12
The Nonbacktracking Laplacian

A nonbacktracking random walk, that is, where the random walker is not
allowed to travel an edge back and forth, leads to a new Laplace-type operator
with novel properties. It encodes structural features of the underlying graph in
a manner different from other Laplace operators.

Spectral graph theory is typically based on the study of the spectrum of
symmetric operators associated with graphs. As discussed in Chapters 4, 5,
and 8, the main advantage is that such spectra can be easily computed and are
relatively easy to interpret in terms of geometric properties of the graph. The
price to pay is the presence of several families of isospectral graphs, that is,
nonisomorphic graphs that share the same spectrum and therefore cannot be
uniquely distinguished by their eigenvalues.

An alternative to the spectral theory of graphs via symmetric operators,
which partially overcomes this problem and also comes with its own inter-
esting aspects, is the spectral theory of nonbacktracking operators. The idea
behind it is the following. Consider a simple graph G = (V,E) and a random
walker on V who moves, with uniform probability, from one vertex v to any of
its neighbors, except for the one that she visited immediately prior to v. This
process is called a nonbacktracking random walk since the walker does not go
back to the vertex she just visited, and it is clearly non-Markovian. However, it
is possible to construct a directed graph G = (V, ) called the nonbacktracking
graph or the Hashimoto graph of G, with the property that a nonbacktracking
random walk on V can be equivalently seen as a simple random walk on V),
and this process is Markovian on ). We shall see how to construct G in the first
section of this chapter.

The reader may have already noticed that we are deviating here from our
general convention to denote a graph by I' and call it G instead. The reason
is that our notation in this chapter is set up so as to utilize a systematic cor-
respondence between ordinary and calligraphic letters. The ordinary letters,
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352 12 The Nonbacktracking Laplacian

like G, will be used for quantities defined on or by the original graph, and
the calligraphic letters, G in this case, for the corresponding quantities on the
nonbacktracking graph constructed from it. So, for instance, V is the vertex
set of G and V that of G. Also, in this chapter, it will be natural to work with
directed graphs.

The adjacency matrix .4 and the normalized Laplacian £ of the new directed
graph G are nonsymmetric operators, and, as we shall see, their spectra can be
considered in order to investigate properties of the original graph G. We recall
the discussion of general non symmetric Laplacians in Section 4.7.

The transpose of A is called the nonbacktracking matrix of G, and it was
introduced by Ki-ichiro Hashimoto in 1989 in the context of graph zeta func-
tions [127]. Later on, many properties of this matrix have been investigated in
the area of algebraic graph theory [22, 66, 257], and it has then been shown
that it is very powerful in spectral graph theory, as well as in its applications
to network analysis [8, 36, 67, 111, 116, 177, 202, 226, 259-262]. Moreover,
Backhausz, Szegedy, and Virag applied nonbacktracking random walks to the
study of Ramanujan graphings [13], while Shrestha, Scarpino, and Moore in
2015 [250], as well as Castellano and Pastor-Satorras in 2018 [48], applied the
study of nonbacktracking paths to epidemic spreading on networks.

The matrix £ is called the nonbacktracking Laplacian of G. It was intro-
duced in [156] (on which this chapter is mainly based) and further investigated
in [220].

Before proceeding, we should warn the reader that, once one learns about
the beauty of the nonbacktracking matrices, there is no going back to only
working with symmetric operators.

12.1 Basic Definitions

We now give a formal and detailed description of the concepts that we
introduced at the beginning of this chapter.

We fix a simple graph G = (V, E) on N nodes and M edges and (for reasons
that will soon be clear) we assume that it has minimum degree > 2. For each
edge, we fix an orientation; that is, we let one of its endpoints be its input and
the other one be its output. Moreover, we let e = [v,w] denote the oriented
edge whose input is v and whose output is w. We also write in(e) = v and
out(e) = w, and we let e~! = [w,v]. We also let ey,. . .,ep denote the edges
of G with the orientation that has been (arbitrarily) fixed, and we let

— -1 -1
epM+1 = 6‘1 s €2M = €y

denote the edges with the inverse orientation.
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12.1 Basic Definitions 353

Earlier, we described a nonbacktracking random walk as a non-Markovian
process on the vertex set of G. We can equivalently define it as a Markovian
process on the set of oriented edges, as follows.

Definition 12.1.1. A nonbacktracking random walk on G is a discrete-time
Markov process on the oriented edges such that the probability of going from
ejtoe; is

if out(e;) = in(e;) and in(e;) # out(e;)

I B
P(e; — ej) — ] deg(out(e;))-1 .
0 otherwise.

Moreover, the nonbacktracking matrix of G can be defined directly, without
first considering the nonbacktracking graph, in the following way.

Definition 12.1.2. The matrix B := B(G) is the 2M X 2M matrix with (0, 1)-
entries such that

B;j =1 < out(e;) = in(e;) and in(e;) # out(e;).
The nonbacktracking matrix of G is BT, the transpose matrix of B.
Now, we fix a directed graph G = (V,£) on N nodes and M edges. If G
has an edge from a vertex v to a vertex w, we write v — w and denote such an

edge by (v — w). Given a vertex v € V, we define its outdegree or simply its
degree as

deggv=degv=[{weV: (v —>w)e &}
We assume that G has minimum degree > 1, and, analogously to the undirected

case, we define the following operators.
We now recall the definitions from Section 4.7.

