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Abstract. The Ruelle operator has been studied extensively both in dynamical systems
and iterated function systems (IFSs). Given a weakly contractive IFS (X, {w j}'}': ) and
an associated family of positive continuous potential functions {p; ’}’zl, a triple system
X, {w j}T:p {p j}’;’zl) is set up. In this paper we study Ruelle operators associated
with the triple systems. The paper presents an easily verified condition. Under this
condition, the Ruelle operator theorem holds provided that the potential functions are
Dini continuous. Under the same condition, the Ruelle operator is quasi-compact, and
the iterations sequence of the Ruelle operator converges with a specific geometric rate, if

the potential functions are Lipschitz continuous.

1. Introduction

This paper is a follow-up and an improvement of paper [14]. We present here the
development history of the Ruelle operator for the sake of completeness, especially for
the convenience of new readers. The notations that appeared in [14] are adopted here as
well. It seems that the style of this paper is similar to that of [14]. Ruelle introduced a
convergence theorem to study the equilibrium state of an infinite one-dimensional lattice
gas in his famous paper [26]. Bowen [4] further set up the theorem as the convergence
of powers of a Ruelle operator on the space of continuous functions on a symbolic space.
More precisely, let

s={1,...,NN={w=igi; - ip1-|inc1€{l,...,N},n=1,2,..}
be the one-sided symbolic space and let
O':Cl)=l.()l.1"'l-n71"'—)O'(C())=l.1"'l.n71"'

be the left shift of ¥. Then (X, o) is called a symbolic system. Let ¢ be a Holder
continuous function on ¥ (a potential). Let C(X) be the space of all continuous functions
on X. The Ruelle operator T : C(X) — C(X) is defined as

Tr= Y. &Vf0), feC®).

yeo~l(x)
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Let ¢ be the spectral radius of the operator 7. It is known that g is the unique
positive simple maximal eigenvalue of 7 acting on the space of all Holder continuous
functions on X (see, for example, [13]). It was then proved that 7 has a unique positive
eigenfunction 4 € C(X) and a unique probability eigenmeasure . € C*(X) corresponding
to the eigenvalue o > 0 (see, for example, [4]). Moreover, for any f € C(X), o "7"(f)
converges uniformly to a constant multiple of /. This is called the Ruelle operator theorem.
In this theorem, o : ¥ — ¥ is an expanding dynamical system. More general results
about the Ruelle operator theorem for symbolic systems, expanding dynamical systems
and contractive iterated function systems (IFSs) have also been obtained. We give a partial
list in the literature [6-9, 15, 16, 23, 29-31].

Recently a parabolic system has aroused the attention of many people who are interested
in the Ruelle operator theorem (refer to [2, 19, 20, 25, 28, 32-34]). However, in this case,
it is known that the bounded eigenfunction of the spectral radius ¢ of T may not exist [17],
and even if the eigenfunction exists, 0 may not be an isolated point of the spectrum [3].
So far the results known are far from satisfactory, and a study of such a system remains a
challenging problem. Lau and Ye studied the Ruelle operator theorem for a non-expansive
system in a recent paper [18]. One requirement in [18] is that one of the iterations of the
IFS must be strictly contractive. It is important to remove this requirement because many
examples of IFSs will not satisfy this requirement. Jiang and the author [14] succeeded in
removing the above mentioned requirement. However, the condition presented in [14] is
a little difficult to check. Meanwhile, under the probability condition Z;-”zl pi(x)=1
and average contractive condition, Barnsley et al [3] showed that the Ruelle operator
theorem holds. It is necessary to remove this probability condition, because in many place-
dependent cases the sums of potential functions are not probability. We also note that,
under the assumption that all potential functions are Lipschitz continuous, Hennion [11]
discussed the quasi-compactness of the operator. In this paper, we continue to study the
Ruelle operator associated with a weakly contractive IFS. This paper aims to extend the
results of papers [3, 11, 14]. It will present an easily checked condition for the Ruelle
operator theorem to hold. This improves the result of [14]. Furthermore, this paper will
try to extend the result of [11]. Precisely, we will consider the quasi-compactness of the
Ruelle operator and study the convergence speeds of the iterations sequence of the Ruelle
operator, when the potential functions are Lipschitz continuous.

Let X be a non-empty convex compact subset of R?, let {w j };’.1:1 be a set of maps from
X into X. Our IFS {w; }’j’?: | in this paper is weakly contractive as defined by

ozwj(t) = sup |w;(x)—w;()| <t forallt>0,1<j<m.
lx—yl=<t

Throughout the paper, we always assume that the IFS {w }]m=1 is weakly contractive on
a convex compact set X (C Rd). Under this (weak contractivity) assumption, there exists a
non-empty compact set K such that K = U’j": 1 w;(K) (see [10]). We call K the invariant
set of the IFS (X, {wj}’]’?:l).

With each w;, we associate a positive continuous function p; as a weight function (or
potential function). We can set up the Ruelle operator as follows on the space C(K) of real
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continuous functions on K:

m
T(NHE) =) pi@)f i), feCK).
Jj=1
Let o still be the spectral radius of the operator 7 : C(K) — C(K).
Jiang asked, in a private communication, if the Ruelle operator theorem holds for a
system (X, {w;}7_,, {p;}}_,) satisfying the condition

m
> pj) - wix)| <o forallxeX. (1.1)
j=1
It seems that condition (1.1) is more natural than the condition given in [14]. To answer
the above question, we present the following definition.

Definition 1.1. Let X be a non-empty convex compact subset of R?.  We call
(X, {wj}';’zl, {pj ?’zl) a Dini (or Lipschitz) system, if all maps w;: X — X, 1 < j <m,
are both continuously differentiable and weakly contractive and all potentials p; : X —

R*, 1 < j <m, are positive Dini (or Lipschitz) continuous.

Throughout the paper, we always assume the maps w; : X — X, 1<j<m, are
both weakly contractive and continuously differentiable. The assumption of continuous
differentiability is reasonable, because many examples both in fractal geometry and smooth
dynamical systems are continuously differentiable. We will present a positive answer to
the above question. Our main results in this paper are the following Theorems 1.2 and 1.4.

THEOREM 1.2. Let (X, {wj}T:p {pj}’l.”zl) be a Dini system with w}(x) #0 forall j.
Suppose that condition (1.1) is satisfied. Then the Ruelle operator theorem holds for this

Dini system.

We will prove a more general result (Theorem 4.3) in §4. Actually, the above theorem is
a special case of this more general result. This theorem generalizes partially the results of
papers [9, 14] (see Corollary 4.4 and Remark 4.7). As a by-product, this theorem enables us
to remove the probability requirement in [3] (see Corollary 4.5 and Remark 4.6). We would
like to point out that the condition of Theorem 1.2 is easily verified (see Example 4.8).
Moreover, its proof is simpler than the proof of the result in [14]. It is an important
improvement.

In practice, it is difficult to calculate the spectral radius o of 7. However, a simple but
useful lower bound of g is

m
. ) <o,
min ; pj(x) <o
By using this, we have a simply checkable sufficient condition.

