence it follows from Proposition 7.7 that there exists m > 1 such that (¢5)" o’ ~1is an
essentially weakly p-L endomorphism of (X', 6’). Therefore it follows from Remark 7.9
and Proposition 7.6 that (((,oé)’”a’_l)2 f = ((pé)zmo’_l is a right o’-expansive, essentially
weakly p-L endomorphism of (X', o’). By Proposition 7.11, there exists n > 1 such that
(((pé)Q’”o’_l)" is a weakly p-L endomorphism of (X', 6’). Set (goé)Z’”"o’_" =1. Then
since ¢} @ = @h¢|, we have (¢} @5)*™" = (¢])*""o™. Therefore, since ¢| and yr are
weakly p-L, (<pig0§)2’"” is a right o’-expansive, weakly p-L endomorphism of (X', o”) (by
Proposition 7.6 and Remark 7.9). Hence 6(p;¢2)>™ 07! is a right "6~ '-expansive,
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weakly p-L endomorphism of (X', 66"6~1). Thus (¢1¢2)>""" is a right o”-expansive,
essentially weakly p-L endomorphism of (X, o), so that (1) is proved.
The proofs of (2) and (3) are similar to the above. a

The following is merely the ‘directionally’ version of Proposition 7.7.

PROPOSITION 7.13. Let ¢ be an onto endomorphism of a subshift (X, o).

(1) Ifgisdirectionally essentially weakly p-L (respectively, p-R) and right (respectively,
left) o-expansive, then for some k > 1, ko= (respectively, p¥o ) is directionally
essentially weakly p-L (respectively, p-R).

(2) If ¢ is directionally essentially weakly q-R (respectively, q-L) and left (respectively,
right) o-expansive, then for some k > 1, ¥~ (respectively, ¢*o ) is directionally
essentially weakly q-R (respectively, g-L).

(3) If ¢ is directionally essentially weakly LR (respectively, RL) and expansive, then
for some k> 1, ¢*o~1 (respectively, ¢*o) is directionally essentially weakly LR
(respectively, RL).

Proof. (1) Using Remark 7.9 we see that there exists » > 1 such that ¢” is an essentially
weakly p-L endomorphism of (X, o”). Since ¢" is right o"-expansive, it follows
from Proposition 7.7 that there exists k > 1 such that """ is an essentially weakly
p-L endomorphism of (X, ¢7), so that o ~! is a directionally essentially weakly p-L
endomorphism of (X, o).

The proofs of (2) and (3) are similar to the above. O

8. One-sided resolving districts

Let X be a zero-dimensional compact metric space, let S(X) denote the monoid of
surjective continuous maps of X and let H(X) denote the group of homeomorphisms in
S(X). Let t be in H(X) and expansive. Let J be a commutative submonoid of S(X).

Let PL ;(7) denote the set of all directionally essentially weakly p-L endomorphisms
of (X, 7) in J. Replacing ‘p-L’ by ‘g-R’ ‘p-R’ and ‘g-L’ in this definition, we respectively
define QR;(t), PRy(t) and QL;(tr). Clearly PR;(tr) = PL;(t7") and QL;(7) =
OR;(t7 1. Let PLS(t), QRS (t), PRG(7) and QL (7) be the set of all right T-expansive
elements of PL j(7), the set of all left T-expansive elements of Q R;(7), the set of all left
T-expansive elements of P R;(7) and the set of all right 7-expansive elements of QL ;(7),
respectively. If T € J, then we can imagine by Remark 7.4 and Propositions 7.12 and 7.13
that PL;(7) is a kind of ‘cone’ with {t”" |n =0, 1, ...} as an ‘inner half-line of points’
and with the ‘interior” P LS (7), and can do similarly for QR (7).

Let Cj(t) denote the set of all directionally essentially weakly LR endomorphisms of
(X, 7). Let C5(7) denote the set of all expansive elements of C; (7). If T € J, then by Re-
mark 7.4 and Propositions 7.12 and 7.13 we can also imagine that C;(7) is a kind of ‘cone’
with {t" |n =0, 1, ...} as an ‘inner half-line of points’ and with the ‘interior’ C§ (7).

By Proposition 7.10 we know that if t, ¢ € J, then (pkr” € Cy(t) for some k > 1 and
n € Z if and only if ¢ is a right-closing endomorphism of (X, t). We also know that if ¢ is
an onto endomorphism of (X, t) withg ¢ {t" |[n € Z}and J = {¢*t" | k>0, n € Z}, then
Cyj(r)={r"|n=0,1,...}if and only if ¢ is not a right-closing endomorphism of (X, 7).
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Later we shall see (by Theorem 8.8(4)) that for r with POTP, if J C H(X) or t is
topologically transitive, then C;(t) = PL;(t) N QR (t). We do not know whether this
generally holds. The inclusion relation between PL;(t) and QR;(t) can vary (see
Example 5.6).

PROPOSITION 8.1. Let (X, o) be a subshift and J a commutative submonoid of S(X).
Then C5(0) = PLS(0) N QRS (o).

Proof. It suffices to show that C5(0) D PLS(0) N QRS (o). Letp € PLS (o) N QRS (o).
Using Remark 7.9, we see that there exist r, s > 1 such that ¢” is an essentially weakly
p-L, essentially weakly ¢g-R endomorphism of (X, 0®). Hence there exist a weakly
q-R, essentially weakly p-L endomorphism ¢q of a subshift (X, og) with (Xo, 00, ¢0)
conjugate to (X, 0%, ¢"). Since ¢ is right o-expansive, ¢q is right og-expansive (by
Proposition 6.1). It therefore follows from Proposition 7.11 and Remark 7.9 that there
exists ¥’ > 1 such that (p{)’ is a weakly p-L, weakly ¢g-R endomorphism of (X, og).
Replacing <p6/ by ¢o and rr’ by r, we have r, s > 1 and a weakly p-L, weakly ¢-R
endomorphism ¢g of (Xo, op) such that (Xg, og, ¢p) is conjugate to (X, o*, ¢"). (Hence
the proposition is proved by Proposition 7.5 for the case that J C H(X).)

