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Mathematical modelling of the microcirculatory haemodynamics in the retina is an
essential tool for understanding various diseases of the retina, yet remains challenging
due to the multiscale nature of the retinal vasculature and its coupling to surrounding
tissue. To address this, we develop a multiscale model that couples retinal vasculature
across scales with interstitial tissue. Our model combines the one-dimensional model
for arterioles and venules with the coupled Darcy equations for capillaries and tissue.
The model uses an analytic solution for the capillary—tissue coupled system that
provides a simple interpretation of the results along with much faster computation. The
analytic solution implies a dynamic coupling condition that links the capillary bed with
upstream arteriolar and downstream venular flows. The model is mathematically robust,
demonstrated through analysis of the solution’s truncation error and convergence. Its
predictive accuracy is validated against experimental data and other models, making
it useful in interpreting experimental results. Finally, the role of various parameters in
controlling retinal haemodynamics is explored.
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1. Introduction

The retina is a thin and multilayered neural tissue lining the back of the eye that plays
a crucial role in visual function. Its function depends sensitively on adequate blood
supply, as retinal haemodynamics helps sustain the metabolism that keeps the retina
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alive and functional (Kornfield & Newman 2015). Disruptions in the haemodynamics can
impair oxygen and nutrient delivery, contributing to various retinopathies such as diabetic
retinopathy (Kornfield & Newman 2015), glaucoma (Garhofer et al. 2004; Caprioli &
Coleman 2010; Ch’ng et al. 2021) and retinal vascular occlusion (Osborne et al. 2004).
Understanding retinal haemodynamics is thus essential for understanding the life of the
retina in health and disease.

Computational modelling serves as a crucial and powerful tool for exploring the retinal
haemodynamics, integrating physiological processes that are difficult to measure in vivo
(Siggers & Ethier 2012; Ruffini et al. 2024). Different models have been employed
in retinal haemodynamics and oxygenation. Lumped parameter zero-dimensional (0-D)
models, representing the vasculature as a hydraulic resistor circuit (Flores et al. 2016),
have helped to resolve the inconsistencies in clinical data (Guidoboni et al. 2014b). The
0-D lumped model is also exploited in the simulation of retinal circulation (Ganesan
et al. 2010; Fry et al. 2018). More complicated models, including a one-dimensional (1-D)
model, two-dimensional (2-D) model and three-dimensional (3-D) model, have been used
to reveal fundamental properties of oxygen transport in the retina (Liu et al. 2009; Causin
et al. 2016) as well as deal with properties of disease in specific patients (Malek et al.
2015; Rebhan et al. 2019; Julien et al. 2023; Tripathy et al. 2023). Existing models provide
valuable physiological and pathological insights, however, they focus on specific vascular
compartments, including simplifications such as constant capillary pressure or neglecting
interactions between capillaries and surrounding tissue. Consequently, very few existing
models combine the arterioles, venules, capillaries and tissue equally into a comprehensive
model. In other tissues, the general rule that all compartments interact with each other has
required a systematic structural analysis of flow (Eisenberg 2023), and the same should
hold true for the retina.

A central challenge in modelling the haemodynamics of retinal microcirculation stems
from intrinsic multiscale vasculature. Arteriolar and venular networks display hierarchical
tree-like branching (Julien et al. 2023), while capillaries form an interconnected mesh-like
structure (Fry et al. 2018; Shipley et al. 2019). Thus, retinal microcirculation inherently
constitutes a multiscale system, involving small-scale details of flow inside blood vessels
and also the large-scale layout of the blood vessels. These issues can be addressed
using existing methodologies for other organs or tissues, including tumour perfusion
(d’Esposito et al. 2018), transport in breast tissue (Fritz et al. 2022) and microcirculatory
haemodynamics (Shipley et al. 2019; Sweeney et al. 2024), where a continuum Darcy
model for capillary flow is typically coupled to arterial and venous trees via point sources.
Even with the point source approximation, the computation is challenging because the
Darcy model has to be solved simultaneously with arterial and venous flows (Qohar et al.
2021; Fritz et al. 2022). A novel alternative is to use the analytic solution for the capillary
flow, which expresses the pressure explicitly so that the Darcy model does not have to be
solved in the entire domain. The analytical solution provides significant physical insight
as well as much faster computation (d’Esposito et al. 2018; Shipley et al. 2019; Sweeney
et al. 2024). However, in current analytic methods the fluid exchange between capillaries
and tissue is treated approximately. They describe the coupling of capillaries between
surrounding tissues using a far-field boundary condition. While this serves as a reasonable
first step, it does not capture the local fluid exchange between these two components, and
a more realistic description should include such exchange.

Our work complements previous studies by developing a novel multiscale model that
fully couples retinal vasculature with interstitial tissue. Specifically, the flows in arterioles
and venules are described by a 1-D model (Julien ef al. 2023), while capillaries and
surrounding tissue are treated as two coupled porous media and the flow in them is
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described by the Darcy equation. The fluid exchange between the capillary and tissue is
modelled by the source/sink of the two Darcy equations, one for capillary (drainage) and
the other for the tissue (feed). Moreover, the vasculature is coupled as follows. Terminal
arterioles/venules in the superficial layer act as point sources/sinks in the capillary Darcy
equation, and the pressure difference between these vessels and the capillary network
is related to the flow rates at point sources/sinks by the effective resistors in the deep
layer, which provides the outlet/inlet boundary condition for the arteriolar/venular tree
in the superficial layer. What further distinguishes our modelling from others is the
analytic solution for the capillary—tissue system, which is derived on a finite domain with
physiological boundary conditions. We analyse the convergence and truncation error of the
analytical solution extensively to ensure its robustness and accuracy. The analysis of the
solution’s convergence also reveals some interesting properties, which might suggest a new
modelling methodology for other tissues. The model is validated against experimental data
and the results from existing models, and pulsatile pressures within arterioles and venules
are also simulated. Moreover, we demonstrate our model’s capability by exploring the
effects of parameter variations.

The rest of the paper is organised as follows. In §2 we describe the models for
vasculature and surrounding tissue, including the 1-D model for arterioles and venules,
the synthetic vascular network model and the continuum formulation for the capillary—
tissue system. In § 3, we derive the analytic solution of capillary—tissue coupled system,
and its convergence is analysed. In §4, the numerical methods for the proposed model
are described, and multiple simulations are performed to assess the model’s accuracy and
demonstrate its capability in § 5. The sensitivity of various parameters is explored in § 6.
Section 7 consists of the conclusion and discussion.

2. Models
2.1. Network-based simulation for arteriolar and venular trees

2.1.1. One-dimensional model

The 1-D model is widely adopted to describe the blood flow in the individual vessels of
arteriolar and venular networks. The networks exist in 3-D space but are often analysed in
a 2-D subset of 3-D space following the usual conventions of electric circuit theory. For
all time ¢ > 0, the flow within each vessel is characterised by the flow rate g (s, t) and the
cross-sectional area A(s, ) (Wang et al. 2016; Julien et al. 2023), along the axis s of the
vessel, and their evolutions are given by

94 99 _

at as ’

ag 0 (.q> Adp _ . @D
5*5("7)*;&— !

where @ is the coefficient (momentum flux correction factor) that describes the velocity
profile in each vessel (Miiller & Toro 2014), p is the pressure, p is the density of blood
and Cy is the friction term. The coefficient & is set as @ =4/3, which corresponds to
a parabolic velocity profile that is consistent with the experimental data in the retina
(Song et al. 2014; Kornfield & Newman 2015; Causin et al. 2016). The density is set as
p =1gcm™ from now on in this paper. The explicit form of friction term is given by
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(Audebert et al. 2017; Liu & Suito 2024)

— 8 a 1, for arterioles,
p A
Cr= 2.2)
Ang
— 8. |———, for venules,
Agp A

where n = n(r) is the apparent viscosity, modelled as a function of the vessel radius r to
account for the rheological properties of blood.

The fluid—structure interaction in the problem is captured by the following elastic model
(Miiller & Toro 2014; Liu & Suito 2024):

A ,31 A /32
P — Pext =K |:(A_0) - (A_0> :|, (2.3)

where p.y; is the exterior pressure, K is the rigidity, f; and B, are parameters depending
on the vessel wall behaviour and Ag is the neutral area of the vessel, which differs for
each vessel. The values of K, 1 and B, vary with the vessel position and its function. The
rigidity is

47\ 2En .
—————  for arterioles,
N

0

K= 2.4
1 732ER?
, for venules,

9 A3/2

0

where E is the Young’s modulus and # is the thickness of the vessel wall. The parameters
B1 and B, are given by

1/2, for arterioles,
pr= { 10, for venules, 25)
and
0, for arterioles,
Pr= { —3/2, for venules. (26)

The expression of K and values of 81 and §; for arterioles are mainly taken from previous
work on modelling of arteriolar circulation (Julien et al. 2023), while those for venules
are adopted from the model of veins in other tissues (Miiller & Toro 2014; Audebert
et al. 2017). The values of E for arterioles and venules are set to the same value as a
reasonable approximation (Julien et al. 2023). The wall thickness /& is proportional to
the vessel diameter, which is given by 4 = WLR x 2rg, where WLR is the wall-to-lumen
ratio and rg is the radius of neutral area Ag. For arterioles, the value of WLR is based
on experimental observations (Arichika et al. 2015), while for venules, a smaller value
is employed to account for their thinner walls. Values of parameters in 1-D model are
summarised in table 1.

The apparent viscosity of blood decreases strongly with the decreasing vessel radius
from approximately 150 to approximately 5 wm, then increases below 5 wm. This unique
rheological behaviour is the Fahraeus—Lindqvist effect. To characterise blood’s rheological
properties, we use an empirical relation developed by Pries ef al. that expresses viscosity
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Parameter Value References

Viscosity model
np 1.2¢cP Pries et al. (1994)
Secomb & Pries (2013)

Bappoo et al. (2017)

Elastic model

E 10°gcm™! 572 Julien et al. (2023)
Ferrara et al. (2021)
WLR 0.16 (arteriole) Arichika et al. (2015)

0.12 (venule) Ertop et al. (2023)

10P 16 mmHg Guidoboni et al. (2014b)

L-system

Diameter of CRA 165 + 15 pm Dorner et al. (2002)

Brown et al. (2024)

Hernandez et al. (2024)

Diameter of CRV 196 + 15 pm Riva et al. (1985)

& 366 Brown et al. (2024)

Vg 1 (dy > 50 pm) Brown et al. (2024)

0.8 (dy <50 wm)
y 2.1 (dy > 50 pm) Brown et al. (2024)

2 (dy =50 pm)

Structured tree model

& 23 Liu et al. (2009)
Julien et al. (2023)
Vg 0.8 Brown et al. (2024)
Liu et al. (2009)
y 2 Julien ez al. (2023)

Capillary—tissue coupled system

Meap Computed by the viscosity model Pries et al. (1994)
7 0.7 cP Estimated

R; 1.6cm Causin e al. (2016)
o 1 Truskey et al. (2009)
A 16 mmHg Morissette (1977)

Boundary conditions at CRA and CRV

Pin.cRA (steady) 62 mmHg Guidoboni et al. (2014b)

Pin,cRA (pulsatile) 45 — 77 mmHg Rebhan et al. (2019)
Guidoboni et al. (2014b)

Dout,CRV 16 mmHg Rebhan et al. (2019)

Causin et al. (2016)
Guidoboni et al. (2014a)

Table 1. Parameters for the haemodynamics in retinal microcirculation.

as a function of vessel radius (Pries et al. 1994; Secomb & Pries 2013; Bappoo et al. 2017)

r 2 r 2
o) =np | 1+ (15 — 1) (r—O.SS) (r—0.55> , @7

where r is the vessel radius (in unit wm), 7, is the viscosity of plasma set as
np = 0.012 Poise and 745 is the relative apparent blood viscosity for discharge haematocrit

1042 A13-5



https://doi.org/10.1017/jfm.2026.11820

https://doi.org/10.1017/jfm.2026.11820 Published online by Cambridge University Press

C. Lin, Z. Song, R.S. Eisenberg, S. Xu and H. Huang

of 0.45 given by
nas = 6.exp(—0.17r) + 3.2 — 2.44 exp [—0.06(2r)0'645]. 2.8)

Note that the 1-D model is adopted for superficial vessels, which are visible in fundus
images. As a result, the external pressure acting on the vessel walls is approximately the
intraocular pressure (IOP) (Kiel 2011), and thus in the 1-D model, external pressure is set
to pexr = IOP. A similar approximation is employed in previous work (Guidoboni et al.
2014b). Smaller vessels are distributed in the deep layer and invisible in fundus images,
which makes them difficult to distinguish clinically. The standard method is to model
these deep vessels as effective resistors that connect the superficial vascular trees to the
capillary bed. The synthetic vascular network model for both superficial and deep vessels
is described below.

