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Abstract. If T is an interval exchange transformation we denote by Caff(T ) (respectively
Saff(T )) the set of piece-wise affine maps of the interval which are conjugate (respectively
semi-conjugate) to T . In this work we will give a description of the set Caff(T ) for almost
all T . We present an explicit interval exchangeT0 such that Saff(T0)\Caff(T0) is non-empty.
All the elements of Saff(T0)\Caff(T0) are uniquely ergodic and have a unique wandering
interval.

1. Introduction and formulation of results
Let a = a0 < a1 < a2 < · · · < am−1 < am = b be a partition of the interval X = [a, b).
Definition 1. A map f : X → X is an affine interval exchange transformation if it is a
bijective transformation of the form

f (x) = wix + di, x ∈ [ai−1, ai), i = 1, 2, . . . ,m

for some vectors d = (d1, . . . , dm), w = (w1, . . . , wm) ∈ R
m.

An affine interval exchange is just a bijective piece-wise affine map. We will refer
to the vector w as the slope-vector of f . In this paper we will assume that f has
positive derivatives, i.e. wi > 0, i = 1, . . . ,m. For convenience, we will always assume
X = [0, 1).

An interval exchange transformation (or interval exchange for short) is an affine interval
exchange transformation with slope-vector w = (1, 1, . . . , 1). It is usual to parameterize
the set of all interval exchanges by the set �m−1 × Gm, where

�m−1 =
{
y = (y1, . . . , ym) ∈ R

m :
m∑
i=1

yi = 1, yi > 0, i = 1, . . . ,m

}

and Gm is the set of permutations of {1, 2, . . . ,m}. Indeed, to each (λ, π) ∈ �m−1 × Gm
we will associate the following interval exchange T(λ,π). Let 0 = a0 < a1 < a2 < · · · <
am−1 < am = 1 be the partition of X given by ak = ∑k

i=1 λi, i = 1, 2, . . . ,m.
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Set λπ = (λπ−1(1), λπ−1(2), . . . , λπ−1(m)), a
π
i = ∑π(i)

j=1 λ
π
j , 1 ≤ i ≤ m, aπ0 = 0 and

aπm = 1. Then

T(λ,π)(x) = x − ai−1 + aππ(i)−1, x ∈ [ai−1, ai), i = 1, 2, . . . ,m, (1)

is a bijective transformation of X, i.e. an interval exchange transformation. It is not hard
to see that, conversely, a pair (λ, π) ∈ �m−1 × Gm can be associated to every interval
exchange with a partition of m + 1 points. We will consider the standard measure on
�m−1 × Gm, i.e. the product of the (normalized) Lebesgue measure in �m−1 and the
counting measure in Gm. In future, the statement ‘almost all interval exchange’ will always
refer to this product measure.

We will say that two affine interval exchanges, f1 and f2, are Ck-conjugated, k =
0, 1, . . .∞ if there is a conjugacy of class Ck between f1 and f2.

If w = (w1, . . . , wm) ∈ R
m+, the vector (logw1, . . . , logwm) will be denoted by logw.

In the same way, if γ = (γ1, . . . , γm) ∈ R
m, we will denote (eγ1, . . . , eγm) ∈ R

m by eγ .
According to [1], a necessary condition for an affine interval exchange f with slope-

vectorw to be conjugate to T(λ,π) is that logw belongs to the orthogonal complement of λ,
denoted hereafter by λ⊥.

THEOREM 1. For almost all (λ, π) ∈ �m−1 ×Gm and T = T(λ,π), there exists a sequence
of subspaces

E1 ⊂ E2 ⊂ E3 = λ⊥

such that if f is an affine interval exchange conjugate to T and with slope-vector w, then
the following properties hold.
(a) If logw ∈ E1, f is C∞-conjugated to T . The subspace E1 is one-dimensional.
(b) If logw ∈ E2\E1, f is C1-conjugated to T .
(c) If logw ∈ E3\E2, then any conjugacy between f and T is not an absolutely

continuous function.

Theorem 1 will be proved in §4. The proof of this result strongly depends on the work
of Veech [10] and Zorich [15].

Remark. Liousse and Marzougui [7] have proved that, for almost all T , there is a
C2-conjugacy between f and T iff logw ∈ E1. Therefore, the conjugacy found in (b)
is never of class C2.

Remember that almost every interval exchange is uniquely ergodic [8, 10]. An
immediate corollary of this theorem is as follows.

Before we state our next theorem, let us introduce some previous results and the notion
of semi-conjugacy.

Definition 2. Let T be an interval exchange and let f be an affine interval exchange
transformation. We say that f is semi-conjugate to T if there is a map h : X → X which
is a continuous, monotonic and surjective and such that the following diagram commutes

https://doi.org/10.1017/S0143385702000196 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385702000196


Piece-wise affine maps 377

X

h

��

f �� X

h

��
X

T
�� X

We note that h can be non-injective. In this case, there is an interval J ⊂ X such that
h(J ) is just a point x0 ∈ X and therefore, h(f k(J )) = T k(x0), k ∈ Z. If T is a minimal
interval exchange, J is a wandering interval for f , that is, J is an interval such that, for all
k ∈ Z, f k(J ) is an interval and the limit set of J is not a periodic orbit.

Let Saff(T ) be the set of all affine interval exchanges semi-conjugated to T . Let
Caff(T ,w) (respectively Saff(T ,w)) be the set of elements ofCaff(T ) (respectively Saff(T ))
with slope-vector w. Observe that Caff(T ,w) ⊂ Saff(T ,w). We will exhibit an explicit
interval exchange T0 such that Caff(T0, w) is empty for all w such that logw ∈ E3\E2.
However, for all those w, the set Saff(T0, w)\Caff(T0, w) is non-empty. In particular, all
the elements of this set have a wandering interval.

It is proved in [2, 3] that, for almost all interval exchange T = T(λ,π), Saff(T ,w) �= ∅
iff logw is orthogonal to the vector λ.

Our next theorem is related to the following particular example. Let π0 ∈ G4 be the
permutation given by π0(1) = 3; π0(2) = 2; π0(3) = 4 and π0(4) = 1, and let ρ be the
Perron–Frobenius eigenvalue of the matrix

A =




2 2 1 1
1 2 0 0
1 1 2 1
1 1 1 1


 ,

and λ0 = (λ1, λ2, λ3, λ4) ∈ �3 be the corresponding (normalized) positive eigenvector
for ρ. Let T0 = T(λ0,π0) be the associated interval exchange. As we will see, results
from [10] imply that T0 is uniquely ergodic; hence any F ∈ Caff(T0) is uniquely ergodic.
The characteristic polynomial of A is the reciprocal polynomial

x4 − 7x3 + 13x2 − 7x + 1

with four real roots ρ−1 < η−1 < 1 < η < ρ.
Let tA be the transpose matrix of A. Let Hss be the eigenspace of tA corresponding

to the minimum eigenvalue ρ−1. Let Hs be the two-dimensional eigenspace of tA

corresponding to the eigenvalues ρ−1, η−1, and let H be the eigenspace of tA generated
by the eigenvectors corresponding ρ−1, η−1, η. It is easy to see that H is the orthogonal
complement of λ0. Let Hu = H\Hs . Observe that Hs divides H into two connected
componentsHu

1 and Hu
2 .

Our next theorem is the following one.

THEOREM 2. For all vector w ∈ R
4+ such that logw ∈ H , Saff(T0, w) is a unitary set.

If f is the unique element of Saff(T ,w), then we make the following statements.
(a) If logw ∈ Hs then f belongs to Caff(T0) and

(a1) if logw ∈ Hss then f is C∞-conjugated to T0;
(a2) if logw ∈ Hs\Hss , then f is C1-conjugated to T0.
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(b) If logw ∈ Hu then Caff(T0, w) = ∅, i.e. f is strictly semi-conjugated to T0.
Moreover, f has a unique wandering interval J and a (unique) invariant measure
which is supported in a Cantor set of null Lebesgue measure.
There are points x1 and x2 inX, such that if h : X → X is a semi-conjugacy between
f and T0, then h(orbit of J ) = orbit of xi if logw ∈ Hu

i , i = 1, 2.
In addition, all the elements of Saff(T0) are at least C0-conjugated. f1 ∈ Saff(T0, w1) and
f2 ∈ Saff(T0, w2) are C1-conjugated iff logw1 − logw2 belongs to Hs .

Theorem 2 will be proved in §5. This result is an improvement to the example given in
[2] which is the first example of a uniquely ergodic affine interval exchange with wandering
interval. Levitt [6] had previously constructed examples which were not uniquely ergodic.

We will see that from the arguments of the proof of Theorem 1, it is clear that there exists
a proper subspace E′

3 of E3, such that the decomposition E1 ⊂ E2 ⊂ E′
3 ⊂ E4 = λ⊥

satisfies the same properties of Theorem 1 if we replace E3 by E′
3. We believe that if

logw ∈ E4\E′
3, the set Caff(T ,w) is empty for almost all T , that is, the situation of the

previous example is typical (see Conjecture 2).

2. The convex set �%(f )

Let f1 : X → X be an affine interval exchange transformation with an associated
partition 0 = a0 < a1 < · · · < am = 1 and slope-vector v = (v1, . . . , vm). Let
w = (w1, w2, . . . , wm) be a vector of R

m and let % : X → R be a function of the
form

%(x) = wi, x ∈ [ai−1, ai), i = 1, . . . ,m. (2)

Let ξ : X → R
+ be a positive function satisfying the equation

ξ(f1(x)) = %(x) · ξ(x), x ∈ X. (3)

Set h(x) = ∫ x
0 ξ(s) ds and define f2 : X → X by f2 = h ◦ f1 ◦ h−1. Then f2 is an affine

interval exchange transformation with an associated slope-vector v2 = (w1v1, . . . , wmvm).
Indeed, a straightforward computation shows that if y ∈ h([ai−1, ai)) and y = h(x) then
(f2)

′(y) = %(x) · (f1)
′(x) = wivi .

