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Let Σ be an arbitrary signature and Υ be a non-empty set of operation symbols within it. A

(partial) Σ-algebra is Υ-total when all its operations in Υ are total: these are the partly total

algebras in the title, and they include total algebras and attributed graphs. In this paper we

establish a necessary and sufficient condition on a pair of homomorphisms of Υ-total

Σ-algebras for the existence of a pushout complement of them. This solves the application

problem for the double-pushout transformation of these kinds of structure.

1. Introduction

The double-pushout (DPO) approach to algebraic transformation was initially developed

for total many-sorted unary algebras (Ehrig 1979), but it can be used in any category

C provided some basic constructions within it are known. In this DPO approach, a

production rule in a category C is a span of morphisms P = (L
l←− K

r−→ R) in C, and it

can be applied to an object D through a morphism m : L→ D if there exists a diagram

L

m

��

K
r //loo

g

��

R

g′

��
D B

l′
oo

r′
// H

such that both squares are pushout squares in C. Should such a diagram exist, the object

H is said to be derived from D by the application of rule P through m, and the object B

is called the context object of this derivation.
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The first basic step in the development of the DPO transformation in a category

C is the solution of the application problem in C: when can a given production rule be

applied through a given morphism? If C has all pushouts, solving this application problem

amounts to finding what has been classically called a gluing condition: a necessary and

sufficient condition on two morphisms l : K → L and m : L → D in C for the existence

of a pushout complement of them, that is, an object B and two morphisms g : K→ B and

l′ : B→ D such that D, together with m and l′, is a pushout of l and g in C.

Such a gluing condition for partial algebras over an arbitrary signature was established

in Llabrés and Rosselló (2000). In the present paper we extend the main results obtained

in that paper to establish a gluing condition for partly total algebras: partial algebras

with some of their operations specified to be total. This covers, of course, the case of total

algebras, but also the case of attributed graphs (see below).

The motivation for developing the DPO transformation of partial algebras over ar-

bitrary signatures with some (possibly all) operations specified to be total stems from

two broad sources. First, the interaction between ADT specification, which requires

arbitrary signatures in a natural way, and algebraic transformation has generated an

increasing interest in the transformation of arbitrary (partial, total or partly total) al-

gebras. This has led to the recent development of single-pushout (SPO) approaches to

the transformation of arbitrary algebras (see, for instance, Wagner and Gogolla (1996)),

and of operationally described (but not categorically formalized) algebra rewriting sys-

tems (Große-Rhode 1999). Contrary to what happens for unary algebras, the DPO

transformation of arbitrary algebras turns out to be independent of any sensible SPO

transformation: there are non-trivial application conditions in both approaches and they

are different, and even when a rule can be applied in both the DPO and SPO ap-

proaches through a given matching, the results may be different. On the other hand,

the transformation formalism introduced in Große-Rhode (1999) requires no application

condition, but, again, the result of the application of a given rule through a given

matching is, in general, different in that approach and in the DPO approach. (See

Llabrés (2001) for details on all the facts asserted so far in this paragraph.) Hence,

the development of a DPO approach will strictly increase the toolkit available in this

area.

Second, attributes are used in all graph grammar proposals for Software Engineering,

since they allow us to enrich graph-like structures by means of data type information.

Attributed (hyper)graphs are structures consisting of two components: the graphical part

and the data part – the former describes the structural aspects, and the latter is devoted

to data type aspects and usually consists of a fixed arbitrary algebra. Both parts are

connected by ‘labelling operators’ that assign data type attributes to structural items.

The SPO transformation of attributed graphs is well established (see, for instance, Löwe

et al. (1993), where it is introduced, and Bardohl (2000), where it is used to formalize

aspects of visual languages), but, so far, only one DPO approach to the transformation of

attributed graphs has been introduced (Berthold et al. 2000). This approach does not allow

the rewriting of attributes if nodes and arcs are directly labelled with them, which makes

necessary the introduction of artificial attribute holder sorts. Under the DPO approach

to the transformation of attributed graphs based on our model, the labelling operators
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can be understood as unary operations (as in the SPO approach) and easily rewritten as

such (see, for instance, Example 38). Moreover, in general, the DPO transformation of

attributed graphs is also independent of their SPO transformation in the sense explained

in the previous paragraph.

The rest of the paper is organized as follows. Section 2 contains some preliminary

material: in Section 2.1 we briefly summarize the main notions of the theory of partial

algebras and fix some notation and conventions, and in Section 2.2 we recall the main

results from Llabrés and Rosselló (2000) that are used in this paper and prove a new

result on pushout complements for partial algebras (Proposition 4) that is also used later.

In Section 3 we prove the main results on algebras with some fixed total operations, prior

to the investigation of their gluing condition. Section 4 contains the main results of this

paper: the gluing condition for algebras with some fixed total operations (Theorem 34 and

Corollary 35), the existence – when the gluing condition is satisfied – and the uniqueness

of pushout complements given by closed subalgebras (Proposition 27), and an explicit

description for them (Theorem 34). More results were announced, for total algebras and

without proofs, in the extended abstract (Burmeister et al. 2000) that the present paper

develops. They can be easily generalized to algebras with some fixed total operations, but,

unfortunately, space constraints prevent us from including them here: they will appear in

Llabrés (2001).

2. Preliminaries

2.1. Partial algebras

We assume that the reader is familiar with the basic language of the theory of partial

algebras, as presented for instance in Burmeister (1986, Part I). However, and to ease the

task for the reader, in this section we briefly recall some of the main notions in this theory,

and take the opportunity to fix some notation and conventions to be used throughout

this paper. We refer the reader to Burmeister et al. (1997, Appendix A) for all notions,

results and notation that are not introduced explicitly here or for which we do not give

any specific reference.

Throughout this paper, Σ = (S,Ω, η) denotes a signature with set of sorts S , set of

operation symbols Ω and arity function η : Ω→ S∗ × S with η(ϕ) = (ω(ϕ), σ(ϕ)) for every

ϕ ∈ Ω (S∗ denotes the set of all words over S; the empty word is denoted by λ).

Let Ω(0) denote the set of all nullary operation symbols in Σ, that is, those ϕ ∈ Ω such

that ω(ϕ) = λ. Set Ω(+) = Ω− Ω(0) and Σ(+) = (S,Ω(+), η
∣∣
Ω(+)).

A (partial ) Σ-algebra is a structure A = (A, (ϕA)ϕ∈Ω) where:

— A = (As)s∈S is an S-set (that is, an S-indexed family of sets), called the carrier of the

algebra; for every s ∈ S , the set As is called the carrier of sort s of A.

— For every ϕ ∈ Ω, we have ϕA : Aω(ϕ) → Aσ(ϕ) is a partial mapping, called, generically,

an operation in A (where Aλ = {6} and As1 ...sp = As1 × · · · × Asp if s1 . . . sp 6= λ). We

shall use domϕA ⊆ Aω(ϕ) to denote the domain of the operation ϕA.
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An operation ϕA is total when it is a totally defined mapping. When a nullary operation

in A is total, we say that it is defined in A, and we identify it with its image. A total

Σ-algebra is a Σ-algebra where all operations are total.

If Σ′ = (S ′,Ω′, η′) is a subsignature of Σ (that is, a signature with S ′ ⊆ S , Ω′ ⊆ Ω and

η′ = η
∣∣
Ω′) and A = (A, (ϕA)ϕ∈Ω), with A = (As)s∈S , is a Σ-algebra, then the Σ′-reduct of A

is the Σ′-algebra ((As)s∈S ′ , (ϕA)ϕ∈Ω′). If A = (A, (ϕA)ϕ∈Ω) is a Σ-algebra, its Σ(+)-reduct will

always be denoted by A(+).

The relative subalgebra of a Σ-algebra A = (A, (ϕA)ϕ∈Ω) supported on a subset B of its

carrier is the Σ-algebra B = (B, (ϕB)ϕ∈Ω) obtained by restricting the structure of A to B,

in the sense that for every ϕ ∈ Ω,

domϕB = {b ∈ Bω(ϕ) ∩ domϕA | ϕA(b) ∈ Bσ(ϕ)}
and if b ∈ domϕB, then ϕB(b) = ϕA(b).

Such a relative subalgebra is called a closed subalgebra of A when B is a closed subset

of A: that is, when for every ϕ ∈ Ω, if b ∈ Bω(ϕ) ∩ domϕA, then ϕA(b) ∈ Bσ(ϕ).

There always exists the least closed subset of a Σ-algebra A containing a given subset

X of its carrier; it is denoted by CA(X) and called the closed subset of A generated by X.

We say that X generates the Σ-algebra A when it generates its carrier.

A subset Y of the carrier of a Σ-algebra A is an initial segment of A when for every

ϕ ∈ Ω, if ϕA(a) ∈ Yσ(ϕ), then a ∈ Y ω(ϕ). There always exists the least initial segment of a

Σ-algebra A containing a given subset X of its carrier, and it is denoted ↓A X.

A homomorphism f : A → B between two Σ-algebras A = (A, (ϕA)ϕ∈Ω) and B =

(B, (ϕB)ϕ∈Ω) is a mapping f : A → B that preserves the operations defined in the source

algebra, in the sense that for every ϕ ∈ Ω, if a ∈ domϕA, then f(a) ∈ domϕB and

f(ϕA(a)) = ϕB(f(a)). Such a homomorphism is closed when, moreover, for every ϕ ∈ Ω, if

f(a) ∈ domϕB, then a ∈ domϕA. Any homomorphism between total algebras is closed.