There exist a one-sided 1-1 textile subsystem U of a weakly ¢-R textile system T
and a one-sided 1-1 textile subsystem U’ of a weakly p-L textile system 7’ such that
Xv, ou, vu) = Xy, o, eu) = (Xo, 00, ¢o). Since ¢y is both right op-expansive and
left op-expansive, it is expansive by Corollary 7.3. Hence, passing through higher block
systems of a sufficiently large order of U and U’, we may assume that both U* and
U’ are 1-1 (by Proposition 7.2). Therefore, since U and U’ are one-sided 1-1, we have
the one-to-one correspondence of each point y € Xy+ to the gp-orbit (y (@i, ;) jez))iez
appearing in the textile (o; j); jez € U with &y=((@i,0)iez) =y, and the one-to-one
correspondence of each point y’ € Xy~ to the gg-orbit (§Ur((alf’ j) jez))iez appearing in
the textile (a,{’j)i,jeZ € U’ with & ((af’o)iez) =y'. If we define 0 : Xy= — X so that
y and 6(y) may correspond to the same ¢p-orbit, then 6 is a conjugacy of (Xy=, oy, ¢y*)
onto (Xy=, oy, py~). Therefore, since U™ is a textile subsystem of a weakly p-L textile
system T* and U™ is a textile subsystem of a weakly ¢-R textile system T, gy« is
a weakly p-L, essentially weakly g-R automorphism of (Xy=, oy=). Since ¢y is left
oy=-expansive (because U is one-sided 1-1), it follows from Remark 7.9 and Propo-
sition 7.11 that there exists m > 1 such that ¢7}. is weakly p-L and weakly g-R. By
Proposition 7.5, there exists n > 1 such that (cp’{,’*)[”] = (pZ”U*)[,,] is a weakly LR automor-
phism of (X(U*)[n], O’(U*)[n]). Hence there exists a 1-1 textile subsystem Ul* of a weakly
LR textile system 77 such that (XUT’ QU aUI*) = (X (=i, (p:’l’]*)[,,], o#m). Let Uy =
(((U*)lnlymyx  Then Uy is a one-sided 1-1 textile subsystem of the weakly ¢-R textile
system Tp = (((T*)"y™)* with Ug 1-1, (Xy,. ou,» u,) conjugate to (Xy, o}, ou)
(cf. [20, Lemma 2.8]) and (X, gug. oug) = (Xuy, ¢y, ouy). Since Up is one-sided
1-1, gyx = @ys is left oy+-expansive. Hence there exists 7’ > 1 such that Uy
is one-sided 1-1, by Proposition 7.2. Since Pur = Pur is weakly p-L and hence has
memory zero, we can define the induced endomorphism ¢U3« = ¢U1* of the induced one-

sided subshift (f( U 6U5f) = ()~( U &Ul*). Each point of Xy, corresponds in a one-to-one
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way to an orbit of @Ug = gZ)Ul*. This also corresponds in a one-to-one way to a point
of X (U1 and hence the composition of the correspondences give the conjugacy of
1

(Xv,» ovy» PU,) Onto (X((Ul*)[”’])*’ a((Ur)[nq)*, go((Uf)[n/])*). Since ((Ul*)[” 1* is a one-sided
1-1 textile subsystem of the LR textile system ((Tl*)[” hyx, @y, is an essentially weakly LR

endomorphism of (Xy,, oy,), so that ¢y is an essentially weakly LR endomorphism of
(Xy, of}). Thus ¢ is a directionally essentially weakly LR endomorphism of (X, o). O

PROPOSITION 8.2. Let (X, o) be a subshift with infinitely many points. Let J be a
commutative submonoid of S(X). Then:

(1) PLS0@)NPRy(0)=PLyj(0)NPRG(0)=0;

(2) PL5(0)NQLj(0)=PL;j(0)NQLS(0) =0;

(3) PRG(0)NQR;(0)=PR;(0)N QRS (o) =10, and

@) ifJ CH(X), then QLS(0)NQR;(0)=QL;j(0c)NQR5(0) =0.

Proof. (1) It suffices to prove that PLS (o) N PRy (o) = @, by symmetry.

Assume that ¢ € PLS (o) N PRy (o). Then by the discussion of the first paragraph of
the proof of Proposition 8.1 (replace ‘g-R’ by ‘p-R’), we see that there exist r, s > 1 and
a weakly p-L, weakly p-R endomorphism ¢g of (Xo, op) with (Xo, op, ¢9) conjugate to
(X, 0%, ¢"). By Proposition 7.5, ¢g is of (0, k) type and of (I, 0) type for some k, [ > 0.

This implies that the endomorphism cp([)kH] of (X([)Hl], ao[k+l]) is of (0, 0) type, which

cannot be the case because go([)kH] is right o(gkﬂ] X([)kH
points.

(2) Assume the contrary and let ¢ € PLS(0) N QLS(0), noting that PLS(0) N
QLj(0)=PLS(0)NQLS(0) = PL;(0) N QL5(0). Then by the discussion of the first
paragraph of the proof of Proposition 8.1 (replace ‘g-R’ by ‘g-L’), we see that there exist
r, s > 1 and a weakly p-L, weakly g-L endomorphism ¢g of (Xo, og) with (Xg, o0, ¢0)
conjugate to (X, o*, ¢"). There exists a one-sided 1-1 textile subsystem U of a textile
system T = (p, g : I' — G) such that ¢y is weakly p-L, g is weakly left resolving and
(Xu, ou, eu) = (Xo, 00, ¢0)-

Suppose éljl is of (k, [) type with k, I > 1. Since ¢y is weakly p-L, ¢y is of (0,1)
type for some I’ > 1, by Proposition 7.5. For any «; ...k 41 € Lyyy+1(Zy) with
aj € Ar, pa(ay) ... pa(ogyr4+1) uniquely determines a1 because éljl is of (k, ) type.
It also uniquely determines g4 (1) . . . ga (k) because ¢y is of (0, I’) type, and o1 and
ga(ay) ... ga(ag) determine a . . . g because g is weakly left resolving. Therefore &;; !
is of (0, k + 1) type.

Since ¢ is right o-expansive, ¢y is right oy-expansive. Hence there exists m > 2 such
that 1y« is one-to-one, by Proposition 7.2. Since T is weakly ¢-L, so is (T™1)* Since
(U™y* is a textile subsystem of (T"1)*, it follows that 77(_[/1[
n > 0 by the proof of Proposition 7.5(1).

Let N=m—1+(k+1)(n+1). Let (@i,j)i, jez be any textile in U with a; j € Ar.
Since Eljl is of (0,k+1) type, pa(xo.1)...pa(eoy) uniquely determines
(@i, j)o<i<n,1<j<m—1, which uniquely determines oo because 77(_Ul[m])* is of (0, n)
type.  Therefore, for any textile («; ;)i jez € U, pa(ao,1) ... palapn) uniquely
determines pa(ao,0). This means that for any ag . ..ay € Ly4+1(Xy) with a; € Ag, ag

-expansive and I has infinitely many

miy 18 (0, 1) type for some
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is uniquely determined by a; . . . ay, which cannot be the case because Xy has infinitely
many points.
By symmetry (3) follows from (2), and (4) follows from (1). O

Let X be a zero-dimensional compact metric space and J a commutative submonoid of
S(X). For an expansive element t of H(X), define

Dj(t)=PL;j(r) UQR;(r) and Dj(r)=PL5(r)U QRj(7).

Then
Dy(x)UDy;(x™")=PL;(t)UQR;(x)U PRy (1)U QL (1)

is the set of all directionally essentially weakly one-sided resolving endomorphisms of
(X, t) in J. We call Dy (7) the district of T in J, whereas we call C;(t) the cone of T in
J. By Proposition 8.2, we know that if X has infinitely many points, then D ™ Hn
Dj(t)=QL5(t)N QR;(r) and D;z™hHn DG(t)=QL;(t)N QRj(7), and that if
J C H(X) in addition, then D$(t~') N D, (r) = D;(r~') N D5 (x) = 0.

