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Abstract. If T is an interval exchange transformation we denote by Cagr(T') (respectively
Satr(T')) the set of piece-wise affine maps of the interval which are conjugate (respectively
semi-conjugate) to 7. In this work we will give a description of the set Cyr(T') for almost
all T. We present an explicit interval exchange Tp such that Sa(70)\ Catr(7p) is non-empty.
All the elements of Sy (70)\Casr(To) are uniquely ergodic and have a unique wandering
interval.

1. Introduction and formulation of results
Leta=ap <a; <ay <--- <apm—1 < ay = b be a partition of the interval X = [a, b).

Definition 1. A map f : X — X is an affine interval exchange transformation if it is a
bijective transformation of the form

f)=wx+d;, xe€laji1,a),1=1,2,....m
for some vectors d = (dy, ...,dy), w = (wy, ..., wy) € R™.

An affine interval exchange is just a bijective piece-wise affine map. We will refer
to the vector w as the slope-vector of f. In this paper we will assume that f has
positive derivatives, i.e. w; > 0,i = 1, ..., m. For convenience, we will always assume
X =10, 1).

An interval exchange transformation (or interval exchange for short) is an affine interval
exchange transformation with slope-vector w = (1, 1, ..., 1). It is usual to parameterize
the set of all interval exchanges by the set A" s G where

m
A ={y=(y1,...,ym)6Rm:Zy,:l,yf>0,i=1,~-~,M}

i=1

and G,, is the set of permutations of {1, 2, ..., m}. Indeed, to each (A, 7) € A"~ ! x G,
we will associate the following interval exchange T(; 7). Let0 =ap <a; <az < -+ <
am—1 < ay = 1 be the partition of X given by a; = Zle Ai,i=1,2,...,m.
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Set A" = ()‘n_'(l)’)‘n_](2)’ "")‘n_'(m))’ al?T = ZJJTL[]) )\.j]-[, 1 < i < m, Clg = 0 and
all = 1. Then

Tom)(xX) =x —ai—1 +ay;_y, X €lai—,a), i=12,....m, (1)

is a bijective transformation of X, i.e. an interval exchange transformation. It is not hard
to see that, conversely, a pair (A, 7) € AL % Gm can be associated to every interval
exchange with a partition of m 4 1 points. We will consider the standard measure on
A" % G, ie. the product of the (normalized) Lebesgue measure in A”~! and the
counting measure in G,,. In future, the statement ‘almost all interval exchange’ will always
refer to this product measure.

We will say that two affine interval exchanges, f; and f>, are CX-conjugated, k =
0, 1, ... 00 if there is a conjugacy of class C¥ between f] and f>.

Ifw= (wy,...,wy) € RY, the vector (logwy, ..., log wy,) will be denoted by log w.
In the same way, if y = (y1, ..., ym) € R”, we will denote (e”!, ..., e") € R” by e”.

According to [1], a necessary condition for an affine interval exchange f with slope-
vector w to be conjugate to 7y ) is that log w belongs to the orthogonal complement of A,
denoted hereafter by A+

THEOREM 1. For almostall (A, ) € A" ' xG,, and T = TG, ), there exists a sequence
of subspaces

E\ CE; C Ez=2"t

such that if f is an affine interval exchange conjugate to T and with slope-vector w, then

the following properties hold.

(@ Iflogw € Ey, f is C*®-conjugatedto T. The subspace E| is one-dimensional.

(b) Iflogw € Eo\Ey, f is C'-conjugatedto T.

(¢) If logw € E3\E», then any conjugacy between f and T is not an absolutely
continuous function.

Theorem 1 will be proved in §4. The proof of this result strongly depends on the work
of Veech [10] and Zorich [15].

Remark. Liousse and Marzougui [7] have proved that, for almost all 7', there is a
C?-conjugacy between f and T iff logw € E;. Therefore, the conjugacy found in (b)
is never of class C2.

Remember that almost every interval exchange is uniquely ergodic [8, 10]. An
immediate corollary of this theorem is as follows.

Before we state our next theorem, let us introduce some previous results and the notion
of semi-conjugacy.

Definition 2. Let T be an interval exchange and let f be an affine interval exchange
transformation. We say that f is semi-conjugate to T if there is amap h : X — X which
is a continuous, monotonic and surjective and such that the following diagram commutes
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f

X—X
hl h
X —T> X

We note that & can be non-injective. In this case, there is an interval J C X such that
h(J) is just a point xg € X and therefore, h(f*(J)) = T*(x0), k € Z. If T is a minimal
interval exchange, J is a wandering interval for f, thatis, J is an interval such that, for all
k € Z, f*(J) is an interval and the limit set of J is not a periodic orbit.

Let Sar(7) be the set of all affine interval exchanges semi-conjugated to 7. Let
Casr (T, w) (respectively Sy (7', w)) be the set of elements of Cagr(T') (respectively Sqer (7))
with slope-vector w. Observe that Ca(T, w) C Sarr(T, w). We will exhibit an explicit
interval exchange Ty such that Cys(Tp, w) is empty for all w such that logw € E3\E».
However, for all those w, the set Safr (7o, w)\Casr(Tp, w) is non-empty. In particular, all
the elements of this set have a wandering interval.

It is proved in [2, 3] that, for almost all interval exchange T = T3 ), Saft (T, w) # @
iff log w is orthogonal to the vector A.

Our next theorem is related to the following particular example. Let mg € G4 be the
permutation given by mo(1) = 3; m9(2) = 2; m9(3) = 4 and mp(4) = 1, and let p be the
Perron—Frobenius eigenvalue of the matrix

2 2
2
1
1

—_ N O —

1
0
1
1

—_ = =

and A9 = (A1, A2, A3, A1) € A3 be the corresponding (normalized) positive eigenvector
for p. Let To = T(5y,z, be the associated interval exchange. As we will see, results
from [10] imply that Tp is uniquely ergodic; hence any F' € Cag(Tp) is uniquely ergodic.
The characteristic polynomial of A is the reciprocal polynomial

=73 132 =T+ 1

1 1

with four real roots p~

Let 'A be the transpose matrix of A. Let H** be the eigenspace of ‘A corresponding
to the minimum eigenvalue p~!. Let H® be the two-dimensional eigenspace of ‘A
corresponding to the eigenvalues p~!, ™!, and let H be the eigenspace of ‘A generated
by the eigenvectors corresponding p~!, n~!, 5. It is easy to see that H is the orthogonal
complement of X9. Let H* = H\H?®. Observe that H® divides H into two connected
components H{ and H.

Our next theorem is the following one.

<n <l<n<op.

THEOREM 2. For all vector w € Ri such that logw € H, Sy(Tp, w) is a unitary set.
If f is the unique element of Sy (T, w), then we make the following statements.
(@) Iflogw € H* then f belongs to Cyi(Ty) and

(al) if logw € H®S then f is C*°-conjugated to Ty,

(@2) if logw € HS\H*S, then f is C'-conjugated to Tp.
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(b) If logw € H" then Cy(To, w) = @, i.e. f is strictly semi-conjugated to Ty.
Moreover;, f has a unique wandering interval J and a (unique) invariant measure
which is supported in a Cantor set of null Lebesgue measure.

There are points x1 and x3 in X, suchthatifh : X — X is a semi-conjugacy between
f and Ty, then h(orbit of J) = orbit of x; iflogw € H',i =1, 2.

In addition, all the elements of Sast(To) are at least CO—conjugated. f1 € Sae(To, wy) and

1> € Saii(To, wa) are C'-conjugated iff log wi — log wo belongs to H°.

Theorem 2 will be proved in §5. This result is an improvement to the example given in
[2] which is the first example of a uniquely ergodic affine interval exchange with wandering
interval. Levitt [6] had previously constructed examples which were not uniquely ergodic.

We will see that from the arguments of the proof of Theorem 1, it is clear that there exists
a proper subspace Eg of E3, such that the decomposition E1 C E, C Eg C Eqs =2t
satisfies the same properties of Theorem 1 if we replace E3 by Eg We believe that if
logw € E4\E}, the set Cuge(T, w) is empty for almost all 7', that is, the situation of the
previous example is typical (see Conjecture 2).

2. The convex set Agp(f)
Let fi : X — X be an affine interval exchange transformation with an associated

partition 0 = a9 < a; < --- < ap = 1 and slope-vector v = (v1,...,vy). Let
w = (wy, wy,...,wy) be a vector of R™ and let ® : X — R be a function of the
form
dx)=w;, xelai_1,a), i=1...,m. (2)
Let£ : X — R™T be a positive function satisfying the equation
§(f1i(x)) = P(x)-&(x), x€X. (3)
Set h(x) = foxg(s) ds and define f> : X — X by fo =ho fj o h~!. Then f; is an affine
interval exchange transformation with an associated slope-vector vy = (wvy, ..., Wy Uy).

Indeed, a straightforward computation shows that if y € h([a;_1, a;)) and y = h(x) then
(') =) - (/1) (x) = wjv;.

More generally, let f] be an affine interval exchange with slope-vectorv = (vy, ..., Uy)
and let ® : X — R be a measurable function. We will denote by Ag (f1) the set of Borel
probability measures 1 on X which are positive in open sets and such that

/ go fildu= / gd(f1) du 4
X X

for all bounded functions g : X — R. Clearly A (7) is a convex set. Observe that if f]
is minimal, then every probability measure that satisfies (4) belongs to Ag(f1). In fact,
if u(J) = 0 for some interval J, then /,L(flk(.])) = 0 for all k € Z, which is impossible
since the saturated of J, | J; _¢ flk(J ) is the whole X and then we obtain the contradiction
0=p(Uico f{ () = 1.