Taking as objects all Σ-algebras (respectively, all total Σ-algebras) and their homomor-

phisms as morphisms, we obtain a category AlgΣ (respectively, TAlgΣ).

In AlgΣ, the isomorphisms are the closed and bijective homomorphisms, the epimor-

phisms are those homomorphisms whose set-theoretical image generates the target algebra,

and the monomorphisms are the injective homomorphisms (see Propositions 2.4.6, 3.6.1

and 2.10.3 in Burmeister (1986), respectively).

An equivalence θ = (θs)s∈S on the carrier of a Σ-algebra A = (A, (ϕA)ϕ∈Ω) is a congruence

on it when it is compatible with the operations in A, in the sense that for each ϕ ∈ Ω(+),

say with η(ϕ) = (s1 · · · sn, s), if a = (a1, . . . , an), b = (b1, . . . , bn) ∈ domϕA are such that

(ai, bi) ∈ θsi for every i = 1, . . . , n, then (ϕA(a), ϕA(b)) ∈ θs.
Given any relation X on the carrier of a Σ-algebra A, there always exists the least

congruence on A containing X.

Given a congruence θ on a Σ-algebra A = (A, (ϕA)ϕ∈Ω), the quotient algebra

A/θ = (A/θ, (ϕA/θ)ϕ∈Ω)

is the Σ-algebra with carrier set the quotient S-set A/θ and whose algebraic structure is

the least one making the quotient mapping natθ : A → A/θ that maps each element of

each As to its equivalence class modulo θs, a homomorphism of Σ-algebras.
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Let X = (Xs)s∈S be any S-set. The S-set TΣ(X) = (TΣ(X)s)s∈S of Σ-terms with variables

in X is defined by recurrence as follows: if x ∈ Xs, then x ∈ TΣ(X)s; if ϕ ∈ Ω(0),

then ϕ ∈ TΣ(X)σ(ϕ); and if ϕ ∈ Ω(+) with η(ϕ) = (s1 . . . sp, s) and ti ∈ TΣ(X)si for every

i = 1, . . . , p, then ϕ(t1, . . . , tp) ∈ TΣ(X)s.

The free Σ-algebra generated by X is the total Σ-algebra

TΣ(X) = (TΣ(X), (ϕTΣ(X))ϕ∈Ω)

where, for every ϕ ∈ Ω, the operation ϕTΣ(X) is defined as follows:

— if ϕ ∈ Ω(0), then ϕTΣ(X) = ϕ ∈ TΣ(X)σ(ϕ);

— if ϕ ∈ Ω(+), say with ω(ϕ) = s1 . . . sp, and ti ∈ TΣ(X)si for every i = 1, . . . , p, then

ϕTΣ(X)(t1, . . . , tp) = ϕ(t1, . . . , tp) ∈ TΣ(X)σ(ϕ).

To close this subsection, there are two conventions used throughout this paper that

we want to point out. Given an algebra denoted by a capital letter in boldface type (A,

B, etc.), we shall always denote, unless otherwise stated, its carrier by the same capital

letter, but in slanted type (A, B, etc.): in particular, given an algebra A and a subset of

its carrier denoted by a capital letter in slanted type, we shall always denote the relative

subalgebra of A supported on this subset by the same capital letter in boldface type. On

the other hand, whenever there is no danger of confusion, and in order to lighten the

notation, we shall skip all subscripts corresponding to sorts in the names of the carriers

of the algebras, the components of the mappings or the congruences, etc., and we shall

denote things just as if we were dealing with homogeneous algebras.

2.2. Pushout complements for partial algebras

In this section we gather together some results on pushouts and pushout complements in

AlgΣ. We first recall from Burmeister (1986, Section 4.3) the construction of pushouts in

AlgΣ.

Theorem 1. Let K, A and B be three Σ-algebras and let f : K→ A and g : K→ B be two

homomorphisms of Σ-algebras. Let

A(+) + B(+) = (A t B, (ϕA(+)+B(+)

)ϕ∈Ω(+) )

be the Σ(+)-algebra with carrier the disjoint union† AtB of A and B, and operations the

disjoint unions of the corresponding operations on the Σ(+)-reducts A(+) and B(+) of A

and B. Let θ(f, g) be the least congruence on A(+) + B(+) containing the relation

{(f(x), g(x)) | x ∈ K} ∪ {(ϕA
0 , ϕ

B
0 ) | ϕ0 ∈ Ω(0), ϕA

0 , ϕ
B
0 defined}.

Finally, let D be the Σ-algebra whose Σ(+)-reduct is the quotient (A(+) + B(+))/θ(f, g) and

where, for every ϕ0 ∈ Ω(0), ϕD
0 is defined if and only if ϕA

0 or ϕB
0 are defined, in which

case ϕD
0 is its (or their) equivalence class modulo θ(f, g).

† Formally, the disjoint union A t B of A and B is defined as A× {1} ∪ B × {2}, but in order to simplify the

notation we shall identify A and B with their images in A t B.
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Then D, together with the homomorphisms A→ D and B→ D given by the restrictions

to A and B of the quotient mapping A t B → (A t B)
/
θ(f, g), is a pushout of f and g in

AlgΣ.

The next two results are, respectively, Theorem 10 and Proposition 11 in Llabrés and

Rosselló (2000) and they deal with the existence of pushout complements in AlgΣ.

Henceforth, we shall say that a pushout complement (B, g : K→ B, d : B ↪→ D) of two

homomorphisms f : K→ A and m : A→ D is natural when d : B ↪→ D is the embedding

of a closed subalgebra.

Theorem 2. Let f : K → A and m : A → D be two homomorphisms of Σ-algebras.

Set B0 = CD((D − m(A)) ∪ m(f(K))) and let d : B0 ↪→ D be the corresponding closed

embedding and g : K→ B0, the composition m ◦ f understood with target algebra B0.

If f and m have a pushout complement in AlgΣ, then (B0, g : K → B0, d : B0 ↪→ D)

is their unique natural pushout complement and it is terminal in the following sense: if

(C, m′ : K → C, f′ : C → D) is another pushout complement of them, then there exists

a unique homomorphism h : C → B0, which is, moreover, an epimorphism, such that

h ◦ m′ = g and d ◦ h = f′.

Proposition 3. Let f : K→ A and m : A→ D be two homomorphisms of Σ-algebras. Set

B0 = CD((D − m(A)) ∪ m(f(K))) and let θ(f, m) be the least congruence on A(+) + B(+)
0

containing the relation{
(f(k), mf(k)) | k ∈ K} ∪ {(ϕA

0 , m(ϕA
0 )) | ϕ0 ∈ Ω(0), ϕA

0 defined
}
.

Then, f and m have a pushout complement in AlgΣ if and only if they satisfy the following

properties (jointly called the gluing condition in AlgΣ):

GC1 kerm ⊆ θ(f, m).

GC2 If m(a) ∈ B0, then (a, m(a)) ∈ θ(f, m).

GC3 For every ϕ ∈ Ω, if d ∈ domϕD and d 6∈ Bω(ϕ)
0 , then d = m(a) for some a ∈ domϕA.

Finally, we have the following new result, which will be used several times in Section 4.

Proposition 4. Let f : K → A and m : A → D be two homomorphisms of Σ-algebras

that have a pushout complement in AlgΣ, and let (B0, g : K → B0, d : B0 ↪→ D) be their

natural pushout complement. Let D′ be any subset of the carrier of D containing m(A).

Then, f : K→ A and m : A→ D′ also have a pushout complement in AlgΣ.

Moreover, if we set B′0 = B0 ∩ D′, d′ : B′0 ↪→ D′ the corresponding embedding and

g : K → B′0 the homomorphism g : K → B0 understood with target algebra B′0, then

(B′0, g : K → B′0, d′ : B′0 ↪→ D′) is the natural pushout complement of f : K → A and

m : A→ D′ in AlgΣ.

Proof. The embedding d′ : B′0 ↪→ D′ is closed by Burmeister (1986, Proposition 3.1.9).

Consider now the following commutative diagram, where (1) is a pushout square in

AlgΣ, h : G → D′ is the unique homomorphism such that h ◦ g′ = m : A → D′ and

h ◦ f′ = d′ : B′0 → D′, and i : D′ ↪→ D denotes the corresponding embedding. We shall
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prove that h is an isomorphism, that is, is bijective and closed.

K
f //

g

��

g

  

(1)

A

g′

��
m

��
m

~~

B′0
(2)

f′ //

IdB′
0

��

G

h

��
B′0

(3)

� _

��

� � d′ // D′� _
i

��
B0

� �

d
// D

To prove that h is surjective, let x ∈ D′ and consider it as an element of D. If x ∈ B0, then

x ∈ D′ ∩B0 = B′0 and therefore x = h(f′(x)). If x 6∈ B0, then by Llabrés and Rosselló (2000,

Lemma 6.(i)) we have that x ∈ m(A) = h(g′(A)). So, in both cases x ∈ h(G).

To prove that h is injective, notice that, since d′ is closed and injective, f′ is also

closed (by Burmeister (1986, Proposition 2.4.5)) and injective. Now, since square (1) and

the outer rectangle in the previous diagram are pushouts in AlgΣ, the usual pushout

decomposition property implies that (2)+(3) is a pushout square, too. Then, by Llabrés

and Rosselló (2000, Corollary 2), i ◦ h is injective, and thus h is injective as well.