PROPOSITION 8.3. Let (X, o) be a subshift, J a commutative submonoid of S(X).

(1) Ifoed and o € QLS(0) N QR,(0) (respectively, o~ lVeJ and peQLjo)N
QRS (0)), then there exists k > 1 such that gola (respectively, (pla_l) isin QLS (o) N
ORS (o) foralll > k.

(2) QLS(0)NQRG(0) is equal to the set of all positively expansive onto
endomorphisms of (X, o) in J.

Proof. (1) Let p € QLS (0) N QRy(0). Let i >0. Since ¢ € QLS(0), it follows
from Proposition 7.13(2) that there exists k> 1 such that (pko e QLj(o). By
Proposition 7.12(2), ¢*tio € QLS (o). Since ¢ € QRy(0), we have ot e QR (0).
Hence, by Proposition 7.12(2) we have (pk+ia € OR5(0), because o € QRS (o). Thus
we have *tio € QLS (0) N QRS (o).

By symmetry, the second statement is proved.

(2) Let p € QLG (o) N QRS (o). Then by the discussion of the first paragraph of the
proof of Proposition 8.1 (replace ‘p-L’ by ‘g-L’), we see that there exist 7, s > 1 and a
weakly g-L, weakly g-R endomorphism ¢y of (Xg, o9) with (Xo, 00, ¢o) conjugate to
(X, o*, ¢"). There exist a one-sided 1-1 textile subsystem U of a weakly g-L textile system
T and a one-sided 1-1 textile subsystem U’ of a weakly g-R textile system 7’ such that
Xvu, ou, vu) = Xy, o, eu) = (Xo, 00, @o). Since gy is right oy-expansive and ¢y
is left oy/-expansive, there exists n > 1 such that Neylnyx and é(U/['ﬂ)* are one-to-one (by
Proposition 7.2). Since T is weakly g-L, (T")* is weakly ¢-L, and since 7’ is weakly ¢-R,
(T'1ry* is weakly p-L. Therefore, for the same reason as in the proof of Proposition 8.2(2),

and & (Z]l/[)l])* have memory 0. Let / € Z with 2] + 1 > n. There exists m > 1 such

that for any x, y € Xy, if dx,(x, y) < 1/(m + 1), then dZU(SJI(x), Sgl(y)) <1l/A+1)
and dz,, (€, (x), €5 () < 1/(L +1). Let (a;); jez be any orbit of ¢, i.. for all
i €7, (ai,j)jez € Xo with a; ; € L1(Xo) and @o((a;, ) jez) = (@i+1,j) jez- To prove that
@o is positively expansive, it suffices to show that (a; j)i>0,—m<j<m uniquely determines
(ao,j)jez-

—1
r}(U[n])*
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There exists (@;,;); jez € U with o; j € L1(Zy) such that &y (o4, 7) jez) = (ai,j) jez
for all i € Z. The configuration (a;, j)i>0,—m<j<m uniquely determines (e;, ;)i>0,—i<j<I
with 21 + 1 > n. This determines (¢;, )i>0,—co<j</ Since 77(_[,1[”])* has memory 0. Hence
(@i, j)i=0,—m<j<m determines (a; j)i>0,—co<j</- A symmetric argument (using U’ and
S(;jl,[n])*) shows that (a; j)i>0,—m<j<m determines (a;, ;)i >0,—i<j<oo-

Thus ¢ is positively expansive, so that ¢ is positively expansive.

Conversely, assume that ¢ € J is a positively expansive endomorphism of a subshift
(X, o). There exists a one-sided 1-1 textile subsystem U of a textile system 7 such
that (Xy, oy, ¢u) = (X, 0, ¢). Since ¢y is positively expansive, an argument similar
to that in the proof of Proposition 7.2 shows that there exists m > 1 such that S(U[m])*
and 7(yim1y+ of Z(U[m)* onto X (ulmly= are one-to-one (see §2 for the notation). Therefore,
there exists n > 0 such that both S(Zjl[m])* e are of (0,n) type. Let T"=
(Tt = (p¥, g : TF — G%). Then (U)*)I"1) s a textile subsystem of T}".
Let 75" = (p3. q5 : T'5 — G7) be the textile system defined as follows: G} = G7; I'; is
the subgraph of F’f with AF; = Ln+1(Z(U[m])*) and Vp; = Ln(Z(U[m])*); p; and q; are

-1
and Meyim

the restrictions of pj and g on I';, respectively. Clearly ((U Inlyyln+ll js a textile

subsystem of 7. Since both & (?jl[m])* Jye are of (0, n) type, it follows that T

is weakly LL. Therefore, if we let U = (((Umyx)ln+11y* then U is a textile subsystem of
the weakly g-biresolving textile system T, = (7,)*. Since U is one-sided 1-1, so also is U
and (X, o, @) is conjugate to (Xy, oy, ¢y). Hence ¢ = gy is an essentially weakly
g-biresolving endomorphism of (X, o), such that ¢ € QL (o) N QRS (o). O

-1
and Meyim

Let (X, o) be a transitive SFT and J a commutative submonoid of S(X). Then we
shall see by Theorem 8.8(5) that QL (o) N QR (o) is the set of all (onto) essentially
g-biresolving endomorphisms of (X, o) in J. Hence by Proposition 8.3 we see that if
@ is a right (respectively, left) o-expansive, essentially g-biresolving endomorphism of
(X, 0), then ¢'o (respectively, ¢'o~!) is positively expansive for all sufficiently large
[ >1 (cf. [25, Proposition 3.10]). With the same hypothesis, ¢ has POTP and if o is
topologically mixing, then so is ¢ (by Corollary 6.6). If o is topologically mixing and ¢ is
an expansive, essentially g-biresolving endomorphism of (X, o), then (X, ¢) is conjugate
to a one-sided full shift (see [23, p. 4083]) and (X, o) is shift equivalent to a full shift
[12]. Arithmetic constraints are provided for expansive and left (or right) o-expansive
g-biresolving endomorphisms of mixing SFTs (X, o) in [12, 25].

Example 8.4. Let (X, o) be the full 2-shift over the alphabet {0, 1}. Let n > 2. Suppose
f:{0, 1}" — {0, 1} is a local rule which gives an automorphism of (X, o) and is left non-
redundant, i.e. there exists v € {0, 1}"~! with f(Ov) # f(1v). Suppose g : {0, 1}"*! —
{0, 1} is bipermutive, i.e. g(Ow) # g(lw) and g(w0) # g(wl) for all w € {0, 1}*. Let
T=(p,q: G%ﬁ;] — Gyo,1)) be the textile system such that ps(w0) = pa(wl) = f(w)
for all w € {0, 1}" and g4 = g, where Gyg,1; is the one-vertex graph with arc-set {0, 1}.
Then, as is easily seen, T is one-sided 1-1, non-degenerate and g-biresolving with T*
one-sided 1-1. Hence ¢r is a left o-expansive, g-biresolving endomorphism of (X, o).
Using the existence of v € {0, 1)1 with f(Ov) # f(1v), one can show that ¢r is not
right o-expansive. As is known [14, Theorem 6.9], f is not leftmost permutive, i.e. there
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exists v’ € {0, 1}~ with f(0v') = f(1v'). Using this, one can show that @7 is not an
essentially p-L endomorphism of (X, o). Thus one can see that ¢7 is a non-expansive,
left o-expansive, essentially non- p-L, g-biresolving endomorphism of (X, o).

