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VECTOR-VALUED MARKOV
DECISION PROCESSES WITH
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We study the multichain case of a vector-valued Markov decision process with
average reward criteriollVe characterize optimal deterministic stationary policies
via systems of linear inequalities and discuss a policy iteration algorithm for finding
all optimal deterministic stationary policies

1. INTRODUCTION

We study average rewartector-valued Markov decision procesgeserage re-
ward VMDPs for shory. The discounted reward VMDPs have been investigated by
many authorse.g., ViswanathapAggarwal and Nair{17], Furukawd 4,5], White

and Kim[21], White[22], Henig[ 7], Novak[12,13], Wakuta[18,19]). On the other
hand average reward VMDPs do not seem to be treated fully in the litergunce pt

for several authorsThomas[15] dealt with the completely ergodic case and pre-
sented a policy iteration algorithm for finding glParetg optimal deterministic
stationary policies by modifying the Furukawa'’s algorith®j. ki and Furukawa
[10] considered the multichain case under different optimality from that of Thomas
[15]. Durinovic, Lee Katehakisand Filaf 3] formulated average reward VMDPs as
multiobjective linear programs and characterized optimal deterministic stationary
policies in the multichain casBlovak[1213] solved the completely ergodic case as
well as the discounted reward case via multiobjective linear programr@hgsh

[6] developed an algorithm for finding an optimal policy with respect to some utility
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function in the completely ergodic casfRecently Wakuta and Togawp20] have
characterized optimal deterministic stationary policies via systems of linear inequal-
ities in the completely ergodic case and have suggested a policy iteration algorithm
The purpose of this paper is to study the multichain case through a similar approach
and to discuss a policy iteration algorithm for finding all optimal deterministic sta-
tionary policies

Thomagd 15] and Iki and Furukawf10] restricted themselves to deterministic
stationary policiesThus they had only to compare the values of policies for dom-
inance if there exist undetermined policies after the policy iteratitmwever here
we treat alllrandomizedhistory-rememberingpolicies Then policies that are op-
timal among all deterministic stationary policies but not optimal among all policies
should be excluded from the solutiorti$¢ence their methods do not apply in this
caseln the present papga policy is said to be optimal if it is nondominated for all
initial states This definition differs fromg-efficiency in Durinovic et al[3]. A
policy is B-efficient if it is nondominated for a given initial state distributignif a
policy is B-efficient for someB > 0, then it is also optimalHowever the converse
does not hold in generaln their Appendix A Durinovic et al [3] discussed the
relation betweeiB-efficiency andu-efficiency The u-efficiency was introduced in
Hordijk and Kallenberd9] and is a weaker condition than the optimality in the
present paper

2. DEFINITIONS AND PRELIMINARIES

Let R™ denote them-dimensional Euclidean spac@/e shall adopt the standard
convention for inequalitiesGivena = (ay,...,am), b= (by,...,by,) € R™ definea
= bifandonlyifa,= b, k=1,....,mja=bifandonlyifa=banda#b;a>Db
if and only if a, > by, k=1,...,m. Similarly, =, =, and < are definedFor a
nonempty subsétl C R™ a pointx € U is said to be an efficient point & when
x = yfor somey € U impliesx =y. We denote by(U) the set of all efficient points
of U. We apply the relations oR™ to the seB™(S) of all m-valued functions oi%:
Givenu,v € B™(S), defineu=vifand onlyifu(i) = v(i)foralli € SSu=vifand
onlyifu=vandu#v;u>vifandonlyifu(i) > v(i) for alli € S A constant
function inB™(S) is said to be a constant vector

The (average rewandVMDP is defined by the followingS = {1,2,...,N],
the state spacéA is a finite sefthe action spaceA(i) is the permissible set of
actions in state € S p(jli,a), i,j € S a € A(i), is a stochastic kernel o8
given GrA, the transition lawwhere GrA = {(i,a)|i € S a € A(i)}; r(i,a) =
(ri@,a),...,r™@i,a)) € R™is the vector-valued reward function on Gr

Let H; = SandH;.; = GrA X H;, t = 1. Then H; is the set of all possible
histories of the system when tktl action must be chosef policy 7 is a sequence
{m,75,...}, Wherem, is a stochastic kernel oA given H,. It is assumed that
¢ (A(iy)|hy) =1 for all historiesh; = (iy, a4, i5,...,i;) € H;. We denote byl the set
of all policies A deterministic stationary policy is a sequeddef,...},f € F, where
F is the set of all mappingsfrom Sto Asuch thaf (i) € A(i ), i € S We denote such

https://doi.org/10.1017/50269964800144092 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964800144092

