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This paper studies efficient detrending in cointegrating regression and develops
modified tests for cointegration that use efficient detrending procedasssnp-

totics for these tests are derivédonte Carlo experiments are conducted to eval-
uate the detrending procedures in finite samples and to compare tests for cointegration
based on different detrending procedurBEse limit theory allows for increasingly
remote initial condition effects as the sample size goes to infinity

1. INTRODUCTION

There is a large body of work on the theory of unit root tests and their multivariate
versions in cointegrated time seri€@ne of the directions in which the subject is
presently moving is the development of tests with improved asymptotic proper-
ties (Schmidt and Phillips1992 Elliot, Rothenbergand Stock 1996 Hansen
1995. Monte Carlo result§seg e.g., Phillips and Perron1988 Schwerf 1989
DeJong Nankervis Savin and Whiteman1992) indicate that unit root tests of-
ten have low power against plausible trend stationary alternatwvesin con-
sequencanuch recent effort has been devoted to the construction of more efficient
tests

One of the mechanisms for increasing the efficiency of these tests is related to
point optimal test procedure¥/hen the time series model is a GaussianBR
with unit error variancghe Neyman—Pearson lemma can be used to construct the
most powerful test of a unit root against a simple point alternakveg (1989
provided a general discussion of such point optimal invariant,taats Dufour
and King (1991 developed the family of exact most powerful invariant tests
Elliot et al. (1996 applied this idea in the context of unit root testéhen the
times series involves a deterministic componétiiot et al. (1996 showed that
power gains can be obtained by detrending under the alternative hypothesis be-
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fore constructing the unit root testhis detrending procedure is sometimes called
generalized least squar@LS) detrending in the literaturdt is more accurate to
describe it as detrending after quasi-differenci@pP) (see Phillips and Lee
1996 Canjels and Watsqri997) because full GLS is not used in the detrending
regressionAn analysis of the efficiency gains from QD detrending and its effects
on the power of unit root tests has been given by Phillips and(1Le@6.

Itis of considerable interest to extend the method of QD detrending to tests for
cointegration in multivariable systemmBhe concept of cointegration was intro-
duced by Grangdi1981) and Granger and Wei$$983 and more systematically
studied in Engle and Grang@r987). In the last 10 years new body of statistical
theory has developed for the analysis of cointegratseg e.g., Stock 1987
Stock and Watsqri988 Phillips and Ouliaris199Q Phillips and Hanserl99Q
Phillips, 1991, Johansenl988 1991; Johansen and Juselju99Q Sims Stock
and Watson1990. For hypothesis testingngle and Grangdi987) suggested
testing cointegration by examining whether or not the residuals from the cointe-
grating regression are stationgaynd Phillips and Ouliari€1 990 studied asymp-
totic properties of the residual based teSt®ck and Watso(1.988 proposed the
“common trends” approach based on the fact that a vector time series cointe-
grated with order can be written as the sum pf- r common trends and dri0)
componentUsing the reduced rank regression technjdadanse1988 1991
1996 has studied likelihood inference based on a Gaussian error correction model
and shown that the asymptotic distribution of the likelihood ratio tests for cointe-
gration is determined by a generalized eigenvalue problem and has the form of a
multivariate unit root distribution

This paper applies the idea of QD detrending to tests in cointegrated systems
The key feature of efficient tests for a unit root is that the trend parameters be
estimated under the alternative orore specificallysome plausible alternative
hypothesisApplying the same idea in a cointegration test framewwrk per-
form the detrending procedure under the alterna@@nsider am-dimensional
VAR model

Ayp = Iy g + @AY g + -0 + PAY 1 + BX + &,

wherex, is a deterministic trendThe null hypothesis of interest id, : there
ares = n — r unit roots in the systepwherer is the dimension of the cointe-
gration spaceFor alternatives that are distant from unit ro@te., y; is trend
stationary, ordinary least squard®©LS) detrending is asymptotically efficient
by the Grenander and Rosenbl&i957) theorem For alternatives closer to
unit roots such as the local alternatiué, : there ares = n — r roots that are
local to unity of the form 1+ (c/n), QD detrending is more efficientsee
Phillips and Lee 1996 Canjels and Watsqrii997). When QD detrending is
performed undeH,, we need to estimate the trend coefficients based on quasi-
differencing in then — r directions where the data have roots that are local to
unity and estimate the trend coefficients in other directigres, stationary di-
rections by OLS regression
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Because the directions with unit roots and roots less than unity are not imme-
diately distinguishable in the-dimensional coordinate system in which the time
seriesy, is observegwe have to transform or rotate the coordinate system so that
thel (1) andl (0) components are separatéthe first step in our procedure there-
fore involves a preliminary estimate of the directions of stationarity so that the
rotation matrix can itself be estimatatfe next run the QD detrending regression
on the transformed datd@he final test statistics are then constructed based on a
reduced rank regression with the detrended.data

The outline of this paper is as follow$he next section presents the model
structure Section 3 develops an efficient detrending procedure for cointegrated
systems and gives the limit distribution of the efficient detrended time sévries
modified test for cointegration against a local alternative hypothesis is proposed
in Section 4 and its asymptotic theory is developegkection 5 discusses some
additional issues concerning the effects of alternative initializatibhe results
of a small Monte Carlo experiment are reported in Secti@egtion 7 concludes
Proofs are given in Section 8

A word on notation before we begilive use the symbak to signify weak
convergenceand = to signify equality in distributionThe terml (k) denotes
integration of ordek. All limits are taken ag — oo, unless otherwise specified

2. STRUCTURE OF THE MODEL
Consider the following VAR process:
H(L)yt:BXt+8tv t::l-s'-"T’

wherex; is a deterministic trenday x, = (L t,...,tP)",andB = (B,,..., B,), with

B, = 0. The errore; is ann-dimensional independent and identically distributed
(i.i.d.) random vector with zero meawariance matrixA, and finite fourth cu-
mulant The initial observations of; are taken to b&,(1). The VAR can be
rewritten in the following form using a finite order B{Beveridge and Nelsgn
1981 decomposition

—Ily, + " (L) (1 = L)y; = Bx + &;. (1)

If y, is a cointegrated system of ordethen ranKII) = r and the matridI can be
decomposed ad = aB’, wherea, 8 aren X r matrices of rank.

