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Abstract. The Ruelle operator has been studied extensively both in dynamical systems
and iterated function systems (IFSs). Given a weakly contractive IFS (X, {w j }

m
j=1) and

an associated family of positive continuous potential functions {p j }
m
j=1, a triple system

(X, {w j }
m
j=1, {p j }

m
j=1) is set up. In this paper we study Ruelle operators associated

with the triple systems. The paper presents an easily verified condition. Under this
condition, the Ruelle operator theorem holds provided that the potential functions are
Dini continuous. Under the same condition, the Ruelle operator is quasi-compact, and
the iterations sequence of the Ruelle operator converges with a specific geometric rate, if
the potential functions are Lipschitz continuous.

1. Introduction
This paper is a follow-up and an improvement of paper [14]. We present here the
development history of the Ruelle operator for the sake of completeness, especially for
the convenience of new readers. The notations that appeared in [14] are adopted here as
well. It seems that the style of this paper is similar to that of [14]. Ruelle introduced a
convergence theorem to study the equilibrium state of an infinite one-dimensional lattice
gas in his famous paper [26]. Bowen [4] further set up the theorem as the convergence
of powers of a Ruelle operator on the space of continuous functions on a symbolic space.
More precisely, let

6 = {1, . . . , N }N = {ω = i0i1 · · · in−1 · · · | in−1 ∈ {1, . . . , N }, n = 1, 2, . . .}

be the one-sided symbolic space and let

σ : ω = i0i1 · · · in−1 · · · → σ(ω)= i1 · · · in−1 · · ·

be the left shift of 6. Then (6, σ ) is called a symbolic system. Let φ be a Hölder
continuous function on 6 (a potential). Let C(6) be the space of all continuous functions
on 6. The Ruelle operator T : C(6)→ C(6) is defined as

T f (x)=
∑

y∈σ−1(x)

eφ(y) f (y), f ∈ C(6).
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Let % be the spectral radius of the operator T . It is known that % is the unique
positive simple maximal eigenvalue of T acting on the space of all Hölder continuous
functions on 6 (see, for example, [13]). It was then proved that T has a unique positive
eigenfunction h ∈ C(6) and a unique probability eigenmeasure µ ∈ C∗(6) corresponding
to the eigenvalue % > 0 (see, for example, [4]). Moreover, for any f ∈ C(6), %−n T n( f )
converges uniformly to a constant multiple of h. This is called the Ruelle operator theorem.
In this theorem, σ :6→6 is an expanding dynamical system. More general results
about the Ruelle operator theorem for symbolic systems, expanding dynamical systems
and contractive iterated function systems (IFSs) have also been obtained. We give a partial
list in the literature [6–9, 15, 16, 23, 29–31].

Recently a parabolic system has aroused the attention of many people who are interested
in the Ruelle operator theorem (refer to [2, 19, 20, 25, 28, 32–34]). However, in this case,
it is known that the bounded eigenfunction of the spectral radius % of T may not exist [17],
and even if the eigenfunction exists, % may not be an isolated point of the spectrum [3].
So far the results known are far from satisfactory, and a study of such a system remains a
challenging problem. Lau and Ye studied the Ruelle operator theorem for a non-expansive
system in a recent paper [18]. One requirement in [18] is that one of the iterations of the
IFS must be strictly contractive. It is important to remove this requirement because many
examples of IFSs will not satisfy this requirement. Jiang and the author [14] succeeded in
removing the above mentioned requirement. However, the condition presented in [14] is
a little difficult to check. Meanwhile, under the probability condition

∑m
j=1 p j (x)= 1

and average contractive condition, Barnsley et al [3] showed that the Ruelle operator
theorem holds. It is necessary to remove this probability condition, because in many place-
dependent cases the sums of potential functions are not probability. We also note that,
under the assumption that all potential functions are Lipschitz continuous, Hennion [11]
discussed the quasi-compactness of the operator. In this paper, we continue to study the
Ruelle operator associated with a weakly contractive IFS. This paper aims to extend the
results of papers [3, 11, 14]. It will present an easily checked condition for the Ruelle
operator theorem to hold. This improves the result of [14]. Furthermore, this paper will
try to extend the result of [11]. Precisely, we will consider the quasi-compactness of the
Ruelle operator and study the convergence speeds of the iterations sequence of the Ruelle
operator, when the potential functions are Lipschitz continuous.

Let X be a non-empty convex compact subset of Rd , let {w j }
m
j=1 be a set of maps from

X into X . Our IFS {w j }
m
j=1 in this paper is weakly contractive as defined by

αw j (t) := sup
|x−y|≤t

|w j (x)− w j (y)|< t for all t > 0, 1≤ j ≤ m.

Throughout the paper, we always assume that the IFS {w j }
m
j=1 is weakly contractive on

a convex compact set X (⊂ Rd). Under this (weak contractivity) assumption, there exists a
non-empty compact set K such that K =

⋃m
j=1 w j (K ) (see [10]). We call K the invariant

set of the IFS (X, {w j }
m
j=1).

With each w j , we associate a positive continuous function p j as a weight function (or
potential function). We can set up the Ruelle operator as follows on the space C(K ) of real

https://doi.org/10.1017/S0143385712000211 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385712000211


Ruelle operator 1267

continuous functions on K :

T ( f )(x)=
m∑

j=1

p j (x) f (w j (x)), f ∈ C(K ).

Let % still be the spectral radius of the operator T : C(K )→ C(K ).
Jiang asked, in a private communication, if the Ruelle operator theorem holds for a

system (X, {w j }
m
j=1, {p j }

m
j=1) satisfying the condition

m∑
j=1

p j (x) · |w
′

j (x)|< % for all x ∈ X. (1.1)

It seems that condition (1.1) is more natural than the condition given in [14]. To answer
the above question, we present the following definition.

Definition 1.1. Let X be a non-empty convex compact subset of Rd . We call
(X, {w j }

m
j=1, {p j }

m
j=1) a Dini (or Lipschitz) system, if all maps w j : X→ X, 1≤ j ≤ m,

are both continuously differentiable and weakly contractive and all potentials p j : X→
R+, 1≤ j ≤ m, are positive Dini (or Lipschitz) continuous.

Throughout the paper, we always assume the maps w j : X→ X, 1≤ j ≤ m, are
both weakly contractive and continuously differentiable. The assumption of continuous
differentiability is reasonable, because many examples both in fractal geometry and smooth
dynamical systems are continuously differentiable. We will present a positive answer to
the above question. Our main results in this paper are the following Theorems 1.2 and 1.4.

THEOREM 1.2. Let (X, {w j }
m
j=1, {p j }

m
j=1) be a Dini system with w′j (x) 6= 0 for all j .

Suppose that condition (1.1) is satisfied. Then the Ruelle operator theorem holds for this
Dini system.

We will prove a more general result (Theorem 4.3) in §4. Actually, the above theorem is
a special case of this more general result. This theorem generalizes partially the results of
papers [9, 14] (see Corollary 4.4 and Remark 4.7). As a by-product, this theorem enables us
to remove the probability requirement in [3] (see Corollary 4.5 and Remark 4.6). We would
like to point out that the condition of Theorem 1.2 is easily verified (see Example 4.8).
Moreover, its proof is simpler than the proof of the result in [14]. It is an important
improvement.

In practice, it is difficult to calculate the spectral radius % of T . However, a simple but
useful lower bound of % is

min
x∈X

m∑
j=1

p j (x)≤ %.

By using this, we have a simply checkable sufficient condition.

COROLLARY 1.3. Let (X, {w j }
m
j=1, {p j }

m
j=1) be a Dini system with w′j (x) 6= 0 for all j .

If

max
x∈X

m∑
j=1

p j (x) · |w
′

j (x)|<min
x∈X

m∑
j=1

p j (x),

then the Ruelle operator theorem holds for this Dini system.
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We would like to point out that a general formula for the essential spectral radius %e(T )
for a general Cα IFS or Zygmund IFS can be found in [2]. Using this formula, one can
check whether the essential spectral radius %e(T ) is strictly less than the spectral radius
%(T ), and then check the Ruelle operator theorem (see e.g. Proposition 3.4). However,
these methods do not work for the Dini system (see Definition 1.1). The reason is that, in
this case, %(T ) is not an isolated point of the spectrum, and %(T )= %e(T ) [3, 22, 24, 27].
Therefore, Theorem 1.2 provides a new method to check the Ruelle operator theorem for
some Dini system.

