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ABSTRACT

In 1977, Gauduchon proved that on every compact hermitian manifold (X,w) there
exists a conformally equivalent hermitian metric wg which satisfies ddcwg_1 = 0. In this
note, we extend this result to irreducible compact singular hermitian varieties which
admit a smoothing.

Introduction

Let X be an n-dimensional compact complex manifold equipped with a positive-definite smooth
(1, 1)-form w. We also call w a hermitian metric because such w corresponds to a hermitian metric.
A famous theorem of Gauduchon [Gau77] says that there exists a metric wg in the conformal
class of w such that ddcwg_1 = 0 and the metric wg is unique up to a positive multiple. These
kind of metrics are since then called Gauduchon metrics. The conformal factor p satisfying
wg_l = pw" ! is called Gauduchon factor.

In complex geometry, finding canonical metrics on complex manifolds is a central problem.
Two celebrated examples are Yau’s solution of the Calabi conjecture [Yau78] and Uhlenbeck
and Yau’s characterization of the existence of hermitian—Einstein metrics on stable vector
bundles [UY86]. These theorems are established on Ké#hler manifolds. When the manifold is
non-Kéhler, the analysis is more difficult because hermitian metrics are no longer closed. In such
cases, Gauduchon metrics provide a useful substitute. For instance, Li and Yau [LY87] used
Gauduchon metrics to define the slope stability of vector bundles on compact non-Kéahler man-
ifolds. As a consequence, they generalized the Uhlenbeck—Yau theorem to non-Ké&hler setting.
For generalized Calabi—Yau type problem in non-Kéhler context, Tosatti and Weinkove [TW10]
showed that for arbitrary representative ¥ € cP¢(X) of the first Bott-Chern class of X, there
exists a hermitian metric w such that Ric(w) = ¥ by solving complex Monge-Ampeére equations.
In their proof, Gauduchon metrics play an important role to simplify calculations. Furthermore,
Székelyhidi, Tosatti and Weinkove [STW17] proved that one can even find a Gauduchon metric
with prescribed Chern—Ricci curvature. On the other hand, Angella, Calamai and Spotti [ACS17]
studied the Chern—Yamabe problem (i.e. finding constant Chern scalar curvature metrics in the
conformal class of a given metric w). They used Gauduchon metrics to define a conformal invari-
ant called the Gauduchon degree and showed that if a metric w has non-positive Gauduchon
degree then the Chern—Yamabe problem admits a solution. For more applications and results
about Gauduchon metrics, the interested reader is referred to [FU13, FWW13, Li21] and the
references therein.
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SINGULAR GAUDUCHON METRICS

From an algebraic point of view, singularities are ubiquitous as they occur in various contexts,
notably in the minimal model program and moduli theory. Ueno [Uen75] found a birational
class of three-dimensional complex manifolds which does not admit a smooth minimal model. In
moduli theory, it is necessary to deal with singular varieties when compactifying moduli spaces of
smooth manifolds. Already in dimension one, the fundamental domain of moduli space of elliptic
curves is non-compact and nodal curves lie on its boundary. On the other hand, in non-Ké&hler
geometry, investigating singular varieties admitting a non-Kéahler smoothing is an essential issue
due to close interactions of string theory and mathematics established over the past 40 years. In
the 1980s, a large class of non-Kéahler Calabi—Yau threefolds was built via conifold transitions
introduced by Clemens [Cle83] and Friedman [Fri86]. Roughly speaking, the process goes as
follows: contracting a collection of disjoint (—1, —1)-curves from a Kahler Calabi-Yau threefold
X to obtain a singular Calabi—Yau variety X and then smoothing singularities of Xg, one obtains
a family of Calabi-Yau threefolds (X;);2o which are generally non-Kéhler. Thus, it is important
to understand the geometric structure on X; induced by the original Calabi—Yau manifold X.
Experts believe that the Hull-Strominger system [Hul86, Str86] provides a natural candidate.
These models attracted a lot of attentions in recent years (cf. [Rei87, Fri91, Tia92, Ros06, FY08,
Chul2, FLY12, PPZ18, CPY21] and the references therein).

