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Abstract. We show that the metric of non-positively curved graph manifolds is determined
by its geodesic flow. More precisely, we show that if the geodesic flows of two non-
positively curved graph manifolds are C conjugate, then the spaces are isometric.

1. Introduction

Two complete Riemannian manifolds, N and N/, are said to have C° conjugate geodesic
flows if there is a continuous map F : S'N — S!'N’ such that F o g; = g, o F for
all ¢, where g; (respectively g/) represents the geodesic flow on the unit sphere bundle
S'N (respectively S!N). The conjugacy is called C* if F is C¥.

Graph manifolds of non-positive curvature are compact three-dimensional manifolds
whose geometry has been extensively studied in [Sh] and [Le]. Although there have been
anumber of definitions of ‘graph manifold’, we will use the rather general one used in [Le]:
a graph manifold is a three-dimensional Haken manifold each of whose components under
the minimal decomposition (in the sense of [JS, Jo]) is Seifert fibered. The decomposition
is by cutting along embedded incompressible tori and Klein bottles. Not all such manifolds
admit metrics of non-positive curvature (see [Le]), but this paper is only concerned with
the non-positively curved Riemannian setting.

They are of interest for a number of reasons, but in particular they are the easiest non-
trivial examples of non-positively curved manifolds that have Ballmann rank 1 but whose
fundamental group is not hyperbolic. Here we show the following.

THEOREM 1.1. If N and N’ are compact non-positively curved graph manifolds whose
geodesic flows are CO conjugate, then they must be isometric.

The conjugacy rigidity question for compact Riemannian manifolds, ‘When does a C¥
conjugacy between the geodesic flows of two compact Riemannian manifolds N and N’
imply that N and N’ are isometric?’, is a much studied but still largely open question.
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This question is closely related to other rigidity problems (such as the ‘boundary rigidity’
problem and, in negative curvature, the ‘marked length spectrum’ rigidity problem).

There are many examples where isometry does not hold (Zoll surfaces or more generally
the examples in §6 of [CK2] for example), however none of these occur in the non-positive
curvature setting. The only general conjugacy rigidity result known where there are no
curvature assumptions made is that of [CK2], where one of the metrics is assumed to have
a parallel vector field (hence, it is locally a Riemannian product where one factor is an
interval). A natural setting for these questions is when at least one of the manifolds (say N)
is assumed to have non-positive curvature. The two-dimensional case (when N has non-
positive curvature) is completely taken care of by [CFF], which is based on [O] and [Cr1].
In higher dimensions, if N is a locally symmetric space of negative curvature (see [BCG])
or a flat manifold (see [Cr2]) and if the conjugacy is C! (or C¥ if Vol(N) = Vol(N")) then
N’ is isometric to N.

In this paper we consider the case where both manifolds N and N’ have non-positive
curvature and n > 3 (since the two-dimensional case was taken care of by [CFF]).
In this setting, it is known that N’ must be isometric to N if N has Ballmann rank > 2
(see [CEK])).

In the above we restricted our attention only to rigidity theorems for a pair of compact
manifolds without boundary. There are a number of results on compact manifolds
with boundary or on finite-volume manifolds. Much work has also been done on the
deformation question (i.e. can there be non-trivial differentiable one parameter families
N; with the ‘same’ geodesic flows; see, for example, [GK], [CS], [DS] and [SU]).

In a previous paper [CK1], motivated by a question of Gromov in [Gr], the present
author along with Kleiner considered the space of geodesic rays on the universal
cover of such non-positively curved graph manifolds (as well as other related spaces).
The asymptotic properties of the geodesic rays are encoded in the geodesic boundary
(equivalence classes of rays) and the induced action of the fundamental group on that
boundary. We were able to give necessary and sufficient conditions on the metrics to
guarantee that two such (necessarily homeomorphic) spaces have universal covers with
equivalent boundaries (i.e. there is an equivariant, with respect to the action of the
fundamental group, homeomorphism between the boundaries). In the process we saw
that there were examples of non-isometric graph manifolds of non-positive curvature
whose universal covers have equivalent boundaries. It thus became natural to ask if
complete knowledge of the geodesic flow (i.e. knowledge up to C° conjugacy) is enough
to completely determine the metric. (Such a conjugacy, of course, induces an equivalence
between boundaries in a natural way.) Theorem 1.1 gives a positive answer to that.