For Lipschitz systems, we have the following Theorem 1.4.

THEOREM 1.4. Let (X, {w j }
m
j=1, {p j }

m
j=1) be a Lipschitz system. Suppose that condition

(1.1) is satisfied. Then %e(T ) < %(T ). Moreover, for any Lipschitz continuous function f
defined on K , the sequence %−nT n f converges with a specific geometric rate.

We will prove Theorem 1.4 in §5 (see Theorems 5.2 and 5.3). Theorem 1.4 is
a generalization of paper [11]. In fact, condition (1.1) is weaker than Hennion’s
condition [11] (see Remark 5.9). We would like to note that a probability measure µ on K
is called invariant measure of T if T ∗µ= %µ [3, 9, 18]. Since the IFS (X, {w j }

m
j=1)

considered is weakly contractive, the system (X, {w j }
m
j=1, {p j }

m
j=1) may not have the

bounded distortion property [32]. This brings about difficulty in our study of the invariant
measures. Having set up Theorems 1.2 and 1.4, we conclude that the invariant measure is
unique. The above theorems can provide us some interesting information on the system,
including the weak Gibbs property of the measure µ. It is helpful in our study of the
multifractal of µ [9, 34].

For a dynamical system σ : K → K defined on a compact Hausdorff metric space
K satisfying a certain Markov property, more precisely, K =

⋃m
j=1 K j is the union of

finitely many pairwise disjoint compact subsets {K j }
m
j=1 such that each σ : K j → K is

a homeomorphism, one can let w j be the inverse of σ : K j → K for each 1≤ j ≤ m
and define (K , {w j }

m
j=1). It can be regarded as an IFS as well. We would like to note

that our results in this paper are true for such a weakly contractive IFS (K , {w j }
m
j=1).

Hence, the dynamical system (K , σ ) admits a unique equilibrium state. This allows us to
study the ergodic property of the dynamical system (K , σ ) [1]. Furthermore, by making
use of Theorems 1.2 and 1.4, we can study the rate of decay of its correlations as in
paper [32].

The paper is organized as follows. In §2, we will present some elementary facts
about the Ruelle operator and prove Proposition 2.1. In §3, we will introduce the quasi-
compactness and the Ruelle operator theorem (or Perron–Frobenius property). We also
set up the basic criteria for the assertion of the Ruelle operator theorem. In §4, when the
potential functions are Dini continuous, we show the first main result of the paper. In §5,
we present our second main result. Under the assumption that all potential functions are
Lipschitz continuous, we discuss the quasi-compactness of the Ruelle operator and study
the convergence speeds of the iterations sequence of the Ruelle operator.

2. Preliminaries
Consider the system

(X, {w j }
m
j=1, {p j }

m
j=1),
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where X is a non-empty convex compact subset of Rd , w j : X→ X , 1≤ j ≤ m, are
continuous maps and the p j (x), 1≤ j ≤ m, are positive functions on X (they are called
weights or potentials associated with w j ).

A map w : X→ X is called continuously differentiable if w′(x) is continuous on X .
We say that a map w : X→ X is contractive if there exists a constant 0< R < 1 such

that
|w(x)− w(y)| ≤ R|x − y| for all x, y ∈ X

and weakly contractive if

αw(t) := sup
|x−y|≤t

|w(x)− w(y)|< t for all t > 0.

It is clear that contractivity implies weak contractivity. A simple non-trivial example of
a weakly contractive map is w(x)= x/(1+ x) on [0, 1]. We call (X, {w j }

m
j=1) a weakly

contractive IFS if all w j , 1≤ j ≤ m, are weakly contractive on X .
Throughout the paper, we always assume that all w j , 1≤ j ≤ m, are both continuously

differentiable and weakly contractive on X . For any n ∈ N, let

I n
= {J = ( j1 j2 · · · jn) : 1≤ ji ≤ m}.

For any J ∈ I n , we have |J | = n. In the following, we often use |J | = n to replace J ∈ I n

for simplicity. For any J = ( j1 j2 · · · jn) ∈ I n , let

wJ (x)= w j1 ◦ w j2 ◦ · · · ◦ w jn (x).

Hata studied the invariant sets of the weakly contractive IFS on compact subset of Rd

in [10]. By using the existence of fixed points for the weakly contractive maps, he showed
the existence of a unique non-empty compact K ⊆ X invariant under IFS {w j }

m
j=1, i.e.,

K =
⋃m

j=1 w j (K ). Furthermore, from the weak contractivity of the IFS (X, {w j }
m
j=1), it

follows that

lim
n→∞

(
max
|J |=n
|wJ (X)|

)
= 0.

Then we can confirm that, for any x ∈ K ,

K =
∞⋃

n=1

⋃
|J |=n

wJ (x). (2.1)

In the following, we always use K to denote the invariant set of the IFS {w j }
m
j=1

considered.
The set K is fractal in general, and we cannot apply the mean value theorem on K .

However, we have the following Proposition 2.1.

PROPOSITION 2.1. Let each w j (1≤ j ≤ m) be both continuously differentiable and
weakly contractive on X. If maxx∈K |w

′

J (x)|< 1 for some J ∈
⋃
∞

n=1 I n , then the map
wJ is contractive on K .

This proposition will play an important role in this paper (see the proofs of Corollary 3.7
and Theorem 3.8). To prove it, we need some preparation. For any x ∈ Rd and δ > 0, we
let

Bδ(x)= {y ∈ Rd
: |y − x |< δ},
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and
Bδ(x)= {y ∈ Rd

: |y − x | ≤ δ}.

For any x, y ∈ Rd with x 6= y, we denote, for the sake of simplicity, by [x, y] the line
segment joining x and y, i.e.,

[x, y] = {λx + (1− λ)y ∈ Rd
: 0≤ λ≤ 1}.

We call [x, y] an interval. For any δ > 0, we define

Kδ = {x ∈ X : |x − y|< δ for some y ∈ K }.

LEMMA 2.2. Let the IFS (X, {w j }
m
j=1) and the map wJ be as in Proposition 2.1. Then

there exist δ > 0 and 0< r < 1 such that

|wJ (x)− wJ (y)| ≤ r |x − y| for all x, y ∈ Kδ with |x − y|< δ.

Proof. Let r0 =maxx∈K |w
′

J (x)|. Choose r0 < r < 1. From the continuity of w′j (·) on the
compact set X , we deduce that |w′J (·)| is equicontinuous on X . From this, it follows that
there exists a δ > 0 such that, for any x ∈ K ,

|w′J (y)|< r for all y ∈ X ∩ B2δ(x).

For any x, y ∈ Kδ with 0< |x − y|< δ, we can find a z ∈ K such that |x − z|< δ.
From this, we get the implication that x, y ∈ B2δ(z). From the convexity of the set X , it
follows that there exists a ξ ∈ [x, y] such that

|wJ (x)− wJ (y)|

|x − y|
= |w′J (ξ)|.

Note that ξ ∈ B2δ(z). It follows that |w′J (ξ)|< r . Hence, we conclude that

|wJ (x)− wJ (y)| ≤ r |x − y|. 2

Proof of Proposition 2.1. Let K be the invariant set of the IFS (X, {w j }
m
j=1), and let r and

δ be as in Lemma 2.2. Let d = |X |, and let

R0 = 1−
(1− r)δ

d
.

Let R =max{r, R0}. Then 0< R < 1. We will prove that

|wJ (x)− wJ (y)| ≤ R|x − y| for all x, y ∈ K .

Let x, y ∈ K with x 6= y. From the convexity of the set X , we see that [x, y] ⊆ X . If
[x, y] ⊆ Kδ , then, by Lemma 2.2, we can deduce that

|wJ (x)− wJ (y)| ≤ r |x − y| ≤ R|x − y|.

If [x, y] 6⊆ Kδ , then |x − y| ≥ 2δ. We define first

[a1, b1] = [x, y] ∩ B2−1δ(x) and [a2, b2] = [x, y] ∩ B2−1δ(y).
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It follows that (a1, b1) ∩ (a2, b2)= ∅,

|b1 − a1| = |b2 − a2| = 2−1δ, (2.2)

and
[ai , bi ] ⊂ Kδ, i = 1, 2.