PROPOSITION 8.5. Let (X, o) be an SFT. If ¢ is a directionally essentially p-L
endomorphism of (X, o), then ¢ is an essentially p-L endomorphism of (X, o). In this
statement, ‘p-L’ can be replaced by each of ‘q-R’, ‘p-R’ and ‘q-L’.

Proof. We may assume that (X, o) is a topological Markov shift. It follows from
[20, Theorems 7.22(1) and 7.23(1)] that if ((¢)*))" is an essentially p-L endomorphism of
(X, o(s)) with r, s > 1, then ¢ is an essentially p-L endomorphism of (X, o).

Each of ‘g-R’, ‘p-R’ and ‘g-L’ versions is proved by each corresponding version of
[20, Theorems 7.22(1) and 7.23(1)], which is proved by easy modifications in [20, the
proofs of Theorems 7.22 and 7.23]. g

PROPOSITION 8.6. Let ¢ be an onto endomorphism of an SFT (X, o).

(1) If ¢ is essentially p-L and essentially p-R, then it is essentially a I1-block
automorphism of (X, o).

(2) If g is essentially p-L and essentially q-R, then it is an essentially LR endomorphism
of (X, o).

(3) If ¢ is essentially q-L and essentially q-R, then it is an essentially q-biresolving
endomorphism of (X, o).

Proof. We follow the notation and terminology of [20].

(1) There exists a one-sided 1-1, non-degenerate, p-L textile system T such that @7 is
an essentially p-R endomorphism of (X7, o7) and (X7, o, ¢r) is conjugate to (X, o, ¢).
There exists a one-sided 1-1, non-degenerate, p-R textile system Ty with (X7, o7, ¢1)
conjugate to (X7, o7, ¢7). Therefore, by [20, Theorem 7.19 with Lemma 7.8(i)], T
is ‘resolvable’ for some n > 1. Since T is p-L, (T[”])(_l) is ‘0 resolvable’. Hence,
by [20, Theorem 7.20(3)], there exists a one-sided 1-1, non-degenerate textile system 7, =
(py: g4 : Ty — Gp) with p( biresolving and (XT(;, or;, (pTé) conjugate to (X7, or, ¢7).

Since py, is biresolving and the 1-block map ¢P6 is a conjugacy, it follows that pj, is a
graph-automorphism of G, and hence ¢'p'~! is a graph-endomorphism of G{. Therefore
oy is an onto 1-block endomorphism and hence a 1-block automorphism of (X T} O'T(;).
Thus ¢ is essentially a 1-block automorphism of (X, o).

The proofs of (3) and (2) are similar to the first paragraph in the proof of (1) above, but
use [20, Theorem 7.20(2)] instead of [20, Theorem 7.20(3)] for the proof of (2). O

The following lemma is well known.

LEMMA 8.7. Let T and G be graphs with ir, tr, i and tg onto. Let h:T — G be a

weakly right (respectively, left) resolving graph-homomorphism.

(1)  If ¢y is a conjugacy, then h is right (respectively, left) resolving.

(2) If G and T are irreducible and have the same spectral radius, then h is right
(respectively, left) resolving.
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THEOREM 8.8. Let ¢ be an onto endomorphism of an SFT (X, o).

(1) If ¢ is directionally essentially weakly p-L (respectively, p-R), then ¢ is essentially
p-L (respectively, p-R).

(2) Suppose ¢ is an automorphism or o is topologically transitive. Then if ¢ is
directionally essentially weakly q-L (respectively, q-R) , then ¢ is essentially q-L
(respectively, g-R).

(3) If ¢ is directionally essentially weakly p-L and directionally essentially weakly p-R,
then @ is essentially a 1-block automorphism.

(4) Suppose ¢ is an automorphism or o is topologically transitive. Then if ¢ is
directionally essentially weakly p-L and directionally essentially weakly q-R, then
@ is essentially LR.

(5) Suppose o is topologically transitive. Then if ¢ is directionally essentially weakly
q-L and directionally essentially weakly q-R, then ¢ is essentially q-biresolving.

Proof. (1) There exist a one-sided 1-1 textile subsystem U of a weakly p-L textile system
T and integers r, s > 1 such that (Xy, oy, ¢y) is conjugate to (X, o, ¢"). Since (X, o) is
an SFT, so is (Xy, oy) and hence (Zy, ¢y) is an SFT as U is one-sided 1-1. There exists
n > 1 such that (Zgl], gl[]" ]) and (X ["], al[]"]) are topological Markov shifts. There exists a
one-sided 1-1, non-degenerate textile system T’ = (p’, ¢’ : T — G') with i, tr/, i and
tg' onto such that Uz = U1, Since T is weakly p-L, sois T". Since ¢, is a conjugacy,
it follows from Lemma 8.7(1) that p’ is left resolving. Since (X, o, ¢") is conjugate to
(X717, o7/, o71), @ is a directionally essentially p-L endomorphism of (X, o). Hence the
result follows from Proposition 8.5. (The second version is proved by symmetry.)

(2) If ¢ is an automorphism, then apply (1) to ¢~ !. If o is transitive, then the proof is
similar to that of (1), but use Lemma 8.7(2) instead of Lemma 8.7(1).

(3) By (1) and Proposition 8.6(1).

(4) By (1) and (2), ¢ is essentially p-L and essentially g-R. Hence (4) is proved by
Proposition 8.6(2).

(5) By (2) and Proposition 8.6(3). |

PROPOSITION 8.9. Let ¢ be an onto endomorphism of a subshift (X, o) with infinitely

many points. Let J ={¢*c¢" |k>0,neZ). If Dj(c)NDy(c~") #{ix}, then the

following hold.

() J=Dyj@)UD;™h.

) If (X, o) is an SFT, then all elements of J are right or left closing.

B3) If (X, o) is a topologically-transitive SFT, then all expansive elements of J have
POTP.

Proof. Since Dj(0) = PL;j(0c)U QRy(o) and Dy (™" =PR;(0)U QLj(0), at least
one of the following holds: (a) PL;y(0c) N PRy(o) #{ix}; (b) PLj(0c)NQL;(0) #
{ix}; (¢) PRyj(0)NQRy(0) #lix}; (d) QLj(0) N QOR,(0) #{ix}. We note that
0,07 ¢ D;j(o) N Dy(c~") by Proposition 8.2 (since o € PL%(0) and o le PR (0)).

