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Abstract

In a Bayesian modeling approach for differential item functioning (DIF), the dependence structure of
(non-)uniform DIF is represented by a structured covariance matrix. Item-group interactions (uniform
DIF) but also item-specific person-group interactions (non-uniform DIF) are represented by additional
correlations in (latent) item responses. DIF in discriminations and difficulties is modeled simultaneously
across items and multiple groups in the covariance matrix, making it possible to examine (non-)uniform
DIF without needing anchor item(s) or multiple-step procedures. The modeling framework is very efficient,
avoids the computation of any interaction parameter, and requires only a single covariance parameter for the
DIF assessment of an item parameter for any number of groups. This supports a simultaneous non-uniform
DIF analysis of all items, even for small sample sizes. The proposed DIF procedure is applied to PISA data,
where the advantages of the method are illustrated and compared to a multiple-group IRT analysis.

Keywords: Bayes factor; Bayesian covariance structure; IRT; (non-)uniform DIF

1. Introduction

Measurement bias in the form of differential item functioning (DIF) has received considerable attention
in the literature of educational measurement. An item is known to exhibit DIF if the probability of
success given ability differs from group to group. Models for DIF detection—also known as measure-
ment invariance testing—have been developed in which an item-group interaction effect represents
uniform DIF for an item. The logistic mixed-effects model have been defined for this purpose (Hartig
et al., 2020; Van den Noortgate & De Boeck, 2005). Another popular model for DIF analysis is the
multiple indicators, multiple causes (MIMIC) confirmatory factor model. In the MIMIC model, the
measurement component contains an item-specific group effect, which represents the uniform DIF
effect (Chen et al., 2023; Muthén, 1985). In the multiple-group item response theory (MG-IRT) model
group-specific IRT functions can be estimated, which can be compared to the common (invariant) item
response functions across groups (Bock & Zimowski, 1997; Kohler et al., 2024).

Methods based on item-group interaction effects (uniform DIF) have the disadvantage that the
interactions need to be estimated and assessed for significance. This places restrictions on the required
sample size for each group to estimate the interaction effect with sufficient precision. For more than
two groups, the assessment of DIF becomes a multiple hypothesis testing problem and requires
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pairwise-group comparisons. Furthermore, for non-uniform DIF, the estimation and assessment of the
interaction between the level of ability and group membership for an item have proven to be challenging.
There are only a few studies reporting about performances of methods for non-uniform DIF detection
(Narayanon & Swaminathan, 1996).

A concurrent (non-)uniform DIF analysis of all test items is computationally very challenging due
to the large number of interaction effects and the required large sample sizes. Recently, regularized DIF
methods have been developed using a lasso-type procedure for model selection and parameter estima-
tion (e.g., Belzak & Bauer, 2020; Schauberger & Mair, 2020), which allows the explicit parameterization
of all possible DIF effects for all items with the restriction that no more than 50% of the items show DIF.
The regularized DIF (lasso) method supports the identification of DIF only through estimation, where
non-zero estimated effects are considered DIE. However, the procedure does not provide constructs
like P-values and confidence intervals of the lasso (DIF) estimates, making it impossible to assess the
significance of the estimated DIF effects. Belzak and Bauer (2020) recommended re-fitting the final
model to compute P-values and confidence intervals of the DIF parameters given selected anchor
items obtained through regularization. However, they also reported that this leads to naive intervals
and P-values—ignoring the impact of the data-dependent model selection on statistical inference—and
intervals are too short and will show under coverage. The uncertainty regarding the selection of the DIF
items needs to be integrated into the statistical inference to guarantee its validity. However, performing
inference after data-driven model selection is a very complex task but inherently connected to lasso-type
procedures (Zhang et al., 2022).

Valid and consistent methods based on model comparisons require a baseline model, which requires
known anchor items. Constrained (nested) versions of the baseline model can be tested to detect (non-
uniform) invariant items (Chalmers, 2012). To test a set of items for DIF, a sequential test procedure
is required, for which it is not exactly clear in what order to test the items. When interest is in DIF in
discriminations and difficulties, the number of restricted models to examine can increase quickly, since
constrained versions of the baseline model are needed for both parameters. Furthermore, sequentially
or iteratively testing for DIF leads to a multiple hypothesis testing problem, which requires a correction
to control the family-wise error rate.

1.1. The disadvantages of random item parameters

To enable a simultaneous DIF analysis of all items, and to avoid a model-selection procedure, Bayesian
IRT models for DIF have been developed (e.g., De Jong et al., 2007; Verhagen & Fox, 2013). They are
constructed from a random item parameter model, also known as a random item effects model, in which
random item parameters describe differences in item parameters across groups. The model defines
a common measurement scale across groups by assuming group-specific (random) item parameters,
which are assumed to be normally distributed around invariant item parameters. The random item
parameter variance is used to assess the degree of measurement variance. When the variance is
(approximately) zero, it represents no DIF (measurement invariance), and if greater than zero, it
represents DIF (measurement variance).

The random item parameter approach has several disadvantages. The method is not suitable for non-
sampled groups for which the normality assumption of the random item parameters does not apply, or
a few sampled groups for which the random item parameter variance cannot be accurately estimated.
Another disadvantage is that DIF is represented by a random item parameter variance of zero, which is
a boundary value on the parameter space. This complicates the specification of an objective prior for the
variance parameter but also complicates assessing data evidence in favor of DIF under the random item
parameter model. Furthermore, the random item parameter model, similar to DIF interaction models,
places restrictions on the required group sizes to estimate random item effects with sufficient precision.
This is particularly a problem for examining DIF in discrimination parameters, which relies on accurate
group-specific discrimination estimates.
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1.2. From random item parameters to a structured covariance matrix

To avoid the disadvantages of the random item parameter model, Fox et al. (2017) and Fox et al.
(2020) proposed a Bayesian covariance structure model for DIF testing (BCSM-MI). In their modeling
approach, dependence among item responses caused by DIF is not modeled by random item parameters
but through a structured covariance matrix. When assuming DIF, the IRT’s local independence
assumption does not hold, which means that the item response data are not independently distributed
given person and invariant item parameters. The item response data are assumed to be correlated within
each group, caused by an item-group interaction. The correlation is zero when measurement invariance
holds, and it is greater than zero when measurement invariance is violated.

The BCSM-MI has the advantage that it does not include any group-specific item parameters,
and subsequently does not make any assumptions about the distribution of the group-specific item
parameters. This makes the BCSM-MI suitable for assessing DIF for two or more groups and for
randomly and non-randomly selected groups. Furthermore, a correlation of zero (representing no DIF)
is not a boundary value on the parameter space. This makes it possible to define a noninformative prior
about the DIF assumption and to assess data evidence in favor of DIF under the BCSM-MI. Further-
more, the assumption of uniform DIF (item-group interaction) is represented by a single covariance
parameter, but also non-uniform DIF (item-specific person-group interaction) is represented by a single
covariance parameter. Without requiring any item-group interaction effects, the assessment of DIF in
discriminations and difficulties can be executed with more similar levels of confidence.

