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We study the multichain case of a vector-valued Markov decision process with
average reward criterion+We characterize optimal deterministic stationary policies
via systems of linear inequalities and discuss a policy iteration algorithm for finding
all optimal deterministic stationary policies+

1. INTRODUCTION

We study average reward, vector-valued Markov decision processes~average re-
ward VMDPs, for short!+ The discounted reward VMDPs have been investigated by
many authors~e+g+, Viswanathan,Aggarwal, and Nair@17# , Furukawa@4,5# ,White
and Kim@21# ,White@22# ,Henig@7# ,Novák@12,13# ,Wakuta@18,19# !+On the other
hand, average reward VMDPs do not seem to be treated fully in the literature, except
for several authors+ Thomas@15# dealt with the completely ergodic case and pre-
sented a policy iteration algorithm for finding all~Pareto! optimal deterministic
stationary policies by modifying the Furukawa’s algorithm@5# + Iki and Furukawa
@10# considered the multichain case under different optimality from that of Thomas
@15# +Durinovic, Lee,Katehakis, and Filar@3# formulated average reward VMDPs as
multiobjective linear programs and characterized optimal deterministic stationary
policies in the multichain case+Novák@12,13# solved the completely ergodic case as
well as the discounted reward case via multiobjective linear programming+ Ghosh
@6# developed an algorithm for finding an optimal policy with respect to some utility
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function in the completely ergodic case+ Recently, Wakuta and Togawa@20# have
characterized optimal deterministic stationary policies via systems of linear inequal-
ities in the completely ergodic case and have suggested a policy iteration algorithm+
The purpose of this paper is to study the multichain case through a similar approach
and to discuss a policy iteration algorithm for finding all optimal deterministic sta-
tionary policies+

Thomas@15# and Iki and Furukawa@10# restricted themselves to deterministic
stationary policies+ Thus, they had only to compare the values of policies for dom-
inance if there exist undetermined policies after the policy iteration+ However, here
we treat all~randomized, history-remembering! policies+ Then, policies that are op-
timal among all deterministic stationary policies but not optimal among all policies
should be excluded from the solutions+ Hence, their methods do not apply in this
case+ In the present paper, a policy is said to be optimal if it is nondominated for all
initial states+ This definition differs fromb-efficiency in Durinovic et al+ @3# + A
policy isb-efficient if it is nondominated for a given initial state distributionb+ If a
policy isb-efficient for someb . 0, then it is also optimal+ However, the converse
does not hold in general+ In their Appendix A, Durinovic et al+ @3# discussed the
relation betweenb-efficiency andu-efficiency+ Theu-efficiency was introduced in
Hordijk and Kallenberg@9# and is a weaker condition than the optimality in the
present paper+

2. DEFINITIONS AND PRELIMINARIES

Let Rm denote them-dimensional Euclidean space+ We shall adopt the standard
convention for inequalities: Givena5 ~a1, + + + ,am!, b5 ~b1, + + + ,bm! [ Rm, definea
^ b if and only if ak ^ bk, k51, + + + ,m; a $ b if and only if a ^ b andaÞ b; a . b
if and only if ak . bk, k 5 1, + + + ,m+ Similarly, %, #, and, , are defined+ For a
nonempty subsetU , Rm, a pointx [ U is said to be an efficient point ofU when
x % y for somey [ U impliesx5 y+We denote bye~U ! the set of all efficient points
of U+We apply the relations onRm to the setBm~S! of all m-valued functions onS:
Givenu, v[ Bm~S!, defineu ^ v if and only if u~i ! ^ v~i ! for all i [ S; u$ v if and
only if u ^ v andu Þ v; u . v if and only if u~i ! . v~i ! for all i [ S+ A constant
function inBm~S! is said to be a constant vector+

The ~average reward! VMDP is defined by the following: S 5 $1,2, + + + ,N # ,
the state space; A is a finite set, the action space; A~i ! is the permissible set of
actions in statei [ S; p~ j 6 i,a!, i, j [ S, a [ A~i !, is a stochastic kernel onS
given GrA, the transition law, where GrA 5 $~i,a!6 i [ S, a [ A~i !%; r ~i,a! 5
~r 1~i,a!, + + + , r m~i,a!! [ Rm is the vector-valued reward function on GrA+