2.1.2. Synthetic vascular network model

Next, we construct a network from individual vessels. We exploit a Lindenmayer system
(L-system) to generate synthetic arteriolar and venular trees in the superficial layer (Brown
et al. 2024). The vasculature begins with the central retinal artery (CRA) and central
retinal vein (CRV), which are perpendicular to the tissue at the centre of the optic disc.
Branches are added iteratively and asymmetrically to create bifurcations up to the fifth
generation, with lengths given by [, = &r,, where & is the length-to-radius ratio and r,
is the vessel radius. At each bifurcation boundary one mother vessel is connected to two
daughter vessels, and two branching angles 6;, and 64, are determined by (Zamir 2001;
Brown et al. 2024)

(14+v)*P +03 -1

) 29
2020+ )P 29

cos Oy, =

A+v)¥3+1 -0t
202(1 +v})?/3
where v, =rg,/rq, <1 is the asymmetry ratio, with radii r4, and rg, of two daughter

vessels, and normally distributed noise is added to branching angle values with a standard
deviation of 7 /36. The vessel radii follow an asymmetric branching relation

ry =Tyl (2.11)

, (2.10)

cos Oy, =

where 7 is the radius of the mother vessel and y is the junction exponent (Zamir 2001;
Brown et al. 2024). Given the radius of the root vessel rj; and the value of v,, radii of two
daughter vessels are determined by (Zamir 2001; Liu et al. 2009)

ray =1 +v)""ry, (2.12)

ray = va(1+0)) "y (2.13)

Generated vascular trees are shown in figure 1(a), where the arteriolar tree is displayed in
red and venular tree is displayed in blue. For comparison, a real retinal vasculature from the
DRIVE dataset (Staal et al. 2004) and its manual segmentation are shown in figures 1(b)
and 1(c), respectively.

Arterioles and venules in deep layer are constructed using a structured tree model to set
the resistive boundary condition for the vascular trees in the superficial layer (Liu et al.
2009; Malek et al. 2015; Julien et al. 2023). This boundary condition is defined by the
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(a) (b)

Figure 1. Synthetic and real retinal vasculature. (a) The arteriolar (red) and venular (blue) trees in retinal tissue
generated using an L-system. (b) Fundus image from the DRIVE dataset (Staal ez al. 2004). (¢) The manually
segmented retinal vasculature for (b). Arterioles and venules are displayed in red and blue, respectively. The
green denotes pixels classified as both arteriole and venule and the white denotes the uncertain segment.

Poiseuille equation for steady, viscous flow, which describes the relation between flow and
pressure, given by

Pup — Pdown = Rq, (2.14)

where p,, and pgow, are the upstream and downstream pressures, R is the resistance and
q is flow rate.

In the structured tree model deep vessels grow from terminal superficial vessels until
their radii are decreased to r = 6 wm, which is the characteristic radius of the capillary
(J6zsa et al. 2021; Fritz et al. 2022), and the branching is performed similarly to that in the
L-system (Julien et al. 2023). The radius of vessel r, is computed using (2.12) or (2.13),
while the length is given by /,, = &r,. Given the radius and length, the resistance of a single
vessel is given by

Ry = Skl (2.15)

4
Try

where the viscosity 7 is computed using Pries et al.’s model. Then the equivalent
resistance of the root vessel in a structured tree is calculated recursively for the resistive
boundary condition. For a vessel M with its own resistance Ry, and its daughter vessels
with resistances Ry, ¢q and Ry, .4, the total equivalent resistance is

RM,eq =Ry + Rd,eq, (216)

where
1 1 1

= . 2.17)
Rd,eq Rdl eq Rdg,eq

2.2. Continuum formulation for the capillary network and surrounding tissue

2.2.1. Physiological basis and modelling simplification

In our model we treat the retina as a porous medium, given its composition of cells, fibres
and interstitial space filled with a fluid. The capillary bed forms multiple interconnected
plexuses: the superficial, intermediate and deep plexuses, rather than a collection of a few
discrete, isolated branches. These plexuses are densely distributed in the neural tissue, and
they are compressed into a single porous medium so that the essential haemodynamics
could be effectively described. Given bidirectional fluid exchange between capillaries and
surrounding tissue, these two systems should be combined in the same way that electrical
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systems are combined in electrical models of syncytial tissue (Eisenberg 2023). We thus
model the capillary bed and surrounding tissue as interacting porous media.

2.2.2. Capillary-tissue coupled system

The flow in both the capillary bed and surrounding tissue is modelled as a Darcy flow
(Shipley et al. 2019; Qohar et al. 2021; Fritz et al. 2022; Sweeney et al. 2024). The Darcy
flux of capillaries g, i.. volumetric flow rate per unit area (in unit cm s71), is given by

1 .
Ucap = —M—kwp *Vpeap in §24, (2.18)

cap

where k.qp is the permeability tensor (in unit pwm?2), Weap 18 the viscosity of blood and
Peap 18 the pressure of capillary network. Equation (2.18) states that the flow in capillaries
is mainly driven by the pressure gradient, which is consistent with flow characteristics
in retinal vasculature physiologically. The capillary network is assumed isotropic and
homogeneous (Vidotto et al. 2019; Qohar et al. 2021) such that the permeability tensor
is kcgp =keapl, where I is the identity matrix. Since the blood is incompressible,
conservation of mass yields

V. Ucap = vfcap in £, (2.19)

where V.4, is the source term (in unit s~h. Combining (2.18) and (2.19), the flow in
capillaries is characterised by the following equation:

kcap

V2 Peap =Veap(x) in 2. (2.20)
Mcap

The source term should combine three key components: arteriolar inflow, venular drainage

and the fluid exchange between capillaries and surrounding tissue, which is expressed as

1;/fcap(x) =Yac+ Vv — Yers (2.21)

where Y¥,., Y, and ¥ denote arteriolar inflow, venular drainage and fluid exchange
between capillaries and the tissue, respectively. The contributions of arteriolar and venular
trees are modelled as the summation of discrete point sources

N, cap

Vae () + Yoo () =D gad(x — xp), (222)

n=1

where N, is the total number of point sources, g, represents the flow rate of source/sink
at location x, and §(-) is the Dirac delta function. The fluid exchange between capillaries
and tissue is mainly determined by their hydrostatic and osmotic pressures. Using
Starling’s filtration principle, the fluid filtration rate is given by (Xu et al. 2018; Vidotto
et al. 2019; Fritz et al. 2022)

Ver(X) = Lp X § X [(Peap(X) = pr (%)) — @t (Teap(X) — 7(X))], (2.23)

where Lj is the hydraulic conductivity of the capillary wall, S is the capillary surface
area per unit volume of tissue, p; is the tissue pressure in retinal layers, ¢4, is the
capillary plasma osmotic pressure, 7; is the interstitial fluid osmotic pressure and o, is
the permeability of the capillary wall to proteins. Due to the tight junctions of the blood—
retinal barrier (BRB), the capillary wall is largely impermeable to plasma proteins, which
implies that o &~ 1 under normal physiological conditions (Truskey et al. 2009). For our
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model focusing on the haemodynamics, the osmotic pressure difference Amw = 7.4y — 71 18
treated as a constant. This is reasonable when the protein leakage is minimal and capillary
protein concentrations do not vary dramatically along the vascular network, consistent
with our continuum-scale averaging over capillaries. The source 1., can be written as

Vet (X) = Aexen X (pcap(x) — pi(x) —a,Am), (2.24)

where doxeny = Ly X S is the fluid exchange rate (in unit pm s gfl). Similarly, the tissue
pressure satisfies
k;

—M—Vzptm/fct, in £, (2.25)
t

where k; is the permeability for the interstitial fluid in tissue and pu; is the viscosity of
interstitial fluid in tissue. Note that active pumping of retinal pigment epithelium and
passive exchange with the vitreous chamber and choroid (Dvoriashyna er al. 2018; Ruffini
et al. 2024) are not included, since these mechanisms mainly regulate long-term fluid
homeostasis and baseline pressure, rather than the local pressure differences that drive
capillary—tissue exchange. Then the coupled system for capillary and interstitial fluid
pressure is given by

N,
k cap .
- Vzpmp = Z gnd(x —x,) — aexch(Pcap —pr—oa,Am) in £,
Her n=l (2.26)
ki 2 .
- I‘L_v Pt =Aexch(Peap — Pr — @y Am) in $2;.
t

Previous studies usually assume an idealised geometry of the tissue domain £2;, such as a
sphere (Siggers & Ethier 2012; Rebhan et al. 2019; Tripathy et al. 2023), a circular domain
with radial cuts (Ganesan et al. 2010; Fry et al. 2018) or an equivalent rectangle with the
same area (Causin et al. 2016), which is motivated by the spherical anatomy of the retina.
Following this precedent, we assume a circular domain of radius R; for the tissue.

2.2.3. Boundary conditions

We next specify the boundary conditions for capillary and tissue pressures.
Physiologically, blood does not flow across the boundary d£2;. Since the flux of blood
across the boundary is described by —(kcap/ ihcap) VPcap * 1, enforcing this flux to be zero
implies the following boundary condition for p¢4p

kcap
Meap

VDeap+n=0 on 08;. 2.27)

For the tissue pressure, since all fluid exchanges are included in the source, the flux
of interstitial fluid on the boundary is zero, and thus the boundary condition for tissue
pressure is given by

ki

——Vp,-n=0 on 0. (2.28)
1223
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Moreover, these two boundary conditions correspond to two fundamental conservation
laws. First, integrating the boundary condition for p; over d£2; yields

k k
/ __tht - nds :/ __lvzpldx :/ Olexch(pcap — pr —a,Am)dx =0,
052, 2 2

1223 223
(2.29)
which implies that

/ pcapdx:/ p:dx —{—ozr/ . (2.30)
§2; $2; 2; Amdx

This equality states the tissue fluid homeostasis, where the integrated capillary and
interstitial fluid pressures are balanced by the oncotic pressure difference, ensuring that
no pathological fluid accumulation occurs in the interstitium. Second, integrating the
boundary condition for p.q, implies

k
/ - Vpcap - nds =/ Klfcapdx
082,

/’Lcap t
N, cap

= Z qn — / O(exch(pcap — pr —ayAm)dx, (2.31)
n=1 £

thus the boundary condition that —(kcqp/ tcap) VPeap + B = O is satisfied only if Z;\’;”l” qn =

0, which states the conservation of mass.