Generalize the time serigisby replacing the difference operatior- L in (1)
with a quasi-differencéQD) operatord — AL, giving

—Iy, + II* (L) (I — AL)y; = Bx + & (2
or

O(L)y; = Bx + &,
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whereA= BB’ + B, exp(T ~1C)B,, Cis a constant matrix of dimensi@x s, and

exp(-) is the matrix exponential For some subsequent resulisore specific
assumptions will be made about the localizing parameter m@tyikhe matrixA

in the QD operator iri2) can be written

A=1+p8[exp(T7IC) - 118, =1+T71B,CB +O(T?),

and therefore the QD operatior AL has a form that is locally different from the
operatorl — L in the nonstationary directionse., directions other than the co-
integrating directiong.

Using the BN decomposition agaive obtain the following representation of

(2):
—Wy, + ¥ (L)Ay; = Bx + &, (3

whereV = a8’ + I*(A — |) =~ af’ + T II*B, CB|, II* = I1*(1), ¥*(L) =
Im*(L)A + 1I**(L)(I — A), and IT**(L) is defined asIT*(L) = II"(1) +
(L) —L).

To fix ideas for our analysjsve make the following assumptions gn

Assumption RRR

(A1) {&} is a sequence ofiid. Gaussian vectors with variance matnx

(A2) The determinantal equatigil(L)| = 0 has roots on or outside the unit circle

(A3) A=, exp(T 1C)B" + BB’, wherea and are orthonormalized matrices of full
column rankr, B, is n X s matrix of full column rank that is normalized and
orthogonal tg8, s=n —r.

(A4) «) IT*B, has full ranks, wherea, is n X s matrix of full rank that is normalized
and orthogonal ta.

In this mode] the n-dimensional time serieg, hass large autoregressive
roots that are near unity with localizing parameters that arise from the matrix
| — A= —T718,CB], whose rank is at most This is the multivariate version
(see Phillips 1987k 1988 1998 of the common univariate local-to-unit roots
model It generalizes the concept of cointegration to cases where individual
time series iny, are highly persistentwith roots close(but not necessarily
equa) to unity, but certain linear combinations of the series are statioriary
particular whenC = 0, it reduces to the conventional cointegration model with
the usual error correction representatibor simplicity we assume in Assump-
tion A3 thata and B are already orthonormalize®therwise we have to or-
thonormalize them and use another notation in constructing the rotation matrix

LetH = (B,8,) andG = («,, ). Transformingy, by H’, we get

vo = Hy, = B’V | Y
* B |yal
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Notice thatA ~ | + T 18, CB| and rewrite(2) as

—ay; + (L) B> — L)yy + " (L) BLAcYor = BX + &,

whereA Yo, = Yo — (1 + C/T)y, 1. Multiplying the preceding system bg’,
we then have

l_lr +a'I"(L)B(1 — L) a’H*(L)lﬁ“ Yit

LB -1 (L, [ deya) & ERTH

Let
=l +a'TI*(L)B(I = L) a'II*(L)B,
(L) = ) .
l al (LB — L) ain*(L)Bl]

Under Assumption RRRP (L) is invertible Let K (L) = ® (L) 1G’ and partition
this matrix into blocks as

K.i(L) r
<K2(L)>n —Tr.

Then
yir = Ki(L)(Bx + &), (4)
AcYor = Ko(L) (B + &). )

Thus y; can be decomposed into the sum of a deterministic compphenand
a stochastic component as follows

Ye = ye + Ixq,

or, in its partitioned representatipas

Yie = Y + 1 X,

Yor = Y5 + o X,

whereyf; = Ki(L) g andAcy3; = Kx(L) ;. In the original coordinate system
Ye = Hy, = Ye + I (6)

Remark 1 In the transformed time serigg, the stationary component and
nonstationary component are separated so that the falstmentsy,,, arel (0)
and the nexs elementsy,;, are nearlyl (1) and not cointegrated

Remark 2 WhenC = 0, the time series has the following conventional Gauss-
ian error correction representation

K-1

Ay, = aB'Yi1 + X DAY + BX + &
-1
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Remark 3 If the model satisfies the condition thgtI' = 0, then the same
cointegrating vector that eliminates stochastic nonstationarity also eliminates de-
terministic nonstationarityThe random vectoy, is said to be deterministically
cointegrated in this cas®therwisey; is stochastically cointegratetb use the
terminology of Park1992.

3. EFFICIENT DETRENDING IN A COINTEGRATED SYSTEM

We consider two detrending procedures for time sepiesy? + I'x, defined by

(2) in Section 2 In this sectiopwe assume that the matrX = diag[c,...,c],
wherec is a constantThe first detrending regression is the OLS regression of
time seriesy, on the deterministic trenx:

y; = I'x, + residual (7)

The estimated trend coefficient matrix & = Y'X(X’X)1, where Y’ =
(Y1yeees Vs eees Y1), X' = (X4,..., X,..., X7), @and the OLS detrended time series
is §F =y, — I'x.

The second detrending procedundnich we call QD detrendings based on
the following regression of the transformed time sepes

Y1t L o Xt
b = - + residual 8
R @

The estimated trend coefficient matrices are

I = Y X(X'X) ™, ()
D= AYSAX(AX AX) Y (10)
where

YY = (Y11,-+ 45 Yats -+ Yar) = B'Y),
AcYs = (AcYors oo, AcYats -, AcYor) = BLALY/,
ACX’ = (Acxl,...,ACXt,...,ACXT).

The QD detrended time series can then be constructed as follows

V=Y~ ', (11)
where

_ & L

r = [1:2], I'=HT.

Remark 4 The second detrending procedusbich uses the quasi-differenced
data for the nonstationary component of the time seigegsymptotically more
efficient than OLS detrending\n analysis of efficiency gains from QD under
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nonstationarity is given in Phillips and Lé£996). To understand the efficiency

gain of the detrending regression procedure that leads to the detrended time se-
ries we can make a simple comparison between these two detrending procedures
Suppose/s; = Uy = 1(0) andA.ys, = Uy = 1(0). Assume thal 2 STy, =

B(r) = (Ba(r)', Bx(r)')’, whereu, = (uj,Us,)', and suppose th@xr = X(r)
andFAcxir = Xc(r), whereF andD are the corresponding standardizing ma-
trices withF = TD, and formulae foiX.(r) are given in Theorem,Wwhich fol-

lows. Notice that the OLS detrending procedure is equivalent to the detrending

regression
Yt I
| = |X + residual 12
{v} H 2

The estimates df; are identical for the two proceduréghe difference occurs in
the estimation ofy. The asymptotic distributions of these two estimators are

1

T2(f, — Dt f J2c<r>x<r>[ f x<r>x<r>'],

1

T‘1/2(1~“2—1“2)D‘1:>f0de(r)XC(r)[fO Xc(r)Xc(r)’],

whered,.(r) = [ exp{(r — s)C} dB,(s).