VECTOR-VALUED MARKOV DECISION PROCESSES 535

a policy byf * and the set of all deterministic stationary policiesIhy. Forf* &
Ip, we define the stochastic matdX f) = (p;(f)) asP;(f) =p(jli, f(i)),i,] €
S We denote byP*(f) = (pj(f)) the stationary matrix oP( f) and byD( f) the
deviation matrix(see e.g., Kallenberg[11]). We also define théN X m reward
matrix R(f) = (rf(i)) asr¥(i) =rk@i, f(i)),i=1...,N,k=1,...,m and theN X m
bias-value matrixy asu = D(f)R(f).

LetH' = AX SX AX -... Then any policys defines a probability measure
p-{-|X1=1i1} onH’ for any initial statd, € S(seee.g., Hinderer{8]). For anyr €
II and any positive integef, we denote byx"[7](i;) the expected state-action
frequencies in the first periods when the system starts from the initial state S;
that is

T
zp‘ir{xt:.l’Yt:a|xl:|1}’ (Jaa)EGrA5 (21)
t=1

=~

X[ m](i) =

whereX; is thetth state and, is thetth action chosen at theh stageWe also denote
by X[7](i,) the set of all limit pointsx[#7](i,) of the vectors{x"[7](i,), T =
1,2,...}. For anyi; € S II,(i,) stands for the set of policies such tidtr](i,) is a
singleton Because lim_, . X% j)[ f*1(i1) = pi;(f) for anyf * € Ilp, Ilp C I;(iy)
foralli; €S

Whenr is scalar-valuedwe usually define the expected average reward as

¢x(i2) = liminf > xg[7](i)r(j,@, 1LES (2.2)
—>00 j,a

and a policyr * is said to be optimal it,.(i,) = sup,en ¢(i1) foralli; € S
For a vector-valued rewand we analogously define the expected average re-
ward as

br(in) = (¢7(i),...., 7(i1), (2.3)

wheregk (i) = liminfr_,., =, axa[7]1(i1)r*(j,a), iy € S Obviously for a policy
TE mileSH1(i1),

b,(i1) = 2 xalml(ir(j,a), LES (2.4)
J,a
For each; € S we set

V(i) = U 1o (i)} Vi(iy) = U 1o (i)}

TEIl €I (iq)

Vo(i) = U {=(i0)}. (2.5)

feellp
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DEFINITION 2.1: A policy7* is said to be optimal foMDP if ¢, (i1) € e(V(i))
foralli; € S

We also set

W(i,) = U{ija[w](u)r(j,a>|x[w]<il>exw(io}, LES  (26)
TE€IL j,a

ProrosiTION 2.1: W(i;) = V4(i1) =coVp(ip), i1 € S wherecostands for the carex

hull of a set

Proor: Let L(iy) = Uyen X[7](i1), La(i1) = Uremn,iy X[7]1(i1), andLp(iy) =
[11, Thm. 4.7.1]). Hence W(i;) = V4(i;) = coVp(ip), i1 € S u

ProrosiTioN 2.2: e(V(i;)) = e(Vy(iy)), i, €S

Proor: The set of all limit points of 3, , xi[7](i1)r*(j,a), T=1,2,...} is iden-
tical to{>; ax[7]1()r*(j,a)|x[7](i1) € X[7](i1)}, andpk(i,) is the minimum
point of this setFrom this fact and Proposition2 V,(i;) C V(i) C V4(i,) + R™,
i; € S whereR™ is the nonpositive orthant &™ Thus the result follows u

By virtue of the above propositionse can restrict ourselves to the 8gti,) of
policies for each, € S

3. OPTIMAL DETERMINISTIC STATIONARY POLICIES

Forac € B™(S), we consider a nonstationary dynamic progi@mP(c), for shorj
defined by the same data as in VMDP except for the reward funcfign, iy, a;) =
(c(iy),r(is, a)), where(x, y) denotes the inner product gfy € R™ Then the ex-
pected average reward for ND8 is defined as

‘Jrr(il) = Exja[ﬂ-](il)rc(ilaj’a)a T E Hl(i1)7 i1 € S (31)
j,a

Note thatl.(i1) = (c(i1), ¢,.(i1)). If we choose a constant vectarthen we have the
ordinary Markov decision proces$/DP(c), for shor} with the reward function
re(i,a) ={c,r(i,a)). Apolicy 7* is called the optimal policy for NDR) if J,.«(i,)
= J.(iy) for all 7 € II4(i,) and alli, € S

BecauseV,(i,) is a polytope by Proposition.2, the following scalarization
holds(cf. Yu [23, Thm. 8.5(ii)]).