In this study, the BCSM-MI for uniform DIF is generalized to assess non-uniform DIF for unbal-
anced groups. DIF is manifested through differences in difficulty or discrimination or both across
groups. Although Fox et al. (2020) introduced a structured covariance matrix representing the assump-
tion of uniform and non-uniform DIF for a balanced design, their developed Markov chain Monte Carlo
(MCMC) algorithm and simulation results were restricted to uniform DIE Their MCMC algorithm is
extended to include the estimation of (item-specific) covariance parameters—a dependence structure
implied by item-specific person-group interactions—while also accounting for unequal group sizes.
The conditional distribution of each covariance parameter is identified as a product of shifted-inverse
gamma distributions (Fox et al., 2017), which is shown through eigenvector decompositions. Lower
bound restrictions for the covariance parameters, ensuring a positive-definite covariance matrix, are
integrated in the shifted-inverse gamma priors. This facilitates efficient posterior sampling of covariance
parameters as part of the MCMC algorithm.

Next, the BCSM-MI is introduced, in which a structured covariance matrix represents the assump-
tion of uniform and non-uniform DIE Subsequently, a short comparison is given with some con-
ventional DIF tests, and shortcomings in relation to the proposed Bayesian DIF tests are discussed.
In Section 4, the proposed inference method is described, including the derivation of the posterior
distribution of the covariance parameters. In Section 5, a Bayes factor (BF) test is proposed for assessing
hypotheses concerning non-uniform DIE In Section 6, the performance of the BCSM-MI for the
assessment of non-uniform DIF is shown through simulation studies. An illustration of the method
is given using a PISA study and results are compared to an MG-IRT analysis. Finally, in Section 8, a
discussion is given of possible extensions of the method and of the used covariance priors.

2. The BCSM-MI method

The BCSM-MI is introduced by considering the random item parameter model for binary item
responses (Fox, 2010, Verhagen & Fox, 2013). The random item parameters, denoted as ayj and by;, are
assumed to be normally distributed with mean ay and by and variance o,, and oy, , respectively. A latent
response variable is used to specify the random item parameter model with Z;; a normally distributed
latent response of person i in group j for item k. Then, the random item effects model is represented by

Ziji = axj0ij — by + ek, oy

= akG,»j —bp+ Sakj 9,']' + fhk] + €ijk,
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where €ay 8; and €, Tepresents an item’s person-group interaction (DIF in discrimination) and an item-
group interaction (DIF in difficulty) in group j, respectively, and assumed to be normally distributed
with mean zero and variance o, and o,, respectively. The random measurement error e is assumed to
be standard normally distributed. Following Fox et al. (2020), the BCSM-MI is derived by integrating
out the random item parameters. Without conditioning on the group-specific item parameters, they
show that the covariance among two latent responses to item k in group j is given by

Cov (Zijk7lek | Gij,ak,bk) = Oy 6ijﬁlj + 0p,.- (2)

Given this result, the BCSM-MI for responses to item k in group j, including the dependence structure
of the DIF effects, can be represented by

Z] NN(ﬂkOj - bk,zjk)

t
ij = I,,j + O‘bk]n}. + Og, Bjﬂj,

3)

where 0j ~ ./\/'(‘ugj,o'gjlnj) and ij € Q(ij) with Q(ij) = {ij,zijk < Oifyijk = Oazijk > Oify,'jk = 1}
representing the allowable region for the latent responses. The J,, is a matrix of dimension n; with all
elements equal to one and I, is the identity matrix.

To illustrate the modeling of DIF through the structured covariance matrix, the conditional expec-
tation of Z; is derived under the BCSM-MI given item and person parameters and remaining latent
responses in group j, denoted as Z_;);x. When o}, = 0 representing no DIF in difficulty parameter by, it
is shown that this conditional expectation equals the mean term p; = ax;; — by plus an item-person—
group interaction, Gijsak] , according to Equation (1). From Equation (1), with €y, = 0, it follows that the
ordinary least squares estimator of €q Can be expressed as

L (Zg ~ psi)
ag. — 2 bl
/ ZS#i 65]
where observation Z;j, is excluded in the estimator for the ¢4 .

According to the BCSM-MLI, the conditional expectation of Z;; given Z_; ;i can be expressed as (see
Appendix A)

4)

Zs#i st (Zsjk - ,usjk)
l/aﬂk + Zs#i 0521

Es#iefj ) A

o 5)
I/ng + Zs;‘:i 6?] ak]’

where, in the last term, a Bayes estimator of the €a CAN be recognized, in which a positive o,, arranges
shrinkage of the effect toward zero. As a conclusion, under the BCSM-MI, the expected latent response
Zijx depends on the item-person-group interaction, which represents the contribution of DIF in
discrimination parameter a;. When o, = 0, the covariance support for this interaction effect is not
present in the structured covariance matrix in Equation (3). Subsequently, the expression in Equation (5)
is only defined for o, # 0.

The structured covariance matrix needs to be positive definite, which restricts the parameter space of
the covariance parameters. When o3, = 0, the determinant of the covariance matrix needs to be positive
and implies a restriction on the oy, . It follows that

det(Inj + agkﬂjﬂj) = det(I,,j) (1 + oukﬂfﬂj) >0
=1+04 Y.0;>0. (6)

E(Zi| Z(—i)jk) = axb;j — by + 0;

:akGij—bk-rGij(

Subsequently, the covariance matrix is positive definite if g, > -1/ ZiGiZj. The parameter space of
the covariance parameter o, represents three different types of non-uniform DIFE. The common
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non-uniform DIF in discrimination is represented by g, > 0, which states a non-uniform difference
in item characteristic curves across groups. There is no DIF in discrimination if o, = 0. When g, €
(—1 /> 6,-2]»,0), there is DIF in discrimination within each group j. This means that for persons in group j,
the item discriminates differently and this is referred to as within-group non-uniform DIE. Within each
group, the item discriminates more highly to some than other group members, and this is manifested as
a negative correlation among the (latent) item responses. Within-group DIF is beyond the scope of this
research. Nielsen et al. (2021) and Fox and Smink (2023) discuss the modeling of negative associations

among clustered measurements and the interpretation of negative clustering effects.

3. Related methods on detecting DIF

The psychometric literature on DIF is huge and shows intensive research in assessing the fairness of
measurement instruments. The IRT-based methods condition on the latent variable and are originally
designed for a two-group comparison (Camilli & Shepard, 1994; Millsap, 2011). A likelihood-ratio (LR)
test can be applied to test for differences in item parameters across groups (Thissen et al., 1988). These
methods require prior knowledge about anchor items assumed to be free of DIF. Results from a stepwise
procedure to identify anchor items can be sensitive to the initial choice of anchors. Uncertainty in the
model selection process can lead to an incorrect selection of items free of DIE. Due to the stepwise
procedure of model selection, the validity of the statistical inference on the DIF parameters is not
guaranteed. Disadvantages of DIF methods based on pre-knowledge of anchoring items have been
discussed by Chen et al. (2023).

Recent extensions in IRT-based DIF modeling consider additional group-specific parameters for
differences across groups in item discrimination and difficulty for several items. Although an IRT-based
LR test can be used to identify variations in item discriminations across groups, due to the increase in the
number of model parameters maximum likelihood estimation is more likely to fail. Furthermore, the LR
method seriously increases the required sample size in each group for accurate parameter estimation.

