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Abstract

There has been substantial interest in estimating the value of a graph parameter, i.e. of a real-valued
function defined on the set of finite graphs, by querying a randomly sampled substructure whose size
is independent of the size of the input. Graph parameters that may be successfully estimated in this way
are said to be testable or estimable, and the sample complexity q. = q.(¢) of an estimable parameter z is the
size of a random sample of a graph G required to ensure that the value of z(G) may be estimated within an
error of ¢ with probability at least 2/3. In this paper, for any fixed monotone graph property P = Forb(F),
we study the sample complexity of estimating a bounded graph parameter z» that, for an input graph G,
counts the number of spanning subgraphs of G that satisfy P. To improve upon previous upper bounds on
the sample complexity, we show that the vertex set of any graph that satisfies a monotone property P may
be partitioned equitably into a constant number of classes in such a way that the cluster graph induced by
the partition is not far from satisfying a natural weighted graph generalization of PP. Properties for which
this holds are said to be recoverable, and the study of recoverable properties may be of independent interest.

2010 MSC Codes: Primary 68W20; Secondary 68W25, 68Q25, 68R10, 05C35, 05C85

1. Introduction and main results

In the past two decades, a lot of effort has been put into finding constant-time randomized
algorithms (conditional on sampling) to gauge whether a combinatorial structure satisfies some
property, or to estimate the value of some numerical function associated with this structure. In
this paper we focus on the graph case and, as usual, we consider algorithms that have the ability
to query whether any desired pair of vertices in the input graph is adjacent or not. Let G be the set
of finite simple graphs and let G(V) be the set of such graphs with vertex set V. We shall consider
subsets P of G that are closed under isomorphism, which we call graph properties. To avoid techni-
calities, we restrict ourselves to graph properties P such that P N G(V) # ) whenever V # §J. For
instance, this includes all non-trivial monotone and hereditary graph properties, which are graph
properties that are inherited by subgraphs and by induced subgraphs, respectively. Here, we will
focus on monotone properties. The prototypical example of a monotone property is Forb(F), the
class of all graphs that do not contain a copy of a fixed graph F. More generally, if P is a monotone
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property and F contains all minimal graphs that are not in P, then the graphs that lie in P are
precisely those that do not contain a copy of an element of F. This class of graphs will be denoted
by P = Forb(F). The elements of Forb(F) are said to be F-free.

A graph property P is said to be testable if, for every ¢ > 0, there exist a positive integer
qp = qp(e), called the query complexity, and a randomized algorithm 7p, called a tester, which
may perform at most gp queries in the input graph, satisfying the following property. For an
n-vertex input graph I, the algorithm 7p distinguishes with probability at least 2/3 between the
cases in which I' satisfies P and in which I" is e-far from satisfying P, that is, in which no graph
obtained from I by the addition or removal of at most en? /2 edges satisfies P. This may be stated
in terms of graph distances: given two graphs I' and I'” on the same vertex set V(I") = V(I''), we
may define the normalized edit distance between I' and I'” by

2
di(I',T") = — |E(I") AE(T)],
(1) = o (B AE)
where E(I')AE(I"') denotes the symmetric difference of their edge sets. If P is a graph property,
we let the distance between a graph I and P be

di(T, P) = min{d (T, T): V(I'')= V(') and T’ € P}.

For instance, if I' = K}, and P = Forb(K3), Turdn’s theorem ensures that (g) — |n?/4] edges need
to be removed to produce a graph that is K3-free. In particular, d; (K, Forb(K3)) — 1/2. A graph
property P is testable if there is a tester with bounded query complexity that distinguishes with
probability at least 2/3 between the cases d;(I', P) =0 and d; (I", P) > ¢.

The systematic study of property testing was initiated by Goldreich, Goldwasser and Ron [25],
and there is a very rich literature on this topic. For instance, regarding testers, Goldreich and
Trevisan [26] showed that it is sufficient to consider simpler canonical testers, namely those that
randomly choose a subset X of vertices in I" and then verify whether the induced subgraph I'[ X]
satisfies some related property P’. For example, if the property being tested has edge density 1/2,
then the algorithm chooses a random subset X of appropriate size and checks whether the edge
density of I'[X] is within, say, /2 of 1/2. Regarding testable properties, Alon and Shapira [6]
proved that every monotone graph property is testable, and, more generally, that the same holds
for hereditary graph properties [5]. For more information about property testing, we refer the
reader to [24] and the references therein.

In a similar vein, a function z: G — R from the set G of all finite graphs into the real num-
bers is called a graph parameter if it is invariant under relabelling of vertices. A graph parameter
z: G — R is estimable if, for every € > 0 and every large enough graph I" with probability at
least 2/3, the value of z(I") can be approximated up to an additive error of ¢ by an algorithm
that only has access to a subgraph of I induced by a set of vertices of size g, = q.(¢), chosen uni-
formly at random. The query complexity of such an algorithm is (%) and the size g is called its
sample complexity. Estimable parameters have been considered in [18] and are often called testable
parameters. When the parameter is the distance to a given property, estimating it is closely related
to the notion of tolerant testing, which was introduced by Parnas, Ron and Rubinfeld [33], and is
a generalization of standard property testing. Let 0 < &1 < &3 < 1. An (&), £2)-tolerant tester for a
graph property P is an algorithm that receives a graph I' as input and distinguishes between the
cases d; (I", P) < g1 and d; (", P) > &, with probability at least 2/3 and constant query complexity.
In a seminal piece of work, Fischer and Newman [18] proved that every testable graph property
P has a (d — ¢, d)-tolerant tester, for every positive d and ¢. The distance from a graph to P can
then be estimated by successively running such tolerant testers. This strategy has been improved
by Alon, Shapira and Sudakov [7] in the case of monotone properties P, but, as we shall discuss
below in more detail, it leads to an algorithm whose query complexity depends on the constants
given by the Szemerédi Regularity Lemma. Going back to general parameters, we mention that
Borgs, Chayes, Lovasz, S6s and Vesztergombi [11, Theorem 6.1] gave a complete characterization
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of the graph parameters that are estimable, which, in particular, also implies that the distance from
monotone graph properties is estimable. Their work uses the concept of graph limits and does not
give explicit bounds on the query complexity required for this estimation.