Let H1 5 S andHt11 5 Gr A 3 Ht , t ^ 1+ Then, Ht is the set of all possible
histories of the system when thetth action must be chosen+A policy p is a sequence
$p1,p2, + + + %, wherept is a stochastic kernel onA given Ht + It is assumed that
pt~A~i t !6ht ! 51 for all historiesht 5 ~i1,a1, i2, + + + , i t ! [ Ht +We denote byP the set
of all policies+A deterministic stationary policy is a sequence$ f, f, + + + %, f [ F,where
F is the set of all mappingsf from Sto A such thatf ~i ! [ A~i !, i [ S+We denote such
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a policy byf ` and the set of all deterministic stationary policies byPD+ For f ` [
PD, we define the stochastic matrixP~ f ! 5 ~ pij ~ f !! asPij ~ f ! 5 p~ j 6 i, f ~i !!, i, j [
S+ We denote byP*~ f ! 5 ~ pij

*~ f !! the stationary matrix ofP~ f ! and byD~ f ! the
deviation matrix~see, e+g+, Kallenberg@11# !+ We also define theN 3 m reward
matrixR~ f ! 5 ~rf

k~i !! asrf
k~i ! 5 r k~i, f ~i !!, i 51, + + + ,N, k51, + + + ,m, and theN3 m

bias-value matrixuf asuf 5 D~ f !R~ f !+
Let H ' 5 A 3 S3 A 3 {{{+ Then, any policyp defines a probability measure

pp${6X15 i1% onH ' for any initial statei1 [ S~see, e+g+,Hinderer@8# !+ For anyp [
P and any positive integerT, we denote byxT@p# ~i1! the expected state-action
frequencies in the firstT periods when the system starts from the initial statei1 [ S;
that is,

xja
T @p# ~i1! 5

1

T (
t51

T

Pp $Xt 5 j, Yt 5 a6X1 5 i1%, ~ j,a! [ Gr A, (2.1)

whereXt is thetth state andYt is thetth action chosen at thetth stage+We also denote
by X @p# ~i1! the set of all limit pointsx@p# ~i1! of the vectors$xT@p# ~i1!, T 5
1,2, + + + %+ For anyi1 [ S, P1~i1! stands for the set of policies such thatX @p# ~i1! is a
singleton+ Because limTr` xj f ~ j !

T @ f ` # ~i1! 5 pi1 j
* ~ f ! for anyf ` [ PD, PD , P1~i1!

for all i1 [ S+
Whenr is scalar-valued, we usually define the expected average reward as

fp~i1! 5 lim inf
Tr`

(
j,a

xja
T @p# ~i1!r ~ j,a!, i1 [ S, (2.2)

and a policyp* is said to be optimal iffp* ~i1! 5 supp[P fp~i1! for all i1 [ S+
For a vector-valued rewardr, we analogously define the expected average re-

ward as

fp~i1! 5 ~fp
1~i1!, + + + ,fp

m~i1!!, (2.3)

wherefp
k ~i1! 5 lim inf Tr`(j,a xja

T @p# ~i1!r k~ j,a!, i1 [ S+ Obviously, for a policy
p [ ùi1[SP1~i1!,

fp~i1! 5 (
j,a

xja @p# ~i1!r ~ j,a!, i1 [ S+ (2.4)

For eachi1 [ S, we set

V~i1! 5 ø
p[P

$fp~i1!%, V1~i1! 5 ø
p[P1~i1!

$fp~i1!%,

VD~i1! 5 ø
f `[PD

$ff ` ~i1!%+ (2.5)
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Definition 2.1: A policyp* is said to be optimal forVMDP if fp~i1! [ e~V~i1!!
for all i 1 [ S+

We also set

W~i1! 5 ø
p[P

H(
j,a

xja @p# ~i1!r ~ j,a!6x@p# ~i1! [ X @p# ~i1!J , i1 [ S+ (2.6)

Proposition 2.1: W~i1!5V1~i1!5coVD~i1!, i1 [ S,wherecostands for the convex
hull of a set+

Proof: Let L~i1! 5 øp[P X @p# ~i1!, L1~i1! 5 øp[P1~i1! X @p# ~i1!, andLD~i1! 5

øf `[PD
X @ f ` # ~i1!, i1 [ S+ Then, L~i1!5L1~i1!5coLD~i1!, i1 [ S~see Kallenberg

@11, Thm+ 4+7+1# !+ Hence,W~i1! 5 V1~i1! 5 coVD~i1!, i1 [ S+ n

Proposition 2.2: e~V~i1!! 5 e~V1~i1!!, i1 [ S+

Proof: The set of all limit points of$(j,a xja
T @p# ~i1!r k~ j,a!, T 5 1,2, + + + % is iden-

tical to $(j,a xja @p# ~i1!r k~ j,a!6x@p# ~i1! [ X @p# ~i1!%, andfp
k ~i1! is the minimum

point of this set+ From this fact and Proposition 2+1, V1~i1! , V~i1! , V1~i1! 1 R2
m ,

i1 [ S, whereR2
m is the nonpositive orthant ofRm+ Thus, the result follows+ n

By virtue of the above propositions,we can restrict ourselves to the setP1~i1! of
policies for eachi1 [ S+