More generally, let f1 be an affine interval exchange with slope-vector v = (v1, . . . , vm)

and let % : X → R be a measurable function. We will denote by �%(f1) the set of Borel
probability measures µ on X which are positive in open sets and such that∫

X

g ◦ f−1
1 dµ =

∫
X

g%(f1)
′ dµ (4)

for all bounded functions g : X → R. Clearly �%(T ) is a convex set. Observe that if f1

is minimal, then every probability measure that satisfies (4) belongs to �%(f1). In fact,
if µ(J ) = 0 for some interval J , then µ(f k1 (J )) = 0 for all k ∈ Z, which is impossible
since the saturated of J ,

⋃
k<0 f

k
1 (J ) is the whole X and then we obtain the contradiction

0 = µ
(⋃

k<0 f
k
1 (J )

) = 1.
The reason for the definition of �%(T ) is as follows. Set g(x) = ∫ x

0 dµ. Then as µ is
positive in open sets, g is increasing. It is also right-continuous, injective and the lateral
limits exist at the discontinuity points of g. Let h : X → X be the map defined by

h(y) = x iff lim
z→x− g(z) ≤ y ≤ g(x). (5)
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It is easy to see that h is a continuous non-decreasing map, which is injective iff g is
continuous (i.e. if µ has no atoms). Observe that if µ has an atom at p ∈ X, say
µ({p}) = δ > 0 then, as µ ∈ �%(T ), we have that

µ({f k1 (p)}) =
( k−1∏
j=0

%(f
j

1 (p))(f1)
′(f j1 (p))

)
· µ({p}) > 0, k ∈ Z

and, therefore, the whole orbit of p is made of atoms of µ.
We now define a map f2 : X → X in the following way: if y ∈ X is such that h(y) is a

point of continuity of g, we define

f2(y) = g ◦ f1 ◦ h(y)
(note that f1(h(y)) is a point of continuity for g). If x = h(y) is a point of discontinuity
for g (a jump discontinuity) then there is a maximal interval Ix such that h(z) = x, for all
z ∈ Ix . Observe that if x is a discontinuity of g so is f1(x). We define f2 : Ix → If1(x) in
a linear way (hence with slope %(x)(f1)

′(x)).
We can easily check that f2 is a bijective map and that it would have a wandering

interval Ip = h−1(p) when p is an atom for µ.
We can check that if h(y) ∈ X is a point of continuity of % then the derivative of f2 at

y satisfies f ′
2(y) = %(h(y))(f1)

′(h(y)). In particular, when % is of the form (2), f2 is an
affine interval exchange transformation with slope-vector (w1v1, . . . , wmvm).

These observations prove the following proposition.

PROPOSITION 2.1. Let f1 be an affine interval exchange with slope-vector v =
(v1, . . . , vm) and let ξ be a (measurable) positive solution to equation (3) for w =
(w1, . . . , wm). Then the map f2 = h◦f1 ◦h−1 where h(x) = ∫ x

0 ξ dm is an affine interval
exchange with slope vector (w1v1, . . . , wmvm). More generally, let % : X → R be a
function of the form (2). Then associated to each µ ∈ �%(f1) there is a map f2 ∈ Caff(f1)

with slope-vector (w1v1, . . . , wmvm). If µ has atoms, f2 has wandering intervals.

In particular, when f1 = T is an interval exchange transformation, equation (4)
becomes ∫

X

g ◦ T −1 dµ =
∫
X

g%dµ (6)

for all bounded functions g : X → R.

LEMMA 2.2. Let % : X → R
+ be a measurable positive function. Then for almost all

(λ, π) ∈ �m−1 × R and T = T(λ,π), there exists at most one measure in �%(T ) which is
absolutely continuous with respect to the Lebesgue measure.

Proof. Let us denote bym the Lebesgue measure onX. We may suppose that T is uniquely
ergodic. Suppose that µ ∈ �%(T ) is absolutely continuous with respect to the Lebesgue
measure and let dµ = f dm. Put

%(k, x) =
k−1∏
i=0

%(T i(x)), k ≥ 0.
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Then equation (6) can be written as follows:∫
X

g · f ◦ T dm =
∫
X

g ·% · f dm,

which implies that f satisfies, m-almost everywhere, the equation f ◦ T = % · f or, more
generally, f satisfies, m-a.e., the equation f ◦ T k = %(k, ·) · f, k ≥ 1. Now, Birkhoff’s
Theorem implies that, for almost every x ∈ X,

lim
n→∞

1

n

n−1∑
k=0

f (T k(x)) = lim
n→∞

1

n

n−1∑
k=0

f (x)%(k, x)

=
∫ 1

0
f dm = 1

and therefore,

f (x) = lim
n→∞

n∑n−1
k=0 %(k, x)

. (7)

That is, the density f does not depend, m-a.e., on the measure µ and therefore f is
unique. ✷

It is proved in [3] that the extreme measures of �%(T ) are exactly the ergodic elements
of �%(T ) and that, for almost all T , �%(T ) is not empty if % is of bounded variation and
satisfies

∫
X %dm = 0.

We introduce now Rauzy’s induction process and the main result from [10].

3. Rauzy’s induction process

Let Gom be the set of irreducible permutations of {1, 2, . . . ,m}, i.e. those permutations
which do not have any invariant subset of the form {1, 2, . . . , k}, k < m. In this
work we want to consider uniquely ergodic interval exchanges, therefore we restrict our
permutations to the set Gom. In fact, if π /∈ Gom, the interval exchange T = T(λ,π), associated
to a pair (λ, π), can be decomposed in several independent interval exchanges.

Let π ∈ Gom. Define a new permutation σ = σ(π) on the set {0, 1, 2, . . . ,m} as follows.
Set π(0) := 0 and π(m+ 1) := m+ 1 and let

σ(j) := π−1(π(j)+ 1)− 1, 0 ≤ j ≤ m.

Let 2(π) be the set of periodic orbits of σ . To each S ∈ 2(π) assign the vector bS ∈ R
m

whose components are given by (see 2.9 in [10]),

b
j
S = χ

j−1
S − χ

j
S , 1 ≤ j ≤ m (8)

where

χ
j
S =

{
1, if j ∈ S

0, otherwise.
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Consider now two maps a, b : Gom → Gom defined by

aπ(j) =



π(j), j ≤ π−1(m)

π(m), j = π−1(m)+ 1

π(j − 1), otherwise

bπ(j) =



π(j), π(j) ≤ π(m)

π(j)+ 1, π(m) < π(j) < m

π(m)+ 1, π(j) = m.

(9)

These maps are one-to-one and generate a group of maps of Gom. Each orbit, R ⊂ Gom, of
this group is called a Rauzy class. To each (λ, π) ∈ �m−1 × Gom and T = T(λ,π), we will
associate the m×m matrix A(T ) given by

A(T ) =
{
A(π, a), if λm < λπ−1(m)

A(π, b), if λm > λπ−1(m)

(10)

where the matrices A(π, a) and A(π, b) are given:

A(π, a) =




Iπ−1(m)

0 0 . . . . . . . . . 0
... . . . . . . . . .

...

1 0 . . . . . . . . . 0

0

0 1 0 . . . . . . 0
0 0 1 0 . . . 0
...

...
. . .

. . . . . .
...

0 0 . . .
. . . 1 0

0 0 . . . . . . 0 1
1 0 . . . . . . 0 0




A(π, b) =


 Im−1

0
...

0
0 . . . 1 . . . 0 1




(11)

(the ‘1’ in the last file of the matrix A(π, b) occurred at the (π−1(m))th position). We can
check that detA(π, c) = ±1, c = a or b.

Rauzy induction is defined as follows. Let R be a Rauzy class and let T = T(λ,π) be an
interval exchange with π ∈ R. Compare the lengths of λπ−1(m) and λm. Suppose they are
different. Let ν = min(λm, λπ−1(m)). Consider then the Poincaré induced map TJ of T on
the interval J = [0, 1− ν). According to [9], TJ is an interval exchange ofm sub-intervals
corresponding to a pair (λ′, π ′) given by

(λ′, π ′) =
{
(A−1(π, a)λ, a(π)), λm < λπ−1(m)

(A−1(π, b)λ, b(π)), λm > λπ−1(m).
(12)
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Re-scaling the vector λ′ we get the transformation T : �m−1 × R → �m−1 × R given by

(λ, π) �→
(

λ′

|λ′|1
, π ′

)
,

where | · |1 represents the L1-norm of R
m. Note that T is not defined on the set of null

measure
{λ ∈ �m−1 : λm = λπ−1(m), π ∈ R}.

Veech [10] proved the following theorem.

THEOREM 3.1. The map T is conservative and ergodic (with respect to the Lebesgue
measure) and there exists a unique (up to a scalar multiple) absolutely continuous invariant
measure. This measure is infinite.

From this result Veech was able to prove that almost every interval exchange is uniquely
ergodic.

When studying the suspension of interval exchanges to flows on compact surfaces
without boundary, Veech ([10]) introduced the skew-symmetric matrix Lπ , π ∈ Gm,

Lπij :=




+1, if i < j and π(i) > π(j)

−1, if i > j and π(i) < π(j)

0, otherwise.

(13)

It is not hard to see (see [10]) that (Lπλ)i = ∑πi−1
k=1 λπk − ∑i−1

k=1 λk = aππ(i)−1 − ai−1 and
then the (λ, π)-interval exchange T is given by

T x = x + (Lπλ)i, x ∈ [ai−1, ai), i = 1, . . . ,m. (14)

The matrix Lπ plays an important role in the ergodic properties of interval exchanges
(see [13]). It has been shown in [10] that the set {bS : S ∈ 2(π), 0 /∈ S} is linearly
independent and forms a basis for the kernel of Lπ . It is also proved that Lπ satisfies the
equation

tA(T )Lπ = LπA(T )−1, (tA(T ) is the transpose of A(T )). (15)

3.1. Zorich’s induction process. Since the operator T has an infinite invariant measure,
it is not possible to apply Oseledet’s Theorem to the co-cycle A(T ) defined by
equation (10). Zorich [15] has defined and studied the following map G on the space
of interval exchange transformations for which there is an absolutely continuous invariant
‘probability’ measure.

Fix π ∈ Gom and let R = R(π) be the Rauzy class of π . Using π we divide �m−1 into

�+(π) = {λ ∈ �m−1 : λm > λπ−1(m)}
�−(π) = {λ ∈ �m−1 : λm < λπ−1(m)}.

By Veech’s Theorem (3.1) almost every orbit of T is dense in�m−1×R. Set (λ(k), π(k)) =
T k(λ, π). For almost every (λ, π) ∈ �m−1 × R, we define

n(λ, π) = min
k≥1

k such that

{
λ(k) ∈ �−(π(k)), when λ ∈ �−(π)
λ(k) ∈ �+(π(k)), when λ ∈ �+(π).
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Zorich’s map G : �m−1 × R → �m−1 × R is defined by

G(λ, π) := T n(λ,π)(λ, π). (16)

Zorich [15] has proved the following theorem.