COROLLARY 1.3. Let (X, {w;}Y}_,, {p;}i_,) be a Dini system with w’;(x) # 0 for all j.
If

m m
, .
max i(X)-|w;(X) <min i(X),
max JE:] pj(x) - |w;(x)] "EX,-E=1 pj(x)

then the Ruelle operator theorem holds for this Dini system.
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We would like to point out that a general formula for the essential spectral radius 0.(T)
for a general C* IFS or Zygmund IFS can be found in [2]. Using this formula, one can
check whether the essential spectral radius p.(T) is strictly less than the spectral radius
o(T), and then check the Ruelle operator theorem (see e.g. Proposition 3.4). However,
these methods do not work for the Dini system (see Definition 1.1). The reason is that, in
this case, o(T) is not an isolated point of the spectrum, and o(T) = 0.(T) [3, 22, 24, 27].
Therefore, Theorem 1.2 provides a new method to check the Ruelle operator theorem for
some Dini system.

For Lipschitz systems, we have the following Theorem 1.4.

THEOREM 1.4. Let (X, {wj}'}'zl, {pj ;'-1:1) be a Lipschitz system. Suppose that condition
(1.1) is satisfied. Then 0.(T) < o(T). Moreover, for any Lipschitz continuous function f

defined on K, the sequence 0 "T" f converges with a specific geometric rate.

We will prove Theorem 1.4 in §5 (see Theorems 5.2 and 5.3). Theorem 1.4 is
a generalization of paper [11]. In fact, condition (1.1) is weaker than Hennion’s
condition [11] (see Remark 5.9). We would like to note that a probability measure @ on K
is called invariant measure of T if T*u =ou [3, 9, 18]. Since the IFS (X, {wj};f’zl)
considered is weakly contractive, the system (X, {w; ;’.1:1, {pj };'.’:1) may not have the
bounded distortion property [32]. This brings about difficulty in our study of the invariant
measures. Having set up Theorems 1.2 and 1.4, we conclude that the invariant measure is
unique. The above theorems can provide us some interesting information on the system,
including the weak Gibbs property of the measure w. It is helpful in our study of the
multifractal of w [9, 34].

For a dynamical system o : K — K defined on a compact Hausdorff metric space
K satisfying a certain Markov property, more precisely, K = U’/": 1 K is the union of
finitely many pairwise disjoint compact subsets {K j}’]’.’:l such that each 0 : K; — K is
a homeomorphism, one can let w; be the inverse of o : K; — K for each 1 < j<m
and define (K, {w.,'};'.lzl). It can be regarded as an IFS as well. We would like to note
that our results in this paper are true for such a weakly contractive IFS (K, {w j};f’zl).
Hence, the dynamical system (K, o) admits a unique equilibrium state. This allows us to
study the ergodic property of the dynamical system (K, o) [1]. Furthermore, by making
use of Theorems 1.2 and 1.4, we can study the rate of decay of its correlations as in
paper [32].

The paper is organized as follows. In §2, we will present some elementary facts
about the Ruelle operator and prove Proposition 2.1. In §3, we will introduce the quasi-
compactness and the Ruelle operator theorem (or Perron—Frobenius property). We also
set up the basic criteria for the assertion of the Ruelle operator theorem. In §4, when the
potential functions are Dini continuous, we show the first main result of the paper. In §5,
we present our second main result. Under the assumption that all potential functions are
Lipschitz continuous, we discuss the quasi-compactness of the Ruelle operator and study
the convergence speeds of the iterations sequence of the Ruelle operator.

2. Preliminaries
Consider the system

X, {w; Yy ApidioDs
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where X is a non-empty convex compact subset of R, w j: X—>X,1<j<m, are
continuous maps and the p;(x), 1 < j < m, are positive functions on X (they are called
weights or potentials associated with w).

A map w: X — X is called continuously differentiable if w’(x) is continuous on X.

We say that a map w : X — X is contractive if there exists a constant 0 < R < 1 such
that

lwx) —w((y)| < Rlx —y| forallx,yeX
and weakly contractive if
ay():= sup |wx)—w(y)| <t forallz>0.
lx—yl=t

It is clear that contractivity implies weak contractivity. A simple non-trivial example of
a weakly contractive map is w(x) = x/(1 4+ x) on [0, 1]. We call (X, {wj}’;‘zl) a weakly
contractive IFS if all w;, 1 < j < m, are weakly contractive on X.

Throughout the paper, we always assume that all w;, 1 < j < m, are both continuously
differentiable and weakly contractive on X. For any n € N, let

I"={J=(j2-Jjn): 1 = ji =m}.

For any J € 7", we have |J| = n. In the following, we often use |J| = n to replace J € 7"
for simplicity. For any J = (jij2 - - - jn) € Z", let

wy(x) =wj owj, o---owj,(x).

Hata studied the invariant sets of the weakly contractive IFS on compact subset of R?
in [10]. By using the existence of fixed points for the weakly contractive maps, he showed
the existence of a unique non-empty compact K C X invariant under IFS {w j}’}’zl, ie.,
K = U';'zl w; (K). Furthermore, from the weak contractivity of the IFS (X, {w; };.”:1), it
follows that

lim (max |U)j(X)|> =0.
n—oo\ |J|=n

Then we can confirm that, for any x € K,

K = U U wy(x). (2.1)

n=1|J|=n
In the following, we always use K to denote the invariant set of the IFS {w j}’;’z1
considered.
The set K is fractal in general, and we cannot apply the mean value theorem on K.
However, we have the following Proposition 2.1.

PROPOSITION 2.1. Let each w; (1 < j <m) be both continuously differentiable and
weakly contractive on X. If max,ck |w’;(x)| < 1 for some J € U2, I, then the map
wy is contractive on K.

This proposition will play an important role in this paper (see the proofs of Corollary 3.7
and Theorem 3.8). To prove it, we need some preparation. For any x € R? and § > 0, we
let

By(x)={y eR?: |y — x| <8},
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and
Bs(x) ={yeR?:|y —x| <4}.

For any x, y € R? with x # y, we denote, for the sake of simplicity, by [x, y] the line
segment joining x and y, i.e.,

,yl=(Ax+(1—A)yeR:0<r<1}.
We call [x, y] an interval. For any é > 0, we define
Ks={xeX:|x —y| <4 forsomeye K}.

LEMMA 2.2. Let the IFS (X, {w.i}']ﬂ=1) and the map wy be as in Proposition 2.1. Then
there exist § > 0 and 0 < r < 1 such that

lwy(x) —wy;)| <r|lx —y| forallx,ye Kswith|x —y| <.

Proof. Let rg = maXycg |w/J (x)]. Choose rog < r < 1. From the continuity of w;.(~) on the
compact set X, we deduce that |w/J ()] is equicontinuous on X. From this, it follows that
there exists a § > 0 such that, for any x € K,

[w) ()| <r forally e X N Bys(x).