2.3. Boundary conditions for vascular tree and multiscale coupling
It remains to specify the boundary conditions for the 1-D model, as well as the coupling
conditions at the interfaces where arterioles and venules connect to the capillaries.

The pressure boundary conditions are imposed at the CRA inlet and the CRV outlet.
While the pressure at the CRA could be constant or time-dependent, that at CRV outlet is
set to be constant. We denote the areas at the CRA inlet and the CRV outlet as A;;, cr4 and
Aout.cry, respectively. The area A;,, cra is determined by solving the equation

Ain CRA B Ain.CrA B2
Pin,CRA — Pext = K [(’Z—O) — ”;‘—0 , (2.32)

where pi, cra is the prescribed pressure at CRA inlet, and the corresponding flow rate
qin.cRA 1s obtained from the mass-conservation equation

dACrA | OqcrA

0. 2.33
dt as ( )

Similarly, the area A, cry is computed from

Aour,crv \ ! Aourcrv \ P2
Pout,CRV — Pext = K [(%) - % s (234)

where pour crv is the prescribed pressure at CRV outlet. At CRV outlet, constant pressure
implies a constant area A,,;.cry, and the mass-conservation equation then yields the
boundary condition that dg/ds = 0. The bifurcation boundary conditions are governed
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(a) (b)

Figure 2. Two different bifurcation boundaries.

by the following equations (Koppl & Helmig 2023):

qm — qd; — qa, =0,
pm — pa, =0,
pPm — pd, =0,
0Ay  dgqm
ot sy (2.35)
aAd] 3% -0
at  dsq,
A0, 0w _
ot 8Sd2

where the subscripts M, d; and d, denote the mother and two daughter vessels,
respectively. These conditions are identical for different shapes of bifurcation boundary,
as shown in figure 2.

The multiscale coupling between the vascular tree and capillary—tissue system is
imposed at source points x =x, with n=1, ..., Neg. In this work, source points are
uniformly distributed to ensure full perfusion of the tissue. These points correspond to the
positions where structured trees connect the superficial vessels to capillary bed, and the
flow within each structured tree is described by the Poiseuille equation (2.14). Specifically,
the pressure—flow relations for structured trees connected to superficial arterioles and
venules are given by

Pout,arteriole — pcap(xn) = Ra,eq (xn)Qna (236)

pcap(xi) — Pin,venule = _Rv,eq (xi)qi, (2.37)

respectively, where Ry ¢4 (x,) and R, .4(x;) are the equivalent resistances of structured
trees at x,, and x;, respectively, computed using (2.16), (2.17) and (2.15). The variables
Dout,arteriole a0d Pin venuie are outlet and inlet pressures of the terminal vessel in the
vascular tree, respectively, and g, is the flow rate at terminal arteriole outlet (or venule
inlet). The coupling conditions (2.36) and (2.37) are imposed using the analytic solution
for pcap, which is derived in the following section.

2.4. Summary of multiscale model

Arterioles and venules in the superficial layer of the retina are constructed using an
L-system, and the flow in them is described by the 1-D model (2.1). Smaller vessels
in the deep layer are generated using a structured tree model and treated as effective
resistors, providing resistive boundary conditions for the 1-D model. The superficial
arterioles and venules are coupled to capillaries through discrete point sources, with
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Point source
N o >0
\ Point sink >
)] »X
e

Deep vessels (effective resistors)

Interstitial tissue (Darcy flow)
Fluid exchange

\‘H’\_

Superficial vessels (1-D model)

Figure 3. Schematic of the multiscale model. The arteriolar and venular trees in the superficial layer and those
in the deep layer (vessels within dashed circles) are shown on the left, while the capillary bed and interstitial
tissue are depicted on the right. The flow in superficial vessels is described by the 1-D model, whereas the
flow in the capillary bed and interstitial tissue is modelled as the Darcy flow. The vessels in deep layer are
modelled as effective resistors to set the resistive boundary condition for the arteriolar/venular trees in the
superficial layer. The vasculature is coupled through the point sources (red circle) and sinks (blue cross) located
in capillary bed, and capillary continuum and interstitial tissue are coupled through fluid exchange, denoted by
orange and purple arrows.

the coupling imposed via the pressure—flow relations (2.36) and (2.37). The capillary
bed and surrounding tissue are modelled as interacting porous media, described by two
coupled continuum Darcy models (2.26). This multiscale model enables a comprehensive
description of retinal haemodynamics, from large feeding vessels to the capillary level,
including the fluid exchange between the vasculature and the interstitial tissue. A
schematic of the multiscale model is shown in figure 3.

3. Analytic solution for capillary-tissue coupled system
3.1. Solutions for capillary and tissue pressures

We denote the capillary and tissue conductivities as keqp = keap/Ihcap and k; = k¢ /ug,
respectively. With the transformed capillary pressure pcqp = peap — o Am, the coupled
system can be expressed as

Ncap
— KeapV? Peap = Z Gn8(x — X3) — dexch(Peap — P1)  in $24,
n=1 3.1
- Klvzpt = dexch(Peap — Pr)  In $2;,
which is subject to the following boundary conditions:
- Kcapvﬁcap -n=0 on 08,
3.2)

—«;Vp;en=0 on 0d82.

To solve the capillary—tissue coupled system, we begin by writing the equations in matrix
form

1

~ ~ 6 —

v [péfp}#[p;fph e Lo AP ) | (3:3)
0
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where the matrix C is given by

_I/Kcap 1/Kcap
C= . 34
Hexch |: 1/, —1/k, (3.4
The system is decoupled via the following transformation to new variables:
|:pmean] —T |:ﬁcapi|’ (3.5)
Pexch Dt

where pjean 1s the conductivity weighted average pressure, pey, is the exchange pressure
proportional to their difference and T is the transformation matrix given by

T=_ K [ ! "’/KC“”]. (3.6)
Keap + Kt 1 1

Using this transformation, the boundary conditions become

- Kcapvpmwn'”:() on 891’
(3.7)
— Kt VPexch n=0 on 082;.
The resulting decoupled system is then given by
pr
—v? = S(x —x in  £2,
Pmean = Keap + K1 Zl qnd( n) t
(3.8)
Ncap
- VZPexch + /12pexch = _Kcap s ng Gnd(x —x,) in £,

where 1 = \/aexch(l /Kcap + 1/k;) and the system is subject to the boundary conditions

Vomean +n=0 on 0d82, (3.9)
Vpexch +n=0 on 0982;.

Once the decoupled system is solved, the transformed capillary pressure and tissue
pressure can be obtained through the inverse transformation that

[ﬁcap] _ T_1 |:pmean:| _ |:pmean - (Kt/Kcap)pexch]’ (3.10)
Pt Pexch Pmean T Dexch
where T~! is the inverse transformation matrix given by
1 -
7! = [1 Kf{'(“"’] 3.11)

The capillary pressure could be obtained by adding the osmotic pressure difference to the
transformed capillary pressure

Peap = Peap + 0ty AT (3.12)

To solve the decoupled system, we construct the relevant Green’s functions. The Green’s
function fiean(x, x”) for pyeqn satisfies (Kim & Jackson 1993; Riley et al. 2006)

{vlzfmean(x7x/)=5(x—x/) in £,

V frean(®,x") -0’ =1/S  on 982 G139
mean ’ - %)
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where S =27R; is the length of the boundary d2,. For this Green’s function, an image
point source is added at x” € R? \ £2,, where x” = (R?/|x|*)x. The general solution for
Smean 1 then given by

1
Fmean(x, x) = > (log |x" — x|+ klog|x —x"| +¢), (3.14)

where k and c are the constants left to be determined. The normal derivative is computed as

1 x —x k(x'—x"7] x/
v/fmean(xa x/)’n/:_ .y
2w x|

|x/_x|2 |x/_x//|2

1 |:|x/|2—x-x/ klx'|*? —kx' - x"

|x/_x|2 |x/_x//|2

}, (3.15)

C 27X

and on the boundary 9£2;,, where |x’| = R, this expression simplifies to

V/fmean(xy x/)'n/: Ix’|2+k|x|2—(k+1)x’-x]. (316)

1
27R; |x' — x|? [
We can obtain the Green’s function fy.,, and the mean pressure by enforcing the
boundary condition in problem (3.13) to solve for k. The computation of coefficients in
fimean and the derivation of py,e., are provided in Appendix A. The mean pressure pjean
is given by

1 Neap
Pmean(X) = ———— Z qn fmean(X, Xn) + Pmean, (3.17)
Keap + Kt 1

where the boundary average Peqn 1S given by

1
Pmean = E /89 pmean(x/)ds/- (318)

We write the variable pyeq, in polar coordinates as

N,
1 cap
Pmean(r, 0) = ———— Z qn fmean(t; 05 Tu, Op) + Pmean, (3.19)
Kcap + Kt —r

where r;, and 6, are radial and polar coordinates for the source point x,,, respectively, and
the function fean(r, 0; 1y, 6,) is given by

1
Smean(r, 05 ry, 6y) = E log (V,z +i"2 — 2r,r cos(6, — 9))

1 , R} R?
+ —log|r, +— —2r,— cos(6, —0) |. (3.20)
47 r2 r

Figure 4 displays fean as a function of r/R; for r, =0.19R; and 6, =2z /3. Different
colours correspond to different values of 6. All curves diverge as r — 0, and when 6 is
close to 0y, finean develops an increasingly sharp peak at » = r,,, as shown by blue, orange
and red curves, which is the second logarithmic singularity. When r — R;, fiean tends to
finite values that depend on 6.
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—0=030,
— 0=0.90,
6=0.996
0.5 f "o
N — 6=1.060,
§ —0=1.60,
<
O . 4
0.5t ‘ ‘ ‘ ‘ ]
0 0.2 0.4 0.6 0.8 1.0

r/R;

Figure 4. Behaviour of f,;.qn, on r/ R, for a single source at (r,,, 6,) = (0.19R;, 27r/3). Different colours
correspond to various values of 6.

When implementing the solution for pj,eqn, the conservation of mass should be enforced
explicitly, which is given by

N, cap

0=3" g (3.21)

That is, the total flow entering capillary bed from arteriolar tree equals to the total flow
drained into venules. This consistency condition could also be derived by integrating the
solution for pj,eq, over the boundary

N, cap

1 1
s Keap + Kt ’12:: n / Jmean(r, 03 7w, 00)dS + Pmean; (3.22)

pmean

which implies that

Nca
1 1 ”

O=—-——— f Smean(r, 05 1, Oy)ds. (3.23)

S Keap + ki o

This demonstrates that the total flow is balanced, with each g, weighted by its respective
boundary integral. In other words, the boundary integral quantifies how any local flow
source disturbs the averaged pressure. On the boundary 92;, where r = R;, the function
Jfmean simplifies to

1
Smean(Ry, 05 1y, Op) = E log(th + ry% — 2Ry cos(0 — 6,)). (3.24)
The boundary integral can be computed using the identity that (Gradshtein & Zwillinger
2015, 4.224.9)

a++a?>—b?

) , a>1b|>0. (3.25)

b
/ log(a + b cos 6)d0 = m log
0

Interestingly, evaluation of the boundary integral shows it is independent of the source
location

fmean(ra 0; ry, Bn)ds =2R; log R;. (326)
952
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Thus (3.23) can be simplified to (3.21). The identical value of boundary integral for each
source demonstrates that each connection to the larger vasculature, whether a feeding
arteriole or a draining venule, contributes equally to the balance, which is consistent with
the physiological situation that capillary plexus is highly interconnected.

