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THE MEAN WAITING TIME
FOR A PATTERN

SHELDON M. Ross*™

Department of Industrial Engineering and Operations Research
University of California at Berkeley
Berkeley, California 94720

Consider a sequence of independent and identically distributed random variables
along with a specified set &fvectors We present an expression 6f T ], the mean

time until the lask observed random variables fall within this gg¢bt only can this
expression often be used to obtain bound&§h |, it also gives rise to an efficient

way of approximatind=[T ] by a simulationSpecific lower and upper bounds for
E[T] are also derivedrhese latter bounds are given in terms of a paramatera
Markov chain Monte Carlo approach to approximate this parameter by a simulation
is indicated The results of this paper are illustrated by considering the problem of
determining the mean time until a sequenc&-galued random variables has a run

of sizek that encompasses each value

1. INTRODUCTION

Let Xy, Xo,... be a sequence of independent random variables having a common
distribution functionF. Let A be a fixed set of real valued vectors of sizend let

N=min{n=k: (X, ri1,...,%X,) € A}.
Also, let
a = P{(X,,...,X) € A}.

We are interested in obtaining bounds ©fN] in situations wherex is small
(Whena is not small a straightforward simulation can be used to approxiBnatd .
Such a simulation cannot be efficiently employed whda small as in this casé
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will have an approximately geometric distribution with a standard deviation approx-
imately equal to its large mean

In Section 2 we define a renewal process along with a reward structure that
enables us to obtain an expressionE)N ]. We also explain how this expression
can be exploited when determinifid N | by a simulation

In Section 3we suppose that the random variab¥gsi = 1, are discrete witlk
possible values with respective probabilit®s.. ., p. With N equal to the first time
that a run ofk consecutive random variables includes all kh@ossible valugsve
use the expression derived in Section 2 to obtain a lower and an upper bound for
E[N]. In addition we show thaP{N = n} andE[N ] are Schur convex functions of
the vector(py,..., Pu)-

In Section 4 we return to the general problem and show how the renewal pro-
cess can be used to derive lower and upper boun&§ . These bounds are given
in terms of a probability involving R— 1 data valugsand in Section Swe indicate
a general Markov chain Monte Carlo technique that can be used to evaluafe it
also show in this section how a much more efficient simulation procedure can be
used to obtain this probability for the problem considered in Section 3

2. USING A RENEWAL PROCESS WITH A REWARD STRUCTURE

LetN; = Ndenote the first time that the vector of most redevdilues is in4. At this
point, start over again anevithout using any of the firdtl; data valuedet N, denote
the next time that the vector of most rec&malues is ind, and so onFor instance
if Nis the firsttime that a value is equal to the sum of the previous two values and the
successive; are 11,1,2,3,5,8, thenN; = 4, N, = 7. In this way we define the event
timesN;, j = 1, of a renewal process

Now, define a reward structure by supposing that a reward of 1 is earned at time
n,n=Kk,if Xq_xs1,...,Xn is Iin A. Thus for instancein the situation considered
above one unit rewards are earned at time5,@8 and 7 Let R; denote the reward
earned at time, i = k. Since for eachj,j =0,...,k—1,

Rk+j ’ R2k+j ’ R3k+j IARE]

are independent and identically distribui@dld.) with meane, it follows from the
strong law of large numbers thatith probability 1,

= a. )

Let R denote the reward earned betweenitheand the(i + 1)st renewali = 1.
Then with V; equal to thath renewal vectoffor instance (Xy_x+t1,..., Xn) IS the
first renewal vectoy; it follows thatR;{ andV, , ; are dependenas areV; . ; andR}, ;.
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As aresultR{ andRy, ; are dependenHowever asR{" is clearly independent of;
forj =i+ 2, it follows thatR; is independent oR}" for j =i + 2. Thus we see that

Ri, RS, R, ...
and
R3, R:, RS, ...

are both ii.d. sequence®s a resulfwith probability 1

CRi+ Ry (Rt R/
lim = lim
n [\ n Npt1/N
E[R*]
= . (2)
E[N]
As the limits in Eqs(1) and(2) are clearly equalwve obtain that
E[R*]
E[N] = ) (3)

Remark: Equations(1) and (2) could also have been obtained from the ergodic
theoremas bothR;, i =1 andR;", i =1 are stationary and ergodic

Equation(3) can be used to determirid N | explicitly when A is a one-point
set(Rosg 4, p. 396]) and can often be used to obtain bound€dhl | (see Sect3).
In addition it can be very useful in approximatirig[N ] by a simulationGenerat-
ing data until a renewal vector occurs at tigives rise to the unbiased estimators
N and

k—1

1+ PUXN=i415 -5 Xnmjrk) € Al XNks25--45 XK
E[R* [ X 2. Xn ] 2:1 {(Xn-jea N-jrk) € Al Xn-ki2 Nt

o a

Thus we can use an estimator of the form
cN+ (1 - c)E[R*| Xn_ksz2s---» Xn]/cr.
The best value of can be obtained from the simulation by standard metliBdss
[5, pp. 148-149).
3. ON THE MEAN TIME FOR A MAXIMUM RUN OF DISTINCT VALUES