The performance of DIF detection methods have not been extensively studied, mainly due to the
computational burden. Finch (2005) provides an overview of the performance of several popular
methods (e.g., MIMIC, Mantel-Haenszel, and LR test), which require anchor items and they are meant
for a two-group comparison. It is shown that the performances depend on the number of anchor items,
where more anchors increased the power of DIF detection. Anchors containing DIF negatively affect
the performances. Furthermore, the Type-1 error was beyond the nominal level especially for relatively
short tests (around 20 items). For longer tests, the MIMIC model showed only a small inflation in the
Type-I error. Shih and Wang (2009) examined the performance of the MIMIC model for DIF detection
and showed acceptable (average) Type-I error rates. However, for a group size of 500 and 1,000, the
mean power (true positive rate) was around 50%-60% and 80%-90%, respectively, where the difference
in difficulty parameters between the reference and focal groups was set at 0.4. It is well known that
conditional DIF methods, in which DIF effects are estimated and assessed for significance, require
moderate to large sample sizes to perform well (Fox et al., 2020).

Due to page limit, a further discussion of more recently developed DIF methods (e.g., regularized
DIF and model-based recursive partitioning) is given in Section S1 of the Supplementary Material.
Subsequently, in Section S2 of the Supplementary Material, a comparison in performance between
regularized DIF and the BCSM-MI method is given through a simulation study.

The BCSM-MI has several advantages over other DIF methods. For each item parameter, DIF can be
assessed for any number of groups with a single covariance parameter. The BCSM-MI method avoids
the model selection problem to detect anchor items by modeling simultaneously DIF in all items. The
item DIF is simultaneously assessed for significance, which leads to a valid inference procedure. The
proposed BF test for a covariance parameter is an omnibus test for (non-)uniform DIF across all groups
thereby avoiding multiple hypothesis testing problem. The method does not rely on any anchor items to
measure all persons on the same scale. The DIF in each item is modeled through the covariance matrix,
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which adjusts the person and item parameter estimates but this does not lead to changes in the scale of
the person parameters. Therefore, the BCSM-MI can be identified by restricting the mean and variance
of the scale of the person parameters (possibly of a reference group), independent of the number of
items showing DIE

4, MCMC estimation of BCSM-MI

The MCMC algorithm for the estimation of the BCSM-MI parameters is described in Appendix C. The
sampling of the covariance parameters is done through slice sampling and discussed in more detail
in this section. The other model parameters are sampled directly from their conditional distributions
given augmented item response data. A Metropolis—Hastings step is defined for the sampling of person
parameters, when negative covariance values are sampled (see Appendix D).

The BCSM-MI is identified in the same way as an MG-IRT model. The mean and variance of the
person parameters of the reference group are restricted to 0 and 1, respectively. It is also possible to
place restrictions on the item difficulty and discrimination parameters to identify the latent scale.

4.1. Posterior distribution (DIF) covariance parameters

To obtain an analytical expression for the posterior distribution of each covariance parameter, a novel
method is applied based on eigenvector transformations of the latent item response data. This method
generalizes the procedure of Fox (2024), in which one covariance parameter is considered. The method
is based on recognizing that the covariance structure of the BCSM-MI in Equation (3) consists of two
rank-one components to describe dependence among item responses due to DIE The two non-zero
eigenvalues can be expressed as a function of the covariance parameters. The transformation of the
(latent) item response data with the eigenvectors is considered, which has a bivariate normal distribution
with a covariance matrix containing the two non-zero eigenvalues. Another set of eigenvectors can be
computed which diagonalize this covariance matrix with respect to one of the covariance parameters.
Then, an analytical expression of each covariance parameter is obtained by considering the distribution
of the latent item response data transformed by both eigenvectors.

By definition, the transformation of the (latent) response data by eigenvectors is sufficient for the
covariance parameters. Furthermore, any correlation between the DIF in difficulty and discrimination
will not bias the estimation results. The second eigenvector decomposition is an orthogonal transfor-
mation with respect to the other covariance parameter thereby properly avoiding the influence of any
correlation between the two covariance parameters.

4.1.1. Eigenvector transformations
This procedure starts with the computation of the eigenvectors with non-zero eigenvalues for the two
rank one components in the covariance matrix. The following definitions follow directly from theory ofa
rank-1 matrix. Let vq, = 0;/| 0;| be the eigenvector which diagonalize the covariance matrix component
04,8;0; with eigenvalue 0,,0;6;, where ||6;] represents the Frobenius norm of 6;. The eigenvector v, =
1, /| 14| diagonalizes the covariance matrix component o, J,,; with eigenvalue oy, 1;. The eigenvectors
are stored in matrix vjx = (Vay, Vs, ). Then, Zj = v}k(zjk — #;) has a bivariate normal distribution with
mean zero and covariance matrix v;kEjkvjk.

Consider the projection matrix P, and P, orthogonal to the column space of v;klnj and V}kﬂ-,
respectively, which are given by

Pa=1~ (V;klﬂf) ((V}klnj) (V;klnj)t) (V}klnf)t’

Py =T~ (vii6;) ((kaej) (kaef)t)_l (vi6))',

-1
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respectively. The projection matrices P and P are each of rank one. Let wg, and wj,, be the eigenvector
of projection matrices P, and Py, respectively, each corresponding to the one non-zero eigenvalue.
Then, by definition, wa, and wy, diagonalize the covariance matrix v}kﬁjkvjk with respect to g4, and oy,
respectively. For instance, eigenvectors wg, and vj diagonalize covariance matrix 2 with respect to
Oy

t t t t t t '3
Waye (VikZvie ) Wae = Way, (Vi Vi + 00, Vil Vit + 0, V30303 vie ) Way
t t t t t
= Wa, Vikln VikWay, + 00, W, Vi 00, Vi Way,

~ 1~ ~ 1 f ~
=W, Way, + Oa (Wa,-k Gjﬂjwa]k) ,

~ t t t ~ . . t
where Wy, = w,, v and W, 1,,; = 0, since P, is orthogonal to the column space of v 1,,.

4.1.2. Posterior distribution of g,

Consider the distribution of z, = Wﬁ,}k Zjk. Let sqy = W;jk Wa, and g, = Wﬁ,}k 0; G;Wajk. The distribution of Z,
given 0, Say» and A, is the product of independently normally distributed variables and is represented
by

J

. _ =884, /2
p (i“k | aﬂk7A“k)sﬂk) o< H (aﬂkla]k + Sa]k) 2 exp (—]k/) ) (7)

O hay + Say

where S, = (Z’ajk)z.

There are two restrictions on the parameter space of d,,. The first restriction states that o4, Agy + 54 is
greater than zero for all j, since it represents an eigenvalue of the covariance matrix Zj. A lower bound
for 0, can be derived, and it follows that LB1 (04, ) = — min;sa, /Aa.

The second restriction follows from the positive-definite restriction on the covariance matrix Zj for
all j. The determinant of the covariance matrix can be explicitly derived though the matrix determinant
lemma (Appendix B). It follows that

®)

02\
LBz(aak):—m_in(Bfﬂj—(lej /) ) .
j

1/Ubk+”j

Then, a shifted-inverse gamma prior can be defined for g,,, which integrates the lower bound restric-
tions. Therefore, let s5, =min (~LBi (0s,), —LB2(0s)), and

p(0a 150, ) o< (ou +s%)_g“1exp(’g—2)' ©)

Og, +So’uk

The posterior distribution of o,, is proportional to the product of the conditional distribution in
Equation (7) and the prior in Equation (9), and cannot be obtained in closed form.