Finally, to prove that h is closed, let ϕ ∈ Ω be any operation symbol and let x ∈
Gω(ϕ) be such that h(x) ∈ domϕD′ . If h(x) ∈ B

ω(ϕ)
0 , then h(x) ∈ domϕB′0 , and hence

x = f′(h(x)) ∈ domϕG. If h(x) 6∈ B
ω(ϕ)
0 , then property GC3 in Proposition 3 implies

that i(h(x)) = m(a) = i(h(g′(a))) for some a ∈ domϕA. But then, i ◦ h being injective,

x = g′(a) ∈ domϕG. So, in both cases x ∈ domϕG.

Thus, h is an isomorphism and therefore (B′0, g : K → B′0, d′ : B′0 ↪→ D′) is the natural

pushout complement of f : K→ A and m : A→ D′.

3. Υ-total Σ-algebras

Let Σ = (S,Ω, η) be an arbitrary signature and let Υ ⊆ Ω be a non-empty set of operation

symbols in Σ. We shall use ΣΥ to denote the subsignature ΣΥ = (S,Υ, η
∣∣
Υ) of Σ, and

given any Σ-algebra A, we shall always denote its ΣΥ-reduct by AΥ.

A Σ-algebra A is said to be Υ-total when ϕA is total for every ϕ ∈ Υ, that is, when its

ΣΥ-reduct AΥ is total. The full subcategory of AlgΣ with objects all Υ-total Σ-algebras will

be denoted by AlgΣ,Υ. Sometimes we shall use the expression homomorphism of Υ-total

Σ-algebras when we want to speak about a homomorphism of Σ-algebras between two

Υ-total Σ-algebras.

Example 5. If Υ is the set of all operation symbols in Σ, then the Υ-total Σ-algebras are

exactly the total Σ-algebras, and hence AlgΣ,Υ = TAlgΣ.

Example 6. Let Σ0 = (S0,Ω0, η0) and Σ1 = (S1,Ω1, η1) be two signatures with S0 ∩ S1 =

Ω0 ∩ Ω1 = 6. Let Σ = (S,Ω, η) be a signature with S = S0 ∪ S1 and Ω = Ω0 ∪ Ω1 ∪A,
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where A ∩ (Ω0 ∪ Ω1) = 6, and η : Ω → S∗ × S such that η
∣∣
Ω0

= η0, η
∣∣
Ω1

= η1 and

η(α) ∈ S0 × S1 for every α ∈ A.

The Ω1-total Σ-algebras are then structures consisting of a Σ0-algebra whose elements

may have attributes (given by the possibly partial attribution mappings corresponding to

the operation symbols in A) in a total Σ1-algebra. On the other hand, a (Ω1 ∪A)-total

Σ-algebra would be a similar structure except that the attribution mappings must be total.

These would be two different kinds of what could be called Σ1-attributed Σ0-algebras,

generalizing the notion of attributed hypergraphs (cf. Löwe et al. (1993)).

Of course, by modifying the set Υ we can also impose some operations in Σ0 to be total

as well as some operations in Σ1 to be possibly partial.

The class of all Υ-total Σ-algebras, for any pair (Σ,Υ), is an E-variety in the sense of

Burmeister (1986, Section 6.1), that is, it is the class of all models of some set of existence

equations: these existence equations are those requiring that the operations in Υ must

be total. We then have the following result, which is a special case of Burmeister (1986,

Proposition 6.2.1.(i)) and can be proved directly in a straightforward way.

Lemma 7.

(i) Every closed subalgebra of a Υ-total Σ-algebra is again Υ-total.

(ii) If A is a Υ-total Σ-algebra and f : A→ B is a surjective homomorphism of Σ-algebras,

then B is also Υ-total. In particular, every quotient of a Υ-total Σ-algebra and every

Σ-algebra isomorphic to a Υ-total Σ-algebra are again Υ-total.

A free Υ-completion of a Σ-algebra A is a Υ-total Σ-algebra A together with an

epimorphism `A : A → A of Σ-algebras such that for every homomorphism f : A → B

of Σ-algebras with B Υ-total, there exists one, and only one, homomorphism f̄ : A → B

such that f̄ ◦ `A = f.

A
`A //

f

��

A

f̄���������

B

When Ω = Υ, that is, when AlgΣ,Υ = TAlgΣ, the free Υ-completion of a Σ-algebra is its

free completion in the sense of Burmeister (1986, Section 5.3). In general, Burmeister (1986,

Proposition 6.2.1) guarantees that free Υ-completions always exist (in the language of

Burmeister (1986), they would be called AlgΣ,Υ-universal AlgΣ,Υ-solutions). We describe

next how they can be constructed explicitly.

Let A = (A, (ϕA)ϕ∈Ω) be a Σ-algebra. Let TΣΥ
(A) be the free ΣΥ-algebra generated by A,

with carrier the S-set TΣΥ
(A) of ΣΥ-terms with variables in A. Let A∗ = (TΣΥ

(A), (ϕA∗)ϕ∈Υ)

be the total ΣΥ-algebra such that for every ϕ ∈ Υ and for every t ∈ TΣΥ
(A)ω(ϕ),

ϕA∗(t) =

{
ϕA(t) if t ∈ domϕA

ϕTΣΥ
(A)(t) otherwise.
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Set A = CA∗(A) and let AΥ be the closed subalgebra of A∗ supported on A. The ΣΥ-reduct

AΥ of A is a relative subalgebra of AΥ and, by Burmeister and Schmidt (1967), the

embedding AΥ ↪→ AΥ is a free completion of ΣΥ-algebras.

Finally, let A be the Σ-algebra whose ΣΥ-reduct is AΥ and where each operation ϕA

with ϕ ∈ Ω− Υ is defined to be equal to the corresponding operation ϕA. It is clear that

A is still a relative subalgebra of A.

Proposition 8. With the previous notation, the embedding A ↪→ A is a free Υ-completion.

Proof. By construction, A is a Υ-total Σ-algebra generated by A, and, as we have

mentioned, the embedding AΥ ↪→ AΥ is a free completion. Now let f : A → C be a

homomorphism of Σ-algebras with C Υ-total. Then, there exists a unique homomorphism

of total ΣΥ-algebras f̄ : AΥ → CΥ whose restriction to A is equal to f, and the definition

of A entails that f̄ is also a homomorphism of Σ-algebras f̄ : A→ C.

By Burmeister (1986, Proposition 5.1.3.(i)), free Υ-completions are unique up to iso-

morphism, in the sense that if `A : A → A and ˜̀A : A → Ã are two free Υ-completions

of A, there exists an isomorphism ¯̀ : A → Ã such that ˜̀A = ¯̀ ◦ `A. This fact, together

with the fact that the free Υ-completion explicitly described above is the embedding of

a relative subalgebra, allows us to assume henceforth that free Υ-completions are always

given by embeddings of relative subalgebras. In particular, whenever we say that a Υ-total

Σ-algebra B is a free Υ-completion of a relative subalgebra A, we shall mean that the

corresponding embedding A ↪→ B is a free Υ-completion.

Moreover, the uniqueness up to isomorphism of free Υ-completions and the previous

explicit construction of one of them also entail that if `A : A→ A is a free Υ-completion,

then `A : AΥ → AΥ is a free completion of ΣΥ-algebras.

If A and B are two Σ-algebras, `A : A → A and `B : B → B are free Υ-completions,

and f : A → B is a homomorphism of Σ-algebras, then f extends in a unique way

to a homomorphism f̂ : A → B: namely, f̂ is the unique homomorphism extending

`B ◦ f : A→ B.

The following result provides an ‘internal’ axiomatic characterization of free Υ-comple-

tions, and it can be proved along the lines of the characterization of free completions

given in Burmeister (1986, Section 5.3).

Proposition 9. Let Σ = (S,Ω, η) be a signature and let Υ ⊆ Ω. Let A be a Υ-total Σ-algebra

and A be a relative subalgebra of it. Then, A is a free Υ-completion of A if and only if

the following properties are satisfied:

FAC1 A is an initial segment of A.

FAC2 For every ϕ ∈ Ω− Υ, domϕA = domϕA.

FAC3 For every ϕ, ψ ∈ Υ, if ϕA(a) = ψA(a′) /∈ A, then ϕ = ψ and a = a′.
FAC4 A generates A.

Corollary 10. Let B be a Σ-algebra, let A be a closed subalgebra of it, let `B : B ↪→ B be

a free Υ-completion of B, and let A be the closed subalgebra of B supported on CB(A).

Then, the embedding A ↪→ A is a free Υ-completion.
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Proof. It is straightforward to prove that the embedding A ↪→ A satisfies properties

(FAC1) to (FAC4) in the previous proposition using the fact that B ↪→ B satisfies them

and that A is a closed subset of B that generates A.

Next we introduce the notion of the Υ-freeness core of a partial Σ-algebra, which plays

a key role in the next section, and we prove some of its main properties.

Let D = (D, (ϕD)ϕ∈Ω) be a Σ-algebra with D = (Ds)s∈S . We use ≺+
D to denote the

transitive closure of the relation ≺D on
⋃
s∈S Ds defined as follows:

d′ ≺D d iff d = ϕD(d1, . . . , d
′, . . . , dm) for some operation symbol ϕ ∈ Ω and some

tuple (d1, . . . , d
′, . . . , dm) ∈ domϕD.

We want to point out that ≺+
D need not be reflexive: in fact, d ≺+

D d for some d ∈ D if

and only if there exists a finite chain

d = d1 ≺D · · · ≺D dm = d.

If M is any subset of D, then

↓D M = M ∪ { d ∈ D | there is some m ∈M such that d ≺+
D m }

is the least initial segment of D containing M, and ↓D (M ∪N) =↓D M∪ ↓D N for every

M,N ⊆ D.