For any x, y € Ks with 0 < |x — y| < §, we can find a z € K such that [x — z| <.
From this, we get the implication that x, y € Bys(z). From the convexity of the set X, it
follows that there exists a & € [x, y] such that

lwy () —wsI _ !, ©).
lx — yl

Note that £ € Bys(z). It follows that |u/1(§)| < r. Hence, we conclude that
lwy(x) —wyMI=rlx =yl o

Proof of Proposition 2.1. Let K be the invariant set of the IFS (X, {w j};f‘zl), and let r and
& be as in Lemma 2.2. Let d = | X|, and let

(1—=r)
Y
Let R = max{r, Rp}. Then 0 < R < 1. We will prove that

Ro=1-—

lwy(x) —wy(y)| < Rlx —y| forallx,yeKk.

Let x, y € K with x # y. From the convexity of the set X, we see that [x, y] C X. If
[x, y] € K5, then, by Lemma 2.2, we can deduce that

lwy(x) —wy| <rlx —y| < Rlx — yl.
If [x, y] € Ks, then |x — y| > 25. We define first

[a1, b1l =[x, yIN By-15(x) and [az, by] =[x, y] N By-15(y).
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It follows that (a1, b1) N (az, b2) = @,
by —ai| = by —az| =278, 2.2)

and
[a;, bj1C Ks, i=1,2.

Along this way, we can divide the interval [x, y] into two families of subintervals [a;, b;],
1 <i<k,and[c}, d;], 1 < j <{,such that

lai, bilC Ks and [cj,d;] Z Ks.

Precisely, there exist two families of intervals {[a;, bi]}f.‘:l (k>2) and {[c;, dj]}f.:1
(€ > 1) satisfying the following three conditions:
@ oyl = U la bi) U U lej. d))
(i) [ai, b;] C K5 foralli,and [c;, d;] £ K5 forall j;
(i) (a;, by) N (ajy, by) =0 foralli #i’, (cj,dj)N(cj,djp) =9 forall j# j', and
(ai, b)) N (cj,dj) =19 foralli, j.
Letb=|x —y|,qg = Zle |b; —a;|and t = Zﬁ':l |d; — cj|. Then we can confirm that
b <d and g + t = b. From the hypothesis that [x, y] Z K, it follows that 0 < ¢, t < b.
From (2.2), we conclude that

k 2
g=) Ibi—ail =Y |bi —ai| =86.
i=1 i=1

By making use of Lemma 2.2, we can deduce
lwy(b;) —wy(a;)| <rlbj —a;| foralll <i <k.
From the weak contractivity of the IFS (X, {w; }T: 1)» we get the implication that
lwy(dj) —wy(cj)| <ldj —cj| foralll <j<{.
Hence, it follows that

k 4
lwy () —wy < Y lwrb) —wy@)| + Y lwyd)) —wy(c))l
i=1

j=1

k 4
Srgwi—ai|+Zl|dj—c,-|=rq+r=rq+<b—q>
1= J=

- 1—r)s
- (1—%>b§<1—%>b=&)|x—y|.

This implies that
lwy(x) —wy(] = Rlx — yl.

Hence, we finish proof. O

In the following, we assume, without loss of generality, that

[X|=sup{lx —y|:x,ye X}=1.
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Let p be a function defined on X. Define

ap®)= sup [p(x) = py)l

lx—yl=t

The function p is called Lipschitz continuous if there exists a constant C > 0 such that
ap(t) <Ctforanyt >0,ie.,

[p(x) — p| =Clx —y| forallx,yeX.

The function p is called Dini continuous if
1
a,(t
/ ﬂ dt < oco.
0 t

Definition 2.3. Let wj, 1 < j <m, be both continuously differentiable and weakly
contractive on X, and let p;, 1 < j < m, be positive continuous on X. We call

(Xv {w]}T:l ) {p]};nzl)
a Dini (or Lipschitz) system, if each p;(1 < j < m) is Dini (or Lipschitz) continuous on X.

It is obvious that a Lipschitz system must be a Dini system. Let C(K) be the space of
all real continuous functions on K. For a Dini system (K, {w; ’j":l {p j};.": 1)» we define
an operator 7' : C(K) — C(K) by

Tf(x) = Z pj(x) f(w;(x)). (2.3)
=1

J

We call T the Ruelle operator associated with the (triple) system
(K. Aw ™y (pi)iy).

The dual operator T* on the measure space M (K) is given by
m
T*uw(E) = Z / 1 pj(x)du(x) forany Borel set E C K
j=17w; (E)

(see e.g. [3]).
For J = (jij2 - - - ju)s 1| < ji <m, define

pw! ()C) = p]l (w/2 ° wj3 ©---0 wjn ('x)) e pjn—l (w.]n ('x))pjn ()C)

Then
T"f(x) =Y pu, () f(ws(x)).
|J|=n
Let o = o(T) be the spectral radius of 7. Since T is a positive operator, we have that
IT"1] = IT"|l and
o =1lim |T""" =lim | T"1)"/".
n n

PROPOSITION 2.4. [14] Let (X, {w; 7[:1, {p; }'}1:1) be a Dini system, and let T be the

Ruelle operator on C(K) defined by (2.3). Then we have the following.
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(1) mingeg 07"T"1(x) <1 <maxyex 0 "T"1(x) foralln > 0.
(i1) Ifthere exist .. > 0 and 0 < h € C(K) such that Th = \h, then A = ¢ and there exist
A, B > 0 such that, for any x € K,
A<o™"T"l(x) <B foralln>0.
Proof. The proposition is [14, Proposition 2.3], and we omit the proof. O

Let Y be a non-empty compact subset of RY. An operator £ : C(Y) — C(Y) is called
irreducible [18], if for any non-trivial, non-negative f € C(Y) and for any x € Y there
exists an integer n > 0 such that £" f (x) > 0.

PROPOSITION 2.5. Let (X, {w; ;”:1, {pj}?lzl) be a Dini system. Then the Ruelle

operator T is irreducible, and if h > 0 is a non-trivial g-eigenfunction of T then h > 0.

Proof. The proof can be found in [18], and we omit it. O

3. Quasi-compactness and Perron—Frobenius property

Let (BB, || - ||) be a complex Banach space, and let L: (5, || - ||) = (B, || - ||) be a bounded
linear operator. We denote by o(£) the spectral radius of £, and we use g, = g.(L) to
denote the essential spectral radius of L (see e.g. [1]). Note that (see e.g. [21], [1] or [2])

00(L£) = lim (inf{||L" — Q]| : Q is compact on BH/",
n—oo

Definition 3.1. The operator L is called quasi-compact, if there exist 0 <r < o(£) and
two closed subspaces E and F of (B, || - ||) satisfying the following three conditions:
i) dmF<ocoand B=E®F,;
(ii) LECEand LF CF;
(i) o(Llg) =r <e=0o(LlF).

It is important to note that the quasi-compactness of the operator £ is equivalent to
0e(L) < o(L) (seee.g. [1, 11]).

Assume that there is another norm | - | on B such that operator £ : (B, || - ||) = (B, | - |)
is compact. Hennion [11] gives an elegant short proof of the following Proposition 3.2.