Definition 12.1.3. The degree matrix of G is the A" x A/ diagonal matrix D :=
D(G) = (Dyw )v.wey Whose diagonal entries are

D,y = degu.
The adjacency matrix of G is the N' x N matrix A := A(G) = (Apw)owey
defined by
1 ifo-w
Apw = _ (12.1.1)
0 otherwise.
The normalized Laplacian of G is the N' x N matrix
L(G) =1d-D'A. (12.1.2)
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NB(G)

Figure 12.1 The cycle graph G and its nonbacktracking graph N'B(G).

Remark 12.1.1. Similarly to the undirected case, the normalized Laplacian £
of the directed graph G can be equivalently seen as an operator such that, given
f:V->Candw eV,

Lf@) = f@) = —— ( > f(T))
w—T
We can now define the nonbacktracking graph and the nonbacktracking
Laplacian of G.

Definition 12.1.4. The nonbacktracking graph of G is the directed graph
NB(G) on vertices ey,. ..,exp, that has B as its adjacency matrix.

The nonbacktracking Laplacian of G, denoted by L = L(G), is the
normalized Laplacian L(NB(G)) of NB(G).

Example 12.1.1. If G is the cycle graph on N nodes, then N'B(G) is given by
two disconnected directed cycles on N nodes (Figure 12.1).

Example 12.1.2. In this example, we consider a tripod (Figure 12.2). The tri-
pod has pending vertices, that is, vertices of degree 1, and hence violates our
general assumption that all vertices have degree at least 2, and therefore, the
associated nonbacktracking graph is not strongly connected. The vertices cor-
responding to the oriented edges going out of the central node in the tripod
have only incoming arrows but no outgoing ones, and conversely, the ver-
tices corresponding to oriented edges into the central node have only outgoing
arrows.

Example 12.1.3. We next consider a graph that has more than one cycle (Fig-
ure 12.3). If we want to traverse the oriented edge from v to w in the backward
direction, we can simply go around the other cycle, return to w, and then go
back to v. This is a nonbacktracking path.
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12.1 Basic Definitions 355

U1

[vs, v2] [va, v2]

Figure 12.2 The tripod and its nonbacktracking graph.

Figure 12.3 A graph that has more than one cycle.

In order to employ a systematic notation, we shall denote the nonbacktrack-
ing graph of G = (V,E) by G = (V,&). Clearly, if G has N nodes and M edges,
then G has 2M nodes. Moreover, for each oriented edge e;,

degg e; = degg (out(e;)) — 1. (12.1.3)

Hence, the assumption that G has minimum degree > 2 implies that G has
minimum degree > 1. In particular, this assumption makes the nonbacktracking
Laplacian well-defined.

Remark 12.1.2. The off-diagonal entries of the nonbacktracking Laplacian of
G are given by
Bij Bij
EH = == = _]P) . ),
Y degg(e)  degg(out(e;)) — 1 (e; > ej)

for i # j. Therefore, the nonbacktracking Laplacian encodes the probabilities
of nonbacktracking random walks on G.
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356 12 The Nonbacktracking Laplacian

Remark 12.1.3. The line-digraph constructed by Harary and Norman [126] is
given by the nonbacktracking graph with the addition of all directed edges of
the form [v,w] — [w,v].

12.2 The Nonbacktracking Graph

We now investigate some properties of nonbacktracking graphs. We fix again
a simple graph G = (V,E) on N nodes and M edges that has minimum degree
> 2,and we let G = (V,€) be its nonbacktracking graph. According to our
construction, G has 2M nodes. Another straightforward property is that, by
(12.1.3), G is (k + 1)-regular if and only if G is k—-regular. Similarly, G is
bipartite if and only if G is bipartite, since G has odd-length cycles if and only
if G has odd-length cycles. Moreover, as shown in [66] and [220], every simple
graph can be uniquely reconstructed from its nonbacktracking graph.
Proposition 12.2.1 gives the number of (directed) edges of G.

Proposition 12.2.1. Let G = (V,E) be a simple graph on N nodes and M
edges, with minimum degree > 2, and let G = (V,&) be its nonbacktracking
graph. Then, G has Y ,cy (deg v)> — 2M edges.

Proof By definitions of vertex degrees for G and G,

degs v
€1 = > degg e, while M = Zvev degg v
2
ecV
Therefore,
€] = Z degg e = Z degs v - (degsv—1) = Z(degG v)? - 2M,
ecy veV veV

where the second equality holds because, for each v € V, there are degg v
oriented edges of the form [w, v] and for each of these oriented edges, there are
degs; v — 1 oriented edges of the form [v, z] with z # w. O

Now, in Example 12.1.1, we saw that if G is a cycle graph, then its nonback-
tracking graph is given by two disconnected cycles. Theorem 12.2.1 shows that
this is the only case in which a connected simple graph has a disconnected
nonbacktracking graph.