The reason for the definition of A (T') is as follows. Set g(x) = f(f dw. Then as u is
positive in open sets, g is increasing. It is also right-continuous, injective and the lateral
limits exist at the discontinuity points of g. Let & : X — X be the map defined by

h(y)=x iff  lim g(z) <y < g(x). )

X"
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It is easy to see that & is a continuous non-decreasing map, which is injective iff g is
continuous (i.e. if p has no atoms). Observe that if x has an atom at p € X, say
uw{p}) =386 > Othen, as u € Agp(T), we have that

n( Y = (1"[ oA (PN (] (p))) u(ph) >0, kel
j=0

and, therefore, the whole orbit of p is made of atoms of .
We now define a map f> : X — X in the following way: if y € X is such that h(y) is a
point of continuity of g, we define

f2(y) =g o fioh(y)

(note that f1(h(y)) is a point of continuity for g). If x = h(y) is a point of discontinuity
for g (a jump discontinuity) then there is a maximal interval I, such that 4(z) = x, for all
z € Iy. Observe that if x is a discontinuity of g sois f1(x). We define f2 : Iy — Iy (x) in
a linear way (hence with slope ® (x)(f1)(x)).

We can easily check that f> is a bijective map and that it would have a wandering
interval I, = h~'(p) when p is an atom for .

We can check that if 2(y) € X is a point of continuity of ® then the derivative of f> at
y satisfies f)(y) = ®(h(y))(f1) (h(y)). In particular, when ® is of the form (2), f> is an
affine interval exchange transformation with slope-vector (wivy, ..., Wy VUpn).

These observations prove the following proposition.

PROPOSITION 2.1. Let fi be an affine interval exchange with slope-vector v =

(1, ...,vn) and let & be a (measurable) positive solution to equation (3) for w =
(wy, ..., wy). Thenthe map fr» = ho fi oh~! where h(x) = f(;‘ & dm is an affine interval
exchange with slope vector (wivy, ..., WyVy). More generally, let ® : X — R be a
function of the form (2). Then associated to each i € Ag(f1) there is amap fr € Ca(f1)
with slope-vector (w1vy, ..., WyuVy). If 1 has atoms, f> has wandering intervals.
In particular, when f; = T is an interval exchange transformation, equation (4)
becomes
[ otV du= [ soan ©)
X X

for all bounded functions g : X — R.

LEMMA 2.2. Let ® : X — R* be a measurable positive function. Then for almost all
Am)e A" U xRand T = T(,,7), there exists at most one measure in Ag(T) which is
absolutely continuous with respect to the Lebesgue measure.

Proof. Letus denote by m the Lebesgue measure on X. We may suppose that 7' is uniquely
ergodic. Suppose that i € Ag(T) is absolutely continuous with respect to the Lebesgue
measure and let du = f dm. Put

k—1
&k, x) = ]_[ O(T'(x)), k=>0.
=0
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Then equation (6) can be written as follows:

/g-fonm:/g-¢-fdm,
X X

which implies that f satisfies, m-almost everywhere, the equation f o T = @ - f or, more
generally, f satisfies, m-a.e., the equation f o Tk = ®(k,-) - f,k > 1. Now, Birkhoff’s
Theorem implies that, for almost every x € X,

n—1 n—1
1m11§:fa*u»==nm l}:fuyka)
n—-oon =0 n—-oon =0
1
:]1an=1
0
and therefore,
f(x) = lim z (7)

n— 00 Zz;é & (k, x) ’

That is, the density f does not depend, m-a.e., on the measure u and therefore f is
unique. O

It is proved in [3] that the extreme measures of A¢(7") are exactly the ergodic elements
of Ag(T) and that, for almost all T, A¢(T) is not empty if ® is of bounded variation and
satisfies [y ® dm = 0.

We introduce now Rauzy’s induction process and the main result from [10].

3. Rauzy’s induction process

Let G, be the set of irreducible permutations of {1, 2, ..., m}, i.e. those permutations
which do not have any invariant subset of the form {1,2,...,k}, k < m. In this
work we want to consider uniquely ergodic interval exchanges, therefore we restrict our
permutations to the set G5, . In fact, if = ¢ G, the interval exchange T = T, ), associated
to a pair (A, ), can be decomposed in several independent interval exchanges.

Letw € GJ,. Define a new permutation 0 = o (;r) onthe set {0, 1, 2, ..., m} as follows.
Set 7 (0) :=0andzw(m + 1) :=m + 1 and let

o(y = '@+ —1, 0<j<m.

Let X (o) be the set of periodic orbits of o. To each S € X (i) assign the vector by € R™
whose components are given by (see 2.9 in [10]),

bi=x{ —x¢ 1<j<m ®)

where

j_{L ifjes
Xs =
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Consider now two maps a, b : G5, — G, defined by

(), J<mlm)
an(j) = { w(m), j=a"tm)+1

w(j— 1), otherwise
)
7(Jj), 7(j) < m(m)

br(j)=yr(H+1, nim)<n()<m
a(m)+1, n(j)=m.

These maps are one-to-one and generate a group of maps of G,. Each orbit, R C G9, of
this group is called a Rauzy class. To each (A, 1) € A"~ x G2 and T = T ), we will
associate the m x m matrix A(T) given by

T (10)
A(]T, b), if )Lm > )Lﬂ—l(m)
where the matrices A(r, a) and A (7, b) are given:
o0 ... ... ... 0
Infl(m)
1 0 ... 0
o1 o0 ... ... 0
A, a) = 0 0 1 0o ... 0
0
00 ... . 1 O (11)
0 0 0 1
1 0 0 0
0
Ly :
A(r,b) = el :
0
0 1 0 | 1

(the ‘1’ in the last file of the matrix A (7, ) occurred at the (w1 (m))th position). We can
check that det A(;r,c) = £+1,c =a orb.

Rauzy induction is defined as follows. Let IR be a Rauzy class and let T = T, ) be an
interval exchange with 7 € R. Compare the lengths of A, -1(,,) and A,,. Suppose they are
different. Let v = min(Ay, A, -1,,). Consider then the Poincaré induced map 7y of T on
the interval J = [0, 1 —v). According to [9], T; is an interval exchange of m sub-intervals
corresponding to a pair (A', /) given by

(A7, @)k, a(m), A < Ayt

12
(A=Y@, b)r, b()), A > A1 (- (12)

W, ') = {
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Re-scaling the vector A’ we get the transformation 7 : A"~ ! x 8 — A™~! x 2R given by

)\1/
s (25
(A1

where | - | represents the L'-norm of R™. Note that 7 is not defined on the set of null
measure

(e A" hy = hgoi gy € R
Veech [10] proved the following theorem.

THEOREM 3.1. The map T is conservative and ergodic (with respect to the Lebesgue
measure) and there exists a unique (up to a scalar multiple) absolutely continuous invariant
measure. This measure is infinite.

From this result Veech was able to prove that almost every interval exchange is uniquely
ergodic.

When studying the suspension of interval exchanges to flows on compact surfaces
without boundary, Veech ([10]) introduced the skew-symmetric matrix L™, 7 € &,,,

+1, ifi < jandnm(@) > 7 (j)
LY = 1-1, ifi> jandn(@i) <m(j) (13)

0, otherwise.

It is not hard to see (see [10]) that (L™ 1); = ZZ':TI A= Z};ll A= a;([)_l —aj_1 and
then the (A, )-interval exchange T is given by

Tx=x+ (L"), x€lai_1,a),i=1,...,m. (14)
The matrix L™ plays an important role in the ergodic properties of interval exchanges
(see [13]). It has been shown in [10] that the set {bs : S € X(7w),0 ¢ S} is linearly
independent and forms a basis for the kernel of L. It is also proved that L™ satisfies the

equation
A(T)L™ = L™ A(T)™",  (‘A(T) is the transpose of A(T)). (15)

3.1.  Zorich’s induction process. Since the operator 7 has an infinite invariant measure,
it is not possible to apply Oseledet’s Theorem to the co-cycle A(T) defined by
equation (10). Zorich [15] has defined and studied the following map G on the space
of interval exchange transformations for which there is an absolutely continuous invariant
‘probability’ measure.

Fix 7 € G and let R = M () be the Rauzy class of . Using 7 we divide A ! into

AT = e A" hn > Ao}
AT(m) ={h e A" Ay < Agigm)-

By Veech’s Theorem (3.1) almost every orbit of 7 is dense in A" IR, Set WK, 78y =
Tk (x, 7). For almost every (A, w) € A"~ ! x 9, we define

28 e A=(®) when A € A~ ()

n(A, ) = min k such that
k=1 {A(k) e At(@®), wheni e At (7).
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Zorich’smap G : A1 x | — A"~ ! x R is defined by
GG ) :=T"*P (1, 7). (16)
Zorich [15] has proved the following theorem.

THEOREM 3.2. Let m > 1 and let R be a Rauzy class. The map
g:Am—l XER_)Am—l x R

is conservative, ergodic and admits an absolutely continuous invariant probability
measure L.

For almost every (A, 7) € A" ! x Rand T = T(5.,x), consider the matrix-value
function
B(T) := A(T)A(T(T)) ... A(T"*™)(T)) (17)

where A(T) is defined in (10) and (11). It is proved in [15] that log || B~!(T)|| is integrable
with respect to u and therefore we can apply Oseledet’s Theorem to the co-cycle

B(k, T) := B(T)B(G(T)) ... B(G*"1(T)).

Let6; > 6, > --- > 6, be the Lyapunov exponents of the co-cycle B(-, -) and let K (;r)
be the kernel of the matrix L™ defined in (13). Let N (;r) be the dimension of K (;r) and

_m—N@@) +1
= > .

In [10] it is proved that g is an integer number.
THEOREM 3.3. The middle m — 2g Lyapunov exponents are equal to zero:
Og+1 =0g120=...04_g =0.
The remaining 2g Lyapunov exponents are distributed in pairs:
Ok = —Opm—i+1, k=1,2,...,8.
The first Lyapunov exponent 0 is strictly greater than the second one:

01 > 6.

Zorich has also made the following conjecture [15].

CONJECTURE 1.
(a)  The top g Lyapunov exponents are strictly positive.
(b)  The top g Lyapunov exponents are distinct.