THEOREM 3.2. Let m > 1 and let R be a Rauzy class. The map

G : �m−1 × R → �m−1 × R

is conservative, ergodic and admits an absolutely continuous invariant probability
measure µ.

For almost every (λ, π) ∈ �m−1 × R and T = T(λ,π), consider the matrix-value
function

B(T ) := A(T )A(T (T )) . . . A(T n(λ,π)(T )) (17)

whereA(T ) is defined in (10) and (11). It is proved in [15] that log ‖B−1(T )‖ is integrable
with respect to µ and therefore we can apply Oseledet’s Theorem to the co-cycle

B(k, T ) := B(T )B(G(T )) . . . B(Gk−1(T )).

Let θ1 ≥ θ2 ≥ · · · ≥ θm be the Lyapunov exponents of the co-cycleB(·, ·) and let K(π)
be the kernel of the matrix Lπ defined in (13). Let N(π) be the dimension of K(π) and

g = m−N(π)+ 1

2
.

In [10] it is proved that g is an integer number.

THEOREM 3.3. The middle m− 2g Lyapunov exponents are equal to zero:

θg+1 = θg+2 = . . . θm−g = 0.

The remaining 2g Lyapunov exponents are distributed in pairs:

θk = −θm−k+1, k = 1, 2, . . . , g.

The first Lyapunov exponent θ1 is strictly greater than the second one:

θ1 > θ2.

Zorich has also made the following conjecture [15].

CONJECTURE 1.
(a) The top g Lyapunov exponents are strictly positive.
(b) The top g Lyapunov exponents are distinct.

As we mentioned before, this conjecture has been verified for numerous Rauzy classes.
In particular, G. Forni has recently announced part (a) of this conjecture [16].

We will consider the map G as acting on the space of all interval exchanges. Let us put
Tn = Gn(T ), n ≥ 0. Observe that Tn is the re-scaling of the Poincaré induced map of T
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on a interval Jn of the form [0, an), an > 0. By the definition of B(n, T ) we have that if
Tn = T(λ′,π ′) then

λ′ = B−1(n, T ) · λ
|B−1(n, T ) · λ|1

, n ≥ 0,

where | · |1 is the L1-norm of R
m.

Let F ∈ Saff(T ,w) and let h : X → X be a semi-conjugacy between F and T . We can
easily check that the Poincaré induced map Fn of F on the interval h−1(Jn) is an affine
interval exchange semi-conjugated to Tn. Moreover, the slope-vectorwn of Fn satisfies the
following relation:

logwn = logw · B(n, T ), n ≥ 0,

that is, the co-cycle tB(n, T ) transports the slope-vectors of the Fns. Here tB(n, T ) is the
transpose matrix of B(n, T ).

The co-cycle tB(n, T ) is called the ‘dual’ co-cycle with respect to the co-cycle
B−1(n, T ). It is proved in [14] that tB(n, T ) has the same Lyapunov exponents as
B−1(n, T ). It is also proved in [14] that for almost all (λ, π) ∈ �m−1 ×R and T = T(λ,π),

lim
n→∞

1

n
log ‖B−1(n, T )λ‖ = −θ1,

that is, the direction λ always corresponds to the minimum Lyapunov exponent of the co-
cycle B−1(k, T ).

Let θ1 ≥ θ2 ≥ · · · ≥ θm be the Lyapunov exponents of the co-cycle B−1(k, T ), k ≥ 1.
Let us denote by Ei the set of γ ∈ R

m such that

lim
n→∞

1

n
log ‖tB(n, T )γ ‖ ≤ θi

and by Fi the set of γ ∈ R
m such that

lim
n→∞

1

n
log ‖B−1(n, T )γ ‖ ≤ θi

i = 1, 2, . . . ,m. Set E0 = F0 = ∅. It is proved in [14] that

Ei = F⊥
m−i , (18)

i.e. Ei is the orthogonal complement of Fm−i , i = 0, 1, . . . ,m. It is also proved that F1 is
a one-dimensional subspace spanned by the vector λ.

Let T = T(λ,π), where (λ, π) ∈ �m−1 × R, and denote by

θ(γ, T ) = lim
n→∞

1

n
log ‖tB(n, T ) · γ ‖

the Lyapunov exponent of γ ∈ R
m. It is not hard to see that

H = {γ ∈ R
m : θ(γ, T ) < θ1}

forms the orthogonal complement of λ. Denote by Ess(T ) = {γ ∈ E : θ(γ, T ) = −θ1}
and let

Es(T ) = {γ ∈ H : θ(γ, T ) < 0}
Ec(T ) = {γ ∈ H : θ(γ, T ) = 0}
Eu(T ) = {γ ∈ H : 0 < θ(γ, T ) < θ1}.
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We will call Es the ‘stable space’, Ec the ‘central space’ and Eu the ‘unstable space’. Ess

will be called the strong stable space.
Hereafter we will suppose that R ⊂ Gom is a Rauzy class where part (a) of Conjecture 1

holds. In particular, Eg = Es and Es ∪ Ec = Em−g. Also K(π) = Fc and
Fg ∪K(π) = Fm−g .

4. Proof of Theorem 1
This section is devoted to the proof of Theorem 1. The sets E1, E2 and E3 of Theorem 1
can be given as follows:
(1) E1 is equal to Ess ;
(2) E2 is equal to Es ;
(3) E3 is all of λ⊥. Thus, E3\E2 = Ec ∪ Eu.
For w ∈ R

m+ set
φw(x) = wi, x ∈ [ai−1, ai), i = 1, 2, . . . ,m. (19)

To simplify notation if γ = logw we put �%w(T ) = �γ (T ). In view of Proposition 2.1,
we will study the set �γ (T ) for γ in Ess(T ), Es(T ), Ec(T ) or Eu(T ). We will prove
in Proposition 4.1 that if γ ∈ Ess(T ) then there is an affine interval exchange which is
C∞-conjugated to T and with a slope-vector w. In Proposition 4.3 we will prove that
if γ ∈ Es(T ) then there is a unique measure in �γ (T ) and this measure is absolutely
continuous with respect to the Lebesgue measure. These are parts (a) and (b) of Theorem 1.
In Propositions 4.4 and 4.5 we will prove that if γ ∈ Ec(T ) or γ ∈ Eu(T ), then there is
no absolutely continuous (with respect to the Lebesgue measure) measure in �γ (T ). This
is part (c) of Theorem 1.

4.1. The stable space Es . From equation (15) we obtain that tB(k, T )LπB(k, T ) = Lπ

and therefore

lim
k→∞

1

k
log ‖tB(k, T )Lπλ‖ = lim

k→∞
1

k
log ‖LπB−1(k, T )λ‖

= lim
k→∞

1

k
log ‖B−1(k, T )λ‖ = −θ1 < 0

where −θ1 is the minimum Lyapunov exponent of the co-cycle B−1(k, T ). Thus, Lπλ ∈
Ess . Since F1 is one-dimensional, Ess is one-dimensional and hence generated by the
vector Lπλ.

From the relation T x = x + (Lπλ)i, x ∈ [ai−1, ai), i = 1, . . . ,m, we can see that
ξ(x) = ex satisfies the relation

ξ(T (x)) = e(L
πλ)i ξ(x), x ∈ [ai−1, ai). (20)

For all t ∈ R, t �= 0, set A−1 = ∫
X ξ

t dm and

h(x) = A

∫ x

0
ξ t dm = etx − 1

et − 1
, x ∈ X.

Then we can easily see that f = h ◦ T ◦ h−1 is the following affine interval exchange:

f (x) = e(tL
πλ)i x + e(tL

πλ)i − 1

et − 1
, x ∈ h([ai−1, ai)), i = 1, 2, . . . ,m. (21)
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Thus, we have the following.

PROPOSITION 4.1. For almost all (λ, π) ∈ �m−1 × R and T = T(λ,π), if logw =
t (Lπλ), t �= 0, the map f defined in (21) is an affine interval exchange with slope-vector
w which is C∞-conjugated to T .

Let T be an interval exchange associated to the partition 0 = a0 < a1 < a2 < · · · <
am−1 < am = 1 of X. For each γ = (γ1, . . . , γm) ∈ R

m, we define φγ : X → R

by φγ (x) = eγi , x ∈ [ai−1, ai), i = 1, 2, . . . ,m. Let %γ : Z × X → R be defined by
%(0, x) ≡ 1 and

%γ (k, x) =




k−1∏
j=0

φγ (T
j (x)), k ≥ 1

k∏
j=1

φ−1
γ (T −j (x)), k ≤ −1.

(22)

Observe that %aγ = %a
γ , a ∈ R and %γ satisfies

%γ (k +m, x) = %γ (k, x)%γ (m, T
k(x)), k,m ∈ Z, x ∈ X,

i.e. %γ is a multiplicative co-cycle.
From now on, R will denote an arbitrary Rauzy class of Gm.
Consider the following proposition from [1].

PROPOSITION 4.2. For almost all (λ, π) ∈ �m−1 × R and T = T(λ,π), and for every
γ ∈ Es(T ) there exists a constant M > 0 such that

M−1 ≤ %γ (n, x) ≤ M, n ∈ Z, for all x ∈ X.

PROPOSITION 4.3. For almost all (λ, π) ∈ �m−1 × R and T = T(λ,π), and for every
γ ∈ Es(T ) there is a unique measure in �γ (T ). This measure is equivalent to the
Lebesgue measure.

Proof. We may suppose that T = T(λ,π) is uniquely ergodic. By Proposition 4.2,
the function ϕ(x) = supn∈Z%γ (n, x)

−1 is well defined and it satisfies ϕ(T (x)) =
%γ (1, x)ϕ(x). Therefore, the measure µ = ∫

ϕ dm satisfies equation (4). Normalizing
µ we obtain an absolutely continuous element of �γ (T ). Now we will prove that every
measure µ ∈ �γ (T ) is equivalent to a Lebesgue measure and then, by Lemma 2.2, that
there is a unique measure in �γ (T ).