Graph manifolds of non-positive curvature have a very restricted geometric form
as studied in [Sh]. They are the union over totally geodesic boundaries of pieces
(the ‘geometric Seifert components’) whose universal covers are isometric to a Riemannian
product X x R, where X is a surface of non-positive curvature with geodesic boundary.
The universal cover of the geometric Seifert components are minimal displacement sets
(see §2 for a definition) of isometries. In fact, the minimal displacement set of an isometry
of any simply connected space of non-positive curvature has the form X x R, where X is
a convex subspace. They thus become amenable to some techniques developed in [CK2].
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In §§2 and 3 of the paper we thus consider C° geodesic conjugacies between arbitrary
non-positively curved manifolds of dimension > 3. In §3 we show that for corresponding
minimal displacement sets the conjugacy induces affine maps between the corresponding
spaces X (see Proposition 3.3).

In §4 we restrict our attention to graph manifolds and prove Theorem 1.1. Using the
results in §3, it is straightforward to show that corresponding Seifert components are
isometric. However, we note that it is easy to glue isometric Seifert components together
so as to make non-isometric spaces. The main point of §4 is to show that the components
must be glued together in an isometric manner.

2. Notation and preliminaries

A standard consequence of the flat strip theorem says that if v is a geodesic in a simply
connected non-positively curved manifold M, then the space M, = {x € M | x lieson a
geodesic that stays a bounded distance from v} is a convex subset of M which is isometric
to X, x R, where X, is a simply connected manifold of non-positive curvature with convex
boundary. The unit speed geodesics that stay a bounded distance from v are precisely the
‘vertical’ curves t — (xg,t + tp) € X, x R for fixed (xg, t9). We let 7, : M, — X,
(respectively R, : M,, — R) be the projection.

Let N be a Riemannian manifold of dimension > 3 and of non-positive curvature and
7y 1 M — N be its universal cover. Since basepoint projection, b : S'N — N, induces
an isomorphism between 71 (S'N) and 1 (N) = T, we see that 74 : S'M — S'N is
also a universal cover. (For any tangent vector v to any space, we let b(v) represent its
base point.) After appropriate choices of base points, we get cocompact actions of I on
M and S'M with M/T = N and S'M/T = S'N. Forevery y € T, we let M, CcM
be the set of points of minimal y-displacement, i.e. the set of m such that d(m, y (m)) is
a minimum. This is exactly the space M,, where v is any axis of y (i.e. y(v) = v) and
the axes of y are precisely the vertical geodesics in M,,. Thus M, is a convex subset of
M which is isometric to X, x R, where y acts by translation on the R factor and X, is
a simply connected manifold of non-positive curvature with convex boundary. (We use
m, : M, - X, and R, : M, — R to represent the projections.) The centralizer,
Z(y) c I',of y in I will act on M, preserving the vertical directions.

Note that the geometric Seifert components of a non-positively curved graph manifold
are compact subspaces of the form M, / T';,, where I'y, is the subset of I" that preserves M,,.
Thus Z(y) C Ty, but I', may also contain elements which reverse the vertical direction.

For every m € M,, my takes the (vertical) geodesic segment my (m) to a closed
geodesic in the free homotopy class of y, and all such closed geodesics arise in this way.

3. Geodesic conjugacies and the M,
In this section we consider compact non-positively curved manifolds N and N’ of
dimension > 3. We discuss the consequences that a C° conjugacy of the geodesic flows
has on the spaces M, (and, in particular, on the M, ).

The isomorphism F; : 71 (S'N) — 71(S'N’) induces an isomorphism between 71 (N)
and 71 (N’). We let I' represent the common abstract group. Thus (after choices of base
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points compatible with F for M, M’, N and N’) we can lift F to a uniformly continuous
conjugacy F : 8'M — $'M’ and have cocompact actions of I' on M and M’ whose
differentials commute with F. We let D(F) < oo be the maximum over m € M of the
diameters of the sets F(S,M) C S'M’, where S} M C S'M represents the unit vectors
with basepoint m.