3. OPTIMAL DETERMINISTIC STATIONARY POLICIES

For ac [ Bm~S!,we consider a nonstationary dynamic program~NDP~c!, for short!
defined by the same data as in VMDP except for the reward functionr c~i1, i t ,at ! 5
^c~i1!, r ~i t ,at !&, where^x, y& denotes the inner product ofx, y [ Rm+ Then, the ex-
pected average reward for NDP~c! is defined as

Jp~i1! 5 (
j,a

xja @p# ~i1!r c~i1, j,a!, p [ P1~i1!, i1 [ S+ (3.1)

Note thatJp~i1! 5 ^c~i1!,fp~i1!&+ If we choose a constant vectorc, then we have the
ordinary Markov decision process~MDP~c!, for short! with the reward function
r c~i,a! 5 ^c, r ~i,a!&+ A policy p* is called the optimal policy for NDP~c! if Jp* ~i1!
^ Jp~i1! for all p [ P1~i1! and alli1 [ S+

BecauseV1~i1! is a polytope by Proposition 2+1, the following scalarization
holds~cf+ Yu @23, Thm+ 8+5~ii !#!+

Proposition 3.1: A policyp [ ùi1[SP1~i1! is optimal forVMDP if and only ifp
is optimal forNDP~c! with a c[ Bm~S!, c . 0+

Proposition 3.2: There exists an optimal deterministic stationary policy inVMDP+

Proof: Consider an MDP~c! with a constant vectorc . 0+ BecauseS andA are
finite, there exists an optimal deterministic stationary policy for MDP~c! ~see, e+g+,
Derman@2# !+ By Proposition 3+1, it is optimal for VMDP+ n
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We define

S~ f `, i1! 5 $ j [ S6Pf ` $Xt 5 j 6X1 5 i1% . 0 for somet ^ 1%, i1 [ S, (3.2)

and

S~i1! 5 ø
f `[PD

S~ f `, i1!, i1 [ S+ (3.3)

Then, an optimal deterministic stationary policy is characterized as follows+

Theorem 3.1: If a deterministic stationary policy f̀ is optimal forVMDP, then
there exist a u[ Bm~S! and a c[ Bm~S!, c . 0, such that for each i1 [ S and any
~i t ,at ! [ Gr A with it [ S~ f ,̀ i1!,

^c~i1!,ff ` ~i t !& ^ (
j51

N

p~ j 6 i t ,at ! ^c~i1!,ff ` ~ j !& (3.4)

and

^c~i1!,ff ` ~i t !& 1 ^c~i1!,u~i t !&

^ ^c~i1!, r ~i t ,at !& 1 (
j51

N

p~ j 6 i t ,at ! ^c~i1!,u~ j !&+ (3.5)

Proof: By Proposition 3+1, f ` is optimal for NDP~c! with a c [ Bm~S!, c . 0+
Given an initial statei1 [ S, let Sc 5 c~i1! and consider an MDP~ Sc! with the reward
function Sr ~i,a! 5 ^ Sc, r ~i,a!&, ~i,a! [ Gr A+ Then, f ` is i1-optimal for MDP~ Sc!; that
is, NJf ` ~i1! ^ NJp~i1! for all p [ P1~i1! + Besides, by Theorem 1 in Schweitzer and
Gavish@14# , f ` is i -optimal for MDP~ Sc! for all i [ S~ f ,̀ i1!+ Although we restrict
ourselves to the setP1~i1! of policies, their theorem applies to MDP~ Sc! because
there exists an optimal policy inPD for MDP~ Sc!+ For a Blackwell optimal determin-
istic stationary policyg` for MDP~ Sc!, let NJg` 5 P*~g! Sr ~g! and Sug` 5 D~g! Sr ~g!+
Also, let J*~i ! 5 NJg` ~i ! andw*~i ! 5 Sug` ~i ! 2 M NJg` ~i !, i [ S, whereM is a number
defined as in the proof of Theorem 4+2+2 in Kallenberg@11# + Then,

J*~i ! ^ (
j51

N

p~ j 6 i,a!J*~ j ! (3.6)

and

J*~i ! 1 w*~i ! ^ Sr ~i,a! 1 (
j51

N

p~ j 6 i,a!w*~ j !, ~i,a! [ Gr A+ (3.7)

Define u~i ! 5 ug` ~i ! 2 Mfg` ~i !, i [ S, whereug` ~i ! is the i th row of Ug` 5
D~g!R~g!+ Note that NJg` ~i ! 5 ^ Sc,fg` ~i !& and Sug` ~i ! 5 ^ Sc,ug` ~i !&+ Then, w*~i ! 5
^ Sc,u~i !&, i [ S+
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Now, we have

J*~i ! 5 NJg` ~i ! H5 NJf ` ~i ! 5 ^ Sc,ff ` ~i !& for all i [ S~ f `, i1!