Given these considerations, it is legitimate to look for canonical metrics or special metrics
on singular hermitian varieties. In this note, we focus on Gauduchon metrics. A standard way
to give a metric structure on a singular complex space is to restrict an ambient metric in local
embeddings (see Definition 1.1 for the precise definition). Then we address the following question.

Question. Suppose that X is an irreducible, reduced, compact complex space equipped with a
hermitian metric w. Can one find a Gauduchon metric wg in the conformal class of w?

The purpose of this note is to give partial answers in the setup of smoothable singularities.
This means that the variety can be approximated by a family of smooth manifolds and the
hermitian metric is the restriction of an ambient smooth metric. The precise statements are as
follows.

Setup (S). Let X be an (n+ 1)-dimensional, irreducible, reduced, complex analytic space.
Suppose that

(i) m: X — D is a proper, surjective, holomorphic map with connected fibres;
(ii) 7 is smooth over the punctured disk D*;
(iii) the central fibre Xy is an n-dimensional, irreducible, reduced, compact complex analytic
space.

Let w be a hermitian metric on X in the sense of Definition 1.1. For each ¢ € D, we define the
hermitian metric w; on fibre X; by restriction (i.e. wy := wlx,).

In Setup (S), on each smooth fibre Xy, there exists a Gauduchon factor p; with respect to
w; by Gauduchon’s theorem. We may normalize these Gauduchon factors such that infx, p; = 1.
Then we show the existence of a smooth Gauduchon factor on the smooth part of the central
fibre.

THEOREM A (Cf. Corollary 2.3 and Theorem 3.1). In Setup (S), we have the following prop-
erties.

(i) There is a uniform constant Cg > 1 such that the normalized Gauduchon factors p; are
bounded between 1 and Cg on each smooth fibre X; for all t € D’{/Q.

(ii) There exists a smooth bounded Gauduchon factor p of wy on X;®.
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Thus, X admits a bounded Gauduchon metric (see Definition 1.2) in the conformal class
of wg. The idea of proof is to approximate the Gauduchon factor on the singular fibre by the
normalized Gauduchon factors on nearby smooth fibres.

Next, we assume that X is a variety endowed with a bounded Gauduchon metric wg. We
show that the trivial extension of the (n — 1,n — 1)-form wg_l through X*®& is a pluriclosed
current on X. Moreover, we also prove the analogous uniqueness result of Gauduchon.

THEOREM B. Suppose that X is an n-dimensional, irreducible, reduced, compact complex space
endowed with a bounded Gauduchon metric wg. Then we have the following uniqueness and
extension properties.

(i) If wg is another bounded Gauduchon metric in the conformal class of wg, then wg, must be
a positive multiple of wg;

(ii) Let T be the positive (n — 1,n — 1)-current obtained as the trivial extension of wgy '. Then
T is a pluriclosed current.

The main strategy is to use ‘good’ cutoff functions. Complement of proper analytic subsets
(e.g. X™8 = X \ X®18) admit exhaustion functions with small L?-gradient. This enables us to
show that the trivial extension of wgfl as a current on X satisfies dd°T = 0 in the sense of
currents globally on X. The uniqueness property follows similarly.

This note is organized as follows: §1 provides some backgrounds. Section 2 contains sup-
estimate of normalized Gauduchon factors in families (the first property in Theorem A). In § 3,
we show the existence of bounded Gauduchon factors on the central fibre (the second part of
Theorem A) and give the proof of Theorem B.

1. Preliminaries

In this section, we recall some notation and conventions which will be used in the sequel. We
define the twisted exterior derivative by d® = (i/2)(0 — 9) and we then have dd® = i09. We say
that a form is pluriclosed if it is dd®-closed. We denote by:

(i) D, :={z € C||z| < r} the open disk of radius r;
(ii) Df :={z € C|0 < |2| < r} the punctured disk of radius r.