The problem of the Green’s function fx, for pexcn is given by

vzfexch(x, xn)_/l2fexch(x: X)) =8(x —xy) in £, (3.27)
V fexen(x, Xp) - n =0 on 982, '
whose solution enables us to express pexch as
Ncap
1
Pexch(X) = ———— > Gu fexch(X, Xp). (3.28)
cap + K Kt n=1
In polar coordinates, the equation becomes
1o 0 fexch 1 azfexch 2 3(r —rp)d(0 —6y)
-2 — -2 = , 3.29
ror (r or ) rz 962 Fesch r (3:29)
and substituting the trial solution foxe, (7, 6; 1y, 6,) = R(r)©(0) leads to
d ([ OR 1 3°0@®
O (2R O _22=0 (3.30)
R(r) or or CIC L
as (r, 0) # (ry, 6,), which yields
6 +m?0 =0 (3.31)
— 4+m-e =0, .
de?

where periodicity in 8 (with period 2m) requires that m € Z and its solution is composed
of exp(im0) and exp(—im8). Together with the Fourier expansion of §(6 — 6,,) that

o0

50 —0)=5= Y explim@—0,)] (3.32)
n —E explim o1, .
m=—oo

we thus assume the solution is
- _
fexch(r, 05710, 00) = =— Y Ryn(r) explim(6 — 6,)], (3.33)
2 o

which yields the following eigenvalue problem:

1d ( dR 2 8(r —
—L (r ’"”) = (’% +/12> Ry = 20210, (3.34)

rdr dr r
Equation (3.34) is a modified Bessel equation and its general solution, constrained to be
finite at » = 0, is given by
Am,nlm(/lr)a r<ry,
mon (1) =

(3.35)
Bm,nlm(/lr)‘f‘cm,nl(m(/lr)a r>ry,

where 1,,,(Ar) and K, (Ar) are the modified Bessel functions of order m, and A, ,, By .n
as well as Cy, ,, are the coefficients left to determine, and a detailed computation for them
is provided in Appendix B. The radial component in (3.33) is given by

K, (AR;)

1" (AR,) Ln(Arl) — Kp (ﬂr>)], (3.36)

Rm,n(r) = Im(/er) |:
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with v =min(r, r,) and r? = max(r, r,). Plugging the expression of fey into (3.28)
with (3.36) yields

N, cap o0

1 .
Pexen(r, Q)ZWZ > @uRun(r) explim® —0,)1.  (3.37)

n=1]1 m=—0o0
With Green’s functions for mean and exchange pressures, we denote the modified

Green'’s functions for capillary and tissue pressures as

Kt

Gcap(r, 05 Ty On) = fimean(rs 05 rn, Oy) + Jexen(r, 05 rp, 6,), (3.38)

Kcap
G (r, 0510, 0n) = frnean(r, 05 10, On) — fexen(r, 05 1y, 60,), (3.39)

where the functions fyeqn and fexcn are given by (3.20) and (3.33), respectively, and the
pressures can then be expressed as

N, cap

1
pcap(ra 0)=———— Z QnGcap(rv 0; T, On) + Pmean + 0y AT, (3.40)
Keap + Kt —
Neap
1
pi(r.0)=—————">"GuG(r, 0: . 6n) + Prmcan- (3.41)
Keap + Kt el

3.2. Convergence of the series solution for exchange pressure

The solution for pey is constructed by superimposing the contributions from all source
points, where the kernel f,.., at each source is expressed as an infinite series (3.33). In
order to analyse its convergence, f.x., is decomposed into two components as

Sexeh = 51+ 52, (3.42)
where
1 = K' (AR
t .
51 = . Z Im(/lri)mlm(/lrﬁ) explim(0 — 6,)], (3.43)
m=—0o0 m
1 o0
== D In () Ko (Ar) explim (0 — 6,)]. (3.44)
m=—00

As discussed in Appendix C, the terms in 57 become negligible compared with those in s
for large m, which implies the following approximation for the radial component:

Ryn(r) > =Ly (Ar) K, (Arl), (3.45)

and as a result f,,, is effectively approximated by sp. The radial component depends
on the parameter A= \/aexch(l /Kcap +1/k1), and thus its value varies with oy, and
1/Kkeap + 1/K;. The accuracy of the approximation (3.45) is explored below for varying
texcn and fixed permeabilities.

Figure 5 displays the dependence of radial component on the order m, where circles
denote the exact values from (3.36) and lines represent the approximation (3.45).
Subfigures (a), (b), (c) and (d) show the results for exchange rate of oy =2 X 1079,
Coxch =2 % 1074, Qoren =2 % 1073 and appen =2 x 1072 jum s g_l, respectively. The
approximation (3.45) is nearly identical to the exact value across various values of the
radial variable, even yielding a good estimate at r = R;. These results demonstrate that
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Figure 5. Dependence of radial component R,, ,, on the order m for a source located at r,, = 0.19R;. Circles are
the exact values of radial component computed by (3.36), while lines denote the approximation (3.45). Results
are shown for four values of exchange rate: (a) otexen, =2 X 1073 wms g*', (b) dtoxen =2 X 10~4 wm s gfl, (¢)
Coxen =2 % 1073 pms g_1 and (d) dexen =2 x 1072 pms g_l. Other parameter values are k¢q, = 0.03 me2

and k; =2 x 10~* pum?. Different colours correspond to various values of the radial coordinate of the source.

the expression (3.45) provides an excellent estimate for the radial component despite
parameter variations, and thus the convergence of f,.., is equivalent to that of the series s5.
The convergence of s, can be established by the following relative ratio:

Km+1 (/lrg) Im—H (/U’Z)

& = . 3.46
m,m+1 Km(/lrg) Im(/lrﬁ) ( )
Using the inequalities that (Ruiz-Antolin & Segura 2016, Theorems 2 and 7)
1 1\
m4—+ [(m+=) 4 @r)?
Knt1(ar) 2 2
< , m>—1/2, (3.47)
K (Ar) Ar
I A A
1 () ! L om>—1/2, (3.48)
Ly (Ar) 1 1\2
m+ 5+ (m+§> + (Ar)?
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Figure 6. Dependence of relative ratio &£, ,,+1 on the order m for a source located at r, = 0.19R;. Solid lines
denote the values of relative ratio while dashed lines are the upper bound. Results are shown for four values of
exchange rate: (a) dexen =2 X 1073 pwms g_l, (D) doxen =2 x 1074 pm s g_l, (€) Coxen =2 x 1073 m s g_1
and (d) oexen =2 X 1072 wms gfl. Other parameter values are kcqp =0.03 umz and k, =2 x 107 umz.
Different colours correspond to various values of the radial coordinate of the source.

we obtain

1 1\2
m+§+ m+§ +(/lrﬁ)2

r
gm,m+1 < s (3.49)

m+ =+ <m+—> + ()2

AS

VI

2 2

thus for all r and sufficiently large m, the ratio satisfies

M <1 (3.50)

gm,m—i—l < = 1.
max{r, r,}

Figure 6 illustrates the dependence of relative ratio on the order m, where solid
lines represent the values of relative ratio and dashed lines are the upper bound
min{r, r,}/ max{r, r,}, and different colours correspond to various values of radial
coordinate. Subfigures (a) and (b) show the results for exchange rates of cexep, =2 X 1073
and dpxep =2 x 1074 pms g_l, respectively. When m increases, the relative ratio
approaches the upper bound and remains strictly below it for large m. Subfigure (c)
shows the result for an exchange rate of ooy, =2 X 1073 wms g_l, and the relative ratio
converges to upper bound and remains strictly below it, except at r =0.5R; and r = R;.
As the exchange rate becomes larger, as shown in figure 6(d), the convergence of relative
ratio toward the bound is slower, but the ratio is still less than 1.
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Figure 7. Behaviour of fe., on r/R, with r, =0.19R; and 6, =27 /3. Circles are results of the truncation

(3.33) with order M =26, while lines are the values of approximation (3.55). Different colours correspond
to various values of 6. Results are shown for three values of exchange rate: (a) dexen =2 X 1073 pms gfl,
(D) Aoxeh =2 X 10~* m s g_l, (€) Upxeh =2 X 103 pwms g_'. Other parameter values are k¢4, =0.03 umz

and k; =2 x 107% pm?.

Since s, can be expressed as

1 1 &
s3=—=—Io(r")Ko(Ar) — = > Ln(Ar?) K,y (Ar) cos[m(® — 6,)],  (3.51)
2 S

using (3.50) we obtain the following inequality:

1 >, ( min{r, r,}
521 = —lo(r) Ko (" )( Z (max{r rn}) ) (3.52)

and evaluating the series yields

1 " n. 1 +min{r, r,}/ max{r, r,}
Is2l = ;IO(M<)KO(/U>) 2 (1 — min{r, r,}/ max{r, r,})’ (3.53)

which implies the convergence of s,. Thus, fex, converges asymptotically, with the same
rate as sp. The series s» can be written in a more compact expression using the following
addition formula for modified Bessel functions:
oo
KoQ&) = > In(Ar") Ky () explim(0 — 6,)], (3.54)

m=—00

where &, = \/ r2 4+ r,% — 2rry cos(8 — 6,) is the distance between field point and source
point. This identity can be considered as the counterpart of Graf addition formula for
Bessel functions (Abramowitz & Stegun 2013), and is briefly proved in Appendix D. The
addition formula for modified Bessel functions implies that

1
Sexen(r, 0 1y, en):_ZKO(ASn)- (3.55)
Using the addition formula f,,., can be written as
f Lot + = 3 1 KnRD o exptim@ — 0,1, G.56)
- _ r)ex - . (3.
exch o 0\14sn o L I I/ (AR,) m > plim n

Figure 7 illustrates the behaviour of f,.., across r/R; for various values of parameters,
where circles denote the truncation of f,. with truncation order M =26 and lines
represent the free-space approximation (3.55). For three values of exchange rate, the
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free-space approximation agrees closely with the truncation across most of the domain.
However, for the curves with 6 close to 6,, such as the purple curve, the approximation
deviates from the truncation.

These results, on the one hand, demonstrate the asymptotic convergence of f, ;. On the
other hand, they also suggest how to model tissue with a complicated, irregular shape. The
capillary—tissue coupled system can be decoupled into mean pressure pyeq, and exchange
pressure pex,. The mean pressure, which might be sensitive to the boundary, can be solved
numerically, while the exchange pressure, which governs perfusion, can be effectively
approximated using the free-space solution (3.55).

3.3. Domain-averaged pressures

In addition to the spatial pressure fields, we compute the domain average of capillary
and tissue pressures. These global metrics could provide a compact summary of model
behaviours and facilitate new experimental observations.