PROPOSITION 3.2. Let the operator L: (B, | -|) — (B, | -|) be compact. If there are
sequences {r,} and {p,} of positive numbers, with
r = liminf(r,) /" < o,
n—oo
and, for alln € N,
IL"fIl < rall £l + pul f1 forall f€B,

then the operator L is quasi-compact, i.e., 0, < Q.

Leteach p;(1 < j < m) be positive Lipschitz continuous on X. We use L(X) to denote

the set of all real Lipschitz continuous defined on X. Let I:(X )=L(X)+iL(X). Then
we can define the Ruelle operator P : L(X) — L(X) by

P(HxX) =) pj0)fw;x), feLX).

j=l
As a consequence of Proposition 3.2, Hennion [11] showed the following Corollary 3.3.
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COROLLARY 3.3. Let the Lipschitz system (X, {wj}’l.”zl, {pj}’/f’:l) satisfy the condition

m
lwj(x) —w;(y)l
sup Y pi(x)  —————1=2 <o 3.1)
x,yeX j=1 |)C - Y|
y#x

Then the operator P is quasi-compact, i.e., 0.(P) < o(P).

The proofs of Proposition 3.2 and Corollary 3.3 can be found in [11], and we omit them.

Let us come back to consider the Dini system and discuss the Ruelle operator 7' defined
as in (2.3). For this, we extend the space C(K) to a complex one, and denote it by C(K),
ie.,

C(K)=C(K) +iC(K).

For any f € é(K), let | floo = maxyeg | f(x)]|. Then ((:‘(K), | - loo) is @ complex Banach
space. Define T : C(K) — C(K) by

Tfi+if)=Tfi+iTh, fi, freCK).

Then 7 is a natural extension of T'. It is obvious that the operator T is positive, i.e., T f>0
whenever f > 0. From this, we confirm that Q(f) =0(T). We use Qe(f) to denote the
essential spectral radius of T (see e.g. [1]). In the following, if there is no confusion, we
will call it the essential spectral radius of T, and denote it by g, = 0.(T"), for simplicity.

PROPOSITION 3.4. Let (X, {w;}}_;. {p;}}_,) be a Dini system, and let the operator T be
defined as in (2.3). If 0.(T) < o(T), then there exists an 0 < h € C(K) such that Th = oh.

We would like to point out that Hennion [11] made use of the quasi-compactness and
the irreducibility of T to prove Proposition 3.4. The proof can be found there, and we omit
it.

Now we consider the case that o, = 0. We give a basic criterion for the existence of
the eigenfunction corresponding to the spectral radius o in this case. From Proposition 4.2
in [14], we get the following Proposition 3.5 immediately.

PROPOSITION 3.5. Ler (X, {wj}';'zl, {Pj};'-lzl) be a Dini system. Suppose that we have
the following.

(1) r=mini<j<m Supx,yek (Jw;(x) —w;(I/lx —y)) < L
XFy
(ii) There exist A, B > 0 such that A <o "T"1(x) < B forany x € K andn > 0.

Then there exist a unique positive function h € C(K) and a unique probability measure
€ M(K) such that

Th=oh, T'm=om, {u. h)=1.

Moreover, forevery f € C(K), o "T" f converges to (i, f)h in the supremum norm, and,
for every & € M(K), 9" "T*"*& converges weakly to (&, h) L.

Proof. Condition (i) here implies condition (i) of [14, Proposition 4.2] and the assertion
follows. O
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Definition 3.6. Let (X, {wj}l 1> {Pj};nzl) be a Dini system. We say that the Ruelle
operator theorem holds for this system, if there exist a unique positive function & € C(K)
and a unique probability u € M (K) such that

Th=gh, T*u=opm, (u h)=1,
and, for every f € C(K), o™"T" f converges to (i, f)h in the supremum norm.

The Ruelle operator T is said to have the Perron—Frobenius property [18] if the Ruelle
operator theorem holds for the system.

COROLLARY 3.7. Let (X, {wj}] 1 {pj};’.“zl) be a Dini system. Suppose that the

following hold.

(i) minj<j<, Maxyex |w}(x)| <1

(i1) There exist constants A, B > 0 such that A <o "T"1(x) < B for any x € K and
n > 0.

Then the Ruelle operator theorem holds.

Proof. From condition (i), by applying Proposition 2.1, we conclude that the system
(X, {w;}7_,, {p;}i_,) satisfies condition (i) of Proposition 3.5. Hence, we get the
assertion immediately. O

THEOREM 3.8. Let (X, {w;}7_,. {p;}}_) be a Dini system. Suppose that the following
hold.
(1)  There exists a positive integer k such that

max Y py, (x) - [w) ()] <o

xekK =

(ii)  There exist constants A, B > 0 such that A < o "T"1(x) < B for any x € K and
n>0.
Then the Ruelle operator theorem holds.

The above Theorem 3.8 is a fundamental theorem of this section. To prove it, we need
to set up the following lemma first.

LEMMA 3.9. Let (X, {w;}"_,, {p; }’/’.1:1) be a Dini system. Then, for any x € K,

j=r
Z Pw, (X)W (x)| <a"  foralln >0,
|J]=n
provided that
m
> pi) - w0 <a. (3.2)
=1

Proof. From (3.2), it follows that

> () - w0 = Z(Z (wi(x>)-|w;(w,~(x>>|)-p,-(x)|w,<(x>|

/=2

<Y a-piwjx)|<a® (by(3.2)).
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Inductively we can prove that for all n € N,

> pu, @) W) @) <d. 0

|J|=n
Proof of Theorem 3.8. By condition (i), there exists an 0 < n < 1 such that

max » " pu, (x) - [w)(x)] < ne*.
xekK \TI=k

From this, by applying Lemma 3.9, we conclude that, for any x € K and £ € N,

Y pu, ) - ()] <ne™. (3.3)
|J =tk
We claim that
sup inf mm w;(x)| =
xd}z L lw’; (x)| =

Otherwise, we suppose that

sup inf mln |wj(x)| > 0.
xeK teN|J|=tk

Then there exist a by > 0 and an xg € K such that

inf mm lw’; (x0)| > bo.
LeN |J|=

This, combined with (3.3), implies that, for any ¢ € N,

"= 0% Y pu, (o) - [wy(x0)l =bo- 0% Y pu,(x0)
|J|=Ck |J|=Ck

=bo- 0 *T*1(x0) > bpA (by condition (ii)).

This contradicts the choice of 0 < 1 < 1. Then the claim follows. Thus there exist an ¢ €
N and a multi-index Jy € Z% such that max,cg |w’JO (x)] < 1. Hence, by Corollary 3.7,
the Ruelle operator theorem for 7¢0% holds. This implies that the Ruelle operator theorem
for T holds. o

In the next two sections, we will study the Perron-Frobenius property and quasi-
compactness of the Ruelle operator for a Dini (or Lipschitz) system under the framework
in Theorem 3.8 and Proposition 3.2, respectively.