When r = 1, we simply write D := D and D* := DJ.

1.1 Metrics on singular spaces

Let X be a reduced complex analytic space of pure dimension n > 1. We denote by X" the
complex manifold of regular points of X and X518 := X \ X8 the singular set of X. Now, we
give the definition of hermitian metrics on reduced complex analytic space X.

DEFINITION 1.1. A hermitian metric w on X is the data of a hermitian metric w on X
such that given any local embedding X <1—> CV, w extends smoothly to a hermitian metric
ocC.

on CN.

Remark 1.1. The notion of smooth forms (and hermitian metrics) as above does not depend
on the choice of local embeddings (see [Dem85, p. 14]). Hermitian metrics always exist: one
can use local embeddings and then glue local data of hermitian metrics by a partition of
unity.

Note that in Definition 1.1 a hermitian metric on X is more than just a metric on X"*8. Now,
we define Gauduchon metrics in the following two different concepts.
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DEFINITION 1.2. We say that a hermitian metric wg on X' is:

(i) Gauduchon if it satisfies ddcwg_1 =0 on X"°8;
(ii) bounded Gauduchon metric on X if there exist a hermitian metric w and a positive bounded
smooth function p defined on X' such that wg = p*/"Yw and ddcwg_1 =0 on X",

We define the complex Laplacian and the norm of gradients with respect to w by

ddc A n—1

At = try(dacy) = IR
c n—1
|df[? = tru(df Adef) = ”dedwiA” .

1.2 Currents on singular spaces
Recall that smooth forms on X are defined as restriction of smooth forms in local embeddings.
We denote by

(i) Dp,q(X) the space of compactly supported smooth forms of bidegree (p, q);
(i) Dpp(X)r the space of real smooth (p, p)-forms with compact support.

The notion of currents on X, D, ,(X) and D,, ,(X)r, is defined by acting on compactly supported
smooth forms on X. The operators d, d° and dd® are well-defined by duality (see [Dem85] for
detail arguments).

1.3 Example
We give an example of a non-Kéhler variety satisfying Setup (S) extracted from [LT94]. The
manifold M = (T'; x T9) N H C CP3 x CP? is a simply connected Calabi-Yau threefold with

by = 14, where
Ty = {ad + 2} + 23 + 23 = 0} c CP?,
Ty = {y5 + i + 45 +y3 = 0} C CP?,
H = {zoyo + 2191 + T2y2 + x3y3 = 0} C CP? x CP?.
There exists 15 disjoint rational curves #1,...,f15 with normal bundles O(C]Pﬂ(—l)@?, ly,...,014

generate Hy(M,Z), and there exists aj # 0 for j € {1,...,15} such that Zjlil a;[¢;] = 0. Then
one can contract these curves and obtain a singular space Xy with 15 ordinary double points.
Moreover, there is a smoothing 7 : X — D of X such that for all ¢ # 0, X; is diffeomorphic to a
connected sum of S* x S3. This implies that X; does not admit a Kihler metric since by(X;) = 0.
One can check that X is not Kéahler.

1.4 Remarks on the family setting -
Under Setup (S), the family of metrics (w;); satisfies the following properties: For all ¢ € Dy /o,
there is a constant B > 0 independent of ¢ such that

— Buwl < dd§wi ! < Bw?, (1.1)

where df is the twisted exterior derivative with respect to the complex structure of X;. Indeed,
in a local embedding, we have —Bw" < dd°w" ™! < Bw™ on X; hence (1.1) is just the restriction
on each fibre X;. On the other hand, the volume of (X;,w;) is comparable to the volume of
(Xo,wp) for all t € Dy /2- Namely, we have a uniform constant Cy > 1 such that