4.1.3. Posterior distribution of gy,
The restrictions on parameter oy, follow in a similar way. The eigenvalue oy, Ay, +sj, is greater than zero

Sp.

for all j, which leads to a lower bound for oy,, LB1(0p, ) = —min; A%k The determinant of the covariance
ik

matrix needs to be greater than zero, which also restricts the parameter space for g3, , and it follows that

1+0,,0:6;
LB; (03,) = —min (1+0n.86))

—. (10)
] n; (1 + Ogy zl[l (9,] - Gj)z)
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Then, let s5, =min (LB (0v,), ~ LB> (0p,)), and a prior for gy, is a shifted-inverse gamma distribution
represented by

—gi-1 82
Op, | S o< (0, +S expl——1- 11
p( bk| Ubk) ( b Uhk) p( Gbk+s‘7bk) ( )
To define the posterior distribution of oy, , consider the distribution of ibk = v"vf,jk Zj. Let sy, = v"vijkv"vb]k
and Ay, = va,jk 0j0;v~vbjk. The distribution of z,, given oy, sp,, and Ay, is represented by

. _ -88. /2
p (Zbk | Ubk,Ahk,Sbk) < H (Ubk/\'bjk +Sbjk) 12 exp (—]k) , (12)
J

Uhk/\hjk + Sbjk

where 8§y, = (%b]k )2. It follows that the posterior distribution of g, is proportional to the product of the
prior in Equation (11) and the conditional distribution in Equation (12).

5. Bayes factor tests for non-uniform DIF

The BF is used to assess hypotheses concerning the covariance parameters g, and oy,. For each
covariance parameter, there are three hypotheses of interest. The covariance parameter can be equal
to zero, for instance, Ho : 04, = 0, which represents no DIF in discrimination for item k. The parameter
can be greater than zero, H; : g4 > 0, which represents DIF in discrimination. A special case can be
considered, H; : g4, <0, where DIF is present among group members (instead of DIF between groups).
The practical application of this case is not explored in this study. The main purpose of the BF tests
is to measure the data support in favor of no (non-uniform) DIF (Hp) and DIF (H>). An unrestricted
hypothesis H,, is used as a reference to examine the preference of each hypothesis in comparison to the
unrestricted hypothesis.

The normalizing constant of the marginal likelihood of the (latent) item response data given the
covariance parameter in Equations (7) and (12) is unknown. A parameter transformation is used
to avoid the computation of a normalizing constant under each hypothesis. It is shown that the
marginal likelihood under each hypothesis for the transformed parameter is computationally much
more efficient.

5.1. Change of variables

The distribution of z,, given oy, is a product of independently normally distributed variables with
different variance components, but each including o, (Equation (7)). A parameter transformation

is considered for which the posterior distribution has a known analytical form. The transformation
U,,,k/\ujk

function w,, = is defined with inverse function and derivative

Oa A”jk +sa]_k

w
O (wﬂk ) = # (Sajk/A’a]k)

- Wa,
Saj

d
- Og\Way ) = 77—
k( k) Aujk(l_wak)z

dwg,

respectively. It can be shown that the distribution of the Z,, given w,, is a gamma distribution

-1/2
z Saj Wgq
p(z“k | w“k7A”k’s“k) h 17[ /\ﬂjk(l —J Wa, )? ( 1- Clk)ak o +5ajk)
—~SS4,/2

Way
l—wak

exp

Say + Say
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oc [T(1-wa) " exp (= (1~ wa,) 85,/ (254,))
J
= (1-wa)exp (— (1-wa) Zssajk/(zsajk))
J

= @)% exp (a)ak S SSa,/ (25%)) , (13)
j

where @4 = 1—w,,, and assume a gamma prior for @,,. Then, @, has a gamma posterior distribution
given Z,, with shape parameter g +//2 and scale parameter g + 3;SSa; /(2sa; ). The lower bound for
0q, is translated to a boundary value for wg,, denoted as UB(@aq, ).

Ubk)tbjk
O'bk)tbjk +Sbjk
gamma distribution. Then, with a gamma prior for the @y, , the posterior distribution of @3, is a gamma
distribution with shape parameter g1 +J/2 and scale parameter g> + 3; SSp,, /(2sp,, ), where SSp, = (Zy,, )2
An upper bound for @p,, UB(@y, ), follows from the lower bound restriction on oy,

In the same way, it can be shown with transformation function wy, = that @p, = 1 —wp, hasa

5.2. Bayes factor testing

The hypotheses for 0,, can be translated to those for @g,, taking into account that the upper bound
UB (@, ) is greater than one (LB (o, ) is less than zero). For hypothesis Hy(ds, > 0), @q, € (—00,1),
for Hi(0a, <0), @a, € (1,UB(@s,), and for Hy(0a, = 0),@,, = 1. For the unrestricted hypothesis, let
7ty (@4, ) be the (unrestricted) gamma prior for @,, with shape g1 and scale parameter g». Following the
encompassing prior approach (Boing-Messing & Mulder, 2020; Klugkist & Hoijtink, 2007), for each
hypothesis H; for t = 0,1,2, the prior under H; is a restricted version of the encompassing gamma prior,
1 (@a,) = mu (@00,) X (@, | Hy), where

]I(&)ak [S Ht)
P(&q, | Hi)'

The BF for the restricted hypothesis H; for item k concerning &g, against the unrestricted hypothesis
H, can be expressed as

UB(&,, ) . - -
BFtu(d)ak):ka[f ‘ p(a»aklik)x(cbaklHt)dcbak]p(iklyk)dzk

oo

_x P(@a, € Hy,@0a, < UB(0y,) | 2) /P(@a, < UB(04,) | %) |
- P (@, € Hy,d0n, < UB(03)) /P(@a, < UB(ds)) ¥’

X (@a | Hy) =

(14)

where Zj represents the support for Z;. The BF in Equation (14) is expressed as the expected value
of a ratio of gamma cumulative distribution functions, which leads to an easy computation of the BE
Furthermore, the BF for two constrained hypotheses also follows easily, since BFy = BFy,/BFy, for
t,t' =0,1,2. The logarithm of the BF (log-BF) can be computed, where a log-BF of 3-5 is considered
strong evidence and above 5 very strong (decisive) evidence in favor of hypothesis ¢ (Kass & Raftery,
1995).

Let 7, (@p, ) denote an unrestricted gamma prior for @, with shape g1 and scale parameter g,. Then,
for each hypothesis, the prior under H; is a restriction on the encompassing gamma prior. Subsequently,
the BFs for examining hypotheses about oj, follow in a similar way and can also be expressed as a
ratio of gamma cumulative distribution functions, while using the appropriate upper bound for @, .
The corresponding hypotheses for @, are given by H, (ap, > 0), @p, € (—00,1), Hi(0p, < 0),@p, €
(1, UB(Cbbk))> and HO(Ubk = 0), (bbk =1.

The BF for covariance parameters can be applied to any number of groups and for any number of
items. It provides information about which hypothesis is more likely without requiring that any of the
hypotheses is true. The BF for testing a precise null hypothesis (Ho) against an unconstrained alternative
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hypothesis (Hy) is not favoring the null regardless of the information in the data (known as Bartlett’s
paradox), since the prior probability of @, = 1 is not sensitive to changes in the variance of the gamma
prior.