We obtain results for the bounded graph parameter defined, for a graph family F, as the num-
ber of F-free spanning subgraphs of the input graph I'. Recall that G' = (V', E') is a spanning
subgraph of a graph G= (V,E)if V=V and E' CE.

Formally, given a graph I" € G and a family F of graphs, we denote the set of all 7-free spanning
subgraphs of I" by

Forb(T", F) = {G is a spanning subgraph of I': G € Forb(F)},

and we consider the graph parameter

2
zr(') = W log, | Forb(T", F)|. (1.1)

For example, if 7 = {K3} and I" = K,;, computing zr requires estimating the number of K3-free
subgraphs of K, up to a multiplicative error of 200n),

2 2 n 1
zr(K,) = 3 log, | Forb(I", F)| = > log, 2 (3)/2+00%) >

This was done by Erdés, Kleitman and Rothschild [16] for F = {Ky}; see also Erdés, Frankl and
Rodl [15] for F-free subgraphs. Counting problems of this type have been studied by several
people. Consider for instance the work of Promel and Steger [34, 35], the logarithmic density
in Bollobas [10], and some more recent results about the number of n-vertex graphs avoiding
copies of some fixed forbidden graphs [8, 9]. Algorithmic aspects have been investigated by Duke,
Lefmann and Rédl [14] and, quite recently, by Fox, Lovasz and Zhao [20].

As we shall see, estimating graph parameters zx(I") is related to estimating distances of graphs
from the corresponding graph property P = Forb(F). Improving upon the approach of Fischer
and Newman [18], Alon, Shapira and Sudakov [7, Theorem 1.2] proved that the distance to every
monotone graph property P is estimable using a natural algorithm, which simply computes the
distance from the induced sampled graph to P. However, one disadvantage of this approach is
that the accuracy of the estimate relies heavily on stronger versions of Szemerédi’s Regularity
Lemma [3, 37]. Therefore the query complexity is at least of the order TOWER ( poly(1/¢)), by
which we mean a tower of twos of height that is polynomial in 1/¢. Moreover, it follows from a
result of Gowers [27] that any approach based on Szemerédi’s Regularity Lemma cannot lead to a
bound that is better than TOWER ( poly(1/¢)).

In this paper we introduce the concept of recoverable graph properties. Roughly speaking, given
€ > 0, an ‘e-recovering’ partition ) of a graph G € P is a partition from which one can recover the
fact that G is (in particular) e-close to P by inspecting the set of densities between the classes
of V only. In other words, for such a partition V, the ‘cluster graph’ G/, (see Section 2 for the
definition) is a witness to the fact that G is e-close to P. Given a function f: (0, 1] — R, we say
that a graph property P is ‘f-recoverable’ if every graph G € P has one such e-recovering partition
into at most f(¢) classes, for every & > 0. The precise definitions of an e-recovering partition and
an f-recoverable graph property are given in Definitions 3.4 and 3.5, respectively.

Theorem 1.1. Let Forb(F) be an f-recoverable graph property, for some function f: (0, 1] — R.
Then, for every e > 0 there exists ng such that, for any graph T with |V(I")| > no, the graph para-
meter zr defined in (1.1) can be estimated within an additive error of & with sample complexity

poly(f(e/6)/¢).
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Given a monotone property Forb(F), the parameter zr is actually closely related to the para-
meter dr: I' — di(T", Forb(F)). In fact we shall prove the following simple consequence of
Theorem 1.1.

Corollary 1.2. Let Forb(F) be an f-recoverable graph property, for some function f: (0,1] — R.
Then, for every & >0 there exists ny such that, for any graph T' with |V(I')| = no, the graph
parameter dr: T — di(T", Forb(F)) can be estimated within an additive error of € with sample

complexity poly(f(e/6)/e).

Although one could apply strong versions of regularity to show that every monotone property
Forb(F) is f-recoverable, this would provide an upper bound of at least TOWER ( poly(1/e)) for
the function f. We find a connection between the notion of recoverability and the graph Removal
Lemma, which can lead to better bounds on the function f(¢). The Removal Lemma for triangles
was proved by Ruzsa and Szemerédi in [36]. The more general version was first stated explicitly
in the literature by Alon, Duke, Lefmann, Rodl and Yuster [2] and by Fiiredi [22]. The following
version, which holds for arbitrary families of graphs, was first proved in [6].

Lemma 1.3 (Removal Lemma). For every ¢ > 0 and every (possibly infinite) family F of graphs,
there exist M = M(e, F), § = 8(e, F) > 0 and ng = no(e, F) such that the following holds. If a graph
G on n = ny vertices satisfies di (G, Forb(F)) > ¢, then there exists F € F with |V (F)| < M such that
G has at least 5n!VE) copies of F. O

Conlon and Fox [13] showed that Lemma 1.3 holds with 1/§, ny < TOWER ( poly(1/¢)).
Although this remains the best known bound for the general case, there are many families F for
which Lemma 1.3 holds with a significantly better dependence on ¢. For families 7 = {F} where
F is an arbitrary graph, Fox [19] (see also [32]) showed that Lemma 1.3 holds with both 1/§ and
ng bounded by TOWER (O(log (1/¢))); as a consequence, this same bound holds for every finite
family F. Moreover, if F is bipartite, then 1/§ and ng are polynomial in 1/¢ and, although it is not
possible to get polynomial bounds when F is not bipartite, the best known lower bound for 1/ is
only quasi-polynomial in 1/ (see Alon [1]). Lemma 1.3 also holds with 1/8, M, ny < poly(1l/e)
for certain infinite families F. For instance, results from [25] provide such polynomial bounds
when Forb(F) is the property of ‘being k-colourable’ (for every fixed positive integer k) or the
property of ‘having a bisection of size at most pn?’ (for every fixed p > 0) or many other properties
that can be expressed as ‘partition problems’.