Theorem 12.2.1. Let G = (V, E) be a simple connected graph on N nodes and
M edges, with minimum degree > 2, and let G = (V, ) be its nonbacktracking
graph. Then, the following are equivalent:

1. G is not the cycle graph;
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12.3 First Spectral Properties 357

2. G has at least two cycles;
3. G is weakly connected; and
4. G is strongly connected.

Proof Clearly, since the minimum degree in G is > 2, the first two conditions
are equivalent to each other. Moreover, 4 clearly implies 3, and, by Example
12.1.1, 3 implies 1. Hence, if we prove that 1 implies 4, we are done.

An essential observation in the proof to follow is that if v,0” are two
neighboring vertices and if we go from v to v’, we can return to v in a nonback-
tracking manner by inserting a nonbacktracking path starting at and returning
to v’ but not passing through v. That path need not be a cycle itself but will of
course contain some cycle. Figure 12.3 illustrates this.

In fact, we just need to show the following two properties because their
combination will allow us to go from any oriented edge to any other oriented
edge.

1. If (vg,v1) and (U(’), vi) are edges, then for some orientations, say [vg,v1] and
[v(’), ui], we can go from one to the other in G.
2. If [vg,v1] is an oriented edge, we can go from it to the oppositely oriented

edge [v,vp] in G.

Now 1 directly follows from the connectedness of G. For 2, we start at [vg, v1]
and follow any nonbacktracking path. We never get stuck because we assume
that G has no pending vertices and because all vertices have a degree of at least
2. G is finite, and so, such a path 7| either returns onto itself before reaching vy
again. In that case, by the earlier observation, we can use it to reverse direction
without backtracking and return to v; and hence the oppositely oriented edge
[v1,v0]. Or 7y eventually returns to vy. But since we assume that G is not a
cycle, there must be some vertex (of degree at least 3) on that path 7; where
we can branch off into a different path ;. That path again either returns onto
itself before reaching vy again, in which case we can proceed as before, or it
brings us back to m; at some other vertex of degree at least 3, which will allow
us to reverse directions on 7y and return to v; without going through vy first.
Thus, in any case, we obtain 2. m]

12.3 First Spectral Properties of the Nonbacktracking
Laplacian

We first consider a directed graph G = (V,£) on N nodes and minimum degree
> 1, which need not be the nonbacktracking graph associated with a simple
graph. Since its normalized Laplacian £ is an A x A matrix of trace N, it
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358 12 The Nonbacktracking Laplacian

has A eigenvalues (counted with algebraic multiplicity) that sum to A/. More-
over, by Proposition 3.2 in [23], the spectrum of £ is contained in the complex
disc D(1,1), and therefore, the real eigenvalues are contained in [0,2]. Also,
by Proposition 3.1 in [23], 0 is an eigenvalue for £, and the constant func-
tions f: V — C are the corresponding eigenfunctions. As a consequence, from
the spectrum of £, we can derive the number of connected components of G.
Notably, this does not hold for the adjacency matrix A of G.

Another property of £, which is the same as in the undirected case, is that if
G is a directed bipartite graph, then the spectra of both £ and A are symmetric.
Therefore, in particular, 2 is an eigenvalue for £ [156]. However, the other
direction does not necessarily hold in the directed case: As shown in [156],
there exist directed graphs that are not bipartite but have 2 as an eigenvalue of
their normalized Laplacian.

Furthermore, it follows from (12.1.2) that the normalized Laplacian £ and
the adjacency matrix A of G satisfy:

(i) f is an eigenfunction for A with eigenvalue O if and only if f is an
eigenfunction for £ with eigenvalue 1;

(ii) If G is k-regular, then (4, f) is an eigenpair for A if and only if (1 — % ba)
is an eigenpair for L.

All the earlier properties hold for any directed graph G. From here on, we
shall focus on the case of nonbacktracking graphs. In particular, we fix again a
simple G = (V,E) on N nodes and M edges that have minimum degree > 2,
and we let G = (V,€) be its nonbacktracking graph. Thus, A as defined in
(12.1.1) is the adjacency matrix of G (equivalently, the transpose of the non-
backtracking matrix of G) and £ from (12.1.2) is the normalized Laplacian of
G (equivalently, the nonbacktracking Laplacian of G). Also, as in the previ-
ous chapters, we let A and L denote the adjacency matrix and the normalized
Laplacian of G, respectively.

The first important consequence of the earlier observations for the case of
nonbacktracking graphs is the following.