(1) Assume (a) andlet € PL (o) N PR;(0) — {ix}. Then ¥ = ¢'o/ for somei > 1,
j €Z, because ¥ # o/ for all j € Z. Using Remark 7.9 we see that there exist r, s > 1
such that ¥ is an essentially weakly p-L and essentially weakly p-R endomorphism of

https://doi.org/10.1017/50143385707000375 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385707000375

Automorphisms and endomorphisms of the shift 201

(X, 0%). Using Remark 7.9 and Proposition 7.6 we see that for all i’ >0 and j' € Z,
(w"/a-",)” = (W’)Si,(as)’-/’ is an essentially weakly p-L or essentially weakly p-R
endomorphism of (X, o). Hence for alli’ > 0 and j’ € Z, 1//"/6/'/ € PLj(c)U PRj(0).
Therefore, for all k > 0 and n € Z, (¢¥c™)' = y*o™ % isin PL;(0c) U PRy(0), so that
¢¥c" € PLj(0)U PRy(o). Thus J C PL;j(0) U PRy(0).

Similarly we see the following: if (b) holds, then J C PL (o) U QL j(0); if (c) holds,
then J C PR;(0) U QRjy(0o);if (d) holds, then J C QL (o) U QR (o).

(2) If (b), (c) or (d) holds, then there exists ¥ € QL j(o) U QR (0) with ¢ = (pioj for
some i > 1, j € Z. Since v is left or right closing and (¢*o™)! = y*o" %/ for all k > 0
and n € Z, all elements of J are left or right closing.

If (a) holds, then there exists ¥ € PL;(0) N PRy(o) with  =¢'o/ for some
i>1,jeZ. Since (X, o) is an SFT, it follows from Theorem 8.8(3) that i is an
automorphism of (X, o), implying ¢ also is. Hence the conclusion of (2) also follows.

(3) The result follows from (1), (2) and Corollary 6.6. O

COROLLARY 8.10. Let ¢ be an onto endomorphism of a topologically-transitive SFT
(X, 0). If ¢ is essentially p-L and essentially p-R, essentially p-L and essentially q-L
(or essentially p-R and essentially q-R), or essentially q-L and essentially q-R, then all
expansive elements of {¢*c" | k > 0, n € Z} have POTP.

This contains a generalization of Corollary 5.4. We remark that if ¢ is an essentially p-L
and essentially p-R endomorphism of an SFT (X, o), the conclusion of this corollary
holds without the condition that (X, o) is topologically transitive. This follows from
Proposition 8.6(1) and the known result [20, Proposition 8.3] that the conclusion of the
corollary holds for every automorphism ¢ of finite order of every SFT (X, o).

We shall be successful in checking that a given endomorphism ¢ of an SFT (X, o) is
not an essentially one-sided resolving one, if we can find the ‘boundary’ D;(o) — DG (o)
of Dy (o) and that of D (o~ ") for J = {¢*6” | k >0, n € Z).

PROPOSITION 8.11. Let ¢ be an endomorphism of a subshift (X, o) with infinitely many
points. Let J = {¢Fc™ | k >0, n € Z}. Suppose that

Y =¢'0’ € Dj(0) — Dy(0) —{ix} and
y_=¢' 0/ eDje™) ~ D5 — {ix)

withi, i’ > 1and j, j' € Z. Then

(1) ifij'— ji’ >0, then J =Dyj(c~")U Dy(0), and

(2) ifij’ — ji’ <O, then any element W € J such that ™ = ' y* for somem,r, s > 1
isnotin Dy(c~1) U Dy (o).

Proof. We have ¢ =y o'/’ —i",

(1) If ij' — ji’ =0, then y. =%, Hence ¥_ € Dj(6) N Dy(oc~") — {ix}). Thus
by Proposition 8.9, J = D;(¢~") U D;(c). Assume that ij’ — ji’ > 0. Then it follows
from Remark 7.9 and Proposition 7.6 that if ¥, € PL;(o) then ¥_ € PL% (o), which
is not the case by Proposition 8.2, and if ¥ € QR,(0) then ¥_ € QR(0). Hence
Y_ € Dy(c~")NDS(0),sothat J = D;(c~") UD,(c) by Proposition 8.9.
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(2) We have j'/i’ < j/i. Let i{”"=ir+i's and let j” = jr + j'’s. Then ¢™ =
¢"c" and j'/i’ < j"/i" < j/i. We have 1//3'_” = yMigii"=ii" and " = ymi' o'V ="
Therefore, using Remark 7.9 and Proposition 7.6, we see the following: if v € PL (o),
then 4 would be in PL(0); if ¥ € QR (o), then ¥4 would be in QR (0); if ¥ €
PRy(0), then Y_ would be in PR (0); if v € QL (o), then ¥ would be in QL5 (o).
Since every conclusion contradicts our hypotheses, ¥ isnotin Dj(c) U Dy (o h. O

Example 8.12. (1) The reader is referred to Example 1 in [20, §10]. The 1-1, LR
textile systems 7 and T’ and the automorphism ¢ of the topological Markov shift
(Xu, opy) found there are such that (X7, o7) = (X7, 07) = (Xm, om), o7 = ¢ and
orr =@ loy. It is easy to check that neither &7+ nor nr+ is one-to-one and so
is neither &7+ nor npx. Hence ¢r is LR, not right oj-expansive and not left
o)-expansive, and (p;,l is RL, not left op7-expansive and not right os-expansive. There-
fore, ¢ € Dj(op) — DS (on) — lixy) and goy,' € Dy(oy,") — DS(0,,") — lix,,} with
J = {gokaz"’/l | k >0,n e€Z}. Thus by Proposition 8.11, <p201;11 is not an essentially one-
sided resolving automorphism of (X s, opr), i.e. every automorphism ¢ of an SFT (X, o)
with (X, o, ¥) conjugate to (X, o, @20;,1) and its inverse 1//_1 have strictly positive
memory and strictly positive anticipation.

(2) The reader is referred to Example 2 in [20, §10]. The automorphism ¢ of the full
shift over the alphabet {0, 1} considered there is of (1, 2) type, as is ¢~ !. Hence o is

p-L and po ! is g-L (since ¢~ lo is p-L). A textile system T} with (X7, o1y, 917) =
(X, o, po) and its dual Tl* are represented by
a b ¢ d e
0 0
i 0 1
b (_1) C c a a b
0 0 d ate gtrte
¢ 0 0 an £ 4 ¢ d + &4 )
d 1 b e c a d
1
11 1 1
€ \T 0 1 0

respectively. Observing the trace of the latter matrix, we see that the point (c;) ez €
Xy with ¢; =c for all j € Z appears on different (vertically) periodic textiles woven
by T{". Hence &7+ and nrs are not one-to-one, so that go =@, is neither right
o-expansive nor left o-expansive. By a similar method one can also see that po~! is
neither right o-expansive nor left o-expansive. Hence we have po € D;j(0) — D$(0) —
{ix}and po ' € Dy(0c™") = DS(0c™") — {ix} with J = {¢¥0" | k > 0, n € Z}. Thus by
Proposition 8.11, we know that all ¢ such that ¢ = ((pa_l)’ (po)’ for somem, r,s > 1,
is not an essentially one-sided resolving automorphism of (X, o).