As shown in Phillips and Le€1996), an efﬂmency gain is achieved in the
QD estimator becausé has smaller variance thdh. For instancewhens =
n—r =1 andx, = t, the variance of the limit variates % is Vgis = 30%/(3 —
3c + c?), whereas that of the OLS estimator Vg = 302[3e%¢(c — 1)? +
2c® + 3c? — 3]/2c®. The relative efficiencyR. = Vois/Vys, is greater than 1
for all finite c.

Remark 5 The QD estimators we propose here ignorelt® serial correla-
tion associated with the stationary opera{dt.). This brings no loss of asymp-
totic efficiency by virtue of the Grenander—Rosenblatt theorem

The asymptotics foyy andyg are as follows

THEOREM 1
1 1 -1
T1298. = 3(r) = (1) — f Jc<s>x<s>'[ f x<s)x<s>'] X(r),

T‘l/zyfmégc(r)ﬂc(r)—f dB(S)Xc(S)’U XC(S)XC(S)’] X(r),
0 0

where Xr) = (Lr,...,rP), g(r) = (0,1,2r,...,prP=1), Xs(r) = g(r) — cX(r),
J.(r) = [5exp{(r —s)C}dB(s), B(r) = B, (e[ 11*B,) a| B,(r), B,(r) isvector
Brownian motion with ceariance matrixA, and T~/2 ZETQ & = B.(r).
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4. A MODIFIED TEST OF n— r UNIT ROOTS AGAINST
A LOCAL ALTERNATIVE

Akey feature of the efficient unit root tests in Elliot et 81996 is that the trend
parameters are estimated under a plausible local alternative hypofitesgame
idea can be used in tests for cointegrated syst@rhere the detrending proce-
dure can be performed under a plausible local alternatiegvever in this case
the formulation is not as straightforward because of the multivariate nature of the
procedure

For the vector time seriggdefined by(2) (or (3)) in Section 2we consider the
null hypothesis ofr cointegration vectorsHy : rank(¥) = r, or equivalently
Hy :there aren — r unit roots i.e., C = 0. When the alternative is¥ is of full
rank”theny, is (trend stationaryand OLS detrending is asymptotically efficient
under the alternativeGrenander and Rosenblat®57).

Next consider the following local alternativd,. : there aren — r roots local to
unity andC = diag(C; 4 1,...,Cn]. In this casewhen we perform efficient detrend-
ing underH., we estimate the trend coefficients based on quasi-differenced data
in then — r directions that are local to unity and estimate the trend coefficients in
other directions by OL3Under the null hypothesis

k-1
Ay, = aB'yi1 + D, B Ay + Bx + &,

i=1

wherea, 8 aren X r matrices of rank. As described in Section %ve rotaté the
coordinate system by premultiplying the preceding time serig4'gnd get the
transformed datg = (yi;, Y5:). Hereyi = 1(0), y5, = | (1) underH.

Under the local alternativel,, the components ofs, are nearly integrated
y5=1(0), and we can write )

Yo — (1 + C/T)ys -1 = 1(0).

Consider the following detrending regression

I, O X
S P " | + residual (8"
AcYor 0 I, AcX

whereA denotes the QD operatbr— (I + C/T)L, with C = diagc,...... ,C]
for somec. Then I'; = Y{ X(X'X)™% T = AsYs A X(AX'A:X) ™% Notice that
if .41 =C.2=--- =2¢C,=C, and we set = c, then under the alternative
hypothesisA.y5, = 1(0), and the detrending procedure is asymptotically effi-
cient because we are now estimating the trend coeffidiemtith a stationary
error.

The detrended time seriesys = y; — I'x;, and in original coordinatesy; =
HY, =y, — I'x, with S
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THEOREM 2 Under the null hypothesis

1 1 -1
T’1/237[Tr1=>5c(r)=8(r)—f dBc(S)Xc(S)’[f XC(S)XC(S)’] X(r),
0 0

where X(r) = g(r) — €X(r), Bs(r) = B(r) — ¢ [ B(s).
Consider the following reduced rank regression based on the detrended data
Yi:

k-1
AV = af Vg + >, DAY + &,

i=1

To remove the nuisance parametérsi =1,...,k—1, let Ry, = residual from the

regression oAy, on Ay, _4,...,AY; 1 and Ry, = residual from regression of
Vi1 ONAY; 1,...,AV; 1. Then we can estimate, 8 from a reduced rank re-
gression oRy; on Ry,

Rot = aB'Ry; + error. (13)
The likelihood ratio type test for the null

Hy: there aren — r unit roots

against

H.:there aren — r roots local to unity

isgivenbyLR.=—-TXL,,;In(1— ;\i), Where)vll, cers Xn are the ordered squared
canonical correlations in the regressidr).

Following Johansen(1988 1991), define S = T 131 Ryt Rox, S =
T 1Rt R, Sio=T "1 Ru Rt S =T ' 1Ry Rie Then A,
..., A, can be found by solving the determinantal equation

|)\511 - 51050_015)1‘ =0 (14)

leading to the ordered eigenvaluia§> cee > ;\n.
The asymptotic properties of this test statistic are given in the following theorem

THEOREM 3 Under the null hygothesis that there are+r unit roots the
test statistic LR= —T >, In(1— A;) is asymptotically distributed as the sum
of the roots of the determinantal equation

=0,

1 1 1
‘A fo VL)W (1) — fo We(r) AW () fo A1) We(r )
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i.e., LRe = tr{fo dWe(r)We(r) [ fo We(r)We(r)' 171 /3 We(r) dWe(r)' }, where

1

We(r) = W(r)—fO dV\é(S)Xc(S)’UO XC(S)XC(S)’:| X(r),

We(r) = W(r) — CfOlW(S),

and W(r) is a standard Brownian motion

Remark 6 The derivation of the limit theory depends on the asymptotic be-
havior of the product moment matrices of the detrended. ddtase asymptotic
properties are verified and the proof of Theorem 3 is given in Section 8

Remark 7 In the detrending regressipwe used OLS regressions based on
quasi-differenced datadoint estimation of the trend coefficients from a seem-
ingly unrelated SUR) regression o18’) could also be use@nd whether or not
there is a further efficiency gain from the use of SUR regression depends on the
form of the deterministic trend~or the polynomial trend given in Sectionrid
gain is obtained from the SUR regression because the space spamnés tie
same as the space spanned\y.