^ NJf ` ~i ! 5 ^ Sc,ff ` ~i !& otherwise+
(3.8)

Substituting~3+8! andw*~i ! 5 ^ Sc,u~i !&, i [ S, into ~3+6! and~3+7!,we can obtain the
desired result+ n

Theorem 3.2: A deterministic stationary policy f̀ is optimal forVMDP if there
exist a u[ Bm~S! and a c[ Bm~S!, c. 0, such that~3+4! and~3+5! hold for each i1 [
S and any~i t ,at ! [ Gr A with it [ S~i1!+

Proof: Fix an arbitrary initial statei1 [ Sand letg` be an arbitrary deterministic
stationary policy+ Then, using~3+4!, we have

Eg` @^c~X1!,ff ` ~Xt !&6X1 5 i1#

5 Eg` @Eg` @^c~X1!,ff ` ~Xt !&6X1,Xt21, g~Xt21!#6X1 5 i1#

5 Eg`F(
j51

N

p~ j 6Xt21, g~Xt21!!^c~X1!,ff ` ~ j !&6X1 5 i1G
% Eg` @^c~X1!,ff ` ~Xt21!&6X1 5 i1# + (3.9)

Iterating~3+9! t 2 1 times, we have

Eg` @^c~X1!,ff ` ~Xt !&6X1 5 i1# % ^c~i1!,ff ` ~i1!&+ (3.10)

Now, we have

Eg`F(
t52

T11

$^c~X1!,u~Xt !& 2 Eg` @^c~X1!,u~Xt !&6X1,Xt21, g~Xt21!#%6X1 5 i1G5 0+

(3.11)

By ~3+5!, we have

Eg` @^c~X1!,u~Xt !&6X1,Xt21, g~Xt21!#

5 (
j51

N

p~ j 6Xt21, g~Xt21!!^c~X1!,u~ j !&

5 ^c~X1!, r ~Xt21, g~Xt21!!& 1 (
j51

N

p~ j 6Xt21, g~Xt21!!^c~X1!,u~ j !&

2 ^c~X1!, r ~Xt21, g~Xt21!!&

% ^c~X1!,ff ` ~Xt21!& 1 ^c~X1!,u~Xt21!& 2 ^c~X1!, r ~Xt21, g~Xt21!!&+ (3.12)

538 K. Wakuta

https://doi.org/10.1017/S0269964800144092 Published online by Cambridge University Press

https://doi.org/10.1017/S0269964800144092


Substituting~3+12! into ~3+11!, we have

Eg`F(
t52

T11

$^c~X1!,u~Xt !& 2 ^c~X1!,u~Xt21!& 1 ^c~X1!, r ~Xt21, g~Xt21!!&%6X1 5 i1G
% Eg`F(

t52

T11

^c~X1!,ff ` ~Xt21!&6X1 5 i1G + (3.13)

By ~3+10!, we have

Eg`F^c~X1!,u~XT11!& 2 ^c~X1!,u~X1!& 1 (
t52

T11

^c~X1!, r ~Xt21, g~Xt21!!&6X1 5 i1G
% T^c~i1!,ff ` ~i1!&+ (3.14)

Dividing both sides of~3+14! by T and lettingT r `, we have

^c~i1!,ff ` ~i1!& ^ ^c~i1!,fg` ~i1!&; (3.15)

that is, Jf ` ~i1! ^ Jg` ~i1!+ Note that there exists ani1-optimal policy in PD for
NDP~c! because an optimal policy exists inPD for MDP~ Sc! with Sc5 c~i1!+ As i1 [
S is arbitrary, f ` is optimal for NDP~c!+ By Proposition 3+1, f ` is optimal for
VMDP+ n

Corollary 3.1: A deterministic stationary policy f̀ is optimal forVMDP if there
exist a u[ Bm~S! and a c[ Bm~S!, c . 0, such that~3+4! and~3+5! hold for all i1 [
S and all~i t ,at ! [ Gr A+

In Section 4, we shall give a counterexample showing the existence of a gap
between the necessary and sufficient conditions+ However, if we suppose the com-
plete ergodicity, then this gap can be removed+

Assumption 3.1~The completely ergodic case!: For anyf ` [ PD, all states belong
to a single ergodic set in the Markov chain induced byP~ f !+

The following is the same as Theorem 3+3 in Wakuta and Togawa@20# +

Theorem 3.3: Suppose Assumption3+1 is satisfied+ Then, a deterministic station-
ary policy f` is optimal forVMDP if and only if there exists a constantvector c.
0 such that for any~i,a! [ Gr A,