As we mentioned before, this conjecture has been verified for numerous Rauzy classes.
In particular, G. Forni has recently announced part (a) of this conjecture [16].

We will consider the map G as acting on the space of all interval exchanges. Let us put
T, = G"(T), n > 0. Observe that T}, is the re-scaling of the Poincaré induced map of T
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on a interval J,, of the form [0, a,), @, > 0. By the definition of B(n, T) we have that if
T, = T()J,n’) then
/_ B7'n,T) a0
|B=1(n, T) - Al
where | - |1 is the L'-norm of R,

Let F € Sy(T, w) and let & : X — X be a semi-conjugacy between F and T. We can
easily check that the Poincaré induced map F, of F on the interval h~!(J,) is an affine
interval exchange semi-conjugated to 7,,. Moreover, the slope-vector w,, of F}, satisfies the
following relation:

logw, =logw-B(n,T), n=>0,

that is, the co-cycle '‘B(n, T) transports the slope-vectors of the F,s. Here ‘B(n, T) is the
transpose matrix of B(n, T').

The co-cycle 'B(n, T) is called the ‘dual’ co-cycle with respect to the co-cycle
B~'(n,T). 1t is proved in [14] that ‘B(n, T) has the same Lyapunov exponents as
B~ (n, T). Itis also proved in [14] that for almost all (A, 7) € A" ! xRand T = TG, 7

lim l1og 1B~ (n, T)A| = —61,
n—oon

that is, the direction A always corresponds to the minimum Lyapunov exponent of the co-
cycle B! (k, T).
Let6; > 6, > --- > 6, be the Lyapunov exponents of the co-cycle B! k,T),k > 1.
Let us denote by E; the set of y € R™ such that
1
lim —log |'B(n, T)y| <6
n—o0o n
and by F; the set of y € R™ such that
1
lim ~log | B~ (n, Tyl <6;
n—-oon
i=1,2,...,m.Set Eg = Fy = (. Itis proved in [14] that
(18)
i.e. E; is the orthogonal complement of Fy,_;,i =0, 1, ..., m. Itis also proved that Fj is
a one-dimensional subspace spanned by the vector A.
Let T = T, x), where (A, ) € A"l 5 % and denote by
1
6(y.T) = lim —log|'B(n,T) -y
n—-oon
the Lyapunov exponent of y € R™. It is not hard to see that
H={yeR":0(,T) <06}

forms the orthogonal complement of L. Denote by E**(T) ={y € E : 6(y,T) = —61}
and let

E(T)={y €eH:0(y,T) <0}
E(T)={yeH:0(y,T)=0}
EY(T)={y e H:0<0(y,T) <0}.
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We will call E° the ‘stable space’, E€ the ‘central space’ and E" the ‘unstable space’. E**
will be called the strong stable space.

Hereafter we will suppose that R C Gy, is a Rauzy class where part (a) of Conjecture 1
holds. In particular, £, = E*® and Ef U E° = Ej_g. Also K(wr) = F°¢ and
FoUK () = Fu—g.

4. Proof of Theorem 1
This section is devoted to the proof of Theorem 1. The sets E1, E> and E3 of Theorem 1
can be given as follows:
(1) Ejisequal to E*;
(2) Ejisequalto E®;
(3) Esisall of A+. Thus, E3\E; = E€ U E*.
For w € R set
Gw(x) =w;, x €laj_1,a;),i=1,2,...,m. (19)

To simplify notation if y = logw we put Ag, (T) = A, (T). In view of Proposition 2.1,
we will study the set A, (T) for y in E**(T), E*(T), ES(T) or E*(T). We will prove
in Proposition 4.1 that if y € E*(T) then there is an affine interval exchange which is
C°-conjugated to 7 and with a slope-vector w. In Proposition 4.3 we will prove that
if y € E*(T) then there is a unique measure in A, (7) and this measure is absolutely
continuous with respect to the Lebesgue measure. These are parts (a) and (b) of Theorem 1.
In Propositions 4.4 and 4.5 we will prove that if y € E°(T) or y € E“(T), then there is
no absolutely continuous (with respect to the Lebesgue measure) measure in A, (7). This
is part (c) of Theorem 1.

4.1. The stable space E°. From equation (15) we obtain that ‘B(k, T)L" B(k, T) = L™
and therefore

1 1
lim —log |'B(k, T)L™A| = lim —log||[L™ B~ (k, T)A||
k—o00 k k—o0 k
1
= lim = log||B~ 'k, T)A| = —6; <O
k—oo k

where —6; is the minimum Lyapunov exponent of the co-cycle B~!(k, T'). Thus, L™ % €
ESS. Since F is one-dimensional, E** is one-dimensional and hence generated by the

vector L™ \.
From the relation Tx = x 4+ (L"X);,x € [ai—1,a;),i = 1,...,m, we can see that
E(x) = e” satisfies the relation

E(T(x) = eL™ig(x), x €lai-1,a). (20)
Forallt e R,t #0,set A~ = [, & dm and

e

—-1’

Then we can easily see that f = h o T o h~! is the following affine interval exchange:
L™A); 1

e

9
el — 1

x e X.

X tx
h(x):A/ £'dm = —
0

e

Fx) = e L™Miy 4 x € h(lai—1,a),i=1,2,....m.  (21)
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Thus, we have the following.

PROPOSITION 4.1. For almost all (A, ) € A™ ' x Rand T = Ty n), if logw =
t(L"X),t # 0, the map f defined in (21) is an affine interval exchange with slope-vector
w which is C*°-conjugatedto T.

Let T be an interval exchange associated to the partition 0 = ap < a; < ar» < --- <
am—1 < am = 1 of X. Foreachy = (y1,...,vn) € R™, we define ¢, : X — R
by ¢, (x) = e, x € [aj—1,a;),i =1,2,...,m. Let &, : Z x X — R be defined by
®(0,x)=1and

k—1 )
[[er@iGn., k=1

@, (k,x)=177° (22)

[16,' 7)), k<-1.
j=1

Observe that ®,, = ®¢,a € R and ®, satisfies
@, (k+m,x)=d, 0k ), m, T x)), kmeZxeX,

i.e. @, is a multiplicative co-cycle.
From now on, R will denote an arbitrary Rauzy class of G,,.
Consider the following proposition from [1].

PROPOSITION 4.2. For almost all (., 7) € A" 1 x Rand T = T(..x), and for every
y € ES(T) there exists a constant M > 0 such that

M~} <®,(n,x) <M, neZ, forallxelX.

PROPOSITION 4.3. For almost all (A, ) € A" ' x Rand T = T, 7), and for every
y € E*’(T) there is a unique measure in Ay (T). This measure is equivalent to the
Lebesgue measure.

Proof. We may suppose that T = T{; ) is uniquely ergodic. By Proposition 4.2,
the function ¢(x) = sup,.z CID),(n,x)’1 is well defined and it satisfies (T (x)) =
@, (1, x)@(x). Therefore, the measure u = f ¢ dm satisfies equation (4). Normalizing
4 we obtain an absolutely continuous element of Ay (7). Now we will prove that every
measure u € Ay(T) is equivalent to a Lebesgue measure and then, by Lemma 2.2, that
there is a unique measure in Ay (T).

Observe first that any probability measure u € Ayp(T) is continuous. In fact,
the presence of an atom xg implies that the series Zk>0 ®(k, xo) is finite which is a
contradiction to Proposition 4.2. -

Let {J,}s>1 be the sequence of sub-intervals of X associated with Zorich’s induction
and let x be a probability measure in Ay (7). For n > 1 consider the Poincaré induced
map T, of T on J,. Remember that 7, := G"(T) is the same map 7, but re-scaled to
the whole interval X. Let u, be the restriction of the measure u to J, and let u, be the
probability measure on X given by

un(D) = u; ( D) , for all the Borelian set D C X. (23)

w(Jn)
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Let ¢, = ¢y, be the corresponding function associated to the vector
Yn="Bn,T) y
as in equation (22). It is not hard to see that u,, € Ay, (T,), thatis, w, satisfies the equation
/Xg oT, ldu, = /Xg - ®,du,, forall g e L(uy). (24)
CLAIM. The only weak* limit point of the sequence W, is the Lebesgue measure m,

therefore, the whole sequence |1, converges, in this topology, to m.

Proof of the claim. Let ji = limj_ oo in; be a weak™ limit point of the sequence iy.
We may suppose, taking a sub-sequence if necessary, that the sequence 7,; converges, in
the strong topology, to some uniquely ergodic interval exchange T. As y € E*(T), the
sequence ¥, — 0 when n — oo, and then ®,, — 1. Then the Dominated Convergence

Theorem implies that
[ ot ldii= [ ga.
X X

for every measurable bounded function g of X. Therefore (i is an invariant measure for T,
thus . = m. O

Let J,{‘, 1 < k < m be the sub-intervals of continuity of 7, : J, — J, and let r(k) be
the return time to J,, of the sub-interval J,’l‘ , 1.e. r(k) satisfies

T'UHN L =0, j=1,2,...,r(k) and TP cy,. (25)

Observe that, by definition, the functions &, (j,x),j = 1,2,...,r(k) are constant on
each J,f. Let us set ® = @, and denote by ®; ; the constant value of @, (j, x) at J,f,
1 <k <m,1 < j <r(k). Since the whole space X can be decomposed as the disjoint

union
m  rk) )
x= Uruo
k=1 j=0
we have
m  r(k)
I=uX) =3 > m U
k=1 j=0
From this, using Proposition 4.2 and the fact that 1 = m(X) = Y ;' Z;(:()) |JK|, we
obtain that )
1 J
L rUD e forallnand 1 <k < m, (26)
M FA

In particular, M~YJ,| < n(Jy) < M|Jy|, for all n. Now since p,, — m, the restriction W,
of u to the interval J,,, weak*-converges to the measure 1 (J,) - m in J,,. Therefore, there
is a constant K and ng > 0 such that, for all > ng and any subset D C J,, we have that

K~'m(D) < (D) < Km(D). 7
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Observe that any subset C C X can be written in the form C = (J]_, U;(:k()) Cj x where

Cjx C TI(JH. Set Djx = T7/(Cjx) C JF. Clearly m(D;x) = m(Cjy). Finally,
Proposition 4.2, equation (27) and the relations

m  r(k)
@ =" (D)
k=1 j=0
and
m  r(k)
m(C) =Y > m(Cj
k=1 j=0
imply that
(MK)™'m(C) < pu(C) < (MK)m(C),
that is, w is equivalent to m. O

4.2. The central space E°.

PROPOSITION 4.4. For almost all (A, w) € A" ' x Rand T = Ty, if v € ES(T)
then Ao, (T) does not contain any probability measure which is absolutely continuous
with respect to the Lebesgue measure.