Along this way, we can divide the interval [x, y] into two families of subintervals [ai , bi ],
1≤ i ≤ k, and [c j , d j ], 1≤ j ≤ `, such that

[ai , bi ] ⊂ Kδ and [c j , d j ] 6⊆ Kδ.

Precisely, there exist two families of intervals {[ai , bi ]}
k
i=1 (k ≥ 2) and {[c j , d j ]}

`
j=1

(`≥ 1) satisfying the following three conditions:
(i) [x, y] = (

⋃k
i=1[ai , bi ]) ∪ (

⋃`
j=1[c j , d j ]);

(ii) [ai , bi ] ⊂ Kδ for all i , and [c j , d j ] 6⊆ Kδ for all j;
(iii) (ai , bi ) ∩ (ai ′ , bi ′)= ∅ for all i 6= i ′, (c j , d j ) ∩ (c j ′ , d j ′)= ∅ for all j 6= j ′, and

(ai , bi ) ∩ (c j , d j )= ∅ for all i, j .
Let b = |x − y|, q =

∑k
i=1 |bi − ai | and t =

∑`
j=1 |d j − c j |. Then we can confirm that

b ≤ d and q + t = b. From the hypothesis that [x, y] 6⊆ Kδ , it follows that 0< q, t < b.
From (2.2), we conclude that

q =
k∑

i=1

|bi − ai | ≥

2∑
i=1

|bi − ai | = δ.

By making use of Lemma 2.2, we can deduce

|wJ (bi )− wJ (ai )| ≤ r |bi − ai | for all 1≤ i ≤ k.

From the weak contractivity of the IFS (X, {w j }
m
j=1), we get the implication that

|wJ (d j )− wJ (c j )| ≤ |d j − c j | for all 1≤ j ≤ `.

Hence, it follows that

|wJ (x)− wJ (y)| ≤
k∑

i=1

|wJ (bi )− wJ (ai )| +
∑̀
j=1

|wJ (d j )− wJ (c j )|

≤ r
k∑

i=1

|bi − ai | +
∑̀
j=1

|d j − c j | = rq + t = rq + (b − q)

=

(
1−

(1− r)q

b

)
b ≤

(
1−

(1− r)δ

d

)
b = R0|x − y|.

This implies that
|wJ (x)− wJ (y)| ≤ R|x − y|.

Hence, we finish proof. 2

In the following, we assume, without loss of generality, that

|X | = sup{|x − y| : x, y ∈ X} = 1.
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Let p be a function defined on X . Define

αp(t)= sup
|x−y|≤t

|p(x)− p(y)|.

The function p is called Lipschitz continuous if there exists a constant C > 0 such that
αp(t)≤ Ct for any t > 0, i.e.,

|p(x)− p(y)| ≤ C |x − y| for all x, y ∈ X.

The function p is called Dini continuous if∫ 1

0

αp(t)

t
dt <∞.

Definition 2.3. Let w j , 1≤ j ≤ m, be both continuously differentiable and weakly
contractive on X , and let p j , 1≤ j ≤ m, be positive continuous on X . We call

(X, {w j }
m
j=1, {p j }

m
j=1)

a Dini (or Lipschitz) system, if each p j (1≤ j ≤ m) is Dini (or Lipschitz) continuous on X .

It is obvious that a Lipschitz system must be a Dini system. Let C(K ) be the space of
all real continuous functions on K . For a Dini system (K , {w j }

m
j=1, {p j }

m
j=1), we define

an operator T : C(K )→ C(K ) by

T f (x)=
m∑

j=1

p j (x) f (w j (x)). (2.3)

We call T the Ruelle operator associated with the (triple) system

(K , {w j }
m
j=1, {p j }

m
j=1).

The dual operator T ∗ on the measure space M(K ) is given by

T ∗µ(E)=
m∑

j=1

∫
w−1

j (E)
p j (x) dµ(x) for any Borel set E ⊆ K

(see e.g. [3]).
For J = ( j1 j2 · · · jn), 1≤ ji ≤ m, define

pwJ (x)= p j1(w j2 ◦ w j3 ◦ · · · ◦ w jn (x)) · · · p jn−1(w jn (x))p jn (x).

Then
T n f (x)=

∑
|J |=n

pwJ (x) f (wJ (x)).

Let % = %(T ) be the spectral radius of T . Since T is a positive operator, we have that
‖T n1‖ = ‖T n

‖ and
% = lim

n
‖T n
‖

1/n
= lim

n
‖T n1‖1/n .

PROPOSITION 2.4. [14] Let (X, {w j }
m
j=1, {p j }

m
j=1) be a Dini system, and let T be the

Ruelle operator on C(K ) defined by (2.3). Then we have the following.
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(i) minx∈K %
−nT n1(x)≤ 1≤maxx∈K %

−nT n1(x) for all n > 0.
(ii) If there exist λ > 0 and 0< h ∈ C(K ) such that T h = λh, then λ= % and there exist

A, B > 0 such that, for any x ∈ K ,

A ≤ %−nT n1(x)≤ B for all n > 0.

Proof. The proposition is [14, Proposition 2.3], and we omit the proof. 2

Let Y be a non-empty compact subset of Rd . An operator L : C(Y )→ C(Y ) is called
irreducible [18], if for any non-trivial, non-negative f ∈ C(Y ) and for any x ∈ Y there
exists an integer n > 0 such that Ln f (x) > 0.

PROPOSITION 2.5. Let (X, {w j }
m
j=1, {p j }

m
j=1) be a Dini system. Then the Ruelle

operator T is irreducible, and if h ≥ 0 is a non-trivial %-eigenfunction of T then h > 0.

Proof. The proof can be found in [18], and we omit it. 2

3. Quasi-compactness and Perron–Frobenius property
Let (B, ‖ · ‖) be a complex Banach space, and let L : (B, ‖ · ‖)→ (B, ‖ · ‖) be a bounded
linear operator. We denote by %(L) the spectral radius of L, and we use %e = %e(L) to
denote the essential spectral radius of L (see e.g. [1]). Note that (see e.g. [21], [1] or [2])

%e(L)= lim
n→∞

(inf{‖Ln
− Q‖ : Q is compact on B})1/n .

Definition 3.1. The operator L is called quasi-compact, if there exist 0≤ r < %(L) and
two closed subspaces E and F of (B, ‖ · ‖) satisfying the following three conditions:
(i) dim F <∞ and B = E ⊕ F;
(ii) L E ⊆ E and L F ⊆ F;
(iii) %(L|E )≤ r < % = %(L|F ).

It is important to note that the quasi-compactness of the operator L is equivalent to
%e(L) < %(L) (see e.g. [1, 11]).

Assume that there is another norm | · | on B such that operator L : (B, ‖ · ‖)→ (B, | · |)
is compact. Hennion [11] gives an elegant short proof of the following Proposition 3.2.

PROPOSITION 3.2. Let the operator L : (B, ‖ · ‖)→ (B, | · |) be compact. If there are
sequences {rn} and {ρn} of positive numbers, with

r := lim inf
n→∞

(rn)
1/n < %,

and, for all n ∈ N,
‖Ln f ‖ ≤ rn‖ f ‖ + ρn| f | for all f ∈ B,

then the operator L is quasi-compact, i.e., %e < %.

Let each p j (1≤ j ≤ m) be positive Lipschitz continuous on X . We use L(X) to denote
the set of all real Lipschitz continuous defined on X . Let L̂(X)= L(X)+ i L(X). Then
we can define the Ruelle operator P : L̂(X)→ L̂(X) by

P( f )(x)=
m∑

j=1

p j (x) f (w j (x)), f ∈ L̂(X).

As a consequence of Proposition 3.2, Hennion [11] showed the following Corollary 3.3.

https://doi.org/10.1017/S0143385712000211 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385712000211


1274 Y.-L. Ye

COROLLARY 3.3. Let the Lipschitz system (X, {w j }
m
j=1, {p j }

m
j=1) satisfy the condition

sup
x,y∈X

y 6=x

m∑
j=1

p j (x) ·
|w j (x)− w j (y)|

|x − y|
< %. (3.1)

Then the operator P is quasi-compact, i.e., %e(P) < %(P).