Cyt < Vol, (Xy) < Cy, Ve D). (1.2)
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The lower bound is obvious. One can prove the upper bound by the continuity of the total mass
of currents (w™ A [Xt])teﬁl/g‘ The proof goes as follows: the current of integration [X;] can be

written as dd®log |m — t| by the Poincaré-Lelong formula. As |7 — t| converges to |r| uniformly
when ¢t — 0, log|m — t| converges to log |r| almost everywhere and, thus, log|r —t| — log|x| in
L' when t — 0 by Hartogs’ lemma. Therefore, w™ A [X] P~ w™ A [Xo] in the sense of currents

and this implies Vol,,, (X3) P Vol (Xo). Thus, using the compactness of Xy, we obtain a

uniform upper bound Cy of Vol,, (X;) for all t € D, /2-

Finally, we give a remark on non-smoothable singularities: The first non-smoothable example
was given by Thom and reproduced by Hartshorne [Har74]. They considered a cone in C® over
the Segre embedding of CP! x CP? into CP® and they proved that the cone does not admit a
smoothing because of a topological constraint.

2. Gauduchon metrics on smooth fibres

The aim of this section is to prove the uniform boundedness of normalized Gauduchon factors p;
with respect to w; on smooth fibres X; in Setup (S). First, we fix a compact hermitian manifold
(X,w). Suppose that B > 0 is a constant such that —Bw" < dd“w”~! < Bw". From Gauduchon’s
theorem [Gau77], there exists a unique positive smooth function p € ker A} or, equivalently,

ddc(pwn_l) — ddcp/\wn_l —|—dp/\dcwn_1 _ dcp/\ dwn—l +pddcwn_1 -0

such that infx p=1 and wg = p"/™ Yw is a Gauduchon metric. Then we prove that the

Gauduchon factor is bounded by geometric quantities.

THEOREM 2.1. Suppose that (X,w) is an n-dimensional compact hermitian manifold. If p €
ker A¥ and infx p = 1, then there is a constant C depending only on n, B,Cs, Cp and Vol,,(X)
such that

supp < Cg,
X

where Cg and C'p are Sobolev and Poincaré constants.

The proof of Theorem 2.1 is inspired by the paper of Tosatti and Weinkove [TW10]. We apply
Moser’s iteration twice to obtain an upper bound of p. On the other hand, under Setup (S), the
Sobolev and Poincaré constants of the fibres X; are uniformly bounded independently of ¢t. The
uniform Sobolev constant in family comes from Wirtinger inequality and Michael and Simon’s
Sobolev inequality on minimal submanifolds [MS73]. The study of Poincaré constant in families
goes back to Yoshikawa [Yo0s97] and Ruan and Zhang [RZ11]. For convenience, the reader is also
referred to [DGG20, Propositions 3.8 and 3.10]. Although they only stated the properties on a
family of Kéhler spaces, the proof does not rely on Kahler structures.

PROPOSITION 2.2. Suppose that 7 : (X,w) — D is a family of compact hermitian varieties in
Setup (S). For all t € K € D, there exists uniform Sobolev and Poincaré constants Cs(K) and
Cp(K) such that

(n—1)/n
wreniogn, ([ Peta) e [ e+ [ IPer)
Xt Xt Xt

Vf € L3(X;%) and /fw,?:o, /}f\ngch/ s |2 wp.
Xt Xt Xt

and
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Remark 2.1. The irreducible condition is crucial in the proof of uniform Poincaré inequality.
Assume that Xy has two irreducible components X, and X{/. Consider a function f on X;™ and
it is defined by

f=1/Vol,,(Xp)  on (Xp)™®,

f=-1/Vol,,(X{§) on (X{)™s,

f=0 otherwise.

Then it is not hard to see that the right-hand side of Poincaré inequality is zero but the left-hand
side is positive. This yields a contradiction. One can also construct a ‘quantitative’ version of
that example. Namely, the Poincaré constant Cp; on each smooth fibre X; blows up when ¢t — 0
(see, e.g., [Yos97, DGG20]).