LEMMA 3.1. Forallv,w € S'M,

—2D(F) < du(b(v), b(w)) — dy(b(F(v)), b(F(w))) < 2D(F).

Proof. For v,w € SM, let © : [0,I]] — M be a minimizing geodesic from b(v) to
b(w). Then both dy Sb(ﬁ(u)), b(f(r'(O)))) and dy (b~(15(w)), b(ﬁ(r/g)))) are bounded
by D(F) and dy (b(F(t'(0))), b(F(t'(1)))) = dn(b(F('(0)), b(g' (F(r'(0) = | =
dy (b(v), b(w)). Hence, the inequalities follow from the triangle inequality. O

For any geodesic v of M, F will take the unit tangent vector field of v to the unit tangent
field of a geodesic of M’ which, by abuse of notation, we call F(v).

For v a geodesicin M and m € M,,, we let V (im) be the vertical direction at m (i.e. points
in the positive R direction of M, = X, x R). An immediate consequence of the above
lemma is that if a geodesic v; stays a bounded distance from v, then F (v}) stays a bounded
distance from F (v). Thus F(V(m)) = V'(m’) for some m’ € M% ,, This allows us to
define a map G, : M, — M’ﬁ ) with P:(V(m)) = V/(G,(m)) and then, since we have
Gy (tym) = t/(G,(m)) (where 7; and t, represent vertical translation in M, = X, x R and
M{), respectively), we get a well-defined function GX,, : X, — X/ﬁ(u)'

For y € T the above applies to M,,. Since F' must take closed geodesics in N in the
free homotopy class of y to corresponding closed geodesics (of the same length) in N’,
we see that F takes M, to M)’, and gives rise to maps G, and GX, as above. This also
tells us that the translation by y on M, and M)/, is by the same amount. We also note that
since F commutes with the differentials of Z () and since Z(y ) preserves M,, and vertical
directions, we have that G,, commutes with Z(y).

A curve ¢ in M, = X, x R is said to have R growth rate A if

lim <w) =A.

—00 t

LEMMA 3.2. Ifa curve c in M, has growth rate A, then G,(c) also has R growth rate A.

Proof. Let B, be the Busemann function of v, i.e. B,(x) = lim;—co(t — d(x, v(?))).
Now Lemma 3.1 (with both v and w vertical vectors) implies that |B,(x) —
Bﬁ(v)(GU(x))| < 2D(F). On the other hand, B,(x) = R,(x) + constant and hence
R growth rates are the same as Busemann growth rates (also in M %(U)) and the lemma
follows. O

PROPOSITION 3.3. Forany geodesicvin M, G X, takes each unit speed geodesic segment
in X, to a constant speed geodesic segment in X /13“ ' Further, if the segment is a subset of
%

a ray in X,, then the image is unit speed.

https://doi.org/10.1017/50143385703000592 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385703000592

Conjugacy rigidity for non-positively curved graph manifolds 727

Proof. Let o(t) for 0 < t < L be a unit speed geodesic segment in X, and for each
ilet o;(t) = (o(t/v1+i2),it/1+i2) C M, for 0 < t < L+/1+i2 be a unit
speed geodesic in M,,. Now F (al.’ (t)) will be the tangent vector field t/(¢) to a unit
speed geodesic 7;(t) in M'. Let p; € M% ") (respectively ¢; € M /ﬁ (U)) be the unique
closest point in M%(U) to 7;(0) (respectively 7; (L+/1 4 i2)). The uniform continuity of

F guarantees d(F (O’i/ (1)), F(V(oi(t)))) converges to zero (d computed in the tangent
bundle) and hence that lim; ., d(p;, 7;(0)) = 0 and lim; o d(q;, T; (L1 +i2)) = 0.
Hence, if 7;(t) for 0 < t < L+/1+i2 is the constant speed geodesic from p; to g,
we see (by the non-positivity of the curvature) that for every t, d(ri/ (1), fi/ (1)) and,
hence, d (fi/ (1), F(V(0i(t)))) converges to zero. In particular, for every ¢+ we have that

d(n%(v)(fi’(t)), GX,(o(t/~1+i?2))) converges to zero. However, each n/ﬁ(u)(f{(t)) isa

constant speed geodesic in X%(U) and hence sois GX, (0 (1)).