The proofs of Proposition 3.2 and Corollary 3.3 can be found in [11], and we omit them.
Let us come back to consider the Dini system and discuss the Ruelle operator T defined

as in (2.3). For this, we extend the space C(K ) to a complex one, and denote it by Ĉ(K ),
i.e.,

Ĉ(K )= C(K )+ iC(K ).

For any f ∈ Ĉ(K ), let | f |∞ =maxx∈K | f (x)|. Then (Ĉ(K ), | · |∞) is a complex Banach
space. Define T̂ : Ĉ(K )→ Ĉ(K ) by

T̂ ( f1 + i f2)= T f1 + iT f2, f1, f2 ∈ C(K ).

Then T̂ is a natural extension of T . It is obvious that the operator T̂ is positive, i.e., T̂ f > 0
whenever f > 0. From this, we confirm that %(T̂ )= %(T ). We use %e(T̂ ) to denote the
essential spectral radius of T̂ (see e.g. [1]). In the following, if there is no confusion, we
will call it the essential spectral radius of T , and denote it by %e = %e(T ), for simplicity.

PROPOSITION 3.4. Let (X, {w j }
m
j=1, {p j }

m
j=1) be a Dini system, and let the operator T be

defined as in (2.3). If %e(T ) < %(T ), then there exists an 0< h ∈ C(K ) such that T h = %h.

We would like to point out that Hennion [11] made use of the quasi-compactness and
the irreducibility of T to prove Proposition 3.4. The proof can be found there, and we omit
it.

Now we consider the case that %e = %. We give a basic criterion for the existence of
the eigenfunction corresponding to the spectral radius % in this case. From Proposition 4.2
in [14], we get the following Proposition 3.5 immediately.

PROPOSITION 3.5. Let (X, {w j }
m
j=1, {p j }

m
j=1) be a Dini system. Suppose that we have

the following.
(i) r :=min1≤ j≤m supx,y∈K

x 6=y
(|w j (x)− w j (y)|/|x − y|) < 1.

(ii) There exist A, B > 0 such that A ≤ %−nT n1(x)≤ B for any x ∈ K and n > 0.
Then there exist a unique positive function h ∈ C(K ) and a unique probability measure
µ ∈ M(K ) such that

T h = %h, T ∗µ= %µ, 〈µ, h〉 = 1.

Moreover, for every f ∈ C(K ), %−nT n f converges to 〈µ, f 〉h in the supremum norm, and,
for every ξ ∈ M(K ), %−nT ∗nξ converges weakly to 〈ξ, h〉µ.

Proof. Condition (i) here implies condition (i) of [14, Proposition 4.2] and the assertion
follows. 2
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Definition 3.6. Let (X, {w j }
m
j=1, {p j }

m
j=1) be a Dini system. We say that the Ruelle

operator theorem holds for this system, if there exist a unique positive function h ∈ C(K )
and a unique probability µ ∈ M(K ) such that

T h = %h, T ∗µ= %µ, 〈µ, h〉 = 1,

and, for every f ∈ C(K ), %−nT n f converges to 〈µ, f 〉h in the supremum norm.

The Ruelle operator T is said to have the Perron–Frobenius property [18] if the Ruelle
operator theorem holds for the system.

COROLLARY 3.7. Let (X, {w j }
m
j=1, {p j }

m
j=1) be a Dini system. Suppose that the

following hold.
(i) min1≤ j≤m maxx∈K |w

′

j (x)|< 1.
(ii) There exist constants A, B > 0 such that A ≤ %−nT n1(x)≤ B for any x ∈ K and

n > 0.
Then the Ruelle operator theorem holds.

Proof. From condition (i), by applying Proposition 2.1, we conclude that the system
(X, {w j }

m
j=1, {p j }

m
j=1) satisfies condition (i) of Proposition 3.5. Hence, we get the

assertion immediately. 2

THEOREM 3.8. Let (X, {w j }
m
j=1, {p j }

m
j=1) be a Dini system. Suppose that the following

hold.
(i) There exists a positive integer k such that

max
x∈K

∑
|J |=k

pwJ (x) · |w
′

J (x)|< %
k .

(ii) There exist constants A, B > 0 such that A ≤ %−nT n1(x)≤ B for any x ∈ K and
n > 0.

Then the Ruelle operator theorem holds.

The above Theorem 3.8 is a fundamental theorem of this section. To prove it, we need
to set up the following lemma first.

LEMMA 3.9. Let (X, {w j }
m
j=1, {p j }

m
j=1) be a Dini system. Then, for any x ∈ K ,∑

|J |=n

pwJ (x) · |w
′

J (x)| ≤ an for all n > 0,

provided that
m∑

j=1

p j (x) · |w
′

j (x)| ≤ a. (3.2)

Proof. From (3.2), it follows that∑
|J |=2

pwJ (x) · |w
′

J (x)| =
m∑

i=1

( m∑
j=1

p j (wi (x)) · |w
′

j (wi (x))|

)
· pi (x)|w

′

i (x)|

≤

m∑
i=1

a · pi (x)|w
′

i (x)| ≤ a2 (by (3.2)).
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Inductively we can prove that for all n ∈ N,∑
|J |=n

pwJ (x) · |w
′

J (x)| ≤ an . 2

Proof of Theorem 3.8. By condition (i), there exists an 0< η < 1 such that

max
x∈K

∑
|J |=k

pwJ (x) · |w
′

J (x)| ≤ η%
k .

From this, by applying Lemma 3.9, we conclude that, for any x ∈ K and ` ∈ N,∑
|J |=`k

pwJ (x) · |w
′

J (x)| ≤ η
`%`k . (3.3)

We claim that
sup
x∈K

inf
`∈N

min
|J |=`k

|w′J (x)| = 0.

Otherwise, we suppose that

sup
x∈K

inf
`∈N

min
|J |=`k

|w′J (x)|> 0.

Then there exist a b0 > 0 and an x0 ∈ K such that

inf
`∈N

min
|J |=`k

|w′J (x0)| ≥ b0.

This, combined with (3.3), implies that, for any ` ∈ N,

η` ≥ %−`k
∑
|J |=`k

pwJ (x0) · |w
′

J (x0)| ≥ b0 · %
−`k

∑
|J |=`k

pwJ (x0)

= b0 · %
−`k T `k1(x0)≥ b0 A (by condition (ii)).

This contradicts the choice of 0< η < 1. Then the claim follows. Thus there exist an `0 ∈

N and a multi-index J0 ∈ I`0k such that maxx∈K |w
′

J0
(x)|< 1. Hence, by Corollary 3.7,

the Ruelle operator theorem for T `0k holds. This implies that the Ruelle operator theorem
for T holds. 2

In the next two sections, we will study the Perron–Frobenius property and quasi-
compactness of the Ruelle operator for a Dini (or Lipschitz) system under the framework
in Theorem 3.8 and Proposition 3.2, respectively.

4. Some sufficient conditions for the Ruelle operator theorem
Throughout this section we consider a Dini system (X, {w j }

m
j=1, {p j }

m
j=1), and we always

assume that w′j (x) 6= 0 for all j . We mainly consider the case that %e = %. We will give
a basic criterion for the existence of the eigenfunction corresponding to the spectral radius
% in this case. We prove one of the main results (Theorem 4.3) by applying Theorem 3.8.
The proof is a modification of the argument in [14]. In fact, having made full preparations,
we only need to make some key changes, compared with the proof of Theorem 4.5 in [14].
For this, we still need to set up the following two lemmas first.
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Let α0(t)=max1≤ j≤m{αlog p j (t)}. Note that |X | = 1. We define

α(t)=

{
α0(t) if 0≤ t ≤ 1,
α0(1) if t > 1.

Remember that an equivalent condition for a positive function p(x) on X to be Dini
continuous is

∞∑
n=0

αlog p(aθ
n) <∞

for any 0< θ < 1 and constant a > 0.
For any J ∈ I n and any 0≤ k < l ≤ n, we let rJ =minx∈X |w

′

J (x)| and RJ =

maxx∈X |w
′

J (x)|. We define J |kl = ( jn−l+1 jn−l+2 · · · jn−k). In the following, for any
x ∈ X , we let wJ |00

(x)= x for convenience.