Combining Theorem 2.1, Proposition 2.2, (1.1) and (1.2), we obtain the following uniform
estimate in the family setting.

COROLLARY 2.3. Let 7 : (X,w) — D be a family of compact hermitian manifolds as in Setup (S).
Then there exists a constant Co > 0 such that

suppr < Cq, and i)r(lfpt =1 forallte }D)’{/Q,
t

t

where p; is the Gauduchon factor with respect to (X, wy).

2.1 Proof of Theorem 2.1

In this subsection, we establish two gradient estimates ((2.1) and (2.3)) and then apply Moser’s
iteration argument to obtain an upper bound of p. In order to check the dependence on each
data, we formulate the dependence of given constants. For convenience, we write V' := Vol,,(X).
We start the proof with a useful formula.

LEMMA 2.4. Suppose that p € ker A},. Then we have
/ F'(p)dp Adp AWt = / G(p)ddw™ 1,
X X

where F and G are two real C*-functions defined on R~ which satisfy xF'(z) = G'(x).

Proof. As p € ker A¥,, we have dd(pw™ ') = 0 equivalently. From Stokes’ theorem, it follows
that

0= [ Pl = - [ Flodpnas(p )
X X
:—/ F'(p)dp/\dcp/\wn_l—/ F'(p)pdp A d°w™ L,
X X

By the assumption xF’(z) = G'(x), we obtain the desired formula
/ F'(p)dp AdpAw™t = — / pF' (p)dp A dSw™ !
b's b's

:—/ dG(p) A dw™ ! :/ G(p)ddw™ L. O
X X
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Consider F'(z) = (np?/4)xz™P~2 and G(x) = —(np/4)x P for p > 1. By Lemma 2.4, we have
the following inequality

[l e = [ (o) (e nart
X X

—/ F'(p)dp Adp Aw™! —/ G(p)ddw™!
b's b's

7np -p( _ c n—1
=7 Xp ( dd®w )
B
Spn/ pPw". (2.1)

Put 8 =n/(n —1) > 1. Combining Sobolev inequality and (2.1), we obtain

(forirr) ™ ses( [ [ o)
<CS( nf/){(p_l)pwn—l-/)((p_l)pwn)
§p<nf+1)cs/Xp_pw"‘

< p1/p011/p HP

For all p > 1, we have

1o 2os (x.) M)

where (] is a constant depending only on n, B, Cs. Inductively, we obtain

< pUPI SIS gU/n Sz i1 ) 520 1/8 |

prlHka (Xw) > "071HLP(X7w)

< pn/pﬂn(nfl)/pcql/p prl HLp(X,w) )

Let p =1 and k — oo and, thus, we obtain

1—supp <B""1C/p1w
X

Therefore, the L'-norm of p~!

on n, B,Cg:

is bounded away from zero by a constant ¢ which depends only

1
-1, n .
/XP w" > 7@(”71)0{1 =:20.

Choosing sufficiently small §, we may assume A := V/§ > 1. Then we have

26§/ plw”—i-/ plw”S/ w”—i—l/w"
{p<A} {p>A} {p<A} AJx

Hence, the volume of {p < A} is bounded away from zero:

/ w" > 4. (2.2)
{p<A}
Now, we consider
n(p +1)* (log z)P! n(p+1)°
Fl(x) = 1 3 and G(x) = T(logaj)p for p > 1.
1320
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From Lemma 2.4, we find the following estimate

1)2 log p)P~ !
/ [d(log p) P+/2 2 n = np+1) / (log ”2) dp A dop A WL
X 4 x P

:/ F/(p)d,o/\dcp/\w”_lz/ G(p)ddw™?
X X

n(p+1)° / -1
= log p)Pdd w™
I X( )
< pnB/ (log p)Pw". (2.3)
X

Again, Sobolev inequality, (2.3) and Holder inequality yield the following inequalities:

1/
< / (logp)(’””ﬁw”) < Cs( / |d(log p)PHD/2[ 20 4 / (log p)p+1w”>
X X X

<Cs (pnB / (log p)Pw™ + / (logp)p“w”)
X X
p/(p+1)
<Cs (pnBVl/(pJ’l)(/ (logp)p+1w”) +/ (logﬂ)p+1wn>
X X

< (p+1)2nBCgmax{V, 1} max { / (log p)PHw™, 1}.
X
Write ¢ = p+ 1 > 2. We have

1
10 pll a5 () < ¢*/7C3 " max { [log pll o)+ 1}

where C > 0 is a constant depending only on n, B,Cg, V. Using the similar strategy of Moser’s
iteration again, we derive

sup(log p) < 2n/2gn =203 max{|log pl| 12 x ) 1}

12 1/2
< 2"/2ﬂ"(”*1)/203/2 max { (sup log p) </ log pw”) , 1}
X X
and, thus,
sup(log p) < C3max { / log pw", 1}
X X

for some constant C5 = C3(n, B,Cg, V).
Now, everything comes down to bounding [  log pw™ from above. Using Poincaré inequality
and (2.3) with p = 1, we obtain

/ |10gp — logp’zw” < C’p/ {dlogp‘iw” < 04/ log pw™, (2.4)
X - X X
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where log p = (1/V) [ log pw™ is the average of log p and Cy = Cy(n, B,Cp). Then by (2.2), we
can infer that

(5/ log pw™ = Vilog p < V/ log pw™
X {p<A}
SV/ (log A —logp + log p)w"
{p<A}
< V/ (‘logp — logp‘ + logA)w”. (2.5)
. 08 p

We use (2.4) and (2.5) to obtain

/ log pw" < V</ }logp - Iogp‘w" + VlogA)
X o \Jx
1/2
< ‘(?(Vl/?(/ |logp—logp‘2w"> —i—VlogA)
X
1/2
< Z(VUQC;H(/ logpw”) + VlogA).
X

Note that if 22 < ax + b for a,b > 0, then < a/2 + (b + a?/4)"/2. Eventually, we obtain
/ log pw™ < C5(n, B,Cs,Cp, V)
X

and this completes the proof of Theorem 2.1.

3. Gauduchon current on the singular fibre

In this section, we construct a Gauduchon factor pg on X as the limit of the Gauduchon factors
on the nearby fibres X;. In particular, we derive that the limit p is bounded and, thus, pl/ =Dy
is a bounded Gauduchon metric on X;®. On the other hand, for a fixed irreducible, reduced,
compact complex analytic space X, we show that the (n — 1)-power of a bounded Gauduchon
metric can be extend trivially to a pluriclosed current on whole X and also prove a uniqueness
result.

3.1 Gauduchon metric on the central fibre

THEOREM 3.1. Suppose that X is the central fibre in Setup (S). There exists a smooth function
1<p<Cg on Xéeg such that pl/("_l)wo is a bounded Gauduchon metric. Here Cq is the
constant introduced in Corollary 2.3.

Proof. We shall apply standard elliptic theory on some relatively compact subsets of X to get
a smooth function p. This p is the limit of (p;;);en defined on the fibre X;. for some sequence
t; — 0 when j — +4o00.

Recall that m: X — D is submersive on X,,"®. By the tubular neighborhood theorem, there
is an open neighborhood M of X;*® in X" such that the following statements hold.
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(i) For all U € X, there exists an open set My C X', a constant dy >0, and a
diffeomorphism ¢y : U x Ds,, = My such that the diagram

U><]D)5U%>./\/IUC./’V(C.)(']rGg

b=

Ds

U

commutes. In particular, for all ¢t € Dy, Yy(-,t) : U — My is a diffeomorphism onto its
image My, = ¢y (U,t) = My N X;.
(ii) IfU € V € X,,*®, we have dy > dy > 0 and ¢y (z,t) = ¢y (z,t) for all z € U and t € Dy,,.