We show that every monotone graph property Forb(F) is f-recoverable for some function f
that is only exponential in the bounds given by the Removal Lemma for the family F. For the
proof, we use a weighted version of the Removal Lemma (see Lemma 3.6).

Theorem 1.4. For every family F of graphs, the property Forb(F) is f-recoverable for f(e) =
1n92P°YYM/9) where 8§, M and ng are as in Lemma 3.6 with input F and e.

The case of finite F is an instance where the bounds given by Lemma 3.6 relate polynomially to
the bounds given by Lemma 1.3. In particular, Theorem 1.4, together with the above-mentioned
bounds for Lemma 1.3 obtained by Fox [19] for finite families F, implies that Forb(F) is
f-recoverable with f(¢) = TOWER ( poly(log (1/¢))).

The remainder of the paper is structured as follows. In Section 2 we introduce notation and
describe some tools that we use in our arguments. In Section 3 we introduce the concept of recov-
erable graph properties and prove Theorem 1.4. Theorem 1.1 is a consequence of Theorem 4.1,
which is the main result in Section 4. In Section 5 we prove Theorem 3.2, which is the technical
tool for establishing Theorem 4.1. Corollary 1.2 is proved in Section 6. We finish the paper with
some concluding remarks in Section 7.
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2. Notation and tools

A weighted graph R over a (finite) set V of vertices is a symmetric function from V x V to [0, 1].
A weighted graph R may be viewed as a complete graph (with loops) in which a weight R(3, j)
is given to each edge (i, j) € V(R) x V(R), where V(R) denotes the vertex set of R. The set of all
weighted graphs with vertex set V is denoted by G*(V) and we define G* as the union of all G*(V)
for V finite. In particular, a graph G is a weighted graph such that G(i, i) = 0, for every i € V(G),
and either G(j, j) = 1 or G(j, j) = 0 for every (i, j) € V(G) x V(G), i # j. For a weighted graph R €
G*(V) and for sets A, B C V, we denote er(A, B) = Z(Lj)eAxB R(i,j) and e(R) = er(V, V) /2. Given
a graph G=(V, E) and vertex sets U, W C V(G), let EG(U, W) ={(u,w) € E: uc U,w e W} and
EG(U, W) = |EG(U> W)'

An equipartition V = {Vi}f,‘:1 of a weighted graph R is a partition of its vertex set V(R) such
that |Vi| <|Vj| + 1 for all (i, j) € [k] x [k]. We sometimes abuse terminology and say that V' is a
partition of R.

Let V={V),..., Vi} be an equipartition into k classes of a graph G = (V, E). The cluster graph
of G by V is a weighted graph G/ € G*([k]) such that G/y (i, j) = ec(V;, V) /(IVi| |V}]) for all
(i,7) € [k] x [k]. For a fixed integer K > 0, the set of all equipartitions of a vertex set V into at
most K classes will be denoted by ITx(V). We also define the set G/11,, ={G/yp : V € [Ix(V(G))}
of all cluster graphs of G whose vertex set has size at most K.

The distance between two weighted graphs R, R" € G*(V) on the same vertex set V is given by

1 . .
G(RR) = > IRGj) — R G, j)l.
(ij)eVxV
Note that the above definition extends the one given in the previous section. For a property

H € G* of weighted graphs, i.e. for a subset of the set of weighted graphs which is closed under
isomorphisms, we define

dl(R, H) = min d1 (R, R/).
R eH:
V(R)=V(R)
Unless said otherwise, we will assume that # contains weighted graphs with vertex sets of all
possible sizes.
Next, to set up the version of regularity (or Regularity Lemma) that we use in this work, we

consider a second well-known distance between weighted graphs. Let R, Ry € G*(V) be weighted
graphs on the same vertex set. The cut-distance between R; and R; is defined as

1
dg (R, R) = VR s,ng/ ler, (S, T) — e, (S, T)|.

LetI'eG(V)and V = {V,'}f.‘=1 be a partition of V. We define the weighted graph I'y, € G*(V) as
the weighted graph such that Cy(u,v) = I'/y (i,j) ifue Viand v e Vj. Graph regularity lemmas
ensure that, for any large graph I', there exists an equipartition ) into a constant number of classes
such that I'y is a faithful approximation of I'. Here we use the regularity introduced by Frieze and
Kannan [21]. Henceforth, we writeb=at xfora—x<b<a+x.

Definition 2.1. A partition V = {V,-};‘:1 of a graph I' is y-FK-regular if dg (I, I'y) <y, or,
equivalently, if for all S, T € V(I") we have

er(ST)=| Y ISOVIITOV}I T/ Gj) | £y VD)L
(i) elk]x[k]

The concept of FK-regularity is also known as weak regularity.
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Lemma 2.2 (Frieze-Kannan Regularity Lemma). For every y > 0 and every ko > 0, there exists
K =ko - 2°°YY/7) such that every graph T on n > K vertices admits a y-FK-regular equipartition
into k classes, where kg < k < K. O

We remark that Conlon and Fox [12] found graphs where the number of classes in any y-FK-
regular equipartition is at least 21/@%y?) (for an earlier result, see Lovasz and Szegedy [31]).

3. Recoverable parameters

The main objective of this section is to introduce the concept of e-recoverability and to state our
main results in terms of it.

3.1 Estimation over cluster graphs

For a weighted graph R € G*(V) and a subset Q C V of vertices, let R[Q] denote the induced
weighted subgraph of R with vertex set Q. Let us now define estimable parameters in the context
of weighted graphs.

Definition 3.1. We say that a function z: G* — R (also called a weighted graph parameter) is
estimable with sample complexity q: (0,1) — N if, for every ¢ > 0 and every weighted graph I'* €
G*(V) with | V| > g(e), we have z(I'*) = z(I"*[Q]) & ¢ with probability at least 2/3, where Q is
chosen uniformly from all subsets of V of size q(¢).