Remark 12.3.1. As observed in Section 12.2, G is regular if and only if G
is regular. In this case, we know that the spectral properties of L and A are
equivalent to each other, and by property (ii) above, also the spectral properties
of £ and A are equivalent to each other. But since it is known that, in the
regular case, the eigenvalues of .4 can be recovered from those of A [172, 175],
it follows that in this case also the spectral theory of £ can be recovered from
that of A or, equivalently, of L.
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12.3 First Spectral Properties 359

Now, although the nonbacktracking Laplacian is not symmetric, as we shall
see in Theorem 12.3.1, it satisfies the so-called PT-symmetry (where PT stands
for parity-time), following the terminology in [36]. Before stating it, we define

the 2M X 2M matrix
= (1(21 I(()1 )
It satisfies
P’ =1d, PT=pP=pP!, (12.3.1)
and its eigenvalues are
+ 1, each with multiplicity M. (12.3.2)

Moreover, for x,y € C2M™ | we let (x,y) := X'y be the usual complex inner

product, and we define their P-product as
(X,¥)p = (x,Py) =X'Py.
From (12.1.1), we observe

Lemma 12.3.1.

(477, -

L,J

{1, if in(e;) = in(e;), out(e;) # out(e;), (12.3.3)

0, otherwise.
O
Next,

Theorem 12.3.1. The nonbacktracking adjacency matrix A and the nonback-
tracking Laplacian L of a graph satisfy

1. AT =PAPand LT = PLP;
2. A and L are self-adjoint with respect to the P-product;
3. Ifx is an eigenvector of A or L for an eigenvalue A € C is not real, then

M
Z Xiow] * Xfw,o] = Z (7 - xjem + Xipr - xi) = 0.
i=1

[v,w]

Proof 1. Since for a nonbacktracking graph G, we can pass from the oriented
edge e; to the oriented edge e; precisely if we can pass from —e; to —e; (the
oppositely oriented edges),

Aij = Ajimivm.
Similarly,

Lij=—Ple; > e)) =-P(e]' > e;") = Ljsmivm-
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360 12 The Nonbacktracking Laplacian

fori # j,i,j < M. These relations imply
AT =PAP, LT =PLP. (12.3.4)
2. With (12.3.4) and PT = P, we compute

(X’ Ay)P = <X’ PAY) = <PX’ AY> = <ATPX,Y>
= (PAP?x,y) = (PAX,y) = (AX, Py) = (AX,y)p.

and analogously
(x,Ly)p = (LX,¥)p.

Therefore, A and L are self-adjoint with respect to the P-product.
3. The second claim implies that, if (4,X) is an eigenpair for £, then

AX,X)p = (X, AX)p = (X, LX)p = (LX,X)p = (AX,X)p = A(X,X)p

and, of course, the analogous result holds for A.
Hence, if 1 # 1 that is, A is not real, then (x,x)p = 0, that is, X' Px=0,

which can be rewritten as
m

Z Xiow] * X[w,v] == Z (7 - xjem + Xioar - xi) = 0.

[v,w] i=1

12.4 Spectral Gap from 1

In Chapter 4, we have considered the spectral gap from the value 1 for the
spectrum of the normalized Laplacian of a simple graph. We have seen that
there exist simple graphs that have 1 as an eigenvalue; therefore, the spectral
gap from 1 can be 0, and we have also seen (in Theorem 4.1.2) that this gap
cannot be larger than 1/2. In this section, we shall see that, in the case of the
nonbacktracking Laplacian, things change.

Again, let G = (V,E) be a simple graph on N nodes and M edges with
minimum degree > 2, let G = (V,£) be its nonbacktracking graph, and let
A and L be its nonbacktracking matrix and its nonbacktracking Laplacian,
respectively. Given an operator O, let also o (O) denote its spectrum, and let
p(O) denote its spectral radius, that is, the largest modulus of its eigenvalues.

It is known that, by the assumption that G has minimum degree > 2, 0 is
not in the spectrum of A [261]. This implies that 1 is not in the spectrum of £
and, therefore, the spectral gap from 1 for £,

g:= min |[1-1]= min s 12.4.1
AE(T(L)I | #EU(DAA)IMI ( )
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124 Spectral Gap from 1 361

is nonzero. In Theorem, 12.4.1 we give a lower bound for &, and we prove
that the bound is sharp. We also refer to [220] for the study of a sharp upper
bound. Before stating the theorem, we prove Lemma 12.4.1. It uses the matrix
P defined in Section 12.3, which satisfies PAP = A* and PLP = L*.

Lemma 12.4.1. The spectrum of AP is given by {—1} U {degv — 1} ey, where
each positive eigenvalue d has multiplicity equal to the number of nodes v with
degv — 1 = d, and the multiplicity of —1 equals 2M — N.

Proof Note that the spectrum of AP equals the spectrum of PTAT = PAT,
which equals the spectrum of AT P, since 0 is not an eigenvalue.

With (12.3.3), the eigenproblem ATPf = Af simplifies to the system of
equations

A+1)f(e) = Z f(e"), foreache € V. (12.4.2)

in(e’)=in(e)

First fix a node v € V with degree d and define the function f;,: VV — R by

d, if in(e) =v

0, otherwise.

fole) = {

Then, f, satisfies Equation (12.4.2) with eigenvalue 1 = d — 1, and the set
{fu},ev 1s linearly independent. In other words, 4 = deg v — 1 is an eigenvalue
of AT P, for each node v, and each such eigenvalue has multiplicity equal to
the number of nodes v with the corresponding degree.