Proof. 1tis proved in [11, Theorem 6.3] that if the following equation
[(T@) =™ f), x€la-r.a), k=1,....m (28)

has a measurable solution ¢ : X — S! for the vector w = (wy, ..., wy) € R™ then
the inner product (w, bs) is an integer for all § € X () (see equation (8)). Note that if
¢ : R — R is a positive solution to the equation

f(Tx) =e" f(x), x¢€lar—1,ar), k=1,...,m, (29)

and if g : X — R is the function g(x) = log¢(x), then for all 0 < a < 1, the function
P(x) = €2m*8Wi jg a solution to equation (28) for the vector caw € R™. This is only
possible if w is orthogonal to the set {bs : S € X (7)}. As this set forms a basis for K (),
this implies that w is orthogonal to K (7).

By relations (18), E;_g is orthogonal to F, and E is orthogonal to Fj_g. Recall
that we are assuming part (a) of Conjecture 1 which implies that E° U E€ = E,_, and
K(m)U Fy = Fy_g. Therefore, E°LF,. Hence as E° N E° = {0}, no vector of E¢ can
be orthogonal to K (7). Indeed, if v € E€ is orthogonal to K (;7), then it belongs to F,f;_ <
(because E°LF,), and hence g = dim F,f;_g = dimE; +1 = g + 1, a contradiction.
Thus, if logw = y € E€ there are no solutions to equation (29) and therefore there
are no measures in A, (7") which are absolutely continuous measures with respect to the
Lebesgue measure (otherwise the Radon—-Nikodym density of this measure would be a
solution to equation (29)). O
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4.3. The unstable space E*. In this section we will prove the following proposition.

PROPOSITION 4.5. For almost all (A, ) € A"\ x Rand T = T n), if y € EX(T)
then Ao, (T) does not contain any probability measure absolutely continuous with respect
to the Lebesgue measure m.

Proof. Suppose, by contradiction, that u € Ag, (T') is absolutely continuous with respect
to m. Write & = [ ¢ dm. Hence from Lemma 2.2 we know that ¢ satisfies the relations

@(T*x) = @, (k, )g(x), xeX, k=1

Using Birkhoft’s Ergodic Theorem we obtain
1 n—1 L 1 n—1
Jim ];q)(T (1) =) lim ; @, (k, x)

1
:/ odm =1
0

n—1

1
o) = lim - Z @, (k, x). (30)
k=0

and, therefore,

This implies, in particular, that for almost every point x the quotients ®,, (k, x)/k remain
bounded when k goes to infinity. We will now prove that this is impossible when
6(y, T) > 0, and therefore, such a i cannot exist.

LEMMA 4.6. Foralmostall T and y € E“(T), the invariant set

G(T) = {x €[0,1): limsupM = oo}

n—00 n

has Lebesgue measure one.

Before we can prove this lemma, we need to introduce the following results from [11].
Take € > 0 and foreach (A, 1) € A~ ! xR, define the properties P (¢, n) and P; (¢, n)
(related to T = T, )) in the following way. Let J, be the sub-interval of induction
associated to 7, = G"(T). Let T} be the induced map of 7 on J,. Then:
° P1 (e, n) is said to hold for T if there exists an N > €/|J,| such that a; ¢ T (7,
0<j<Nanda, k=1,2,...,m are the points of the partition associated to T’;
° P> (€, n) is said to hold if |J,f| > ¢|J,| where J,f, k=1, ..., m are the sub-intervals
of continuity of 7, : J,, — Jy.
Clearly property P (e, n) implies that each TJ(J,) is an interval (0 < Jj < N) and that
‘ U?]:o Tf(Jn)‘ > €. Observe that if Py (€, n) and P> (€, n) hold simultaneously for 7', then

N
UriuH

J=0

>e2, 1<k<m. (3D

Consider now the following lemma from [11].

https://doi.org/10.1017/50143385702000196 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385702000196

390 M. Cobo

LEMMA 4.7. For almost all (A, w) € A™~! x R, there exist an € = e(A, ) > 0 and an
infinite set E = E (A, 7, €) of integers such that T, ) satisfies Pi(e,n) and P>(e, n) for
alln € E.

Remark. In the proof of Lemma 4.7 the basic tool is Theorem 3.1 related to Rauzy’s
operator 7; this proof can be easily adapted Zorich’s induction operator G in a
straightforward way using the corresponding Theorem 3.2.

Consider now the following lemma from [14].

LEMMA 4.8. For almost all (., 7) € A" ! x Rand T = T, 7), we have (using the
L'-norm, | - |1, of R™)

1
lim —log(|B(k.T) - ejl)) =61(R), 1<j<m.
k—o0 k

Proof of Lemma 4.6. We may suppose that m is the unique ergodic measure of 7. As the
set G(T) is T-invariant, it has Lebesgue measure zero or one. Fix y € E*(T) and suppose,
by contradiction, that m(G (7)) = 0. Egoroff’s Theorem implies that for every § > 0 there
exist Ms > 0 and a set Bs with m(Bs) > 1 — & such that

1
—®,(n,x) < Ms, forall x € Bs 32)
n

and for every n greater than some integer ng > 0. Lete > O andlet E = E(X, 7, €) be the
set of integers of Lemma 4.7.

Take 0 < 8 < €2/2 and Mj, By as in (32). Let J,,n > 1 be one of the intervals
in Zorich’s induction process G. Hereafter we will suppose that n € E(A,m,¢€).
Let 7,, = G"(T) be the interval exchange associated to the pair (A,, 77,). Remember that
T, is the re-scaling of Tn’ , the Poincaré induced map of T on J,,. Let J,f , 1 <k < m bethe
sub-intervals of continuity of Tn/ : Jn = Ju. T, is associated to the pair (A, 7,) where

1 2
M= 1 17 1D,
Sety, =B(n, T) - y. Since y € E*(T) we have (using the L'-norm, | - |, of R™),
1
O0(y, T) = lim —log|y|; =06 >0,
n—oo n
and, therefore, there exist 1 < n < ¢? and an integer n; > 0 such that

lyaly = 70", n=>n.

As y, is orthogonal to )»;l and A, = ()»,ﬁ, ..., M) satisfies the relations (P2 (€, n)),
hy Z €lhnly, 1<k=m,
there exists a component y,fo > 0, ko = ko(n), of y,, = (ynl, ..., ¥y such that
v > elyaly = en® ifn > ny. (33)

Let r(k,n), 1 < k < m be the return time to J, for the sub-interval J,{‘. It is easy to see
that, foreach 1 < k < m, r(k, n) is given by the L'-norm of the vector B(n,T) -e. Let6
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be the largest Lyapunov exponent of the co-cycle B(n, T'). Then Lemma 4.8 implies that,
for some p > e and ny > 0, we have

rtk,n) < p", ifn>ny, 1 <k<m. (34)

Observe that, by definition, the functions ®,,(j, x), j = 1,2, ...,7(k, n) are constant on
each J,f . It is easy to see that, in particular,

@, (r(k,n), x) =exp(y)), forallx e JK, 1 <k <m. (35)
Set r, = r(ko, n). In view of (33), (35) and (34) we have,

D, (ry, x) - exp(e - n")

n
In Y

) (36)

forall x € J,f % and n sufficiently large. In particular, if n is sufficiently large, say larger
than some n3 > 0, the quotient ®,, (r,,, x)/ry, x € J,/fo is greater than the constant M
defined in equation (32).

Observe now that as T/ (J,,) is an interval for 0 < j < N (by Pj (e, n)), the induction
matrix associated to each of these sub-intervals is equal to B(n,T). Moreover, let
K; = TJ(J,) be one of these sub-intervals and set K;? = T-"(J,{‘), 1 < k < m. Then

K ;‘ is a sub-interval of continuity for the induced map of Tk ; on K j and we can check that
TK]. is associated to the same pair ()»;l, 7T,) as T,:. As the value of ®(ry, x)/rn, x € K;
depends only on the matrix B(n, T'), this function has the same value on each of the sub-
intervals Kfo, 0<j<AN.

Therefore, for all integers n > n3, there is a set D,, = U;V:_ol K;.(O and an integer r, such

that
D(rp, x)
— >

I'n

Ms, forall x € D,.

Observe that from (31) and the fact that n € E (X, m, €), the Lebesgue measure of D, is
greater than €2. However, in view of (32), the set D, must satisfy

D,NBs =0, n>ns.

This contradicts the assumptions 0 < § < €2 /2 and m(B;s) > 1 — 6. This contradiction
proves the lemma and Proposition 4.5. O
O

Supported by the example given in Theorem 2 we make the following conjecture.

CONJECTURE 2. For almost all (A, ) € A"~' x R, T = T3 ) and forall y € E*(T),
the set A, (T) does not contain any continuous measures, that is, if y € E*(T), Cagi (T, e¥)

is empty.

5. Proof of Theorem 2

We will now study the particular example of Theorem 2. First we will prove part (b) of
Theorem 2. The proof of part (a) is essentially the same as that of part (a) of Theorem 1,
and will be done in Proposition 5.14.
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0.2 0.4 0.6 0.8 1

FIGURE 1. Graph of Tj.