Definition 11. The Υ-freeness core KΥ(D) of a Σ-algebra D = (D, (ϕD)ϕ∈Ω) is the initial

segment ↓D K0(D), where

K0(D) = (D −⋃ϕ∈Ω ϕ
D(domϕD)) ∪ (

⋃
ϕ∈Ω−Υ ϕ

D(domϕD)) ∪ {d ∈ D | d ≺+
D d}

∪{d ∈ D | there exist ϕ, ψ ∈ Υ, b ∈ domϕD, c ∈ domψD

with ϕD(b) = d = ψD(c) and (ϕ 6= ψ or b 6= c)}
Example 12. Let Σ = (S,Ω, η) be the signature with S = {s, t}, Ω = {ϕ} and η(ϕ) = (st, t).

Let D be the total Σ-algebra whose carrier set D = (Ds, Dt) is given by Ds = {a} and

Dt = {bk}k∈Z and whose operation ϕD is defined by ϕD(a, bi) = bi+1 for every i ∈ Z. Then

KΩ(D) = {a}, that is, KΩ(D)s = {a} and KΩ(D)t =6.

The next result enlightens the role that Υ-freeness cores play in free Υ-completions:

namely, KΥ(D) is the set of those elements of D that cannot be generated by any Υ-free

completion D′ ↪→ D.

Proposition 13. Let D be a Υ-total Σ-algebra and let B be a relative subalgebra of it.

Then, D is a free Υ-completion of B if and only if B is an initial segment of D that

generates it and contains KΥ(D).

Proof. It is clear that if B is an initial segment of D that generates it and contains

KΥ(D), then D satisfies properties (FAC1) to (FAC4) in Proposition 9 with respect to B,

and therefore B ↪→ D is a free Υ-completion.

Conversely, let B ↪→ D be a free Υ-completion. Since B is an initial segment of D, to

prove that KΥ(D) ⊆ B, it is enough to prove that K0(D) ⊆ B. Now, again by Proposition 9,

B contains all elements of D that are values of operations in D not belonging to Υ as

well as all elements of D that are values of operations in D belonging to Υ in at least two

https://doi.org/10.1017/S0960129501003541 Published online by Cambridge University Press

https://doi.org/10.1017/S0960129501003541


Pushout complements for partly total algebras 187

different ways. Moreover, since B generates D, it also contains all elements of D that are

not the image of any operation in D. Thus, to prove that K0(D) ⊆ B, it remains to prove

that B contains all those d ∈ D such that d ≺+
D d.

So, assume there exists some d ∈ D−B such that d ≺+
D d, say d = d1 ≺D · · · ≺D dm = d.

No element di in this chain belongs to B, because it is an initial segment of D and d /∈ B.

Moreover, any operation making that di ≺D di+1 for some i = 1, . . . , m− 1 must belong to

Υ, because otherwise the corresponding di+1 would belong to B. Therefore, d ≺+
DΥ
d, and

since BΥ ↪→ DΥ is a free completion of ΣΥ-algebras, Burmeister (1986, Proposition 5.5.2)

shows that this can only happen if d ∈ B.

Corollary 14. Let D be a Υ-total Σ-algebra and X, an initial segment of it. Set

DX = CD(KΥ(D) ∪X)

and let DX be the closed subalgebra of D supported on DX .

(i) DX is an initial segment of D.

(ii) DX is a free Υ-completion of its relative subalgebra supported on KΥ(D) ∪X.

Proof.

(i) Let ϕ ∈ Ω be any operation symbol and let x ∈ domϕD be such that ϕD(x) ∈ DX: we

must prove that x ∈ Dω(ϕ)
X . To do that, we distinguish two cases.

If ϕD(x) ∈ KΥ(D) ∪X, which is an initial segment, then x ∈ (KΥ(D) ∪X)ω(ϕ) ⊆ Dω(ϕ)
X .

Otherwise, if ϕD(x) ∈ DX − (KΥ(D)∪X), then ϕ ∈ Υ, and there exist some ψ ∈ Υ and

x′ ∈ Dω(ψ)
X such that ϕD(x) = ψD(x′). Since ϕD(x) /∈ KΥ(D) by assumption, this implies

ϕ = ψ and x = x′ ∈ Dω(ϕ)
X .

(ii) KΥ(D) ∪ X is an initial segment of DX that generates it, and it is straightforward

to check that it contains KΥ(DX). By Proposition 13, this implies that DX is a free

Υ-completion of its relative subalgebra supported on KΥ(D) ∪X.

Corollary 15. Let D be a Υ-total Σ-algebra, and let K be its relative subalgebra supported

on its Υ-freeness core KΥ(D). Then, D is a free Υ-completion of K if and only if KΥ(D)

generates D.

In the next section we shall see that to determine whether or not two homomorphisms

of Υ-total Σ-algebras f : K → A and m : A → D have a pushout complement in AlgΣ,Υ

is easier when we can guarantee that D is generated by KΥ(D). To close this section, we

show two general cases in which this happens.

Proposition 16. Every finitely generated Υ-total Σ-algebra is generated by its Υ-freeness

core.

Proof. Let D be a Υ-total Σ-algebra generated by a finite set E of elements: without any

loss of generality we may assume that no e ∈ E is such that e ∈ CD(E−{e}). If there exists

some e ∈ E such that e /∈ KΥ(D), then there exist some ϕ ∈ Υ and (d1, . . . , dn) ∈ domϕD

such that e = ϕD(d1, . . . , dn), and e /∈↓D {d1, . . . , dn}, because otherwise we would have

e ≺+
D e. But then e ∈ CD(E − {e}), which is contrary to the assumption. This proves that

E ⊆ KΥ(D).
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Definition 17. A signature Σ = (S,Ω, η) is hierarchical when there does not exist any
infinite sequence of operations (ϕn)n∈N in Ω such that the target sort of ϕn+1 is a source
sort of ϕn, for every n > 0.

Proposition 18. If Σ = (S,Ω, η) and Υ ⊆ Ω are such that ΣΥ is hierarchical, then every
Υ-total Σ-algebra is generated by its Υ-freeness core.

Proof. Assume that there exists some Υ-total Σ-algebra D not generated by its Υ-
freeness core KΥ(D). Let d(0) be an element of D − CD(KΥ(D)). Since KΥ(D) contains all
elements of D that are not the value of any operation in D as well as all elements that are
the value of some operation in Ω−Υ, there exist ϕ ∈ Υ and d = (d1, . . . , dp) ∈ domϕD such
that d(0) = ϕD(d). By assumption, not every dk in d belongs to CD(KΥ(D)). Hence, there
exists some d(1) ∈ D − CD(KΥ(D)) such that d(1) ≺DΥ

d(0). Repeating the argument with
d(1), etc., we get a sequence of elements (d(n))n∈N in D−CD(KΥ(D)) such that d(n) �DΥ

d(n+1)

for every n > 0, whose existence is prevented by the definition of a hierarchical signature.

4. A gluing condition for Υ-total Σ-algebras

Let Σ = (S,Ω, η) and Υ ⊆ Ω be throughout this section, and unless otherwise stated, an
arbitrary signature and a non-empty subset of its set of operation symbols. The goal of
this section is to find a gluing condition for homomorphisms of Υ-total Σ-algebras, that is,
a necessary and sufficient condition for the existence of a pushout complement in AlgΣ,Υ

of two given homomorphisms f : K→ A and m : A→ D of Υ-total Σ-algebras.

First, we describe the construction of a pushout of two homomorphisms in AlgΣ,Υ.

Proposition 19. Let f : K → A and g : K → B be two homomorphisms of Υ-total
Σ-algebras. Let K ′ be a subset of K such that K is a free Υ-completion of K′, let A′ be
a subset of A containing f(K ′) and such that A is a free Υ-completion of A′, and let
B′ be a subset of B containing g(K ′) and such that B is a free Υ-completion of B′. Let
`K′ : K′ ↪→ K, `A′ : A′ ↪→ A and `B′ : B′ ↪→ B denote the embeddings of the corresponding
relative subalgebras. Let (H′, g̃′ : A′ → H′, f̃′ : B′ → H′) be a pushout of the restrictions
f
∣∣
K ′ : K′ → A′ and g

∣∣
K ′ : K′ → B′ in AlgΣ, let `H′ : H′ ↪→ H be a free Υ-completion of

H′, and let g̃ : A → H and f̃ : B → H be, respectively, the unique homomorphisms of
Υ-total Σ-algebras extending g̃′ : A′ → H′ and f̃′ : B′ → H′.

K
f //

g

��

A

g̃

��

K′
/ O

`K′
``@@@@@@@

f|K′ //

g|K′
��

A′
. �

`A′
>>}}}}}}}}

g̃′

��
B′O o

`B′

��~~~~~~~ f̃′
// H′ � p

`H′

  AAAAAAA

B
f̃

// H

Then (H, g̃ : A→ H, f̃ : B→ H) is a pushout of f : K→ A and g : K→ B in AlgΣ,Υ.
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Proof. The mapping that associates to every Σ-algebra A a free Υ-completion A of

it and to every homomorphism f : A → B of Σ-algebras its unique extension f̂ :

A → B to these free Υ-completions, is a functor AlgΣ → AlgΣ,Υ left-adjoint to the full

embedding AlgΣ,Υ ↪→ AlgΣ, and therefore it preserves pushouts (see, for instance, the dual

of Borceux (1994, Proposition 3.2.2)).

Remark 20. It is easy to prove directly, without using any category theory, that in the

previous result it is enough to assume that K ′ generates K to guarantee that its thesis

holds. We shall not use this generalization here.

