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Abstract. We present a sufficient condition for the existence of ergodic continuous
invariant measures (ECIMs) for continuous folding transformations. We apply this result
to prove the existence of ECIMs for general set expanding Markov transformations and
n-dimensional tent maps.

1. Introduction
LetX be a Hausdorff topological space. By a measure we mean any regular probabilistic
measure defined on the Borelσ -algebra ofX.

Definition 1. We say that a transformationT : X→ X is folding if there exists a collection
of non-empty compact setsA1, . . . , AN ⊂ X such that

N⋃
i=1

Ai ⊂
N⋂
i=1

TAi. (1)

If, also,A1 ∩ · · · ∩ AN = ∅, thenT is calledN-adic.
In 1979, Lasota and Pianigiani [5], using Avez’s [2] method, proved that a continuous

2-adic transformation admits an ergodic continuous invariant measure (ECIM). Then,
in 1981, Rudnicki [7], with the help of the technique developed by Lasota and Yorke
[6], generalized this result to continuousN-adic transformations. But the condition of
N-adicity for a given transformation (or one of its iterates) is usually more difficult to
check than the folding condition which does not require the compact setsA1, . . . , AN to
be disjoint.

In this paper, we present a further generalization of that result: we prove that under
a mild condition, a folding transformation admits an ECIM. The idea of the proof is to
construct a new collection of compact subsetsA′i ⊂ Ai (i = 1, . . . , N) with respect to
which some iterateT p (p ≥ 1) isN-adic.
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In §§3 and 4, we apply our results to prove, respectively, the existence of ECIMs for
two general classes of folding transformations: set expanding Markov transformations
(satisfying certain mild conditions) on Hausdorff spaces and generalizedn-dimensional
tent maps. The set expanding condition is applied to sets rather than points and, as such,
is much milder than the pointwise expansion condition, which ensures the existence of an
absolutely continuous invariant measure [1].

2. Main results
First, we present in the following theorem a special case of our sufficient condition for the
existence of an ECIM.

THEOREM 1. LetT : X→ X be a continuous folding transformation with respect to sets
A1, . . . , AN , and letB = A1∩ · · · ∩AN ,B∩ =⋂∞k=0 T

−kB. Suppose thatB∩ = ∅. Then
T admits an ECIM.

To prove this theorem, we need the following two lemmas.

LEMMA 1. A Borel-measurable transformationT : X → X admits an ECIM if some
iterateT p (p ≥ 1) admits an ECIM.

LEMMA 2. Given any mappingf and any setsU,V :
(a) f (U ∩ f−1(V )) = f (U) ∩ V ;
(b) f (U \ V ) ⊃ f (U) \ f (V ).

The proof of Lemma 1 is easy; see, for instance, [5]. The proof of Lemma 2 is
straightforward.

Proof of Theorem 1. Step 1.Consider the nested sequence of sets,

B ⊃ (B ∩ T −1B) ⊃ (B ∩ T −1B ∩ T −2B) ⊃ · · · ,
with empty intersectionB∩. SinceB is compact andT is continuous, all of these sets are
compact. Therefore, starting with one of them, all the subsequent sets are empty, i.e.

∃m ≥ 0 :
m⋂
k=0

T −kB = ∅. (2)

We shall show that the iterateT m+1 isN-adic with respect to the compact setsD1, . . . ,DN

defined by

Di =
m⋂
k=0

T −kAi, ∀i = 1, . . . , N.

Step 2.We prove that eachDi 6= ∅. Applying Lemma 2(a)m times and using the fact that
TAi ⊃ Ai , we obtain,

T mDi = T m(Ai ∩ T −1Ai ∩ · · · ∩ T −mAi) = Ai 6= ∅, (3)

which implies thatDi 6= ∅.
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Step 3.We prove thatD1 ∩ · · · ∩DN = ∅. Using (2), we get

N⋂
i=1

Di =
N⋂
i=1

m⋂
k=0

T −kAi =
m⋂
k=0

N⋂
i=1

T −kAi =
m⋂
k=0

T −k
N⋂
i=1

Ai =
m⋂
k=0

T −kB = ∅.

Step 4.We prove that condition (1) holds forT m+1 and the setsD1, . . . ,DN , i.e. that

N⋃
i=1

Di ⊂
N⋂
i=1

T m+1Di.

Indeed, from (3) and (1), we obtain for anyi, j = 1, . . . , N ,

T m+1Di = T (T mDi) = T Ai ⊃ Aj ⊃ Dj .
Thus,T m+1 is anN-adic continuous transformation and, as such, admits an ECIM.

Hence, by Lemma 1,T also admits an ECIM. 2

Definition 2. Let T : X→ X be a transformation andA1, . . . , AN be a collection of non-
empty compact sets inX. DenoteB = A1∩· · ·∩AN andB∩ =⋂∞k=0 T

−kB. We say that
a transformationT is strict with respect toA1, . . . , AN iff there exists a neighborhoodO
(possibly, empty set) of the setB∩ such that

N⋃
i=1

Ai 6⊂
∞⋃
k=0

T kO. (4)

The following theorem is more general than Theorem 1, covering cases whereB∩ 6= ∅.
THEOREM 2. LetT : X → X be a continuous transformation which is folding and strict
with respect to setsA1, . . . , AN ⊂ X. ThenT admits an ECIM.