Remark 8 If we consider another alternativ : there aren —r — 1 unit roots
and one root local to unitythen an efficient detrending procedure under this
alternative would estimate the trend coefficients based on fully differencing in
then — r — 1 directions that have unit roots and QD in the direction that is local
to unity. In this casethe detrending procedure treats different directions in dif-
ferent ways which is reflected in the limit distribution of the detrended data
More generallywe can consider local alternativ' : there aren—r — s(s> 0)
unit roots ands roots local to unityThis is the localized version of the model
considered in Johans€h996 chap 14) in which there are cointegrating vec-
tors under the null and+ scointegrating vectors under the alternati&gain, to
apply the idea of efficient detrending under the alternative should fully dif-
ference then — r — sdirections that have unit roots and quasi-differencesthe
directions that are local to unity

The same idea can be employed for the alterndtiym the way that we per-
form QD by using different local parameteggj = r +1,...,n) in the different
directions This is efficientundeH.. LetH=[8,8,1=[h4,...,h;, h.1,..., h,]1;
then under the nullthe detrended time serig§ has the following asymptotic
behavior

j=r+1

T =B - 2 bl | dBc,.(S)Xc,.(s‘»)UO Xc,.(S)Xc,.(S)’] X(r).

Note that this limit not only depends on thevalues used in QD but also depends
on the directionsy;.
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The preceding procedure requires knowledge of the cointegrating veg:tors
When g is unknown we can use a preliminary estimateBopbbtained from a
reduced rank regression in the usual ywayonstruct a rotation of the coordinate
systemThen we reestimat@ and calculate the modified test from a new reduced
rank regression with the efficiently detrended daiance we suggest the fol-
lowing three-step algorithm for testing in a cointegrated system

Step 1 Obtain consistent estimates@&ndg by running a reduced rank regression in
the usual way on the system

k—1

Ay, = aB'yi1 + 2 AfAYj + BX + &
=1

Step 2 Using the estimateg from step 1 transform the system by premultiplying by
H' = (B,B.) and calculate

Yo = H'Ye = [(B'Y)(Biy)' 1" = [Yie Yael -

Run detrending regressions based on the quasi-differenggs @6r some appro-
priatec) as in

Yt 1:1 0 Xt )
= . + residual
AgYar 0 I, AcX;

Construct the detrended time series and transform both back to original coordinates
as follows

Vi =Y — X,

Step 3Reestimater, 8 by running a new reduced rank regression on the detrended data
Vi, namely
k—1
AVe=aB' i1+ X DAY + &

i=1

and calculate the likelihood rati®.R) test statistic

LR.= -T 3 In(1— X)). (15)
i=r+1

Remark 9 When a preliminary estimate of the cointegrating vector is pysed
the estimation error frong figures in the transformed data as we rotate the co-
ordinate systemAs a resultthe asymptotic validity of the LR test statistic in the
preceding algorithm depends on the magnitude of the error term and the form of
the deterministic trendBecause the reduced rank regression estimate of the co-
integrating vector converges at the raidor the leading cases of a constant term
(% = y) and a linear trendx,; = yo + y1t), it can be verified that the detrended
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datay; in the preceding three-step procedure have the same limiting behavior
given by Theorem 2and the likelihood ratio test statistidR. (15) has the same
asymptotic distribution as that given in Theorem\3roof of this result is given

in Section 8

Remark 10 Obviously this procedure could be iterated further in the hope of
some finite sample advantage

5. ADDITIONAL ISSUES ON INITIALIZATION

We assumed in previous sections that the initial valuag lofve finite variance
and areO,(1) asT — oo. However in nonstationary models when the initial
conditions are allowed to go into the remote pasis no longer holdsand in-
formation on the initial condition plays a role in the limit distributiofiie fol-
lowing construction for the initial conditions of the nonstationary part allows for
this possibility and is used in Canjels and Wat$©897) and Phillips and Lee
(1996:

[07]
Y20 = _20 Ka(L)e.

iz

The variancey,g is determined by the new “remote past” initialization param-

eterd. Wheng = 0, y,o = O,(1), whereas fob > 0, y,o= O,(VT). To make this
initial condition consistent with the structure of the model described in Section 2
we transform to original coordinates using

[oT]

Yo = BKi(L)eo + B, KZ(L)'EO e_j. (16)

In stationary directionsthe initial conditions do not influence the asymptotic
theory so these initializations can be ignored here

Initial conditions of this type change the limit distributions of our test statis-
tics in two ways First, they change the limit o ~*?y%,;. Second and more
importantly they can affect the asymptotic properties of the trend coefficient
estimatort.

When the initial condition is given bgl6), under the null hypothesid,, we
have

Y& = Hy? = Byi + BL Y3
[6T] t
= BKy(L)e + B, Kz(L)[ >ei+ 8]:|-
i=0 j=0

Thus

[6T] (1]
T Y2y5 = BLKa(L) {Tl/z e +T V2 sj] +0,(1)
i—o

i=0

= B*(0) + B(r),
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where

B*(6) = BL(alIT"B,) "a] BI(0),
B(r) = Bu(alI1"B,) *ai B.(r),

BX(6) = AV2W"(0),

B.(r) = AY2W(r).

Here W*(0) andW(r) are independent standard Brownian motions

The effect of the new initial values on the estimated trend coefficients depends
on both the form of deterministic trend and the type of estimation procedure
employedWithout loss of generalitywe will study the case of a linear tremg=
(1, t) here to illustrate how initial conditions and different estimators can affect
the asymptotic result$n this caseD = diag(1, T 1), F = TD = diag(T, 1), and
then

DX — (L) = X(r),
FACX[Tr] - (_C,l - Cr), = Xc(r).
Partition the coefficient matriX as
Y11 VY12

r= ,

(721 722)
so that
Yir = Y11+ vt + Y5 = TiX + Yoo,

Yor = Y21+ vaol + Y5 = X + 3.

