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Abstract. Starting from the full set of governing equations including the weak
relativistic effect, three coupled nonlinear equations with higher order nonlinear
and dispersive terms are derived, which describe the nonlinear evolution of a three-
dimensional electromagnetic wave packet propagating in a plasma. Two particular
cases are considered, where the space dependence of the dependent variables is
either on the space coordinate along the direction of propagation of the wave or on
that along an arbitrary fixed direction. In both cases the three coupled equations
reduce to a single equation. This single equation is used to study the modulational
instability of a uniform electromagnetic wave train. It is found that due to the
inclusion of the weak relativistic effect there is always modulational instability,
and a higher order nonlinear term in the evolution equation has a stabilizing
influence.

1. Introduction

The nonlinear evolution of a one-dimensional transverse electromagnetic wave
packet is governed by a nonlinear Schrodinger equation. However, if the intensity
of the wave is sufficiently high and its temporal and spatial spectral width are
not narrow enough, then higher order nonlinear and dispersive terms are to be
included in the evolution equation. Such an evolution equation involving higher
order nonlinear and dispersive terms for a one-dimensional electromagnetic wave
packet has recently been obtained by Gromov and Talanov (1996). They have
termed this equation as a third-order nonlinear Schrodinger equation. To derive
this equation they have started from two coupled equations derived by Zakharov
(1972) instead of starting from the full set of governing equations. In these two
equations, the interaction of the wave with the wave induced second harmonic
components has been neglected.

In the present investigation, we derive evolution equations for a three-dimensional
electromagnetic wave packet starting from the full set of governing equations
including the weak relativistic effect, which was shown to be important for elec-
tromagnetic waves by Sluijter and Montgomery (1965). It is found that the non-
linear evolution equations consist of three nonlinear coupled equations and they
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reduce to a single equation in the following two cases: (i) the space dependence
of the amplitude of the wave is only on the space coordinate along the direction
of propagation of the wave; and (ii) the space dependence of the amplitude of
the wave is on the coordinate along an arbitrary fixed direction. The form of this
single reduced equation is the same as that of the equation derived by Gromov
and Talanov (1996) for one-dimensional electromagnetic wave packets in a plasma
and is one order higher than the lowest order evolution equation, which is the
nonlinear Schrodinger equation. Such higher order evolution equations for water
waves have been obtained by many authors, for example Dysthe (1979), Hogan
(1985), Janssen (1983), Stiassnie (1984) and Dhar and Das (1990). Modulational
stability analysis of a uniform electromagnetic wave train is made from the single
nonlinear evolution equation derived in the above-mentioned cases. The analysis
reveals that there is modulational instability, and this appears due to the inclusion
of the weak relativistic effect. Further a higher order nonlinear term in the evolution
equation has a stabilizing influence.

2. Basic equations

The governing equations are the following equation of continuity and equation of
motion for both electron and ion fluids together with Maxwell’s equations. In the
equation of motion for electron fluids, the weak relativistic effect has been included
and nonlinear terms in the equation of continuity and equation of motion for ion
fluid have been neglected (Dysthe and Pecseli 1977):

one

B +V-{(1+n)v.} =0 (2.1)

O vev) e imy g v kB0 (2.2)
8t Ve \/m 1—"-77,9 e Ve - .
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—VXB+E—(l—l—ne)ve—l—(l—kni)vi:O (2.3)
OB ,

S TV XE=0 (2.4)
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ot +V-vi=0 (2.5)

aVi 2 o o

o —E+ 320 = 0. (2.6)

In the above equations, the space coordinates (z, y, z) and time (f) have been
made dimensionless by ¢/w, and w1, respectively, where w, is the electron plasma
frequency and c is the velocity of light; 8. = V./c and ; = Vi/c, where V, and
Vi are, respectively, the electron and ion thermal velocities. Also, in the above
equations the electron (ion) number density n. (n;), electron (ion) fluid velocity
ve (vi), electric field intensity vector E and magnetic field intensity vector B have
been made dimensionless by Ny, ¢, cw.m./e and cw.m. /e, respectively, where e is
the charge (positive) of an electron, m, is the mass of an electron and Ny is the
unperturbed number density of electrons and ions.
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3. Derivation of evolution equations

