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Abstract We present a sufficient condition for the existence of ergodic continuous

invariant measures (ECIMs) for continuous folding transformations. We apply this result
to prove the existence of ECIMs for general set expanding Markov transformations and
n-dimensional tent maps.

1. Introduction
Let X be a Hausdorff topological space. By a measure we mean any regular probabilistic
measure defined on the Boeelalgebra ofX.

Definition 1. We say that a transformatidh: X — X isfoldingif there exists a collection
of non-empty compact sets, ..., Ay C X such that

N N
U A; C ﬂ TA;. 1)
i=1 i=1

If, also, A1 N---N Ay = @, thenT is calledN-adic.

In 1979, Lasota and Pianigiard][ using Avez’'s R] method, proved that a continuous
2-adic transformation admits an ergodic continuous invariant measure (ECIM). Then,
in 1981, Rudnicki 7], with the help of the technique developed by Lasota and Yorke
[6], generalized this result to continuodsadic transformations. But the condition of
N-adicity for a given transformation (or one of its iterates) is usually more difficult to
check than the folding condition which does not require the compactigets., Ay to
be disjoint.

In this paper, we present a further generalization of that result: we prove that under
a mild condition, a folding transformation admits an ECIM. The idea of the proof is to
construct a new collection of compact subséfsc A; (i = 1,..., N) with respect to
which some iteratd? (p > 1) is N-adic.
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In 883 and 4, we apply our results to prove, respectively, the existence of ECIMs for
two general classes of folding transformations: set expanding Markov transformations
(satisfying certain mild conditions) on Hausdorff spaces and generatizohensional
tent maps. The set expanding condition is applied to sets rather than points and, as such,
is much milder than the pointwise expansion condition, which ensures the existence of an
absolutely continuous invariant measutg [

2. Main results
First, we present in the following theorem a special case of our sufficient condition for the
existence of an ECIM.

THEOREM1. LetT : X — X be a continuous folding transformation with respect to sets
A1, ..., Ay,andletB = A1N---NAy, B" =72, T *B. Suppose thaB” = @. Then
T admits an ECIM.

To prove this theorem, we need the following two lemmas.

LEMMA 1. A Borel-measurable transformatidh : X — X admits an ECIM if some
iterateT? (p > 1) admits an ECIM.

LEMMA 2. Given any mapping and any seté/, V:
@ fwnftvy=runy;
() fWUN\NV)D fWO)\ fV).

The proof of Lemma 1 is easy; see, for instancg, [The proof of Lemma 2 is
straightforward.

Proof of Theorem 1. Step Lonsider the nested sequence of sets,
BO>BNTBY>BNTBNT32B)> -,
with empty intersectioB”. SinceB is compact and” is continuous, all of these sets are
compact. Therefore, starting with one of them, all the subsequent sets are empty;, i.e.
m
Im>0: ()T *B=40. 2)
k=0

We shall show that the iteraf@t1 is N-adic with respect to the compact séls, . .., Dy
defined by

m
D; = ﬂT_kAi, Vi=1...,N.
k=0

Step 2.We prove that each; # @. Applying Lemma 2(aj» times and using the fact that
TA; D A;, we obtain,

T"D; = T"(AiNT YA, N -NT™A;) = A;i # 9, )

which implies thatD; # @.
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Step 3.We prove thatD1 N --- N Dy = @. Using (2), we get

N N m m N m N m
Api=T*a=TFra=1*Aai=(\T*B=0.
i=1 k=0 i=1 k=0

i=1k=0 k=0i=1
Step 4.We prove that condition (1) holds f@*1 and the set®1, ..., Dy, i.e. that

N N
b c( 1D
i=1 i=1
Indeed, from (3) and (1), we obtain forany; = 1,..., N,
T"D; = T(T™D;) =TA; > Aj D D;.

Thus, 7"*1 is an N-adic continuous transformation and, as such, admits an ECIM.

Hence, by Lemma 17’ also admits an ECIM. |
Definition 2. Let T : X — X be a transformation andls, ..., Ay be a collection of non-
empty compact sets iki. DenoteB = A1N---NAy andB" = 2, T—%B. We say that
a transformatiort is strict with respect tady, ..., Ay iff there exists a neighborhoad
(possibly, empty set) of the sgf’ such that

N o0

Jaie | 0. (4)

i=1 k=0

The following theorem is more general than Theorem 1, covering cases Whetef).