LEMMA 4.1. Suppose that (X, {w j }
m
j=1, {p j }

m
j=1) is a Dini system. Let a ≥ 1 and 0<

θ < 1, and let a0 =
∑
∞

n=0 α(aθ
n). If J = ( j1 · · · jn) ∈ I n satisfies the condition

RJ |0k
≤ aθk for all 1≤ k ≤ n,

then
pwJ (x)≤ ea0 pwJ (y) for all x, y ∈ K .

Proof. From the convexity of X , by applying the mean value theorem, we conclude that,
for any x, y ∈ K ,

|wJ |0k
(x)− wJ |0k

(y)| ≤ RJ |0k
for all 1≤ k ≤ n.

(We use K ⊆ X and |X | = 1 here.) Then we have

|wJ |0k
(x)− wJ |0k

(y)| ≤ aθk for all 1≤ k ≤ n.

The inequality follows from the estimate that∣∣∣∣log
pwJ (x)

pwJ (y)

∣∣∣∣ ≤ n∑
k=1

|logp jk (wJ |0n−k
(x))− logp jk (wJ |0n−k

(y))|

≤

n∑
k=1

α(aθn−k)≤ a0. 2

LEMMA 4.2. Let (X, {w j }
m
j=1) be a weakly contractive IFS. Suppose that each w j (1≤

j ≤ m) is continuously differentiable with w′j (x) 6= 0. Then for any ε > 0 there exists a
constant a ≥ 1 such that, for any integer n > 0,

RJ ≤ aenεrJ for all J ∈ I n .

Proof. Let dn =max|J |=n |wJ (X)|, δ(t)=max1≤ j≤m αw′j
(t). Since |w′j (x)| is continuous

and positive on the compact set X , there exists a constant c1 > 0 such that

|w′j (x)|

|w′j (y)|
≤ 1+ c1δ(|x − y|) for all x, y ∈ X.
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Hence, for any J = ( j1 j2 · · · jn) ∈ I n

|w′J (x)|

|w′J (y)|
=

n∏
k=1

|w′jk
(w jk+1 ◦ w jk+2 ◦ · · · ◦ w jn (x))|

|w′jk
(w jk+1 ◦ w jk+2 ◦ · · · ◦ w jn (y))|

≤

n−1∏
k=0

(1+ c1δ(|wJ |0k
(X)|))≤

n−1∏
k=0

(1+ c1δ(dn−k)).

Since the IFS (X, {w j }
m
j=1) is weakly contractive, we have limn→∞ dn = 0. From the

continuity of w′j on the compact set X , we deduce that the function δ(t) is continuous

and δ(0)= 0. Then, for any ε > 0, there exists k0 > 0 such that δ(dk) < c1
−1ε whenever

k ≥ k0. Hence there exists a constant a ≥ 1 such that, for any integer n > 0 and any
x, y ∈ X ,

|w′J (x)|

|w′J (y)|
≤ a(1+ ε)n ≤ aenε .

From this, we deduce that, for any integer n > 0,

RJ ≤ aenεrJ for all J ∈ I n . 2

THEOREM 4.3. Let (X, {w j }
m
j=1, {p j }

m
j=1) be a Dini system with w′j (x) 6= 0 for all j . If

there exists a positive integer k such that

max
x∈K

∑
|J |=k

pwJ (x) · |w
′

J (x)|< %
k, (4.1)

then the Ruelle operator theorem holds.

Proof. Since the Ruelle operator theorem for T k implies the Ruelle operator theorem for T ,
we may assume k = 1 in the hypothesis, so that (4.1) is reduced to

max
x∈K

m∑
j=1

p j (x) · |w
′

j (x)|< %. (4.2)

This means that condition (i) of Theorem 3.8 is satisfied. Hence, we only need to show
that condition (ii) of Theorem 3.8 is also satisfied, i.e., there exist A, B > 0 such that, for
any x ∈ K ,

A ≤ %−n
∑
|J |=n

pwJ (x)≤ B for all n.

By (4.2), we can find 0< η < 1 such that

max
x∈K

m∑
j=1

p j (x) · |w
′

j (x)| ≤ η%. (4.3)

Choose θ such that 0< η < θ < 1. For any fixed x ∈ K and any J ∈ I n , let n J be the
largest integer such that

|w′J |0n J
(x)| ≥ θn J .

Then, by the chain rule, we have

|w′
J |

n J
i
(wJ |0n J

(x))|< θ i−n J for all n J < i ≤ n. (4.4)
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For any 1≤ k ≤ n, let

�(n, k)= {J ∈ I n
: n J = k},

and let �(n, 0)= {J ∈ I n
: n J = 0}, i.e.,

�(n, 0)= {J ∈ I n
: |w′

J |0i
(x)|< θ i for all 0< i ≤ n}.

Then

I n
=

n⋃
k=0

�(n, k).

From (4.3), by Lemma 3.9, we can confirm that∑
|J |=n

pwJ (x) · |w
′

J (x)| ≤ (η%)
n for all n > 0.

Then we have ∑
J∈�(n,n)

pwJ (x) · θ
n
≤

∑
|J |=n

pwJ (x) · |w
′

J (x)| ≤ (η%)
n .

Thus, it follows that

%−n
∑

J∈�(n,n)

pwJ (x)≤

(
η

θ

)n

. (4.5)

Choose ε > 0 such that θ0 := eεθ < 1. Let a ≥ 1 be the number, corresponding to ε,
determined by Lemma 4.2. Let a0 =

∑
∞

k=0 α(aθ
k
0 ). Then a0 is finite because all of the p j

are Dini continuous functions on X . For any n > 0, we can make use of Proposition 2.4(i)
to find xn ∈ K such that

%−n
∑
|J |=n

pwJ (xn)≤ 1. (4.6)

For any J = ( j1 j2 · · · jn) ∈�(n, k), we have J |0k ∈�(k, k). From Lemma 4.2, we
conclude that

RJ |ki
≤ ae(i−k)εrJ |ki

for all k < i ≤ n.

This, combined with (4.4), implies that

RJ |ki
≤ ae(i−k)εrJ |ki

≤ ae(i−k)εθ i−k
= aθ i−k

0 for all k < i ≤ n. (4.7)

From this, together with Lemma 4.1, we deduce that

pw
J |kn
(wJ |0k

x)≤ ea0 pw
J |kn
(y) for all y ∈ K .

(We use |X | = 1 here.) Hence

pwJ (x)= pw
J |kn
(wJ |0k

x)pw
J |0k
(x)≤ ea0 pw

J |kn
(xn−k)pw

J |0k
(x). (4.8)

https://doi.org/10.1017/S0143385712000211 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385712000211


1280 Y.-L. Ye

It follows that

%−n
∑
|J |=n

pwJ (x) = %
−n

n∑
k=0

∑
J∈�(n,k)

pwJ (x)

≤ %−n
n∑

k=0

∑
J∈�(n,k)

ea0 pw
J |kn
(xn−k)pw

J |0k
(x) (by (4.8))

≤ ea0

n∑
k=0

(
%−n+k

∑
|J ′ |=n−k

pw
J
′ (xn−k)

)(
%−k

∑
J ′′∈�(k,k)

pw
J
′′ (x)

)

≤ ea0

n∑
k=0

1 ·
(
η

θ

)k

(by (4.5), (4.6))

≤ ea0

∞∑
k=0

(
η

θ

)k

:= B. (4.9)

This concludes the upper bound estimate.
For the lower bound estimation, similarly to the proof of [14, Theorem 4.5], we can

prove, by making use of Proposition 2.4(i) and (4.9), that there exists an A > 0 such that

%−n
∑
|J |=n

pwJ (x)≥ A.

This completes the proof. 2

COROLLARY 4.4. Let (X, {w j }
m
j=1, {p j }

m
j=1) be a Dini system with w′j (x) 6= 0 for all j .

If the IFS {w j }
m
j=1 is contractive, then the Ruelle operator theorem holds for this Dini

system.

Proof. Since the IFS {w j }
m
j=1 is contractive, we have

R := max
1≤ j≤m

max
x∈X
|w′j (x)|< 1.

Note that, for any n ∈ N,

|w′J (x)| ≤ Rn for any x ∈ X and any J ∈ I n .