Part (b) of Theorem 2 is proved in Theorem 5.1, Corollary 5.12 and Proposition 5.13.

Consider the permutation w € G given by n(l) = 3; 7(2) = 2; n(3) = 4
w(4) = 1 and let Ag = (A1, A2,A3,Xq) € R* be the (normalized) positive Perron—
Frobenius eigenvector of the following matrix:

2 21 1
1 200

=111 2 1 ©7)
11 11

We can check that for A2 all its entries are positive and A9 &~ (0.33,0.14, 0.29, 0.22).
Let To = T(3,,7,) be the associated interval exchange transformation (see Figure 1). The
eigenvalues of A are real and of the form p~! < 7! < 1 < 5 < p. Let A be the transpose
matrix of A and let H (respectively H®) be the vector 3-space (respectively vector 2-space)
'A-invariant generated by the eigenvectors corresponding to the eigenvalues p~!, 7!, 5 of
'A (respectively p~!, n~!). It is easy to see that H is the orthogonal complement of A. Let
¢ ~ (—0.33, —0.73, 0.54, 0.24) be one eigenvector for . Observe that H* divides H into
two connected components H;' and Hy'. Suppose that { € H{', and let zo € X be the point

0=1-M0+p  +p2+-). (38)

THEOREM 5.1. For every vector y in H" there is a unique map F € Sp(T,e"). This
map is strictly semi-conjugated to Ty, i.e. F has a wandering interval. Moreover, there is a
unique wandering interval V for F and the orbit of V is associated (via semi-conjugation)
with the orbit of x = 0 if y € H{' and with the orbit of x = zo if y € HJ.

Let F € SF(T,e") and let h be a semi-conjugacy between F and 7. Observe that
if h(y) = x then (Fk)’(y) = ®,(k,x),k € Z (recall definition (22)) and if F has a
wandering interval V, then for each point y € V and x = h(y), the series

YFEY =Y @k x)
k=—00

k=—00
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is finite. This is due to the fact that Y22 |F¥(V)| < 1 and |FK(V)| = (F¥Y'(n)|V].
Conversely, if there exists a point x € X such that ZkeZ ®,(k,x) = R < oo, then the
atomic probability measure

o0
e =R " @,k x)dpu, (39)

k=—00

is an element of Ao, (T'). Therefore, by Proposition 2.1, there is a map F € Sp(T, e?)
with a wandering interval V whose orbit is associated, via the semi-conjugacy, to the orbit
of x. This will be the approach in the proof of Theorem 5.1. Put x ~ y if y is in the T-orbit
of x. We will prove the following.

THEOREM 5.2. Let zg € X be defined by equation (38) and let ® be the co-cycle
associated to the map Ty. Then for all y € H" the following are true:

(a) ify € H{, then the series Z,fi_oo ®,, (k, 0) is finite; and

(b) ify € Hy, then the series Y oo Dy (k, 20) is finite.

Moreover, if the series Y po_., ®,(k, x) is finite for some point x € X, then x ~ 0 if
y € H andx ~ z9if y € Hj'.

Observe that Theorem 5.1 follows immediately from Theorem 5.2. Theorem 5.2 will
be proved in §5.2.

We will now consider a slightly more general situation than that of Theorem 5.2. Let
T =T40, R, m) € A™~1 x 9 be an interval exchange which is self-induced in some
interval Ji, that is, the Poincaré induced map T of T in Jj is, up to re-scaling, the same
map T. We will suppose that J; does not contain any discontinuity points of 7 or 7.

Let Jlk, 1 < k < m be the sub-intervals of continuity of 77 : J1 — Ji and let r (k) be
the return time to J; of the sub-interval J. k ,1.e. r(k) satisfies

T'UH NN =0, j=1,2,...,r(k) and T"OFIF) . (40)
Let B = (B;;) be the induction matrix
Bix = card{l : T'(J{) C [ai-1,a),1 =0, 1,...,r(k)}. (41)

We will suppose that the eigenvalues of B are all real and will denote by H* the vector
space generated by the eigenvectors associated to all the eigenvalues < 1.

Observe that there is a sub-interval Jo» C J; such that 7 is also self-induced in J, with
an associated matrix B. In the same way, T is self-induced in J, with an associated matrix
BZ. In general, we have a nested sequence J,,, n > 1 of sub-intervals of X, such that T
is self-induced in J, with induction matrix B". Let {xo} = Ny>1Ju. xo will be call the
distinguished point of T'.

Let ¢ = (¢1,.-.,&n) be an eigenvector of B associated to some eigenvalue n > 1.
Consider the co-cycle &, (k, x), (k, x) € Zx X defined in (22). Observe that, by definition,
®,(j, x) is constant in Jlk foreachl <k <mand 0 < j < r(k). Let us denote this
constant value by ®; x.
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THEOREM 5.3. Suppose that the following two conditions hold:

@) f &k <Othenmax{®;;:0=<j<rk)}=1

(i)  if &k = 0thenmax{®jx : 0 < j <r(k)} = Or).i-

Then forall y € al + H*,a > O the series Y _po._ ., @, (k, x0) is finite.

Let us denote by X (respectively X ™) the union of all sub-intervals [a;_1, a;) such
that z; > O (respectively ¢; < 0). Denote by X* the intersection X~ N T'(X™). A simple
corollary of Theorem 5.3 follows.

COROLLARY 5.4. Let a > 0 and suppose that X* C Ji. Then for all y € at + H® the
series Y po oo Py (k, x0) is finite.

The next subsection is dedicated to the proof of Theorem 5.3 and Corollary 5.4.

5.1.  Substitutions and self-induced interval exchanges. Consider the functionZ : X —
{1,2,...,m} given by

I(x):=i < x €laj—1,a;), i=12,...,m.

Let W be the set of words on the alphabet A = {1, 2, ..., m}. To any piece of the orbit
{x,T(x),..., T*(x)} we can associate the word aopa; . ..a; where aj = I(T/x),j =
0, ..., k. The infinite word apaj . . . ax . . . associated to the complete positive (respectively
negative) of x is called the positive (respectively negative) itinerary of x. Consider the
function 6 : A — W defined in the following way. For each k € A, 0 (k) is the word Wy
associated with the piece of orbit

{x,Tx,T*x,..., T"®x)}

where x € J 1k and r (k) is the return time of x to Ji, which is constant in J lk Clearly, Wi
does not depend on the point x. The map 6 is called a substitution. 6 can be extended to a
map defined in W (or .A%), simply by replacing the words:

O(aray...ar) =6(ag)b(ayr)...0(ar).

The matrix BY, where Bl.gk is the number of times that the symbol i appears in the word
6(k), 1 < i,k < m is associated with this substitution. It is not hard to see that BY is the
same matrix B associated with the induced map in J; (see (41)).

Set 9"(k) = 6" '(@k)), n > 1. Let r(k,n) be the return time of the sub-
interval J,f to J,. Observe that if x € J,f the itinerary associated to the piece of orbit
{x, T(x),..., T"%M(x)} is given by the word 6" (k). On the other hand the sequences
0"(k), 1 < k < m ‘converge’ to some infinite sequence bobj ...bg ... in the following
sense: for all N > O there is a Ng > 0 such that if n > N, the first N1 symbols in the
word 0" (k) are exactly boby . ..by,. As Ji is contained in some sub-interval of continuity
of T, the sequence bob; . .. by . .. is exactly the positive itinerary of the distinguished point
X0 € My>1Jy.

Let > 1 be an eigenvalue of B and let ¢ = (&1, &2, ..., &) be an associated
eigenvector for BY, i.e. ¢ B = n¢. We will suppose that none of the entries of ¢ is zero.
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We will say that a word W = ajaz . ..ax is admissible (with respect to the map T') if
there is a point x € X such thata; = I(Tj (x)),0 < j <k,i.e.if W is part of the itinerary
of some point x. In particular, if W is admissible we may define (W) = P (k, x)
(see (22)). Let ¢ = ¢, be the function log @, defined in the set of all admissible words by
the formula

¢(a1a2~'ak)=§a1+§a2+"‘+§ak' (42)

Set (@) = 0. For W = ay ...ax we define the vector r(W) = (rq, ..., rm) € R™ where
ri=card{l <s <k:a; = j}.
Observe that the ith column of B" is the vector (6" («)). Then we have (see [2]),

O () =¢-r(@" (@) =¢ - B"(r(a))
=n"-¢-r(@)=n" ¢
=n"" L. (43)

In the same way, if W = aja» ... ax is a word in W, then

O" (W) =¢ - (r(@"(a) + - + 10" (@)
=0" oy + -+ ) = 0" p(W). (44)

We will denote by |W| the length of the word W € WV, i.e. the number of symbols in W.
r(k, n) will denote the length of the word 6" (k), k € A. Let us denote by r (k) the length
of 6(k),k = 1, ..., m. Hereafter, the symbols «, 8 will denote arbitrary elements of the
alphabet A = {1,2,...,m}.

Recall that we have defined @), (k, x) = ]—[l;zl CD),’I(T’J'(x)) if k < 0. Let X; =
l[ai—1,a;) and ¥; = T(X;),i = 1,...,m. Foreach y € R" define ®, : X — R by
D, (x) = e’ if x € ¥;. Set ¥ = (Vy-1(1ys- -+ Vu—1(m))- Observe that T/ +!(x) €
Yry <= T7/(x) € Xk and, therefore,

o, (T (x) = e = eTr
= &_, (T (x)).

Then if k < 0 we have
Ik|

Dy (k—1,x) =y (k,x) =D D (T (x)). (45)
j=0

Observe that T~ ! is self-induced in J,,,n > 1. Let T_, : J, — J,, be the induced map
of T-1in J. We can see that if j,’f, 1 < k < m are the sub-intervals of continuity of 7_,,
then f,f(k) = Tn(J,’l‘). In the same way, if 6(k) = ajaz...a,k ) is the itinerary of J,f,
then the itinerary (by T~") of ;' ® is given by 6(x (k) = 7 (@re.m) - - . w(@2)7 (ar) (with
respect to the corresponding partition of 7~ 1).