Question 8.13. Let (X, o) be an SFT with infinitely many points. Let ¢ be an
automorphism of (X, o) with ¢ #ix. Let K be the subgroup of H(X) generated by
{o, ¢}. (1) Do there exist o and ¢ such that PLg (o) = PL% (o) U {ix}? (2) Is it true
that for every element W € P Lk (o) there exists m > 1 such that ¥ is contained in the
submonoid of K generated by (PLk (o) — PL% (o)) U{o}? (3) Do there exist o and ¢
such that LRk (0) = LRy (o) U {ix}? (4) Is it true that for every element ¢ € LRk (o)
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there exists m > 1 such that ¥ is contained in the submonoid of K generated by
(LRg(0) — LRy (0)) U{o}?

A question similar to (4) was asked in [20, Question 8.b]. A result of Boyle and Lind
[11, Proposition 4.1] shows that there exists an automorphism ¢ of a subshift (X, o) with
infinitely many points such that ¢’c/ is expansive for all i, j € Z with (i, j) # (0, 0), and
hence for automorphisms of general subshifts the answers to (1) and (3) are affirmative and
hence the answers to (2) and (4) are negative.

9. ELR cones

Throughout this section, let X be a zero-dimensional compact metric space and H (X) the
group of homeomorphisms of X.

PROPOSITION 9.1. Let (X, t, ¢) be a commuting system such that T and ¢ are expansive

elements of H(X).

(1) ¢ is an essentially weakly p-L automorphism of (X, t) if and only if t is an
essentially weakly q-R automorphism of (X, ¢).

(2) @ isan essentially weakly LR automorphism of (X, t) if and only if T is an essentially
weakly LR automorphism of (X, ¢).

Proof. Assume that ¢ is an essentially weakly p-L automorphism of (X, t). Then there
exists a 1-1 textile subsystem U of a weakly p-L textile system T such that (U")* is
1-1 for some n > 1 and (Xy, oy, ¢y) is conjugate to (X, 7, ¢) (by Proposition 7.2). Let
Uy =U" and let T = T™. Then U, is a 1-1 textile subsystem of a weakly p-L textile
system 77 with U 1-1 and (Xy,, oy, , ¢u,) is conjugate to (X, 7, ¢). Hence U is a 1-1
textile subsystem of a weakly ¢-R textile system 7} and (X Ups OUss 9uy) is conjugate to
(Xv,, ¢u,, oy, ), which is conjugate to (X, ¢, 7). Hence 7 is an essentially weakly g-R
automorphism of (X, ¢).

The proofs of the ‘if part’ and (2) are similar to the above. |

For a textile system 7 = (p, ¢ : I’ = G), define T™' = (¢, p: T’ = G) and TV =
((T*)~1*. For a textile subsystem U of T, U~! and U denote the naturally defined
textile subsystems of 7! and 71, respectively.

PROPOSITION 9.2. Let ¢ : X — X be an onto continuous map and let T and t’ be

expansive elements of H(X) with every two of ¢, T and T’ commuting.

(1) If ¢ is a directionally essentially weakly p-L endomorphism of (X, t) and T is a
directionally essentially weakly LR automorphism of (X, t'), then ¢ is a directionally
essentially weakly p-L endomorphism of (X, ©').

(2) If ¢ is a directionally essentially weakly q-R automorphism of (X, t) and t is a
directionally essentially weakly LR automorphism of (X, t'), then ¢ is a directionally
essentially weakly q-R automorphism of (X, t').

(3) If ¢ is a directionally essentially weakly LR automorphism of (X, 1) and T is a
directionally essentially weakly LR automorphism of (X, t'), then ¢ is a directionally
essentially weakly LR automorphism of (X, T').
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Proof. (1) It follows from Remark 7.9 that it suffices to show the conclusion under the
stronger hypothesis that ¢ is an essentially weakly p-L endomorphism of (X, ) and 7 is
an essentially weakly LR automorphism of (X, /).

Since 7 is an essentially weakly LR automorphism of (X, /), it follows from
Proposition 9.1 that 7/ is an essentially weakly LR automorphism of (X, t). Since
¢ is an essentially weakly p-L endomorphism of (X, t), there exist a one-sided 1-1
textile subsystem U of a weakly p-L textile system 7 and a conjugacy 0 : (X, 7, ¢) —
(Xy, ou, pu). Since #T'0~! is an expansive, essentially weakly LR automorphism of
(Xy, op), it follows from Proposition 7.11 that for some k > 1, (0 7’0~k isan expansive,
weakly LR automorphism of (Xy, oy). Thus there exists a 1-1 textile subsystem U’
of a weakly LR textile system T’ such that (Xy/, oy, ¢yr) = (Xy, oy, 07%6~1) and
(U'"1y* is 1-1 for some n > 1 (by Proposition 7.2(3)). Let p,: Xy — Xym be the
homeomorphism which maps (a;) jez € Xy witha; € Li(Xy) to (@ ...aj4+n-1)jez-

Replacing 71", "1, 7/1") and U™ by T, U, T’ and U’, respectively, and replacing
pnB by 0, we see that there exist a one-sided 1-1 textile subsystem U of a weakly p-
L textile system T with (Xy, oy, ¢y) conjugate to (X, t, ¢) through -1 and a 1-1
textile subsystem U’ of a weakly LR textile system 7’ such that (Xy, oy) = (Xy, opr),
(Xy, oy, @u) is conjugate to (X, 7, t’X) through 6~ and U’ is 1-1. Since g7’ = 7’9,
we have pyoy = pyrey. Let v = XU/prxJ,l (see Proposition 7.2(4)). Since gyey =
pyrey and gy is a conjugacy of (Xyr, ¢yr) onto (Xy», oyx), we see that ¢ is an
endomorphism of (Xy, o).