^c,ff ` & 1 ^c,uf ` ~i !& ^ ^c, r ~i,a!& 1 (
j51

N

p~ j 6 i,a!^c,uf ` ~i !&, (3.16)

whereff ` is a constantvector+

Proof: The proof can be found in Proposition 3+4 of Wakuta and Togawa@20#+ n
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Theorems 3+1 and 3+2 give simple conditions for optimality, but as stated earlier,
there is a gap between them+To find all optimal deterministic stationary policies,we
need further discussion+ Assume that some deterministic stationary policies have
already been known to be not optimal and denote byB the set of such policies+ Let

PD
' 5 PD ù Bc (3.17)

and

VD
' ~i1! 5 ø

f `[PD
'

$ff ` ~i1!%, i1 [ S+ (3.18)

We define

PD
* 5 $ f ` [ PD 6 f ` is optimal for MDP~c! with some constant vectorc . 0%

(3.19)

and

VD
*~i1! 5 ø

f `[PD
*

$ff ` ~i1!%, i1 [ S+ (3.20)

Lemma 3.1:

e~coVD
*~i1!! 5 e~coVD

' ~i1!! 5 e~V1~i1!!, i1 [ S+ (3.21)

Proof: Choose an arbitrary initial statei1 [ S+ Note that there exists anf ` [ PD
*

whose value corresponds to an efficient extreme point ofV1~i1!+ Hence, e~V1~i1!! ,
coVD

*~i1!+ Accordingly, e~V1~i1!! 5 e~coVD
*~i1!!+ On the other hand, PD

* , PD
' by

Proposition 3+1+ Then, coVD
*~i1! , coVD

' ~i1! , V1~i1!+ Thus, the result follows
directly+ n

Theorem 3.4: A deterministic stationary policy f̀ is optimal forVMDP if and
only if f ` [ PD

' and there exists a c[ Bm~S!, c . 0, such that for each i1 [ S

^c~i1!,ff ` ~i1!& ^ ^c~i1!,fg` ~i1!&, g` [ PD
' , (3.22)

wherePD
' is the set of policies defined by~3+17!+

Proof: Assume thatf ` [ PD
' and that there exists ac [ Bm~S!, c . 0, satisfying

~3+22!+ Then, for anyn [ coVD
' ~i1!

^c~i1!,ff ` ~i1!& ^ ^c~i1!, v&, i1 [ S+ (3.23)

Hence,

ff ` ~i1! [ e~coVD
' ~i1!!, i1 [ S+ (3.24)

By Lemma 3+1, f ` is optimal for VMDP+ The converse is obvious from Proposi-
tion 3+1+ n
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4. CHARACTERIZATION OF OPTIMAL POLICIES VIA SYSTEMS
OF LINEAR INEQUALITIES

Given an initial statei1 [ S, let xk 5 ck~i1! andyi 5 (k51
m uk~i !xk, wherec andu are

defined in Theorem 3+1+ Then, replacing~i t ,at ! with ~i,a!, the conditions in Theo-
rem 3+1 can be written in the form

~Si1!:5(
k51

m

ff `
k ~i !xk ^ (

k51

m

(
j51

N

p~ j 6 i,a!ff `
k ~ j !xk

(
k51

m

ff `
k ~i !xk 1 yi ^ (

k51

m

r k~i,a!xk 1 (
j51

N

p~ j 6 i,a!yj , ~i,a! [ Gr A, i [ S~ f `, i1!

xk . 0, k 5 1, + + + ,m+

(4.1)

Conversely, assume that~Si1! has a solution~x, y!+ Then, decomposingyi asyi 5

(k51
m yi

k and lettinguk~i ! 5 yi
k0xk,we haveyi 5(k51

m uk~i !xk+Hence, the conditions
in Theorem 3+1 hold+ Similarly, replacingS~ f ,̀ i1! in ~4+1! with S~i1! and withS,
respectively, the conditions in Theorem 3+2 and Corollary 3+1 can also be written in
the systems of linear inequalities, which we denote by~Ti1! and~S0!+ Thus, Theo-
rems 3+1 and 3+2 and Corollary 3+1 turn to the following+

Theorem 4.1: If a deterministic stationary policy f̀ is optimal forVMDP, then
each system~S1!, + + + ,~SN ! of linear inequalities has a solution~x, y!+

Theorem 4.2: A deterministic stationary policy f̀ is optimal forVMDP if each
system~T1!, + + + ,~TN ! of linear inequalities has a solution~x, y!+

Corollary 4.1: A deterministic stationary policy f̀ is optimal forVMDP if the
system~S0! of linear inequalities has a solution~x, y!+

