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Abstract
The Erdős-Sós Conjecture states that every graph with average degree exceeding k− 1 contains every tree
with k edges as a subgraph. We prove that there are δ > 0 and k0 ∈N such that the conjecture holds for
every tree T with k≥ k0 edges and every graph G with |V(G)| ≤ (1+ δ)|V(T)|.
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1. Introduction
One of the best known conjectures in extremal graph theory is the Erdős-Sós Conjecture (see [3]).

Conjecture 1.1 (Erdős-Sós Conjecture). Every graph G with average degree d(G)> k− 1 contains
every tree T with k edges as a subgraph.

The conjecture clearly holds for stars and is known to hold for paths [4]. It also holds for large
trees whose maximum degree is bounded [9 ]: this result relies on earlier results for dense host
graphs [1, 12]. Further, Conjecture 1.1 holds for host graphs that are bipartite [15] or have no 4-
cycles [13], and it holds whenever k≥ |V(G)| − c, where c is any given constant and k is sufficiently
large depending on c [5]. For more background see [14].

We prove the high density case of Conjecture 1.1 for large k, with no restrictions at all on the
host graph or on the tree. Our result reads as follows:

Theorem 1.2. There are k0 ∈N and δ > 0 such that for all k≥ k0 every graph G with |V(G)| ≤
(1+ δ)k and with average degree d(G)> k− 1 contains every tree T with k edges as a subgraph.

In our proof of this theorem, we take δ to be 10−10, and we make no effort to optimise this
number. Our proof of Theorem 1.2 relies crucially on an earlier result by the authors. This result,
shown in [10, 11], is the (surprisingly hard to prove) spanning tree case of a more general conjec-
ture of Havet, Wood and the authors from [6], which states that every graph of minimum degree
at least 2k/3 and maximum degree at least k contains all trees with k edges as subgraphs.

Theorem 1.3. ([10, 11] ) There is an m0 ∈N such that for every m≥m0 every graph on m+ 1
vertices that has minimum degree at least �2m/3� and a vertex of degree m contains every tree T
with m edges as a subgraph.
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Let us quickly give some insight into the main ideas of our proof of Theorem 1.2. Since G has
high average degree, but no subgraph fulfilling the conditions of Theorem 1.3, we are able to find
a relatively large set H ⊆V(G) having degree at least k. If T has many leaves, we use H to embed
parents of leaves while embedding the rest of the tree almost greedily, leaving it to the end to
embed leaves from H.

The more difficult case is when T has few leaves. Then T has many vertices of degree 2, which
we embed at the end. The problem is that we have to choose the images of the neighbours of these
vertices very carefully, as we will need that at the very end of the embedding process, they are
adjacent to most of the yet unused vertices. In order to achieve this, we embed most of the tree
into a randomly selected set. More precisely, we embed most of the tree in an ordered way into a
randomly selected permutation of most of V(G). For this approach to work, it is crucial that we
have used up all vertices of G having rather low degree in a different way in the beginning of the
embedding process.

2. The proof of Theorem 1.2
Set δ:= 10−10. Let m0 be given by Theorem 1.3 and set k0:=max{m0, δ−2}. Let T be a tree with
k≥ k0 edges, and let G be a graph with n:= |V(G)| ≤ (1+ δ)k and d(G)> k− 1. We can assume
that G is minimal with these properties. In particular, G has no vertex v of degree less than k

2 , as
deleting such a vertex would lead to a smaller graph of at least the same average degree. So,

δ(G)≥ k
2
, (1)

where δ(G), as usual, denotes the minimum degree of G. Set a:= n− k, S⊆V(G) to be the set of
all vertices of degree at most 2k

3 + a (the letter S stands for Small), and b= |S|.
If d(v)≥ k+ b for some v ∈V(G), thenGv:=G

[
N[v]− S

]
(the subgraph ofG induced by v and

all its neighbours outside S) has at least k+ 1 vertices, each of which has at most n− |V(Gv)| ≤
a− 1 neighbours outside Gv. So the minimum degree of Gv is at least 2k

3 + a− (a− 1)> 2k
3 . Note

that v has degree |V(Gv)| − 1 inGv, and hence wemay apply Theorem 1.3 to find that T ⊆Gv ⊆G,
and we are done. Therefore, we assume from now on that

�(G)< k+ b. (2)

Let H be the set of all vertices of G having degree at least k (the letter H stands for High). Then

|H| > k
6
, (3)

as otherwise, (2) together with our choice of δ, ensures that
∑

v∈V(G)
d(v)≤ k

6
(k+ b− 1)+ (n− k

6
− b)(k− 1)+ b(

2k
3

+ a)≤ n(k− 1),

a contradiction since d(G)> k− 1.
Observe that the number of vertices of G having degree less than k− √

ak is at most 2
√
ak≤

2
√

δk (as otherwise there are more than ak≥ an
2 non-edges and thus d(G)> a= n− k, a contra-

diction). We let S′ be the set of the �2√δk
 vertices of lowest degrees. Then for each v ∈V(G) \ S′,
we have d(v)≥ k− √

ak, and in particular, setting G′:=G[V(G) \ S′], we have

δ(G′)≥ k− √
ak− |S′| ≥ k− 4

√
δk. (4)

Note that for each two vertices u, v ∈V(G′), we have that
|N(u)∩N(v)∩V(G′)| ≥ k− 9

√
δk. (5)
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According to whether the tree hasmany or few leaves, we will either use S′ for embedding leaves
at the end of our embedding procedure, or fill S′ as early as possible. For this, we distinguish two
cases.