Now let r; [0, 00) — X, be a unit speed ray and assume that GX, (r) is a ray with
constant speed a. We need to show that @ = 1. Using the construction above for segments,
we first define (by letting L go to infinity) for each i the unit speed ray 7; (#) whose distance
to M %(V) goes uniformly (since F is uniform) to zero as i goes to infinity and hence we
can define (by a standard limiting argument) a ray 7;(t) C M % )
infinity both d(z/(z), t/(¢)) and d(n%(v)(f[(t)), GX,(r(t/~1+i2))) converge uniformly
to zero. Note that d(7;(¢), Gy (0i(¢))) is uniformly bounded since both curves are at a
uniformly bounded distance (depending on D) from t;(¢) and, hence, by Lemma 3.2, 7;
has the same R growth rate as o; (i.e. i/+/1 + i2). However, since GX,(r) has speed a
(and hence GX, (r(t/+/1 +i2)) has speed a/+~/1 + i2) and 7; has speed approaching one
(the speed of t;), we see that 7; can have the same R growth as o; for all i if and only if
a=1. O

such that as i goes to

Maps G X, that satisfy the conclusion of Proposition 3.3 are called affine maps. We now
recall some of the standard properties of such maps (see, for example, ch. VI of [KN]).
For V e S'X,, let s(V) represent the speed of the G X, image of the geodesic determined
by V. Since s is continuous, it is locally bounded above and hence GX, is locally
Lipschitz (in fact, globally in the cocompact case). Thus G X, is differentiable almost
everywhere and at every x € X, where GX, is differentiable, we see that GX, =
eXpgx, (x) °P(GXy)x 0 exp;1 (this is always true locally, but in our case exp;1 is globally
defined). In particular, GX, is C* and GX, = expGXv(x)oD(GX,,)x o exp;1 holds
for all x. This implies that GX, preserves the respective connections and hence that s
is invariant under holonomy. Since X, is convex (with boundary) and simply connected,
invariant subspaces of the holonomy action induce deRham splittings as usual. Thus we
obtain the following.

COROLLARY 3.4. Forany geodesicvin M, GX, is C*, takes deRham factors to deRham
factors, acts homothetically on each non-Euclidean deRham factor (and hence is an
isometry on each non-compact one) and acts as an affine transformation on the flat factor.
In particular, if X, is irreducible, not flat and non-compact (e.g. in the case of M,, when
Z(y) is not cyclic), then GX,, is an isometry.
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Remark 3.5. It is certainly possible that in the above G X, is always an isometry. In fact,
it is highly likely if the conjugacy rigidity conjecture for non-positively curved manifolds
is true since in this case X, and X/ﬁ ) would be isometric.

COROLLARY 3.6. When G X, is an isometry, G, : M, — Ml’) is also an isometry.

Proof. Weknowthat G, : X, xR — X/ xR is of the form G, (x, ) = (GX,(x), 1+ f(x))
for some real valued function f : X, — R. We need only see that f is constant.
Along a geodesic segment ¢ (using notations from the proof of Proposition 3.3), we see
that G, (o; (¢)) gets uniformly close to the geodesic 7;(¢) as i gets large. This shows that
Jf must be linear along o, but in fact it must be constant, since when i gets large, 7;(¢)
becomes unit speed. a

Remark 3.7. Consider the case that N is three dimensional and, for some y € T, X,, is
non-compact. Combining Proposition 3.3 and the corollaries we see that either X, is a
flat strip or G, is an isometry that commutes with Z(y) and M, /Z(y) is isometric to
M/Z(y).

Let O C X, be aflat strip neighborhood of some boundary geodesic T and let 0 cC M,
be ny_l (0), which has the metric of a flat plane cross an interval. Let @ € Z(y), @ # y be
such that n)jl (t) C My, N Mg, then the geometry of O forces O C M, N M.