Observe first that any probability measure µ ∈ �γ (T ) is continuous. In fact,
the presence of an atom x0 implies that the series

∑
k≥0 %(k, x0) is finite which is a

contradiction to Proposition 4.2.
Let {Jn}n≥1 be the sequence of sub-intervals of X associated with Zorich’s induction

and let µ be a probability measure in �γ (T ). For n ≥ 1 consider the Poincaré induced
map T ′

n of T on Jn. Remember that Tn := Gn(T ) is the same map T ′
n but re-scaled to

the whole interval X. Let µ′
n be the restriction of the measure µ to Jn and let µn be the

probability measure on X given by

µn(D) = µ′
n

(
1

µ(Jn)
D

)
, for all the Borelian set D ⊂ X. (23)
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Let φn = φγn be the corresponding function associated to the vector

γn = tB(n, T ) · γ
as in equation (22). It is not hard to see thatµn ∈ �γn(Tn), that is, µn satisfies the equation∫

X

g ◦ T −1
n dµn =

∫
X

g ·%n dµn, for all g ∈ L1(µn). (24)

CLAIM. The only weak∗ limit point of the sequence µn is the Lebesgue measure m,
therefore, the whole sequence µn converges, in this topology, to m.

Proof of the claim. Let µ̃ = limj→∞ µnj be a weak∗ limit point of the sequence µn.
We may suppose, taking a sub-sequence if necessary, that the sequence Tnj converges, in

the strong topology, to some uniquely ergodic interval exchange T̃ . As γ ∈ Es(T ), the
sequence γn → 0 when n → ∞, and then %n → 1. Then the Dominated Convergence
Theorem implies that ∫

X

g ◦ T̃ −1 dµ̃ =
∫
X

g dµ̃,

for every measurable bounded function g of X. Therefore µ̃ is an invariant measure for T̃ ,
thus µ̃ = m. ✷

Let J kn , 1 ≤ k ≤ m be the sub-intervals of continuity of T ′
n : Jn → Jn and let r(k) be

the return time to Jn of the sub-interval J kn , i.e. r(k) satisfies

T j (J kn ) ∩ Jn = ∅, j = 1, 2, . . . , r(k) and T r(k)+1(J kn ) ⊂ Jn. (25)

Observe that, by definition, the functions %γ (j, x), j = 1, 2, . . . , r(k) are constant on
each J kn . Let us set % = %γ and denote by %j,k the constant value of %γ (j, x) at J kn ,
1 ≤ k ≤ m, 1 ≤ j ≤ r(k). Since the whole space X can be decomposed as the disjoint
union

X =
m⋃
k=1

r(k)⋃
j=0

T j (J kn )

we have

1 = µ(X) =
m∑
k=1

r(k)∑
j=0

µ′
n(J

k
n )%j,k.

From this, using Proposition 4.2 and the fact that 1 = m(X) = ∑m
k=1

∑r(k)
j=0 |J kn |, we

obtain that
1

M
≤ µ(J kn )

|J kn |
≤ M, for all n and 1 ≤ k ≤ m. (26)

In particular,M−1|Jn| ≤ µ(Jn) ≤ M|Jn|, for all n. Now since µn → m, the restriction µ′
n

of µ to the interval Jn, weak∗-converges to the measure µ(Jn) ·m in Jn. Therefore, there
is a constant K and n0 > 0 such that, for all n ≥ n0 and any subset D ⊂ Jn, we have that

K−1m(D) ≤ µ′
n(D) ≤ Km(D). (27)
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Observe that any subset C ⊂ X can be written in the form C = ⋃m
k=1

⋃r(k)
j=0 Cj,k where

Cj,k ⊂ T j (J kn ). Set Dj,k = T −j (Cj,k) ⊂ J kn . Clearly m(Dj,k) = m(Cj,k). Finally,
Proposition 4.2, equation (27) and the relations

µ(C) =
m∑
k=1

r(k)∑
j=0

µ′
n(Dj,k)%j,k

and

m(C) =
m∑
k=1

r(k)∑
j=0

m(Cj,k),

imply that

(MK)−1m(C) ≤ µ(C) ≤ (MK)m(C),

that is, µ is equivalent to m. ✷

4.2. The central space Ec.

PROPOSITION 4.4. For almost all (λ, π) ∈ �m−1 × R and T = T(λ,π), if γ ∈ Ec(T )

then �%γ (T ) does not contain any probability measure which is absolutely continuous
with respect to the Lebesgue measure.

Proof. It is proved in [11, Theorem 6.3] that if the following equation

f (T (x)) = e2πwkif (x), x ∈ [ak−1, ak), k = 1, . . . ,m (28)

has a measurable solution ϕ̃ : X → S
1 for the vector w = (w1, . . . , wm) ∈ R

m then
the inner product 〈w, bS〉 is an integer for all S ∈ 2(π) (see equation (8)). Note that if
ϕ : R → R is a positive solution to the equation

f (T (x)) = ewkf (x), x ∈ [ak−1, ak), k = 1, . . . ,m, (29)

and if g : X → R is the function g(x) = logϕ(x), then for all 0 < α < 1, the function
ϕ̃(x) = e2παg(x)i is a solution to equation (28) for the vector αw ∈ R

m. This is only
possible if w is orthogonal to the set {bS : S ∈ 2(π)}. As this set forms a basis for K(π),
this implies that w is orthogonal to K(π).

By relations (18), Em−g is orthogonal to Fg and Eg is orthogonal to Fm−g . Recall
that we are assuming part (a) of Conjecture 1 which implies that Es ∪ Ec = Em−g and
K(π) ∪ Fg = Fm−g . Therefore, Ec⊥Fg . Hence as Ec ∩ Es = {0}, no vector of Ec can
be orthogonal to K(π). Indeed, if v ∈ Ec is orthogonal to K(π), then it belongs to F⊥

m−g
(because Ec⊥Fg), and hence g = dimF⊥

m−g = dimEg + 1 = g + 1, a contradiction.
Thus, if logw = γ ∈ Ec there are no solutions to equation (29) and therefore there
are no measures in �γ (T ) which are absolutely continuous measures with respect to the
Lebesgue measure (otherwise the Radon–Nikodym density of this measure would be a
solution to equation (29)). ✷
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4.3. The unstable space Eu. In this section we will prove the following proposition.

PROPOSITION 4.5. For almost all (λ, π) ∈ �m−1 × R and T = T(λ,π), if γ ∈ Eu(T )

then �%γ (T ) does not contain any probability measure absolutely continuous with respect
to the Lebesgue measure m.

Proof. Suppose, by contradiction, that µ ∈ �%γ (T ) is absolutely continuous with respect
to m. Write µ = ∫

ϕ dm. Hence from Lemma 2.2 we know that ϕ satisfies the relations

ϕ(T kx) = %γ (k, x)ϕ(x), x ∈ X, k ≥ 1.

Using Birkhoff’s Ergodic Theorem we obtain

lim
n→∞

1

n

n−1∑
k=0

ϕ(T k(x)) = ϕ(x) · lim
n→∞

1

n

n−1∑
k=0

%γ (k, x)

=
∫ 1

0
ϕ dm = 1

and, therefore,

ϕ(x)−1 = lim
n→∞

1

n

n−1∑
k=0

%γ (k, x). (30)

This implies, in particular, that for almost every point x the quotients %γ (k, x)/k remain
bounded when k goes to infinity. We will now prove that this is impossible when
θ(γ, T ) > 0, and therefore, such a µ cannot exist.

LEMMA 4.6. For almost all T and γ ∈ Eu(T ), the invariant set

G(T ) =
{
x ∈ [0, 1) : lim sup

n→∞
%γ (n, x)

n
= ∞

}
has Lebesgue measure one.

Before we can prove this lemma, we need to introduce the following results from [11].
Take ε > 0 and for each (λ, π) ∈ �m−1×R, define the propertiesP1(ε, n) and P2(ε, n)

(related to T = T(λ,π)) in the following way. Let Jn be the sub-interval of induction
associated to Tn = Gn(T ). Let T ′

n be the induced map of T on Jn. Then:
• P1(ε, n) is said to hold for T if there exists an N ≥ ε/|Jn| such that ak /∈ T j (Jn),

0 ≤ j < N and ak, k = 1, 2, . . . ,m are the points of the partition associated to T ;
• P2(ε, n) is said to hold if |J kn | ≥ ε|Jn| where J kn , k = 1, . . . ,m are the sub-intervals

of continuity of T ′
n : Jn → Jn.

Clearly property P1(ε, n) implies that each T j (Jn) is an interval (0 ≤ j < N) and that∣∣ ⋃N
j=0 T

j (Jn)
∣∣ ≥ ε. Observe that if P1(ε, n) and P2(ε, n) hold simultaneously for T , then

∣∣∣∣
N⋃
j=0

T j (J kn )

∣∣∣∣ ≥ ε2, 1 ≤ k ≤ m. (31)

Consider now the following lemma from [11].
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LEMMA 4.7. For almost all (λ, π) ∈ �m−1 × R, there exist an ε = ε(λ, π) > 0 and an
infinite set E = E(λ, π, ε) of integers such that T(λ,π) satisfies P1(ε, n) and P2(ε, n) for
all n ∈ E.

Remark. In the proof of Lemma 4.7 the basic tool is Theorem 3.1 related to Rauzy’s
operator T ; this proof can be easily adapted Zorich’s induction operator G in a
straightforward way using the corresponding Theorem 3.2.

Consider now the following lemma from [14].

LEMMA 4.8. For almost all (λ, π) ∈ �m−1 × R and T = T(λ,π), we have (using the
L1-norm, | · |1, of R

m)

lim
k→∞

1

k
log(|B(k, T ) · ej |1) = θ1(R), 1 ≤ j ≤ m.

Proof of Lemma 4.6. We may suppose that m is the unique ergodic measure of T . As the
setG(T ) is T -invariant, it has Lebesgue measure zero or one. Fix γ ∈ Eu(T ) and suppose,
by contradiction, thatm(G(T )) = 0. Egoroff’s Theorem implies that for every δ > 0 there
exist Mδ > 0 and a set Bδ with m(Bδ) > 1 − δ such that

1

n
%γ (n, x) ≤ Mδ, for all x ∈ Bδ (32)

and for every n greater than some integer n0 > 0. Let ε > 0 and let E = E(λ, π, ε) be the
set of integers of Lemma 4.7.

Take 0 < δ < ε2/2 and Mδ,Bδ as in (32). Let Jn, n ≥ 1 be one of the intervals
in Zorich’s induction process G. Hereafter we will suppose that n ∈ E(λ, π, ε).
Let Tn = Gn(T ) be the interval exchange associated to the pair (λn, πn). Remember that
Tn is the re-scaling of T ′

n, the Poincaré induced map of T on Jn. Let J kn , 1 ≤ k ≤ m be the
sub-intervals of continuity of T ′

n : Jn → Jn. T ′
n is associated to the pair (λ′

n, πn) where

λ′
n = (|J 1

n |, |J 2
n |, . . . , |Jmn |).