ProrosiTiON 3.1: A policyw € ﬂilesl'll(il) is optimal forVMDP if and only if7
is optimal forNDP(c) withace B™(S), c > 0.

ProposITION 3.2: There exists an optimal deterministic stationary policy MDP.

Proor: Consider an MDIc) with a constant vectoc > 0. BecauseS andA are
finite, there exists an optimal deterministic stationary policy for MDR seg e.g.,
Derman[2]). By Proposition 3L, it is optimal for VMDP, u
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We define
S(f*iy) ={j € P ={X; =j|X; =i} > 0 for somet = 1}, €S (3.2

and

Siy) = U S(f=iy), i,ES (3.3)

frellp
Then an optimal deterministic stationary policy is characterized as follows

THeEOREM 3.1: If a deterministic stationary policy*f is optimal forVMDP, then
there exist a L. B™(S) and a c€ B™(S), ¢ > 0, such that for each,i€ S and any
(iy,a;) € GrAwith i; € S(f%,iy),

(c(in), dr=(i0) = 2 p(jlic,a) (c(iv), ¢r=(j)) (3.4)
j=1

and

(C(ia), = (i) + (c(in), u(iv))

= (c(in), r(iv, a)) + 2 p(jlis,a) (c(in),u(j)). (3.5)
j=1

Proor: By Proposition 3L, f* is optimal for NDRc) with ac € B™(S), ¢ > 0.
Given an initial staté; € S let¢ = c(i;) and consider an MDE) with the reward
functionr(i,a) = (c,r(i,a)), (i,a) € GrA. Then f * isi,-optimal for MDP(C); that
is, Jr=(iy) = J,.(i1) for all 7 € II,(i,). Besidesby Theorem 1 in Schweitzer and
Gavish[14], f  isi-optimal for MDP(c) for all i € S(f*,i,). Although we restrict
ourselves to the sdl,(i;) of policies their theorem applies to MD[) because
there exists an optimal policy ifiy for MDP(€). For a Blackwell optimal determin-
istic stationary policyg® for MDP(¢), let Jgoc = P*(g)r(g) anddy- = D(g)r(g).
Also, let J*(i) = Jg= (i) andw™(i) = Og= (i) — MJg=(i ), i € S whereM is a number
defined as in the proof of Theorem2£ in Kallenberg 11]. Then

J*(i) 52 p(jli,a)d*(j) (3.6)
j=1
and
J(i)+w (i) =r(i,a) + X p(jli,aw*(j), (i,a) € GrA. (3.7)
j=1

Defineu(i) = ug=(i) — Mepg=(i), i € S whereug-(i) is theith row of Ug- =
D(g)R(g). Note thatJy-(i) = (C, ¢pg=-(i)) andUy-(i) = (C,ug=(i)). Then w*(i) =
(Gu(i)),ies
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Now, we have

=Ji=(i) =(C,¢s=(i)y foralli e S(f=i,)

= J-(i) =(C ¢(i)) otherwise (3.8)

J*(i) = J'gw(i){
Substituting3.8) andw*(i) = (C, u(i)), i € S into (3.6) and(3.7), we can obtain the
desired result [ |

THEOREM 3.2: A deterministic stationary policy*f is optimal forVMDP if there
existaue B™(S)and ace B™(S), ¢ > 0, such that3.4) and(3.5) hold for eachj €
S and any(i,a;) € GrA with i € S(i,).