Case 1. T contains at least 10
√

δk leaves.

Choose a set L of exactly �10√δk
 leaves, and let P1 be the set of their parents (note that not
all children of P1 need to belong to L). Root T in an arbitrary vertex r and construct a set P2 as
follows. We start by setting P2:= P1 ∪ {r}. Then, while there is a vertex p ∈V(T) \ P2 having at
least two children in P2, we add p to P2. If there is no such p, we stop the process. We note that
|P2| ≤ 2|P1| ≤ 2|L| ≤ 21

√
δk.

Let P3 be the set of all parents of vertices from P2. We embed T[P2] greedily into H, which is
possible by (3) and the fact that the vertices ofH have degree at least k inG (and thus degree greater
than |P2| intoH). We then embed T − P2 − L intoG′, going through T − L in a top down fashion,
starting with the root r, which, as it belongs to P2, is already embedded. For each subsequent vertex
v that is not yet embedded, we choose its image arbitrarily among the available neighbours of the
image pv of the parent of v, unless v ∈ P3, in which case we embed v in a vertex that is adjacent
to both pv and the image of the unique neighbour of v in P2. This is possible by (5), because
|L| ≥ 10

√
δk, and since so far, we only used G′ for the embedding.

It only remains to embed the vertices of L. Note that the parents of these vertices were
embedded inH, and the vertices ofH have degree at least k. Thus we can embed L greedily into G.

Case 2. T has fewer than 10
√

δk leaves.

In this case, T has fewer than 10
√

δk vertices of degree at least 3. So the set D2 of vertices of
degree 2 has size greater than k− 20

√
δk. We embed the vertices of D1:=V(T) \D2 arbitrarily

into G′ (respecting adjacencies) which is possible by (4). Let ϕ denote this embedding and all
future extensions of it.

Let R be the set of all components of T[D2]. Note that each such component is a path
and that

|R| ≤ |D1| ≤ 20
√

δk. (6)

Take a minimal subset R′
1 of R such that

⋃R′
1 contains at least 100

√
δk vertices. Choose an

arbitrary path Q fromR′
1 and delete one of its edges, giving us two subpaths Q1,Q2 of Q, in a way

thatR1:= (R′
1 \ {Q})∪ {Q1} covers exactly �100√δk� vertices. SetR2:= (R \R′

1)∪ {Q2}.
For each path R ∈R1, we proceed as follows. Say R= x1x2 . . . xm. Set X:= {x2+3i:0≤ i≤

m/3− 1} and note that |X| ≥ �100√δk� − 4|R1| ≥ |S′|. We embed an arbitrary subset X′ ⊆ X
of size |S′| arbitrarily into S′. Then we embed the vertices from V(R) \ X′ into G′, in any order.
Note that at the moment of being embedded, each such vertex v has at most two already embed-
ded neighbours, at most one of which is embedded in S′. By (1) and (4), there are at least
k− 4

√
δk− ( k2 + a)= k

2 − a− 4
√

δk vertices that are common neighbours of the images of the
neighbours of v. Moreover, we have embedded at most |D1| + �100√δk� ≤ 120

√
δk vertices so

far. Thus, there are at least

k
2

− a− 4
√

δk− 120
√

δk> 0

vertices of G′ that can serve as an appropriate image for v. Hence we can embed
⋃R1 as planned.

Let U ⊆V(G) be the set of all vertices used so far for the embedding. Note that

|U| ≤ 120
√

δk≤ k
300

. (7)
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It remains to embed the paths from R2 into G−U. For this, let us introduce some notation.
Given a permutation π = (v1, v2, . . . , vn′) of V(G) \U, we set Vπ := {v1, v2, . . . , v� 49

50 k
}. Let Jπ be
the set of all indices i< � 49

50k
 such that vi is not adjacent to vi+1. Let Hπ be the set of all vertices
in H \ (U ∪Vπ ) having less than a

3 non-neighbours in G′ \ (U ∪Vπ ).
We claim that there is a permutation π of V(G) \U such that

(A) |Jπ | ≤ 30
√

δk, and
(B) |Hπ | ≥ 16

√
δk.