Now, we denote by P, = A}, and fix Uy € Uz € Xéeg which are connected open subsets. Note
that U; can be identified with My, + = ¢y, (U, t) for ¢ € {1,2} and for all t € Ds,,, and, hence,
P, can act on smooth functions defined on Us. In addition, on Us, the Riemannian metric go
induced by wg is quasi-isometric to g; induced by w;, and the volume form w{ is comparable
with w}’. In other words, we have a uniform constant Ctz, > 0 such that

Cpry (7)o < (b < Ci )y and - Cpufy < wff < Crpug (3.1)
By Garding inequality, we have
1l 22 (01 o) < Conte (1Pl L2 (1 ) + 1l L2075 ) )
for all u € C2°(Uz). The constant Cy, v, can be chosen independent of ¢ because the coefficients
of P, move smoothly in ¢. Choose a cutoff function y such that supp(x) C Uz and x =1 on Uj.
From Garding inequality, we obtain

loell 2 Urwo) = CUl,Uz(HPt(XPt)HH(UQ,wO) + HXpt”LQ(UQ,UJO) ) (3:2)
a( )

In (3.2), the second term ||xp| L2(Un,wo) 18 uniformly bounded because of Corollary 2.3. Hence,
we only need to estimate [[Pi(xpt)|| 12(v, wp)- Note that

n (¢} n—
Pi(xpr) = —ddi(xpwf ™)
t

n - —_ —
= 2 (2dpe A AW xddf (o )+ prdd (e ) = xprddiesp )
t

ddy wt

wy'

= 2(dpt, dX)w, + pePr(X) — pex (3.3)

Obviously, psP;(x) and pyx(ddSw? ™! /wi) are uniformly bounded, so we only need to control the
L?-norm of the first term (dp, dx)ew,

2
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Here the first line is by Cauchy—Schwarz inequality and (3.1). The fourth line follows from an
argument similar to that used in (2.1) (just replace —p by p). As 1 < p; < Cg and Vol,, (X;) <
Cy, we find a uniform bound of ||P;(xpt)ll 121, ) Hence, HptHLg(Ul’wO) is uniformly bounded
by some uniform constant C'(Uy, Us).

For higher-order estimates, we apply higher-order Garding inequalities on the fixed domains
UielU; e )Q?g:

lellzz, 0 w0) < Cs00,0 (1Pl 20y o) + 1l £2 (0 w0 )

for all u € C°(Us). Let U = (U;);en be a relatively compact exhaustion of X°®. Differentiat-
ing (3.3) on both sides and using a bootstrapping argument, we obtain ||p¢| 121, wy) < C(s,U)
where C(s,U) does not depend on t. By Rellich’s theorem, there exists a subsequence (py;)jen
such that py; converges to p in Ck(Th) for all k € N when t; — 0. Therefore, dd§(pwi ') =
lim; 4 oo ddf, (ptng_l) =0 on U;. Using a diagonal argument, we can infer that there is a
smooth function p on X which is bounded between 1 and Cg, and satisfies dd§(pwf ") = 0
on X;%. O

3.2 Proof of Theorem B

In this subsection, we always assume that X is an irreducible reduced compact complex
space and wg is a bounded Gauduchon metric on X. Before proving the uniqueness result
and extension property, we recall the existence of cutoff functions with small L?-gradients.
From a classical property in Riemannian geometry, these cutoff functions do exist on so-called
parabolic manifolds (see, e.g., [Gla83, EG92]). In our case, one can easily construct explicit
cutoff functions by Hironaka’s desingularization and loglog-potentials (cf. [Berl2, Lemma 2.2]
and [CGP13, §9]):

LEMMA 3.2. Suppose that (X,w) is a compact hermitian variety. There exist cutoff functions
(Xe)es0 C C°(X™8) satisfying the following properties:

(i) xe is increasing to the characteristic function of X**® when ¢ decreases to zero;
(i) [y |dd°xe Aw™ | — 0 when & — 0;
(iii) [y dxe Adxe Aw™ ! — 0 when & — 0.