THEOREM2. LetT : X — X be a continuous transformation which is folding and strict
with respect to setd1, ..., Ay C X. ThenT admits an ECIM.

Proof. Step 1Let the setsB, B", O be as defined in Definition 2. Without loss of
generality, assume thét is open. Consider the nested sequence of sets:

B\OD>BNTB\O>BNTBNT?B)\O> -

with empty intersectiorB” \ O. SinceB is compactQ is open, and’ is continuous, it
follows that all the sets in the sequence are compact. Therefore, starting with one of them,
all the subsequent sets are empty, i.e.

m
EIsz:ﬂTkaCO. (5)
k=0

We shall show that the itera®” 1 is N-adic with respect to the compactséls, ..., Dy
(whereD; denotes the closure @;) defined by

m
Di:(ﬂTkAl)\(’)U, Vi=1,...,N,

k=0

whereOY = 2, T*O. Note that the seP" is not necessarily open and, for apy> 0,

]
TPoY = T'O Cc OV
k=p
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Step 2.We prove that eaclb; # . Applying Lemma 2(b), then Lemma 2(a) times,
and finally, the inclusiong A; > A; andT” 10" ¢ OV, we have

m
Tm+1Dl_ B Tm+1< m TkAi> \ Tm+1(/)U
k=0

N
=TAN\T"TIOY 5TA;\OY > <UA,-> \ OV, (6)
i=1

Together with assumption (4) of the theorem, it implies th&t-1D; # @, which in turn
impliesD; # @.

Step 3.We prove thatD; N --- N Dy = @. Using the obvious inclusiom; C
(Ni—o T7*A;) \ O together with (5), we have

k=0i=1
= <ﬁT—’<B> \O = 0.

k=0
Step 4.We show that condition (1) holds f@¥*+1 and the set®s, ..., Dy, i.e. that
N B N _
D c( 1D (7)
i=1 i=1

Indeed, from (6) we obtain forany,q =1, ..., N:

N
™D, > ( A,») \OY > A4,\0" > D,.
i=1
Next, since the seﬂ"m“Dp is the image of a compact set under a continuous
transformation, it is closed. Therefore, sirE&*1D, containsD,, it also containsD,,
which implies (7).
Thus, 71 is an N-adic continuous transformation and, as such, admits an ECIM.
Hence, by Lemma 17’ also admits an ECIM. O

3. Applications to Markov transformations
Let P = {A1, Ao, ..., Ay} be a collection of non-empty compact setsXn Given a
transformatior?” : X — X, define the adjacency maty = (m;;)1<; j<» in Which

1, ifT(A)DA;
mij = .
0, otherwise.

Possibly renumbering the setg, we can assume that the adjacency matrix is represented
in a normal block form,

M11 0 0

Mz1 M> 0
Mr = ) )

M1 Mo M
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where each blocks;; (i =1, ..., ), is eitherirreducible, or a ¥ 1 null matrix.

Definition 3. A real matrixM is calledprimitive (or ¢-primitive), if there exists an integer
¢ > 1 such that all entries o¥/¢ are strictly positive, i.eM* > 0.

PrROPOSITIONL. LetT : X — X be a continuous transformation. Suppose that the
adjacency matriMy has a primitive blockV;; (i =1, ..., s) of size at leas? x 2, such
that T is strict with respect to the sets #a which formM;;. ThenT admits an ECIM.

Proof. This follows easily from Theorem 2 and the obvious observation that an itEfate
is folding with respect to sets iR which form the¢-primitive block A;;. ]

Definition 4. A continuous transformatiofl : X — X is calledMarkov (with respect to
the collectionP) if, foranyi = 1,..., N,

TAn =4,
JEJi
where J; is a subset of1,2,..., N}. We say that a Markov transformatidn is set

expandingif each set/; consists of more than one element.
The following theorem is a consequence of Proposition 1.

THEOREM3. LetT : X — X be a set expanding Markov transformation with respect to
P. Suppose thal has a periodic point and is strict with respect to each subfamil@ of
which forms a block/;; (i = 1,...,s) of My. ThenT admits an ECIM.