Now fix an oriented edge [v, w] with v,w € V and suppose v has degree d.
Define the function gp,, wj: V — R by

if in(e) = v, out(e) = w

_1,
uwi(e) = § 75, if in(e) = v, out(e) # w
0, otherwise.

Then, g, w] satisfies equations (12.4.2) for the eigenvalue 4 = —1. Now fix
v e Vandlet wy,...,wg be its neighbors. It is clear that the matrix

[g[U,lel e |glu,wdj]

has rank d — 1. Furthermore, for two different nodes v and v’, the vectors g, )
and gy, are linearly independent. We have shown that the set {g, w1} -,y c >
which contains 2M elements, contains exactly >, (degv—1) = 2M - N
linearly independent eigenfunctions of 4 = —1, and we are done. O

Corollary 12.4.1. A has both +1 and —1 as eigenvalues.
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362 12 The Nonbacktracking Laplacian

Proof By (12.3.2), P has +1 as the only eigenvalues, both with multiplicity M.
We also have M > N because we assume that every vertex has degree > 2.
And, M = N then only occurs for a cycle graph, for which we shall give the
argument later. Thus, by Lemma 12.4.1, we may assume that the multiplicity
of the eigenvalue —1 of AP is > M. But then, this eigenspace must contain
eigenvectors of P for both eigenvalues +1 and —1, and since A = (AP)P, we
then get both eigenvalues +1 and —1 for 4 as well.

In the case of the cycle graph, all vertices have degree 2, and so, by Lemma
12.4.1 again, AP has the two eigenvalues +1 with multiplicity M = N, and we
can apply a similar argument. O

As a consequence of Lemma 12.4.1,
min A% = 1.
A€o (AP)
Theorem 12.4.1. Let G be a simple graph with maximum vertex degree A.
Then, the spectral gap (12.4.1) from 1 for the nonbacktracking Laplacian L of
G satisfies

This bound is sharp.

Proof Since 0 ¢ o (A), the matrix A is invertible. Therefore, we can write

el= max |1 = p(DAY.
e (DA

Further, the spectral norm || - ||»
p (DA™) < IDA™| < IDIIIAT .

The nonbacktracking diagonal matrix D satisfies||D|l, = A — 1. And ||A~! ||§

equals the largest norm among the eigenvalues of (A’l )* A~ But, by (12.3.4),
AT = PAP, and thus,
1
A3 = max lul = max |v]* = —— =1,
per(PAPA) ver(PA) mineq(ap) 14
since the smallest norm of the eigenvalues of AP is 1, as shown in Lemma
12.4.1. Therefore,

e = p(DA") < IDLIA L = A~ 1.

Thus, the spectral gap ¢ is at least (A — 1)7!.

To prove that the lower bound is sharp, we use the fact that +1 are always
eigenvalues of A by Corollary 12.4.1. It follows that, if G is A-regular, then
1+ ﬁ are eigenvalues of £. Hence, in particular, &£ = ﬁ in this case. ]

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 14 Nov 2026 at 08:56:24, subject to the
Cambridge Core terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/9781009641821.017


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781009641821.017
https://www.cambridge.org/core

12.5 Cycles 363

c1 [e1, 2] [c2, 1]
e / \(?2 [Cé’ Cl]‘/c-_ -\\\527 3] [Cl, C[%l\[acg, (32]
) . _ o ]

Figure 12.4 The setting of Section 12.5.

In the proof of Theorem 12.4.1, we have shown that, if G is A-regular, then
1+ ﬁ are two real eigenvalues of £. A natural question is whether regular
graphs are the only graphs for which & = ﬁ, but the answer is no. In the next
section, we show that, for instance, the presence of a A-regular cycle in the

graph G produces the eigenvalues 1 + ﬁ for L.

12.5 Cycles

This section is dedicated to the signature that cycles can leave in the spectrum
of the nonbacktracking Laplacian. As before, we consider a simple graph G =
(V,E) on N nodes and M edges that has minimum degree > 2, and we let G =
(V,€) be its nonbacktracking graph. We start with the following observation.

Remark 12.5.1. We say that a cycle is chordless if no two vertices of the cycle
are connected by an edge that does not belong to the cycle. Given cy,...,c¢ €
V, then, as already observed in Example 12.1.1 and illustrated in Figure 12.4,
{c1,...,celis asimple chordless cycle in G < C = {[c1,¢c2],...,[ce,c1]}
is a simple chordless cycle in G
= bothCand C™" = {[c1,cel,. . .. [co.c1]}

are simple chordless cycles in G.

Moreover, C N C~! = () and there are no edges between C and C~' in G.

From here on, we also fix C and C~! as mentioned earlier. Lemma 12.5.1
concerns a structural property of G related to the vertices outside C LI C™':

Lemma 12.5.1. Ife eV \ (C U C’l), then exactly one of the following holds:

1. There are no edges between e and C U Ccling;

2. There exists i € {1,...,£} such that the only edge between e and C is
(e = [ci,civ1]), while the only edge between e and Clis (e - [ciyciz1])
(Figure 12.5); and
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/ ﬁ\/
c

3 , lcis cig1] : 4
\ ;

~ # S #
~ - ~ -

Figure 12.5 An illustration of Lemma 12.5.1.