These functions allow us to perform integration by parts as on a compact manifold.
Then we argue that the desired results hold when ¢ tends to zero. Now, we give a proof of
Theorem B:

Proof of Theorem B. We divide the proof in two parts.

Part 1: uniqueness of singular Gauduchon metrics. Assume that wg and wg, are both bounded
Gauduchon metrics in the same conformal class. We write p to be the bounded Gauduchon factor
satisfying p!/ (" Dwg = we- Let (xe)eso be cutoff functions given in Lemma 3.2. From Stokes
formula and direct computations, we derive

1 _
/Xreg x€|dp|ing =3 /Xreg p2ddy. AW L (3.4)
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Indeed,
/ XeldplZ wg ! = /X Xedp Adp AW = — /X pd(x=dp Awi ™)
reg reg

= — / p(dxe Ad°p A wgfl + xedd®p A wgfl — xdp A dwgfl)
Xreg

1
= _/ dp? AdSx. A wgfl + / pxedp A dcwgfl
2 Xreg Xreg

1
/ PA(dxe AwgT) — 5 / PPd(xedwd )
Xreg Xreg

1
p2ddx. A wgfl or /Xreg p2dSxe A dwgfl

N~ N

Xreg

1
— / pPdxe A dcwg*1
2 Xreg
1 2 14¢ n—1
=_ p dd®xe Nwg
2 Xreg

By Lemma 3.2 and the boundedness of wg, we can see that [y [ddxe A w’é‘l\ converges to zero
when ¢ tends to zero. As p is bounded, the right-hand side of (3.4) goes to zero and, hence,

[ Janku =0,

Because X"°® is connected by the irreducible assumption, p is a constant.

Part 2: extension to a pluriclosed current. We already have a smooth pluriclosed bounded positive
(n—1,n — 1)-form wg_l on X8, Note that wg_l can extend trivially as a bounded positive
(n—1,n—1)-current 7" on X. If wg_l is closed, so would be T" by the Skoda—El Mir extension
result [Sko82, EM84]. Some results for plurisubharmonic currents do exist in the literature (see,
e.g., [AB93, DEEMO03]), but we could not find the one of interest for us here. Therefore, we
provide a quick proof.

Again, we are going to use good cutoff functions (x:)s>0 in Lemma 3.2 to prove that T is
pluriclosed in the sense of currents. Fix a smooth function f on X. We need to show that

(f,dd°T) ::/ dd°f AT = 0.

X

Using the cutoff functions constructed in Lemma 3.2, we can write

/deCf/\T:/ ngdcf/\T—l—/ (1—x)ddf AT,

R. e

=1 =1l

where R, is a small open neighborhood of the closure of {x. > 0} contained in X" and similarly
S. is a small neighborhood of the closure of {x. < 1}. According to Lemma 3.2, as € — 0, R.
tends to X8 and S. shrinks to X®"8. Therefore, II. converges to zero when € goes to zero.
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We compute the term I by the Stokes formula:

L= [ fdd°(xewd ') = / F(ddx: Awd !+ 2dwd ™ A dxe)
R, Re

= —/ fdd®y. /\wgf1 —Q/R df Adye /\z,ugf1 .

=111, =1V,

By Cauchy—Schwarz inequality, the term IV, can be bounded by

V| < /R Ty 2oydf AdOf A wg ! +/ dxe Ady: Awd Tt

R

::‘{/‘S ::‘\715

Using the dominated convergence theorem, V. converges to zero when € goes to zero, because
the set {dy. # 0} is contained in S. and S. shrinks to X*"8. Applying Lemma 3.2, III. and
V1. converge to zero as € tending to zero. These yield that I. — 0 as ¢ — 0. All in all, we have
Jx ddf AT =0 for all f € C®(X); hence, dd°T = 0 in the sense of currents. O
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