Remark 4.1:In the completely ergodic case, the conditions can also be represented
via the system of linear inequalities~see Thm+ 3+4 in Wakuta and Togawa@20# !+

Given an initial statei1 [ S, letxk5ck~i1!, k51,2, + + + ,m,wherec[ Bm~S!, c.
0+ Then, the conditions in Theorem 3+4 can be written in the form

~Ui1!:5(
k51

m

ff `
k ~i1!xk ^ (

k51

m

fg`
k ~i1!xk, g` [ PD

'

xk . 0, k 5 1, + + + ,m+

(4.2)

Then, Theorem 3+4 turns to

Theorem 4.3: A deterministic stationary policy f̀ is optimal forVMDP if and only
if f ` [ PD

' and each system~U1!, + + + ,~UN ! of linear inequalities has a solution x+
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Now, we shall show a counterexample exhibiting a policy that satisfies the
necessary condition but not the sufficient condition+

Counterexample:Consider the following VMDP:

S5 $1,2,3%, A~1! 5 A~2! 5 $1,2%, A~3! 5 $1%;

p~161,1! 5 p~261,2! 5 1, p~262,1! 5 p~362,2! 5 1, p~363,1! 5 1;

r ~1,1! 5 ~4,4!, r ~1,2! 5 ~0,0!, r ~2,1! 5 ~6+1!,

r ~2,2! 5 ~0,0!, r ~3,1! 5 ~5,3!+

There are four deterministic stationary policiesa ,̀b ,̀g ,̀andd` defined as follows:

a`: a~1! 5 1, a~2! 5 1; b`: b~1! 5 1, b~2! 5 2;

g`: g~1! 5 2, g~2! 5 1; d`: d~1! 5 2, d~2! 5 2+

The values of these policies can be calculated directly from the above data as

fa` ~1! 5 ~4,4!, fa` ~2! 5 ~6,1!, fa` ~3! 5 ~5,3!;

fb` ~1! 5 ~4,4!, fb` ~2! 5 ~5,3!, fb` ~3! 5 ~5,3!;

fg` ~1! 5 ~6,1!, fg` ~2! 5 ~6,1!, fg` ~3! 5 ~5,3!;

fd` ~1! 5 ~5,3!, fd` ~2! 5 ~5,3!, fd` ~3! 5 ~5,3!+

Obviously, all deterministic stationary policies are optimal+ Let us examinea +̀
From the transition law, S~a ,̀1! 5 $1%, S~a ,̀2! 5 $2%, S~a ,̀3! 5 $3%, S~1! 5
$1,2,3%, S~2! 5 $2,3%, andS~3! 5 $3%+ Substituting the above data into~4+1!, we can
easily see that each system~S1!, ~S2!, and ~S3! has a solution+ However, ~S1! is
inconsistent with~S2!+ Hence, ~T1! 5 ~S1! ø ~S2! ø ~S3! has no solution+ Therefore,
a` satisfies the necessary condition but not the sufficient condition+

The problem of whether the system~Si1! has a solution~x, y! can be formulated
by the following linear program:

P~Si1!: Max z

subject to

5
x1 ^ z, + + + , xm ^ z

(
k51

m

ff `
k ~i !xk ^ (

k51

m

(
j51

N

p~ j 6 i,a!ff `
k ~ j !xk

(
k51

m

ff `
k ~i !xk 1 yi ^ (

k51

m

r k~i,a!xk 1 (
j51

N

p~ j 6 i,a!yj ,

~i,a! [ Gr A, i [ S~ f `, i1!

xk ^ 0, k 5 1, + + + ,m, z ^ 0+

(4.3)
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Linear programsP~Ti1!, P~S0!, andP~Ui1! are defined similarly+ Obviously, P~Si1!,
P~Ti1!, P~S0!, andP~Ui1! are feasible and have nonnegative objectives+ Then, we
immediately have the following theorem:

Theorem 4.4:

~i! The systems~Si1!, ~Ti1!, ~S0!, and~Ui1! have solutions if and only if P~Si1!,
P~Ti1!, P~S0!, and P~Ui1! have positive maximumvalues, respectively+ In
these cases, in fact, P~Si1!, P~Ti1!, P~S0!, and P~Ui1! have unbounded
objectives+

~ii ! The systems~Si1!, ~Ti1!, ~S0!, and ~Ui1! have no solution if and only if
P~Si1!, P~Ti1!, P~S0!, and P~Ui1! have maximum values of zero,
respectively+