We assume that only electrons participate in the electromagnetic wave in the linear
approximation, while ion motion comes through nonlinear interaction. That is, ions
respond to the slowly varying part of the electric field (Dysthe and Pecseli 1977;
Das and Sihi 1979). Keeping this in mind, we make the following perturbation
expansion of the dependent variables:

o0
Ne = Mo + Z (Nem €Xp it) + n.,,,, €xp —ima))

m=1
E=FEy+ (En expitp + E;, exp —ima))
m=1
o0
B=B;+ Z (B expit) + B, exp —ima)) (3.1)
m=1

o0
Ve = Voo + Z (Vem €Xp it) + V., exp —ima))

m=1

Vi = Vio, TNi = Njo

where ne, N0, Veo, Vio, Eo; Mem; Vem, Em, Bm are slowly varying functions of z, y, 2. ¢,
i.e. they are functions of 1 = ex, y1 = ey, 21 = €z, t; = €t, € is a small parameter;
Y = kr—wt;w, k satisfy the following linear dispersion relation in the dimensionless
form:

wr=k*+1. (3.2)

Substituting the expansions (3.1) in the governing equations (2.1)—(2.6) and then
equating coefficients of exp im for m = 0, 1, 2 on both sides of each equation, we
get the following three sets of equations.

(i) For m = 1 we get the following equations from (2.1), (2.2), (2.4) and eliminant
of B between (2.3) and (2.4),

—iwlnel + iklveml = api, (33)

. 2 . . . _
(—iw1Vea1 + Eo1 + B2ikiner, —iw1vey1 + Ey1, —iw1vez1 + Ea1) = (a11, a21, as1),

(3.4)

(—w%Eﬂ + W1 Ve 1, {kf — w%}Eyl + 1W1 Vey1, {kf — w%}Ezl + iwlvezl)
= (b11,b21, b31), (3.5)
(tw1Bg1,iw1 By1 + ik1 E.q1, —iw1 By + ik1Ey1) = (11, €21, €31) (3.6)

where wy = w + i€(0/0t1), k1 = k —ie(0/0x1); a1, by, ¢y are contributions from
nonlinear and higher order linear terms.
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(if) For m = 2 we get the following equations from (2.1), (2.2), (2.4) and eliminant
of B between (2.3) and (2.4),

—iWaNes + ikoUezz = G02, (3.7)
(—iwaVea2 + Euz + B2ikanes, —iwaveys + Bya, —iwavezs + Ea2) = (a12, ag2, asz),
(3.8)
(—w%Emg + 1WaVeg2, {k% — w%}Eyg + 1WoVey2, {k% — w%}EZQ + iwgvczg)
= (b12, bz, b32) (3.9)

where ky = 2k — i€(0/0x1). wo = 2w + 1€(0/0%1): ajo, bj2, are contributions from
nonlinear and higher order dispersive terms.
(iii) For m = 0 we get the following equations from (2.1), (2.2), (2.5) and (2.6),

aneo

€ 8151 + 6V1 *Veo = QQ0 (3.1())
aVeO 2 ~ ~ 2 ¢
€ a1, + Eo+ ﬁc eVine = Zaip + Yaz + Zaso (3.11)
on;
¢ 87;0 Vi vip =0 (3.12)
Ov;
e0 By + B2eVing = 0 (3.13)
oty

where ajo are contributions from nonlinear terms and £, §j, £ are unit vectors along
the three coordinate axes. Here we need one more equation, which is the following
charge neutrality condition:

Nep = Nio- (3.14)

To solve the above three sets of equations we make the following perturbation
expansion of the Fourier coefficients (Davey and Stewartson 1974):

o0 s}
Fy=Y ¢"Fin, Fn=> "Fun (m=0,2) (3.15)
n=1 n=2

where I} stands for nej,nij, Vezj; Veyjs Vezjs Viaj Viyjs Vizjs Lajs Byj, Ezjy Brj, Byj.
B.;,j=0,1,2.

Substituting the expansions (3.15) in the above three sets of equations and then
equating coefficients of like powers of € on both sides, we get a sequence of equations
for the determination of the quantities F,,,, m =0,1,2.