As in Canjels and Watsof1997), we consider the following four estimators for
I'. Because the estimate Bfin all of these procedures is the same OLS estimate
we focus our discussion on the estimatiompfThe estimate off, are as follows

E1 OLS estimation of>:
Yoo = BPSx +ys,  t=12...T.
E2. Cochrane-Orcuit1949 GLS estimation of>:
AcYor = TFOAX + Acys,,  t=2,...,T.
E3. QD estimation including the levels information in the first observation
Yor = I5255% + y5y,

Acyor = TPSAX + Acys:,  t=2,...T.
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E4. Prais—Winsteri1954 estimation off%:
(8Y21) = TTM(6x,) +error,  t=1,
Acyor = TEWAcX +error,  t=2,...,T,
wheres2=1—(1+¢/T)2=2|¢|/T+o(T1).

The limit distributions of the preceding estimators are given in the following
theorem

THEOREM 4

1 1 -1

T’l/z(szLs—Fz)D’lﬁﬂif (B(6)" + B(r))X(r)'[f X(r)X(r)’} ;
0 0

1 -1

Tl/z(fzco—Fz)DlﬁBifo dBc(r)XC(r)’[JOXc(r)xc(r)’:| ;

1
T V(Y -T,)D ' = {(2|C Ko(1)BZ(6), 0) + Bif dBc(f)Xc(f)'}
0

2le] 0 1 1
X |:< 0 0> +J;) XC(I’)XC(F) :| .

1
T‘l/z(fZGLS—FZ)D‘1:(Kz(l)BZ(H), K2(1)B(6) + B f dBc<r><1—Cr>>
0

Wheno > 0,

1 1-c+¢c%2 -1
X

0 [1-(1-0)%]/(30)
Wheno = 0,

~ 3c !
(55— 1) = (y Taooh f dB(r)(1 - cr>>,

where G= diag(1, T ¥?).

Remark 11 In all of these casedhe estimator for the intercept terg, is
inconsistentln most of the casegshe estimator of,, is of orderT ¥/2, However
for the estimation procedurg&3), when there is finite variangéhe rate of di-
vergence in the estimator @f; is lower than that of the other estimators and we
have to use another scaling mat@xAs a resultthe variance of,, in this case
is lower than that of the other cases

Remark 12 The invertibility of [ X X{ depends o not equaling 0 because
the constant term and the coefficient of the linear treade unidentified when
¢=0.Forvalues ot close to zergpthe trend coefficients will be poorly estimated
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Remark 13 The limit distribution of the Cochrane—Orcutt GLS estimator is
invariant to initial conditions because the estimator ignores the levels informa-
tion of the first observatiarConsequentlythe asymptotics for ©© are the same
as those obtained in Section Bhe effect of the initial condition on the tests
comes from the limit off ~*/2y%;;. Specifically

T Y290 = T Y2y — TYA(T = I)Xpr
1

= B*(6) + B(r) —fo dBc(S)Xc(S)’UO XC(S)XC(S)’} X(r)

= B;(r), say

and the test statistic for the null hypothesk against H,, namely
—T>,+1In(1— X)), is asymptotically distributed as the trace statistic from the
following determinantal equation

-0, (17)

1 1 1
‘A f W (W (1) — f W (1) AW (1) f AW (F) W (1)

whereW; (r) = W*() +W(r) — fo dWL(S)Xe(S)' [ [ Xe(S)Xe(S) 171X (r).

Remark 14 The limit distribution of the trend coefficient estimatdg3) is
dependent on the initial observatiorhe initial condition affects the distribu-
tion of the test statistic through boflf; andT. As a resulf the test statistic
—T>",+1In(1 — };) is asymptotically distributed as the trace statistic from
the following determinantal equation

=0, (18)

1 1 1
‘A f W (W () — f Wi () W () f AW (1 W ()

where W;*(r) = W*(6) + W(r) — [W*(0)h' + [5dW(s)Xc(s)'] X
[f3 Xe(8)Xe(s)' 172X (r) andhiis a vector dependent on the first observation

Remark 15 When# = 0, our results reduce to the case@f(1) initial obser-
vations W;'(r), W, ™(r) reduce toW(r), and the limits are the same as those
obtained in Section.4

6. MONTE CARLO RESULTS

Asmall Monte Carlo experiment was conducted to evaluate the efficient detrend-
ing procedures on tests for cointegration and to provide a comparison of the QD
detrended tests with the OLS detrended fEs¢ data generating proces$B&P’s)

are

Yit = pYrt-1 Tt €1,

Yor = 0.2y1¢ 1 + &5,
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whereeq, ande,, are bothii.d. N(0,1) variates and are independent of each other
The sample size consideredlis= 100, andp = 1 + ¢/T. The null hypothesis is
Ho : there is one cointegration vectae., there is one unit root in the systeirhe
alternative considered herehk : there is one root local to unity

We consider the following detrending procedures

1. OLS detrending
2. QD detrending with a choice @f= —7.5, and
3. QD detrending with a choice @f= —135.

These values of were chosen because in tests for a unit rdac values for
which local asymptotic power is 50% are approximately3.5 for the case with
alinear trend and-7 for the demeaned cadeeaders are referred to Elliot et al
(1999 for further discussion on this matter

Two kinds of deterministic trends were considered

Case 1x; =t, and
Case 2x; = (L t)".