4. Some sufficient conditions for the Ruelle operator theorem

Throughout this section we consider a Dini system (X, {w;}" Tt {p ]} '), and we always
assume that w’, f "(x) #0 forall j. We mainly consider the case that g, = 0. We will give
a basic criterion for the existence of the eigenfunction corresponding to the spectral radius
o in this case. We prove one of the main results (Theorem 4.3) by applying Theorem 3.8.
The proof is a modification of the argument in [14]. In fact, having made full preparations,
we only need to make some key changes, compared with the proof of Theorem 4.5 in [14].
For this, we still need to set up the following two lemmas first.
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Let ao(¢) = maxi<;j<m{ctiog P (¢)}. Note that | X| = 1. We define

) = {ao(t) ifo<t<l,

ag(l) ifr > 1.

Remember that an equivalent condition for a positive function p(x) on X to be Dini
continuous is

o
Z Alog p(ad™) < o0
n=0

for any 0 < 6 < 1 and constant a > 0.

For any J €Z" and any 0 <k <[ <n, we let rj =minycx |w’l(x)| and Rj; =
maxyex |w’l(x)|. We define Jlf‘ = (Ju—i+1Jn—i+2 - - - ju—k)- In the following, for any
x € X, welet wj‘g(x) = x for convenience.

LEMMA 4.1. Suppose that (X, {w; ;'-1:1, {Pj}?l:l) is a Dini system. Let a>1 and 0 <

0 <1, andletay="y pooa(ad™). If J = (ji - - - jn) € I" satisfies the condition
RJ|2 < abk foralll <k <n,

then
Pu, (x) <epy,(y) forallx,yeK.

Proof. From the convexity of X, by applying the mean value theorem, we conclude that,
forany x, y € K,

|w1|2(x)—wl|2(y)|§RJ|2 forall 1 <k <n.
(We use K C X and |X| = 1 here.) Then we have
|w1|(k)(x)—wjl(k)(y)|§a9k foralll <k <n.

The inequality follows from the estimate that
Pw, ()] _
w
'log’—' <Y llogpj, (w0 (x)) —logpj(w,p (¥)]
plUj (y) k=1 n—k n—k

n
< Z a(a@”fk) <ap. O
k=1

LEMMA 4.2. Let (X, {w; }?‘:1) be a weakly contractive IFS. Suppose that each w; (1 <
Jj <m) is continuously differentiable with w;- (x) #0. Then for any € > 0 there exists a
constant a > 1 such that, for any integer n > 0,

Ry <ae™ry forallJ €TI".

Proof. Letd, = max, =, lwy(X)|, () = maxi<j<, o, (t). Since |u); (x)| is continuous
i . = j
and positive on the compact set X, there exists a constant ¢; > 0 such that

lw’; (x)]
I — <1+c8(x—y|) forallx,yeX.
lw’; (M
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Hence, for any J = (j1j2- - - ju) € Z"
lwh () W, (Wi 0 Wiy 0+ - 0w, (X))

|w‘/](y)| k=1 |w;'k(wjk+1 Owjk+20"'0wj,,()’))|

n—1 n—1
< ,H)“ +c18(lw, (X)) = ,E)(l + C18(d—1)-

Since the IFS (X, {w j}’;’z 1) is weakly contractive, we have lim,,— oo d, = 0. From the
continuity of w;. on the compact set X, we deduce that the function §(¢) is continuous
and 6(0) = 0. Then, for any € > 0, there exists ko > O such that §(dy) < ¢ ~l¢ whenever
k > ko. Hence there exists a constant a > 1 such that, for any integer n > 0 and any

x,yeX,

wy (x

M <a(l+e)" <ae".

lw; )|
From this, we deduce that, for any integer n > 0,

Ry <ae*ry; forall J €I". o
THEOREM 4.3. Let (X, {w;}_,. {p;}]_) be a Dini system with w',(x) # 0 for all j. If
there exists a positive integer k such that

k
max l;k Pu, (X) - W’y (x)] < o, (4.1)

then the Ruelle operator theorem holds.

Proof. Since the Ruelle operator theorem for T¥ implies the Ruelle operator theorem for T,
we may assume k = 1 in the hypothesis, so that (4.1) is reduced to

max ; pi(x) - W) <e. (4.2)

This means that condition (i) of Theorem 3.8 is satisfied. Hence, we only need to show
that condition (ii) of Theorem 3.8 is also satisfied, i.e., there exist A, B > 0 such that, for
any x € K,

A<o™ Z Pw,;(x) <B foralln.
|J|=n

By (4.2), we can find O < n < 1 such that

m
max Y p;j(x) - [w(x)| < neo. (4.3)
xek =
Choose 6 such that 0 < n <6 < 1. For any fixed x € K and any J € Z", let nj be the
largest integer such that
W) (0= 6"
9,
Then, by the chain rule, we have

|w’”,.l, (wj‘gj X)) < o'~ for all ny<i<n. “4.4)
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Forany 1 <k <n, let
Qn, k)={J€I" :n; =k},
andlet Q(n, 0)={J €Z":n; =0},ie.,

Qn,0)={JeI": |w’J|Q(x)| <0 forall0 <i <n).

Then

n
"= Q@ k.
k=0

From (4.3), by Lemma 3.9, we can confirm that

> pu, () - [wh ()] < (e)" forall n > 0.
|71=n
Then we have

D () 0" <Y pu,(x) - [wh ()] < (o)

JeQ(n,n) |J|=n

Thus, it follows that

o Y pw,(x)s(g). (4.5)

JeQ(n,n)

Choose € > 0 such that 6y :=e0 < 1. Let a > 1 be the number, corresponding to €,
determined by Lemma 4.2. Letap =Y o a(ae(])‘ ). Then ay is finite because all of the p;
are Dini continuous functions on X. For any n > 0, we can make use of Proposition 2.4(i)
to find x,, € K such that

0" Y pu, () < 1. (4.6)

|J|=n

For any J = (j1j2 -+ jn) € R2(n, k), we have J|2 € Q(k, k). From Lemma 4.2, we
conclude that

Ry <ae™, forallk <i<n.
This, combined with (4.4), implies that
Ry < ae(i_k)gr”/_( <ael=Regi—k — a@é_k forallk <i <n. 4.7
From this, together with Lemma 4.1, we deduce that
Pu (W 0%) < e“"pw”ﬁ (y) forallyeK.

(We use | X| =1 here.) Hence

Pu; (x) = Pw”ﬁ (w]|2x)pw”2 (x) < eaopw”ﬁ (xnfk)PwJ‘g (). (4.8)
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It follows that
n
™" Y pu, ) =07" Y pu@
[J|=n k=0 JeQ(n,k)

IA
o]

4
M=

D €Pu,y Cnk)pu, (1) (by (48)

k=0 J €S (n,k)
n

< e (Q_”+k Z Pw, (xn—k)> <Q_k Z Puw (x)>
k=0 |/ |=n—k 7" eQk k)
n n k

<e" ) 1. (—) (by (4.5), (4.6))
k=0 o
00 n k

<3S (1) =B (4.9)
()

This concludes the upper bound estimate.
For the lower bound estimation, similarly to the proof of [14, Theorem 4.5], we can
prove, by making use of Proposition 2.4(i) and (4.9), that there exists an A > 0 such that

0" Y pu, )= A.

|J|=n
This completes the proof. o
COROLLARY 4.4. Let (X, {w;}/_;, {p;}}_,) be a Dini system with w’;,(x) # 0 for all j.
If the IFS {w 1}7:1 is contractive, then the Ruelle operator theorem holds for this Dini

system.