From the first-order (i.e. lowest-order) and second-order equations of (3.3), (3.4),
and z and z components of (3.5), (3.6), we get solutions for Eg11, E11,Ve11, B11,
Ne11, Erp12, 212, Ve12, B12, Ne12 all expressed in terms of Eyq11 and Ey12. Next, from
the first-order (i.e. lowest-order) and second-order equations of (3.7)—(3.9), we get
solutions for nees, Veaz, Eoa and meas, veas, Eas, respectively, all expressed in terms
of Ey11 and Ey 2. All of these perturbation solutions are given in Appendix A.

The y component of (3.5), which has not been used in obtaining the above-
mentioned perturbation solutions, can be written in the following form after

https://doi.org/10.1017/50022377804002843 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377804002843

Higher order nonlinear evolution equations 639
eliminating v.,1 by the use of the y-component of (3.4):

(k2 —w? + 1)B,, = eﬁfan“

(Ve * V)veyl1 — [(ve X B)y|1

1 0 2 2 ane . aEa:l
17—

0’E 0’FE 0
2 yl o z1 « .
+e (—8zf aylazl) + [8t (npv(y)} . (3.16)

On the right-hand side of this equation we have only kept quadratic and cubic
nonlinear terms as these are sufficient to derive the desired evolution equation
involving terms up to order e*. By the notation [ - |1 we imply the coefficient of
exp 1) in Fourier expansion of the expression inside the bracket, which is obtained
after substituting the expansions (3.1).

Keeping terms up to order e in (3.16), then substituting the solutions for various
perturbed quantities and finally using the transformations,

E=a1— Vi =elx—Vpt), n=y1=ey, (=z =€z, T=c¢t;=ct, (3.17)

we arrive at the following evolution equation for a = eEyq1 + €2Ey12, where N =
€2Nep2 + €03, V = 62’Uey02 + €3Uey03 and V, = dw/dk is the group velocity of the
electromagnetic wave:

QoL LBy P 1 (2
or w2 ) 062 2w \Oon2  0¢?

+ﬁ l_kj @+ﬁ 8301 + 8304
2uw3 w2 ) 983 2w \9&on?  9LDC?

1 9 1 ie O iek __ Oa
= —— —N _— —N—
2waa+2w a+2w28n( @)+ o0&
e ok 0o dekpy 500"
—ie [ 22 4 B2 - = 3.18
' (2w w3 ) ad ¢ + 23 ¢ ¢ (3.18)
where
9 + 8k? — 12k232
H1 = )
2w? (3 + 4k? — 4k232)
(3.19)
12k
2 =

W2 (3 + 4k2 — 4k252)%

As the evolution equation (3.18) for « involves the quantities N and V', we need
two more equations for these two quantities. These two equations are obtained
from the zeroth harmonic equations (3.10)—(3.14).

Eliminating E,o between the y-component of (3.11) and (3.13), we get the fol-
lowing equation from the lowest and next order:

ROV LON OV p o k0 (00 o
w O G on 677 w?(1 4 p) On aa w* On O‘ag @ o0&
(3.20)

https://doi.org/10.1017/50022377804002843 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377804002843

640 D. Chakraborty and K. P. Das
where u = m,/m; and

2= M (3.21)
‘ 2 (me +my)
is the dimensionless ion-acoustic speed.

Now, to find an equation for N we proceed as follows. Taking the dot product
of (3.11) and (3.13) with the vector V; and then eliminating V; - vy and V; * vig by
the use of (3.10) and (3.12), we get two equations. Finally, eliminating V; + Eg from
these two equations we arrive at the following equation for N where we keep terms
up to order > and the charge neutrality condition (3.14):

B G\ON (0PN PN\ 2ek O°N
5] 0g2 >\ on? 0¢? w 0Ot

w?

* ) k * *
S BT ng( oa” 5_a>

21+ 1) Tt \"oe T o
i 2 oo’ L Oa .
w?k(1 + p) 060n (a on 377) (5:22)
where
0? 9? 0?

Vi= ot st o

3 oe2 T a2 ' a2

The nonlinear evolution of a three-dimensional electromagnetic wave packet in
a plasma is governed by the three coupled equations (3.18), (3.20) and (3.22).

We now consider the following cases in which the three coupled equations men-
tioned above reduce to a single equation.