Proor: Fix an arbitrary initial staté; € Sand letg® be an arbitrary deterministic
stationary policyThen using(3.4), we have

Eg=[{C(X1), dr= (XN Xy = 1]
= Eg°° [Eg“’ [<C(X1), ¢f°°(xt)>| X1, Xi-1, g(xt—l)]| Xy = i1]

= Eg= 2 PO X1, 9(Xe-1)){C(Xp), = () Xy = iy
j=1

= By [(C(X0), pr= (X)) Xy = i1]. (3.9)
Iterating(3.9) t — 1 times we have
Eg [(C(X1), o= (X)) Xy = 11] = (C(in), pr=(in))- (3.10)

Now, we have

T+1

Eg= 22 He(Xy), u(X)) — Eg [{c(X1), u(X ) Xq, X1, 9(Xe— )]} Xy =iy [ = 0.

(3.11)
By (3.5), we have

Ege [{C(X0), U(X)) X1, Xi—1, 9(Xi=1)]

=2 (il X2, 9(X-1)){e(X), u())
j=1

= (c(X0), r (X1, 9(Xe-2))) + 2 p(i X2, 9(Xi-1)){e(X), u(j))
j=1

—(C(Xy), r(Xi—1,9(Xi-1)))
= (C(Xyp), dr=(Xi—1)) + (C(X1), U(Xi-1)) = (C(Xp), r (X1, 9(Xi-1))). (3.12)
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Substituting(3.12) into (3.11), we have

ng[EZ {{e(X2), u(X0)) = (C(Xa), u(Xi—1)) + (c(Xp), r (Xi-1, 9(X-DNH Xy = il]
= By { 22 (C(Xp), o= (XD Xq = iy | (3.13)

By (3.10), we have

T+1
Eg= [<C(X1),U(XT+1)> —(C(X),u(Xy)) + 22 (C(Xq), r(Xi—1, 9(X— ) Xy = i1:|

= T(c(ia), dr==(i)). (3.14)
Dividing both sides 0f3.14) by T and lettingT — oo, we have
(C(in), pr=(in)) = (c(in), pg=(i1)); (3.15)

that is J~(i;) = Jy=(i1). Note that there exists an-optimal policy inIl for
NDP(c) because an optimal policy existslily for MDP(C) with € = c(i4). Asi, €
Sis arbitrary f*~ is optimal for NDRc). By Proposition 3L, f* is optimal for
VMDP. [ ]

CoroLLARY 3.1: A deterministic stationary policy*f is optimal forVMDP if there
existaue BM(S) and ace B™(S), ¢ > 0, such that3.4) and(3.5) hold for all i; €
S and all(i;,a;) € GrA.

In Section 4 we shall give a counterexample showing the existence of a gap
between the necessary and sufficient conditibimvever if we suppose the com-
plete ergodicitythen this gap can be removed

Assumption 3.LThe completely ergodic cageFor anyf * &€ I, all states belong
to a single ergodic set in the Markov chain inducedgyf ).

The following is the same as Theoren33n Wakuta and Togawi20].

THEOREM 3.3: Suppose Assumptidhl is satisfied Then a deterministic station
ary policy f* is optimal forVMDP if and only if there exists a constasgctor c>
0 such that for anyi,a) € GrA,

(e, =) + (c,up=(i)) = (cr(i,a) + 2 p(jli,a)(c,up=(i)), (3.16)
j=1

wheredg; - is a constanvector.

Proor: The proof can be found in Propositiotd3f Wakuta and Togawi20]. &
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Theorems 3 and 32 give simple conditions for optimalitput as stated earlier
there is a gap between themo find all optimal deterministic stationary policiese
need further discussioAssume that some deterministic stationary policies have
already been known to be not optimal and denot®lye set of such policies et

Iy = Il N B® (3.17)
and
Vb(ip) = U {ql’fw(il)}, i1ES (3-18)
feery
We define

5 ={f* €llp|f~is optimal for MDRc) with some constant vectar> 0}

(3.19)
and
V(i) = U {0}, €S (3.20)
feer
LeEmma 3.1:
e(coVp(iy) = e(coVp(iy) =e(Vi(iy), 1LE€S (3.21)

Proor: Choose an arbitrary initial state € S Note that there exists &di° € 11§
whose value corresponds to an efficient extreme poivg Gf). Hence e(Vi(i,)) C
coVg(iy). Accordingly, e(Vi(i1)) = e(coVg(i1)). On the other handly C TIp by
Proposition 3L. Then coV5(i;) C coV4(ip) C Vy(iy). Thus the result follows
directly. u

THEOREM 3.4: A deterministic stationary policy*f is optimal for VMDP if and
only if f* € Il and there exists a € B™(S), ¢ > 0, such that for eachjic S

(c(ip), pre=(i1)) = (C(ir), g (i1)), 9~ € p, (3.22)
wherell} is the set of policies defined 168.17).