Since U’ is a 1-1 textile subsystem of a weakly p-L textile system 7', SJ,I has
memory O (see the proof of Proposition 7.5). We can therefore define the conjugacy
(55,1)” - (Xy, 6yr) = (Zyr, Eyr) between the induced one-sided subshifts such that
sXU/ég,] = (55/] )”sXU/. Since U"* is a 1-1 textile subsystem of a weakly p-L textile system
T'* (because T’ is weakly g-R), we can define the conjugacy (é&,i)” c(Xym, Gyr) —
(ZU/*, cy+) between the induced one-sided subshifts such that s Xy é&,i = (SJ,L)NS Xy -
The existence of (é,;,l)N and (éa,L)N implies that for (a; )i jez € U’, each of
§y/((a1,j)j=1) and &y~ ((aj1)i>1) determines (o j); j>1. Hence we can define the
homeomorphism xy : f(U/ — f(U/* which maps éu/((al,j)jzl) to §U/*((oe,-,])i21) for
(ai,j)i,jeZ € U’. We have )zu/SxU, =SXym XU’

Since U is a one-sided 1-1 textile subsystem of a weakly p-L textile system, ¢y has
memory zero and hence we can define the endomorphism ¢y of the induced one-sided
subshift (X7, 6¢) such that SX, 90U = PUSXy-

Let 0 = xygu f((;,]. Then we have

-1_ & -1_ ¢ -1
SXyn W = SXyn XUPU Xy = XU'SXp PU Xyr = XU'SXyPU Xy
o = -1 _ s = “1_ s =~ -1 ~
= XUPuSxy Xy = XU'PUSXy Xy = XU'PU Xy SX yne = USX o -
This implies that y» has memory zero. Hence by Proposition 7.5(1), ¢ is a weakly p-L
endomorphism of (Xy, opy).
Since (Xy, ¢y, u) is conjugate to (Xy=, oyx, ¥) (through xy/) and since

(X, 'k, @) is conjugate to (Xy, ¢y, ¢y) (through 6), ¢ is a directionally essentially
weakly p-L endomorphism of (X, t’).
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(2) It follows from the hypothesis that ¢! is a directionally essentially weakly p-L
automorphism of (X, 1) and ! is a directionally essentially weakly LR automorphism
of (X, T'~1). Hence by (1), ¢! is a directionally essentially weakly p-L automorphism
of (X, v/~1). From this the conclusion follows.

(3) It follows from Remark 7.9 that it suffices to show the conclusion under the stronger
hypothesis that ¢ is an essentially weakly LR endomorphism of (X, ) and 7 is an
essentially weakly LR automorphism of (X, t’).

We follow the proof of (1). Since ¢ is an essentially weakly LR automorphism in this
case, U and T in this case can be such that U is a 1-1 textile subsystem of a weakly LR
textile system 7. As we saw, ¥ = Xy ¢u X l;,l has memory zero. Since T is weakly g-R, the
textile system (71)~! is weakly p-L, and since T is weakly LR, (7'D)~! is weakly
LR. Hence if we apply the same argument as in the proof of (1) to the textile subsystem
UY=L of (T-D)~1 and the textile subsystem (U'D)~1 of (T"=D)~1 we see that
X(U=0)=-19yDy-1 X(z]l/(,l)),l has memory zero, so that w’l has anticipation zero. Hence
the conclusion is shown by using Proposition 7.5(2). |

PROPOSITION 9.3. Let t be an expansive element of H(X). If ¢1 and ¢y are commuting,
directionally essentially weakly p-L (respectively, q-R, LR) automorphisms of (X, 1)
with ¢\'¢y expansive for some m, n > 0, then ¢1¢; is a right t-expansive (respectively,
left T-expansive, expansive), directionally essentially weakly p-L (respectively, q-R, LR)
automorphism of (X, 1).

Proof. First we prove the following.

(%) If @1 and ¢, are commuting, directionally essentially weakly p-L automorphisms
of (X, ) with ¢1¢> expansive, then @i¢y is a directionally essentially weakly p-L
automorphism of (X, 7).

Since 7 is an expansive automorphism of (X, ¢1¢2) with @j@r expansive, by
Proposition 7.10, there exists k > 1 such that (¢;¢2)*~'7 is an essentially weakly LR
automorphism of (X, ¢1¢2). Hence, by Proposition 7.6, ((plgoz)kr is an expansive,
essentially weakly LR automorphism of (X, ¢1¢2). Therefore, by Proposition 9.1, ¢1¢; is
an essentially weakly LR automorphism of (X, 90{‘ (p’z‘ 7).

Using Remark 7.9, we see that for some r > 1, ((p{‘)’ = ((pf)k and ((pg)k are essentially
weakly p-L automorphisms of (X, ”). By Proposition 7.6, ((p’z‘t)r = ((pg)kt’ isaright t"-
expansive, essentially weakly p-L automorphism of (X, ). Hence by Proposition 7.12,
((p’l‘)r(wlz‘ 7)" is a directionally essentially weakly p-L automorphism of (X, "), so that
gp’f(p’z‘r is a directionally essentially weakly p-L automorphism of (X, ). Applying
Proposition 9.2 to this and the conclusion of the preceding paragraph we see that ¢1¢;
is a directionally essentially weakly p-L automorphism of (X, 7). Thus (x) is proved.

Since ¢|" and ¢5 are directionally essentially weakly p-L automorphisms of (X, 7)
with ¢{" @3 expansive, it follows from (x) that ¢{'¢5 is a directionally essentially weakly
p-L automorphism of (X, 7). We may assume that m > n. Since ¢5'~" is a directionally
essentially weakly p-L automorphism of (X, ), it follows from Proposition 7.12 that
(p12)™ = ("33’ ™" is a right r-expansive, directionally essentially weakly p-L
automorphism of (X, t), and hence so is ¢ ¢3.

The proofs of the ‘g-R’ and ‘LR’ versions are similar to the above. O
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We do not know whether the statement () in this proof is valid if ‘with ¢ ¢, expansive’
is replaced by ‘with @@, right t-expansive’ in it.

For ¢, T € H(X), let us write ¢ — t (respectively, ¢ — ) to mean that 7 is expansive
and g is a directionally essentially weakly p-L (respectively, g-R) automorphism of (X, 1),
and ¢ — 7 to mean that t is expansive and ¢ is a directionally essentially weakly LR
automorphism of (X, 7).

The following two propositions are summaries of the preceding results. The second one
without (5) was stated without proof in [21].

PROPOSITION 9.4. Let 7, 11, T2, ¢, 1, 2 € H(X).

(1) If 71 and 1) are expansive, then 11 — 12 if and only if T2 — 1.

) Iftnp=mn1, then Tt — 11 and 11 — 12 imply T — T2. In this statement, ‘—’ can be
replaced by ‘— .

B)  If ¢ — t (respectively, ¢ — t) and ¢ is right (respectively, left) T-expansive, then
"t~ 1 — 1 (respectively, "t ™!

@) If o1, 92— 1T (respectively, @1, 2 — T) with @192 = @21 and if ¢y is right
(respectively, left) t-expansive or ¢\'¢y is expansive for some m,n > 1, then
Y192 — T (respectively, 192 — T) with 1> right (respectively, left) T-expansive.

— 1) for some n > 1.

Proof. (1) holds by Proposition 9.1; (2) holds by Proposition 9.2; (3) holds by
Proposition 7.13; (4) holds by Propositions 7.12 and 9.3. O

PROPOSITION 9.5. Let 7, 11, T2, @, @1, 92 € H(X).

(1) Ift is expansive, then T — .

(2) If Ty is expansive and 11 — T2, then 10 — 1.

B) Iftn=mnr1,thent — 11 and 11 — T2 imply T — 15.

@) If T is expansive with ¢t = T, then t"* — T for all sufficiently large n.