Let B be the matrix associated to the Poincaré induced map of T=! in J.
(B is the same matrix BY associated to the substitution #). Let ™ be the vector

¢" = (Cr-1(1ys - s Ex—1(my) and let Let M = M™ be the matrix defined by M{; = in(i)-

https://doi.org/10.1017/50143385702000196 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385702000196

396 M. Cobo

Then we can check that M~! = M = M™ ' and B = M~!'BM, and also MI™ =2¢.
Hence,
téé-n — M71 tBMé-JT — M*l tBé.
=n-M'¢
=n-"
and ¢7 is and eigenvector for ‘B associated to > 1.

It is not hard to see that the 6" (c) ‘converge’ to the negative itinerary of xo when
n—ooforalla € {1,2,...,m}.

PROPOSITION 5.5. Suppose that the following two conditions hold for every a € A:
(@) iff(x) =a1az...a,) and &y < 0, then

max )§a1+---+§aj < 0;

l<j=r(a
(b) ifO(x) =ajaz...arq) and {y > 0, then

r (o)

max §a1+"'+§aj22€ai~
i=1

l<j=r(e)

Then there is a constant M > 0 such that for all n > 1 the following are true: if ¢, < 0,

r(a,n)

Z (L, x0) <M, xelJ°
=0

and if &y > 0,
r(o,n)+1 r(a,n) . 5
Z O (—1,x) = Z b, x) <M, xeJr®.
=1 =0
Proof. Letn > 1land o € {1,2,...,m}. Set 0"(o) = aiaz...ar,n and define the
function S, , on the set of integers 0 </ < r(«, n) by the formula

Sanl) = ¢paraz...a)) = oy + -+ + Ly (46)
Set Sy, (0) = 0,n > 1 by definition and observe that (44) implies that
Sa,n(r(ol))=77"'€a, n=>1.

Define also the function S’ﬂ(a)ﬁ on the set of integers 0 < [ < r(w, n) in the following way.
If 0"(a) = bibs . .. by(q.n), then

Se@nD) = —de(brba...by) = —(CF + -+ + L) @7)
Set S'n(a),n(O) = 0, n > 1 by definition and note that, by (44),
Sr@nr@) =—1"- ¢l =-1"Cay n=1,
because —¢7” is an eigenvector of 'B associated to 7 > 1. Observe that &, (m, x) is equal

to exp(Se,n(m)) if x € J¥ and 0 < m < r(«, n) and equal to exp(gn(a))n(m)) ifx € ff(a)

and r (o, n) < m < 0 (see (45)).
The conditions (a) and (b) can be written:
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(@) if&y <0, max{Se,1(j):0<j <r(a)} = S¢1(0)=0;and

(b) if &y > 0, max{Sy,1(j) : 0 < j < r(e)} = Su,1(r(@)) = Lq.

Note that these two conditions imply that:

(©)  iffu <0, max{Sy(a),1(j) : 0 = j < r(@)} = Sr@.1(r(@) = —&: and

(d) if &y > 0, max{Sz(),1(J) :NO <j<r(@}=S.10)=0.

Indeed, if @ € A is such that S;(),1 does not satisfy one of the conditions (c) or (d),
then for some 1 < p < r(w), S‘n(a),l(p) = max{S’n(a),l(j) :0 < j < r(@)} Let
O(o) = ajaz...ar) and é(n(a)) =7 (Ar(a)) - .- 7w(a1) = b1ba ... by (). Observe that

r(a) r(a)

J
Set(N=Y ai=Y to— Y la
i=1

i=1 i=j+1

r(a) r(e)—j+1

= Zgai - Z (1?

1
i=1 i=1

= Su, 1 (F(@)) + Sz(@.1(r(@) — j + 1).
Therefore,
max{Sy,1(j) : 0<j <r(@)} = Se.1(r(@)) + max{Sy(@)1(r(@) — j+1): 0<j<r(a)}
= S 1 (@) + Sz(@).1(p) = Sa1(r(@) + 1 — p)

where 0 < r(«) + 1 — p < r(w), a contradiction of assumptions (a) and (b).

Let us prove that conditions (a) and (b) also imply:
(@) ifgy <0, max{Sy,():1 <1 <r(a,n)}=S84,(0)=0;and
(b ifge =0, max{Sy (/) : 1 <! <r(a,n)} = Sun(r(a, n)) =n"ty.
We prove these statements by induction on n. The conclusion is true for n = 1 by
hypotheses. Suppose that the conclusion is true for n = k and let us prove that it is
also true forn =k + 1. Fix 1 < o < m and write 8(a) = a1az .. .a,(«). Let

My =max{Se,(): 1 <l <r(e,n)}, n=>1
Setro =0andr; = |6%(as ...a;)|, 1 < j <r(a). Since
0 (@) = 0% (a1 ...aj)0%(aj11)0% @42 . . . arw))

and by (44), ¢(9k(a1 ...aj)) = 77k lay o+ §aj) — Uksa,l(j), the value of Sy 41 at
q =rj + pintheinterval [rj, 7r;41], is given by

Sae1(@) = 0*Se1(j) + Sa;s1 k(P)
foreach 0 < j < r(a) — 1. Therefore

M, = k N+ My, i) 4
o k+1 ijr;lg();)_l{n Sa,1(J) + Maj, i} (48)

and using our induction hypotheses on My, x we can write

Majsr = max  {n*Se1(j) +n*(max(Ca,,,. 0))}
0<j<r(a)-1

=r]k< max Soc,l(j))'

0<j=r(a)
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Thus, conditions (a) and (b) imply conditions (¢’) and (b’). In particular, observe that if
la >0,

My jt1 = max 758q1())

I<j<r(a)
= 1" Sa1 (r(@)) = 1",
We claim that, for n > 0,
max{Sy n+1() : 1 € [r1,r(a,n + D]} = max{n"Sy,1(j) : 1 < j < r(e)}. (49)

Indeed, (49) is true for n = 0 by definition. Suppose that it is true for n = k. If it were
not true forn = k + 1, then forsome 1 < j < r(x) andq =r; + p € (rj,rj+1) with
0<p<raj k),

max{Se+1(1) : 1 € [r1. 7@, k + DI} = Sakr1(@) = 1 Sa1 () + Say 1.k (P)

which implies that My; | x = Sa;,, k(p), a contradiction of (a") or (b'). Therefore (49) is
true for all » > 0.

Let g be the maximum of the numbers {r(«) : « € A}. We clearly have p < ¢ and
r(a,n) <q", a € A. Inthe same way, r; < jqk, aecAl<j<r(u.

We will prove that if ¢, < 0 and foreach 1 <!/ < r(«, n),

San(l) < CIF, (50)

where
1
C:=—-—max{Se,1(j): 1 <j<r(@} <0 and 7t =Ilogn/logg,
q

therefore,

r(o,n) r(a,n)

Yo orlix) =) exp(Sun(d)
=0 =0

< Zexp(Cl’) =M <00, n>1.
>0

A similar argument, applied to the substitution 8, shows that there is a constant M, such
that ZOglgr(a,n) exp(S’a,n(l)) < Ms,n > 1if { > 0. Thus, the proposition holds for
M = max{M, M,}.

Equation (50) is proved by induction on n. The statement is true for n = 1 by the
definition of the constant C. Suppose that the statement is true for n = k and let us prove
thatitis true forn =k 4+ 1. Let (o) = a1az...ar) and Q) = Ck*,1 > 1. Setrg =0
andr; = |0%(ay...a)1 < j <r(a).

Observe that, in particular, the graph of S, x+1 in the interval [0, 71] is given by the
graph of S,, x where necessarily a; satisfies {;, < 0. By induction hypotheses, the graph
of the function Q is above the graph of Sy x+1 in the interval [0, r{].

On one hand, by (49), the number max{nkSa,l (Jj) : 1 <j <r(w)}is the maximum of
the values Sy x+1(/) with [ € [r1, r(a, k + 1)]; on the other hand, the minimum value of
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the function Q in [r1, r(a, k + 1)] is given by
min{Q(/) : 11 <l <r(a,k+ 1)} = Q@r(e, k+ 1))
=Cr(a,k+ 1" = Cr()g")’
= Cr(@™n* > Cqn*

= max Sai())it

I<j=<r(a)
=max{Sek+1() : 11 <1 <r(a, k+ 1)}

and therefore, the graph of Q is always above the graph of Sy 41 in the interval
[0, (e, k + D)]. O

Remark. The constant T = logn/loggq is used in the proof of the previous proposition
just to make it shorter. By slightly changing the proof it is possible to use the more natural
constant T = logn/log p.

COROLLARY 5.6. Under the hypotheses of Proposition 5.5, there are constants C < 0

and 0 < t < 1 such that

@ (1, x0) < €I,

foralll € Z. In particular the series

ZCD;(I, x0)

1eZ
is finite.
COROLLARY 5.7. Forall a > 0 the series ;.7 Par (I, x0) < 0.
Proof. As @4 (1, x0) = CID‘S (1, xp), we have
ZCIDL,; (4, xo) < Ze“cw < 00. O

leZ leZ

PROPOSITION 5.8. Let & € R™ be an eigenvector of 'B associated to an eigenvalue
v < 1. Consider the functions Sy (a),n as in (46) and (47) (associated to & in place of ¢ ).
Then there exists a constant Ry > 0 such that for each @ € A and eachn > 1,

—Ro < Syn() <Ry and —Ro < Sp@n() <Ro, 1<I<r(an).