Set γn = tB(n, T ) · γ . Since γ ∈ Eu(T ) we have (using the L1-norm, | · |1, of R
m),

θ(γ, T ) = lim
n→∞

1

n
log |γn|1 = θ > 0,

and, therefore, there exist 1 < η < eθ and an integer n1 > 0 such that

|γn|1 ≥ ηn, n ≥ n1.

As γn is orthogonal to λ′
n and λ′

n = (λ1
n, . . . , λ

m
n ) satisfies the relations (P2(ε, n)),

λkn ≥ ε|λn|1, 1 ≤ k ≤ m,

there exists a component γ k0
n > 0, k0 = k0(n), of γn = (γ 1

n , . . . , γ
m
n ) such that

γ k0
n ≥ ε|γn|1 ≥ εηn if n ≥ n1. (33)

Let r(k, n), 1 ≤ k ≤ m be the return time to Jn for the sub-interval J kn . It is easy to see
that, for each 1 ≤ k ≤ m, r(k, n) is given by the L1-norm of the vectorB(n, T ) · ek . Let θ1
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be the largest Lyapunov exponent of the co-cycle B(n, T ). Then Lemma 4.8 implies that,
for some ρ > eθ1 and n2 ≥ 0, we have

r(k, n) < ρn, if n ≥ n2, 1 ≤ k ≤ m. (34)

Observe that, by definition, the functions %γ (j, x), j = 1, 2, . . . , r(k, n) are constant on
each J kn . It is easy to see that, in particular,

%γ (r(k, n), x) = exp(γ kn ), for all x ∈ J kn , 1 ≤ k ≤ m. (35)

Set rn = r(k0, n). In view of (33), (35) and (34) we have,

%γ (rn, x)

rn
≥ exp(ε · ηn)

ρn
, (36)

for all x ∈ J
k0
n and n sufficiently large. In particular, if n is sufficiently large, say larger

than some n3 > 0, the quotient %γ (rn, x)/rn, x ∈ J
k0
n is greater than the constant Mδ

defined in equation (32).
Observe now that as T j (Jn) is an interval for 0 ≤ j < N (by P1(ε, n)), the induction

matrix associated to each of these sub-intervals is equal to B(n, T ). Moreover, let
Kj = T j (Jn) be one of these sub-intervals and set Kk

j = T j (J kn ), 1 ≤ k ≤ m. Then

Kk
j is a sub-interval of continuity for the induced map of TKj on Kj and we can check that

TKj is associated to the same pair (λ′
n, πn) as T ′

n. As the value of %(rn, x)/rn, x ∈ Kj

depends only on the matrix B(n, T ), this function has the same value on each of the sub-
intervals Kk0

j , 0 ≤ j < N .

Therefore, for all integers n ≥ n3, there is a set Dn = ⋃N−1
j=0 K

k0
j and an integer rn such

that
%(rn, x)

rn
> Mδ, for all x ∈ Dn.

Observe that from (31) and the fact that n ∈ E(λ, π, ε), the Lebesgue measure of Dn is
greater than ε2. However, in view of (32), the set Dn must satisfy

Dn ∩ Bδ = ∅, n ≥ n3.

This contradicts the assumptions 0 < δ < ε2/2 and m(Bδ) > 1 − δ. This contradiction
proves the lemma and Proposition 4.5. ✷

✷

Supported by the example given in Theorem 2 we make the following conjecture.

CONJECTURE 2. For almost all (λ, π) ∈ �m−1 × R, T = T(λ,π) and for all γ ∈ Eu(T ),
the set�γ (T ) does not contain any continuous measures, that is, if γ ∈ Eu(T ), Caff(T , e

γ )

is empty.

5. Proof of Theorem 2
We will now study the particular example of Theorem 2. First we will prove part (b) of
Theorem 2. The proof of part (a) is essentially the same as that of part (a) of Theorem 1,
and will be done in Proposition 5.14.
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FIGURE 1. Graph of T0.

Part (b) of Theorem 2 is proved in Theorem 5.1, Corollary 5.12 and Proposition 5.13.
Consider the permutation π ∈ Go4 given by π(1) = 3; π(2) = 2; π(3) = 4;

π(4) = 1 and let λ0 = (λ1, λ2, λ3, λ4) ∈ R
4 be the (normalized) positive Perron–

Frobenius eigenvector of the following matrix:

A =




2 2 1 1
1 2 0 0
1 1 2 1
1 1 1 1


 . (37)

We can check that for A2 all its entries are positive and λ0 ≈ (0.33, 0.14, 0.29, 0.22).
Let T0 = T(λ0,π0) be the associated interval exchange transformation (see Figure 1). The
eigenvalues ofA are real and of the form ρ−1 < η−1 < 1 < η < ρ. Let tA be the transpose
matrix ofA and letH (respectivelyHs) be the vector 3-space (respectively vector 2-space)
tA-invariant generated by the eigenvectors corresponding to the eigenvalues ρ−1, η−1, η of
tA (respectively ρ−1, η−1). It is easy to see that H is the orthogonal complement of λ. Let
ζ ≈ (−0.33,−0.73, 0.54, 0.24) be one eigenvector for η. Observe that Hs divides H into
two connected componentsHu

1 and Hu
2 . Suppose that ζ ∈ Hu

1 , and let z0 ∈ X be the point

z0 = 1 − λ4(1 + ρ−1 + ρ−2 + · · · ). (38)

THEOREM 5.1. For every vector γ in Hu there is a unique map F ∈ SF (T , e
γ ). This

map is strictly semi-conjugated to T0, i.e. F has a wandering interval. Moreover, there is a
unique wandering interval V for F and the orbit of V is associated (via semi-conjugation)
with the orbit of x = 0 if γ ∈ Hu

1 and with the orbit of x = z0 if γ ∈ Hu
2 .

Let F ∈ SF (T , e
γ ) and let h be a semi-conjugacy between F and T . Observe that

if h(y) = x then (F k)′(y) = %γ (k, x), k ∈ Z (recall definition (22)) and if F has a
wandering interval V , then for each point y ∈ V and x = h(y), the series

∞∑
k=−∞

(F k)′(y) =
∞∑

k=−∞
%γ (k, x)

https://doi.org/10.1017/S0143385702000196 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385702000196


Piece-wise affine maps 393

is finite. This is due to the fact that
∑∞

k=−∞ |Fk(V )| < 1 and |Fk(V )| = (F k)′(y)|V |.
Conversely, if there exists a point x ∈ X such that

∑
k∈Z%γ (k, x) = R < ∞, then the

atomic probability measure

µx = R−1
∞∑

k=−∞
%γ (k, x)δT kx (39)

is an element of �%γ (T ). Therefore, by Proposition 2.1, there is a map F ∈ SF (T , e
γ )

with a wandering interval V whose orbit is associated, via the semi-conjugacy, to the orbit
of x. This will be the approach in the proof of Theorem 5.1. Put x ∼ y if y is in the T -orbit
of x. We will prove the following.

THEOREM 5.2. Let z0 ∈ X be defined by equation (38) and let % be the co-cycle
associated to the map T0. Then for all γ ∈ Hu the following are true:

(a) if γ ∈ Hu
1 , then the series

∑∞
k=−∞%γ (k, 0) is finite; and

(b) if γ ∈ Hu
2 , then the series

∑∞
k=−∞%γ (k, z0) is finite.

Moreover, if the series
∑∞

k=−∞%γ (k, x) is finite for some point x ∈ X, then x ∼ 0 if
γ ∈ Hu

1 and x ∼ z0 if γ ∈ Hu
2 .

Observe that Theorem 5.1 follows immediately from Theorem 5.2. Theorem 5.2 will
be proved in §5.2.

We will now consider a slightly more general situation than that of Theorem 5.2. Let
T = T(λ,π), (λ, π) ∈ �m−1 × R be an interval exchange which is self-induced in some
interval J1, that is, the Poincaré induced map T1 of T in J1 is, up to re-scaling, the same
map T . We will suppose that J1 does not contain any discontinuity points of T or T −1.

Let J k1 , 1 ≤ k ≤ m be the sub-intervals of continuity of T1 : J1 → J1 and let r(k) be
the return time to J1 of the sub-interval J k1 , i.e. r(k) satisfies

T j (J k1 ) ∩ J1 = ∅, j = 1, 2, . . . , r(k) and T r(k)+1(J k1 ) ⊂ J1. (40)

Let B = (Bik) be the induction matrix

Bik = card{l : T l(J k1 ) ⊂ [ai−1, ai), l = 0, 1, . . . , r(k)}. (41)

We will suppose that the eigenvalues of B are all real and will denote by Hs the vector
space generated by the eigenvectors associated to all the eigenvalues < 1.

Observe that there is a sub-interval J2 ⊂ J1 such that T1 is also self-induced in J2 with
an associated matrix B. In the same way, T is self-induced in J2 with an associated matrix
B2. In general, we have a nested sequence Jn, n ≥ 1 of sub-intervals of X, such that T
is self-induced in Jn with induction matrix Bn. Let {x0} = ∩n≥1Jn. x0 will be call the
distinguished point of T .

Let ζ = (ζ1, . . . , ζm) be an eigenvector of B associated to some eigenvalue η > 1.
Consider the co-cycle%ζ (k, x), (k, x) ∈ Z×X defined in (22). Observe that, by definition,
%ζ (j, x) is constant in J k1 for each 1 ≤ k ≤ m and 0 ≤ j ≤ r(k). Let us denote this
constant value by %j,k .
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THEOREM 5.3. Suppose that the following two conditions hold:
(i) if ζk < 0 then max{%j,k : 0 ≤ j ≤ r(k)} = 1;
(ii) if ζk ≥ 0 then max{%j,k : 0 ≤ j ≤ r(k)} = %r(k),k.
Then for all γ ∈ aζ +Hs, a > 0 the series

∑∞
k=−∞%γ (k, x0) is finite.

Let us denote by X+ (respectively X−) the union of all sub-intervals [ai−1, ai) such
that ζi > 0 (respectively ζi < 0). Denote by X± the intersection X− ∩ T (X+). A simple
corollary of Theorem 5.3 follows.