5. POLICY ITERATION ALGORITHM

In this section,we denote byf a deterministic stationary policyf ` for simplicity+We
setHf

g 5 P~g!ff andIf
g 5 R~g! 1 P~g!uf , whereff 5 ~ff

k~i !! is theN 3 m matrix
andUf is the bias-value matrix defined in Section 2+Note thatHf

f 5 ff andIf
f 5 ff 1

uf + Now, let us consider the following relations associated withf, g [ PD:

i+ Hf
g

^ Hf
f , and for any~i, k! for which ~Hf

g!ik 5 ~Hf
f !ik , ~If

g!ik ^ ~If
f !ik +

Moreover, for at least one~i, k!, ~Hf
g!ik . ~Hf

f !ik or ~If
g!ik . ~If

f !ik + (5.1)
ii + Hf

g
% Hf

f , and for any~i, k! for which ~Hf
g!ik 5 ~Hf

f !ik , ~If
g!ik % ~If

f !ik +
Moreover, for at least one~i, k!, ~Hf

g!ik , ~Hf
f !ik or ~If

g!ik , ~If
f !ik + (5.2)

iii + Hf
g 5 Hf

f andIf
g 5 If

f + (5.3)

Lemma 5.1:

~i! If ~5+1! holds, thenfg ^ ff +
~ii ! If ~5+2! holds, thenfg % ff +

~iii ! If ~5+3! holds, thenfg 5 ff +

Proof: ~i! Suppose~5+1! holds+ Let k satisfy that for somei [ S, ~Hf
g!ik . ~Hf

f !ik or
~If

g!ik . ~If
f !ik + Then, by Corollary 1 in Veinott@16# , fg

k~i ! ^ ff
k~i ! for all i [ S+ If

k satisfies that~Hf
g!ik 5 ~Hf

f !ik and~If
g!ik 5 ~If

f !ik for all i [ S, thenfg
k ~i ! 5 ff

k~i !
for all i [ Sby Lemma 2 in Blackwell@1# +Thus,fg ^ ff + The proof of~ii ! is similar+
The proof of~iii ! is straightforward from Lemma 2 in Blackwell@1# + n

5.1. Policy Iteration Algorithm

By En, Fn, andGn, n ^ 0, we denote respectively the set of deterministic stationary
policies that cannot be dominated by any other policy via policy iteration until the
nth stage, the set of deterministic stationary policies that have been dominated by
some other policy via policy iteration until thenth stage, and the set of deterministic
stationary policies that have been determined to be optimal until thenth stage+ The
policies inEn could be optimal, but those inFn are no longer optimal+
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5.1.1. Phase I

1+ SetE0 5 F0 5 G0 5 f and choose anf1 [ PD arbitrarily+
2+ For fn, n ^ 1, determine Ef 5 ffn and Iu 5 ufn by solving

~I 2 P~ fn!! Ef 5 O,

Ef 1 ~I 2 P~ fn!! Iu 5 r ~ fn!,

Iu 1 ~I 2 P~ fn!! Iz 5 O,

whereI is the identity matrix andO is the zero matrix~see Kallenberg@11,
Thm+ 4+4+1# !+

3+ Determine

Afn 5 $g [ ~PD\~En21 ø Fn21 ø Gn21!!6 ~5+1! holds forf 5 fn%,

Bfn 5 $g [ ~PD\~En21 ø Fn21 ø Gn21!!6 ~5+2! holds forf 5 fn%,

Cfn 5 $g [ ~PD\~En21 ø Fn21 ø Gn21!!6 ~5+3! holds forf 5 fn%+

4+ If Afn Þ f, choose anfn11 [ Afn and return to Step 2+

~i! If ffn # ffn11
andffn2k

5 {{{ 5 ffn for somek, let

En 5 En21, Fn 5 Fn21 ø ~Bfn2k
ø {{{ ø Bfn! ø ~Cfn2k

ø {{{ ø Cfn!,

andGn 5 Gn21 and go to Step 3+
~ii ! If ffn 5 ffn11

, let

En 5 En21, Fn 5 Fn21, and Gn 5 Gn21+

Store in memory thatffn 5 ffn11
as well asBfn andCfn, and go to Step 3+

If Afn 5 f, solveP~S0! for fn+

~iii ! If fn can be determined to be optimal andffn2k
5 {{{ 5 ffn for somek,

define

Mn 5 $g [ ~Bfn2k
ø {{{ ø Bfn!6fg 5 ffn%,

Nn 5 $g [ ~Bfn2k
ø {{{ ø Bfn!6fg # ffn%+

Let

En 5 En21, Fn 5 Fn21 ø Nn, and

Gn 5 Gn21 ø Mn ø ~Cn2k ø {{{ ø Cn!+

Choose anfn11 [ ~PD\~En ø Fn ø Gn!! and return to Step 2+

~iv! If fn cannot be determined to be optimal~ fn may still be optimal! and
ffn2k