The following result states that graph parameters that can be expressed as the solution of some
optimization problem over G/[7, can be estimated with a query complexity that is only poly-
nomial in K and in the reciprocal of the error parameter . Here G/[7; is the set of all cluster
graphs of G of order at most K. We have been writing poly(x) for a polynomial in x. In what
follows, poly(x, y) denotes a polynomial in the variables x and y.

Theorem 3.2. Let z: G — R be a graph parameter and suppose that there are a weighted graph
parameter z*: G* — R and constants K > 0 and ¢ > 0 such that

(1) z(T") = maxp, /g Z*(R) for every I' € G, and
(2) 12*(R) — z*(R')| < ¢ - d1 (R, R') for all weighted graphs R, R' € G* on the same vertex set.

Then z is estimable with sample complexity € — poly(K, c/¢).

The proof of Theorem 3.2 is rather technical and is therefore deferred to Section 5. Moreover,
in Section 4 we show how to express the parameter zx introduced in (1.1), in terms of the solution
of a suitable optimization problem over the set I'/1, of cluster graphs of I" of order at most K.

3.2 Recovering partitions

We are interested in the property of graphs that are free of copies of members of a (possibly infi-
nite) family F of graphs. To relate this property to a property of cluster graphs, we introduce some
definitions. Let ¢ : V(F) — V(R) be a mapping from the set of vertices of a graph F € G to the set
of vertices of a weighted graph R € G*. The homomorphism weight hom (F, R) of ¢ is defined as

hom,(F,R) = 1_[ R(p(), (7).
(i,f)€E(F)
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The homomorphism density t(F,R) of F € G in R € G* is defined as the average homomorphism
weight of a mapping in ®: = {¢: V(F) — V(R)}, that is,

1
t(F,R) = ry > hom,(F, R).
ped
Note that, if F and R are graphs, then t(F, R) is approximately the density of copies of F in R
(and converges to this quantity when the order of R tends to infinity). Since weighted graphs will
represent cluster graphs associated with a partition of the vertex set of the input graph, it will be
convenient to work with the following property of weighted graphs:

Forby  (F)={ReG": t(F,R) =0 for every F € F}.

Let R, S € G*(V) be weighted graphs on the same vertex set V. We say that S is a spanning
subgraph of R, which will be denoted by S <R, if S(i, j) < R(3, j) for every (i,j) € V x V. When
there is no ambiguity, we will just say that S is a subgraph of R. We also define Forby_ . (R, F) =
{SeForbf  (F): S<R}.

The following result shows that having a cluster graph in Forb;  (F) witnesses membership
in Forb(F).

Proposition 3.3. Let F be a family of graphs and let V be an equipartition of a graph G. If G/ €
Forby. . (F), then G € Forb(F).

Proof. Let V= {V,-}f.‘:1 be an equipartition of G and let R= G/y. Fix an arbitrary element
F € F and an arbitrary injective mapping ¢: V(F) < V(G). Define the function ¢ : V(F) — V(R)
by ¥ (v) =i if ¢(v) € V;. Now, if #(F, R) =0, there must be some edge (u, w) € E(F) such that
Ry (u), ¥ (w)) =0, thus G(¢(u), ¢(v)) = 0 and hence hom, (F, G) = 0. Since ¢ and F were taken
arbitrarily, we must have G € Forb(F). ]

It is easy to see that the converse of Proposition 3.3 does not hold in general. Indeed, there
exist graph families F and graphs G € Forb(F) such that G/y is actually very far from being
in Forb; (F) for some equipartition V of G. As an example, let G be the n-vertex bipartite
Turan graph T, (n) for the triangle K3 with partition V(G) = A U B, and consider V = {V,-}ﬁz1 with
Vi=A;UB;, i=1,...,t, where {A;}\_, and {B;}!_, are equipartitions of A and B respectively.
Then G/y) has weight 1/2 on every edge, so that the distance of G/ to the family Forb;  ({K3})
tends to 1/4 for t large by Turdn’s theorem. More generally, if V is a random equipartition of a
triangle-free graph G € Forb({K3}) with large edge density, then with high probability the cluster
graph G/ is still approximately 1/4-far from being in Forby . ({K3}).

On the other hand, we will prove that there exist equipartitions for graphs in Forb(F) with
respect to which an approximate version of the converse of Proposition 3.3 does hold, that is, we
will prove that every graph in Forb(F) is not too far from having an equipartition into a constant
number of classes that witnesses membership in Forb(F). We say that such an equipartition is
recovering with respect to Forb(F). Let us make this more precise.

Definition 3.4. Let P = Forb(F) be a monotone graph property. An equipartition ) of a graph
G € P is e-recovering for P if d;(G/y , Forb},  (F)) <e.

It is well known that the regularity method implies that, for any fixed graph F, the property
P = Forb({F}) admits a recovering partition (see e.g. [30] or [38]). In fact this holds [6] for gen-
eral monotone properties P. However, regularity methods yield recovering partitions that have
a number of parts that is at least of tower type. Here we focus on the size of such partitions for
monotone properties P.
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Definition 3.5. Let P be a graph property. For a fixed function f: (0, 1] — R, we say that the
class P is f-recoverable if, for every ¢ > 0, there exists no = ng(e) such that the following holds.
For every graph G € P on n > ny vertices, there is an equipartition V of G into at most f(¢) classes
which is e-recovering for P.