4. Applications to n-dimensional tent maps
An n-dimensional analogué : [0,1]" — [0, 1]" of the one-dimensional tent map
¥ : [0, 1] — [0, 1] defined by

o o fx 1—x
Yp(x) = mln{zﬁ Tb}’ (8)

whereb € (0, 1) denotes the turning point, was studied 8. [It was proved that under
certain assumptions, the 2-dimensional njapreserves Lebesgue measure. We define the
mapy in a more general setting and show that it satisfies the conditions of Theorem 1 and,
therefore, admits ECIMs.

Definition 5. Let vy : [0, 1]* — (0, 1)" be a continuous map, which we shall refer to as a
spine map Define aspine tent mag : [0, 11" — [0, 1]" by

Xi 1-— Xi
Vi(x)" 1—yi(x)
whereyr = (Jr1, ..., ¥) andy = (Y1, ..., ).

Note that this definition coincides with (8), when= 1 andy, = v, = b. Obviously, a
spine tent mapy is continuous because each of its componénis continuous, being the
minimum of two continuous functions. It is also easy to see that any spinejmégids

&i(x)zmin{ } Vx €[0,1]"Vi=1,...,n,
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a covering of ther-dimensional cubg0, 1]" by 2" setsR, defined for each of its vertices
v € {0, 1}" as follows:

R,={xe[0,11"|Vi=1,...,n;x; <¥;ix)if v; =0andx; > v; (x) if v; = 1}.

Moreover, each s&k, is non-empty and closed, singes R, andR, is the preimage of the
closed subsdt-vy, 1—v1] x - - - X [—v,, 1 — v, ] under the continuous map— ¥ (x) —x
acting from[0, 1]"” to R”. Note that the intersection of all seRs is exactly the set of fixed
points of the spine map, i.e.

Ry ={x€[0,1]" | x = ¢¥(x)}. 9)
ve{0,1}"

It is easy to check that the restrictiomfzfto a setR, can be defined as follows:

~ vV — X; .
i = 0, V R V:l,..., . 10
NS e e " to)

PROPOSITION2. A spine tent ma is folding with respect to the sef, v € {0, 1}".

Proof. We need to prove that each s is mapped onto the entire cub@ 1]”. To this
end, let us fix any vertex € {0, 1}, any pointa € [0, 1]*, and show that there exists
x € R, such thaty/(x) = a. By (10), this is equivalent to the existence of a solution
x € [0, 1]" of the system of equations:

=q;, Yi=1,...,n. (11

Indeed, ifx is a solution of the system, it must satisfy the inequalities:

Vi — X
—— =
vi — ¥i(x)

which is equivalent ta € R,. Now rewrite the system (11) in the form:

1, Vvi=1,...,n,

xi =v; —ai(vi —v¥i(x)), Vi=1...,n

The set of solutions of this system clearly coincides with the set of fixed points of the

continuous transformation— v—a- (v—1¥(x)) acting from the cubgo, 1]" to itself. But

the existence of a fixed point of this transformation is guaranteed by Brouwer’s theorem
[4, p. 468], which states (in the extended form) that any continuous map from a compact
convex subset dR” to itself has a fixed point. This completes the proof. o

Thus, by Proposition 2, a spine tent mapelongs to the larger class of spine folding
maps associated with in the following sense.

Definition 6. We say that a continuous map: [0, 1]* — [0, 1]" is aspine folding map
associated with a spine mapif
0 ifx;=0,1

O Vvi=1...,n1t5kx) = :1 ) — 0 (2. wheret = (11, ..., T);
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(i) Vv e{0,1)"; Ry =[O, 1]".

ProPOSITION3. A spine folding map (and, in particular, a spine tent map) satisfies the
conditions of Theorem 1 and, therefore, admits an ECIM.

Proof. Since a spine folding mapassociated witly is folding with respect to the sef,,
it suffices to show thaBNt~1B = ¢ or, equivalentlyBNt B = ¢, whereB = MNyefo,1" Ry.
Letx € B. By (9), we havexr = ¢ (x), and therefore, by property (iy(x) = (1,...,1).
But B is the set of fixed points of and, as such, is entirely i®, 1)". Hence,r(x) ¢ B.
Thus,B N B = @, which is what we needed to show. |
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