COROLLARY 5.4. Let a > 0 and suppose that X± ⊂ J1. Then for all γ ∈ aζ + Hs the
series

∑∞
k=−∞%γ (k, x0) is finite.

The next subsection is dedicated to the proof of Theorem 5.3 and Corollary 5.4.

5.1. Substitutions and self-induced interval exchanges. Consider the function I : X →
{1, 2, . . . ,m} given by

I(x) := i ⇐⇒ x ∈ [ai−1, ai), i = 1, 2, . . . ,m.

Let W be the set of words on the alphabet A = {1, 2, . . . ,m}. To any piece of the orbit
{x, T (x), . . . , T k(x)} we can associate the word a0a1 . . . ak where aj = I(T j x), j =
0, . . . , k. The infinite word a0a1 . . . ak . . . associated to the complete positive (respectively
negative) of x is called the positive (respectively negative) itinerary of x. Consider the
function θ : A → W defined in the following way. For each k ∈ A, θ(k) is the word Wk

associated with the piece of orbit

{x, T x, T 2x, . . . , T r(k)x}
where x ∈ J k1 and r(k) is the return time of x to J1, which is constant in J k1 . Clearly, Wk

does not depend on the point x. The map θ is called a substitution. θ can be extended to a
map defined in W (or AJ), simply by replacing the words:

θ(a1a2 . . . ak) = θ(a0)θ(a1) . . . θ(ak).

The matrix Bθ , where Bθik is the number of times that the symbol i appears in the word
θ(k), 1 ≤ i, k ≤ m is associated with this substitution. It is not hard to see that Bθ is the
same matrix B associated with the induced map in J1 (see (41)).

Set θn(k) = θn−1(θ(k)), n ≥ 1. Let r(k, n) be the return time of the sub-
interval J kn to Jn. Observe that if x ∈ J kn the itinerary associated to the piece of orbit
{x, T (x), . . . , T r(k,n)(x)} is given by the word θn(k). On the other hand the sequences
θn(k), 1 ≤ k ≤ m ‘converge’ to some infinite sequence b0b1 . . . bk . . . in the following
sense: for all N1 > 0 there is a N0 > 0 such that if n > N0, the first N1 symbols in the
word θn(k) are exactly b0b1 . . . bN1 . As J1 is contained in some sub-interval of continuity
of T , the sequence b0b1 . . . bk . . . is exactly the positive itinerary of the distinguished point
x0 ∈ ∩n≥1Jn.

Let η > 1 be an eigenvalue of B and let ζ = (ζ1, ζ2, . . . , ζm) be an associated
eigenvector for tBθ , i.e. ζB = ηζ . We will suppose that none of the entries of ζ is zero.
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We will say that a word W = a1a2 . . . ak is admissible (with respect to the map T ) if
there is a point x ∈ X such that ai = I(T j (x)), 0 ≤ j ≤ k, i.e. if W is part of the itinerary
of some point x. In particular, if W is admissible we may define %ζ (W) = %ζ (k, x)

(see (22)). Let φ = φζ be the function log%ζ defined in the set of all admissible words by
the formula

φ(a1a2 . . . ak) = ζa1 + ζa2 + · · · + ζak . (42)

Set φ(∅) = 0. For W = a1 . . . ak we define the vector r(W) = (r1, . . . , rm) ∈ R
m where

rj = card{1 ≤ s ≤ k : as = j }.
Observe that the ith column of Bn is the vector r(θn(α)). Then we have (see [2]),

φ(θn(α)) = ζ · r(θn(α)) = ζ · Bn(r(α))
= ηn · ζ · r(α) = ηn · φ(α)
= ηn · ζα. (43)

In the same way, if W = a1a2 . . . ak is a word in W , then

φ(θn(W)) = ζ · (r(θn(a1))+ · · · + r(θn(ak)))

= ηn · (ζa1 + · · · + ζak ) = ηn · φ(W). (44)

We will denote by |W | the length of the word W ∈ W , i.e. the number of symbols in W .
r(k, n) will denote the length of the word θn(k), k ∈ A. Let us denote by r(k) the length
of θ(k), k = 1, . . . ,m. Hereafter, the symbols α, β will denote arbitrary elements of the
alphabet A = {1, 2, . . . ,m}.

Recall that we have defined %γ (k, x) = ∏k
j=1 %γ

−1(T −j (x)) if k < 0. Let Xi =
[ai−1, ai) and Yi = T (Xi), i = 1, . . . ,m. For each γ ∈ R

m define %̃γ : X → R by
%̃γ (x) = eγi if x ∈ Yi . Set γ π = (γπ−1(1), . . . , γπ−1(m)). Observe that T −j+1(x) ∈
Yπ(k) ⇐⇒ T −j (x) ∈ Xk and, therefore,

%−1
γ (T −j (x)) = e−γk = e

γ π
π(k)

= %̃−γ π (T −j+1(x)).

Then if k < 0 we have

%γ (k − 1, x) = %̃γ (k, x) =
|k|∑
j=0

%̃−γ π (T −j (x)). (45)

Observe that T −1 is self-induced in Jn, n ≥ 1. Let T−n : Jn → Jn be the induced map
of T −1 in Jn. We can see that if J̃ kn , 1 ≤ k ≤ m are the sub-intervals of continuity of T−n,

then J̃ π(k)n = Tn(J
k
n ). In the same way, if θ(k) = a1a2 . . . ar(k,n) is the itinerary of J kn ,

then the itinerary (by T −1) of J̃ π(k)n is given by θ̃ (π(k)) = π(ar(k,n)) . . . π(a2)π(a1) (with
respect to the corresponding partition of T −1).

Let B̃ be the matrix associated to the Poincaré induced map of T −1 in J1.
(B̃ is the same matrix Bθ̃ associated to the substitution θ̃ ). Let ζ π be the vector
ζ π = (ζπ−1(1), . . . , ζπ−1(m)) and let Let M = Mπ be the matrix defined by Mπ

ij = δiπ(i).
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Then we can check that M−1 = tM = Mπ−1
and tB̃ = M−1 tBM , and also Mζπ = ζ .

Hence,

tB̃ζ π = M−1 tBMζπ = M−1 tBζ

= η ·M−1ζ

= η · ζ π

and ζ π is and eigenvector for tB̃ associated to η > 1.
It is not hard to see that the θ̃ n(α) ‘converge’ to the negative itinerary of x0 when

n → ∞ for all α ∈ {1, 2, . . . ,m}.
PROPOSITION 5.5. Suppose that the following two conditions hold for every α ∈ A:
(a) if θ(α) = a1a2 . . . ar(α) and ζα < 0, then

max
1≤j≤r(α)

ζa1 + · · · + ζaj < 0;
(b) if θ(α) = a1a2 . . . ar(α) and ζα > 0, then

max
1≤j≤r(α)

ζa1 + · · · + ζaj =
r(α)∑
i=1

ζai .

Then there is a constant M > 0 such that for all n ≥ 1 the following are true: if ζα < 0,

r(α,n)∑
l=0

%ζ (l, x0) < M, x ∈ J αn

and if ζα > 0,

r(α,n)+1∑
l=1

%ζ (−l, x) =
r(α,n)∑
l=0

%̃ζ (l, x) < M, x ∈ J̃ π(α)n .

Proof. Let n ≥ 1 and α ∈ {1, 2, . . . ,m}. Set θn(α) = a1a2 . . . ar(α,n) and define the
function Sα,n on the set of integers 0 ≤ l ≤ r(α, n) by the formula

Sα,n(l) = φ(a1a2 . . . al) = ζa1 + · · · + ζal . (46)

Set Sα,n(0) = 0, n ≥ 1 by definition and observe that (44) implies that

Sα,n(r(α)) = ηn · ζα, n ≥ 1.

Define also the function S̃π(α),n on the set of integers 0 ≤ l ≤ r(α, n) in the following way.
If θ̃ n(α) = b1b2 . . . br(α,n), then

S̃π(α),n(l) = −φζ (b1b2 . . . bl) = −(ζ πb1
+ · · · + ζ πbl ). (47)

Set S̃π(α),n(0) = 0, n ≥ 1 by definition and note that, by (44),

S̃π(α),n(r(α)) = −ηn · ζ ππ(α) = −ηn · ζα, n ≥ 1,

because −ζ π is an eigenvector of tB̃ associated to η > 1. Observe that %ζ (m, x) is equal

to exp(Sα,n(m)) if x ∈ J αn and 0 ≤ m ≤ r(α, n) and equal to exp(S̃π(α),n(m)) if x ∈ J̃
π(α)
n

and r(α, n) ≤ m < 0 (see (45)).
The conditions (a) and (b) can be written:
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(a) if ζα < 0, max{Sα,1(j) : 0 ≤ j ≤ r(α)} = Sα,1(0) = 0; and
(b) if ζα > 0, max{Sα,1(j) : 0 ≤ j ≤ r(α)} = Sα,1(r(α)) = ζα.
Note that these two conditions imply that:
(c) if ζα < 0, max{S̃π(α),1(j) : 0 ≤ j ≤ r(α)} = S̃π(α),1(r(α)) = −ζα; and
(d) if ζα > 0, max{S̃π(α),1(j) : 0 ≤ j ≤ r(α)} = S̃α,1(0) = 0.
Indeed, if α ∈ A is such that S̃π(α),1 does not satisfy one of the conditions (c) or (d),
then for some 1 < p < r(α), S̃π(α),1(p) = max{S̃π(α),1(j) : 0 ≤ j ≤ r(α)}. Let
θ(α) = a1a2 . . . ar(α) and θ̃ (π(α)) = π(ar(α)) . . . π(a1) = b1b2 . . . br(α). Observe that

Sα,1(j) =
j∑
i=1

ai =
r(α)∑
i=1

ζai −
r(α)∑
i=j+1

ζai

=
r(α)∑
i=1

ζai −
r(α)−j+1∑

i=1

ζ πbi

= Sα,1(r(α))+ S̃π(α),1(r(α)− j + 1).