Proof. We will prove the statement only for Sy ,; the proof for the functions S’ﬂ(a)ﬁ is
completely similar. Let

M= max | max (S.10)1)-

acA Ll<j<r(a

We know that foreacha € A,] > 1and0 < j < r(a) — 1,
max{Sy k1) 1 1 € [rj, rj411} = 9% (a1 ...a))) +max{Sa,,, k() : 1<l <r(aj1,k)}.
From this equation we obtain that, for each o € A,

NSart (] = vEM +max | max ISl (51

1<i<r(a,k+1 <I<r(a,k)

https://doi.org/10.1017/50143385702000196 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385702000196

400 M. Cobo

Then if k = 1 we get
max |Sg2()| < vM + M,

1<l<r(a,2)

and for k = 2,

max  |Se.3()| < v>M +max  max ) |Sa.2(i)| < VM +vM + M.

1<l<r(a,3) a  1<i<r(a,

Therefore, recursively using (51) we obtain that

max  |Ser1 (Dl < MA+v+vi+--) <00
1<i<r(a,k+1)

for k > 1. Hence that proposition is true taking Ry = M Y, vl a

COROLLARY 5.9. Let& € R"™ be an eigenvector of ‘B associated to an eigenvalue v < 1.
Then there is a constant Ry > 0 such that

e R0 < e (1, x0) < e,
foralll € Z.

COROLLARY 5.10. For all x € X and every vector y' € HS, there is a constant
R = R(y") > 0 such that

R <@, x) < R (52)
foralll € Z.

Proof. Tt follows from Corollary 5.9 that for all y’ € H* there exists a constant R(y") > 0
such that for all [ € Z, e R0V) < (I, x0) < eRYD In fact, if ¥/ € HS,
then y’ is a linear combination y’ = Zle a;& where the &s are eigenvectors of ‘BY
associated to eigenvalues <1. Therefore as log®,, = Zle a;log ®g, we obtain that
exp (—Ro Zﬁzlai) < ®,(,x0) < exp (Ro Zﬁzlai), forall I > 1. Set R(y") =
Ry Zi ai.

We will prove now that (52), with R = 2R(y’), holds for every x € X and y' € H®.
Remember that the Ty-orbit of xq is dense in the interval X. Note that

e RO < @k +1,x0) = Dk, x0) DL TH(xp)) < eRY"
and as e R < ®(k, x9) < eR”) we obtain that
e R0 < @1, TH(xp)) < 2R

for all k, [ € Z. By continuity this inequality holds, for all [ € Z, when replacing T* (xo)
by any x € X.

Proof of Theorem 5.3. First of all, it is clear that the hypotheses (i) and (ii) of Theorem 5.3
are equivalent to the hypotheses (a) and (b) of Proposition 5.5. Observe that if y =
at +&,& € HS then

log ®, = alog ®; + &s,
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and since the hypotheses of Proposition 5.5 are also valid if we change ¢ to a¢, a > 0, the
series ZleZ D¢ (1, xp) is finite and so

D @y x0) =Y Pac(l, x0)Pe (L, o)

leZ leZ

< RO " 040, x0)
IeZ

is also finite. Theorem 5.3 is proved. o

Proof of Corollary 5.4. Observe that the hypotheses X* < J; of Corollary 5.4 implies
conditions (i) and (ii) of Theorem 5.3. In fact, if one of these conditions does not hold,
then for some @ € {1,2,...,m} thereisa 0 < p < r(a) such that

Sa.1(p) = ¢¢(araz...ap) = max{Se,1(j) : 1 = j = r(a)}

where 6(a) = ajaz . . . arq). In particular,

Sa,l(p -1 = Sa,l(P) - {ap < Sa,l(p),

and
Sa,l(P +1) = Sa,l (P) + é‘apﬂ < Sa,l (P)

Hence ¢4, > 0 and apyy < 0. Recall that (c) = ajaz...a, () is the itinerary of J{¥
before it returns to J;. From this we see that 77 (J*) C X+ and TP+ (J®) C X, that is,
Trtl Jpy cC X* C Ji. Therefore p = r(a), a contradiction. O

5.2. Proof of Theorem 5.2. Remember that Ay is an eigenvector associated to the
maximum eigenvalue p > 1 of the matrix A defined in equation (37). It is not hard to
check that Ty is self-induced in the last sub-interval of continuity [a3, 1). In particular, the
length of this sub-interval is equal to p~!.

Consider the eigenvalue n > 1 (n ~ 1.83785) of 'A and the associated eigenvector

¢ = (&1, &2, €3, ¢4) which is approximately equal to
¢ ~ (—0.33, —0.73,0.54, 0.24).

Recall that we are assuming that ¢ € HI”. Letus put X; = [a;_1,ai),i = 1,2,3, 4. First
of all we can check that the 7j is self-induced in the last interval of continuity X4 = [a3, 1).
As J1 =[O0, ,o_l) = To(X4) C Xy, Ty is also self-induced in J; (indeed, Ty is a periodic
point for the map 7 defined in (16)). Let T be the Poincaré induced map of Ty in J;. The
corresponding substitution 8, associated to 77, is given by (see [2])

0(1) = 12134
0(2) = 122134

(53)
0(3) = 1334
0(4) = 134

and the matrix associated to 6 is exactly the matrix A defined in (37).
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0.6 1 -> 34121 2 -> 341221
0.4
0.2 1
0.5
a1 2 3/4 5
-0.4 1 2 3/4 5 &
-0.6 -0.5
-0.8
3 -> 34134 4 -> 341
1 2 3 4 5 6 1 2 3 4 5 6
-0.2 0.2
-0.4 :
-0.6 -0.4
-0.8
g -0.6
-1.2 -0.8

FIGURE 2. §1 associated to 6 and —¢.

To prove that Z,fifoo ®,(k,0) is finite for each y € a¢ + H',a > 0, we
only have to check that J; satisfies the hypotheses of Corollary 5.4. Indeed as ¢ =~
(—0.33,—0.73,0.54,0.24), XT = X3 U X4 and X~ = X; U X,. Then we can check
that X* = X~ N To(XT) = Tp(Xa) is exactly the interval J;. Let us prove now that if
a < 0, the series

Y @,k 20)

k=—00

is finite for all y € a¢ + HS. Let J| = 071(X4) C X3. As Ty is self-induced in X4 then
it is also self-induced in J1. The corresponding substitution is

0(1) = 34121
0(2) = 341221

(54)
0(3) = 34134
0(4) = 341.

We consider the eigenvector —¢ & (0.33, 0.73, —0.54, —0.24) of 'BY associated to n > 1.
Observe that J; does not satisfy the hypotheses of Corollary 5.4. In fact, X = X; U X5,
and X~ = X3 U X4 and X* = X3 N T(X)) is not contained in J;. However, it satisfies
the hypotheses of Theorem 5.3. In Figure 2, we can see the graphs of the functions
Sa.1, 1 < o < 4, associated to the substitution 6, defined in (54), and the vector —¢,
and we can check that they satisfy conditions (a) and (b) of Proposition 5.5. Therefore,
from Theorem 5.3 we conclude that

Y ik z0)

k=—o00

is finite, forall y € a¢ + H®,a < 0.

We will prove now that if the series Z,foz_oo ®,, (k, xp) is finite for some xp € X and
y € H*" then x is in the orbitof x = 0 if y € Hf‘ and xg is in the orbit of x = zg if
y € HY.
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We will prove only the case when y € H{'; the proof of the case y € Hj' is completely
similar.

For each (x,y) € X x H{", letus put S(x,y) = > po_ o ®,(k,x). Lety =al +§
where a > 0 and &€ € H®. Observe that if S(x, ) is finite then S(x, a¢) is finite. In fact,
as Pyrqe = @y Pe and, by Corollary 5.10, there is a constant R(§) such that

e RE) < ek, y) < FO

for all (k, y) € Z x X, we have that

o o
e RO X" Duplh,x) < Y Dagrelk, x) < oo,

k=—o00 k=—00

and S(x, a¢) is finite. Therefore, let us assume, without loss of generality, that xg € X is
a point such that S(xo, a¢) is finite. Then sup; .z P4¢ (k, xo) is finite. Set @4 (10, x0) for
this supremum and write wg = T(f 9(x0). We have that

Dy (no +1, x0) = Pur (no, x0)Par (I, wo) < Pyr(no, x0), [ €{-1,1}

which implies that

1

o, (1, <1 d o,(—1, =— <
ac(1, wp) < an at ( wo) Cbag(l,wo)

or, which is the same, wy € X~ and T(f1 (wg) € XT. Then, necessarily, wg €
X1 N Tp(Xa) = Ji (because the signs of the entries of a¢ are the same as those of ¢).

Let us prove that if wg € J, then wy € J,41 which implies that wg € N, J, = {0} and
then xo is in the orbit of x = 0.

First of all, it is clear that S(wq, a¢) is finite. Let 7, be the Poincaré induced map of
T in J,. Let Wo = ...a_japaiaz ... be the T,-itinerary of wg and let r(a;, n) be the
length of the word 6" (a;) if i > 0 or the length of the word 6"(a;) if i < 0. The times
r(aj,n),i > 0 (respectively i < 0) are the successive forward (respectively backward)
returns of x to the sub-interval J, (setting r(ap, n) = 0). Let us define a new co-cycle

®(k, x) relative to the map 7j, and the vector an”¢. If x € J, and y € R™, we define
¢, (x) = e if x € JL. For (k, x) € Z x J, we define:

k=1 .
[ arc(@i). k=0
Sy (kyx) = 177° | (55)
[16aper (T ). k<o
j=1
Observe that equation (44) tells us that if x € J then
D (r(ar, n), x) = 7% (56)

which implies that

Gy (rlag, n), x) = @k, x), k€. (57)
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From this we obtain

(e.¢]
D" Dupck, wo) < S(wo, §) < oo.
k=—00

Observe that
sup Dy (k, wo) = sup Pag (r(ax. n), wo) = Paz (r(ao, n), wo) = Dayre (0, wo) = 1.
keZ keZ

Therefore,

&)an’l{'(07 w()) < 1 and ¢ann§(_17 w()) = 1a

which implies that wg belongs to J¢ with ¢, < 0 and 7, (wo) belongs to some J,f with
¢p > 0. Thereforea = 1 and B = 4,i.e. woy € Jn1 N Tn(J,‘,‘) = Ju+1. This concludes the
proof of Theorem 5.2. a

PROPOSITION 5.11. If y € HY, then there are no affine interval exchanges in
Cast(To, €”).