3. There exists i € {1,...,£} such that the only edge between e and C is
([ci=1,ci] — e), while the only edge between e and CVis ([cis1,¢i] = €).

Proof This essentially follows from the fact that each directed edge has a
unique beginning and end and obvious symmetry considerations. Here are the
details:

Assume that there exists a directed edge going from e to C LIC~! in G and
assume, without loss of generality, that this directed edge goes to C. Then, there
existsi € {1,...,¢} suchthat (e — [c;,ci+1]) € €. This implies that out(e) = ¢;
and in(e) # c;j_1,ci41, since we are assuming that ¢ ¢ C LI C~!. Therefore,
(e = [c¢i,ci—1]) € E. Moreover, since out(e) = ¢; and in(e) # c¢;_1,Ci+1, it
is clear that there cannot be other edges between ¢ and C LI C~!, other than
(e = [ci,civ1]) and (e = [ci,ci-1]).

In the same way, one can show that if there exists a directed edge going
from C LIC™! to e in G, then there exists i € {1,...,£} such that the only edge
between e and C is ([¢;_1,c;] — ), while the only edge between e and C~! is
([ci+1,¢i] = e). This proves the claim. |

Lemmas 12.5.2 and 12.3.1 will allow us to prove Theorem 12.5.1, which
shows that the presence of a d-regular cycle in the graph G produces the
eigenvalues 1 + ﬁ for £, as anticipated in Section 12.4.

Lemma 12.5.2. Let u € R\ {0} andlet f: V — R, f # 0 be a function whose
support is contained in C LU C™'. Then, (1 — ﬁ,f) is an eigenpair for L if and
only if the following conditions hold:

1.

fci-1,c) = 3 K

T . 1 f([ci7ci+]])’ vl € {17' . ',g};
egci — 1

Flleed) = - fllerciaD), Vi € (L......0); and

deg ¢;
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12.5 Cycles 365

feisciv]) + f(cisci-1]) =0, Viefl,...,f}: dege; > 2.
Proof (1 — ;l:’ f) is an eigenpair for £ if and only if

FwD = g ( > Fw.al) ) Viv,wl. (12.5.1)
], z#v

Since, by assumption, the support of f is contained in CLC™!, (12.5.1) applied

to the vertices in C LI C~! gives the first two claims.

Now, let e = [v,w] € V'\ (C ] C‘l). If there are no directed edges from e to
CuC'in G, then (12.5.1) is trivially satisfied. Otherwise, by Lemma 12.5.1,
there exists i € {1,...,£} such that the only edge from e to C is (¢ — [c;,¢i+1]),
while the only edge from e to C7lis (e = [c;,ci-1]). This happens if and only
if out(e) = ¢;, and, in this case, (12.5.1) becomes

Sfei,civ1]) + f(lcirci1]) =0

Since an element ¢ € V \ (C U C‘l) with out(e) = ¢; exists if and only if
degc; > 2, this proves the last claim.
m]

Corollary 12.5.1. Let u € Ry andlet f:V — R, f # 0 be a function whose
support is contained in C U C™', where C has even length. If (1 — i,f) is

an eigenpair for L, then also 1 + [l.l is an eigenvalue for L and it has an

eigenfunction whose support is contained in C L1 C™.

Proof Let g: V — R be defined by g(e) :=0if e € V' \ (C uc—l) and

Sflci,v]), if i is even
([eisv]) = o
—f(lci,v]), ifiis odd,

fori = 1,...,¢. Then, g satisfies the conditions in Lemma 12.5.2 for 1 + /ll m]

We can now identify conditions for cycles to generate eigenpairs. We first
prove the following result on regular cycles:

Theorem 12.5.1. Let d > 1. If there exists a simple chordless cycle in G
whose vertices have constant degree d, then 1 — ﬂ is an eigenvalue for L.
If, additionally, such a cycle is even, then also 1 + dfl is an eigenvalue for L.

Moreover, the geometric multiplicity of 1 — ﬁ for L is larger than or equal
to the number of d—regular simple chordless cycles in G, while the geometric
multiplicity of 1 + ﬁ for L is larger than or equal to the number of d—regular
even simple chordless cycles in G.
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366 12 The Nonbacktracking Laplacian

Proof Given a cycle whose vertices have constant degree d, let f: ¥V — R be
defined by

1 ifeeC
fle) ={-1 ifeeC!

0 otherwise.

Then, f satisfies the conditions in Lemma 12.5.2 for the eigenvalue 1 — ﬁ,

implying that (1 — ﬁ, f) is an eigenpair for L. This proves the first claim for

1- ﬁ, and the first claim for 1 + ﬁ then follows from Corollary 12.5.1.
The second claim follows from the fact that the preceding functions are

linearly independent if they are defined for distinct cycles. O
The next result is proved in a similar way.