3.1. The space dependence of the dependent variables is only on the space coordinate
along the direction of propagation of the wave

In this case o, N and V depend on £ and 7 only. If we set
a=e + 32, N=NO L SNV v =2y©® 4 Syl (3.23)

then we get the following solutions for V) N©O) 801(0)/87 and N from (3.18),
(3.20) and (3.22):

vO —o NO = H (04,07
(1+ p) (k% — w?c?) o

0 2\ 72,0
00 i (kN0 K NOENORS
or w w2 ) o¢2 2w 2w(1+ p) (k% — 2w?)

N© — H 0) o, (D* 1 () (0
(1+u)(k2—c§w2) (a o + o' )
. 2 2 0)* 0
B ipk 142 —k o 2a ENOE 0a” .
w?(1 + p) (k2 — c2w?) k2 — c2w? o€ o€
(3.24)
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By use of these solutions, the three coupled equations (3.18), (3.20) and (3.22)
can be reduced to the following single evolution equation in this case:

O 0%2a . D« 9 . . L0 . 50’ o
Za_T + /618—62 + Zﬁza—éﬂ = )\10{ o + Z)\QOZO( 8_5 + Z)\30[ 6—§7 (325)
where
w? — k2 k(w? —k?)
b= =T
H1 H
AN =—— ,
! 2w + 2w(1 + p) (w? — k2c2)
/\2:_%_& k:,u B k:,u(wz—k2) ( )
wi 2w W4 p) (W= k22) 2w3(1 4 p) (w? — k2c3)2’
ki ku ku(w? — k?)
A3 = —= —

C 2w 2314 p) (w? — k2c2) B 203(1 + ) (w? — k2c§)2.

3.2. The space dependence of all the dependent variables is only on the space coordinate
along an arbitrary fixed direction

Let the direction cosines of this fixed line be [, m, n and let X be the coordinate
along this line. Then we have
0 0 0 7] 0 0
==l —=mz=, —==n 2.
103 0X’ 0On 0X’  0¢ 0X
By use of these relations and by the same setting for a, N, V as given by (3.23),

we get the following solutions for V(© N© 9 /o7 and N from (3.18). (3.20)
and (3.22)

(3.27)

kim
VO — H (0) ,(0)*
w(1 + p) (k212 —w%f)a “

)

N©O) — H MOMOS
(14 p) (K212 — w2c2)

0 (2 272 2 (0
90 i(w? — k*1?) 9% -{#1 K )}a(0)2a(0)*7

2w 2w(l 4 p) (k22 — Rw?

NO — . (l;l? —) (@@ 4 oW 0))

B ikl n w? — k212 m2w?
w2(1 4 p) (k2l2 — cfuﬂ) k212 — 2w? k2

9a(0)* 9a®
(0) PN ()Lt 3.2
X (a 7€ o a¢ ) (3.28)

By use of these solutions, we arrive at the following single evolution equation
from the three coupled equations (3.18), (3.20) and (3.22) (this equation is the same
as (3.25) obtained in the previous case; the only difference is that the coefficients
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of the equation are not the same):

80[ 82 aBO( N 2 = Y * 8& Y 280[*
Oa _ ; 4 — 3.2
is +ﬁ18X2 +@ﬁ2 =Nota +ihoa X + Az oxX’ (3.29)
where
_ 1 k212 _ ki k212
s (5. w2 (-20)
y H1 H
AN =——
1 %0 + 2w(1 —&—,u)(k‘le _chg)’
Ry = fakt sl LM

w3 2w 2w3(1 + p) (K212 — w2c2)
( 2 _ ]{72[2> w2
X{(k2l2 w02)+2+m T2

okl ikl (@ — k212) 2 (@
\a = _ 1 ——1 .
3= 9.3 203 (1 + M)(kzlz _ w2c§) (k2l2 _ wzcg) +14+m k2

(3.30)

4. Modulational instability

As we recover the evolution equation (3.25) from the evolution equation (3.29) by
settingl =1,m =0,n =0, X = ¢, we derive the modulational instability condition
from the latter equation.