Therefore,

max{Sα,1(j) : 0≤j≤r(α)} = Sα,1(r(α))+ max{S̃π(α),1(r(α)− j + 1) : 0≤j≤r(α)}
= Sα,1(r(α))+ S̃π(α),1(p) = Sα,1(r(α)+ 1 − p)

where 0 < r(α)+ 1 − p < r(α), a contradiction of assumptions (a) and (b).
Let us prove that conditions (a) and (b) also imply:

(a′) if ζα < 0, max{Sα,n(l) : 1 ≤ l ≤ r(α, n)} = Sα,n(0) = 0; and
(b′) if ζα ≥ 0, max{Sα,n(l) : 1 ≤ l ≤ r(α, n)} = Sα,n(r(α, n)) = ηnζα.
We prove these statements by induction on n. The conclusion is true for n = 1 by
hypotheses. Suppose that the conclusion is true for n = k and let us prove that it is
also true for n = k + 1. Fix 1 ≤ α ≤ m and write θ(α) = a1a2 . . . ar(α). Let

Mα,n = max{Sα,n(l) : 1 ≤ l ≤ r(α, n)}, n ≥ 1.

Set r0 = 0 and rj = |θk(a1 . . . aj )|, 1 ≤ j ≤ r(α). Since

θk+1(α) = θk(a1 . . . aj )θ
k(aj+1)θ

k(aj+2 . . . ar(α))

and by (44), φ(θk(a1 . . . aj )) = ηk · (ζa1 + · · · + ζaj ) = ηkSα,1(j), the value of Sα,k+1 at
q = rj + p in the interval [rj , rj+1], is given by

Sα,k+1(q) = ηkSα,1(j)+ Saj+1,k(p)

for each 0 ≤ j ≤ r(α)− 1. Therefore

Mα,k+1 = max
0≤j≤r(α)−1

{ηkSα,1(j)+Maj+1,k}. (48)

and using our induction hypotheses on Maj+1,k we can write

Mα,k+1 = max
0≤j≤r(α)−1

{ηkSα,1(j)+ ηk(max(ζaj+1, 0))}

= ηk
(

max
0≤j≤r(α)

Sα,1(j)

)
.
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Thus, conditions (a) and (b) imply conditions (c′) and (b′). In particular, observe that if
ζα ≥ 0,

Mα,k+1 = max
1≤j≤r(α)

ηkSα,1(j)

= ηkSα,1(r(α)) = ηk+1ζα.

We claim that, for n ≥ 0,

max{Sα,n+1(l) : l ∈ [r1, r(α, n + 1)]} = max{ηnSα,1(j) : 1 ≤ j ≤ r(α)}. (49)

Indeed, (49) is true for n = 0 by definition. Suppose that it is true for n = k. If it were
not true for n = k + 1, then for some 1 ≤ j < r(α) and q = rj + p ∈ (rj , rj+1) with
0 < p < r(aj+1, k),

max{Sα,k+1(l) : l ∈ [r1, r(α, k + 1)]} = Sα,k+1(q) = ηkSα,1(j)+ Saj+1,k(p)

which implies that Maj+1,k = Saj+1,k(p), a contradiction of (a′) or (b′). Therefore (49) is
true for all n ≥ 0.

Let q be the maximum of the numbers {r(α) : α ∈ A}. We clearly have ρ ≤ q and
r(α, n) ≤ qn, α ∈ A. In the same way, rj ≤ jqk, α ∈ A, 1 ≤ j ≤ r(α).

We will prove that if ζα < 0 and for each 1 ≤ l ≤ r(α, n),

Sα,n(l) ≤ Clτ , (50)

where

C := 1

q
max{Sα,1(j) : 1 ≤ j ≤ r(α)} < 0 and τ = log η/ log q,

therefore,

r(α,n)∑
l=0

%ζ (l, x) =
r(α,n)∑
l=0

exp(Sα,n(l))

≤
∑
l≥0

exp(Clτ ) = M1 < ∞, n ≥ 1.

A similar argument, applied to the substitution θ̃ , shows that there is a constant M2 such
that

∑
0≤l≤r(α,n) exp(S̃α,n(l)) < M2, n ≥ 1 if ζα > 0. Thus, the proposition holds for

M = max{M1,M2}.
Equation (50) is proved by induction on n. The statement is true for n = 1 by the

definition of the constant C. Suppose that the statement is true for n = k and let us prove
that it is true for n = k + 1. Let θ(α) = a1a2 . . . ar(α) and Q(l) = Ckτ , l ≥ 1. Set r0 = 0
and rj = |θk(a1 . . . aj )1 ≤ j ≤ r(α).

Observe that, in particular, the graph of Sα,k+1 in the interval [0, r1] is given by the
graph of Sa1,k where necessarily a1 satisfies ζa1 < 0. By induction hypotheses, the graph
of the function Q is above the graph of Sα,k+1 in the interval [0, r1].

On one hand, by (49), the number max{ηkSα,1(j) : 1 ≤ j ≤ r(α)} is the maximum of
the values Sα,k+1(l) with l ∈ [r1, r(α, k + 1)]; on the other hand, the minimum value of
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the function Q in [r1, r(α, k + 1)] is given by

min{Q(l) : r1 ≤ l ≤ r(α, k + 1)} = Q(r(α, k + 1))

= Cr(α, k + 1)τ ≥ C(r(α)qk)
τ

= Cr(α)τ ηk > Cqηk

=
(

max
1≤j≤r(α)

Sα,1(j)
)
ηk

= max{Sα,k+1(l) : r1 ≤ l ≤ r(α, k + 1)}
and therefore, the graph of Q is always above the graph of Sα,k+1 in the interval
[0, r(α, k + 1)]. ✷

Remark. The constant τ = log η/ log q is used in the proof of the previous proposition
just to make it shorter. By slightly changing the proof it is possible to use the more natural
constant τ = log η/ logρ.

COROLLARY 5.6. Under the hypotheses of Proposition 5.5, there are constants C < 0
and 0 < τ < 1 such that

%ζ (l, x0) ≤ eC|l|τ ,

for all l ∈ Z. In particular the series ∑
l∈Z

%ζ (l, x0)

is finite.

COROLLARY 5.7. For all a > 0 the series
∑

l∈Z%aζ (l, x0) < ∞.

Proof. As %aζ (l, x0) = %a
ζ (l, x0), we have∑
l∈Z

%aζ (l, x0) <
∑
l∈Z

eaC|l|τ < ∞. ✷

PROPOSITION 5.8. Let ξ ∈ R
m be an eigenvector of tB associated to an eigenvalue

ν < 1. Consider the functions S̃π(α),n as in (46) and (47) (associated to ξ in place of ζ ).
Then there exists a constant R0 > 0 such that for each α ∈ A and each n ≥ 1,

−R0 ≤ Sα,n(l) ≤ R0 and −R0 ≤ S̃π(α),n(l) ≤ R0, 1 ≤ l ≤ r(α, n).

Proof. We will prove the statement only for Sα,n; the proof for the functions S̃π(α),n is
completely similar. Let

M = max
α∈A

{
max

1≤j≤r(α)
|Sα,1(j)|

}
.

We know that for each α ∈ A, l ≥ 1 and 0 ≤ j ≤ r(α)− 1,

max{Sα,k+1(l) : l ∈ [rj , rj+1]} = φ(θk(a1 . . . aj ))+ max{Saj+1,k(l) : 1≤ l≤r(aj+1, k)}.
From this equation we obtain that, for each α ∈ A,

max
1≤l≤r(α,k+1)

|Sα,k+1(l)| ≤ νkM + max
α

max
1≤l≤r(α,k)

|Sα,k(l)|. (51)
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Then if k = 1 we get

max
1≤l≤r(α,2)

|Sα,2(l)| ≤ νM +M,

and for k = 2,

max
1≤l≤r(α,3)

|Sα,3(l)| ≤ ν2M + max
α

max
1≤i≤r(α,2)

|Sα,2(i)| ≤ ν2M + νM +M.

Therefore, recursively using (51) we obtain that

max
1≤l≤r(α,k+1)

|Sα,k+1(l)| ≤ M(1 + ν + ν2 + · · · ) < ∞

for k ≥ 1. Hence that proposition is true taking R0 = M
∑

l≥0 ν
l . ✷

COROLLARY 5.9. Let ξ ∈ R
m be an eigenvector of tB associated to an eigenvalue ν < 1.

Then there is a constant R0 > 0 such that

e−R0 ≤ φξ (l, x0) ≤ eR0,

for all l ∈ Z.

COROLLARY 5.10. For all x ∈ X and every vector γ ′ ∈ Hs , there is a constant
R = R(γ ′) > 0 such that

e−2R ≤ %γ ′(l, x) ≤ e2R (52)

for all l ∈ Z.

Proof. It follows from Corollary 5.9 that for all γ ′ ∈ Hs there exists a constant R(γ ′) > 0
such that for all l ∈ Z, e−R(γ ′) ≤ %γ ′(l, x0) ≤ eR(γ

′). In fact, if γ ′ ∈ Hs ,
then γ ′ is a linear combination γ ′ = ∑l

i=1 aiξi where the ξis are eigenvectors of tBθ

associated to eigenvalues <1. Therefore as log%γ ′ = ∑l
i=1 ai log%ξ , we obtain that

exp
(−R0

∑l
i=1 ai

) ≤ %γ ′(l, x0) < exp
(
R0

∑l
i=1 ai

)
, for all l ≥ 1. Set R(γ ′) =

R0
∑

i ai .
We will prove now that (52), with R = 2R(γ ′), holds for every x ∈ X and γ ′ ∈ Hs .

Remember that the T0-orbit of x0 is dense in the interval X. Note that

e−R(γ ′) ≤ %(k + l, x0) = %(k, x0)%(l, T
k(x0)) ≤ eR(γ

′)

and as e−R(γ ′) ≤ %(k, x0) ≤ eR(γ
′) we obtain that

e−2R(γ ′) ≤ %(l, T k(x0)) ≤ e−2R(γ ′)

for all k, l ∈ Z. By continuity this inequality holds, for all l ∈ Z, when replacing T k(x0)

by any x ∈ X.

Proof of Theorem 5.3. First of all, it is clear that the hypotheses (i) and (ii) of Theorem 5.3
are equivalent to the hypotheses (a) and (b) of Proposition 5.5. Observe that if γ =
aζ + ξ, ξ ∈ Hs then

log%γ = a log%ζ +%ξ ,
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and since the hypotheses of Proposition 5.5 are also valid if we change ζ to aζ, a > 0, the
series

∑
l∈Z%aζ (l, x0) is finite and so∑

l∈Z
%γ (l, x0) =

∑
l∈Z

%aζ (l, x0)%ξ(l, x0)

≤ eR(ξ)
∑
l∈Z

%aζ (l, x0)

is also finite. Theorem 5.3 is proved. ✷

Proof of Corollary 5.4. Observe that the hypotheses X± ⊂ J1 of Corollary 5.4 implies
conditions (i) and (ii) of Theorem 5.3. In fact, if one of these conditions does not hold,
then for some α ∈ {1, 2, . . . ,m} there is a 0 < p < r(α) such that

Sα,1(p) = φζ (a1a2 . . . ap) = max{Sα,1(j) : 1 ≤ j ≤ r(α)}
where θ(α) = a1a2 . . . ar(α). In particular,

Sα,1(p − 1) = Sα,1(p)− ζap < Sα,1(p),

and
Sα,1(p + 1) = Sα,1(p)+ ζap+1 < Sα,1(p).