Proor: Assume thaf * € II; and that there existsas B™(S), ¢ > 0, satisfying
(3.22). Then for anyr € coV(iy)

(c(iq), dr= (i) = (c(iy),v), b €S (3.23)
Hence
di=(i1) € e(coVi(iq)), iLES (3.24)

By Lemma 31, f * is optimal for VMDR The converse is obvious from Proposi-
tion 3.1. [ |
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4. CHARACTERIZATION OF OPTIMAL POLICIES VIA SYSTEMS
OF LINEAR INEQUALITIES

Given an initial staté, € S letx, = cX(i;) andy, = >¢_; u(i)x,, wherec andu are
defined in Theorem 3. Then replacing(i;, a;) with (i, a), the conditions in Theo-
rem 31 can be written in the form

Ms

k

1

Pex2 3 3 p(ili,a) ¢f(1)%
=1j=1

m

m N
k§l<j>f‘%o(i)xk+ yi = > rk(,a)x + > p(jli,a)y, (i,a) € GrA i e S(f=i,)

k=1 j=1

(s):

Xk>0, k:].,...,m.
(4.1)

Converselyassume thatS,) has a solutior(x, y). Then decomposing; asy; =
>, ykand lettingu®(i) = y¥/x,, we havey; = X¢-; u(i )x,. Hence the conditions
in Theorem 3L hold Similarly, replacingS( f %, i,) in (4.1) with S(i;) and withS
respectivelythe conditions in Theorem3and Corollary 3L can also be written in
the systems of linear inequalitieghich we denote byT; ) and(S). Thus Theo-
rems 31 and 32 and Corollary 3L turn to the following

THEOREM 4.1: If a deterministic stationary policy*f is optimal forVMDP, then
each systens,),...,(Sy) of linear inequalities has a solutiofx, y).

THEOREM 4.2: A deterministic stationary policy*f is optimal forVMDP if each
systen(T,),...,(Ty) of linear inequalities has a solutiofx, y).

CoroLLARY 4.1: A deterministic stationary policy*f is optimal forVMDP if the
system &) of linear inequalities has a solutiofx, y).

Remark 4.1:In the completely ergodic casiie conditions can also be represented
via the system of linear inequalitiésee Thm3.4 in Wakuta and Togawig20]).

Given aninitial statg € S letx,=cX(i;),k=1,2,..., m,wherec € B™(S), ¢ >
0. Then the conditions in Theorem.8 can be written in the form

U, ): 21 i (i) Xy = gl cbgoo(il)xk, g” € IIp

Xk>0’ k:].,...,m.

(4.2)

Then Theorem 34 turns to

THEOREM 4.3: A deterministic stationary policy¥f is optimal forVMDP if and only
if f * € II, and each systeffJ,),...,(Uy) of linear inequalities has a solution x
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Now, we shall show a counterexample exhibiting a policy that satisfies the
necessary condition but not the sufficient condition

CounterexampleConsider the following VMDP

S$=1{123}, A1) =A2) ={1,2}, AR) = {1}
P11 =p2[L2)=1  pR[21)=p@B[22)=1  pE[3) =1
r(1,1) = (4,4), r(1,2) = (0,0, r(2,1) = (6.1),
r(2,2) = (0,0), r(3,1) = (5,3).

There are four deterministic stationary polici€s 8=, v, ands* defined as follows
a:a() =1 a@@=1 p=:pL=1 BR)=2
Y2y =2, y2) =1 §°:6(1) =2 8(2) =2

The values of these policies can be calculated directly from the above data as
bo=(1) = (4,4),  ¢u=(2) =(61),  ¢=(3) =(53);
bp=(1) = (44),  ¢p=(2=(53),  $=(3) =(53);
¢,=(1) =(61), ¢,=(2=(61), ¢,-(3)=(53);
$s=(1) = (5,3),  ¢5=(2)=(53),  ¢5=(3) =(573).