Proof. Since the IFS {w j}’]’?:1 is contractive, we have

R:= max max |w}(x)| < I.
1<j<m xeX

Note that, for any n € N,
|lw’; (x)| < R" forany x € X and any J € Z".

From this, together with K C X, we deduce that

1/n
lim sup(max Z D, (x) - |w’J(x)|> <R- lim ||T”||1/” =Rp <o.
n—>oo

n—o00 xXe

|J|=n
This implies that condition (4.1) in Theorem 4.3 is satisfied. The assertion follows. O
COROLLARY 4.5. Let (X, {w;}}_, {p;}}_,) be a Dini system with w’;,(x) # 0 for all j.
If
m
lwj(x) —w;(y)l
suprj(x)o%<Q, (4.10)
VF#X j=1 |)C - yl

then the Ruelle operator theorem holds for this Dini system.
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Proof. Note that, for any x € K,

m

fim 3 oy L RN
j=l1 =

This implies that
[wj(x) —w;(y)l
Zp,(x) W' (x)] < supr,( ) — e
j=1 VF#X j=1 |x - y|
From this, together with Theorem 4.3, we conclude the assertion. d

Remark 4.6. We would like to point out that Corollary 4.5 extends partially the result
in [3]. In fact, under the probability condition Z?:] pj(x) =1, we conclude immediately
that o = 1. In this case, condition (4.10) is reduced to the average contractive condition:

supr](x) M <1.

y;éx lx =yl
Hence, we succeed in removing the probability condition in [3].

Remark 4.7. By noting that, for any x € K,

[wj(x) —w;(y)l
< -_—
jElp](x) lw’; (x)] < E pjx) - iip x—y ;

we see that Theorem 4.3 generalizes partially the main results of [14] as well.

The following example reveals that the condition of Theorem 1.2 (or Theorem 4.3)
in this paper is more easily checked than the condition in [14] (compared with [14,
Example 4.7]).

Example 4.8. Let the system (X, {w j}ﬁzl, {p j}jzl) be as in [14, Example 4.7]. That is,
let X = [0, 1], and let wi(x) = x — (x2/2), wa(x) = (1/2) + (x2/2). Also let p; be any
positive Dini (not Lipschitz) continuous function on X with the inequalities 0 < p1(-) < 1.
Let

8§ =1 -min{pi(x), 1 - p1(x)} >0,
xeX
and let g : X — X be defined by

§—214x if2l—§<x<27!,
g)y={8+2"—x if2l<x<27l 435,
0 otherwise.

It is obvious that 0 < g(x) < § for all x € X. Define
p2(x)=1—pi(x) + gx) forall x € X.

Then p;, 1 < j <2, are Dini functions, and

2
<Y P =1+gx) <1+3.
j=1
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Let T be the Ruelle operator defined by the system (X, {w; }?z 1 pj }52 1)- Then
1<o<1+5. “4.11)
By the choice of §, we have
56 < pi(x) <1—-55 forallx e X. (4.12)

Note that w) (x) =1 — x, w)(x) = x. Then we have

2
3 pi @) W@ = pr@) - (1= x) +x(1 = pi(x) + @)
j=1
<(1-=5)-0—x)+x(1—-5+4+08) (by(4.12))
=1-=-5)4+x6<1—-46<1.

This, together with (4.11), implies that

2
sup Y p;j(x) - [wj(0)] <e.
xeX j=1

Then Theorem 4.3 implies that the Ruelle operator theorem holds for this Dini system.

5. Quasi-compact Ruelle operator
Throughout this section, we always assume that each potential function p;(1 < j <m)
is Lipschitz continuous on X. As before, we denote by K the invariant set of the IFS
(X, {w; V7)), ie., K = U7y wi(K).

NowletY = X or Y = K. We use L(Y) to denote the set of all real Lipschitz continuous
functions defined on Y. Let L(Y) = L(Y) + i L(Y).

For any f € I:(Y), we let | floo = maxyey | f(x)], and let

lf(x) = f)I
|flLip = sup ————.
x,yeY |x - y|
xFy
Define
1A =1fILip + | floc-
Then (i(Y), | - |oo) 18 @ complex normed linear space, and (i(Y), Il 1) is a complex

Banach space. It is obvious that (L(Y), || - ||), as a closed subspace of (i(Y), 1D, is
a Banach space.
We define Ruelle operator P : L(X) — ﬁ(X ) by

m

P(Hx) =Y pj)fwjx), felX),

j=1
and welet T : L(K) — L(K) be defined by

T(f)x)= Z pjx)f(w;x), feL(K).
j=1

We naturally extend the operator 7 to L(K), and denote it by T,ie.
T(f+ig)=Tf +iTg forall f, g€ L(K).
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LEMMA 5.1. Let (X, {w]'};"zl, {Pj}?zl) be a Lipschitz system, and let the operators P,
T and T be defined as above. Then o(P) = o(T) = o(T).

Proof. Since both T and T are positive, and T is the extension of T, it is obvious that
o(T) = o(T).

We will prove that o(P) = o(T). It is easy to see that o(T') < o(P). On the other hand,
we let d, = max|j=, |wy(X)|. From the weak contractivity of the IFS (X, {wj};."zl), it
follows that lim,_, oo d,, = 0. Let

a(f) = max o (7).
(1) lfjfm{ logp]( )}

From the positiveness and Lipschitz continuity of the p; on the compact set X, we can
deduce that there exists a constant ¢ > 0 such that «(¢) < ¢t and «(0) = 0.
For any J € 7", and for any x € X and any y € K, we have

n—1 n—1
Py (X) < o,y () - €m0 90 < b (y) - k=0

This implies that
P"1(x) < T"1(y) - ¢ Ximo %

This, combined with the positiveness of P and T, implies that
PP < T el i b,

From this, together with lim_, o dy =0, we can deduce that o(P) < o(T). Therefore
o(P) =o(T). o

Having proved Lemma 5.1, in the following we can use o to denote any one of o(7T),
o(T) and o(P), ie., 0 =0(T) = o(T) = o(P).

THEOREM 5.2. Let (X, {wj}’;’zl, {pj}?’:]) be a Lipschitz system. If

m
(x) - [, , 5.1
ma;;; pi) - i) <o .1

then there exist a unique 0 < h € L(K), a unique probability measure u € M(K) and a
constant 0 < b < 1 such that Th = oh, T*u=o0u, {1, h) =1 and

lo™"T" f — (1, flhloo = O®") forall f € L(K).
To prove Theorem 5.2, we need to prove the following Theorem 5.3 first.