6. Simulation study

For each data replication, cluster sizes were sampled from a uniform distribution between (n—10, n+10)
with n the average cluster size and #; the size of cluster j. The discrimination and difficulty parameters
were sampled from a log-normal and normal distribution with mean zero and standard deviation 0.2
and 0.5, respectively. Subject parameters were sampled from a standard normal distribution. Interest
was in the covariance parameters, although (latent) cluster means were also estimated. True covariance
values for g, and o, were fixed across data replications and are given in the first column of Table
1. The covariances values were set at —0.002 and increased with a step size of 0.02 from item 1 to
10. A positive covariance value represents variance across group-specific item parameters. The grid of
covariance values reflects no DIF, low, to a high level of DIF across item parameters. Thus, for instance,
item 3, the 0,, = 0.038 represents a range of ay + 0.40 for the group-specific discriminations. For item
10, it is approximately ay + 0.84. The grid of covariance values, specifying the level of DIF, was equal for
the discrimination and difficulty parameters.

The BCSM-MI was identified by restricting the scale of the person parameters to have a mean of zero
and a variance of one. The prior for each covariance parameter is a shifted-inverse gamma, in Equations
(9) and (11), with shape and rate parameter equal to 0.001. The hyper prior parameter settings were
equal to those specified in Fox (2024, Appendix C).

Three conditions were considered with 10 items, and J = 10, 5, and 2 clusters, and with average cluster
sizes n = 200, 200, and 250, respectively. A total of 1,000 data replications were made in each condition.
Average results are reported in Table 1. The MCMC algorithm was ran for 5,000 iterations with a burn-in
period of 1,000 iterations. The effective sample size was at least 400 for each parameter for each data set.
The log-BFs were computed of the null hypothesis Ho: 0,4, = 0 (no DIF) versus the alternative hypothesis
Ha: 04, > 0 (DIF), represented as BFg, for all items k. A similar log-BF was computed for o3, for all
items k.

6.1. Covariance point estimates

From Table 1, for 10 clusters (J = 10), it follows that the median estimates (averaged across replications)
of the covariance parameters are close to the true values. For small true values, the posterior distribution
of the covariance parameters is very skewed to the right. Subsequently, the median point estimate is
greater than the mode, which led to a small overestimation of the true value. The average median
estimates of gy, for assessing uniform DIF were slightly closer to the true values than the median
estimates of g, for assessing non-uniform DIF. Higher true values of 0,, were slightly underestimated.

The (Monte carlo) standard error (SE) increases for increasing true values of the covariance
parameters. It is noteworthy that the SEs of the o, are quite comparable to those of the o3, . For lower true
values, the SE of the g, estimates is slightly higher than those of the o}, estimates, where for higher true
values, this is reversed. The scale of the difficulties supports more easily large between-cluster differences
than the scale of the discriminations. Therefore, it was more difficult to recover the high true values of
04, than of oy,

For five clusters—the average total sample size was reduced to 1,000—the average estimates of the
covariance parameters show a similar pattern as to those for 10 clusters. However, there is slightly more
discrepancy between the true and estimated covariance values. By reducing the number of clusters,
there was more sampling variation, and the SEs increased compared to those for 10 clusters. For high
true covariance values, the SEs of the o;, are higher than those of the oy, since the distribution for
generating difficulties had more variance than the one for generating discriminations. The lower bound
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Table 1. Simulation study: Covariance estimation results for different sample sizes averaged

across 1,000 data replications

J=10, n=200

3 0.038 0.027 0.005  -8.122 0.038 0.002  -15.075
4 0.058 0.043 0.004  —21.906 0.055 0.003  -28.832
5 0.078 0.068 0.007  —40.264 0.078 0.003  —49.147
6 0.098 0.080 0.006  —53.921 0.091 0.004  -59.931
7 0.118 0.108 0.007  —74.470 0.117 0.005  —83.296
8 0.138 0.122 0.007  —89.170 0.131 0.005  —97.286
9 0.158 0.126 0.009  —92.674 0.143 0.006  —104.168
10 0.178 0.151 0.008 —114.539 0.184 0.008  —142.483
J=5, n=200

4 0.058 0.043 0.009  —4.469 0.048 0.007 ~5.795
5 0.078 0.063 0009 -11.515 0.070 0008  —13.875
6 0.098 0.058 0013  -11.462 0.090 0009  —21.589
7 0.118 0.093 0012  -23.777 0.114 0011  —30.506
8 0.138 0.105 0014  -27.871 0.127 0012  -35.476
9 0.158 0.093 0018  -26.39% 0.140 0014  —41.532
10 0.178 0.134 0.018  —40.667 0.234 0027  -71.162
J=2, n=250

7 0.118 0.082 0.125 -3.362 0.079 0.125 -3.308
8 0.138 0.066 0.126 —-1.188 0.071 0.124 —2.493
9 0.158 0.082 0.148 -3.561 0.070 0.129 -3.417
10 0.178 0.073 0.137 —1.440 0.237 0.205 —30.487

Note: SE represents the Monte Carlo standard error, and BFy, represents the log-BF of no DIF versus

(between-cluster) DIF.

https://doi.org/10.1017/psy.2026.10101 Published online by Cambridge University Press


https://doi.org/10.1017/psy.2026.10101

Psychometrika 1059

was closer to zero due to a higher average cluster size. Subsequently, the posterior distributions were
more skewed to the right than for 10 clusters.

For two clusters and a total of 500 observations, the SEs increased rapidly and becoming larger than
the covariance values. Low and high true covariance values are overestimated for the discrimination
and difficulties. For smaller sample sizes, the posterior distribution of the covariance parameter is more
skewed to the right, since there is less data information. The posteriors have a longer right tail, which
led to a lower performance of the median point estimator.

The mean squared error (MSE) of the discrimination and difficulty estimates show accurate estima-
tion results across all conditions. The MSE slightly increased for increasing covariance values and when
decreasing the sample size. The MSEs of the o,, are comparable to those of the a,, and only slightly
smaller for high true covariance values.

6.2. DIF Bayes factor results

The log-BF was computed for the discriminations and difficulties, where positive (negative) values
support the null (alternative) hypothesis in the numerator (denominator). The rows in gray in Table 1
show data evidence in favor of no DIF (null hypothesis) for discriminations and/or difficulties (under the
header BF;). When increasing the level of DIF, there is a consistent decrease in the BFy, showing more
and more support for DIF (alternative hypothesis). This pattern is clearly visible for the discriminations
and difficulties. Furthermore, for a decreasing sample size, evidence in favor of DIF was more difficult
to achieve. That is, for smaller sample sizes, a higher level of DIF was required to obtain (substantial)
evidence in favor of DIF. Decisive evidence of DIF was easier obtained for the difficulty than for the
discrimination. For the relatively small sample size of 500 (J = 2), the BFy, still shows a consistent
decrease in value, when the true covariance value increases. Although the point estimates of the true
covariances have a relatively high SE, the BFy, which is based on the posterior and prior densities shows
consistent results.

7. Real data study

Data from the Programme for International Student Assessment or PISA was analyzed for DIF between
countries and mode of administration. A total of 14 math items of booklet B_2015_52 was administered
through a computer-based assessment (CBA) in PISA 2015 (OECD, 2016). The same set of items was
administered within “standard” paper-based assessment (PBA) in 2012 in booklet B_2012_4. The item
responses from Belgium (BEL), Germany (DEU), and The Netherlands (NED) were considered. The
response patterns of 249 (BEL), 148 (DEU), and 183 (NED) respondents were collected from a PBA in
2012, and of 677 (BEL), 338 (DEU), and 351 (NED) respondents from a CBA in 2015.