Theorem 12.5.2. Let d > 2. If there exists a simple chordless cycle of length
€ in G such that one vertex has degree d while all other vertices have degree

2, then 1 — (7% is an eigenvalue for L. If, additionally, such a cycle is even,
then also 1 + \f/% is an eigenvalue for L.

Moreover, the geometric multiplicity of 1 — (/% for L is larger than or
equal to the number of such cycles in G, while the geometric multiplicity of
1+ (/% for L is larger than or equal to the number of such even cycles in G.
Proof Fix acycle {cy,...,c¢} in G and let

C = {ler,cal,. .. lee,al}, €= Aler,ecls. . . leaerld

be the corresponding cycles in G. Let ¢y = ¢, and cp41 = cj, and assume that
degc; = d > 2, while degc; = 2 fori € {2,...,¢}. The proof is similar to
the one of Theorem 12.5.1. In this case, we can apply Lemma 12.5.2 for u =
Vd =T if we find a nonzero function f:V — R whose support is contained in
C U C~! and such that the following conditions hold:

1.
Vd -1
flee.a) = —— - fllen.eD):
2.
fcin,eil) = Vd =1+ fllci,cinl), Vi€ {2,...,6)
3.

a1

1
flez,c1]) = 71 - f(ler,ceDs
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12.5 Cycles 367

4.
flcisneil) = Vd=1- fleicial), Viel2,....6);
5.
fler,e2]) + fc1,ce]) = 0.
By letting
fUer,c2]) == =f(c1,ce]) =1,
(let.crD = —fllenerl) = VA=
fcesc1]) == =f(ca,c1]) = PRI

Fcerseel) = Vd=1- f(le,cr]),

fea,e3]) = Vd =1+ f(lescal),
fes,eal) = Vd =1+ f(lezer)),

flleorcel) = Vd=1- f(lce1,co),

then clearly conditions 1, 2, and 5 above are satisfied, as well as condition 2
and fori € {3,...,¢} and condition 4 fori € {2,...,¢ — 1}. Moreover, since

Vd=1- f(lez,c3l) = Vd=1-Vd =1+ f(les,ca)
= (Vd=D""- fer, a1

¢ _ V{d—l
_ g
=(Va-1 d-1

=1= f([c1,c2]),

the second condition is satisfied also for i = 2. Similarly, since

Vd=1- fee,ce1)) = (Vd =D fller,erl) = =1 = fllersce)),

the fourth condition is satisfied also for i = £. By using the same method as in
the proof of Theorem 12.5.1, this proves the claim. O

The previous results show that certain chordless cycles C in G produce
eigenvalues of the form 1 — 1 for £, where u is a positive real number that
depends on the cycle structure. The corresponding eigenfunctions are sup-
ported in C U C~'. But this does not generalize to all cycles. In fact, Theorem
12.5.3 completely characterizes those cycles for which it is possible.
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368 12 The Nonbacktracking Laplacian

Theorem 12.5.3. Assume that G is not a cycle graph. Let {ci,...,c¢} be a
simple chordless cycle in G and let

C = {ler,cal,. .. [ee,el}, €= Aler,ecls. . - lea e}

be the corresponding cycles in G. Then, L admits an eigenpair of the form
(1- [l,l’f)’ where p € Ry and f: V — R is a nonzero function with support in
CucC™, ifand only if

p=/(degcr —1) - (degey — 1) -~ (deges — 1)

and, after cyclically or anticyclically relabeling the vertices of the cycle,
degcy > 2 and, for alli € {2,...,(} such that degc; > 2,

# . # PECEY # . /l
degciy1 —1 degciyn—1 degce—1 degcy —1
U H H H
= . ‘.- . . 12.5.2
degci-1 —1 degcip—1 degcy —1 degey — 1 ( )
Remark 12.5.2. In (12.5.2), there is a factor Je-—7 on both sides. It cancels

out, but writing it down helps understand the condltlon fori = 2.

Proof of Theorem 12.5.3 Since G is not a cycle graph, then after relabeling the
vertices of the cycle, we can assume that deg ¢; > 2. In this case, (1 — ,lp f)is
an eigenpair for £ if and only if they satisty the conditions of Lemma 12.5.2.
In particular, f([ci,c2]) # 0, and we can assume that

f(ler,e2D) = 1.

The third condition of Lemma 12.5.2 applied to i = 1 then gives

fler,eel) = -1,
while the first condition applied to i # 2 gives
_®
degey - 1°
.
degcy—1 degey—1°

flcecrl) = d# flleneal) =
egcy — 1

flleeree) = St fller.cr)) =
egce— 1

= —— ﬂ ... # . #
fllez,e3D) = o ez s “flles,eal)=1 ccs-1 deger—1 dega -1’
and the second condition of Lemma 12.5.2 applied to i # £ gives
= * N
flez 1) = 5 RAGE) pre—
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12.5 Cycles 369

p— ﬂ . ﬂ
degerp —1 degey —1°

flles.cal) = degC% fllezerl) =

M
gco-1 — 1 “Sflee-1,¢0-21)