THEOREM 5.3. Let the Lipschitz system (X, {wj};’.’zl, {p; }’}’:1) satisfy condition (5.1).
Then 0.(T) < o(T), and there exists an 0 < h € L(K) such that Th = oh.

From Theorem 5.3, we have 0.(T) < o(T). This means that the operator T is quasi-
compact. In this case, we sometimes say that the operator T is quasi-compact for
simplicity, if there is no confusion. To prove Theorem 5.3, we need some preparation.
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LEMMA 5.4. Let the system (X, {w; };’.1:1, {p; }5'7:1) be as in Theorem 5.3. Then there exist
0 <n<1andd > 0 such that

sup ZPJ() lwj(x) — wj(y)'ing

x,yeX j=1 | y|
O<|x—y|<é
Proof. Since p;(x) and w;. (x), 1 < j < m, are continuous on the compact set X, it follows
that both p;(x) and |w;. (x)|, 1 < j <m, are equicontinuous on X. From this, together
with (5.1), we deduce that there exists an 0 < 1 < 1 such that

. Cws . 2
r;mea;;p,(x) w);(x)| < 1o (5.2)

For any x, y € X with x # y, from the convexity of the set X, by the mean value
theorem, it follows that, for any 1 < j < m, there exists a §; located in the line segment
joining x and y such that

|wj(x) —w;(y)l = I/, &),

lx =yl

Hence, from (5.2), together with the equicontinuity of the p;(x) and the |w;. (x)], we can
deduce that there exists a § > 0 such that, for any z € X,

m

sup pjx) -
x.yeB;s(2) ]2:; ! ly — x|
xXFEy

[w;(y) —wj(x)] -

(5.3)

Now for any x, y € X with 0 < |x — y| < 4, we have x, y € Bs(x). Hence, from (5.3),
it follows that

2’”: Iw,(x)—wj(y)l
= =yl

From this, we deduce that

lwj(x) —w;(yl
wp 3 iy MO WOl o
x,yeX j=1 | _y|
O<|x—y|<é

PROPOSITION 5.5. Let n > 0 and § > 0 be given as in Lemma 5.4. Then for any n € N,

sup Z Py () - |w1(xz _;’J()’N < (no)".

x,yeX 7 | |
O<[x— y|<¢§| I=n

Proof. For any x, y € X with 0 < |x — y| < §, from the weak contractivity of the IFS
(X, {wj};flzl), it follows that

lwj(w; (x)) — wj(w; )| < |w;(x) —w;(y)| <& foralll <i, j <m.

From this, together with Lemma 5.4, we conclude that, for any 1 <i <m,

Z pj(wi(x)) - lwj(w;(x)) —wj(w; (Y| < no - |wi(x) —w; ().

j=1
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Then we have

D7 Py @) - ws(x) = wy ()]

[J1=2

=Y "pi (x)(Z P Wi () - 1w (w; () — w (w; (y))|)
i=1

j=1

m
<00 Y pi(x) - lwi(x) — wi(y)] < (e)*|x — yl.
i=1
It follows that
lwy (x) —ws (Y]
D pu, () - < ().
|J|=2 |.X' - Y|
This implies that

lwy(x) —wy ()|
sup Y pu () LTI o2,
x,yeX 1J]=2 |x - )’|

O<|x—y|<d
The proof follows by induction. g

PROPOSITION 5.6. Let the Lipschitz system (X, {w;}_, {p;}i_,) satisfy condition

(5.1). Then the Ruelle operator P is quasi-compact, i.e., there exist 0 <r < o = o(P)
and two closed subspaces G and H of L(X) satisfying the following conditions:
(i) dimH <ooand L(X)=G & H;
(ii) PG < Gand PH C H; 5.4
(i) o(Plg) =r <o=0(Pln).
Proof. Let § > 0 be given by Lemma 5.4. Let 8o =27'5. Since {Bs,(x) :x € X} is an
open covering of X, from the compactness of X, it follows that the covering family
{Bs,(x) : x € X} contains a finite sub-covering, i.e., there exists a finite set {xk}z=1 cX
such that X € (J7_, Bs, (x).
For any f € i(X) andany 1 <k <gq, welet f; = f|330(xk), and define

[f(x) = f
|fklLip= sup —————.
x,yeBao(xk) |x - y|
XAy

Then, from the fact that X C UZ:I Bs,(xy), together with the convexity of X, we can
deduce that, forany 1 <k <gq,

|fk|Lip = |f|Lip =q- 11;1151;(] |fk|Lip~ (5.5)

For any x, y € X with x # y, we have
P _ pr _
| P" f (x) FOI _ (Z pwj(x)IwJ(x) wJ(y)l)|f|Lip

|x_)7| |J\=n |-x_y|
|pw, (X) — puw, (y)l>
+ 00

< (Z pw,(x>w)|f|up T Ra 1o (56)

|J|=n |x_)’|
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where

Ry=sup ¥ Pw, X) = Pu, W _
xX#£y |J|=n |)C - y|

because all the p; are Lipschitz continuous on the compact set X.
For any 1 <k <g and any x #y € Bs,(x;), we have 0 < |x — y| <28p=35. By
applying Proposition 5.5, we conclude that

S puy (o L Z IOy
x—y

|J=n ! |

)

From this, together with (5.6), we deduce that

P" _ pn
(P Pl = sup L= PO

x,yeBao(xk) |x - Y|
xXFEy

This, together with (5.5), implies that

|Pnf|Lip =q- 1211?351 |(Pnf)k|Lip <qmo)" - [flLip +qRn - | floo-

<(mo)" - |f|Lip + Ry | floo-

Hence,
IP"fIl = 1P" flLip + | P" floo
<qmno)"- |f|Lip +qRy - floo + 1P oo - | floo
<qma)" - I fIl + (@R + [P "1|0) - [ floo-

It is obvious that

0< lim (¢(me)H'"" =neo < o.
n— o0
Note that P is compact as an operator from (i(X), || - |D into (L(X), | - |oo). From this,

together with Proposition 3.2, we deduce that the operator P is quasi-compact. Hence,
there exist 0 <r < o = o(P) and two closed subspaces G and H of L(X) satisfying
conditions (5.4). O

Proof of Theorem 5.3. Let r > 0 and the subspaces G and H be given by Proposition 5.6.
Define
E={flk:fe€G} and F={glx:gecH}

Then we can confirm that both E and F are closed subspaces of L(K ) with T(E ) C E and
T(F)C F.Itis obvious thatdim F <ocoand L(K)=E & F.
Note that o(T|g) < 0(P|g). This, together with Lemma 5.1, implies that
o(T1p) <o(Plg) <r <o(P)=o(D).

\ZVe claim that Q(f|1:) :Q(f). Otherwise, suppose that Q(f|p) < Q(f"). From 1 €
L(K)=E & F, it follows that there exist f] € E and f, € F such that 1 = f; + f>. This
implies that
17" = 17" oo < 17" filoo +1T" f2loo
< 1" - 1 filoo + IR - 1 f2loo
< AT 1"+ 1T 1D - max{| filoos | faloc)-
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From this, we can deduce that
o(f)= lim |T"|'/" <max{o(T|r). o(T|p)} <maxir. o(T|F)} < o(T).
This is a contradiction, and the claim follows. This implies that
o(Tlp) =r <o(lp) =o(D).