Taking the particular case of this proposition with K′ = K, A′ = A and B′ = B, we

obtain the following result.

Corollary 21. Let f : K → A and g : K → B be two homomorphisms of Υ-total Σ-

algebras, let (H, g′ : A → H, f′ : B → H) be a pushout of f and g in AlgΣ, and let

`H : H ↪→ H be a free Υ-completion of H. Then (H, `H ◦ g′ : A→ H, `H ◦ f′ : B→ H) is

a pushout of f and g in AlgΣ,Υ.

Since we have already furnished explicit descriptions of pushouts in AlgΣ (Proposition 1)

and free Υ-completions (Section 3), this result provides an explicit description of pushouts

in AlgΣ,Υ.

Example 22. Let Σ be a one-sorted signature with a single, binary operation symbol

ϕ ∈ Ω. Let K be the empty algebra, let A be a total Σ-algebra with carrier set A = {a}
and operation ϕA(a, a) = a and let B be any non-empty total Σ-algebra. Let f and g be

the empty homomorphisms from K to A and B, respectively.

The pushout of f and g in AlgΣ is given by the disjoint union A + B of A and B, and

their pushout in TAlgΣ is then given by a free completion of A + B.

Corollary 23. Let

K
f //

g

��

A

g̃

��
B

f̃

// D

be a pushout square in AlgΣ,Υ. If f is closed and injective and g is injective, then f̃ is

closed and injective and g̃ is injective.

Proof. Let (D0, g0 : A→ D0, f0 : B→ D0) be a pushout of f and g in AlgΣ. By Llabrés

and Rosselló (2000, Corollary 2), f0 is closed and injective and g0 is injective and, by

Corollary 21, if `D0
: D0 ↪→ D0 is a free Υ-completion of D0, then

(D0, `D0
◦ g0 : A→ D0, `D0

◦ f0 : B→ D0)

is also a pushout of f : K → A and g : K → B in AlgΣ,Υ. In this pushout, the

homomorphisms `D0
◦ f0 and `D0

◦ g0 are clearly injective, and it is straightforward to

check that `D0
◦ f0 is closed using the fact that ϕB is total for every ϕ ∈ Υ, that f0 is

closed, and that ψD0 = ψD0 for every ψ ∈ Ω−Υ. Then, the uniqueness up to isomorphism
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of pushouts entails that the homomorphisms f̃ and g̃ in the statement are also closed and

injective, and injective, respectively.

We establish now a result that relates the existence of a pushout complement of two

homomorphisms in AlgΣ,Υ to the existence of a suitable pushout complement in AlgΣ.

Proposition 24. Two homomorphisms of Υ-total Σ-algebras f : K → A and m : A → D

have a pushout complement in AlgΣ,Υ if and only if there exists a relative subalgebra D′
of D such that its carrier contains m(A), D′ ↪→ D is a free Υ-completion, and f : K→ A

and m : A→ D′ have a pushout complement in AlgΣ.

Proof. Assume first that f : K→ A and m : A→ D have a pushout complement

(B, g : K→ B, f̃ : B→ D)

in AlgΣ,Υ. Let (D0, g0 : A → D0, f0 : B → D0) be a pushout of f : K → A and

g : K → B in AlgΣ and let ` : D0 ↪→ D0 be a free Υ-completion of D0. By Corollary 21,

(D0, ` ◦ g0 : A→ D0, ` ◦ f0 : B→ D0) is a pushout of f : K→ A and g : K→ B in AlgΣ,Υ,

and thus, by the uniqueness up to isomorphism of pushouts, there exists an isomorphism

h : D0 → D such that h ◦ ` ◦ g0 = m and h ◦ ` ◦ f0 = f̃. Then the relative subalgebra of D

supported on h(D0) satisfies the properties in the statement.

Conversely, let D′ be a relative subalgebra of D that contains m(A) and such that the

embedding D′ ↪→ D is a free Υ-completion and f : K → A and m : A → D′ have a

pushout complement (B′, g′ : K → B′, d′ : B′ → D′) in AlgΣ. Let `B′ : B′ ↪→ B′ be a free

Υ-completion of B′, and let d̂ : B′ → D be the unique homomorphism of Σ-algebras that

extends d′ : B′ → D. Then, by Proposition 19, (B′, `B′ ◦ g′ : K → B′, d̂ : B′ → D) is a

pushout complement of f : K→ A and m : A→ D in AlgΣ,Υ.

Corollary 25. If two homomorphisms of Υ-total Σ-algebras have a pushout complement

in AlgΣ, they also have a pushout complement in AlgΣ,Υ.

Two homomorphisms of Υ-total Σ-algebras having a pushout complement in AlgΣ,Υ

need not have a pushout complement in AlgΣ, as the following example shows.

Example 26. Consider the situation in Example 22. Let D = (D,ϕD) denote a free

completion of A + B, that yields the pushout of f and g in TAlgΣ, and let m : A → D

be the corresponding embedding. Then f : K → A and m : A → D have a pushout

complement in TAlgΣ: namely, B together with the empty mapping g : K → B and the

embedding B ↪→ D. But they do not have any pushout complement in AlgΣ, since they

do not satisfy condition GC3 of Proposition 3.

Returning to Proposition 24, the relative subalgebra D′ of D satisfying the conditions in

its statement need not be unique because, by Proposition 4, any other relative subalgebra

of D between m(A) and D′ such that D is its free completion would also work. However,

despite the possible lack of uniqueness of such a relative subalgebra D′, the natural

pushout complement of two homomorphisms in AlgΣ,Υ is, when it exists, unique, as the

following result shows.
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Proposition 27. Let f : K → A and m : A → D be two homomorphisms of Υ-total

Σ-algebras that have a pushout complement in AlgΣ,Υ. Then, they have one and only one

natural pushout complement, and it is terminal in the sense of Theorem 2.

Proof. Let us prove first that f : K → A and m : A → D have a natural pushout

complement in AlgΣ,Υ. Let D′ be a relative subalgebra of D that contains m(A) and

such that the embedding i : D′ ↪→ D is a free Υ-completion and f : K → A and

m : A → D′ have a pushout complement in AlgΣ, which exists by Proposition 24. Let

(B, g : K → B, d : B ↪→ D′) be the natural pushout complement of f : K → A and

m : A→ D′ in AlgΣ, and let B0 be the subalgebra of D generated by the carrier of B: by

Corollary 10, the embedding j : B ↪→ B0 is a free Υ-completion. If we use d0 : B0 ↪→ D to

denote the embedding of B0 into D, then by Proposition 19,

(B0, j ◦ g : K→ B0, d0 : B0 ↪→ D)

is a natural pushout complement of f : K→ A and m : A→ D in AlgΣ,Υ.

As far as the uniqueness of such a natural pushout complement goes, let

(B0, g0 : K→ B0, d0 : B0 ↪→ D), (B1, g1 : K→ B1, d1 : B1 ↪→ D)

be two of them; notice that each gk : K → Bk is the composition m ◦ f understood with

target algebra Bk . We must prove that B0 = B1, since it will imply that d0 = d1 and

g0 = g1. To do so, we distinguish two cases, depending on the relative position of B0 and

B1 within D.

Assume first that one of them contains the other, say B0 ⊆ B1. Consider the following

commutative diagram:

K
f //

g0

��
g1

��

A

m

��
m

��

B0
� � d0 //

� _

��

D

IdD

��
B1

� �

d1

// D

Since the upper and outer squares in it are pushout squares in AlgΣ,Υ, by the usual

pushout decomposition property, the lower square is also a pushout square in AlgΣ,Υ. Let

us prove that this implies B0 = B1.

Let C = D × {0} ∪ (D − B0) × {1}, and let π : C → D denote the first projection:

π(b, i) = b for every (b, i) ∈ C . Let C = (C, (ϕC)ϕ∈Ω) be the Υ-total Σ-algebra with carrier

set C and with its operations defined as follows: for every ϕ ∈ Ω

domϕC = {c ∈ Cω(ϕ) | π(c) ∈ domϕD}
and for every c ∈ domϕC

ϕC(c) =

{
(ϕD(π(c)), 0) if c ∈ (D × {0})ω(ϕ) or ϕD(π(c)) ∈ B0

(ϕD(π(c)), 1) if c /∈ (D × {0})ω(ϕ) and ϕD(π(c)) ∈ D − B0.
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Consider the homomorphisms of Σ-algebras g, h : D→ C defined by

g : D → C

d 7→ (d, 0)

h : D → C

d 7→
{

(d, 0) if d ∈ B0

(d, 1) if d ∈ D − B0.

The universal property of pushouts applied to the lower square of the previous diagram

and the homomorphisms g : D → C, h
∣∣
B1

: B1 → C implies that g
∣∣
B1

= h
∣∣
B1

, and

therefore B1 = B0, as we wanted to prove.

Consider now the general case. Let

K
f //

g0

��

A

m

��
B0

� �

d0

// D0

K
f //

g1

��

A

m

��
B1

� �

d1

// D1

be pushout squares in AlgΣ. Using the proof of the ‘only if’ implication in Proposition 24,

we see that each Dk may be assumed to be a relative subalgebra of D whose carrier

contains m(A) and such that the embedding ik : Dk ↪→ D is a free Υ-completion and the

corresponding homomorphisms Bk → Dk and A→ Dk are, respectively, dk : Bk → D and

m : A→ D understood with target algebra Dk . Notice, in particular, that each dk : Bk ↪→
Dk is the embedding of a closed subalgebra, and hence (Bk, gk : K→ Bk, dk : Bk ↪→ Dk) is

the natural pushout complement of f : K→ A and m : A→ Dk in AlgΣ.