Assuming such a permutation π exists, we can finish the embedding as we will explain now.
Choose any H′

π ⊆Hπ of size exactly �16√δk
 which is possible by (B). We start by successively
embedding paths from R2 as follows until we have used all of Vπ . We use the paths from R2
in non-decreasing order of their length. We embed each R= x1x2 . . . xm ∈R2 vertex by vertex,
avoiding H′

π . Say we are at vertex xj ∈V(R) with j �=m. If possible we embed xj in the vertex vi
with lowest index i that has not been used yet. Otherwise we can and do embed xj in a neigh-
bour of vi ∈V(G′) \H′

π . Vertex xm has two already embedded neighbours x, x′ neither of which
is embedded in S′, and we embed xm in a common neighbour of ϕ(x) and ϕ(x′), avoiding H′

π .
All of this is possible by (5), and since at any point, we have used at most 2|R2| + |Jπ | ≤ 70

√
δk

vertices outside Vπ , where the inequality holds by (6) and (A). We stop once we have used all of
Vπ , and let R′ be the remainder of the path we were currently embedding. LetR3 consist of R′ and
all remaining paths ofR2. Observe that since |V(G) \ (U ∪Vπ )| ≤ k

50 and because of the order in
which we used the paths fromR2,

|R3| ≤ |R2|
50

+ 1≤
√

δk
2

. (8)

where the second inequality follows from (6).
By (7), the current total amount of vertices ofG used for the embedding is at most |U| + |Vπ | +

70
√

δk≤ 99
100k− 1. Therefore,

∣∣ ⋃
R3

∣∣ ≥ k
100

≥ 2|H′
π | + 3|R3|

and thus, there are sufficiently many vertices on the paths from R3 such that we can embed the
paths from R3 as follows. For each path x1x2 . . . xm ∈R3, we successively embed all vertices xj
with even index j �=m intoH′

π , as long as there still are unused vertices inH′
π . For each odd index

j /∈ {1,m− 1,m} having the property that xj−1 and xj+1 are embedded in H′
π , we add vertex xj to

a setW, which is to be embedded at the very end. Observe that by construction, and by (8),

|W| ≥ |H′
π | − |R3| ≥ 15

√
δk.

We now use (5) to embed all remaining vertices from V(
⋃R3) \W into G′.

Finally, we embed W. By construction, each vertex of W is an xj from some path of R3, with
xj−1, xj+1 embedded in vertices u, v ∈H′

π ⊆Hπ . By definition ofHπ , at most 2a
3 vertices inV(G) \

(U ∪Vπ ) are not common neighbours of u and v. So, as |V(T)| = n− a+ 1 and U ∪Vπ has been
used, we are able to find a common neighbour of u and v in which to embed xj. This finishes the
embedding of T.

It only remains to prove our claim that there is a permutation of V(G) \U such that (A) and
(B) hold. We take a random permutation π = (v1, v2, . . . , vn′) of V(G) \U, and show that with
positive probability, it has both these properties. We note that by (4), and sinceV(G) \U ⊆V(G′),
we have

E
[|Jπ |] ≤

∑

v∈Vπ

|V(G) \N(v)|
|Vπ | ≤ |Vπ | · 4

√
δk+ a
|Vπ | ≤ 5

√
δk.
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Hence by Markov’s inequality (see [8]), the probability that (A) fails is at most 1
6 .

We will show that (B) fails with probability less than 5
6 , which will finish the proof of our claim.

By definition ofH, each vertex fromH has less than a non-neighbours in V(G′) \U. Moreover, as
|U| ≥ |S′| > a, for any v ∈V(G′) \U, the probability that v /∈Vπ is at most 1

50 . So, setting

sπ :=
∑

u∈H\(U∪Vπ )
|{v | u /∈U, uv /∈ E(G′)} \Vπ |,

we have that

E[sπ ]≤ |H \U|a
2500

≤ ak
2400

,

and by Markov’s inequality (see [8]), the probability that sπ ≥ ak
1600 is at most 2

3 . In particular,
the probability that H \ (U ∪Vπ ) has more than k

500 vertices which each have at least a
3 non-

neighbours in V(G′) \ (U ∪Vπ ) is at most 2
3 . So, if we can show that the probability that |H \

(U ∪Vπ )| < k
500 + 16

√
δk is at most 1

6 , we are done.
For this, note that |H \U| > 4

25k by (3) and (7). Also by (7), for each v ∈V(G′) \U, the prob-
ability that v /∈Vπ is at least 1

60 . It follows that the expectation of |H \ (U ∪Vπ )| is at least k
375 .

Applying the Chernoff bound (see [8]), we deduce that the probability that |H \ (U ∪Vπ )| < k
400

is (much) less than 1
6 . As

k
400 > k

500 + 16
√

δk, we are done.
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131–158.
[7] Haxell, P. E. (2001) Tree embeddings. J. Graph Theory 36(3) 121–130.
[8] Molloy, M. and Reed, B. (2002) Graph Colouring and the Probabilistic Method. Springer, Berlin.
[9] Pokrovskiy, A. (2024) Hyperstability in the Erdős-Sós conjecture Preprint 2024, arXiv: 2409.15191.
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