The domain-averaged pressures are given by

N, cap

1 1
(pcap> = A_t /_Q[ pcapdx = _m 2_: Qn<Gcap(rn» 0n)) + Dmean + oy A, (3.57)
Ncap
)= [ pidx =Y 0G0 O+ P B5)
=— x=— T, , i
Pt A, o Pt Keap + K1 n:1 qn\Gt\In, Un Pmean

where A, =7 R,2 is the area of tissue domain and

1 2 R;
<Gcap(rn» On)) = A_ / / Gcap(r’ 0 rn, Oy)rdrdo, (3.59)
t JO 0

1 2w R;
(Gi(rn, 6p)) = —/ / G(r, 0; ry, O)rdrdod, (3.60)
ArJo  Jo

which vary with source point (r,, 6,). The domain averages (G cqp (ry, 0,) and (G, (ry, 6,)
can be expressed as

(G cap(rna 0n)) = ( fmean(rn, On)) + B “ — (fexch(rn, On)), (3.61)
cap
(Gi(rn, On)) = (fmean(rn, On)) — (fexch(rn, 0n)), (3.62)

where domain averages ( finean(rn, 0n)) and ( fexen (rn, 6,)) vary with (r,, 6,) as well. From
the problem (3.27) the domain average ( fexch (., 0,)) is computed as follows:

1 1
—_ v? dx —
/l2 A[ /_Q , f exch /12 Az

1
/ V fexch » nds —

(fexcn(rn, 0n)) =

T 2A, LA,
1
=——. 3.63
A, (3.63)
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The domain average { finean(rn, 6n)) 1s given by

(fimean(rn, On)) = a1 + az, (3.64)
where
2 R;
a; = / / log (r} +r* — 2r,r cos(6, — 6))rdrd, (3.65)
47TAt 0
2 R; ) R4 R2
ap = A /(; /0 log <rn + r—é — ZrnT[ cos(6, — 9)) rdrdf. (3.66)
Evaluating a; and a; using the (3.25) yields
: —log R L, n (3.67)
aj=—1o - — , .
SN T 4 T anr2
! log R; + ! (3.68)
a=—1o — .
2T on BN T 4
Thus,
Unean(rm, )} = - log Ry + T (3.69)
Tn, =—1lo , .
mean\n» Un - g Iy 4JTRt2
and
(Geaplrns 0)) = - log Ry + 1 _ L (3.70)
T, =—1o -, .
cap\T'n> Un - g It 47TRt2 Keap /127TRI2
(Gr(r. ) = - log R, + oy 3.71)
T, =—1o , .
A o) = OB T R T 2 R2
then the domain-averaged pressures are given by
N,
1 = ok 1
=—— + Pmean + atr AT,
(Peap) ==~ T——— Z%( 4R2 o R?> Pmean + 0ty
(3.72)
| N 21
_ log Ry + — + + 3.73
(pe) = n(Kcap+Kt) an( g Iy 4Rt2 /12R2> Pmean- ( )

These expressions reveal that vessels contribute disproportionately to global retinal fluid
balance.

4. Numerical methods
4.1. Finite volume method for 1-D model

We solve the 1-D blood flow model using the finite volume method (FVM) (Olufsen et al.
2000; Kolachalama et al. 2007). The governing equations are expressed in conservative

form
U OoF
— 4+ —=3, 4.1
ot + as @)
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Figure 8. Spatial discretisation of the vessel.
where state, flux and source vectors are given by
U=(A,9q), 4.2)
T
442 K | APl , APl
Fe(g 2L K (P __F , 4.3)
3A  p \Bi+1 Ag‘ Br+1 Agz
s=(0,¢5)", (4.4)
respectively. The vessel domain 0 <s </, is discretised into Ns + 1 spatial points at
si=1As with i =0, ..., Ny and As =1,/N. The cell centres are located at s; with

1 <i <N;—1,the cells are C; =[s;—1,2, si+1,2] =[(i —1/2)As, (i + 1/2)As] and the
boundaries are at so =0 and sy, =/, as shown in figure 8. The time is discretised into
steps t, =nAt with 0 <n < N;. The FVM is implemented on C; over [#,, t,+1] while
boundary conditions are enforced at sg and sy, .

We next describe the FVM for interior points. Integrating equation (4.1) over the control
volume C; X [t,, t,+1] yields

Int1
f fS(s,t)dsdt:/ [U(s, tag1) = UC(s, 1y)] ds
I i Ci

In41
+ / [F(sit1/2. 1) — F(si—1/2. )] dr. (4.5)
tn
The integrals can be approximated as
Si+1/2 .
/ U(s, tn1)ds ~ AsU !, (4.6)
Si—1/2
nt1 - nt1/2
F(sit12, )dt = AtFl.H/z, 4.7)
tn
Int1 Si41/2 AsAt
f f S(s. dsdr ~ = (sj’jf/f + Sj’ff/f), (4.8)
In Si—1/2

where U ;’H = U(s;, ty+1), and similar notations are used for flux and source vectors. Thus
FVM equation becomes

At At
+1 _ n+1/2 n+1/2 n+1/2 n+1/2
Uit =Uj - As (Fi+1/2 - Fi—1/2> T (Si+1/2 + Si—l/Z)' (4.9)

The unknown interface variables F 7;:11//22 , F :’jll//zz , S:l:ll//zz and S:’jll//zz depend on

U ZH/ 2 with m =i & 1/2, which can be determined by the Lax—Wendroff scheme as
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(Kolachalama et al. 2007)

U2 UyirptUnip N At (_ Foip—Fu_ip 4 Soa12 T Sm_12
m - .

2 2 As 2
(4.10)
4.2. Implementations for boundary and multiscale coupling conditions
4.2.1. Boundary conditions for vascular trees
At the CRA inlet, the area A'g,gflx o 1s determined by solving the equation
Bi 1\ A
An+1 An+
CRA,0 CRA,0

Pin,CRA(tn+1) — pext = K (A—o o v , (4.11)

where pin cra(tn+1) 1s the prescribed CRA inlet pressure at time #,1. The corresponding
flow rate is computed by discretising the mass-conservation equation (He et al. 2004)
+1 +1 +1 +1
(Atkao T Atrar) — (Alrao+ Alrar) | dcras — 9Cra0
+ =0
2At Ascra
which yields the following equation:

, 4.12)

As
+1 +1 CRA +1 +1
dera0 =9qcras T AL I:(Aré‘RA,O + Atrar) — (ACrao + AIE‘RA,])]' (4.13)

At the CRYV outlet, the area A’gg‘l,, o 1s obtained by solving the equation

ANl B Antl B2

CRV,0 CRV,0

Pout, CRV — Pext = K E— -\ — s (4.14)
Ao Ao

where po,r cry is the CRV outlet pressure. The flow rate at CRV outlet is determined by

+1 +1
6Ing,o :quV,]' (4.15)

For the bifurcation boundary, the mass-conservation equations are discretised, which
yields the following system at t = 1,11 (He et al. 2004; Képpl & Helmig 2023):

Y(xp)=1[Y1(xp), Ya(xp), ..., Ye(xp)] =0, (4.16)
where
Y=gy — it — it @.17)
Ya=pifn (AhE N = o (AL, (4.18)
Y3 = pifn (AL N — Pt o (AL, (4.19)
+1 +1 +1 +1
Ay, YA N D) — Ay v T AY N D duN, — 9N,
Yy = + ,  (4.20)
2At Aspy
+1 +1 +1 +1
(AZI,0+A31,1)_(A?h,()—'_AZl,]) qsl,l _qsl,o
s = + , (4.21)
2At Asg,
+1 +1 +1 +1
(AL ALD) (A 0+ AL D g — 4
6= N, T A ’ (4.22)
d
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and the pressures p’;,;r}vs (A’I’{,;r IIVS)’ pZ:”é (A’Zl:ré) and pfl;é(AZjé) depend on the

corresponding areas through the elastic model. The unknown variables are

T

_ n+1 n+1 n+1 _n+l n+1 _n+l

Xp= [AM,NS’ am N, Ady 00 94,00 Ady.00 qd2,0:| ) (4.23)

while the interior variables of each vessel, such as Al . and q/"Jrl _ ., are obtained
M,Ns—1 M,Ns—1

by integration along each vessel. This system is solved at each time step to determine the
bifurcation boundary variables.

4.2.2. Multiscale coupling condition
We denote the vectors of pressure and flow rate of source points at t =1, as

Pl =1t e, b e )1 4.24)

qn+1 — [qn+1(x1)’ o ql’l+1(mep)]T’ (425)

respectively, where pfj I(x;) and q”+l (x;) are the pressure and the flow rate at x = x;,
respectively, and N,y 1 the number of superficial vessels connected to structured trees.
We assume the Poiseuille flow in structured trees, and thus q”+1 (x;) is also the flow rate in
the terminal superficial vessels, which is connected to capillaries at x = x;. We introduce
the matrix R, which is composed of the equivalent resistances of structured trees, given by

_Ra,eq (x1) 7]

_ Ra,eq (x;)
k= Rv,eq (xi-i-l) ’ (426)

Rv,eq (chap)_

where R, .,(x;) denotes the equivalent resistance of a structured tree that connects the
arteriolar tree to the capillary continuum at x =x; and R, .4(xx) denotes that of a
structured tree that connects the venular tree to the capillary continuum at x = x. The
capillary pressures at source points are given by

Pt = Mg & (Brcan + e A1, (4.27)
where M° is a resistance matrix with element Ml.c IZP =—Geap(ri, 05 1y, Oy)/
(keap + K1), while the Poiseuille equation for structured trees yields the following equation:

piy =p"" — Rg", (4.28)

where the pressure vector of the terminal vessels in superficial vascular trees p"*! is

given by

P =Iplh pnN;l,Ns]r, (4.29)
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Thus the coupling condition is given by

n+l _ Mcapanrl + (%—{—O{rA?T)l,

Peap
ngl—)l :pn+l _ an+1,
1
Pmean = g DPmeands,
082
| Neap (4.30)
Pmean(t, 0) = ———— Z qi fmean(r, 05 ¥i, 0;) + Pmean

Kcap + Kt i1

N, cap

Z qn =0,
n=1

where the pressures p"*! are governed by the following equations in terminal vessels:
0Ax | Oqr
ar  0s

ANP AN\
pk_pEXIZK <A_O> _(A_()) ) k:L---’Ncap’

and Ay and g; denote the area and flow rate of the terminal vessels in superficial vascular
trees, respectively.

Solving the system (4.30) directly is challenging due to the integral term, the
conservation of mass and the nonlinear dependence of pressure on area. To simplify it, we
begin by combining the first two equations in system (4.30), which yields the following
pressure—flow relationship:

0, k=1,..., Negp,
(4.31)

P =R + (Dapean + ey A1, (4.32)
where R°P? = M’ + R. Solving for the flow rate vector yields
¢ = RP) p" — (Binean + oy AT (RP) ™', (4.33)
and then imposing the conservation of mass leads to
0=1"(R“P)" p" ! — (Drean + oy A)1T (RP) 11, (4.34)
which implies that
Prrean = ——1T (RP) ™ ! — A, (435)
cap

with scqp = 17 (Reery—17, Substituting the expression of pPyeq, into the (4.32), we obtain
. 1 .
pn—l—l — Rcapqﬂ-‘rl + S_ [IT(Rcap)—lpl’l-‘rl] 1’ (436)
cap

which consists of two unknown vectors p"*! and ¢"*!. The mass-conservation equation is
discretised as that for the CRA inlet and bifurcation boundary such that, for each arteriole
or venule,

As

+1 +1 k +1 +1

‘71’:,1\/5 :ql?,zvs—l T oA I:(AZ,NS—I + AZ,NS) - ( Z,NS + AZ,NS—l)]’ (4.37)
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where k =1, ..., N¢gp. Given that flows in structured trees are assumed to be Poiseuille
flow, the flow rates are equal to those at boundaries of terminal vessels in superficial

vascular trees, that is ¢" 1! (x;) = q,i’jrvls . This enables us to express g" ! as

g =B (A AN - (ah, Ay ) |+ (4.38)
where area vectors are given by
+1 +1 +1 T
A=A Ayt T (4.39)
+1 [ antl +1 T
Arzlvs—l - [Arll,Nx—l’ S A';vmp,Ns_l] ) (4.40)
T
Ay, =[Al N AN, ] (4.41)
T
A?V,s—l = [Arll,NS—l’ SRR A’;Vmp,N,—l] ) (4.42)
the matrix B is given by
As1/(2AL)
B = , (4.43)
AsN,,,/(2A1)
and f"*! is given by
+1 _ +1 +1 T
=l qlli’mp,stl] : (4.44)

The numerical implementation for the coupling condition is thus given by

1
Pn+1 — Rcapqn+1 + s_lT(Rcap)flprrHl’
cap

g"t' = _B[(Arzilfl + A’ﬁil) — (A}, + A%, )]+ s

ANl B1 Al B2
k,Ns kN
PN = pen =K ( o) ) | ke N

(4.45)

It is interesting to note that the effect of o A is absorbed into the domain-average pean
via the conservation of mass, and the flow rates at source points are thus independent
of o, Am. In other words, a constant oncotic offset does not alter the pressure difference
established by the fixed arteriolar and venular boundary conditions.