From this, together with K ⊆ X , we deduce that

lim sup
n→∞

(
max
x∈K

∑
|J |=n

pwJ (x) · |w
′

J (x)|

)1/n

≤ R · lim
n→∞

‖T n
‖

1/n
= R% < %.

This implies that condition (4.1) in Theorem 4.3 is satisfied. The assertion follows. 2

COROLLARY 4.5. Let (X, {w j }
m
j=1, {p j }

m
j=1) be a Dini system with w′j (x) 6= 0 for all j .

If

sup
y 6=x

m∑
j=1

p j (x) ·
|w j (x)− w j (y)|

|x − y|
< %, (4.10)

then the Ruelle operator theorem holds for this Dini system.
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Proof. Note that, for any x ∈ K ,

lim
y→x

m∑
j=1

p j (x) ·
|w j (x)− w j (y)|

|x − y|
=

m∑
j=1

p j (x) · |w
′

j (x)|.

This implies that

m∑
j=1

p j (x) · |w
′

j (x)| ≤ sup
y 6=x

m∑
j=1

p j (x) ·
|w j (x)− w j (y)|

|x − y|
.

From this, together with Theorem 4.3, we conclude the assertion. 2

Remark 4.6. We would like to point out that Corollary 4.5 extends partially the result
in [3]. In fact, under the probability condition

∑m
j=1 p j (x)= 1, we conclude immediately

that % = 1. In this case, condition (4.10) is reduced to the average contractive condition:

sup
y 6=x

m∑
j=1

p j (x) ·
|w j (x)− w j (y)|

|x − y|
< 1.

Hence, we succeed in removing the probability condition in [3].

Remark 4.7. By noting that, for any x ∈ K ,

m∑
j=1

p j (x) · |w
′

j (x)| ≤
m∑

j=1

p j (x) · sup
y 6=x

|w j (x)− w j (y)|

|x − y|
,

we see that Theorem 4.3 generalizes partially the main results of [14] as well.

The following example reveals that the condition of Theorem 1.2 (or Theorem 4.3)
in this paper is more easily checked than the condition in [14] (compared with [14,
Example 4.7]).

Example 4.8. Let the system (X, {w j }
2
j=1, {p j }

2
j=1) be as in [14, Example 4.7]. That is,

let X = [0, 1], and let w1(x)= x − (x2/2), w2(x)= (1/2)+ (x2/2). Also let p1 be any
positive Dini (not Lipschitz) continuous function on X with the inequalities 0< p1(·) < 1.
Let

δ = 1
5 ·min

x∈X
{p1(x), 1− p1(x)}> 0,

and let g : X→ X be defined by

g(x)=


δ − 2−1

+ x if 2−1
− δ < x ≤ 2−1,

δ + 2−1
− x if 2−1 < x < 2−1

+ δ,

0 otherwise.

It is obvious that 0≤ g(x)≤ δ for all x ∈ X . Define

p2(x)= 1− p1(x)+ g(x) for all x ∈ X.

Then p j , 1≤ j ≤ 2, are Dini functions, and

1≤
2∑

j=1

p j (x)= 1+ g(x)≤ 1+ δ.
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Let T be the Ruelle operator defined by the system (X, {w j }
2
j=1, {p j }

2
j=1). Then

1≤ % ≤ 1+ δ. (4.11)

By the choice of δ, we have

5δ ≤ p1(x)≤ 1− 5δ for all x ∈ X. (4.12)

Note that w′1(x)= 1− x , w′2(x)= x . Then we have

2∑
j=1

p j (x) · |w
′

j (x)| = p1(x) · (1− x)+ x(1− p1(x)+ g(x))

≤ (1− 5δ) · (1− x)+ x(1− 5δ + δ) (by (4.12))

= (1− 5δ)+ xδ ≤ 1− 4δ < 1.

This, together with (4.11), implies that

sup
x∈X

2∑
j=1

p j (x) · |w
′

j (x)|< %.

Then Theorem 4.3 implies that the Ruelle operator theorem holds for this Dini system.

5. Quasi-compact Ruelle operator
Throughout this section, we always assume that each potential function p j (1≤ j ≤ m)
is Lipschitz continuous on X . As before, we denote by K the invariant set of the IFS
(X, {w j }

m
j=1), i.e., K =

⋃m
j=1 w j (K ).

Now let Y = X or Y = K . We use L(Y ) to denote the set of all real Lipschitz continuous
functions defined on Y . Let L̂(Y )= L(Y )+ i L(Y ).

For any f ∈ L̂(Y ), we let | f |∞ =maxx∈Y | f (x)|, and let

| f |Lip = sup
x,y∈Y
x 6=y

| f (x)− f (y)|

|x − y|
.

Define
‖ f ‖ = | f |Lip + | f |∞.

Then (L̂(Y ), | · |∞) is a complex normed linear space, and (L̂(Y ), ‖ · ‖) is a complex
Banach space. It is obvious that (L(Y ), ‖ · ‖), as a closed subspace of (L̂(Y ), ‖ · ‖), is
a Banach space.

We define Ruelle operator P : L̂(X)→ L̂(X) by

P( f )(x)=
m∑

j=1

p j (x) f (w j (x)), f ∈ L̂(X),

and we let T : L(K )→ L(K ) be defined by

T ( f )(x)=
m∑

j=1

p j (x) f (w j (x)), f ∈ L(K ).

We naturally extend the operator T to L̂(K ), and denote it by T̂ , i.e.,

T̂ ( f + ig)= T f + iT g for all f, g ∈ L(K ).
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LEMMA 5.1. Let (X, {w j }
m
j=1, {p j }

m
j=1) be a Lipschitz system, and let the operators P,

T and T̂ be defined as above. Then %(P)= %(T )= %(T̂ ).

Proof. Since both T and T̂ are positive, and T̂ is the extension of T , it is obvious that
%(T̂ )= %(T ).

We will prove that %(P)= %(T ). It is easy to see that %(T )≤ %(P). On the other hand,
we let dn =max|J |=n |wJ (X)|. From the weak contractivity of the IFS (X, {w j }

m
j=1), it

follows that limn→∞ dn = 0. Let

α(t)= max
1≤ j≤m

{αlog p j (t)}.

From the positiveness and Lipschitz continuity of the p j on the compact set X , we can
deduce that there exists a constant c > 0 such that α(t)≤ ct and α(0)= 0.

For any J ∈ I n , and for any x ∈ X and any y ∈ K , we have

pwJ (x)≤ pwJ (y) · e
∑n−1

k=0 α(dk ) ≤ pwJ (y) · e
∑n−1

k=0 cdk .

This implies that

Pn1(x)≤ T n1(y) · ec
∑n−1

k=0 dk .

This, combined with the positiveness of P and T , implies that

‖Pn
‖

1/n
≤ ‖T n

‖
1/n
· ec/n

∑n−1
k=0 dk .

From this, together with limk→∞ dk = 0, we can deduce that %(P)≤ %(T ). Therefore
%(P)= %(T ). 2

Having proved Lemma 5.1, in the following we can use % to denote any one of %(T ),
%(T̂ ) and %(P), i.e., % = %(T )= %(T̂ )= %(P).

THEOREM 5.2. Let (X, {w j }
m
j=1, {p j }

m
j=1) be a Lipschitz system. If

max
x∈X

m∑
j=1

p j (x) · |w
′

j (x)|< %, (5.1)

then there exist a unique 0< h ∈ L(K ), a unique probability measure µ ∈ M(K ) and a
constant 0< b < 1 such that T h = %h, T ∗µ= %µ, 〈µ, h〉 = 1 and

|%−nT n f − 〈µ, f 〉h|∞ = O(bn) for all f ∈ L(K ).

To prove Theorem 5.2, we need to prove the following Theorem 5.3 first.

THEOREM 5.3. Let the Lipschitz system (X, {w j }
m
j=1, {p j }

m
j=1) satisfy condition (5.1).

Then %e(T ) < %(T ), and there exists an 0< h ∈ L(K ) such that T h = %h.