For a uniform wave train solution of (3.29) we take

a = ag exp(—iAwT) = ay, (4.1)
where ag and Aw are two real constants. The latter is the nonlinear amplitude-
dependent frequency shift and is given by

Aw = A\iad. (4.2)
To investigate the modulational instability of the uniform wave train (4.1), we
introduce the following perturbation in the uniform solution

= ag[l + &(X,7)] (4.3)

where & is complex.

Substituting (4.3) into (3.29) and then linearizing we get an equation for &. Next,
writing & = &, + 1&; (where &, and &; are real and imaginary parts of &) in this
equation and then separating into real and imaginary parts, we get two equations
which produce the following nonlinear dispersion relation, when the space—time
dependence of &, and &; is assumed to be of the form expi(pX — Qr):

Q+ Bop® + Aoadp = £ [B1p? (Bup® + 20uad) + Nap?ad] >, (4.4)

For sufficiently small p, i.e. for long wavelength plane wave perturbation, there
is instability if

A < 0. (4.5)
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From the expression for A\; given by (3.30) we find that \; is negative and this is due
to the inclusion of the weak relativistic effect. The term A3p2ag , appearing in (4.4),
which comes from the higher order term iAza?(9a” /0X) of the nonlinear evolution
equation (3.29), is always positive. Hence, this higher order nonlinear term in the
evolution equation has a stabilizing influence.

5. Conclusions

The nonlinear evolution of the amplitude of a one-dimensional electromagnetic wave
packet propagating in a plasma is governed by a nonlinear Schrodinger equation.
However, if the intensity of the wave is sufficiently high and its temporal and spatial
spectral width is not narrow enough, then higher order nonlinear and dispersive
terms are to be included in the nonlinear Schrodinger equation. Such an equation
for a one-dimensional electromagnetic wave packet has recently been derived by
Gromov and Talanov (1996). As they have derived this equation from two coupled
equations obtained by Zakharov (1972), which disregard the interaction of the
wave with the wave induced second harmonic component, in the present paper
nonlinear evolution equations are derived for a three-dimensional electromagnetic
wave packet starting from the full set of governing equations including the weak
relativistic effect. The evolution equations are now found to consist of three coupled
equations, and they reduce to a single equation when the space dependence of
the amplitude of the wave is either on the space coordinate along the direction
of propagation of the wave or on the space coordinate along an arbitrary fixed
direction. This single evolution equation is same as that derived by Gromov and
Talanov (1996) with differences only in coefficients. This single equation has been
used to obtain the modulational instability condition for a uniform electromagnetic
wave train. It is found that there is always modulational instability and this is due
to inclusion of the weak relativistic effect. A higher order nonlinear term in the
evolution equation is found to have a stabilizing influence.

Appendix A
_ _ _ _ i,
Ezxi1=0, E;11=0, V11 =0, Uyi1= —a

k
Vez11 =0, Bz11 =0, By11 =0, B.i1= ;a(0)7
i 00 1 9a®
' Ez = Oa e =7
ko ) 12 Vex12 kw On

o = Aoy, k9o
eyl2 — w w3 6£ )

ne11 =0, FEpi2 =

Vez12 = 01

i 9a(0) k ; E2\ 9a(®
Boz =~ Bua=0, Bap=-a-1(1-"5)%
w ¢ ’ w w

ika(0)?
S w3 4R2(1—2))

Neiz =0, FEpoo = Ly =0,
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ka(0?
I EERTEI G

E.22 =0, Vg2 = Vey22 = 0,

2k20(0)?
S 2{34+4k2(1—p2))}

2ika® o) {3+ (T—4B2)k* +12(1 = B2)k*} () 0a®)
_ « )
w2{3+4k2(1—-p2)} w3+ 4(1— p2)k2}? o€

Vez2z = 0, Te22 =

Em23 =

1 (0) 8OL(O) 1 (0) 60[(0)

By = —— E.p3 = —a O —
y23 3w2a 877 I 223 3w2a aC ’

4ka(® (1) 21

(0) 9o

x [3—8k*(2—B2) + 4k* (1 + B2)] v T

2i 90 2i a0
= 0 N ()]
3w3a 87] ) Vez23 3w3a ac )

41200 (D 4ik{3 =4k (1= 62)} (400
Ne23 = — + « '
w{34+4k2(1-02)}  w{3+4k2(1-p2)} 23

Vey23 =
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