Applying Proposition 4 to these pushout squares and the relative subalgebra D0 ∩D1

of D0 and D1, we get that both B0 ∩D1 and B1 ∩D0 yield natural pushout complements

of f : K→ A and m : A→ D0 ∩D1 in AlgΣ. By the uniqueness of such a natural pushout

complement, this entails that B0∩D1 = B1∩D0, and then an easy set-theoretical argument

shows that this algebra is nothing but B0 ∩B1. Since B0 and B1 are closed subalgebras of

D, their intersection is also a closed subalgebra of it.

Now, we have D0∩D1 ↪→ D is a free Υ-completion. Indeed, the satisfaction of properties

(FAC1), (FAC2) and (FAC3) in Proposition 9 by this embedding is a direct consequence

of their satisfaction by the embeddings D0 ↪→ D and D1 ↪→ D. As far as (FAC4) goes,

since D1 is an initial segment of D and D0 generates D, we have that D0 ∩ D1 generates

D1, and, therefore, since D1 also generates D, we finally have that D0 ∩ D1 generates D.

Then, by Corollary 21, B0 ∩B1 yields a natural pushout complement of f : K→ A and

m : A → D in AlgΣ,Υ, and it is contained in B0 and in B1. From the previous case we

conclude that B0 = B = B1.

This finishes the proof of the uniqueness of the natural pushout complement of

f : K→ A and m : A → D. To prove that it is terminal among all their pushout

complements, let (C, g0 : K → C, f′ : C → D) be any pushout complement of them in

AlgΣ,Υ and let (D′, m′ : A→ D′, f′′ : C→ D′) be a pushout of f : K→ A and g0 : K→ C

in AlgΣ such that D′ is a relative subalgebra of D, the embedding D′ ↪→ D is a Υ-free

completion, and m′ and f′′ are m and f′ understood with target algebra D′ (cf. the first

part of the proof of Proposition 24). Now let (B′, g′0 : K→ B′, d′ : B′ ↪→ D′) be the natural

pushout complement of f : K→ A and m′ : A→ D′ in AlgΣ. By the terminality of natural
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pushout complements in AlgΣ (Theorem 2), there exists a unique epimorphism e : C→ B′
such that e ◦ g0 = g′0 and d′ ◦ e = f′′. Since the natural pushout complement in AlgΣ,Υ of

f : K→ A and m : A→ D is given by the closed subalgebra B0 of D generated by B′, the

composition e : C→ B′ ↪→ B0 is an epimorphism and satisfies the desired properties, and

it is unique because the embedding of B0 into D is a monomorphism.

We now have the following result, which takes us one step closer to the gluing condition

in AlgΣ,Υ.

Theorem 28. Let f : K → A and m : A → D be two homomorphisms of Υ-total

Σ-algebras. Set Dm = KΥ(D)∪ ↓D m(A) and D0 = CD(Dm).

Then, f : K→ A and m : A→ D have a pushout complement in AlgΣ,Υ if and only if

(i) f : K→ A and m : A→ Dm have a pushout complement in AlgΣ; and

(ii) if (Bm, g : K → Bm, dm : Bm ↪→ Dm) is the natural pushout complement of f : K → A

and m : A→ Dm in AlgΣ, and if B0 is the subalgebra of D generated by Bm, then the

embeddings B0 ↪→ D0 and D0 ↪→ D have a pushout complement in AlgΣ,Υ.

Proof. Assume first that f : K → A and m : A → D have a pushout complement

in AlgΣ,Υ. By Proposition 24, there exists a relative subalgebra D′ of D whose carrier

set contains m(A), and such that D′ ↪→ D is a free Υ-completion and f : K → A and

m : A → D′ have a pushout complement in AlgΣ. Since D is a free Υ-completion of D′,
by Proposition 13 we have that KΥ(D) ⊆ D′, and since m(A) ⊆ D′ and D′ is an initial

segment of D, we finally have that Dm ⊆ D′. But then Proposition 4 entails that f : K→ A

and m : A→ Dm have a pushout complement in AlgΣ, which proves (i).

In order to prove (ii), let (Bm, gm : K → Bm, dm : Bm ↪→ Dm) be the natural pushout

complement of f : K → A and m : A → Dm in AlgΣ, and let B0 be the subalgebra of D

supported on B0 = CD(Bm) = CD0
(Bm). By Corollary 14, Dm ↪→ D0 is a free Υ-completion

and then the first part of the proof of Proposition 27 shows that (B0, gm : K → B0, d0 :

B0 ↪→ D0) is the natural pushout complement of f : K → A and m : A → D0 in AlgΣ,Υ,

where d0 : B0 ↪→ D0 stands for the corresponding embedding.

On the other hand, let (B, g : K → B, d : B ↪→ D) be the natural pushout complement

of f : K→ A and m : A→ D in AlgΣ,Υ. It turns out that B0 ⊆ B. Indeed, let

K
f //

g

��

A

m

��
B

� �

d0

// D′′

be a pushout of f : K→ A and g : K→ B in AlgΣ such that D′′ is a relative subalgebra of

D whose carrier D′′ contains m(A)∪B and the embedding D′′ ↪→ D is a free Υ-completion:

since B is a closed subalgebra of D, it is also a closed subalgebra of D′′. Then, since

D′′ is an initial segment that contains KΥ(D) and m(A), it contains Dm, and therefore,

by Proposition 4, B ∩ Dm yields the natural pushout complement of f : K → A and

m : A→ Dm in AlgΣ. Hence, Bm = B ∩Dm and, in particular, Bm ⊆ B. Finally, since B is

a closed subalgebra of D, its carrier must contain B0 = CD(Bm), as we claimed.
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Consider now the following commutative diagram:

K
f //

gm

��
g

  

A

m

��
m

~~

B0
� �

d0

//
� _

��

D0� _

��
B

� �

d
// D

The upper and outer squares in this diagram are pushout squares in AlgΣ,Υ, so, by the

pushout decomposition property, the lower square is also a pushout square in AlgΣ,Υ,

which proves assertion (ii) in the statement.

Conversely, if condition (i) is satisfied, we have, by Proposition 19 and Corollary 10,

(D0, m : A → D0, d0 : B0 ↪→ D0) is a pushout of f : K → A and g : K → B0 in

AlgΣ,Υ (see the proof of the converse implication), and if (ii) is satisfied, there exists a

pushout complement (B,B0 → B,B ↪→ D) of d0 : B0 ↪→ D0 and D0 ↪→ D. Combining the

corresponding two pushout squares as in the last diagram, we obtain a pushout square in

AlgΣ,Υ

K
f //

��

A

m

��
B

� �

d
// D

and hence f : K→ A and m : A→ D have a pushout complement in AlgΣ,Υ.

Notice that, with the notation of this theorem, if Dm generates D, then f : K → A

and m : A → D have a pushout complement in AlgΣ,Υ if and only if f : K → A and

m : A → Dm have a pushout complement in AlgΣ, that is, if and only if f : K → A and

m : A → Dm satisfy conditions GC1 to GC3 in Proposition 3. One important case when

we can guarantee that Dm generates D, independently of m, is when KΥ(D) generates D.

In the last part of Section 3 we gave some cases when this happens: for instance, when D

is finitely generated.

Unfortunately, there are cases when Dm does not generate D, and in these cases the

satisfaction of the gluing condition in AlgΣ by f : K → A and m : A → Dm need not

be sufficient to guarantee the existence of a pushout complement of f : K → A and

m : A→ D in AlgΣ,Υ, as the following example shows.

Example 29. Let Σ and D be as in Example 12. Let K be the empty Σ-algebra, let A be

the closed subalgebra of D supported on {a}, let f : K → A be the empty mapping and

m : A→ D be the corresponding closed embedding.

Then Dm = KΩ(D) = {a} does not generate D and, although f : K→ A and m : A→ Dm

trivially have a pushout complement in AlgΣ, we shall see in Example 36 that f : K→ A

and m : A→ D do not have a pushout complement in TAlgΣ.

So, to establish a gluing condition in AlgΣ,Υ, it remains to find a necessary and sufficient
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condition on two closed embeddings d0 : B0 ↪→ D0 and i0 : D0 ↪→ D of Υ-total Σ-algebras,

with D0 supported on an initial segment of D containing its Υ-freeness core KΥ(D), for

the existence of a pushout complement of them in AlgΣ,Υ. Finding it will be easier once

we have proved, in Lemma 33 below, that there always exists the greatest initial segment

H (the set HD(D0, B0) in the next definition) of D such that B0 ↪→ D0 and D0 ↪→ H have a

pushout complement in AlgΣ: it will turn out that B0 ↪→ D0 and D0 ↪→ D have a pushout

complement in AlgΣ,Υ if and only if H generates D.

Definition 30. Let D be a Σ-algebra, let D0 be a closed subset of D that is also an initial

segment of it, and let B0 be a closed subset of D0. Then

HD(D0, B0) = D0 ∪ {x ∈ D − D0 | every chain with respect to ≺D going from

some element d0 ∈ D0 − B0 to x involves

some element of B0}.
Example 31. Let Σ and D be as in Example 12. Let B0 = 6, and let D0 be the closed

subalgebra of D supported on D0 = {a}. Then HD(B0,D0) = D0 because for every element

bk of D − D0 there exists a chain with respect to ≺D going from a to bk , and this chain

does not involve any element of B0, because it is empty.