4.2.3. Numerical treatments of infinite summation and the singularity
Two main difficulties arise when implementing the Green’s function for mean and
exchange pressures: the infinite summation for exchange pressure, and the singularity
when the field point is a source point. In what follows we show how to address these
issues.

The finite-order truncation of s1 in fe, is utilised in computations. The truncation of
s1 with order M is given by

Loy KR L o exptim@ — o) (4.46)
A — m (Ar m(Arl) ex — 01, .
B AU S R
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since the radial component is symmetric in m, the truncation can be written as

slzil( ') Kok )Iowﬁ)

270 I} (AR,)
l ! (ARy)
+— mZ]I o (Ar" )ml o (Ar7) cos[m (6 — 6,)]. (4.47)

The truncation could be accurate with only a few terms since the high-order contributions
to s1 are negligible relative to s;, as discussed in Appendix C.

The singularity occurs at r = r,, in both fiean(r, 0; 1y, 6,) and fexen(r, 6; 1y, 6,), which
could be solved via local domain averaging. The following averages are employed for the
logarithm function and modified Bessel function of the second kind:

1
(log£2) = ™ / log £2rdrdé, (4.48)
2,

n

1
(Ko(ig0)) = - /Q Ko(&,)rdrdd, (4.49)

n

where &, = \/ r2+ r,% — 2rry cos(6 — 6y), §2, is a circular domain of radius r, , centred at
source point x, and A, is its area. Such averaging, on the one hand, provides a numerical
treatment for the singularity, and on the other hand, it is also physiologically reasonable,
since the blood does not enter or exit the capillary bed at a point but through a vessel of
finite radius r, ,. Moreover, the pressure p.p is an averaged variable over some capillaries,
and averaging over the vessel cross-section thus ensures the consistency in the coupling
across scales. The average for logarithmic function is given by

2 To.n
(log&y) = / / £log&dedd =21logry,, — 1. (4.50)
0 0

2
nrv’n

The average for modified Bessel function of second kind can be written as

1 2w Ary n
(Ko = [ [ Ko@zaea, “51)
JTFU’n 0 0
and using the identity that d(§ K1(£))/dé = —£ Ko (), it is given by
2
(Ko(A&n)) = K1) + 7 (4.52)

For r =r,, the Green’s function of source point (rn,0n) for mean pressure is
implemented as

1 R}
Smean(Tns On; T, On) = E |:2 log rv,n — 1+ log (r,% + r_é — 2R12)1|, (4.53)

n

while that for exchange pressure is

Foxeh(Fs O s On) Ki(Ary.n) + 1IZ(A )K(/’(ARI)
Tns Ons 1h, = r -5t — )=
exch\T'n> Uns I'n, Un /lrvn 1 v,n 77/12”3,n 2 0 n Ié(ﬂRt)
K, (ARy)
2 12 4.54
+— (Arp) ———— I R, (4.54)
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Figure 9. The distribution of randomly generated sources and sinks. The red circles and blue crosses denote
the sources and sinks, respectively. (a) Sources and sinks in source distribution 1. (b) Sources and sinks in
source distribution 2.

4.3. Summary of numerical methods

The numerical solution for the haemodynamics in retinal microcirculation at each time
step is obtained as follows. First, variables at interior points of each vessel are solved
using (4.9) and (4.10). Second, the boundary conditions of each vessel are determined
using (4.11), (4.13), (4.14), (4.15) and (4.16). Third, the coupling condition (4.45) is solved,
from which the remaining undetermined boundary variables are computed.

5. Validation of proposed multiscale model

In this section, we first establish the model’s numerical robustness by exploring the
dependence of total flow on the truncation order. To assess the accuracy of our model, we
then validate the model’s predictions against experimental data and those of established
models. Third, the ability of our model to predict pulsatile pressure is shown by imposing
time-dependent CRA inlet pressure. For all simulations the CRV outlet pressure is set
to pour.crv = 16 mmHg. For steady arteriolar pressure, the CRA inlet pressure is set to
a constant baseline value of p;, cra =62 mmHg which is approximately the averaged
pressure over one cardiac cycle (Guidoboni et al. 2014b). While values of other parameters
in the 1-D model are summarised in table 1, parameters in capillary—tissue system are set
t0 kegp = 0.03 um?, k; = 0.0002 pm? and oty =2 x 1074 pms g~ 1.

Two source/sink distributions are used to test whether the qualitative behaviour of the
model is robust to the specific random placement of the capillary coupling points. They
are generated by the following steps. First, Nogp =2 x 23 points are uniformly distributed
at random over the tissue domain. These points are then matched to the 2° superficial
arteriolar termini and 2° superficial venular termini as follows. The distance between every
possible terminus-point pair is computed. Starting with all termini and all random points
unpaired, the pair with the smallest distance is selected and the point is assigned to that
terminus, which establishes the first pair. The same procedure is iterated for the remaining
termini and points until every terminus is paired with a distinct random point. The random
points paired to arteriolar termini are designated as sources, while those paired to venular
termini are designated as sinks. The two generated source/sink distributions are shown
in figure 9. In the computation for pulsatile inlet pressure only source distribution 1 is
utilised.
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Figure 10. Dependence of total flow on truncation order M. (a) Result with source distribution 1. (b) Result
with source distribution 2.
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Figure 11. Distributions of flow rate and pressure difference in arterioles and venules. Lines denote the
results of multiscale model and markers denote experimental data (Riva et al. 1985; Werkmeister et al. 2012;
Kornfield & Newman 2015) and predictions of other models (Kristen et al. 2016; Julien et al. 2023). Black and
grey lines denote the results with distribution 1 and distribution 2, respectively. (a) Flow rate distributions in
arterioles. (b) Flow rate distributions in venules. (c¢) Pressure difference distributions in arterioles (red region)
and venules (blue region). While arteriole diameter decreases from left to right in the red region (from CRA
inlet to arterioles near capillary size), venule diameter increases from left to right in the blue region (from
venules near capillary size to CRV outlet).

5.1. Steady flow

We first explore the dependence of CRA inlet flow rate g;, cra on the truncation order
M, which is shown in figure 10. The value of g;, cra exhibits convergence for both
source distributions when M > 26. Besides, the variations are minimal, which are of
approximately 2 x 10~% I min~! across the entire range of M for both distributions,
which is approximately 9 x 107# % of total flow (26.61 wl min~! for source distribution
1 and 25.60 w1 min~! for source distribution 2). Thus the model could be accurate with
only a few terms in the truncation of the series si.

Figures 11(a) and 11(b) show the distributions of averaged flow rate along individual
arterioles and venules, respectively, where lines denote the results of multiscale model
and markers represent experimental data (Riva et al. 1985; Werkmeister et al. 2012;
Kornfield & Newman 2015). Black and grey lines denote the results for source distribution
1 and source distribution 2, respectively, which are almost identical. Our model shows
strong agreement with experimental data for arterioles. The flow rates in venules are
distributed more sparsely, and our model predictions lie within the observed range of
these measurements. The flow rates at CRA inlet and CRV outlet are given in table 2,
with a discrepancy of 0.004 11 min~! for both source distributions, which corresponds to
approximately 0.013 % of CRA inlet flow rate. Pressure differences Ap between the entry
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qin,CRA Pin,CRA qout,CRV
Steady flow (distribution 1) 26.606 1 min~! 62 mmHg —26.610 I min~!
Steady flow (distribution 2) 25.604 pl min~! 62 mmHg —25.607 pul min~!
Pulsatile flow 26.951 1l min~! 62.188 mmHg —26.968 pl min~!

Table 2. The flow rates and pressures at CRV outlet and CRA inlet.
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Figure 12. Capillary pressure, tissue pressure and the difference between them. The first row corresponds to
source distribution 1 while the second row corresponds to source distribution 2. The red circles and blue crosses
denote the sources and sinks, respectively. (a, d) Capillary pressures. (b, e) Tissue pressures. (c, f) Pressure
differences.

of CRA and the individual vessel outlets are shown in figure 11(c). Results for arterioles
and venules are displayed in red and blue regions, respectively, with markers denoting
the numerical data from other models (Kristen er al. 2016; Julien et al. 2023). In the
red region, arteriole diameter decreases from left to right, whereas in the blue region,
venule diameter increases from left to right. The decrease in pressure across arteriolar tree
is approximately 20 mmHg which is greater than that across venules, at approximately
16 mmHg. Our model agrees well with the 3-D model for arteriolar diameter below 60 pum,
and with established 1-D model for larger arterioles.

Figures 12(a), 12(b) and 12(c) display the capillary pressure, tissue pressure and their
difference for source distribution 1, respectively, while those for distribution 2 are shown
in figures 12(d), 12(e) and 12(f). The red circles and blue crosses denote the positions
of arteriolar outlets and venular inlets, respectively. The capillary pressure field varies
between 32 and 38 mmHg for distribution 1, while for distribution 2 it varies between 30
and 41 mmHg. The tissue pressure field varies between 14 and 18 mmHg for distribution
1, while for distribution 2 it varies between 14 and 23.5 mmHg. The pressure fields for two
source distributions differ substantially. However, the capillary pressure is locally larger
than the tissue pressure at each point, which results in the positive pressure difference in
the entire tissue domain. Moreover, the magnitude of tissue pressure is consistently correct,
being slightly above or below IOP. Thus, our model provides a physiologically accurate
description for the capillary and tissue pressure.
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Figure 13. Pulsatile pressure profile at CRA inlet.
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Figure 14. Temporal evolutions of flow rate at bifurcation boundaries of arteriolar and venular trees. (a—c)
Temporal evolutions of flow rates in arteriolar tree. (d—f) Temporal evolutions of flow rates in venular tree.

Table 2 summarises the flow rate and pressure at CRA inlet and CRV outlet. For both
source distributions, the flow rate at the CRA inlet is nearly identical to that at the CRV

outlet, with a small difference of 0.01 wl min~".

5.2. Pulsatile flow

The CRA inlet pressure could exhibit significant variation due to cardiac pulsation, while
the CRV outlet pressure remains almost constant (Guidoboni et al. 2014b). We next explore
the retinal haemodynamics with pulsatile arteriolar pressure at CRA inlet. A cardiac-
cycle period of T'=1.2 is adopted, with peak systolic pressure at 7, =0.268 s. In the
first period, the variation profile is constructed using a shifted function ¢ exp(—3.6¢),
whose shape is similar to a pulse profile (Song et al. 2024). The waveform is scaled to
produce physiologically relevant values: average pressure of 62.16 mmHg approximately,
with systolic and diastolic pressures of 77 and 45 mmHg, respectively. The pressure profile
at CRA inlet is shown in figure 13.