As asimple example, one can verify that the graph property P = Forb (F) of being r-colourable
is f-recoverable for f(¢) = r/e. Here and in what follows, for simplicity, we ignore divisibility con-
ditions and drop floor and ceiling signs. Let G be a graph in P, with colour classes Cy, . . ., C;. Let
k=r/e. Start by fixing parts Vi, ..., Vy, for some t < k, of size n/k each, with each V; contained
in some C; (j = j(i)), and leaving out fewer than n/k vertices from each Cj, 1 <j < r. The sets V;,
1 <i<t, cover a subset C]/» of Cj and X; = Cj \ C]/» is left over. We then complete the partition by
taking arbitrary parts Uy, . . ., Ug_; of size n/k each, forming a partition of _; ¢ j<r Xj- The cluster
graph G/)) can be made r-partite by giving weight zero to every edge incident to vertices cor-
responding to Uy, . .., Ux_;. Therefore G/y is at distance at most r/k = & from being r-partite.
Thus, di(G/y , Forby . (F)) < € as required.

We finish this section by noting that the definition of f-recoverable properties has some sim-
ilarity to the notion of regular-reducible properties P defined by Alon, Fischer, Newman and
Shapira [4]. When dealing with monotone properties 7? = Forb(F), the main difference is that
the notion of being regular-reducible requires that every graph G € P should have a regular par-
tition such that G/ is close to some property H* of weighted graphs, while the definition of
f-recoverable properties requires only that every G has a partition V (regular or not) such that
G/y is close to Forby . (F). Another difference is that #* must be such that having a (regular)
cluster graph in H* witnesses only closeness to P, while having a (regular or not) cluster graph in
Forb; . (F) witnesses membership in P.

3.3 Monotone graph properties are recoverable

Szemerédi’s Regularity Lemma [37] can be used to show that every monotone (and actually every
hereditary) graph property is f-recoverable, for f(¢) = TOWER (poly(l/¢)). In the remainder of
this section we prove that monotone properties P = Forb(F) are recoverable using a weaker ver-
sion of regularity along with the Removal Lemma, which leads to an improvement on the growth
of f for families 7 where the Removal Lemma is known to hold with better bounds than the
Regularity Lemma.

We first derive a version of the Removal Lemma stated in the Introduction (Lemma 1.3) that
applies to weighted graphs and homomorphic copies.

Lemma 3.6. For every € >0 and every (possibly infinite) family F of graphs, there exist § =
8(e, F), M = M(e, F) and ng = ny(e, F) such that the following holds. If a weighted graph R with
|V(R)| > ng satisfies d (R, Forby  (F)) > ¢, then there is a graph F € F with |V(F)| < M such that
t(F,R) > 6.

To prove Lemma 3.6, we use the following auxiliary result, which follows from work of Erdés
and Simonovits [17]. For completeness we include its proof.

Proposition 3.7. Let F and F be graphs in G such that there is a surjective homomorphism
¢: V(F)— V(F). Then, for every graph H such that t(F, H) > 8, we must have t(F,H) > 8¢, where
¢=|V(F)IVEOL

Proof. We will consider the particular case in which F is obtained by blowing up a single vertex
v of F into r distinct vertices vy, . .., v, with the same adjacency as v, and hence we assume that
¢(vj)=vforeveryj=1,...,rand {(u) = uforevery u ¢ {vy,..., v,}.
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Let n=|V(H)|, a=|V(F)|,a=|V(F)|=a+r—1and let F_ = F — v be the graphona—1
vertices obtained from F by deleting v. Let N = t(F_, H)n®! be the number of homomorphisms
from F_ to Hand let ¢1,...,on € V(H )V(ﬁ ) be an enumeration of such homomorphisms. Note
that N < n1,

For every i € [N] and u € V(H), we consider the function ¢} that extends ¢; by mapping v to u.
Define Z; ={u € V(H): hom(pu (F,H) = 1} and z; = |Z;|. We claim there are z] ways of extend-
ing ¢; to a homomorphism from F to H. Indeed, every possible extension ¢;: V(F) — V(H)
of ¢;, such that (p{(vj) € Z;, for every j=1,...,r, satisfies hom(pl{ (F, H) = 1. Therefore we have
t(F, H)n* > Zfil z;. Since g(x) = x is a convex function for x > 0 and r > 1, we get

N N

KRHM”}N(%E:Q>::NFT§:z)h

i=1 i=1

Now we use the fact that Zl 12i= t(F, H)n > $n® and our previous bound N < n=1 to obtain
that

t(F, H)n* > § =1 — §rpa,
Therefore t(F, H) > §" > §°. The general case may be easily obtained by induction on the number
of vertices of F. [

Proof of Lemma 3.6. Let  denote the set of all homomorphic images of members of F, that is,
the set of all graphs F € G such that there is a surjective homomorphism F — F, for some F € F.
Let M, § and 719 be as in Lemma 1.3 with input F and /2. We take

M= max ml]r__l |V(F)|,

FeF. Fe
WVE<h F— F

ng =y, 8 = (8/2)M25A€, where £ = MM,

Let R be a weighted graph such that |[V(R)| >ng and d;(R, Forbj  (F))>e. We first
define a graph H € G(V(R)) such that H(i,j) =1 if and only if R(i,j) > /2. It follows from
di(R, Forb}  (F)) > e that d;(H, Forb(F)) > £/2. Indeed, let H' € Forb(F) be arbitrary. Define
R’ such that R'(i,j) =R(i,j) if H'(i,j)=1 and R'(i,j) =0 otherwise. By construction, R €
Forby  (F), and we infer

1
8<d1(R R/) R(l )|
|V(R)|2 Z J
ieV(R),
jeV(R)
—1 . Jre s L. S
(iy): (i):
H(i=1, H(i,)=0,
H’(i,j):() H/(ij)_o
1
S e \H(i,j) — H'(i, )
VD EVZ(H) ! 4 |V(R)|2 ;(R)
jeV(H) ]eV(R)

= dy(H, H) + ;

and thus d;(H, H') > ¢/2.
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By Lemma 1.3 there must be Fe ﬁ, with |V(1:")| < M, such that t(l:", H) > 5. By definition of M,
there must be F € F such that |V(F)| < M and there is a surjective homomorphism F — E It
follows from Proposition 3.7 that t(F, H) > §t. Since

hom,(F, R) > (£/2) ) hom, (F, H) > (¢/2)™" hom,,(F, H)
for each ¢: V(F) — V(R), we must have
MZ M2
>, homy (F, R) N e ' >, homy (F, H) . € Sts)
[V(R)|IVE 2 |V(H)[IVBI 2

We will use the next result, which states that a graph has homomorphism densities close to
those of the cluster graphs with respect to FK-regular partitions.

t(F,R) = OJ

Lemma 3.8 ([11, Theorem 2.7(a)]). Let V be a y -FK-regular equipartition of a graph G € G. Then,
for any graph F € G, we have t(F, G) = t(F, Gy) £ 4e(F)y = t(F, G/y) ) & 4e(F)y. O

We are now ready to prove Theorem 1.4, which establishes that every monotone graph property
is f-recoverable.