Suppose that the random variabls i = 1, are finite valued random variables
having probability mass functiop = P{X;=j} > 0,j=1...,k, 2k, p, = 1. LetN
denote the first time that a run kEonsecutive values includes all the values 1 k;
that is

N = min{n=k: X,_ys1,..., X, are all distinc}.
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As
k
a = P{X,,...,Xare all distinct =K [ [ p;,
j=1

we have from Eq(3) that

E[R*
E[N] = [k ]. (4)

k!H P
j=1

Now, define the sef,; by

A = {IXNki 1o XNckri ]

that is A, is the set of the first values of a renewal vectdklso, let B; equal the set
of the firsti values following this renewal vectoFhen

k—1
E[R*] = 1+ > E[reward earned at timeafter a renewdl
i=1

k—1

=1+ > P{A =B} (5)
i=1
Now, suppose that the probabilities are numbered sgilimhondecreasing i j =
1...,k Then
P{A = Bi|A = (ji,....J) = illjlpj,,
implying that

i k
=1 j

=k—i+1
The preceding equatigalong with Eqs(4) and(5), gives the following result

THEOREM 1: If p; = p, = --- = pcthen

k=1 i k=1 k

1+ X il p 1+>it I] p
|:]‘.< j=1 SE[N]S i=1 kJ:k—H-l )
k!H P k!H P
=1 =1

When p=1/k j=1,...,k
k k—1
E[N] = o .70i!/ki.
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THEOREM 2:

(@ P{N > n}is a Schur conex function of p,..., px.
(b) E[N]is a Schur conex function of p,..., p.

Proor: To prove(a), fix j andr, 1=j <r =k, and computd®{N > n} by condi-
tioning on the values of;, i =1,...,n, where

Y, = 0 otherwise

Each conditional probability will be of the form

P{N>nlY,....Y,} = Q(pmi +@A-p™),

wherep = p;/(p; + pr) and the values o$ andm,...,ms depend ony;,...,Y,.
The quantitym; refers for instanceto a set ofm; indices whoseY value is 0 and
which are such thaltl = n if the X values in any two of those indices are unequal
Because the distribution of the vectyy,...,Y, depends orp;, p, only through
p; + pr, this shows thaP{N > n} is a Schur convex function of the vectg p;.
As j andr are arbitraryit follows by the Ostrowski theorertMarshall and Olkin
[3, p. 57]) thatP{N > n} is a Schur convex function qf, ..., p.

Part(b) is an immediate consequence of p@at |

In a simulationif we let J; = Xy_k+i, then unbiased estimators from a simula-
tion run areN and

k—1
1+ ] py,
i=1 r

=1

Kk
KT p
j=1

4. USING THE RENEWAL PROCESS TO OBTAIN BOUNDS

If we let M, denote the event that a renewal occurs at tigtben from Blackwell's
theoremwe obtain

E[N] = (6)

P(M..)
where

P(M.,) = lim P(My).
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LetA, be the event thatX, i 1,..., Xn) € A.As arenewal at timaimplies thatA,
occurs it follows that

P(M,) = a, (7)

which shows thaE[N ] = 1/a.
To obtain more precise bounds f8fN ], note that the eve, A% _;--- A% _11
implies that there is a renewal at timeThus if we define

0 =P(AA 1A ki), (8)
then we obtain the inequality
w = P(Mn). (9)

To obtain a bound in the other directidat B be the event that the pattern does not
appear at any of the times- k+ 1 throughn — 1. Thatis B=AS_;--- A% . 1. Then
for n= 2k,

P(Mp) = P(M;B) + P(M,B°)
= w + P(M,B°).

Now, in order to have a renewal at timexnd in addition to have the pattern appear
in at least one of the preceditg- 1 vectorsit is necessary that there be a renewal
at one of thek —1 earlier timesr — k,...,n — 2k + 2, otherwise there would be a
renewal at one of thk — 1 times immediately preceding and thus no renewal at
time n. Therefore we see that

n—k
P(My) = o + P(_ Y Mn>
i=n—2k+2
n—k
=0+ > PMM,)
i=n—2k+2
n—k
=o+ X P(M)P(M|M)
i=n—2k+2
n—k
=w+ > aPM).
i=n—2k+2
Lettingn — oo shows that
PM,) = —— 10
T 1-(k-Da’ (10)
Hence using Eqs(6), (9), and(10), we see that
1-(k—1a 1
=E[N]=—. (1)
w w
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5. DETERMINING w
A simulation will normally be needed to approximaseNow,
o = P(AacA% 1+ Akr1)
= P(AAR 1A% 1)
P(A)P(AG 1+ A1 AW

:aﬁ’

where the second equality follows from the fact that ¥p@re exchangeahland
where

B =P(AL 1 ASk_1|A).