4.  Graph manifolds

We now consider the case where N = M/ is a compact three-dimensional graph
manifold with a non-positively curved Riemannian metric with fundamental group I" and
universal cover M.

By [Sh] and [Le], N has the following structure. There is a finite connected graph G
with vertex set V and oriented edge set £ (i.e. each edge shows up twice in £). For each
v € V, there is a compact non-positively curved 3-manifold N, with non-empty totally
geodesic boundary (the geometric Seifert components of N) and Seifert fibrations p, :
N, — Xy, where the metric on N, has local product structure compatible with the fibration
pv and the X, are non-positively curved orbifolds; N is the union of the N,. Each N, is
My, /Ty, forsome y, € I'. There is one boundary component 7, of N, foreach e € £ such
that v is the initial vertex of e. (Note that a non-oriented edge from v to v will correspond
to two boundary components of N,.) The N, are glued together as described by G. That is,
for each edge e € &£, say from vy to vz, we glue Ny, to Ny, along T, and T_,, respectively.
(Note that, in the case where the metric on N, near T, is a product of an interval with T,
then Remark 3.7 states that the picture looks the same on N,, near 7_, and the glueing
identifies the whole product neighborhoods.) We will distinguish N, of ‘oriented type’,
where I'),, = Z(y,), from the alternative ‘non-oriented type’.

We note that these glueings are only unique up to translations in the vertical directions
of N, of oriented type. In fact different choices of glueings lead to non-isometric manifolds
(we explain more later).

It is easier to explain what is going on in the universal covering space. The universal
covering space is built by glueing copies of the M,,. The glueing is described by a tree g
(the Basse—Serre tree of the fundamental group, see §2.5 of [CK1]) with vertex set Y and
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edge set E. T acts on G with g - G — Q_/F = §. We can define the vertex and
edge spaces My, R? in the universal cover, where Mj is isometric to M, if ng(v) = v.
For every s € R there is an isometry t(v, s) : My; — Mj; which translates by s in the
vertical direction. (The notation 7 (v, s) is somewhat unusual, rather than tg for example,
but it makes things easier to see later.) It is clear that 7(v, s) commutes with elements
of Z(yy); however, in the non-oriented case (unless s = 0) it will not commute with those
isometries that reverse the vertical orientation.

Now let N and N’ be non-positively curved graph manifolds built from the same
graph G and isometric pieces N, and N,, and let I, be a chosen isometry respecting the
vertical directions. We can lift the [, equivariantly to isometries I3 : My — Mli). For each
e € € from v} to U3, we have that I;;; and Iy;, define two isometries from R to Rzé which
differ by a Euclidean translation. We can thus (after choosing upwards vertical directions
in the N,) uniquely define real numbers sz and 7z such that on Rg we have

T(V1, 58) o Iy, = t(V2,1¢) o Iy,.

We note that r; = s_; and that in the oriented case the equivariance of the lifting states
that if mg(e1) = mg(ez) then s;; = s¢, so we can define s, for e € £. In the non-oriented
case one cannot choose the upwards vertical direction equivariantly, so s, is only defined
up to sign and if €1 and ¢é; are edges from v and are related by an isometry that reverses the
vertical direction of N,, then s;; = —s¢, (independent of the choice of upwards).

We call the relative glueings consistent if for every v € G there is a s, € R such that
for every e € £ which has v as initial point we have s, = s, and, further, if for N, of non-
oriented type, s, = 0. If the glueings are consistent, then we define an equivariant isometry
I:M — M'byI(m)=rt(v,s3)o Iy(m) form € My. Thus we have the following.

LEMMA 4.1. If N and N’ are non-positively curved graph manifolds built from the same
graph G and isometric pieces N, and with consistent relative glueings, then N and N' are
isometric.

Remark 4.2. If the relative glueings are not consistent, then it is not hard to see there will
be no isometry which takes N, to N;. Thus we can make many non-isometric spaces with
the same G and isometric pieces.

Two such non-isometric graph manifolds with the same G and isometric N, all of
orientable type but different glueings will have the same ‘geometric data’ in the sense
of [CK1] and hence give a new class of examples of non-isometric graph manifolds whose
geometric boundaries are equivariantly homeomorphic.