Figure 14 shows the temporal evolution of flow rate at bifurcation boundaries in

arteriolar and venular trees. The flow rates of vessels are denoted as q,ﬁ"), where 7 is the
level of bifurcation boundary and k = 1, 2 indicates the daughter vessel index, with their
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Figure 15. Temporal evolutions of pressure at bifurcation boundaries of arteriolar and venular trees.
(a) Temporal evolutions of pressures in arteriolar trees; (b) temporal evolutions of pressures in venular tree.

lengths following similar notation. Figures 14(a), 14(b) and 14(c) show the flow through
the hierarchy of arteriolar bifurcations. In figure 14(a), solid lines show the flow rates at
first-level bifurcation, including gcga(lcra, 1) for CRA and ¢\ (0, ) and ¢ (0, 1) for
its two daughter arterioles, while dashed lines denote the second-level flows from the
secondary daughter arteriole in the first-level bifurcation. Figure 14(b) advances to third-
level flows (solid lines) and fourth-level flows (dashed lines) from the secondary branch
in the upper level bifurcation. Figure 14(c) displays flow rates at fifth-level bifurcation.
The evolution of flow rate in venules is shown in figure 14(d—f), following the same
descending order as that for arterioles. Flows in both CRA and CRV exhibit initial
transients. Arteriolar flows all show pulsatile oscillations similar to the CRA inlet pressure,
but with different amplitudes of variations, while venular flows follow similar pulsatility
but with negative values indicating flow direction. The variation is largest in the CRA,
secondary in the CRYV, and becomes dampened in distal arterioles and venules, with
minimal oscillation at the fifth-level bifurcations.

Figure 15 shows the temporal evolution of the pressure in these vessels. Since vessels
connected to the same bifurcation boundary have identical pressure, only the pressures in
mother vessels at each bifurcation are shown. The variation of CRA is largest, and that of
CRYV is smallest. The pressure waveforms in venules are more distorted than in arterioles.
Moreover the pressure amplitude is generally larger in arterioles than in venules, which
results from the greater wall stiffness of arterioles.

The flow rates and pressures shown in figures 14 and 15 are averaged and compared
with those in steady flow. Figure 16(a) shows the mean arteriolar and venular flow rates,
denoted by blue and orange markers, respectively. The flow rate distributions for arterioles
and venules in steady flow are displayed in blue and orange lines, respectively. The mean
arteriolar and venular flows under pulsatile conditions closely match the solutions in
steady flow, which results from the longer diastolic phase as well as the time-averaged
CRA inlet pressure that is nearly identical to the constant CRA inlet pressure in steady
flow. Figures 16(b) and 16(c) show the systolic pressure (SP), diastolic pressure (DP) and
mean pressure p as functions of the diameter in arterioles and venules, respectively. The
SP, DP and mean pressure are denoted by blue, orange and red markers, respectively.
As a baseline, the pressure distribution under constant CRA inlet pressure pj, cra =
62 mmHg is shown by the black line. In steady and pulsatile flows all arteriolar pressures
generally increase with diameter but non-monotonically, which indicates the dependence
of pressures not only on the diameter but also on the distance from the CRA inlet (Julien
et al. 2023). Venular pressures decrease with diameter and the decreasing magnitude is
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qg’l,CRA <p?ap) <P9)

Source distribution 1 26.606 1 min~! 34.609 mmHg 18.609 mmHg
Source distribution 2 25.604 pwl min~! 36.843 mmHg 20.843 mmHg

Table 3. Baseline values of variables in sensitivity analysis.
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Figure 16. Pulsatile flow rates and pressures as functions of vessel diameter. (a) Averaged pulsatile flow
rates. The mean arteriolar and venular flows are denoted by blue and orange markers, respectively, while the
distributions in steady flow are denoted by solid lines. (b, c) Arteriolar and venular pressures. Here, SP, DP and
mean pressure are denoted by blue, orange and red markers, respectively, and the pressure distribution with
constant CRA inlet pressure is denoted by black line.

smaller than the increasing magnitude in arterioles. Moreover, both arteriolar and venular
pressures align closely with corresponding steady distributions.

Table 2 summarises the averaged flow rate and pressure at CRA inlet and CRV outlet.
The magnitudes of averaged flow rates at both CRA inlet and CRV outlet are slightly
larger than in steady condition due to the higher time-averaged CRA inlet pressure. The
flow rates at CRA inlet and CRV outlet are almost identical, and thus the conservation of
mass is also satisfied.

6. Sensitivity analysis of parameters in coupled system

We next perform sensitivity analysis of the crucial parameters in capillary—tissue coupled
system, including capillary permeability k., tissue permeability k; and exchange rate
Oexch- TO quantify the sensitivity, we use the CRA inlet flow rate g, cra as an indicator
for vascular trees and the domain-averaged pressures (peqp) and (p;) as indicators for the
capillary—tissue system, given by (3.72) and (3.73). The oncotic pressure difference is not
explored in this section, since the dependence of these variables on it is simple: the CRA
inlet flow rate is insensitive to it, as rationalised in § 4.2.2, and it only adds a constant offset
to capillary and tissue pressures. The results of gi, cra» (Pcap) and (p;) for baseline values
are denoted by ‘121, CrA> p?ap) and ( p?), respectively, which are summarised in table 3.
For each parameter analysed, the other two parameters are fixed at their baseline values.
Since keqp, ki and aexen are effective parameters and direct experimental data precisely
related to them are scarce, we adopt a prudent approach by allowing these parameters
to vary over several orders of magnitude, which correspond to a 99 % decrease and a
9900 % increase, respectively, relative to the baseline value. This enables a comprehensive
sensitivity analysis that spans the full range of plausible values and identifies the regimes
where they affect the retinal haemodynamics significantly. The baseline values for these
three parameters and the rationale for them are provided in Appendix E. The remaining
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Figure 17. Sensitivity of CRA inlet flow rate and domain-averaged pressures to capillary permeability. The
asterisk marker denotes the baseline value. (a) Sensitivity of CRA inlet flow rate to capillary permeability. (b)
Sensitivity of domain-averaged capillary pressure to capillary permeability. (¢) Sensitivity of domain-averaged
tissue pressure to capillary permeability.

parameters, including those in the 1-D model, viscosities ficqp and i, and the radius of
tissue domain R;, are summarised in table 1.

6.1. Sensitivity of capillary permeability

The effective permeability of capillary bed k.4, governs the resistance to flow through the
capillaries. We perform a sensitivity analysis over a plausible range to identify the regimes
where k¢q, could significantly affect the retinal haemodynamics. The baseline value is
k3, =0.03 pm?,

Figure 17(a) illustrates the sensitivity of CRA inlet flow rate g, cra to capillary
permeability, where the results for distribution 1 and distribution 2 are denoted by red and
purple lines, respectively. For both source distributions, g;, cra is asymmetrically sensitive
to capillary permeability. Decreasing k¢qp to 1 % of its baseline value decreases flow by
approximately 87 %, whereas increasing k¢4, to 100 times the baseline increases flow by
only approximately 11 % and 16 % for source distributions 1 and 2, respectively.

Figures 17(b) and 17(c) display the sensitivity of domain-averaged capillary pressure
(Pcap) and domain-averaged tissue pressure (p,) to capillary permeability, respectively.
For distribution 1, both averaged pressures are higher than their baseline values when
kcap 1s below its baseline, and they increase further as k.4, decreases. Above the baseline,
pressures saturate around their baseline values. Similarly, for distribution 2, the averaged
pressures are higher than their baselines when k., is below its baseline, but exhibit a non-
monotonic dependence on k4. Above the baseline, {pcqp) and (p;) tend to approximately
95 % and 90 % of their baseline values, respectively.

These results show that capillary permeability can significantly affect g;, cra, while the
variations for {pcqp) and (p;) across all values of k¢4, are more modest. Moreover, while
capillary and tissue pressures largely depend on the specific source distribution, the flow
in arteriolar and venular trees is less sensitive to it.

6.2. Sensitivity of tissue permeability

Existing experimental data reveal considerable variation in retinal hydraulic conductivity,
spanning two orders of magnitude difference (Fatt & Shantinath 1971; Antcliff 2001;
Ruffini er al. 2024). Understanding how this variability affects retinal haemodynamics
is thus intriguing. The baseline value is k? =0.0002 pm?.

Figures 18(a), 18(b) and 18(c) illustrate the sensitivity of CRA inlet flow rate g;, cra,
averaged capillary pressure (pcqp) and averaged tissue pressure (p;) to tissue permeability,
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Figure 18. Sensitivity of CRA inlet flow rate and domain-averaged pressures to tissue permeability. The
asterisk marker denotes the baseline value. (a) Sensitivity of CRA inlet flow rate. (b) Sensitivity of
domain-averaged capillary pressure. (c) Sensitivity of domain-averaged tissue pressure.
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Figure 19. Sensitivity of CRA inlet flow rate and domain-averaged pressures to exchange rate. (a) Sensitivity
of CRA inlet flow rate. The asterisk marker denotes the baseline value. (b) Sensitivity of domain-averaged
capillary pressure to exchange rate. (c) Sensitivity of domain-averaged tissue pressure to exchange rate.

respectively. The saturation for all three variables occurs below the baseline, with the sat-
uration value at approximately k, = 0.0001 wm?2. This might suggest that the pathologies
affecting tissue permeability would only impair fluid exchange if k; is below the baseline.

The magnitude of variation for g;, cra across the full range of k; is less than 3 % for
both source distributions. Moreover, g, cra increases as k; increases for both source dis-
tributions. The domain-averaged pressures for the two source distributions exhibit opposite
dependencies on k;: while the pressures for source distribution 1 increase as k; increases,
those for source distribution 2 decrease as k; increases. The magnitude of variation for
both pressures is at most approximately 6 %. Thus all variables are less sensitive to k; than
t0 kcqp. This minimal sensitivity of flow and pressures to tissue permeability indicates that
tissue permeability does not play a crucial role in the retinal haemodynamics.

6.3. Sensitivity of exchange rate

In our model, the exchange rate a.x, = Ly x S reflects the combined effect of capillary
wall hydraulic conductivity Lj; and exchange surface area S. An increase in L; could be
related to BRB dysfunction, while a change in S could arise from capillary dilation or
pathological angiogenesis.

Figures 19(a), 19(b) and 19(c) show the sensitivity of g, cra, {Pcap) and (p;) t0 Aexchs
respectively. All three variables are largely insensitive to exchange rate, with very small
variations. Specifically, the variation in g, cra is the largest at approximately 0.3 %.
For both source distributions, g;, cra increases as aq; increases, and interestingly, the
two curves converge to the same value above the baseline of showing that g, cra

exch’
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is independent of the specific distribution of source points above the baseline “chh-
The domain-averaged pressures increase as Qey;, decreases. Such insensitivity suggests
that although .., governs local fluid exchange, it has negligible effects on the global

hemodynamic variables g, cra, (Pcap) and {p;).