From Theorem 5.3, we have %e(T ) < %(T ). This means that the operator T̂ is quasi-
compact. In this case, we sometimes say that the operator T is quasi-compact for
simplicity, if there is no confusion. To prove Theorem 5.3, we need some preparation.
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LEMMA 5.4. Let the system (X, {w j }
m
j=1, {p j }

m
j=1) be as in Theorem 5.3. Then there exist

0< η < 1 and δ > 0 such that

sup
x,y∈X

0<|x−y|<δ

m∑
j=1

p j (x) ·
|w j (x)− w j (y)|

|x − y|
≤ η%.

Proof. Since p j (x) andw′j (x), 1≤ j ≤ m, are continuous on the compact set X , it follows
that both p j (x) and |w′j (x)|, 1≤ j ≤ m, are equicontinuous on X . From this, together
with (5.1), we deduce that there exists an 0< η < 1 such that

max
x∈X

m∑
j=1

p j (x) · |w
′

j (x)|< η%. (5.2)

For any x, y ∈ X with x 6= y, from the convexity of the set X , by the mean value
theorem, it follows that, for any 1≤ j ≤ m, there exists a ξ j located in the line segment
joining x and y such that

|w j (x)− w j (y)|

|x − y|
= |w′j (ξ j )|.

Hence, from (5.2), together with the equicontinuity of the p j (x) and the |w′j (x)|, we can
deduce that there exists a δ > 0 such that, for any z ∈ X ,

sup
x,y∈Bδ(z)

x 6=y

m∑
j=1

p j (x) ·
|w j (y)− w j (x)|

|y − x |
≤ η%. (5.3)

Now for any x, y ∈ X with 0< |x − y|< δ, we have x, y ∈ Bδ(x). Hence, from (5.3),
it follows that

m∑
j=1

p j (x) ·
|w j (x)− w j (y)|

|x − y|
≤ η%.

From this, we deduce that

sup
x,y∈X

0<|x−y|<δ

m∑
j=1

p j (x) ·
|w j (x)− w j (y)|

|x − y|
≤ η%. 2

PROPOSITION 5.5. Let η > 0 and δ > 0 be given as in Lemma 5.4. Then for any n ∈ N,

sup
x,y∈X

0<|x−y|<δ

∑
|J |=n

pwJ (x) ·
|wJ (x)− wJ (y)|

|x − y|
≤ (η%)n .

Proof. For any x, y ∈ X with 0< |x − y|< δ, from the weak contractivity of the IFS
(X, {w j }

m
j=1), it follows that

|w j (wi (x))− w j (wi (y))| ≤ |wi (x)− wi (y)|< δ for all 1≤ i, j ≤ m.

From this, together with Lemma 5.4, we conclude that, for any 1≤ i ≤ m,
m∑

j=1

p j (wi (x)) · |w j (wi (x))− w j (wi (y))| ≤ η% · |wi (x)− wi (y)|.
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Then we have ∑
|J |=2

pwJ (x) · |wJ (x)− wJ (y)|

=

m∑
i=1

pi (x)

( m∑
j=1

p j (wi (x)) · |w j (wi (x))− w j (wi (y))|

)

≤ η%

m∑
i=1

pi (x) · |wi (x)− wi (y)| ≤ (η%)
2
|x − y|.

It follows that ∑
|J |=2

pwJ (x) ·
|wJ (x)− wJ (y)|

|x − y|
≤ (η%)2.

This implies that

sup
x,y∈X

0<|x−y|<δ

∑
|J |=2

pwJ (x) ·
|wJ (x)− wJ (y)|

|x − y|
≤ (η%)2.

The proof follows by induction. 2

PROPOSITION 5.6. Let the Lipschitz system (X, {w j }
m
j=1, {p j }

m
j=1) satisfy condition

(5.1). Then the Ruelle operator P is quasi-compact, i.e., there exist 0< r < % = %(P)
and two closed subspaces G and H of L̂(X) satisfying the following conditions:

(i) dim H <∞ and L̂(X)= G ⊕ H ;

(ii) PG ⊆ G and PH ⊆ H ;

(iii) %(P|G)≤ r < % = %(P|H ).

(5.4)

Proof. Let δ > 0 be given by Lemma 5.4. Let δ0 = 2−1δ. Since {Bδ0(x) : x ∈ X} is an
open covering of X , from the compactness of X , it follows that the covering family
{Bδ0(x) : x ∈ X} contains a finite sub-covering, i.e., there exists a finite set {xk}

q
k=1 ⊆ X

such that X ⊆
⋃q

k=1 Bδ0(xk).
For any f ∈ L̂(X) and any 1≤ k ≤ q, we let fk = f |Bδ0 (xk ), and define

| fk |Lip = sup
x,y∈Bδ0 (xk )

x 6=y

| f (x)− f (y)|

|x − y|
.

Then, from the fact that X ⊆
⋃q

k=1 Bδ0(xk), together with the convexity of X , we can
deduce that, for any 1≤ k ≤ q ,

| fk |Lip ≤ | f |Lip ≤ q · max
1≤k≤q

| fk |Lip. (5.5)

For any x, y ∈ X with x 6= y, we have
|Pn f (x)− Pn f (y)|

|x − y|
≤

(∑
|J |=n

pwJ (x)
|wJ (x)− wJ (y)|

|x − y|

)
| f |Lip

+

(∑
|J |=n

|pwJ (x)− pwJ (y)|

|x − y|

)
| f |∞

≤

(∑
|J |=n

pwJ (x)
|wJ (x)− wJ (y)|

|x − y|

)
| f |Lip + Rn · | f |∞, (5.6)
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where

Rn := sup
x 6=y

∑
|J |=n

|pwJ (x)− pwJ (y)|

|x − y|
<∞,

because all the p j are Lipschitz continuous on the compact set X .
For any 1≤ k ≤ q and any x 6= y ∈ Bδ0(xk), we have 0< |x − y|< 2δ0 = δ. By

applying Proposition 5.5, we conclude that∑
|J |=n

pwJ (x)
|wJ (x)− wJ (y)|

|x − y|
≤ (η%)n .

From this, together with (5.6), we deduce that

|(Pn f )k |Lip = sup
x,y∈Bδ0 (xk )

x 6=y

|Pn f (x)− Pn f (y)|

|x − y|
≤ (η%)n · | f |Lip + Rn · | f |∞.

This, together with (5.5), implies that

|Pn f |Lip ≤ q · max
1≤k≤q

|(Pn f )k |Lip ≤ q(η%)n · | f |Lip + q Rn · | f |∞.

Hence,

‖Pn f ‖ = |Pn f |Lip + |P
n f |∞

≤ q(η%)n · | f |Lip + q Rn · | f |∞ + |P
n1|∞ · | f |∞

≤ q(η%)n · ‖ f ‖ + (q Rn + |P
n1|∞) · | f |∞.

It is obvious that
0< lim

n→∞
(q(η%)n)1/n

= η% < %.

Note that P is compact as an operator from (L̂(X), ‖ · ‖) into (L̂(X), | · |∞). From this,
together with Proposition 3.2, we deduce that the operator P is quasi-compact. Hence,
there exist 0< r < % = %(P) and two closed subspaces G and H of L̂(X) satisfying
conditions (5.4). 2

Proof of Theorem 5.3. Let r > 0 and the subspaces G and H be given by Proposition 5.6.
Define

E = { f |K : f ∈ G} and F = {g|K : g ∈ H}.

Then we can confirm that both E and F are closed subspaces of L̂(K ) with T̂ (E)⊆ E and
T̂ (F)⊆ F . It is obvious that dim F <∞ and L̂(K )= E ⊕ F .

Note that %(T̂ |E )≤ %(P|G). This, together with Lemma 5.1, implies that

%(T̂ |E )≤ %(P|G)≤ r < %(P)= %(T̂ ).

We claim that %(T̂ |F )= %(T̂ ). Otherwise, suppose that %(T̂ |F ) < %(T̂ ). From 1 ∈
L̂(K )= E ⊕ F , it follows that there exist f1 ∈ E and f2 ∈ F such that 1= f1 + f2. This
implies that

‖T̂ n
‖ = |T̂ n1|∞ ≤ |T̂ n f1|∞ + |T̂

n f2|∞

≤ ‖(T̂ |E )
n
‖ · | f1|∞ + ‖(T̂ |F )

n
‖ · | f2|∞

≤ (‖(T̂ |E )
n
‖ + ‖(T̂ |F )

n
‖) ·max{| f1|∞, | f2|∞}.
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From this, we can deduce that

%(T̂ )= lim
n→∞

‖T̂ n
‖

1/n
≤max{%(T̂ |E ), %(T̂ |F )} ≤max{r, %(T̂ |F )}< %(T̂ ).