Hence, the operator T is quasi-compact. This implies that Qe(f") < Q(f"). Thus, by
Lemma 5.1, we have 0.(T) < o(T). Note that T is irreducible. Proposition 3.4 yields
an 0 < h € L(K) such that Th = ph. a

PROPOSITION 5.7. Let the system (X, {w; ’;’Zl, {pj}’}’zl) be as in Theorem 5.3. Then the

Ruelle operator theorem holds.

Proof. By condition (5.1), we see that condition (i) of Theorem 3.8 is satisfied. To prove
the assertion, we only need to show that condition (ii) of Theorem 3.8 is also satisfied.
Indeed, by Theorem 5.3, there exists an 0 < h € L(K) such that Th = ph. Then, by
Proposition 2.4(ii), there exist constants A, B > 0 such that

A<T"l(x)<B forallx € K andn € N.

This means that condition (ii) of Theorem 3.8 is satisfied. Hence, we have completed the
proof. O

Let C denote the set of complex numbers. We use Id to denote the identical operator
from L(K) to itself. We denote by Res(T') the resolvent set of the operator T, i.e.,

Res(f”) ={zeC: (f — zId) has a bounded inverse operator}.

We denote by Sp(f") the spectrum of the operator T, ie. Sp(f") = (C\Res(f"). Then we
have o(T) = sup{|z| : z € Sp(T)}.

PROPOSITION 5.8. Let the system (X, {wj}’j’.1:1, {Pj}’};]) be as in Theorem 5.2. Then

T:=supf{|A|:A € Sp(f“) and A # 0} < 0.

Proof. The operator T is, by Theorem 5.3, quasi-compact. Then there exist two closed
subspaces E and F as in Definition 3.1. We denote by Sp(T'|g) and Sp(T'| r) the spectrum
of the operators T'|g and T'| f, respectively. Then we can confirm that

Sp(T) = Sp(T'| ) U Sp(T'| ). (5.7)

Note that, for any A with |A| > Q(f”|E), the operator (f”|E — A -1d|g) has a bounded
inverse operator. It follows that

sup{|A| : & € Sp(T|p)} = o(T|g) < 0 = o(T). (5.8)
We denote by Eg(f‘| r) the set of eigenvalues of the operator f"| F,1.e., let

Eg(flp) ={z € C: there exists 0 # f € F such that T f = zf}.
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From the fact that dim F' < oo, it follows that Eg(f'|p) is a finite set, and Sp(f”|F) =
Eg(f”| r). This, together with (5.7) and (5.8), implies that we only need to show that

{» €EBg(T|F): | =0} = (o). (5.9)

Without loss of generality, we assume that o = 1 (otherwise, we may consider the
operator Q‘lf"). Let 0<he L(K) and u € M(K) be given by Proposition 5.7 (refer
to Definition 3.6). If there exists a A € Eg(T|r) with [A|=1 and 0 g € L(K) such
that f"g = Ag, we claim that A = ¢. Otherwise, we suppose that A # ¢. Then it follows
immediately that g and & are linearly independent.

By 0 = 1, we have Th = h. By Proposition 2.4(ii), there exist constants A, B > 0 such
that, for any n > 0,

A<T"l(x)<B forallxeKk.

From this, we conclude that, for any f € L(K), the sequence noipn f converges to
0 in the supremum norm. Hence, the operators sequence nl7n converges to zero
in the weak topology. Meanwhile, from Theorem 5.3, we see that the operator T is
quasi-compact, i.e., oo < 0. This, combined with [5, Lemma 5 of VIILS8], implies that
there is an integer k > 0 such that Ak = 1. This, together with T g = \g, implies that
f"kg =g =g. Let g =gy +igy, where g1, g2 € L(K). Then for any integer n > 0,
we have f"”g =T"g1 +iT"g. From this, together with Proposition 5.7, we deduce that
lim 7"¢ = lim T"g; +i- lim T"gy = (u, g1)h+i - (u, g2)h = (1, g)h.
n—oo n—oo

n—oo

On the other hand, we have T*¢ g = g forall £ € N. Hence, from the above argument, we
conclude that g = bh for some constant b. This is a contradiction. Then (5.9) follows.
Hence, we have completed the proof. O

Proof of Theorem 5.2. Let 0 <h € L(K) and € M(K) be given by Proposition 5.7.
Suppose that there exists another 0 % g € L(K) such that Tg = pg. We claim that g and &
are linearly dependent. In fact, we let

c:inf{&:xel(}.
h(x)

From the continuity of g and %, we conclude that there exists an xg € K such that
g(x0)/ h(xp) =c. It follows that g(xo) =c - h(xp), and ho:= g — ch is a continuous
non-negative function with Thy = phg. From this, together with the irreducibility of
T, we deduce that kg = 0, and the claim follows. We suppose again that there exists a
0+ g1 +igr e L(K) such that T(g; +ig2) = 0(g1 +ig) and g1, g2 € L(K). It follows
easily that Tgy = ogk, k = 1, 2. From this, together with the above claim, we conclude
that g, k = 1, 2, and & are linearly dependent.
Now we let
Fo={geL(K):Tg=og}

From the above argument, we conclude that dim Fop = 1. Then Fo = {ch : ¢ € C}. From
this, together with the quasi-compactness of T and Proposition 5.8, we can deduce that
there exists a closed subspace Eq of i(K) such that i(K) = Ey® Fyand

o(T|gy) < o(T|r) = o(T). (5.10)
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For any f € L(K), there exist f1 € Eg and f> € Fy such that f = f] + f». Note that
f2 =cyrh for some cy € C. From this, it follows that

o T"T"f =0 "T" fi + 0" T" (c;h) = 0" (T|g)" f1 + csh. (5.11)

Let by = Q_l . Q('f|EO). From (5.10), we confirm that 0 < by < 1. From (5.11), it follows
that

lim sup(Jo ™" T" f — ¢ phloo)"™ = 07" - lim sup(|(T| £,)" f1loo) /"

n—o0 n—oo

< o~ dim sup((T] )" [l - | filoo) /"

n—oo

<o ' lim [(T1g)" '™ = bo.
n—oo
Now we choose by < b < 1. From the above argument, we can deduce that
lo™"T" f —crhloo = O(b") forall f e L(K).

This, together with Proposition 5.7, implies that ¢y = (u, f) € R, and the assertion
follows. U

Remark 5.9. Note that, for any x € K,

- , < lwj(x) — w; )]
pjx) - |w;(x)| <sup pix) ———— =
J‘X:‘: ’ ! y#x; ! lx — ¥l

From this, we conclude that condition (3.1) implies condition (5.1). Hence, Theorem 5.3,
together with Theorem 5.2, generalizes partially the result in [11] (referred to in
Corollary 3.3 and Proposition 3.4).
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