About generating the random variables and calculating the test stapisécslo-
random normal variates are generated using the GAUSS subroutine RidN
trace statistit. R. is calculated using COINT.Q, the software developed for unit
root and cointegration testiri@uliaris and Phillips1994. The power of the LR
test based on these detrending procedures is exanTihedinite sample critical
values of the tests are calculated from simulations based @90 0eplications
(Table 1. We also calculated the approximated critical values for the asymptotic
distribution based on a Monte Carlo simulation using Gaussian random variates
andT = 400(Table 2. Table 3 reports the empirical size of these tests using the
critical values given in Table.2ZTo compare the power of different testse
calculated the size corrected powiez., the Monte Carlo rejection rates when the
actual 5% critical value computed for that model is used to calculate the rejec-
tions Table 4 reports the empirical power of the cointegration tests for Case 1
and Table 5 reports the corresponding results for Cakégres 1 and 2 depict
the power functions

For the time series considered hettege efficient detrending procedures per-
form reasonably wellAlthough the relative performance of different detrend-

TaBLE 1. Finite sample critical valugsize= 5%

Case 1x; =t Case 2x; = (1, 1)
OLS detrended test .830238 11580656
QD detrended test = —7.5 8157201 84625046
QD detrended test = —135 8.259264 89291147
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TaBLE 2. (Approximated asymptotic critical valugsize= 5%

Case 1x =t Case 2x; = (L t)
OLS detrended test .9738310 11745856
QD detrended test = —7.5 8.0059878 6076413
QD detrended tes€ = —135 7.9915987 1688673

ing procedures depends on the distributional form of the prooes® efficiency
gain is generally achieved in Casgvehich is consistent with the Monte Carlo
results in unit root test&\n explanation of this phenomenon in unit root testing
is given by Phillips and Le€1996. A choice of ¢ value around—135 has
been found in simulations to be a generally good default chaibereas choices
of ¢ closer to O provide less favorable resulBne of the reasons for this phe-
nomenon is that the constant term and the coefficient of the tranel uniden-
tified whenc¢ = 0, as discussed earlieks a resultfor ¢ close to Qthe inverse
matrix [ [ X X:] 71 is unstable and the trend coefficients are poorly estimated

7. CONCLUSION

This paper analyzes efficient detrending procedures in cointegrated time series
regressionTests for cointegration based on these detrending procedures are de-
veloped and the limit distributions of these new tests are deriBame limited
Monte Carlo evidence indicates that the efficient detrending procedures and the
efficiently detrended tests for cointegration perform reasonably well in finite
samples

Because the directions of nonstationarity and stationarity are usually not known
a priori in multivariate time seriesome preliminary estimation and transforma-
tion of the system need to be performed before detrending LR test statistics
which are constructed from a reduced rank regression with the detrendeardata
functions of certain eigenvalues of the product moment matrices corresponding
to the smallest squared canonical correlatidiee asymptotics of these tests are

TaBLE 3. Empirical size of the tests

Case 1x; =t Case 2x; = (1, 1)
OLS detrended test .0562 Q0422
QD detrended test = —7.5 0.0540 Q0276
QD detrended test = —135 0.0568 00213
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TaBLE 4. Power of tests for cointegratio@ase 1x; =t

QD detrending QD detrending

Truep OLS detrending c=-75 c=-135
1 0.05 005 005
0.975 Q0647 00646 00652
0.95 0108 Q01081 01089
0.925 Q18 0181 Q1819
0.9 0.2867 02884 02884
0.875 Q04148 04161 04156
0.85 05467 05475 05485
0.825 06733 06714 06743
0.8 0.7785 Q7796 Q7782
0.775 Q08606 08586 08614
0.75 09122 09104 09138
0.725 09491 Q9467 09493
0.7 0.9709 09683 Q9712

generally dependent on the specific directions in which the QD is perfqramed

the cancellation of nuisance parameters in the limit distributions depends cru-
cially on the asymptotic behavior of these product moment matrices of the de-
trended dataCertain relationships among the limiting product moment matrices
have been verified in this paper to validate these tests for cointegration

TaBLE 5. Power of tests for cointegratio@ase 2x; = (1, t)’

QD detrending QD detrending

Truep OLS detrending c=-75 c=—135
1 0.05 005 005
0.975 Q0594 00624 00647
0.95 00859 01036 01073
0.925 Q1244 01679 01732
0.9 0.1834 02573 02653
0.875 02596 03589 03719
0.85 03523 04641 04797
0.825 Q04493 05674 05863
0.8 0.5545 06598 06868
0.775 06533 Q7359 Q7697
0.75 07434 Q7965 08324
0.725 08159 08456 08854
0.7 0.8697 08796 09204
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Ficure 1. Empirical power of tests for cointegratiptmend= t.
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i OLS Detrending
«e=++  GLS Detrending, c=-7.5
=~ ~— GLS Detrending, C=-13.5
0 8 12 16 20 24 28 32
—c (True ¢)

When the initial observation has variance that grows with the samplgtbeze
initial value plays a role in the asymptotic theory of the estimate of the trend
coefficients and can influence the limit distribution of the test statistis s unit
root testsSome differences between models with and without intercepts are also
found in the analysisand again this extends earlier findings on unit root tests
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FiGure 2. Empirical power of tests for cointegratiptnend= (1, t).
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8. PROOF OF THEOREMS
8.1. Proof of Theorem 1
T Y2980 = T 2yimg = T ¥2I%1y
= T Y2y8, — T Y2(1" = T) X1

~ 1o ¥ 1 -t
=T Y2yfr - [; 2 X DH? > DX X{ D] DX(1r)
-1
= J(r) —ch(S)X(S)’[fX(S)X(S)’] X(r)

= Jo(n),
T Y2980 = T Y2y — T Y2T1g
= T2y = TV = Xy
= Til/zy[s'l'r] -T2~ )X — T V2B, (I - I2) X1

i . yio [ 2 N

AcYs: , 1 , -t
—Bi| > i AcXF ?ZFACXtACxtF DX

-1
= Jc(r) _de(S)XC(S)'|:JXC(S)XC(S)'] X(r)
= Je(r).