This is a contradiction, and the claim follows. This implies that

%(T̂ |E )≤ r < %(T̂ |F )= %(T̂ ).

Hence, the operator T̂ is quasi-compact. This implies that %e(T̂ ) < %(T̂ ). Thus, by
Lemma 5.1, we have %e(T ) < %(T ). Note that T is irreducible. Proposition 3.4 yields
an 0< h ∈ L(K ) such that T h = %h. 2

PROPOSITION 5.7. Let the system (X, {w j }
m
j=1, {p j }

m
j=1) be as in Theorem 5.3. Then the

Ruelle operator theorem holds.

Proof. By condition (5.1), we see that condition (i) of Theorem 3.8 is satisfied. To prove
the assertion, we only need to show that condition (ii) of Theorem 3.8 is also satisfied.
Indeed, by Theorem 5.3, there exists an 0< h ∈ L(K ) such that T h = %h. Then, by
Proposition 2.4(ii), there exist constants A, B > 0 such that

A ≤ T n1(x)≤ B for all x ∈ K and n ∈ N.

This means that condition (ii) of Theorem 3.8 is satisfied. Hence, we have completed the
proof. 2

Let C denote the set of complex numbers. We use Id to denote the identical operator
from L̂(K ) to itself. We denote by Res(T̂ ) the resolvent set of the operator T̂ , i.e.,

Res(T̂ )= {z ∈ C : (T̂ − zId) has a bounded inverse operator}.

We denote by Sp(T̂ ) the spectrum of the operator T̂ , i.e., Sp(T̂ )= C\Res(T̂ ). Then we
have %(T )= sup{|z| : z ∈ Sp(T̂ )}.

PROPOSITION 5.8. Let the system (X, {w j }
m
j=1, {p j }

m
j=1) be as in Theorem 5.2. Then

τ := sup{|λ| : λ ∈ Sp(T̂ ) and λ 6= %}< %.

Proof. The operator T̂ is, by Theorem 5.3, quasi-compact. Then there exist two closed
subspaces E and F as in Definition 3.1. We denote by Sp(T̂ |E ) and Sp(T̂ |F ) the spectrum
of the operators T̂ |E and T̂ |F , respectively. Then we can confirm that

Sp(T̂ )= Sp(T̂ |E ) ∪ Sp(T̂ |F ). (5.7)

Note that, for any λ with |λ|> %(T̂ |E ), the operator (T̂ |E − λ · Id|E ) has a bounded
inverse operator. It follows that

sup{|λ| : λ ∈ Sp(T̂ |E )} = %(T̂ |E ) < % = %(T ). (5.8)

We denote by Eg(T̂ |F ) the set of eigenvalues of the operator T̂ |F , i.e., let

Eg(T̂ |F )= {z ∈ C : there exists 0 6= f ∈ F such that T̂ f = z f }.
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From the fact that dim F <∞, it follows that Eg(T̂ |F ) is a finite set, and Sp(T̂ |F )=
Eg(T̂ |F ). This, together with (5.7) and (5.8), implies that we only need to show that

{λ ∈ Eg(T̂ |F ) : |λ| = %} = {%}. (5.9)

Without loss of generality, we assume that % = 1 (otherwise, we may consider the
operator %−1T̂ ). Let 0< h ∈ L(K ) and µ ∈ M(K ) be given by Proposition 5.7 (refer
to Definition 3.6). If there exists a λ ∈ Eg(T̂ |F ) with |λ| = 1 and 0 6= g ∈ L̂(K ) such
that T̂ g = λg, we claim that λ= %. Otherwise, we suppose that λ 6= %. Then it follows
immediately that g and h are linearly independent.

By % = 1, we have T h = h. By Proposition 2.4(ii), there exist constants A, B > 0 such
that, for any n > 0,

A ≤ T n1(x)≤ B for all x ∈ K .

From this, we conclude that, for any f ∈ L̂(K ), the sequence n−1T̂ n f converges to
0 in the supremum norm. Hence, the operators sequence n−1T̂ n converges to zero
in the weak topology. Meanwhile, from Theorem 5.3, we see that the operator T̂ is
quasi-compact, i.e., %e < %. This, combined with [5, Lemma 5 of VIII.8], implies that
there is an integer k > 0 such that λk

= 1. This, together with T̂ g = λg, implies that
T̂ k g = λk g = g. Let g = g1 + ig2, where g1, g2 ∈ L(K ). Then for any integer n > 0,
we have T̂ ng = T ng1 + iT ng2. From this, together with Proposition 5.7, we deduce that

lim
n→∞

T̂ ng = lim
n→∞

T ng1 + i · lim
n→∞

T ng2 = 〈µ, g1〉h + i · 〈µ, g2〉h = 〈µ, g〉h.

On the other hand, we have T̂ k`g = g for all ` ∈ N. Hence, from the above argument, we
conclude that g = bh for some constant b. This is a contradiction. Then (5.9) follows.
Hence, we have completed the proof. 2

Proof of Theorem 5.2. Let 0< h ∈ L(K ) and µ ∈ M(K ) be given by Proposition 5.7.
Suppose that there exists another 0 6= g ∈ L(K ) such that T g = %g. We claim that g and h
are linearly dependent. In fact, we let

c = inf
{

g(x)

h(x)
: x ∈ K

}
.

From the continuity of g and h, we conclude that there exists an x0 ∈ K such that
g(x0)/h(x0)= c. It follows that g(x0)= c · h(x0), and h0 := g − ch is a continuous
non-negative function with T h0 = %h0. From this, together with the irreducibility of
T , we deduce that h0 = 0, and the claim follows. We suppose again that there exists a
0 6= g1 + ig2 ∈ L̂(K ) such that T̂ (g1 + ig2)= %(g1 + ig2) and g1, g2 ∈ L(K ). It follows
easily that T gk = %gk, k = 1, 2. From this, together with the above claim, we conclude
that gk, k = 1, 2, and h are linearly dependent.

Now we let
F0 = {g ∈ L̂(K ) : T̂ g = %g}.

From the above argument, we conclude that dim F0 = 1. Then F0 = {ch : c ∈ C}. From
this, together with the quasi-compactness of T̂ and Proposition 5.8, we can deduce that
there exists a closed subspace E0 of L̂(K ) such that L̂(K )= E0 ⊕ F0 and

%(T̂ |E0) < %(T̂ |F0)= %(T̂ ). (5.10)
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For any f ∈ L(K ), there exist f1 ∈ E0 and f2 ∈ F0 such that f = f1 + f2. Note that
f2 = c f h for some c f ∈ C. From this, it follows that

%−nT n f = %−n T̂ n f1 + %
−n T̂ n(c f h)= %−n(T̂ |E0)

n f1 + c f h. (5.11)

Let b0 = %
−1
· %(T̂ |E0). From (5.10), we confirm that 0< b0 < 1. From (5.11), it follows

that

lim sup
n→∞

(|%−nT n f − c f h|∞)
1/n
= %−1

· lim sup
n→∞

(|(T̂ |E0)
n f1|∞)

1/n

≤ %−1
· lim sup

n→∞
(‖(T̂ |E0)

n
‖ · | f1|∞)

1/n

≤ %−1
· lim

n→∞
‖(T̂ |E0)

n
‖

1/n
= b0.

Now we choose b0 < b < 1. From the above argument, we can deduce that

|%−nT n f − c f h|∞ = O(bn) for all f ∈ L(K ).

This, together with Proposition 5.7, implies that c f = 〈µ, f 〉 ∈ R, and the assertion
follows. 2

Remark 5.9. Note that, for any x ∈ K ,

m∑
j=1

p j (x) · |w
′

j (x)| ≤ sup
y 6=x

m∑
j=1

p j (x) ·
|w j (x)− w j (y)|

|x − y|
.

From this, we conclude that condition (3.1) implies condition (5.1). Hence, Theorem 5.3,
together with Theorem 5.2, generalizes partially the result in [11] (referred to in
Corollary 3.3 and Proposition 3.4).
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