An overview of assessment and score differences between the 2012 and 2015 cycle is given by Jerrim
(2016). It was concluded that pupils who did the computer-based test under performed to those who
did the paper-based test. The mode of test administration had an impact on the pupils’ scores. For
several items, there was a mode effect in which, for instance, items appeared to be less difficult in a PBA
than in a CBA. The BCSM-MI method was used to examine country-specific item-mode interactions
and country-item-specific person-mode interactions, while accounting for latent group means and
variances. The BCSM-MI did not require any anchor items, which enabled a simultaneous DIF analysis
of the 14 items across the three selected countries, each with two modes of administration.

In Table 2, for each item parameter, the covariance value, SE, and the level of BFy, (no DIF versus
between-cluster DIF) are given. For item discrimination 10, the BFp, shows decisive evidence in favor
of DIF. Although the BFy; is also negative for item discrimination 7, it shows only weak evidence in
favor of DIF. For item difficulties 1, 2, and 12, there is also decisive evidence in favor of DIE For the
item parameters associated with DIF, the size of the BFy, is associated with the level of covariance,
where more negative BFy, values correspond to higher covariance values. According to the BF results,
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Table 2. PISA 2012-2015: DIF examination of paper-based and computed-based assessed math items across
three countries

Item BCSM-MI MG-IRT
Median  SE BFo; LR P(LR)  LRwq  P(LRwg)  MD  RMSD

Discrimination o,

1 0.011 0.002 8.104 5.576 0.350
2 0.008 0.001 8.871 2.912 0.713
3 0.032 0.005 3.033
4 0.009 0.001 8.496
5 0.016 0.001 6.907
6 0.015 0.001 7.691
7 0.030 0.003 —1.250 8.815 0.117
8 0.023 0.003 7.537
9 0.038 0.004 3.335
10 o5 0007 3% a5 0000 2 000
12 0.025 0.003 3.457 4.110 0.027 11.998 0.035
13 0.011 0.001 8.527
14 0.013 0.003 8.389
Difficulty op,

8 0.021 0.002 5.462
4 0.004 0.000 9.259
5) 0.010 0.001 7.494
6 0.016 0.002 8.505
7 0.022 0.001 1.908 17.928 0.003 17.928 0.003 0.089 0.078
8 0.015 0.001 6.240
9 0.018 0.002 6.818
10 0.011 0.001 8.386 3.159 0.675 0.019 0.035
11 0.006 0.001 8.902

13 0.007 0.001 8.897

14 0.011 0.002 7.801

Note: SE represents the Monte Carlo standard error. LR: Likelihood-ratio test. P(LR): P-value LR test. LR, (sequential) final LR
test. P(LRseq ): P-value (sequential) final LR test, MD: mean deviation, and RMSD: root mean square deviation.

those items (rows) shown in light gray have a negative BF;, for at least one item parameter, and item
parameters in dark gray show DIF.

The items for which the BF;, was positive for discrimination and difficulty were considered invariant
and used as anchors (i.e., free of DIF) in an MG-IRT analysis. A baseline MG-IRT model was defined
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using the anchors for an LR test procedure (Millsap, 2011). The latent mean and variance parameters
were considered free parameters, given a reference group for which the latent mean and variance were
restricted to 0 and 1, respectively. Items 1, 2, 7, 10, and 12 were examined for DIF in discrimination
and difficulty, which are colored light gray in Table 2. The R-package mirt (Chalmers, 2012) was used to
perform LR testing for DIF by comparing the baseline model to various constrained MG-IRT models,
in which item parameters were constrained to be equal across groups.

For each item examined for DIE, an MG-IRT model with the discrimination parameter constrained
was compared to the baseline model using the LR test. In a similar way, MG-IRT models were defined
for which each of the item difficulty parameters was restricted. Thus, a total of 10 models were needed
to examine each item parameter of the five examined items. In Table 2, the LR values and corresponding
P-values for the discriminations and difficulties are given under the header LR and P(LR), respectively.
High LR values correspond to negative BFy; values and small P-values. There appears to be an agreement
between the methods about which item parameters show DIF. However, the difficulty parameter of item
7 appears to show DIF according to the LR test, while the BF test shows weak support for no DIE. For
the discrimination parameter of item 7, the BFy, shows weak evidence for DIF, while the LR test does
not. However, note that the log-BF test is a simultaneous DIF analysis of all items and is not based on a
comparison(s) with a baseline model.

Subsequently, DIF in discriminations and difficulties was each sequentially tested under the
MG-IRT model. In this sequential procedure, items were restricted to be invariant when satisfying
the AIC criterion, and the remaining set of items was examined until no more invariant items were
found. In Table 2, for the final set of item parameters that displayed DIF the LR statistic and P-value
are reported, which are denoted as LRy and P(LRsq), respectively. For the discriminations, items
10 and 12 are marked as DIF, and for the difficulties, items 1, 2, 7, and 12. However, when using the
sample-adjusted BIC as a selection criterion to decide on which item is restricted to be invariant, the LR
sequential test results changed. In that case, only the discrimination parameter of item 10 is still marked
to show DIF while the discrimination of item 12 is considered to be free of DIE This is in line with
the BCSM-MI analysis. Furthermore, only the difficulties of items 1 and 12 show DIF, and difficulties
of items 2 and 7 do not show DIE This is not in line with the BCSM-MI results, where the difficulty of
item 2 also showed DIE

The mean deviation (MD) and the root mean square deviation (RMSD) were computed for each
item (Kohler et al., 2024, Equations (2) and (3)). In a baseline MG-IRT model, all item parameters
were restricted across groups to estimate the common set of item parameters. Subsequently, group-
specific item parameters were estimated using the anchors from the BCSM-MI analysis. In Table 2, for
the examined set of items, the maximum MD and RMSD across groups are represented in the rows of the
difficulty parameters. The MD is considered to assess the difference in item difficulty between the group
specific item response function and the common item response function, where the RMSD measures
this (squared) difference with respect to difficulty and discrimination. The estimated levels of MD are
in correspondence with the BE Items 1, 2, and 12 have relatively high MD values corresponding with
high BF values for the difficulty parameters. Item 7 has a relatively high MD value for which the RMSD
value is also relatively high, which corresponds to the weak support of the BF for DIF in discrimination.

In the PISA study of Kohler et al. (2024), under a two-parameter IRT model, an item’s response
function is considered to differ across groups, when the RMSD and the absolute value of MD are greater
than 0.12. According to that criterion, only item 1 is considered to show DIE It could be that for large
sample sizes comparable to PISA studies, this threshold leads to acceptable Type-1 errors. Obviously,
a high threshold will reduce the number of false positives. However, for item 1, an estimated difficulty
covariance of 0.111 indicates that the range of difficulty values across groups is around +0.67. An RMSD
value greater than 0.15 to identify items behaving differently across groups was used in von Davier
et al. (2019). When using this threshold, none of the items would be classified to show DIFE. Note that
the simulation study showed that for five groups with a group size of around 200, a discrimination
covariance of 0.06, and a difficulty covariance of 0.06, already led to strong evidence in favor of DIF.
Therefore, the item response function of item 10 differs across groups with respect to the discrimination.

https://doi.org/10.1017/psy.2026.10101 Published online by Cambridge University Press


https://doi.org/10.1017/psy.2026.10101

1062 Jean-Paul Fox

The item response functions of items 1, 2, and 12 also differ across groups with respect to the item
difficulty. For these item response functions, the log-BF shows very strong evidence in favor of DIF,
and the very high LR values also lead to rejecting the null hypothesis of a constrained (invariant) item
parameter.