If « is computable and we can easily simul@Xg, ..., X,) conditional on it being in
A, then we can directly obtain a simulation estimatgof

Example: For the model of Section,3\ is the event thaXy,..., X, are all dis-
tinct. It easily follows that conditional o, all k! possible orderings are equally
likely. Hence to obtain a simulation estimator ¢, first generate a random per-
mutationP,,...,P of 1,...,k, then generate random variablés. ,, ..., Xo_1. The
estimator of3 from this run is 1 if for eachj = 2,...,k, none of the vectors
R,...,Px, Xii1,..., Xisj—1 have all distinct valugsand the estimator is 0 other-
wise The average value of the estimators over many simulation runs is the final
estimator ofg.

If @ is computable but we cannot easily simuléXa,..., X,) conditional on it
being inA, then we can use the Gibbs samp&Markov chain Monte Carlo tech-
nigue to obtain an estimate ¢@. For instancewith m = 2k — 1, consider the fol-
lowing procedure

1. LetJ=0.

2. Choose a vectaxy, ..., Xy) € A.

3. GenerateXy,4,..., Xy, according to the distributioR. Let their values be
Xi41y ey Xme

Generate a random numbérand set = Int(mU + 1).

GenerateX having distributionF.

If Il =kand(Xq,...,X -1, X, X4+1,...,Xx) € A, letx, = X.

If 1 >kletx, = X.

If (Xi,...,X%+k1) &€ Aforalli=2,...,k letJ=J+1.

Return to 4

© NSO A

Provided that the Markov chain of successive states. ., X,,) is ergodic the final
value ofJ divided by the number of iterations of the algorithm that are performed can
then be used to estimgfe
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In performing the preceding Monte Caylmte that we only change the value of
one of the firsk values if this change still leaves the vectotdnWhen possiblgit
is more efficient to generate the new value conditional on the event that th first
values remain ind. We illustrate by an example

Example: Suppose thaF is the exponential distribution with rate and suppose
thatNis the first time that a data value exceeds the sum of the preckdidgalues
That is

n—1
N=min{nzk:XN> > Xi}.

i=n—k+1

In this case
k—1
a = P{Xk> 2 X,} = (1/2)k_1.
i=1

The preceding Monte Carlo can be altered by generating exponentials conditional on
the event that the sum of the filst- 1 values is less than tteh value For instance
if I <k, then we need to generate an exponerXiabnditioned on the event that

k—1
DX — X+ X< X
i=1

that is an exponentiaK is generated conditional on the event that it is less than
X — =K1 x; + x;, which can be accomplished by generating a random nulibed
setting

X = —% log(1— U1 — e *°)).

If I =k, then we need to generaxeconditional on the event that it exceeds the sum
of the firstk — 1 values But this can be accomplished by generating a random
numberU and then setting

k—1

1
X=—=log(U) + > x.
A =

In both casegthe present value of; is reset toX.

When the Markov chain of successive states..., X,,,) is not ergodi¢ca dif-
ferent Markov chain Monte Carlo variant is needEdr instancgsuppose that the
data are discrete and is the first time that the sum of the most rec&ntalues is
equal toc. In this casewe could run a Markov chain Monte Carlo by initially
choosings,..., X, whose sum is, and then generating,. 4, ..., X, according td-.
We would then generate two random indidesndJ between 1 anth; when they are
both less than or equal tg we would then generate random variabkgnd Y
distributed according t& but conditional on their sum being + x;. These gener-
ated values would then become the new values ahdx;. If | is greater thak, then
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we generate a random variable according smd let that be the new valuexyf and
similarly if J > k.

If « is not easily computedhen a simulation can still be used to estimate
However as precisely estimating a small probability by simulation can be very time
consuming we would hope to be able to employ some variance reduction tech-
niques Also, for a particular pattern sed and distribution functior, a more effi-
cient simulation procedure than Markov chain Monte Carlo may be possible

6. FINAL REMARKS

WhenA is a one-point sethenE[N ] can be explicitly computed by a martingale
argument(Li [2]) or by a renewal theory argumept]. If A is a finite set ofs
elements then we can use either of these two methods to set up asskhexdr
equations whose solution give§N | [4, Sect 7.9]. However there are no general
techniques available for explicitly solving f&[N] whenA is arbitrary A natural
approach is to regarl[N ] as a mean first passage time of the Markov chain that
continually keeps track of the most recént 1 values of theX’s until the pattern
appearsHowever as this results in a Markov chain withka- 1 dimensional state
spacethe analysis is only computationally feasible for very small valuds dhe
renewal theoretic approach used in Section 4 to obtain boun&q Kn was initi-
ated in Hwang and Trietsdi], where Yo was suggested as an approximation for
E[N].
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