5 {{{ 5 ffn for somek, let

En 5 En21 ø ~Bfn2k
ø {{{ ø Bfn! ø ~Cfn2k

ø {{{ ø Cfn!,

Fn 5 Fn21, and Gn 5 Gn21+

Choose anfn11 [ ~PD\~En ø Fn ø Gn!! and return to Step 2+
5+ Stop Phase I whenEn ø Fn ø Gn 5 PD+
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SetE* 5 En, F * 5 Fn, andG* 5 Gn, and denote byG the set of all optimal
deterministic stationary policies+ If E* 5 f, thenG 5 G* and the procedure ends;
otherwise, go to Phase II+

5.1.2. Phase II. For eachf [ E*, solveP~U1!, + + + ,P~UN ! with PD
' 5 E*ø G*

one by one+ If eachP~Ui ! is unbounded, thenf is optimal; otherwise, f is not optimal+
Thus, G can be obtained+

Remark 5.1:

~i! The algorithm does not necessarily call for the values of all deterministic
stationary policies; if ~Bfn2k

ø {{{ ø Bfn! Þ f in Step 4~i! of Phase I, then
one need not calculate the values of those policies since then+

~ii ! If Assumption 3+1 is satisfied, then Theorem 3+3 provides a necessary and
sufficient condition, and equality never holds in Lemma 5+1 ~i! and~ii !+ In
this case, the algorithm can be very simplified+

6. A NUMERICAL EXAMPLE

We shall give a numerical example illustrating the policy iteration algorithm pre-
sented in Section 5+ Consider the following VMDP:

S5 $1,2%, A 5 A~1! 5 A~2! 5 $1,2%

p~161,1! 5 1, p~261,1! 5 0

p~161,2! 5 1
2
_ , p~261,2! 5 1

2
_

p ~162,1! 5 0, p~262,1! 5 1

p~162,2! 5 1
2
_ , p~262,2! 5 1

2
_

r ~1,1! 5 ~0,0!, r ~1,2! 5 ~1,21!

r ~2,1! 5 ~2,1!, r ~2,2! 5 ~1,3!+

There are four deterministic stationary policiesa, b, g, andd defined as follows:
a: a~1! 5 1, a~2! 5 1; b: b~1! 5 1, b~2! 5 2; g: g~1! 5 2, g~2! 5 1; d: d~1! 5 2,
d~2! 5 2+

6.1. Phase I

1+ Choosef1 5 a and calculatefa andua+ Then,

fa 5 F0 0

2 1G, ua 5 F0 0

0 0G +
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CalculateHa
a , Ia

a , Ha
b , Ia

b , Ha
g , Ia

g , Ha
d , andIa

d + Then,

Ha
a 5 F0 0

2 1G, Ia
a 5 F0 0

2 1G,
Ha

b 5 F0 0

1 2
12G, Ia

b 5 F0 0

1 3G,
Ha

g 5 F1 2
12

2 1G, Ia
g 5 F1 21

2 1 G,
Ha

d 5 F1 2
12

1 2
12G, Ia

d 5 F1 21

1 3 G +
Hence, Aa 5 $g%, Ba 5 $b%, andCa 5 $a%+

2+ Choosef2 5 g [ Aa and calculatefg andug+ Then,

fg 5 F2 1

2 1G, ug 5 F22 24

0 0 G+
Sincefa # fg, E1 5 f, F1 5 $a,b%, andG1 5 f+ CalculateHg

g , Ig
g , Hg

d , and
Ig

d + Then,

Hg
g 5 F2 1

2 1G, Ig
g 5 F0 23

2 1 G,
Hg

d 5 F2 1

2 1G , Ig
d 5 F0 23

0 1 G+
Hence, Ag 5 f, Bg 5 $d%, andCg 5 $g%+

3+ SolveP~S0! for g:

P~S0!: Max z

subject to

5
x1 ^ z, x2 ^ z

22x1 2 x2 % 0

2x1 2 2x2 2 2
12y1 1 2

12y2 % 0

22x1 2 y1 1 y2 % 0

2x1 1 2x2 1 2
12y1 2 2

12y2 % 0

x1 ^ 0, x2 ^ 0, z ^ 0+

By the simplex method, we have Maxz5`+ Hence, g is optimal+
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4+ For d [ Bg, calculatefd andud+ Then,

fd 5 F1 1

1 1G , ud 5 F0 22

0 2 G +
As fd # fg, d [ N3+ Hence,

E2 5 f, F2 5 $a,b,d%, and G2 5 $g%+

5+ Stop Phase I becauseE2 ø F2 ø G2 5 PD+ SetE*5 E2, F *5 F2, andG*5
G2+ As E*5 f, we need not go to Phase II+ Thus, we haveG 5 $g%+
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