Obviously all deterministic stationary policies are optimakt us examinex®.
From the transition lawS(a*,1) = {1}, S(a*,2) = {2}, S(a*,3) = {3}, S(1) =
{1,2,3}, S(2) ={2,3}, andS(3) = {3}. Substituting the above data int4.1), we can
easily see that each systdi®,), (S,), and (S;) has a solutionHowever (S,) is
inconsistent witS,). Hence (T;) = (S)) U (S,) U (S3) has no solutionTherefore
a® satisfies the necessary condition but not the sufficient condition

The problem of whether the systéi®, ) has a solutiorix, y) can be formulated
by the following linear program

P(S,): Maxz

subject to

(Xi1=Z,...,Xn =

N

Z b= ()X = Z 2 P(jli,a) ()%
k=1j=1

k=1

m ) m ) N o 43
S ity = S rkiaxct SpGlay,
k=1 k=1 =1

(i,a) € GrA i € S(f=,i,)

\Xx = 0, k=1,...,mz=0.
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Linear program®(T; ), P(S), andP(U; ) are defined similarlyObviously P(S ),
P(T;,), P(S), andP(U;)) are feasible and have nonnegative objectiVidgen we
immediately have the following theorem

THEOREM 4.4:

(i) The system&S)), (T;)), (S), and(U; ) have solutions if and only if FS),
P(T;,), P(S), and (U, ) have positve maximumvalues respectiely. In
these casesin fact, P(S)), P(T;), P(S), and P(U; ) have unbounded
objectves

(il) The systemsS ), (T;,), (S), and (U;,) have no solution if and only if
P(S,), P(T,), P(&), and P ) have maximumvalues of zerp
respectvely.

5. POLICY ITERATION ALGORITHM

In this sectionwe denote by a deterministic stationary polidy® for simplicity. We
setH? = P(g) ¢ andl® = R(g) + P(g)u;, whereg; = (¢K(i)) is theN X m matrix
andU; is the bias-value matrix defined in SectioN\dte thatH; = s andl, = bs +
. Now, let us consider the following relations associated iithe I1:

i. H® = H{, and for any(i, k) for which (H®) = (H )i, 10 = (11 )ik
Moreover for at least onéi, k), (H®)i > (H¢ )i of (1) > (I ). (5.1)

i. H® = H,, and for any(i,k) for which (H®)« = (H )i, (10 = (I )ix.
Moreover for at least onéi, k), (H®)i < (H¢ )i or (1) < (I ). (5.2)

ii. H?=HandI®=1". (5.3)

LeEmmA 5.1:

(i) If (5.1) holds thengg = ¢x.
(i) If (5.2) holds thengy = ¢.
(i) If (5.3) holds then¢g = ¢x.

Proor: (i) Supposéb.1) holds Letk satisfy that for somee S (HP);, > (Hff)ik or
(1% > (I )ic. Then by Corollary 1 in Veinot{16], o) = of(i) foralli € S If
k satisfies thatH?);, = (H )i and (1), = (1{ ) for all i € S thengk (i) = pk(i)
foralli € Sby Lemma 2 in Blackwell1]. Thus ¢4 = ¢¢. The proof of(ii) is similar
The proof of(iii ) is straightforward from Lemma 2 in Blackwél]. u

5.1. Policy lteration Algorithm

By E,, F,, andG,, n = 0, we denote respectively the set of deterministic stationary
policies that cannot be dominated by any other policy via policy iteration until the
nth stagethe set of deterministic stationary policies that have been dominated by
some other policy via policy iteration until tiith stageand the set of deterministic
stationary policies that have been determined to be optimal untiltthstage The
policies inE, could be optimalbut those inF, are no longer optimal
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5.1.1. Phase |

1. Setky = Fy= Gy = ¢ and choose afi € Il arbitrarily.
2. Forf,, n= 1, determinep = ¢, andd = u;_ by solving

(1= P(f) = O,
§+ (= P(f)a=r(fy),
a+(1-P(f,)z=0,

wherel is the identity matrix and is the zero matriXsee Kallenbergl1,
Thm. 4.4.1]).
3. Determine

A; = {9 € (IIp\(E,—1 U F_1 U G,_y))| (5.1) holds forf =},
B;, =19 € (IIp\(E,—1 U F,_1 U G,_1))| (5.2) holds forf =1},
G, ={g € (IIp\(Er-1 U F,_1 U G,_1))| (5.3) holds forf = f}.
4. If A; # ¢, choose arf,,;; € A; and return to Step.2
(i) If ¢ = s andey , = --- = ¢; for somek, let
En=En1 Fo=Fn1U(B U--UB)U(C  U---UC),

andG, = G,_; and go to Step .3
(ii) If &5, = ¢y, let
E,= En_1, F.=F,-1,, and G,=G,_;.