8.2. Proof of Theorem 2
Under the null hypothesi€ = 0,T ~%2yg,; = B(r). Notice that

V=Y~ Ix=ye— ([ = T)x = ys — B(Iy — T)x — Bu(T5 — [,
= Y& — BYyY X(X'X) ™% — By Acy? AcX(AX AX) X

and

[Tr] [Tr]

C r
T2 Ay =T V2 (Ay?— = yf_1> =B(r) - cf B(s) = Bc(r),
t=1 0

t=1
FACX[Tr] = l:AX[Tr] - CD)([Tr] - g(r) —cX(r) = Xc(r)~
By a similar argument to that in Theoremvie get

1

—1/2y — ! _ (s) . (s) o = B.
T 7Y =B(r) f dB:(s)Xc(s) Xe(s)Xe(9)" | X(r) = Be(r).
0 0
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To prove Theorem,3ve need some preliminary lemmas

8.3. Lemma 1

.
TN 58 5o
t=1

8.4. Proof of Lemma 1

Becauses; = g — (f‘ —TI)Ax + E}‘;lltbj(l: —T)AX; + aﬁ'(f‘ — )X 1, We
substitute it into the product and get the following representation

T
1 . -,
T E&‘tﬁ‘tﬂ
t=1

T T
=71 2 gely — (L —D)T7? 2 AXi {4
=1 t=1

T k—1 T
+af' (T —T)T 2> Xeaelsi + >, (T — r)<T1 > AXe s{+i>
t=1 i=1 t=1

.
— T2 g Ax{ (T —T) + (I — r)(T*l > AxtAx{H)(F -ry
t

=1

t' o k—1 o
—ap'(I" — r)(T*Extfle{ﬂ)(r ~T) = 3 & -T)

t i=1

X <T—12 AX,_j Ax{H)(l: -y

T
+ T exsia(l =T)Ba’ — (I —T)

t=1
x (T*l S ax x{M)(f ~T)Ba’

t

+ o (T ~ r><T*12xtflx(+ifl)<f ~TI)Ba’
t
1
+ 3 @ - r)(T-l > A% xgﬂfl)(r ~T)Ba’
T
[Tl > StAX{+i—j(1: - F)/(Dj,:|
t=1

.
(T — r)<T1 s AxtAx{Hj)(l: - F)’CIJJ-’}

t=1

t=1

k—1 T
+ af’ 2 [(1: - F)<T1 > thAXt’+ii>(f - F)’(DJ!]

k—1k—1 o T o
+ [cbe(r - r)(T—1 > Awax{ﬂ,-)(r - F)’cbj'} )

j=1¢=1 t=1
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It can be verified that all these terms go to zero in probabilityr as co. In
particularbecaus@ ¥2(T;, — I;)D 1= 0,(1) andTY2([,—L,)F =0 b(1), we
have

T‘12 £ 81 LO

t=1
. T
(I — lﬂ)<T_1 > Axts{H)
t=1

.
=[BTy —Ty) + B.(T,— F2)]<Tl > Axts{ﬂ) 50,
t=1
o T
af' (T —=D)T 1D X184

t=1

:043’,3(1:1_11)< 12Xt 18t+|>

=ap'B-T" 1/2(-|—1/2(F1 Fl)D

T
2 DX 181+1> 2 0,
t=1
T
24

P
Xt*]— 8t’+i> — 0’

)
<T1 D stAx{+i>(1: -1y 50,
(I - r)(T*l > AxtAx{ﬂ)(f —1)

2 cb,(r r)(
j=1

(BT —Ty) + B.(Ty— Q)](T*lEAxtAxt;i)

X [(Ty— )R’ + (T, —
B! (T ~ r)(T—l > xt_le(+i>(f -1y
t

= 0‘3,,3(1:1 - F1)<T_1 > Xt—1AX{+i>
T

)'Bi1-%0,

X [(Ty—T)B + (T, — )R] 50,

S @ (I - r)(T*l S Ax Ax{+i>(l: N
=1 t
i

t=1

T 2 &t Xt,+ifl(f‘ —T)'Ba’ 20
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(I - r)(T*l > Axtxwi,l)(f ~T)Ba’ %0,
t
op' (T — r)(T*1 > xtflx{ﬂfl)(r - T)Ba’
t

= af'B(Ty — 1"1)<T71 > Xt—lxt'ﬂ—l)(l:l —)'B'Ba’ 50,
T

k—1

S o (T - r)(T*Z AX,j x{ﬂ,j)(f —T)Ba’ 20,
=1 t

.
[ T 2 et AXiyi—1([ = T)'®f 50,

T

1

1

k—1 T
[r —F)<T L AXAXL i J)(r r)y®; | -0,

j=1 t=1

k—
S (i n(rg
j=1

k—1k—1 T
.21 ;l{q)f(r - r)<T_l ElAXt—e Axt/+ij>(r - F)’fbj/:| 2. [
J=1¢6= t=

Xi-1 AX{ i J>(F ryef | 50,

[ay

HM—|

and

Following Johansef1988, we define the matrices

$(j) = Var(AVAVL),  poo= E[AVAV{],
oz = E[AVZI],  wn=E[ZZ]], pp= 2 p(i),
i=1-j

M1

Mk—1,1

and use the following limits and notation

V=I1+aB8 -,

Zt’ = [Aytrfib (R 5Ayt’*k+1]’
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.
Moo= T 71> AY,-AY{ 5 koo,

t=1

.
Moz = T2 A%-Zi 5 oy,

t=1

-
M,, = T 2 Z-Z{ i> Mzzs
t=1

T 1
Mo =T 1D AV Vi1 = f dBe(r)Be(r)" + wo1,
t=1 0

T 1
My=T 1> Z V1= f dBc(r)Be(r)" | + pa,
0

t=1

.
My =T V1 Via= Op(T), B'M118 - B' 118,

t=1

! p !
My = Moz — 0= Koz
1
Mio = Més = w10 +f Be(r) dBe(r), 10 = MO1s
0

1
My, = My L |:af Bc(r) d,BC(r)/,---] + K1z, M1z = M%I.
0

Also

_ p _
S0 = Moo = Mo, M;* Myo — oo = Moz 77 20 = So0,
S1 = Mo1 — Mo, MMy,

1 1
= f dBe(r)Be(r)' + wor — poz itz | o + f dBs(r)Be(r)’
0 0

1
TS, =T 1My — M;;M;;'M,,) = f Be(r)Be(r)’,
0

B'SuB > B'311B,

S1B > (o1 — Borkzd i) B = So1B.

We have the following results for the product moment mattices
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8.5. Lemma 2
200 = af’ 210+ A,

2018 = aB’ 211

8.6. Proof of Lemmma 2

The proof of these two relationships uses the following limits

.
T %'XD=T1> &xD-0,
t=1
T

TlyfXD=T1Y y&xD 50,

t=1

.
T lAySAXF =T 1Y AySiax(F 50,
t=1

which hold becausgf; = K;(L) e andAys; = Ky(L) &;. [ |

8.7. Proof of Theorem 3

Under the null hypothesis
k—1

Ay, = aB'yi1 + D, ® Ay + Bx + &
i=1

For the QD detrended time serjéke following properties hotd

lim T~ 1EstAyt =0, i=12..k-1,

T—oo =1

I

3

_|

Iy
M-
e
s

lim T~ EstAyt— I|mT Estst A,

T—>ow T—>w =1 =1

lim T~ ZSth 1B=0.