Proof of Theorem 1.4. Let §, M and ng be as in Lemma 3.6 with input F and ¢ and let y =
8/(3M)?. By Lemma 2.2, it suffices to show that any y-FK-regular equipartition V = {Vl-}f:1 of
a graph G € Forb(F) into k > ng classes is e-recovering.

Let R = G/y and suppose for contradiction that d; (R, Forb},  (F)) > e. Then, by Lemma 3.6,
we have #(F,R) > § for some graph F € F such that |F| < M. By Lemma 3.8, we have {(F, G) >
8 — 2y M? > 0, a contradiction to G € Forb (F). OJ

4. Estimation of | Forb(T', F)|

The objective of this section is to prove Theorem 1.1. To do this, we shall approximate the
parameter zz by the solution of an optimization problem as in Theorem 3.2. Recall that

Forb} (R, F)={S<R: t(F,S) =0 for every F € F},

and set

ex*(R, F) e(S), (4.1)

=— max
[V(R)|? seForbf, (RF)
which measures the largest edge density of a subgraph of R not containing a copy of any F € F.

We shall derive Theorem 1.1 from the following auxiliary result.

Theorem 4.1. Let F be a family of graphs such that Forb(F) is f-recoverable for some function
f:(0,1] — R. Then, for any e > 0, there exist K = f( poly(e)) and ny = poly(K, 1/¢) such that,
for any graph T" of order n > ny, we have

2
— log, | Forb(I', )| = max eX"(R, F) £ &. (4.2)
n Re F/HK

We define the following subsets of edges of a weighted graph R:

Eo(R) = {(i,j) € V(R) x V(R): R(i,j) =0},
E1(R) = {(i,) € V(R) x V(R): R(i,j) > 0}.
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We will also make use of the binary entropy function, defined by
H(x) = —xlog, x — (1 —x)log, (1 —x) for0<x<1.

Note that H(x) < —2xlog, x for x < 1/8. This function has the property that (see e.g. [29,
Corollary 22.2]) the following inequality holds for e = k/n < 1/2:

k
3 (”) < 2HEm, (4.3)
i=0 !

Proof of Theorem 4.1. Let F be a family of graphs such that Forb(F) is f-recoverable, and
fix & >0. Without loss of generality, ¢ <1. Let &' =(¢/18)%. Using that log, (1/x%) <1/x
for 0 < x < 1/4,and H(y) < —2ylog, y for 0 < y < 1/8, we infer

H(e') + &’ < —2(¢/18)* log, (/18)* + (/18)* < 2(¢/18) + (¢/18)* < ¢ /6. (4.4)

We set K = f(&’?) and ng > 2K? /¢ large enough so that log, no/no < ¢/6.
Let I" be an n-vertex graph with n > ng. We first show that

2
— log, | Forb(', F)| > max ex"(R, F) — ¢.
n Re F/HK

Let R=I'/)) be an arbitrary cluster graph in I'/17, with equipartition V = {Vi}f.‘:1 for some
k < K. Choose a weighted graph S € Forbj (R, F) such that e(S) = (k?/2) ex*(R, F). Further,
let G < T be the subgraph of I" such that G(r, s) = 0 if there is a pair (i, j) € Eo(S) such thatr € V;
and s € Vjand G(r, s) = ['(r, s) otherwise. Thus we obtain G by deleting all edges from I" between
Viand Vj if (i, j) € Eo(S).

Since e(S) maximizes ex*(R, F), it follows that G/} = S, which implies, by Proposition 3.3, that
G € Forb(T", F). Since every subgraph of G also lies in Forb(I", F), we obtain

log, | Forb(I", F)| > |e(G)|
1
=3 Z SG PHIVill Vil
(if)elk]x[k]
< (n—k)?

> S els)

n2
n?
2(§*(R,f)—8)7-

Note that we used the facts that e(S) < k?/2 and n > ng > 2K? /e > 2k/e, as well as | V;| > n/k — 1
for all i.
Now let us prove that

2
— log, | Forb(I', )| < max ex"(R, F) +&.
n Re /e

We first define i = (Jgeporn(r,7) G/TI to be the set of all possible cluster graphs of order at most
K of graphs in Forb(I", F). Since Forb(F) is f-recoverable, we can define a function

n: Forb(I", F) — I x U,
G— W, T),
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where V is an (¢"%)-recovering partition of G into k < K classes and T = G/y. Clearly

IRHMF“FN<|Hleﬂ-$?yn_WVJUL (4.5)

Since each mapping from V(I') — [K] gives a partition of V(I') into at most K classes, we
have |T1x| < K" < n". Moreover, given an arbitrary graph G € G(V) and any partition V of V,

an edge G/ (i, j) may assume n? different values. Hence, we have || < n?K L .
Finally we make the following claim, whose proof is deferred for a moment:

1 1, 7)|) < “(R, F) + = " (4.6)
ng({ggln ) I)\ Rerr;% ex t3) 7 :

Taking the logarithm of (4.5) and using (4.6), we get

2
log, | Forb(T", F)| <log, n" +log, n" + ( max ex (R, F)+ g)”_

Rel/me 2
2
<( max e_x*(R,]-')—{—s)? (aslog, n/n<e/6),

Re T/,

as desired.