In order to make sure that in the non-oriented case our isometries Gy, : My, — M,
descend to N,, we need to make sure that G,, commutes with the full group I',, not just
the subgroup Z(y,). In fact, this will not a priori be the case. However, we will see in the
next lemma that for each such v there is a number a, such that this holds if we replace F
by the conjugacy g;v o F. This will allow us to define a I' invariant (though a priori not
continuous) isometry from M to M’.

LEMMA 4.3. For each v of non-oriented type there is an a, such that if we define G, via
the conjugacy g;v o F, then G, commutes with the full group Ty,.
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Proof. If instead of using the ‘upward’ vertical direction of M,, we used the ‘downward’
vertical direction, we would arrive at isometries C_}v My, — MJ/,U and C_}XU Xy = X
When X, is not a flat strip, the geometric structure of X, guarantees that the identity is
the only self isometry of X, that takes each boundary component to itself. Hence we see
that GX, = G X, and thus that G, differs from G, by at most a fixed vertical translation.
Thus there is a (unique) a, such that for vertical vectors V we have g{’lv o F(—V) =
—8g, © F(v). This fact, along with the fact that the conjugacy g; o F is I' equivariant
(here I" acts on S' M and S' M’ via its differentials), easily yields the result, since if v € Iy,
reverses the orientation of the vertical then G ov =v0 G = v 0 G.

We are assuming that the Seifert components are not products with an interval and,
hence, the only case left to consider is when X, = [0, L] x R is a flat strip and there is an
element v € I'y, such that v reverses the vertical direction in M, and switches boundary
components. Thus the action of v on M = [0, L] x R x R (using the fact that there
are no fixed points) is of the form v(x, s,t) = (L — x,a + s, b — t) for some numbers
a # 0 and b. A similar argument to the above yields an a, such that using g(/lv o F instead
of F, we have GX = T o GX, where T : [0,L] x R — [0, L] x R is of the form
T(x,s) = (x,s0 = s)and G = (T x id) o G. We first note that the equivariance of the
conjugacy F implies Gov =vo G = v o (T x id) o G. Since both G and G are Z(y,)
equivariant we see that 7 x id commutes with the Z(y,) action on M, which forces T
to be of the form T'(x,s) = (x,so + s). Now since v? preserves the orientation of the

fibers we see that v2 commutes with G and hence v = v o (T x id) o v o (T x id).
Thus (x, 2a + s, 1) = (x,2a +2so + s, 1) and so so = 0 and T = id. Thus G = G and the
result follows as in the other case. O

Proof of Theorem 1.1. To prove Theorem 1.1, we use Remark 3.7 and Lemma 4.3 to define
our isometries I; : My — M and assume (using Lemma 4.1) that N and N" do not
have consistent glueings. We then find a closed geodesic ¢ € N and a curve & € N’
representing the same (as identified via the conjugacy F) free homotopy class such that
L&) < L(c). This is the desired contradiction since any closed geodesic minimizes the
lengths of curves freely homotopic to it and since £ is freely homotopic to F(c), hence
L(c) = L(F(c)) < L(&). We do this by choosing ¢ so that it intersects appropriate
boundary tori nearly tangentially and such that the discontinuous image of ¢ when we
reglue the Seifert components to get N' can be shortened to get a continuous curve in the
appropriate homotopy class. We actually work in the universal covers.

We first consider the case where v is of oriented type, and we assume that there are
edges e, e € £ and a vertex v such that v is the final point of e; and the initial point of e,
with s_,, # s.,. We let v be the initial point of e; and v, the final point of e5.

We first consider the case where N, is of oriented type. The first step is to find an
appropriate closed geodesic ¢ in N,,, U N,, U N, such that ¢ intersects each of 7, and T,
in exactly two points and intersects no other 7,. To choose such a ¢, we first choose closed
geodesics a; C Ny; and b C N,. We also choose minimizing geodesics 7; from the base
point of g; to the base point of . They are chosen so that b is in the homotopy class of
¥y and the classes corresponding to a; (or more precisely —7; U a; U 7;) do not commute
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with y,,. For each n € Z, we consider the curves
p=a1UnuUb"U—-1nUapUnUb"U—r1.