8. Discussion

The BCSM-MI is proposed for non-uniform DIF testing for any number of groups and unbalanced
test designs. All item parameters can be examined simultaneously for DIF without needing any anchor
items or a sequential test procedure. The method does not require selecting any anchor items, before
DIF testing a set of items. This avoids the problem that DIF results from a sequential procedure depends
on the set of anchor items—the specification of a baseline model—and on the order in which the items
are sequentially tested.

The BCSM-MI does not include group-specific item parameters, which relaxes restriction on the
sample size to obtain stable model parameter estimates. The DIF for each item parameter is represented
by a single covariance parameter, and an increasing level of covariance is associated with an increase
in the level of DIF across groups. In an MG-IRT model, partial item invariance across groups can
be modeled by including group-specific item parameters. In the PISA study with many countries, the
number of group-specific item parameters can increase rapidly, which can also lead to scaling problems
due to alack of invariant items. Therefore, groups showing a similar level of item misfit receive the same
(unique) group-specific item parameter, to restrict the total set of item parameters to be calibrated (von
Davier et al., 2019). The BCSM-MI uses a single covariance parameter for each item parameter to allow
for DIF independent on the number of groups. From a fitted BCSM-MI, group-specific item parameters
can be computed for items showing DIFE. This would lead to a calibrated set of common and unique item
parameters without specifying anchor items beforehand.

In Section S2 of the Supplementary Material, for the simulation design discussed in Section 6,
superiority of the BCSM-MI over regularized DIF is shown with respect to the true and false positive
rates.

In the PISA study, the BCSM-MI models DIF in discrimination and difficulty. Therefore, latent
variable estimates are free of (non)-uniform DIF with respect to clusters defined by countries and
mode of administration. The BCSM-MI can be used to detect DIF, but also to compute latent variable
estimates corrected for possible DIF bias. Subsequently, country-specific latent variable estimates and
between-country and between-mode of administration differences are corrected for DIF effects. Post-
hoc (cluster-specific) DIF effects can be computed under the BCSM-MI, which can provide further
information about which clusters differ with respect to the functioning of items.

The shifted-inverse gamma prior is defined for each covariance parameter to allow for negative as
well as positive covariance values, while accounting for the positive-definite restriction of the covariance
matrix, which implies a lower bound restriction on the covariance parameter. More research is needed
to examine the impact of the shifted-inverse gamma prior on the shape of the posterior. The posterior
distribution of the covariance parameter is often skewed to the right, which makes it more difficult to
estimate the mode. The simulation results showed that 95% highest posterior density (HPD) intervals
had the tendency to include small covariance values (associated with high posterior density) and exclude
high covariance values (associated with low posterior density). This led to conservative coverage rates,
especially for true small covariance values. Subsequently, evaluation of the DIF hypotheses through
posterior probability computing usually favored the DIF hypotheses and disfavored the non-DIF
hypotheses, since most of the posterior mass was located above zero covariance. This motivated the
use of the BF for DIF testing, because it is based on (marginal) likelihoods to make inferences about
the DIF hypotheses. The (conjugate) gamma prior for the w parameter is an encompassing prior, which
facilitates much easier computation of the BE. More research is needed to examine the influence of the
prior on the BF results, and performance differences of the BF under different priors.
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Appendix A: Conditional expectation latent response

The expression for the conditional expectation of the latent response in Equation (5) is derived from the multivariate normal
distribution. The multivariate normal distribution of the latent responses in group j has structured covariance matrix Zj
according to Equation (3). Consider o, = 0, then the inverse of the covariance matrix is given by

2 = (L, +0,,06)) "

= I,,] )
where A; = 1/0,, + ¥, 62 ;- Using this expression for the covariance matrix and pj = ax); - bi, the multivariate normal density
of Zj can be expressed as
t

-1 . 06"
logp (i) o< — (2~ ) (I"z B ij])(sz‘!‘jk)
—1 1] S]
o 25z (zz 0%zt (Zoe - s

2 i s#i

A )2)
= 7 (Lijk — Uijk
24

i

“%lzi:((zijk_#iik) =36,( s;k—#sjk))z/(%)v

1] s#i
where Aj = 1/0,, + X .; 952]-. The expression of the multivariate normal density reveals that it consists of a product of

conditionally normally distributed variables Z given Z(_;yj., with conditional expected values

( sJk_P’Sjk)
Z =0 —b+6; Y —————=
Bl ) ==t i S

which represents the expression in Equation (5).

Appendix B: Restrictions on the parameter space

An analytical expression for the inverse of the covariance matrix is obtained using the Sherman-Morrison formula. This
formula is applied by partitioning the covariance matrix in the sum of an invertible matrix Aj and the outer product of 6;.
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Then, the inverse of the matrix Aj is derived by applying once more the Sherman-Morrison formula. This way an analytical
expression for the inverse is obtained

2 = (L + 04,0 ) +00,06) "
= (Ap+04,06)"

-1 tA—1
(ar AL G,00A% -
T\ 1o, +0A06; )

T iR Y

and subsequently, the Aj;l is given by

Aj_kl = (I") +gbk]"/)_1

_(: Tn;
T\ l/obk+nj'

Note that the inverse of the covariance matrix for any partitioned response set, in which, for instance, a person i is excluded,
can be derived in a similar way.
The determinant of the covariance matrix can be explicitly derived though the matrix determinant lemma. It follows that

det (Zjx) = det (L, +0p,Js, +0,,6,6;)
= det(In] +0p,Jn, ) (1 +0’uk9 (I,,] +03,Jn, ) Bj)

:det(Inj)(1+obknj 1+ 04, 0; (L, +abk]n) j)
6;
= (1+0p,1;) (1+aak(9’97(zb )’ ))
1/0p, +n;

6;6;/ oy, +n;0;6; — n; 9

= 1+al,n 1+o0,
( L . I/Ubk+n]

06, + 0, 2 (0,-6)

= 1+a;,n 1+0,
( W . 1+ 0p, 1)

= (1+0bkn]~) +Uak0;0j+0'ak0'bkﬂj%(9ﬁ7@)2.
i

The determinant of the covariance matrix Xj; needs to be greater than zero, which leads to restrictions on the parameter
space of o, and oy, . For oy, , the following lower bound is derived:

(140,010,

ﬂj(l + 0g, Z’U (9,]*61)2) .

LB, (ka) =

For d,,, the following lower bound is derived:

LB, (0,) =—-min| 6.6, —
2 (0a,) j (J] 1/0p, +n;

In the sampling step for aj, the expression of the posterior variance ¥, in Equation (C3) is restricted to be positive. This
also implies the restriction that oy, > —1/n;. This does not lead to a change in the lower bound for o, The variance ¥y, is
restricted to be positive, which leads to the same lower bound restriction for oy, :

L ()Y

LB, (0, ) =-min| 6, - ~———
2(,) i\ 1/op, +1;

0}01' +0p, 1y zi[i (9,']‘ —6)2

1+0bknj

= —min
j
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When oy, > _71, the denominator is restricted to be positive. Furthermore, the numerator is also restricted to be positive, since

6:60,> v, (6,-6)

Appendix C: MCMC algorithm

The steps of the MCMC scheme are described. For the (shifted) inverse gamma prior, general prior parameters g; and g, are
used, which can be adjusted in each step.