It remains to prove (4.6). To this end, fix (V, T) in the image of n and let R= I'/)). Choose §' €
Forb* (R, F) such that d; (T, S') < 2. This is possible because V is an (¢"2)-recovering partition.
Set E; = E;(S') and partition Eo(S') into E : = {(i, ) € Eo(S): T(i,j) > ¢’} and E; = Eo(S) \ E; .

Since there are
Vil | Vi|R(,
T (M
\Vil IV T(, j)

ways to choose |V;| |V;|T(i, j) edges out of the |Vi| |V}|R(i, j) edges between V; and V; in T', we
obtain

monis [T vep< [T VoG [T veap [T veap. @

1<i<j<k (i,)€E; (1,])61# (ij)€E,

We now estimate the products in (4.7).
We can bound each of the factors b(i, j) of E; by 2REIIVillVil Since di(T, §') < &2, we have
|E(‘)"| < &'k?, as otherwise

d(T,8) = > (TG ) — S Gl > |Ef e’ > eI,
(i)eEy

which is a contradiction. Clearly, we have |E; | < k*. This allows us to upper-bound each of the

factors of E{ trivially by 2/il Vil and each of the factors of Ey by 2HEIVil Vil using (4.3).
Now let S € Forb™ (R, F) be such that

0 if (i, ) € Eo(S),

/ R(i,j)  otherwise.
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Taking the logarithm of (4.7) and using | V;| |V}| < (n + k)2 /k?, we get

1 1 1
—1 . .
log, In~' (V. T)I < 5 Z RV IVl + 5 D HEW IV +2 D Vil Vil
(ij)Ey (i)eEy (i)eES

R(i, j) H(e") 1 (n+ k)
(T E2+ T T X )

(ij)€Es (if)eEy (ij)€ES

k2
g(k—lz Z S(i,j)—l—H(s/)—i-e/) (”z )

(i,)eEs

(n+k)?
I
Now, by using the fact that S € Forb* (R, F) and that H(&') + &’ < &/6 (see (4.4)), we infer

2 2
logzln_l(V,T)K( *(R, F) + 6>(nzk) ( (RJ")Jrg)n2

which implies (4.6). O

< (&X' (R, F)+H(N+¢)

Proof of Theorem 1.1. Let F be a family of graphs such that Forb(F) is f-recoverable. Set K =
f(poly(e)) and ny = poly(K, 1/¢) given by Theorem 4.1 applied to /3. Theorem 4.1 ensures
that, whenever I" is a graph on n > ng vertices, we have

—log2 | Forb(I", F)| — max ex (R, F)| <
Re T/,

(4.8)

UJI(‘O

Let z: G — R be the graph parameter defined by z(I") = maxp, /g z*(R), where z*(R) =
ex*(R, F). We claim that, given R and R" in G*(V), we have |z*(R) — z*(R')| < d;(R, R). Indeed,
assume without loss of generality that z*(R) > z*(R’), and fix a subgraph S < R such that S e
Forbj (R, F) and z*(R) = 2e(S)/|V|*. If S € Forb; . (R, F) we are done, so assume that this
is not the case. Let §' be a subgraph of S and R’ maximizing e(S'), i.e. §'(i, j) = min{S(i, ), R'(i, j)}.
Clearly

/ 1 . \45
SHZe®) =5 Y IRGH—RGI=e8) = —= diRR),
(i,))eVxV

so that 0 < z*(R) — z*(R') < 2(e(S) — e(§))/| V> < di(R, R)).
This allows us to apply Theorem 3.2 to conclude that Z is estimable with sample complexity
q(e) =poly(K,1/¢). Let Q be chosen uniformly from all subsets of V of size

q = max{q(e/3), no}

and set I' = I'[Q]. It follows that, with probability at least 2/3, we have |2(T") — 2(I")| < &/3. By
(4.8) we have |2n~2 log, | Forb(I", F)| — z(I")| < &/3. On the other hand, we can also apply (4.8)

to T to obtain |2(T") — 2¢' > log, | Forb(T', F)| | < &/3. By adding the last three inequalities, we
get that

2 2 —

) log, | Forb(I", F)| — ? log, | Forb(I", F)|| <&,

as required. O

https://doi.org/10.1017/50963548320000048 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548320000048

Combinatorics, Probability and Computing 629

5. Proof of Theorem 3.2

Here we will prove Theorem 3.2. Its proof is based on the following lemma, which asserts that
the set of cluster graphs of a graph I' is very ‘similar’ to the set of cluster graphs of ‘large enough’
samples of T".

Lemma 5.1. Given K >0, ¢ >0 there exists =poly(K, 1/¢) such that the following holds.
Consider a graph T whose vertex set V has cardinality n > q and a random subgraph T' =T'[V],
where V is chosen uniformly from all subsets of V of size q. Then, with probability at least 2/3, we
have

(1) foreachV € Nig(V), there is aVelg(V)withd (T/y, E/V )< &, and
(2) foreach V € Tix(V), thereisaV € Tig(V) with dy( T/, T/p ) <e.

Lemma 5.1 is proved in [A. Shapira and H. Stagni, in preparation]. We now deduce
Theorem 3.2 from Lemma 5.1.

Proof of Theorem 3.2. Fix ¢ > 0 and an input graph I € G(V). Let g be as in Lemma 5.1 with
input K and ¢/c. Choose Q uniformly from all subsets of V' of size q and set T =T[Q]. We will
show that z(I") = z(T') + & with probability at least 2/3.