(5) Ifo — T and ¢ is expansive, then "t~ — 1 for some n > 1.

6) If o1, 92 — T with p192 = @21 and if @1 is expansive or ¢\'¢; is expansive for
some m, n > 1, then 192 — T with @@, expansive.

Proof. (1) holds by Remark 7.4; (2) holds by Proposition 9.1; (3) holds by Proposition 9.2;
(4) holds by Proposition 7.10; (5) holds by Proposition 7.13; (6) holds by Proposition 9.3.
O

Throughout the remainder of this section let K be a commutative subgroup of H (X).
For an expansive element t € K, Cg(t) ={¢p € K | ¢ — t} is the cone of 7 in K, by
definition. (This notion appears in [21, §6] with a different term.) We can call this a cone
in K, since Cg (t) = Cg(z’) for every t/ € Cx (7). Indeed, by Proposition 9.5(1)(2)(3),
the relation — restricted on the set of all expansive elements of K, say E(K), is an
equivalence relation on £ (K) and the interior C¢ (t) of the cone C (7) is the equivalence
class containing t.

The interior of a cone is closely related to the zero-dimensional case of an ‘expansive
component of 1-frames’ for a Z4-action in the theory ‘expansive subdynamics’ developed
by Boyle and Lind [11], which studies commuting homeomorphisms of (not necessarily
zero-dimensional) compact metric spaces in a framework treating not only ‘rational
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directions’ but also ‘irrational directions’. In fact, one can prove the following using
[11, Lemma 6.28] and Proposition 7.5(2).

Remark 9.6. Let ¢ be an automorphism of a subshift (X, o) with infinitely many points.
Let K be the subgroup of H(X) generated by {0, ¢}. Let « : Z> — K be the Z?-action
with a9 = gio /. Then for i, j, i’, j € Z, ¢'c’ and ¢' /" belong to the interior of the
same cone in K if and only if the vectors (i, j) and (i, j’) belong to the same expansive
component of 1-frames for « in the sense of the definition of Boyle and Lind [11].

PROPOSITION 9.7. Let ¢ and t be expansive elements of K. If ¢ — 1, ¢’ € C5 (¢) and
t' € Cy (1), then ¢ — t'. In this statement, ‘=’ can be replaced by ‘— .

Proof. Since ¢ — 17 and T — t/, we have ¢ — 1t/ by Proposition 9.4(2). Hence by
Proposition 9.4(1) we have t/ — ¢. From this and ¢ — ¢’, it follows that " — ¢’. Thus
we have ¢’ — /.

The ‘— version is similarly proved. a

s

Therefore, the relations ‘—’ and ‘—’ can be defined on the set of all interiors C°’s
of all cones C’s in K as their quotient relations with respect to the equivalence relation
— on E(K), where C° denotes the interior of C. Let C and C’ be cones in K. We
write C° — C’° (respectively C° — C’°) if there exist ¢ € C° and t € C’° with ¢ — 7
(respectively, ¢ — 7). We write C — C’ (respectively, C — C’) if ¢ — 7 (respectively,
@ — 1) for all (not necessarily expansive) elements ¢ € C and some element T € C’°.

We do not know whether C° — C’° implies C — C’ (or whether ¢ — t — t’/ implies

o — 1.

Example 9.8. Let (Xp, op) and ¥ be the same as in (3) of Example 5.6. Let X = Xp and
let K = {wkog | k, n e Z}. wkog is non-expansive only on the three ‘lines’ {wkog |n=
0}, {y*op | k =rn} and {y*op | k = —sn}. There are six cones in K which, in fact, are
ELR cones (see below), given by

A= {Wkaﬁ |n<0,k>—sn}, Ay= {wkal’} |n<0,rn<k<—sn},
Az ={y*ol |n <0,k <rn}, A ={yrop 1y Fo" e Ay} fori=1,2,3.
One can see that all the arrow relations between the different cones are given by
A=Ay, A3— Ay A=A, Az—= AL Ar— Az A= Ag,
Az—rAl, Az—rA3, A1 — As, A1—7A3, A3 — Ao, A3—7A1.
The following includes an extension of a zero-dimensional version of [22, Theorem 4.3].

PROPOSITION 9.9. (1) An essentially LR endomorphism of an SFT has POTP.
(2) If an expansive element Tt € K has POTP, then so does every element of Ck (7).

Proof. (1) This follows from Proposition 3.4, because an LR textile system is finitely

saturated.
(2) By Theorem 8.8(4), Ck (7) is the set of all essentially LR automorphisms of (X, 7).
Hence (2) is proved by (1). O
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For an expansive element T € K with POTP, Ck (7) is called the ELR cone of t in
K or an ELR cone in K. (This notion appears in [21, §6]. A different definition
corresponding to it with the same term was introduced in [20, §8] for a typical class
of K.) Every element of an ELR cone has POTP, and every element of its interior
defines a dynamical system which is conjugate to an SFT. Therefore, the interior of an
ELR cone is closely related to the zero-dimensional case of a “Markov component of 1-
frames’ for a Z¢-action introduced by Boyle and Lind [11], in the same sense as stated in
Remark 9.6.

Remark 9.10. Let ¢ be an automorphism of a subshift (X, o) with infinitely many points.
Let K be the subgroup of H(X) generated by {0, ¢}. Let « : Z> — K be the Z>-action
with « /) = io /. Then for i, j,i’, j' € Z, ¢'c’ and ¢" /" belong to the interior of the
same ELR cone in K if and only if the vectors (i, j) and (i, j’) belong to the same Markov
component of 1-frames for « in the sense of the definition of Boyle and Lind [11].

PROPOSITION 9.11. Suppose that T is an expansive, topologically-mixing element of K
and that some expansive element of Dk (t) = PLx(t) U QRk(t) has POTP. Then all
left T-expansive elements of PL (1) and all right t-expansive elements of Q Rk (1) have
POTP and are topologically mixing, and in particular all expansive elements of Dk ()
have POTP and are topologically mixing.

Proof. Let t/ be an expansive element of Dg(r) which has POTP. Then by
Proposition 9.1(1), T € Dk (t’). Therefore, since (X, /) is conjugate to an SFT, it
follows from Theorem 8.8 that 7 is an essentially p-L or essentially g-R automorphism
of (X, t/). Since t’ is expansive, has POTP and commutes with a topologically-mixing
element 7, 7’ is topologically mixing by [22, Theorem 1.6]. Therefore by Theorem 5.2
(with Proposition 5.1), (X, ) is conjugate to an SFT. Hence (X, ) is conjugate to a
mixing SFT. Thus using Theorems 8.8 and 6.3 we see that all left r-expansive elements of
P Lk () and all right T-expansive elements of Q Rk (t) have POTP and are topologically
mixing. O

COROLLARY 9.12. Let C and C' be any cones in K such that C° — C"° or C° — C'°.
Then if either one of C and C' is an ELR cone containing an expansive, topologically-
mixing element, then so is the other.
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