Proof. Step 1.Let the setsB, B∩, O be as defined in Definition 2. Without loss of
generality, assume thatO is open. Consider the nested sequence of sets:

B \O ⊃ (B ∩ T −1B) \O ⊃ (B ∩ T −1B ∩ T −2B) \O ⊃ · · ·
with empty intersectionB∩ \ O. SinceB is compact,O is open, andT is continuous, it
follows that all the sets in the sequence are compact. Therefore, starting with one of them,
all the subsequent sets are empty, i.e.

∃m ≥ 0 :
m⋂
k=0

T −kB ⊂ O. (5)

We shall show that the iterateT m+1 isN-adic with respect to the compact setsD̄1, . . . , D̄N

(whereD̄i denotes the closure ofDi) defined by

Di =
( m⋂
k=0

T −kAi
)
\O∪, ∀i = 1, . . . , N,

whereO∪ =⋃∞k=0 T
kO. Note that the setO∪ is not necessarily open and, for anyp ≥ 0,

T pO∪ =
∞⋃
k=p

T kO ⊂ O∪.
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Step 2.We prove that eachDi 6= ∅. Applying Lemma 2(b), then Lemma 2(a)m times,
and finally, the inclusionsT Ai ⊃ Ai andT m+1O∪ ⊂ O∪, we have

T m+1Di ⊃ T m+1
( m⋂
k=0

T −kAi
)
\ T m+1O∪

= TAi \ T m+1O∪ ⊃ TAi \O∪ ⊃
( N⋃
i=1

Ai

)
\O∪. (6)

Together with assumption (4) of the theorem, it implies thatT m+1Di 6= ∅, which in turn
impliesDi 6= ∅.
Step 3.We prove thatD̄1 ∩ · · · ∩ D̄N = ∅. Using the obvious inclusionD̄i ⊂(⋂m

k=0 T
−kAi

) \ O together with (5), we have

N⋂
i=1

D̄i ⊂
N⋂
i=1

(( m⋂
k=0

T −kAi
)
\O

)
=
( m⋂
k=0

N⋂
i=1

T −kAi
)
\O =

( m⋂
k=0

T −k
N⋂
i=1

Ai

)
\O

=
( m⋂
k=0

T −kB
)
\O = ∅.

Step 4.We show that condition (1) holds forT m+1 and the sets̄D1, . . . , D̄N , i.e. that
N⋃
i=1

D̄i ⊂
N⋂
i=1

T m+1D̄i . (7)

Indeed, from (6) we obtain for anyp, q = 1, . . . , N :

T m+1Dp ⊃
( N⋃
i=1

Ai

)
\O∪ ⊃ Aq \O∪ ⊃ Dq.

Next, since the setT m+1D̄p is the image of a compact set under a continuous
transformation, it is closed. Therefore, sinceT m+1D̄p containsDq , it also containsD̄q ,
which implies (7).

Thus,T m+1 is anN-adic continuous transformation and, as such, admits an ECIM.
Hence, by Lemma 1,T also admits an ECIM. 2

3. Applications to Markov transformations
Let P = {A1, A2, . . . , AN } be a collection of non-empty compact sets inX. Given a
transformationT : X→ X, define the adjacency matrixMT = (mij )1≤i,j≤n in which

mij =
{

1, if T (Ai) ⊃ Aj
0, otherwise.

Possibly renumbering the setsAi , we can assume that the adjacency matrix is represented
in a normal block form,

MT =


M11 0 . . . 0
M21 M22 . . . 0
...

... . . .
...

Ms1 Ms2 . . . Mss

 ,

https://doi.org/10.1017/S0143385700000031 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385700000031


Ergodic continuous invariant measures 51

where each blockMii (i = 1, . . . , s), is either irreducible, or a 1× 1 null matrix.

Definition 3. A real matrixM is calledprimitive (or`-primitive), if there exists an integer
` ≥ 1 such that all entries ofM` are strictly positive, i.e.M` > 0.

PROPOSITION1. Let T : X → X be a continuous transformation. Suppose that the
adjacency matrixMT has a primitive blockMii (i = 1, . . . , s) of size at least2× 2, such
thatT is strict with respect to the sets inP which formMii . ThenT admits an ECIM.

Proof. This follows easily from Theorem 2 and the obvious observation that an iterateT `

is folding with respect to sets inP which form thè -primitive blockMii . 2

Definition 4. A continuous transformationT : X → X is calledMarkov (with respect to
the collectionP) if, for any i = 1, . . . , N ,

T (Ai) =
⋃
j∈Ji

Aj ,

whereJi is a subset of{1,2, . . . , N}. We say that a Markov transformationT is set
expanding, if each setJi consists of more than one element.

The following theorem is a consequence of Proposition 1.