Example 32. Let Σ be a signature with all its operations nullary or unary. Let D be a

Σ-algebra, D0 be a closed subset of D that is also an initial segment of it, and B0 be a

closed subset of D0. Then HD(D0, B0) = D because in this case there is no chain with

respect to ≺D going from an element of D0 to an element of D − D0.

Lemma 33. Let D0 be a closed subalgebra of a Σ-algebra D supported on an initial

segment of it, and let B0 be a closed subalgebra of D0. Let H be the relative subalgebra

of D supported on the set HD(D0, B0). Then:

(a) HD(D0, B0) is an initial segment of D.

(b) The embeddings B0 ↪→ D0 and D0 ↪→ H have a pushout complement in AlgΣ.

(c) If D′ is a relative subalgebra of D supported on an initial segment of it containing

D0 such that the embeddings B0 ↪→ D0 and D0 ↪→ D′ have a pushout complement in

AlgΣ, then D′ ⊆ H.

Proof. To simplify the notation, we shall use H to denote HD(D0, B0).

(a) Let ϕ ∈ Ω and x = (x1, . . . , xm) ∈ domϕD be such that ϕD(x) ∈ H .

If ϕD(x) ∈ D0, then x ∈ D
ω(ϕ)
0 ⊆ Hω(ϕ), because D0 is an initial segment of D. If

ϕD(x) ∈ H ∩ (D − D0), so that every chain with respect to ≺D going from some

d0 ∈ D0 − B0 to ϕD(x) involves some element of B0, then every xi in x that does not

belong to D0 must also satisfy this same property, which entails that x ∈ Hω(ϕ) also.

(b) We shall prove that the embeddings B0 ↪→ D0 and D0 ↪→ H satisfy the conditions GC1

to GC3 in Proposition 3. Notice that the candidate for a natural pushout complement

in AlgΣ of these two embeddings is given by the closed subalgebra B of H supported

on B = CH((H − D0) ∪ B0).

Since D0 ↪→ H is injective, condition GC1 is clearly satisfied. To check condition GC2,
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it is enough to prove B ∩ D0 ⊆ B0. And this inclusion holds, because

B ∩ D0 = CH((H − D0) ∪ B0) ∩ D0 = CD0
(((H − D0) ∪ B0) ∩ D0) = CD0

(B0) = B0

where the second equality holds because D0 is an initial segment of D.

As far as condition GC3 goes, let x = (x1, . . . , xm) ∈ domϕH be such that x /∈ Bω(ϕ);

we must prove that x ∈ domϕD0 . If ϕH(x) ∈ D0, then x ∈ domϕD0 because D0 is

a closed initial segment of D. Assume now that ϕH(x) /∈ D0. Since x /∈ Bω(ϕ), there

exists some xk , k = 1, . . . , m, such that xk /∈ B = CH((H − D0) ∪ B0). In particular,

xk ∈ D0 − B0, and then xk ≺D ϕH(x) is a chain with respect to ≺D going from an

element of D0 − B0 to ϕH(x) without crossing B0, which contradicts the fact that

ϕH(x) ∈ H . Then, the case ϕH(x) /∈ D0 cannot happen.

(c) Let D′ be a relative subalgebra of D supported on an initial segment of it containing

D0 and such that the embeddings B0 ↪→ D0 and D0 ↪→ D′ have a pushout complement

in AlgΣ. Let B′ = CD′((D
′ −D0)∪B0), so that the subalgebra B′ of D′ yields a pushout

complement of B0 ↪→ D0 and D0 ↪→ D′.
Assume that there exists some element x ∈ D′ that does not belong to H . Then x /∈ D0

and there exists some chain of elements of D x0 ≺D x1 ≺D . . . ≺D xn = x such that

x0 ∈ D0−B0 and every xi /∈ B0. Assume that this chain has the shortest length among

all chains going from an element of D0 − B0 to x without crossing B0.

Since D′ is by assumption an initial segment of D and x ∈ D′, we have that xi ∈ D′,
for every i = 0, . . . , n− 1, and x0 ≺D′ x

1 ≺D′ . . . ≺D′ x
n = x.

If x0 ∈ B′, then, since x0 ∈ D0, we would have

x0 ∈ CD′((D
′ − D0) ∪ B0) ∩ D0 = CD0

(((D′ − D0) ∪ B0) ∩ D0) = CD0
(B0) = B0

which is contrary to the assumption that x0 ∈ D0 − B0. Therefore x0 /∈ B′.
Now, x0 ≺D′ x

1 implies that x1 = ϕD′(x) for some operation symbol ϕ and some tuple

x ∈ domϕD′ containing x0. Since x0 /∈ B′, we have that x 6∈ (B′)ω(ϕ), so, by condition

GC3 applied to B0 ↪→ D0 and D0 ↪→ D′, we have that x ∈ domϕD0 , which implies

that x1 ∈ D0 − B0. But then x1 ≺D . . . ≺D xn = x is again a chain going from an

element of D0 − B0 to x that does not cross B0, and its length is strictly shorter than

the previous one, which yields a contradiction.

We have, at last, the following result, which gives a gluing condition in AlgΣ,Υ.

Theorem 34. Let f : K → A and m : A → D be two homomorphisms of Υ-total

Σ-algebras. Let

Dm = KΥ(D)∪ ↓D m(A), D0 = CD(Dm),

B0 = CD((Dm − m(A)) ∪ m(f(K))), H = HD(D0, B0).

Then, f : K→ A and m : A→ D have a pushout complement in AlgΣ,Υ if and only if

(i) f : K→ A and m : A→ Dm satisfy the gluing condition in AlgΣ; and

(ii) H generates D.

And if f and m satisfy conditions (i) and (ii), the closed subalgebra of D supported on

CD((H − D0) ∪ B0) yields the natural pushout complement of f : K→ A and m : A→ D

in AlgΣ,Υ.
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Proof. Assume first that f and m have a pushout complement in AlgΣ,Υ. Then, by

Theorem 28, f : K → A and m : A → Dm have a pushout complement in AlgΣ (and

therefore they satisfy the gluing condition in AlgΣ, as point (i) in the statement claims),

and the embeddings B0 ↪→ D0 and D0 ↪→ D have a pushout complement in AlgΣ,Υ. This

last fact implies that there exists a relative subalgebra D′ of D that contains D0 and

such that D is its free Υ-completion and the embeddings B0 ↪→ D0 and D0 ↪→ D′ have a

pushout complement in AlgΣ. But if D′ ↪→ D is a free Υ-completion, then D′ is an initial

segment of D, so, by Lemma 33.(c), D′ ⊆ H . Since D′ generates D, this clearly implies

that H generates D, which proves point (ii) in the statement.

Conversely, assume that f : K→ A and m : A→ D are two homomorphisms of Υ-total

Σ-algebras satisfying conditions (i) and (ii) in the statement. In this case H is an initial

segment of D that contains KΥ(D), because it contains D0, and by assumption it generates

D. Therefore, by Proposition 13, H ↪→ D is a free Υ-completion. By Proposition 24 and

Lemma 33.(b), this implies that B0 ↪→ D0 and D0 ↪→ D have a pushout complement

in AlgΣ,Υ. On the other hand, condition (i) in the statement says that f : K → A and

m : A→ Dm have a pushout complement in AlgΣ. Then, by Theorem 28, f : K→ A and

m : A→ D have a pushout complement in AlgΣ,Υ.

Finally, the proof of the ‘if ’ implication in Theorem 28 shows that the natural pushout

complement in AlgΣ,Υ of B0 ↪→ D0 and D0 ↪→ D yields also the natural pushout

complement in AlgΣ,Υ of f : K → A and m : A → D. If H generates D, then H ↪→ D is

a free completion, and hence, by Proposition 19 and Corollary 10, the natural pushout

complement in AlgΣ,Υ of B0 ↪→ D0 and D0 ↪→ D is given by the closure in D of the

natural pushout complement in AlgΣ of B0 ↪→ D0 and D0 ↪→ H. Since the latter is the

closed subalgebra of H generated by (H −D0)∪B0, its closure in D is CD((H −D0)∪B0),

as claimed in the statement.

Now we can translate conditions (i) and (ii) in this theorem into a set-theoretical gluing

condition for homomorphisms of Υ-total Σ-algebras using Proposition 3.

Corollary 35. Let f : K → A and m : A → D be two homomorphisms of Υ-total

Σ-algebras. Let

Dm = KΥ(D)∪ ↓D m(A), Bm = CDm
((Dm − m(A)) ∪ m(f(K)))

D0 = CD(Dm), B0 = CD(Bm), H = HD(D0, B0).

Let θ(f, m) be the congruence on A(+) + B(+)
m generated by

ε(f, m) = {(a, m(a)) | a ∈ f(K)} ∪ {(ϕA
0 , ϕ

D
0 ) | ϕ0 ∈ Ω(0), ϕA

0 defined}.
Then, f and m have a pushout complement in AlgΣ,Υ if and only if they satisfy the

following properties:

GC1 kerm ⊆ θ(f, m).

GC2 If m(a) ∈ Bm, then (a, m(a)) ∈ θ(f, m).

GC3 For every ϕ ∈ Ω, if d ∈ domϕDm and d /∈ Bω(ϕ)
m , then there exists some a ∈ domϕA

such that d = m(a).

GC4 CD(H) = D.

https://doi.org/10.1017/S0960129501003541 Published online by Cambridge University Press

https://doi.org/10.1017/S0960129501003541


P. Burmeister, M. Llabrés and F. Rosselló 198

From this corollary, a gluing condition for total algebras can be easily derived. We

leave the details to the reader.

Example 36. Let Σ, f : K→ A and m : A→ D be given as in Example 29. Then, with the

notation of the previous results, HD(B0,D0) = {a} (see Example 31) does not generate D.