Proof. Suppose by contradiction that 4~ : X — X is a continuous conjugacy between
Ty and some affine interval exchange f. To be more precise, suppose that the following
diagram commutes:

To
— X

X
hl h
X—X

f

Observe that for each n > 1 the intervals Tj(J,f) withl <k <m,0<j <r(k,n),forma

partition of X whose diameter goes to zero whenn — 0. As h is continuous, the intervals

h(Tf(J,f)) with 1 <k <m,0 < j < r(k,n), also form a partition of X whose diameter

goes to zero when n — 0o. Observe that the derivative of f/ in J,’l‘ is constant and that
mh(TI (1)) = (f1) @) -mh(J}),  x €Ty,

where m represents the Lebesgue measure in X. However, (f H(x) = ®,(j,x),x € J,’f,
and therefore, for any fixed k and n,

r(k,n) r(k,n)
m( U h(Tf'(J,i‘))) = Y 0@, x) -mh(J)). xel.
=0

Jj=0 J
In the same way, the Lebesgue measure of the union U;.(:k’ln)H h(T~/ (f,’f)) is given by

r(k,n)+1 _ y
Y o(—j.x) - mhNy). xelf,
j=I

where J¥ = T,,(J¥). Note that X is the disjoint union of the sets

r(k,n) ) r(k,n)+1 o
U r@if). a0 and | ) T (T, o <o.

=0 j=1
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Let us put

r(k,n) _ r(k,n)+1 ~
Sk= ) @cGox, xedf, SO = 3 @p(x), x e I
j=0 j=1
and
oy =mh(Jy),  fy =mh(I)).

Then we have that

I=m(X)= > pk-Sk+> k- ST®.
k<0 k>0

However, this equality is impossible for all n > 1 if & is a continuous function since then
both Mf, and ﬁfl go to zero when n — oo whereas by Proposition 5.5, both sums S,’: and
Sy ® remain bounded for all n > 1. Therefore there are no elements in C (T, e¥). O

COROLLARY 5.12. Foreachy € H" there is a unique map f € Sar(Tp, e?).

Proof. By the previous proposition there are only atomic measures in A, (Tp). However,
by Theorem 5.2, the only atom of the measure is equal to either xo = 0 if y € H{ or
xo = zo if y € H}'. Therefore the only measure in A, (Tp) is the atomic measure defined
in (39). 0

PROPOSITION 5.13. Let y,y" € H{' (respectively Hy) and let fi € Sa(To,e”) and
fr € Satr(To, e”"). Then f1 and f> are C°-conjugated. Moreover; there is a C'-conjugacy
between f| and f> iff y — y’ belongs to H*(t).

Proof. We will prove the proposition only for H{'; the proof for H; is completely similar.
The proof takes two steps. First we suppose that y and y’ are of the particular formy = ¢
and y’ =1, t > 0. Inthis case, f; and f> are C%-conjugated but not C'-conjugated. After
this, we will prove that if y — y’ € H?, then there is a C'-conjugacy between f; and f>.
These two facts imply the proposition.

Consider y = ¢ and y’ = t¢,t > 0 and take fi € Sarr(Tp, €°) and f> € Sarr(Tp, €').
It is easy to see that f is CO-conjugated to f>. In fact, let Iy = [0, c;] and I/ = [0, c;] be
the maximal wandering intervals of f] and f; respectively. Set

I, = f{'(Io) and I, = ()", ne€L.

Let R = |, In and R" = |J,, I,,. Recall that R and R’ are sets of total measure in X
and there are a semi-conjugacy i1 between f; and T, and a semi-conjugacy h, between
frand T,

Fi
— X

X
hll hy
To
X—X
hzl hy
X

)

%X
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Also hj and h; are bijective out of the sets R and R/, and necessarily,
hi(Ip) = ha(1,) = T"(0), n € Z.

We define a conjugacy & : X — X between fi and f; in the following way. & restricted
to R sends each I, onto /, in a linear way, and if z ¢ R then there exists a unique y € X
such that

hi(2) = ha(y).

We define h(z) = y. It is easy to check that £ is an increasing bijective function. Let us
prove that it is continuous. In fact, if it were not, then for some point zg € X there would
exist a sequence of points z,, converging to zo and such that |k (zo) — h(z,)| > € for fixed
€ > 0. But then there would be some (fixed) interval I, o between h(zg) and h(z,),n > 1.
This situation is not possible since Kl (I,’,O) = I, could not be inside the interval [z, 2;]
if z,, is very close to zo, contradicting the fact that 4 is increasing.

Let us prove that fi and f»> cannot be C'-conjugated. Suppose by contradiction that &
is a C'-conjugacy between them. Then necessarily, 4 (I,,) = I, n € Z and also h’ must be
a continuous function which is bounded and bounded away from zero. Therefore, for all

n > 1and some &, € I,
14
h(&) = .
RO

Check that
| = | ®¢(n,0) and |Ij] = |I|®s;(n,0), n € Z.

Therefore,

_al _ Vgl .0

B(E) = 5 =
L T ol @ (n, 0)
— @q) (n ())f—1
Tl T

because @, (n,0) = O, (n, 0)".

However, lim;,,, 100 ®¢(n, 0) = 0 (because Zn e7 ©c(n,0) < oo ), which contradicts
the fact that 2’ is bounded and bounded away from zero.

Suppose now that y — Yy’ = & € H®, and let f| € Sa(Tp, €¥) and fr € Su(Tp, ery.
We will prove that f; and f> are C'-conjugated. Let A be a solution to the equation

ho(To(x)) = @ (x) - ho(x), x € X,

where @ (x) = €% if x € X;. Set f = ho fr 0oh™! where h(x) = [ ho(s)ds.
By Proposition 2.1, f is an affine interval exchange with an associated slope-vector

&Y = ¢¥. However, h™! o hy is a semi-conjugacy between f and Tp. But from
Corollary 5.12 we know that Su(7p, e¥) = {f1}, therefore, fi = f and f] is
C!-conjugated to f>. O

PROPOSITION 5.14. For all y € H?, there is a unique f € Su(To, V) which is
Cl-conjugated to Ty. In particular, f has a unique absolutely continuous invariant
measure.
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Proof. By Corollary 5.10 the function

f@x) = sup @y (k, )7,
keZ
is well defined and satisfies f(T(x)) = ®,(x) - f(x), x € X. Normalizing the
measure it = [ f dm we obtain an absolutely continuous probability measure in A, (Tp).
By Proposition 2.1, there is an affine interval exchange f;, in Ca (7o, e¥) associated
with this x which is C'-conjugated to Tp. An argument completely similar to that in
Proposition 4.3 shows that every measure in A,, (Tp) is absolutely continuous with respect
to the Lebesgue measure and then, by Lemma 2.2, u is the unique measure in A, (7p). O

Acknowledgements. 1 wish to express my gratitude to Professor Carlos Gutierrez for all
the encouragement and support during the preparation of this work. I thank IMPA and
IMECC-Unicamp for their hospitality during the preparation of this paper. This research
was supported by FAPESP-Brazil, grant number 99/01442-8.

REFERENCES

[1] R. Barreto. On C”-class of conjugacy between affine interval exchange maps and its isometric model.
PhD Thesis, Instituto de Matemdtica Pura e Aplicada (IMPA), 1999.

[2] R. Camelier and C. Gutierrez. Affine interval exchange transformations with wandering intervals. Ergod.
Th. & Dynam. Sys. 17 (1997), 1315-1338.

[3] M. Cobo. Affine transformations semi-conjugate to interval exchanges. PhD Thesis, Instituto de
Matematica Pura e Aplicada (IMPA), 1999.

[4] Z. Coelho, A. Lopes and L. F. da Rocha. Absolutely continuous invariant measures for a class of affine

interval exchange maps. Proc. Amer. Math. Soc. 123(11) (1995), 3533-3542.
[5] M. Keane. Interval exchange transformations. Math. Z. 141 (1975), 25-31.

[6] G. Levitt. La décomposition dynamique et la différentiabilité des feuilletages des surfaces. Ann. Inst.
Fourier 37 (1987), 85-116.

[71 I. Liousse and H. Marzougui. Echanges d’intervalles affines conjugueés a des linéaires. Preprint.

[8] H. Masur. Interval exchange transformations and measured foliations. Ann. Math. 115 (1982), 169-200.

[9] G. Rauzy. Une generalization du developpement en fractions continues. Seminaire Delonge—Pisot—Poitou
(1976-1977).

[10]  W. Veech. Gauss measures for transformations on the space of interval exchange maps. Ann. Math. 115
(1982), 201-242.

[11]  W. Veech. Metric theory of interval exchange transformations I, generic spectral properties. Amer. J.
Math. 106 (1984), 1331-1359.

[12]  W. Veech. Metric theory of interval exchange transformations II, approximations by primitive interval
exchanges. Amer. J. Math. 106 (1984), 1361-1387.

[13]  W. Veech. Interval exchange transformations. J. D’Analyse Math. 33 (1978), 222-278.

[14]  A. Zorich. Deviation for interval exchange transformations. Ergod. Th. & Dynam. Sys. 17(6) (1997),
1477-1499.

[15] A. Zorich. Gauss map on the space of interval exchange transformations. Finiteness of the measure.
Lyapunov exponents. Ann. [’ Institute Fourier 46 (1996), 325-370.

[16]  G. Forni. Deviation of ergodic averages for area-preserving vector fields on higher genus surfaces. Ann.
Math. to appear.

https://doi.org/10.1017/50143385702000196 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385702000196