THEOREM 3. Let T : X → X be a set expanding Markov transformation with respect to
P . Suppose thatT has a periodic point and is strict with respect to each subfamily ofP
which forms a blockMii (i = 1, . . . , s) ofMT . ThenT admits an ECIM.

4. Applications to n-dimensional tent maps
An n-dimensional analoguêψ : [0,1]n → [0,1]n of the one-dimensional tent map
ψ̂b : [0,1] → [0,1] defined by

ψ̂b(x) = min

{
x

b
,

1− x
1− b

}
, (8)

whereb ∈ (0,1) denotes the turning point, was studied in [3]. It was proved that under
certain assumptions, the 2-dimensional mapψ̂ preserves Lebesgue measure. We define the
mapψ̂ in a more general setting and show that it satisfies the conditions of Theorem 1 and,
therefore, admits ECIMs.

Definition 5. Letψ : [0,1]n → (0,1)n be a continuous map, which we shall refer to as a
spine map. Define aspine tent map̂ψ : [0,1]n→ [0,1]n by

ψ̂i (x) = min

{
xi

ψi(x)
,

1− xi
1− ψi(x)

}
, ∀x ∈ [0,1]n ∀i = 1, . . . , n,

whereψ̂ = (ψ̂1, . . . , ψ̂n) andψ = (ψ1, . . . , ψn).

Note that this definition coincides with (8), whenn = 1 andψ = ψb ≡ b. Obviously, a
spine tent map̂ψ is continuous because each of its componentsψ̂i is continuous, being the
minimum of two continuous functions. It is also easy to see that any spine mapψ yields
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a covering of then-dimensional cube[0,1]n by 2n setsRv defined for each of its vertices
v ∈ {0,1}n as follows:

Rv = {x ∈ [0,1]n | ∀i = 1, . . . , n; xi ≤ ψi(x) if vi = 0 andxi ≥ ψi(x) if vi = 1}.
Moreover, each setRv is non-empty and closed, sincev ∈ Rv andRv is the preimage of the
closed subset[−v1,1−v1]×· · ·×[−vn,1−vn] under the continuous mapx 7→ ψ(x)−x
acting from[0,1]n toRn. Note that the intersection of all setsRv is exactly the set of fixed
points of the spine mapψ, i.e.⋂

v∈{0,1}n
Rv = {x ∈ [0,1]n | x = ψ(x)}. (9)

It is easy to check that the restriction ofψ̂ to a setRv can be defined as follows:

ψ̂i (x) = vi − xi
vi − ψi(x) , ∀x ∈ Rv ∀i = 1, . . . , n. (10)

PROPOSITION2. A spine tent map̂ψ is folding with respect to the setsRv , v ∈ {0,1}n.
Proof. We need to prove that each setRv is mapped onto the entire cube[0,1]n. To this
end, let us fix any vertexv ∈ {0,1}n, any pointa ∈ [0,1]n, and show that there exists
x ∈ Rv such thatψ̂(x) = a. By (10), this is equivalent to the existence of a solution
x ∈ [0,1]n of the system of equations:

vi − xi
vi − ψi(x) = ai, ∀i = 1, . . . , n. (11)

Indeed, ifx is a solution of the system, it must satisfy the inequalities:

vi − xi
vi − ψi(x) ≤ 1, ∀i = 1, . . . , n,

which is equivalent tox ∈ Rv . Now rewrite the system (11) in the form:

xi = vi − ai(vi − ψi(x)), ∀i = 1, . . . , n.

The set of solutions of this system clearly coincides with the set of fixed points of the
continuous transformationx 7→ v−a ·(v−ψ(x)) acting from the cube[0,1]n to itself. But
the existence of a fixed point of this transformation is guaranteed by Brouwer’s theorem
[4, p. 468], which states (in the extended form) that any continuous map from a compact
convex subset ofRn to itself has a fixed point. This completes the proof. 2

Thus, by Proposition 2, a spine tent mapψ̂ belongs to the larger class of spine folding
maps associated withψ in the following sense.

Definition 6. We say that a continuous mapτ : [0,1]n → [0,1]n is aspine folding map
associated with a spine mapψ if

(i) ∀i = 1, . . . , n; τi(x) =
{

0 if xi = 0,1

1 if xi = ψi(x),
whereτ = (τ1, . . . , τn);
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(ii) ∀v ∈ {0,1}n; τRv = [0,1]n.
PROPOSITION3. A spine folding map (and, in particular, a spine tent map) satisfies the
conditions of Theorem 1 and, therefore, admits an ECIM.

Proof. Since a spine folding mapτ associated withψ is folding with respect to the setsRv ,
it suffices to show thatB∩τ−1B = ∅ or, equivalently,B∩τB = ∅, whereB = ∩v∈{0,1}nRv .
Let x ∈ B. By (9), we havex = ψ(x), and therefore, by property (i),τ (x) = (1, . . . ,1).
But B is the set of fixed points ofψ and, as such, is entirely in(0,1)n. Hence,τ (x) /∈ B.
Thus,B ∩ τB = ∅, which is what we needed to show. 2
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