- The latent item response Z;j is conditionally sampled given the remaining latent responses in cluster j and the observed
item response Yj;. The conditional distribution of the latent response is truncated normal with mean

pey = (a0 = b)) + i, L _iyje (2 — (@b~ b)) (€1
and variance
T2y = Z(i, ik = Z -k E i,k Z (i ik, (€2)

where the indices (—i) represent all i in group j excluding i, and Zj > 0 when Yji = 1, and Zj < 0 otherwise. The
inverse of the covariance matrix is obtained by applying the Sherman-Morrison formula (Appendix B). An analytical
expression for the inverse of the covariance matrix excluding row and column i, Ezii, iy €an be obtained in a similar
way.

- LetOj ~N ([,49],09]). When g, >0, group-specific discrimination parameters aj; are sampled. When o, <0, the aj, = a
for all . For o, > 0, the posterior distribution of the group-specific discrimination parameter aj; is normal with variance

¢ 2 -
v, =||66 (91) 1 C3)
O | Kyl /06, (
and mean
01, ) (1) (zw+D
= [ Ut} ) ()

1/op, +n; Oa,

The expression for the variance in Equation (C3) restricts the gy, to be greater than —1/n;. Otherwise, the variance
term ¥, is no longer restricted to be positive (see Appendix B). This lower bound is slightly above the lower bound in
Equation (10) to ensure a positive-definite covariance matrix. Therefore, this lower bound is only implied in the sampling
step for the 0;;. The posterior distribution of 6 given the group-specific item discriminations, a;, is multivariate normal
with covariance matrix

_ Ty -
¥;' = (Zocjzk (Iy,j —) )) +05' I,
: k

l/a;,k +1nj
and mean

_ i Zijk + b
ﬂ9=‘1’9]1(Zajk((zj-k+bk)—L)+[49}/0‘9}). (CS)
k

1 / Op, +1j
This procedure is used in the simulation study (Section 6) and shows good performance. However, it ignores the
impact of a negative o,,. In Appendix D, it is shown how a Metropolis-Hastings step can be defined to account for

negative covariances. The posterior sampling steps for ¢, and 0y, can be found in Fox (2010, Chapter 7).
The (invariant) discrimination parameters gy are sampled from a normal distribution with variance

-1
¥, = (Z 026, +1 /a,f) (C6)
j
and mean

Ya, = Vo, (ZG}ijl (zjk + bk) +‘ua/0£) . (C7)
j
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- The (invariant) difficulty parameters by are sampled from a normal distribution with variance
-1
¥, = (Z X'+ 1/0,3) (C8)
j
and mean
p, =Yy, (Zl}):jkl (ij—akej) +Hb/(7§) . (C9)
j

- The discrimination parameters have a normal prior with mean y, and variance ¢2. For the hyper priors, a normal inverse-
gamma prior is used, with 62 ~ ZG(g1,£2) and pig ~ N (t4a,,02/11a, ) The posterior distribution of 4, and variance o? is

given by
s m @
o la,00 ~ N Yay + a,
m+ ng, m+hg, M+ng
2 —\2, Mha 2
og |a~IG|gi+m/2,g+ (Y (ax—a) + ———(a—pa)*)/2,
T m+ g,

respectively.

The prior parameters 4, and variance o7 have a normal inverse-gamma hyper prior with 7 ~ ZG(g1,4) and p; ~
N (ybo,og /e, ) Then, the posterior distribution of ;, and variance o} is given by

2
yb|b,a§~N( by b+ "y % )

A‘l (] ’
m+ Ny, m+np, M+hny,

a, |b~ZIG (g1 +mf2,g+ (Z(bki)2+ i (E*ﬂbo)z)/2)7

% m+np,
respectively.
The sampling of covariance parameters o, is done with slice sampling. Therefore, a uniformly distributed value u under
the posterior density of 05:” D g sampled, where obskm - o§[” )
sampled conditional on the sampled u. That is,

is retrieved in iteration m — 1. Then, can be uniformly

uj ~u(o,p(a§k’”*‘) |%ajk,Aqu,sﬂ]k)) (C10)

05" ~ U (Sa(w), (c1)

where S, (1) = M Sq, (uj) and Sa; (uj) = {oak :p(aak |":Z“yk’/"‘1]k35“/k) > uj}. The set S, (1) can be obtained using the
Lambert W function (Corless et al., 1996). An upper bound can be placed on the parameter space of o,,, and this

upper bound is easily integrated in the target space S, (#) from which S, (1) is sampled.
- The covariance parameter oy, is sampled using slice sampling. A uniformly distributed value u under the posterior

density of Ulfkmfl) is sampled, where Glfkmfl) is retrieved in iteration m — 1. The aé[” ) is uniformly sampled given u
uj ~ u (07p (Ulfkm_l) | %b/k’/\bjk7sh]k)) (C12)
"™ ~ U (S, (u)), (C13)

where S, (u) = M St (uj) and St (uj) = {ahk :p(ahk |%hjl\7)'b,k7sb)k) > uj}. An upper bound can also be placed on the
parameter space of gj,, which can be integrated in the allowable set S; (u).

Appendix D: Sampling person parameters

The sampling of the person parameters is complicated, since the person parameters are also involved in the structured
covariance matrix of the BCSM-MI. When o,, > 0, and assuming a normal distribution for the random discrimination
parameters with mean ag, the BCSM-MI can be redefined with a random discrimination parameter in the mean term. It
follows that

Zj; :/\/'(ajkoj—hk,):jb), (D1)

where aj ~ N (ax,04, ), 0; ~ N(0,0‘g]lnj), and %j, =1, +0p,J ..
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When at least one g,, < 0, a Metropolis—Hastings step can be defined to draw a value for ;. Let the set Q; = {s| g, > 0}
represent the items s for which o, > 0. Subsequently, let z;(s € ;) represent the corresponding item responses in group j.
Then, group-specific discriminations a; are sampled for all items s € Q;. A candidate value for ; is sampled given the group-
specific discriminations ajs, according to the model specification in Equation (D1). The candidate value is compared to the
former value using the following acceptance ratio:

R(6.6) P(216).%) Mo, p (2] 6,0, %) p (16,2, )
ivi)= - .
! P(Zj | ojvzj) Hseﬂlp(zjs | ojvajszzjh)p(ajs | ojvsz:Ejh)

When g, <0 for all k, a candidate value can be generated by assuming that a; = ay, for all j and k.
The acceptance ratio in Equation (D2) equals one, when g, > 0 for all k. In that case, the terms conditioning on 6; and
those on 9; cancel out. The distribution of the (latent) item response data for group j is expressed as follows:

(D2)

(2 .z.):P(zf| 03,%;,) (aj|0u)7 (D3)
(aj\ jrZj> Jb)

which is allowed when g, > 0 for all k. The acceptance ratio can be shown to equal one by plugging in the expression for the
distribution of the item response data under the BCSM-MI given 6; (Equation (D3)) and given 0;. It follows that

p(216%) T (2| 601, % ) p (a1 6),2.%,,)
p(z19; )HkP(ZJH ks ,,,) (ai | 6,21, %;,)
(z16,%)p(510,2,%)p (216,23,
(Z;Iﬂpz)l'[kp(zj\ 1) ;b) (219,2.%;,)

(19,2, )p(ajlo.) .
%P (z] ijajvzj(,)p(aj | 9j72j72jh)

z,| 2 8j5 &) 3“% "
%‘p (Zj | 0j7aj72jb)p(aj | Bj,zj,Ejb)

R(6;,6) =

p(ajl o)

_p@le) ) 04)
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