7. Discussion and conclusion

This work proposes a multiscale computational model for modelling haemodynamics in
retinal microcirculation, by extending previous work on a tree-type vasculature flow model
for arterioles and venules and a porous-medium-type model for capillaries and tissue. We
have developed a fully coupled flow model that links arterioles, venules, capillaries and
interstitial tissue in a unified framework. In particular, the 1-D model (Julien et al. 2023) is
adopted for the flow of arteriolar and venular trees in the superficial layer, while vessels in
the deep layer are modelled as effective resistors. The capillary bed and surrounding tissue
are treated as interacting porous media, which are modelled by coupled Darcy models.
Our approach is based on widely accepted physical principles, cf. Eisenberg (2023), with
necessary simplifications.

Another key novelty of our approach is the derivation and implementation of the
analytic solution for capillary—tissue coupled system, which extends previous works that
use the analytic solution for capillary flow in multiscale modelling (d’Esposito et al.
2018; Shipley et al. 2019; Sweeney et al. 2024). The capillary—tissue coupled system is
solved analytically by using a decoupling transformation, which separates the governing
equations into two components, i.e. mean pressure and exchange pressure. The solutions
for capillary and tissue pressures are expressed as the combinations of logarithmic
functions and infinite series of modified Bessel functions. The convergence and truncation
error of infinite series solution are analysed extensively to ensure the robustness and
accuracy of the model. This also suggests a potential modelling methodology for other
tissues with complicated geometries, where the boundary-sensitive mean pressure could
be solved numerically while the exchange pressure, which controls local perfusion, can
be effectively approximated using a free-space solution. Furthermore, we establish a
dynamic coupling condition that bridges the capillary bed with upstream arteriolar and
downstream venular flows. This multiscale coupling, including integral term and nonlinear
pressure—area relation, is then simplified for efficient computation.

Our model’s predictions with a constant baseline CRA inlet pressure agree well with
experimental data, demonstrating its high predictive accuracy. We also simulate the
pulsatile flows with a cardiac-cycle pressure profile at the CRA inlet. The results show
that the model can characterise pulsations of the pressure and flow in arterioles and
venules. Moreover, a sensitivity analysis of the parameters in the capillary—tissue system
is performed. The haemodynamics is most sensitive to capillary permeability, followed
by tissue permeability and exchange rate, and possible physiological implications are
discussed. The flow depends on the specific distribution of source points, and further
exploration of how different distributions of source points affect retinal haemodynamics
would be valuable. It is also worth noting that saturation occurs when permeabilities move
below or above certain values, which might correspond to the lower or upper bound of
physiological conditions.

Despite its effectiveness, our model has several limitations. First, we have assumed
constant permeabilities for the capillaries and tissue for simplicity, even though we are
aware that biology and evolution are likely to use spatially variable permeabilities. Indeed,
the type of permeability might be expected to vary from location to location, reflecting
the specialised distribution of ion channels and transporters used by evolution to create
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overall function. Work is currently underway to extend our work to spatially varying
permeabilities, which will allow us to explore physiologically relevant questions such
as the effect of the non-uniform nature of the capillaries. We are also extending our
model to time-varying permeability of the capillaries to explore the effect of neurovascular
coupling. Second, we approximate the area where the retinal vasculature is distributed
as a 2-D circular domain, and further studies could consider a 3-D spherical geometry,
which would represent the actual retinal anatomy better. Additionally, the model does
not distinguish different capillary plexuses located in the outer retina and inner retina
(Causin et al. 2016), and this simplification could be addressed. Notably, several works
have developed transport models for water and various organic and inorganic molecules
in the optic nerve (Zhu et al. 2019, 2021a; Zhu et al. 2021b, c¢; Song et al. 2024; Xiao
et al. 2025a,b), and several fundamental properties of the transport in optic nerve have
been revealed. Combining our multiscale model with such models could provide deeper
insights into retinal physiology and pathology. Similarly, adding the active pumping of
retinal pigment epithelium and passive exchange with the vitreous chamber will help
to describe more physiologically relevant situations. Finally, the boundary condition
for tissue pressure enforces no fluid accumulation in the tissue, and it might not be
physiologically accurate in certain pathological situations. For example, exudative macular
oedema is caused by the fluid accumulation in the tissue (Ruffini er al. 2024). Further
studies could thus explore other boundary conditions for such pathological situations.

In conclusion, the multiscale model proposed in this work provides an efficient
and robust tool for exploring the haemodynamics in retinal microcirculation. Despite
the necessary simplifications on which the model is based, our model generates
physiologically consistent results and could thus help to understand the mechanisms of
retinopathies as well as perform the computation for specific patients.
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Appendix A. Solution for mean pressure
Enforcing the boundary V' fyean(x, x') - n' = 1/(27R;) yields

which holds for all x and x’ if and only if k=1, thus the coefficient k is uniquely
determined. The constant ¢ remains arbitrary and can be set as ¢ =0 without loss of
generality. Thus the solution to the adjoint problem is

1
Fmean(x, ') = 7 (log |x" — x| +log |x" — x"]). (A2)

Then, the solution for p,.q, can be obtained via the following convolution (Kim & Jackson
1993; Riley et al. 2006):

pmeﬂl‘l - / fmeanvlzpmean(x/)dx/ + / [pmﬁtln(x/)v,fmean - fme[lnv,pmean(x/)] ° n,dS/.
2 082
(A3)
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Substituting the boundary conditions for fi,eqn and pean yields

1
DPmean(X) = Smean(x, x/)v/zpmean(x/)dx/ + 5 / pmean(x/)ds/- (A4)
2 S Jog,

The first integral is computed as

Neap
2
Smean(x, xl)v/ pmean(x/)dx/ = Z 4n fmean(x, x/)a(x, - xn)dx/
2 Kcap + Kt [
Neap
=—- Z Gn fmean (X, Xp). (A5)
Kcap + Kt

n=1

Appendix B. Solution for the Green’s function of the exchange pressure
The continuity of the function f,., at r = r,, provides that

Rm,n(”)lr:rrj’ - Rm,n(r)lr:rn— =0, (B1)
and the discontinuity of the derivative of f,,.; implies that

dRm,n(r) _ dRm,n(r)
dr + dr

r=ry

1
=—. (B2)

I'n

r=r,
Moreover imposing the no-flux boundary condition yields
dRm,n (r)

o =0. B3)

r==R;

The boundary condition dRy, ,(r)/dr|,=g, = 0 provides that
I’ (AR;)
Con=—="B, ., (B4)
i K' (AR, ™"

and the continuity of R, (r) yields

I' (AR;) K, (A
Amn=[1_ W(AR) K rn)]an ®5)
K;/n(/lRt) Ly (Ary,)
Thus the discontinuity of dR,, (r)/dr at r = r,, gives rise to
LI (AR) Ly(Ary) K, (Ary) — Ky (Ary) 1), (Arn) 1 (B6)
K/ (AR;) Ly (Ary) Arn’
and using the identity (Baricz et al. 2016, p. 866)
1
L (Arp) K, (A1) — K (Arn) I, (Ary) = 0 B7)
n
we obtain
K, (ARy)
Bun = ———1,(Ary), BS§
m,n I&(/lRt) m (Ary) (B8)
and
K,y (AR) Ly (Ary)
Apn=—"2 — K (Ary), (B9)
m,n I;;1 (/lRt) m n
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Cun=—1n(Ary). (B10)

Appendix C. Ratio between terms
The ratio between the first term and the second term in the radial component is given by

K (AR;) Ly (Ar"
em’n — /m( l’) m( r>) . (Cl)
I (AR) K, (Arnh)
If m is fixed, the derivative K, (Ar) is negative and increasing. Then,
K (AR;) Ly (Ar"
em,nf— m( t) m( r>)' (C2)
I (Ar) K, (Arn)
Using the inequality that (Baricz et al. 2016, p. 867)
Il (A
w0 M a0, (C3)
Ly(Ar)  Ar
the inequality can be written as
Ar" K/ (AR
emn < — = Kn@R) s (C4)
' m K, (4r)
Using the inequality that (Baricz et al. 2016, p. 867)
K, (Ar) m
— <—+4+1, m=>1/2, ar>0, (CS5)
Ku(r) ar
we obtain
Ar? K (AR
emn <= () KnR) i n a0 (C6)
’ m AR; Ky (ar?)

Using the inequality (Baricz 2010, equation (3.4); Joshi & Bissu 1996, equation (2.17))
that K,,,(r1)/ K (r2) > (ra/r1)™ form > —1/2 and 0 < r; < rp, we obtain that

At m Art\"™
emn < m> </1_R,+1)</1R>,> ., m>1/2, Ar>0, (C7)

thus for 0 <r < R; the ratio e;; , — 0 as m — oo and the first term can be neglected.

Appendix D. Proof of addition formula for infinite series
Consider the following problem in two dimensions:

szexch(x’ xn)_/lzfexch(x’ Xn) =8(x —xp), (D1)

subject to the boundary condition that f,,.;, — 0 as |x| — oo. In polar coordinates, with
x, = (ry, 6,), the equation is given by (3.29). Expanding f,. in a Fourier series and
solving the resulting modified Bessel equation, with proper matching for the coefficients
of the expansion of the delta function, yields

o0

_ ! Ly (Aro) K (A im0 — 6, D2
feen==7—"3  In(r)Kn(r-) explim(® —6,)], (D2)

m=—00
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and r” =min(r, r,) and r” =max(r, r,). On the other hand, by translational and
rotational invariance of the infinite-domain problem, f,..; depends only on the distance
&, = |x — x,|. The equation becomes

8(&n)

ii afexch 2 _
E, 05, (g” 9%, ) A ewe = 5 e (03)

and solving this equation with the given boundary condition we obtain

1 2 2
Sexeh = —EKO /l\/r +7r2 —2rr, cos(@ —6y) ). (D4)

Then the uniqueness of the solution implies the addition formula for modified Bessel
functions.

Appendix E. Range of parameters in coupled system

The effective permeability of the capillary bed in porous medium models varies across
different tissues. In previous work on retinal haemodynamics, a hydraulic conductivity of
0.1 mm? (s kPa)~! was used in the Darcy model for retinal capillaries (Dziubek et al.
2016), which yields k.qp 2~ 0.3 pm? using a blood viscosity fteqp ~ 3 cP. We adopt a

moderate capillary permeability k?ap =0.03 wm? for a baseline value and consider a

plausible range from k.4, = 0.0003 pm? to keap =3 pwm?2.

For the interstitial fluid in tissue, clinical observations provide sparse values spanning
two orders of magnitude difference. The hydraulic conductivity in a human retina is
2.54 x 1079 ms~ ! Pa~! (Antcliff 2001; Ruffini er al. 2024), which corresponds to an
intrinsic permeability of approximately 6 x 10~ pwm? with a fluid viscosity p; = 0.7 cP.
Moreover the range of tissue permeabilities extends to approximately of the order of
1072 wm? (Fatt & Shantinath 1971). Given this variation, the baseline tissue permeability
is then set as k? =0.0002 wm?, with a plausible range from 2 x 107° to 0.02 pm?.

The exchange rate between capillaries and tissue oy, depends on capillary wall
hydraulic conductivity L; and the exchange surface area per unit tissue volume S.
Given that retinal capillaries are fundamentally similar in barrier structure to those
in brain (Bradbury & Lightman 1990), we use the value of hydraulic conductivity
L,=02x10""cms™! em™! HyO~! from clinical observations for human brain (Helton
et al. 2017). Considering the characteristic capillary radius 6 wm and the volume fraction
1 %, then S ~ 30 cm~! which yields a value oexep 6.1 X 10-6 pum s g_l. We then adopt
a moderate value agx o = 0.0002 pms g{1 for baseline value and a plausible range of e
from apyep =2 x 1076 pm s g_1 to exen = 0.02 pm's g_l.
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