Therefore, f : K→ A and m : A→ D do not have a pushout complement in AlgΣ,Υ.

Example 37. Let Σ and f : K → A be as in Example 22 and let m : A → D be any

homomorphism of total Σ-algebras. When do f and m have a pushout complement in

TAlgΣ? We can use Corollary 35 to answer this question.

To begin with, we have that Dm = KΩ(D), because ϕD(m(a), m(a)) = m(a) implies that

m(a) ∈ KΩ(D), and Bm = CDm
(Dm − {m(a)}). Since K is empty and there is no nullary

operation in the signature, the relation θ(f, m) is the diagonal ∆AtBm .

Let us check conditions GC1 to GC3 in Corollary 35. Since m : A→ D is injective (A is

a singleton), condition GC1 is clearly satisfied. On the other hand, since θ(f, m) = ∆AtBm ,

condition GC2 is equivalent to the fact that m(a) /∈ Bm, that is, to the equality Bm =

Dm − {m(a)}. Furthermore, since Dm is an initial segment of D, this is clearly equivalent

to the fact that D − {m(a)} is closed in D. Finally, since A is a singleton, and assuming

condition GC2 already, condition GC3 says in this case that if d ∈ Dm − {m(a)}, then

(d, m(a)), (m(a), d) /∈ domϕDm . This condition turns out to be equivalent (again, because Dm
is an initial segment of D) to the fact that if d ∈ D−{m(a)}, then ϕD(d, m(a)), ϕD(m(a), d) /∈
Dm.

Thus, to sum up, f and m satisfy conditions GC1 to GC3 if and only if

(1) {m(a)} is an initial segment of D; and

(2) ϕD(d, m(a)), ϕD(m(a), d) /∈ KΩ(D) for every d 6= m(a).

Now, B0 = CD(KΩ(D)− {m(a)}) ⊆ D − {m(a)} and D0 = CD(KΩ(D)). Thus m(a) ∈↓D0
y

for every y ∈ D0 − B0. It is then easy to prove that if b0 ∈ B0, then m(a) /∈↓D b0. Using

this fact, one can check that HD(D0, B0) = D0 ∪ {x ∈ D − D0 | m(a) /∈↓D x}. Therefore,

since D0 is generated by KΩ(D), condition (GC4) now says

(3) D is generated by H = KΩ(D) ∪ {x ∈ D − CD(KΩ(D)) | m(a) /∈↓D x}.
So, f and m have a pushout complement in TAlgΣ if and only if they satisfy conditions

(1), (2) and (3) above. And when they satisfy these conditions, their natural pushout

complement (which, in this case, can be proved to be their unique pushout complement,

up to isomorphisms) is given by the closed subalgebra of D supported on B = {x ∈ D |
m(a) /∈↓D x}.

Actually, it can be easily seen a posteriori that conditions (1) to (3) are equivalent to

the fact that D is the coproduct in TAlgΣ of its closed subalgebras supported on {m(a)}
and on the free completion of KΩ(D)− {m(a)}, respectively.

So, conditions (1) to (3) characterize when a DPO rule in TAlgΣ (A
f←− K

r−→ R) can

be applied to a total Σ-algebra D through a homomorphism m : A → D. The context

algebra of such an application would be obtained by removing from D all elements that

can be reached from m(a) through a sequence of operations, and then the derived object

would be the free completion of the direct sum of this context algebra and the right-hand
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side algebra R of the rule: the global effect is, then, the replacement of {m(a)} by R within

D, as if we blew it out into R.

Finally, notice that if all operations in Υ are nullary or unary, the argument used in

Example 32 shows that, using the notation of Theorem 34, H = D, and thus condition (ii)

in Theorem 34 and condition GC4 in Corollary 35 are automatically satisfied. It is not

difficult to prove then that if all operations in Σ are unary and Ω = Υ, condition GC3 is

always satisfied and conditions GC1 and GC2 are equivalent to the usual identification

and dangling condition for unary total algebras (Ehrig 1979).

5. Conclusion

A Υ-total Σ-algebra, for some signature Σ and some non-empty set Υ of operation

symbols within it, is a partial Σ-algebra all of whose operations belonging to Υ are

total. In this paper we have established a gluing condition for Υ-total Σ-algebras, and

we have distinguished and explicitly described a natural pushout complement of any pair

of homomorphisms satisfying it. These results generalize the corresponding well-known

results for unary total algebras (Ehrig 1979), and they shape the first basic step in the

development of the DPO transformation of Υ-total Σ-algebras.

There are some results on the DPO transformation of Υ-total Σ-algebras that, due to

the lack of space, have been left out of this paper and will be proved elsewhere (Llabrés

2001):

— The uniqueness condition (a necessary and sufficient condition on a morphism l : K→ L

for the uniqueness up to isomorphism of the pushout complement of f and each

morphism m : L→ D that satisfies the gluing condition with respect to f) for Υ-total

Σ-algebras is exactly the same as the uniqueness condition for partial Σ-algebras

established in Llabrés and Rosselló (2000, Proposition 15).

— In general, the DPO transformation in the category AlgΣ,Υ of Υ-total Σ-algebras

strictly subsumes the procedure consisting of carrying out the DPO transformation of

Υ-total Σ-algebras in AlgΣ and then computing the Υ-free completion of the derived

Σ-algebra. For instance, blowing out a closed subalgebra supported on one point of a

total binary algebra D into a fixed algebra (see Example 37) needs, in AlgΣ, essentially

a rule for every algebra D (see Example 26).

— The DPO transformation in the category AlgΣ,Υ is independent of the SPO (single-

pushout) transformation of Υ-total Σ-algebras using different sensible types of partial

homomorphisms, in the same sense as for arbitrary partial algebras (Llabrés and

Rosselló 2000, Section 6).

We will finish this paper with an easy example of DPO transformation of attributed

graphs in our framework.

Example 38. A weighted graph is a directed graph in which all nodes have an integer

weight. We want to move a pointer along the nodes of a path in such a weighted graph,

starting from a distinguished node, and add up the weights of the nodes visited. To use

DPO transformations to perform such an operation, we first describe weighted graphs
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(with a distinguished node and, possibly, a pointer) as partly total algebras. So, let Σwg

be a signature with set of sorts {e, v, z, m} and operation symbols

s, t : e→ v, ρ : λ→ v, µ : m→ v, α : v → z, ϕ, ψ : zz → z

(where, as is usual in ADT specification, φ : ω(φ)→ σ(φ) denotes the fact that the arity of

the operation symbol φ is (ω(φ), σ(φ))). If we understand a weighted graph as a structure

consisting of a directed graph (with arcs of sort e, nodes of sort v, and the operations

s and t sending every arc to its source and target nodes, respectively), the algebra N of

natural numbers (of sort z) with addition (corresponding to ϕ) and partial subtraction

(corresponding to ψ) as data part, and the total attribution mapping α sending every

node of the graph to its weight in N, then a weighted graph is a special case of an

{s, t, α, µ}-total Σwg-algebra (with, furthermore, empty carrier of sort m and the nullary

operation ρ undefined). To add a pointer to such a weighted graph, we only have to make

its carrier of sort m be a singleton {∗}, and then the pointer corresponds to the image

of ∗ under the operation µ. Finally, to distinguish a node, we simply define the nullary

operation ρ to be equal to that node.

Pstart:
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Consider the DPO production rules Pstart and P in AlgΣwg ,{s,t,α,µ} described in the figure

above†. An application of rule Pstart to a weighted graph without a pointer and with a

distinguished node adds a pointer to a node v that is the target of some arc whose source

node is the distinguished node, and it also adds the weight of the distinguished node to

† In the figure, small squares correspond to elements of sort e and small bullets to elements of sort v. The

carrier of sort m is always empty or a singleton {∗}. The carrier of sort z in the left-hand side and central

objects in rule Pstart is {x, y} and the operations ϕ, ψ are discrete on it, while that of its right-hand side object

is {x, y, ϕ(x, y)}, the operation ϕ is defined on it by (x, y) 7→ ϕ(x, y), and the operation ψ by (ϕ(x, y), x) 7→ y.

The carrier of sort z in the left-hand side and central objects in rule P is {x, y, z} and the operations ϕ, ψ

are discrete on it, while that of its right-hand side object is {x, y, z, ϕ(y, z), ψ(y, x)}, the operation ϕ is defined

on it by (y, z) 7→ ϕ(y, z), and the operation ψ by (y, x) 7→ ψ(y, x) and (ϕ(y, z), y) 7→ z. In all cases it is

denoted by an oval. The source and target operations are represented by arrows going from a square to a

bullet and labelled s and t, respectively. The operation ρ is denoted by a circle. The attribution and pointer

operations are also represented by arrows, and we do not draw the operations ϕ, ψ. The homomorphisms l

and r are those that respect the configuration of the representation. Some extra hint of the definition of these

homomorphisms is represented, when needed, by a dashed arrow.
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the weight of v. Then, successive applications of rule P make the pointer advance through

a path, restoring the value of the weight of the node it visited last, and changing the

weight of the pointed node to the total weight of the path covered so far.

If we apply these rules to graphs whose nodes are labelled with words, we move a

pointer along a path starting on the distinguished node, and we label the pointed node

with the concatenation of the labels of the nodes visited so far (leaving the other labels

unchanged). These rules can even be used to generate, with the labels of the nodes of a

path in the graph, a partial {ϕ, ψ}-algebra satisfying the equation ψ(ϕ(x, y), x) ≈ y.

Acknowledgements
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