T—>o

By an argument similar to that in Johang&@88,, it can be shown that the test
statistic—T X{L,.,In(1 — A;) depends on the limit in the eigenvalues of deter-
ministic equation
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1
,Bif Be(r)Be(r)B. — ﬂBiSlOai(aiAal)_laiS)lBL =0, (19)
0
and we can show that the are asymptotically uncorrelatédemma 1. Then
T
wlim o] S =wlim o[ T2 &V,
T—oo T—oo =1
1
= aJI_J dB.c(r)Be(r),
0

where ‘w lim” signifies the limit in weak convergence a8 — co. Thus(19)
simplifies as

1 1 1
Bif BeBeBL - Mﬂif Bc(r)ngc(r)'al(aiAai)’laif dB.o(r)Be(r)'B.
0 0 0

=0.
Because
(@] Aa;) "?a] B.g(r) = We(r),

deterministic equatiofil9) can be further simplified to

BifOchBc’& - Mﬁifo

where

1 1

Bc(r)dwc(r)’fo dWe(r)Be(r)'B.

9

Be(r) = Bi(ai ¥B,) Haf Aay)Y?

x[wm— fo dws)xas)'[ fo xcxe}xm]

= ﬁJ_(aJ,_ ‘I’Bl)il(aiAaJ_)l/z\LVc(r)-

Thus we have

ﬁiﬁl(ai\lfﬂl)_l(aiAaJ_)l/z
1 1 1
c c "= c d c ' d c c '
XUO\!,V(r)\LV(r) MJO\!,V(r) \LV(r)JO \!,V(r)\!,\/(r)]

X (ai/\al)l/z(ﬂiq’aﬂilﬁiﬁi) =0.
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The test statistic- TS, (1 — A;) = TS, 1 A, + 0,(1) is then asymptoti-
cally distributed as the sum of the eigenvalues of the equation

= 0. u

‘)\fo We(r)We(r)' _fo Wc(r)dWc(r)’L dWe(r) We(r)'

8.8. Proof of Remark 9

In the three-step algorithm suggested in Sectipwd may use a preliminary
estimate of the cointegrating vector in constructing the rotati@nobtain a
uniquely determined representative of the cointegrating vee®may use the
normalizationb’ = [I,,—Y] of B. As discussed in Phillip$1994 p. 76), this
normalization corresponds to the priori requirement that there $&teuctural
relations of a form that explicitly recognizes a subvector of full rank integrated
regressors and is sufficient for the unique determinatigh @ince the matrix of
cointegrating vectors is estimated from a first stage reduced rank regression
post estimation of can be accomplishednd it is showr(Phillips, 1991) thatY
converges t& at rateT. We may then reparameterize this estimator as

|
g=| . |0, +¥Y")2
B [_Y,‘|(r )

so that it is orthonormalizednd the corresponding estimator@fis

R Y A
BL= | (In—r + Y/Y)_l/z-
n—r

We then havg8 — 8 = O,(T %) andf, — B, = O,(T ~%). The transformed time
series are

Vi = B'Yt =B’y + (B —B)Yi=Yu Tt (,é —B)'V»
Yét = Bth =Bt (BJ_ B Y= Yor (EJ_ — B V.

Next, we run detrending regressions based on the quasi-differenggsasfin

y iy 0 X
ylf =" ) ") + residual
Ac Yo 0 I3/ \Acx

In the following analysiswe use the affix to signify the feasible versions of the
estimatorsFor examplel;* represents the estimatelpbased on the transformed
datay; using3, andT’; andT’, correspond to the infeasible version of them using
the true cointegrating vect@. Thus we have
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- :;{_yn +(B —B)’yt}x;][Extxt]
=_2ynx{][2xtx;] [( ~ B yx{}[gxtx{]’l
Fi+ (B—BY [Eytxt][gxtx] '

1

1:1 dl’
|:2 cy2tAcXt,]|:2AcXtActh]71
t t
l: (BL_,BL)’[EACYZtAcXt’:”:ZAcXtAcXt’:|71
t t

= l:2+ dz,

wheref1 andl:2 are the infeasible version &f.
The QD detrended data then have the following decomposition

Yo =Y~ I
=y, — (BT} + BLI3)x,
= Yo — (BTy + BLIo)% — [(B— BTy + (B — B Talx — (B + B )X,
= §—[(B = BT+ (B — BT2]% — (Bdy + Brdo)x,

whereyy is the infeasible QD detrended data

We need to show that ~¥2y{r; and T~ 2y have the same limit distribu-
tion. This will be so if

TY2[(B—B)T1+ (B — B Tal¥m = 0p(D), (20)
T-Y2(Bd, + B, dp) X7y = 0p(1). (21)
Notice that

T Y23d, X7, = T‘”Zé[(ﬁ —B) 2% X(]F X, Xt’: e
=TG-y [ S+ rxox{][; x| e
=Ty [ Sy || S| e

T VB(8 - BT [th K[| 2| e
=128 py [ S e || S|

+ T Y28(8 — B) TxXrm-
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The firstterm T~Y23(8 — B)' [Z: yex{ 1[Z x X{ 1~ Xcrs goes to zero a§ goes
to infinity. The order of magnitude of the second tefm 23(8 — B)' Txn,
is determined by the convergence rate dfand the form ofx,. Because
B — B =0,(T™1), whenx, = (L, t) is a linear trendT ~Y23(8 — B)' TXir =
O,(T™ 12y, (Whenthere|sdetermlnlstlccomtegrat;d)lme order of magnitude for
T-Y2B( — B)'Tx;1q is further reduced Thus

TY2Bd, X1y = 0p(1).
Similarly,
T Y28, d, Xt = 0p(1),
T Y23 - :B)rlx[Tr] 0p(1),

Til/z(,él - Bl)fZX[Tr] = 0p(1),
and(20) and(21) follow. u

NOTE

1. To simplify the presentation of our approacie proceed here as H (and hence3) were
known Later on in this sectignwe provide a feasible stepwise RRR procedure that utilizes prelim-
inary estimates o8 andH at this stage
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