Store in memory thap; = ¢ aswell asB; andC; , and go to Step.3
If A; = ¢, solveP(S) for f,.

(i) If f, can be determined to be optimal apd = --- = ¢; for somek,
define

M,=1{g € (B; , U --- UBy)|dg= 1},
N,=1{g€ (B; U - UB;)[¢dg= ¢y }.
Let
E,=E._,, F.=F._1UN,, and
G,=G,..UM,U(C,_ U ---UC,).
Choose arf,, 1 € (IIp\(E, U F, U G,,)) and return to Step.2

(iv) If f, cannot be determined to be optintd}, may still be optimal and
¢, = -+ = ¢ for somek, let

En = En—l U (Bfn,k u-..-u Bfn) U (Cfn,k u-..-u Cfn)a
Fn = Fn—l’ and Gn = Gn—l-

Choose ari,, 1 € (TIIp\(E, U F, U G,)) and return to Step.2
5. Stop Phase | wheB, U F, U G, =TIp.
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SetE* = E,, F* = F,, andG* = G,,, and denote by the set of all optimal
deterministic stationary policief E* = ¢, thenG = G* and the procedure ends
otherwisggo to Phase Il

5.1.2. Phase ll. ForeacH € E* solveP(U,),...,P(Uy) withII{ =E* U G*
one by onelf eachP(U,) is unboundegthenf is optimal otherwisef is not optimal
Thus G can be obtained

Remark 5.1:

(i) The algorithm does not necessarily call for the values of all deterministic
stationary policiesif (B; , U --- U B; ) # ¢ in Step 4i) of Phase |Ithen
one need not calculate the values of those policies since then

(ii) If Assumption 31 is satisfiedthen Theorem 3 provides a necessary and
sufficient conditionand equality never holds in Lemmalgi) and(ii). In
this casethe algorithm can be very simplified

6. A NUMERICAL EXAMPLE

We shall give a numerical example illustrating the policy iteration algorithm pre-
sented in Section.XConsider the following VMDP

S={1,2}, A= A1) = AQ) = {1,2}
p(1]1,1) =1,p(2/1,1) =0
p(1|1,2) = 3,p(2|1,2) = 3
p(1[2,1)=0,p(2/2,1) =1
p(1]2,2) = 3,p(2[2,2) = 3

r(1,1) = (0,0), r(1,2) = (1,-1)
r2,1) = (2,1),r(2,2) = (1,3).

There are four deterministic stationary policiess, y, andé defined as follows
aa(l)=La=Lp:8(1)=1B(2)=2y:y(1)=2v(2) =18:6(1) =2,
5(2) =2

6.1. Phasel

1. Choosd; = a and calculateb, andu,. Then

oo [0 o
wole o wlo o)
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CalculateH, 18, HE, 18, HY, 17, HS, andl?. Then

0 0] 0 0
H = L le= ,
2 1 2 1
[0 0] 0 0
HE = ,1p= ,
11 13
[1 4] 1 -1
Hy=|_ | 1= :
2 1 2 1
B 17 r _
HS = Lo 15 = 1.

Hence A, = {y}, B, = {8}, andC, = {a}.
2. Choosdf, =y € A, and calculatep, andu,,. Then

2 1 -2 —4
=l 1 “Tlo of
Since¢, = ¢, E; = ¢, F1 ={a, B}, andG, = ¢. CalculateH}, |7, H, and
12. Then

Hence A, = ¢, B, = {6}, andC, = {y}.
3. SolveP(S) for v:

P(S): Maxz

subject to

(X1 =72, X, =2

—2X; =% =0

X~ 2%~ 31t 3. =0
2% Y1 +tY.,=0

X+ 2%+ 31— 3. =0

\X1=0,x,=0,z=0.

By the simplex methodve have Max = c. Hence vy is optimal
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4. Foré € B,, calculateg; andus. Then

11 0 -2
bs = 1 1l Us = o 2|
As ¢s = ¢,, 6 € N3. Hence

E2 = d)’ I:2 = {a’ B’ 6}7 and GZ = {7}~

5. Stop Phase | becau&g U F, U G, =1lp. SetE* = E,, F* = F,, andG* =
G,. AsE* = ¢, we need not go to Phase Thus we haveG = {v}.
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