We choose ¢ to be the closed geodesic in the free homotopy class of some ¢, (for some n
large in absolute value). Since c can be obtained from ¢, by curve shortening, the convexity
of the Seifert components can be used to make sure that each curve in the shortening
process, and hence the final curve c, satisfies the required conditions.

Thus, we can choose a unit speed parameter ¢ : [0, L] — N so that there are #; € R,
0 =1 <t <h <83 <ty <t;5=Lwithc(0,1]) C Ny, c(t1) € T,
c([t1, 2]) C Ny, c(2) € Ty, c([12,13]) C Ny, c(13) € Ty, c([13, 14]) C Ny, c(ta) € T,
and c([t4, L]) C Ny,.

For such a ¢, we let ¢[0,]] — M be a continuous lift of ¢. There are thus
vy, U2, U3, U4, U5 € Y and er,ep,e3,eq4 € & such that for

i=1,2,3,4,5 ¢ =c(ti-1,4]) C My,
i=12.34, &) eR,
mg(v1) = g (vs) = vi,
g (02) = wg(v4) = v,
7g(v3) = v2,
ngle1) = —ng(es) = ey,
and
ng(e2) = —mg(e3) = ea.
We now determine which n to use. Let R, : My — R represent the projection onto
the vertical. Choose |n| large enough so that |Rg,(c(f2)) — Ry, (c(t1))| > sz, — 5—¢,|

(respectively |Rg, (¢(t2)) — Ry, (¢(#3))| > sz, —5—¢,| = |se, — S—¢,|). Choose the sign of n
(hence the signs of Ry, (c(2)) — Ry, (c(#1)) and Ry, (c(t4)) — Ry, (c(13)) for large enough n)
so that

IRy, (c(t2)) — R, (c(t1)) + s&, — 5—¢,| < IRg,(c(r2)) — Ry, (c(t1))]

and
IRy, (c(t4)) — Ry, (c(#3)) + 55, — S—&5| < IRy, (c(ta)) — Ry, (c(23))].

Having chosen ¢, we now proceed with the rest of the argument. We let y € I' be such
that ¥ (c(0)) = ¢(L) and hence, in particular,

YT (1, 5¢,)(c(0)) = (05, s¢,)(c(L)) = (s, 5-¢,)(c(L)).

Consider the following continuous curve, & in M’ between t(v1, sg)(¢(0)) and
7(Vs, s—¢,)(c(L)):
o forip <t <11,§(1) = t(v1,56)(c1(1));
fort) <t <1, &@) =1(02, (2 — 1) /(2 — t1)5—¢, + (t — t1) /(2 — t1)Sz,) (C2(2));
fort, <t <13,&(t) = t(v3, 55, )(C3(t)) (note that sz, = 5_5,);
fort3 <t <t14,6(t) = t(0y, (2 — 1)/ (t2 — t1)s—&y + (t —11)/(t2 — t1)s5,) (Ca(t));
fortg <t <15,6(1) = t(vs, 5-5,)(C5(1)).
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We now only need to see that L(§) < L = L(c). The five pieces &; of & correspond to
the pieces ¢; of c. It is easy to see that L(c;) = L(&;) fori = 1, 3, 5, since one comes from
the other by an isometry composed with a vertical shift (also an isometry). Fori = 2, we
note that Xy, (¢y) is the same as Xy, (&) and hence L(&) < L(cp) since

[R5, (62(2)) — Ry, (52(11)] = IRy, (c2(12)) — Ry, (C2(11)) + s, — 5—g
< IRy, (2(2)) — Ry, (c2(t1)].

The case i = 4 is similar.

We need now consider the case where N, is of non-oriented type and e is an edge with
initial vertex v. This case is similar to, but easier than, the previous case. We can choose
our closed geodesic ¢ to lie in only two Seifert components of N crossing the boundary
corresponding to e exactly twice and nearly vertical (in either the up or down sense).
Since N, is of non-oriented type, we can choose c¢ so that in the universal cover, the
corresponding edges €] and ¢ are related by an isometry that reverses the vertical direction
and hence s;; = —ss,. An argument similar to above then forces s, = 0.
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