Let V € IIx(V) be an equipartition of I" such that z(I') =z*( I'/y) ). By Lemma 5.1(1), with

probability at least 2/3, there is a partition V of I' such that d;( I'/y, I'/}7 ) < ¢/c. By the sec-
ond condition on z* in the statement of Theorem 3.2, we have |z*( F/V )—z*(T/p )| <e, and
therefore z(F)gz*(F/V)gz*( L/y)+e=2z(T)+e. B

A symmetric argument, relying on Lemma 5.1(2), shows that z(I") < z(I") + &. O

6. Proof of Corollary 1.2
For a graph I" and a family of graphs 7, let
ex (I', F) = max{e(G): G € Forb(T", F)}. (6.1)

Moreover, let
2
ﬁ(F,F):—zex(F,}') (6.2)
n

be a normalized version of ex (I, F). Since Forb(I", F) is a monotone property, it is easy to see
that the graph G attaining the maximum in (6.1) must also minimize the distance d;(I", G) over
every G € Forb(I", ). In other words, we must have

dﬂI‘,}"):%e(F)—&(F,}'). (6.3)

Moreover, if G is a graph attending the maximum of (6.2), then every subgraph of G is also in
Forb(I", F). Hence, it is clear that

2
- log, | Forb(I", F)| =:zx(I") > ex (I, F). (6.4)
n

By using the regularity method, Erdés, Frankl and Rodl [15] showed that, for I' =K, and
F = {F}, the trivial lower bound given in (6.4) is actually asymptotically tight, i.e. that zx(K},) <
ex (K, F) + o(1). One may extend these results to arbitrary graphs I and arbitrary families F, by
using a stronger version of the Regularity Lemma, given in [3].

For completeness and to get a bound for # that does not depend upon the Regularity Lemma,
we show the following result, which is a consequence of Theorem 4.1.
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Corollary 6.1. Let F be a family of graphs such that Forb(F) is f-recoverable for some function
f:(0,1] — R. Then, for any & > 0, there exists ng = poly(f(poly(e))) such that any graph T of
order n > ny satisfies

ex (I, F) <zp() <ex(I, F) +e.

Proof. By the above discussion, it suffices to prove the upper bound z#(I') <ex (I, F) +¢. Let K
be as in Theorem 4.1. Let V = {V,-}f.‘=1 € Ik be an equipartition that maximizes ex*( ['/y , F)
over all equipartitions of I' of size at most K. Let S € Forb; (G/y , F) be such that e(S) =
(k*/2)ex*( T/y , F). By the maximality of S, we can assume without loss of generality that, for
every 1 <i<j<k, either S(i, j) = G/y (i, ) or S(i, j) = 0. Furthermore, S(i,i) = 0 forall 1 <i< k.
Consider the subgraph G of I' that we get after removing every edge between V; and Vj, for
each 1 <i<j<k satisfying S(i, j) = 0. By construction we have G/y =S, which implies that
G € Forb(T", F) by Proposition 3.3. Thus,

2
& (T, F) > 5e(G)
n
2

2 ..n
= Z S(z,])ﬁ

1<i<j<k

2

= max ex (R, F)
Rel/my

where the last inequality follows from Theorem 4.1. O

Proof of Corollary 1.2. From Theorem 1.1 and Corollary 6.1, it follows that one can estimate
ex (I, F) with an additive error of £ /2 and with sample complexity poly(f(poly(e))) by simply
estimating zx(I") with an additive factor of ¢ /4. Furthermore, I' — (2/ n%)e(I") can be estimated
with an additive error of £/2 with sample complexity polynomial in 1/¢. Hence, it follows
from (6.3) that d;(I", Forb(F)) is estimable with an additive error of & with sample complexity

poly(f(poly(e))). O

7. Concluding remarks

In this paper we have introduced the concept of f-recoverability of a graph property P. Using this
concept, and the fact that any monotone property P = Forb(F) is recoverable for a function f
whose size is given by the Graph Removal Lemma, we found a probabilistic algorithm to estimate
the number of F-free subgraphs of a large graph G whose sample complexity does not depend on
regularity.

We also proved that the number of F-free subgraphs of a large graph G is closely related to the
edit distance d; (G, Forb(F)) from G to Forb(F). In particular, our results give upper bounds on
the sample complexity required to estimate d; (G, Forb(F)). Our bounds depend on the notion
of f-recoverability of Forb(F), and are at most doubly exponential in the bounds given by the
Removal Lemma for F. Such bounds improve upon previous ones in [7] and [18], for the specific
case of monotone properties. The approaches in [7] and [18] depend on the Regularity Lemma,
yielding tower-type bounds for the sample complexity, even for properties admitting an efficient
Removal Lemma (see [23]).

Going back to the notion of f-recoverability, we note that, being a new concept, little is
known about it, and we believe that it would be interesting to investigate this notion in more
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detail. For instance, in our proof that any monotone property Forb(F) is f-recoverable, we found
g-recovering partitions V' that were y-FK-regular (in fact we showed that any such partition is
e-recovering), where y(¢) is chosen in such a way that the Removal Lemma applies. On the
other hand, our discussion after Definition 3.5 implies that the property of being r-colourable is
e-recoverable with sample complexity r/¢, and thus we may find an e-recovering partition whose
size is less than the size required to ensure the existence of an FK-regular partition. It is natural
to ask for properties that can be recovered by small partitions; more precisely, one could ask for a
characterization of properties that are f(¢)-recoverable for f(e) polynomial in 1/¢.

Here we have restricted ourselves to monotone graph properties. We should mention that the
parameter

. 2
zp(l') = O log, {GT': Ge P}
might not even be estimable for arbitrary (non-monotone) properties P. For instance, if P is the
hereditary property of graphs having no independent sets of size three, then the complete graph
K, and the graph K,, — E(K3), which is obtained from K, by removing the edges of a triangle,

have quite a different number of spanning subgraphs satisfying P, namely 27'/4 and 0, respec-
tively, although their edit distance is negligible. It follows from [11, Theorem 6.1] that Zp is not
estimable.

Nevertheless, the definition of f-recoverable can be extended to cope with general hereditary
properties, and along with Theorem 3.2 it provides a way of estimating other interesting hereditary
properties. In particular, this framework is used in a follow-up paper [C. Hoppen, Y. Kohayakawa,
R. Lang, H. Lefmann, and H. Stagni, submitted for publication] to estimate the edit distance to any
fixed hereditary property with a sample complexity similar to the one obtained here.
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