— ﬂ . # Y ll
degcp_1—1 degcpn—1 degep—1°

fee.ce-1]) = i

In particular, the earlier conditions give a complete description of f, given u.
We now check the other conditions of Lemma 12.5.2. We observe that:

1. The first condition of Lemma 12.5.2 is satisfied for all i € {1,...,¢} if and

only if
1= ferea)) = W"z_l - fllenes))
1 u . u u

=degcz—1 .degC3—1. .degc{)—l .degcl—l’
that is, if and only if
p=+/(deger = 1) - (degey — 1) -~ (deger — 1)

2. The second condition of Lemma 12.5.2 is satisfied for all i € {1,...,¢} if
and only if

1= f(eree)) = degcﬁ - flleescen))

degcp—1 degcep;—1 degerp—1 degey —1°

that is, as before, if and only if
p=+(deger = 1) - (degey — 1) - - (deger — 1)

3. The third condition of Lemma 12.5.2 is satisfied if and only if, for all i €
{2,...,€} such thatdegc; > 2,

Sfleciscivn1]) = = f(ci,ci1D, (12.5.3)

where

Flerrcinl) K K K K

- degcit — 1 . degciio—1 degcp — 1 - degc; — 1

and
H H ) H

—feiein]) = degcii —1 degcin—1 deger—1°
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370 12 The Nonbacktracking Laplacian

therefore (12.5.3) can be rewritten as
ﬂ . # DR #
degciy1 —1 degciyn —1 degce — 1
_ H H o H
degci1—ldegc;o—1 degep—1°

Putting everything together, we have that 1 — /]_4 is an eigenvalue with an

eigenfunction whose support is contained in C L C~! if and only if
p=+/(degcr—1) - (deger — 1) -~ (deges — 1)
and (12.5.2) is satisfied for all i € {2,...,¢} such that degc; > 2. O

12.6 Isospectrality

Recall that two graphs are said to be isospectral with respect to a given opera-
tor if they are nonisomorphic but have the same spectrum with respect to that
operator. Hence, the smaller the number of isospectral graphs, the better the
operator is at distinguishing nonisomorphic graphs. We recall that in Corol-
lary 4.1.11, we have already seen some isospectral graphs, complete bipartite
graphs with the same number of vertices, and for systematic constructions of
isospectral graphs, we refer to [112, 258].

While we do not intend to present a systematic account of isospectral
graphs in this book, we conclude this chapter by showing two isospectrality
tables, which suggest that the nonbacktracking Laplacian has nicer isospec-
trality properties than the adjacency matrix, the normalized Laplacian, and the
nonbacktracking matrix of a graph. We refer to [156] for the computational
details.

In Tables 12.1 and 12.2, we show the number of simple graphs with
minimum degree > 2 not determined by their spectrum with respect to the

Table 12.1 Graphs with minimum degree > 2 not determined by their
spectrum, by number of nodes N.

N #graphs A L A L
<6 76 0 2 0 0
7 510 26 4 0 0

8 7459 744 11 2 0

9 197 867 32713 243 6 0

10 9 808 968 1976 884 16 114 10 130 156
total 10014 880 2010367 16 374 10 138 156
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12.6 Isospectrality 371

Table 12.2 Graphs with minimum degree > 2 and 4 < N < 10 not
determined by their spectrum, by number of edges M.

M #graphs A L
0 0 0 0
1 0 0 0
2 0 0 0
3 0 0 0
4 1 0 0
5 2 0 0
6 6 0 0
7 10 0 0
8 25 0 0
9 68 0 0
10 182 0 0
11 532 0 0
12 1679 0 0
13 5218 4 0
14 15 437 14 0
15 41 126 26 0
16 96 274 62 0
17 197 433 162 0
18 355 986 364 4
19 567 827 634 8
20 807 284 983 16
21 1029 639 1329 24
22 1 184 688 1492 26
23 1235599 1490 26
24 1172 658 1333 24
25 1015663 989 16
26 804 863 628 8
27 584762 368 4
28 390 136 166 0
29 239514 60 0
30 135 636 26 0
31 71 025 8 0
32 34559 0 0
33 15734 0 0
34 6745 0 0
35 2764 0 0
36 1101 0 0
>37 704 0 0
total 10014 880 10 138 156
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372 12 The Nonbacktracking Laplacian

adjacency matrix A, to the normalized Laplacian L, to the nonbacktracking
matrix A and to the nonbacktracking Laplacian £. In Table 12.1, such graphs
are partitioned by number of nodes N. In Table 12.2, graphs are partitioned by
number of edges M. Interestingly, from Table 12.2, we can observe that the
number of isospectral graphs with respect to £ as a function of the number of
edges M is in progression:

4,8,16,24,26,26,14,16,8,4,

and in [156], it is conjectured that this is part of a larger pattern.
In Figures 12.6 and 12.7, we also illustrate the two smallest pairs of
isospectral graphs with respect to the nonbacktracking Laplacian.

e

Figure 12.6 The first of the two smallest pairs of isospectral graphs with respect
to L.

Figure 12.7 The second of the two smallest pairs of isospectral graphs with respect
to L.
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