Hence ζap > 0 and ζap+1 < 0. Recall that θ(α) = a1a2 . . . ar(α) is the itinerary of J α1
before it returns to J1. From this we see that T p(J α1 ) ⊂ X+ and T p+1(J α1 ) ⊂ X−, that is,
T p+1(J α1 ) ⊂ X± ⊂ J1. Therefore p = r(α), a contradiction. ✷

5.2. Proof of Theorem 5.2. Remember that λ0 is an eigenvector associated to the
maximum eigenvalue ρ > 1 of the matrix A defined in equation (37). It is not hard to
check that T0 is self-induced in the last sub-interval of continuity [a3, 1). In particular, the
length of this sub-interval is equal to ρ−1.

Consider the eigenvalue η > 1 (η ≈ 1.837 85) of tA and the associated eigenvector
ζ = (ζ1, ζ2, ζ3, ζ4) which is approximately equal to

ζ ≈ (−0.33,−0.73, 0.54, 0.24).

Recall that we are assuming that ζ ∈ Hu
1 . Let us put Xi = [ai−1, ai), i = 1, 2, 3, 4. First

of all we can check that the T0 is self-induced in the last interval of continuityX4 = [a3, 1).
As J1 = [0, ρ−1) = T0(X4) ⊂ X1, T0 is also self-induced in J1 (indeed, T0 is a periodic
point for the map T defined in (16)). Let T1 be the Poincaré induced map of T0 in J1. The
corresponding substitution θ , associated to T1, is given by (see [2])

θ(1) = 12134

θ(2) = 122134

θ(3) = 1334

θ(4) = 134

(53)

and the matrix associated to θ is exactly the matrix A defined in (37).
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1 2 3 4 5 6

-1.2
-1

-0.8
-0.6
-0.4
-0.2

3 -> 34134
1 2 3 4 5 6

-0.8

-0.6

-0.4

-0.2

4 -> 341

1 2 3 4 5

-0.8
-0.6
-0.4
-0.2

0.2
0.4
0.6

1 -> 34121

1 2 3 4 5 6
-0.5

0.5

1

2 -> 341221

FIGURE 2. Sα,1 associated to θ and −ζ .

To prove that
∑∞

k=−∞%γ (k, 0) is finite for each γ ∈ aζ + Hs, a > 0, we
only have to check that J1 satisfies the hypotheses of Corollary 5.4. Indeed as ζ ≈
(−0.33,−0.73, 0.54, 0.24), X+ = X3 ∪ X4 and X− = X1 ∪ X2. Then we can check
that X± = X− ∩ T0(X

+) = T0(X4) is exactly the interval J1. Let us prove now that if
a < 0, the series

∞∑
k=−∞

%γ (k, z0)

is finite for all γ ∈ aζ + Hs . Let J1 = T −1
0 (X4) ⊂ X3. As T0 is self-induced in X4 then

it is also self-induced in J1. The corresponding substitution is

θ(1) = 34121

θ(2) = 341221

θ(3) = 34134

θ(4) = 341.

(54)

We consider the eigenvector −ζ ≈ (0.33, 0.73,−0.54,−0.24) of tBθ associated to η > 1.
Observe that J1 does not satisfy the hypotheses of Corollary 5.4. In fact, X+ = X1 ∪ X2,
and X− = X3 ∪ X4 and X± = X3 ∩ T (X1) is not contained in J1. However, it satisfies
the hypotheses of Theorem 5.3. In Figure 2, we can see the graphs of the functions
Sα,1, 1 ≤ α ≤ 4, associated to the substitution θ , defined in (54), and the vector −ζ ,
and we can check that they satisfy conditions (a) and (b) of Proposition 5.5. Therefore,
from Theorem 5.3 we conclude that

∞∑
k=−∞

%γ (k, z0)

is finite, for all γ ∈ aζ +Hs, a < 0.
We will prove now that if the series

∑∞
k=−∞%γ (k, x0) is finite for some x0 ∈ X and

γ ∈ Hu then x0 is in the orbit of x = 0 if γ ∈ Hu
1 and x0 is in the orbit of x = z0 if

γ ∈ Hu
2 .

https://doi.org/10.1017/S0143385702000196 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385702000196


Piece-wise affine maps 403

We will prove only the case when γ ∈ Hu
1 ; the proof of the case γ ∈ Hu

2 is completely
similar.

For each (x, γ ) ∈ X × Hu
1 , let us put S(x, γ ) = ∑∞

k=−∞%γ (k, x) . Let γ = aζ + ξ

where a > 0 and ξ ∈ Hs . Observe that if S(x, γ ) is finite then S(x, aζ ) is finite. In fact,
as %aζ+ξ = %aζ%ξ and, by Corollary 5.10, there is a constant R(ξ) such that

e−R(ξ) < %ξ (k, y) < eR(ξ)

for all (k, y) ∈ Z ×X, we have that

e−R(ξ)
∞∑

k=−∞
%aζ (k, x) <

∞∑
k=−∞

%aζ+ξ (k, x) < ∞,

and S(x, aζ ) is finite. Therefore, let us assume, without loss of generality, that x0 ∈ X is
a point such that S(x0, aζ ) is finite. Then supk∈Z%aζ (k, x0) is finite. Set %aζ (n0, x0) for
this supremum and write w0 = T

n0
0 (x0). We have that

%aζ (n0 + l, x0) = %aζ (n0, x0)%aζ (l, w0) ≤ %aζ (n0, x0), l ∈ {−1, 1}
which implies that

%aζ (1, w0) ≤ 1 and %aζ (−1, w0) = 1

%aζ (1, w0)
≤ 1,

or, which is the same, w0 ∈ X− and T −1
0 (w0) ∈ X+. Then, necessarily, w0 ∈

X1 ∩ T0(X4) = J1 (because the signs of the entries of aζ are the same as those of ζ ).
Let us prove that if w0 ∈ Jn then w0 ∈ Jn+1 which implies that w0 ∈ ∩nJn = {0} and

then x0 is in the orbit of x = 0.
First of all, it is clear that S(w0, aζ ) is finite. Let Tn be the Poincaré induced map of

T in Jn. Let W0 = . . . a−1a0a1a2 . . . be the Tn-itinerary of w0 and let r(ai, n) be the
length of the word θn(ai) if i ≥ 0 or the length of the word θ̃ n(ai) if i < 0. The times
r(ai, n), i > 0 (respectively i < 0) are the successive forward (respectively backward)
returns of x to the sub-interval Jn (setting r(a0, n) = 0). Let us define a new co-cycle
%̂(k, x) relative to the map Tn and the vector aηnζ . If x ∈ Jn and γ ∈ R

m, we define
φ̂γ (x) = eγi if x ∈ J in. For (k, x) ∈ Z × Jn we define:

%̂aηnζ (k, x) =




k−1∏
j=0

φ̂aηnζ (T
j
n (x)), k ≥ 0

k∏
j=1

φ̂−1
aηnζπ (T

−j
n (x)), k < 0.

(55)

Observe that equation (44) tells us that if x ∈ J αn then

%aζ (r(α, n), x) = eaη
nζα (56)

which implies that

%aζ (r(ak, n), x) = %̂aηnζ (k, x), k ∈ Z. (57)
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From this we obtain ∞∑
k=−∞

%̂aηnζ (k,w0) < S(w0, ζ ) < ∞.

Observe that

sup
k∈Z

%̂aηnζ (k,w0) = sup
k∈Z

%aζ (r(ak, n),w0) = %aζ (r(a0, n),w0) = %̂aηnζ (0, w0) = 1.

Therefore,
%̂aηnζ (0, w0) ≤ 1 and %aηnζ (−1, w0) ≤ 1,

which implies that w0 belongs to J αn with ζα < 0 and T −1
n (w0) belongs to some J βn with

ζβ > 0. Therefore α = 1 and β = 4, i.e. w0 ∈ J 1
n ∩ Tn(J

4
n ) = Jn+1. This concludes the

proof of Theorem 5.2. ✷

PROPOSITION 5.11. If γ ∈ Hu, then there are no affine interval exchanges in
Caff(T0, e

γ ).

Proof. Suppose by contradiction that h : X → X is a continuous conjugacy between
T0 and some affine interval exchange f . To be more precise, suppose that the following
diagram commutes:

X

h

��

T0 �� X

h

��
X

f
�� X

Observe that for each n ≥ 1 the intervals T j (J kn ) with 1 ≤ k ≤ m, 0 ≤ j ≤ r(k, n), form a
partition ofX whose diameter goes to zero when n → ∞. As h is continuous, the intervals
h(T j (J kn )) with 1 ≤ k ≤ m, 0 ≤ j ≤ r(k, n), also form a partition of X whose diameter
goes to zero when n → ∞. Observe that the derivative of f j in J kn is constant and that

m(h(T j (J kn ))) = (f j )′(x) ·m(h(J kn )), x ∈ J kn ,

where m represents the Lebesgue measure in X. However, (f j )′(x) = %γ (j, x), x ∈ J kn ,

and therefore, for any fixed k and n,

m

( r(k,n)⋃
j=0

h(T j (J kn ))

)
=

r(k,n)∑
j=0

%(j, x) ·m(h(J kn )), x ∈ J kn .

In the same way, the Lebesgue measure of the union
⋃r(k,n)+1
j=1 h(T −j (J̃ kn )) is given by

r(k,n)+1∑
j=1

%(−j, x) ·m(h(J̃ kn )), x ∈ J̃ kn ,

where J̃ kn = Tn(J
k
n ). Note that X is the disjoint union of the sets

r(k,n)⋃
j=0

h(T j (J kn )), ζk > 0 and
r(k,n)+1⋃
j=1

h(T −j (J̃ kn )), ζk < 0.
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Let us put

Skn =
r(k,n)∑
j=0

%ζ (j, x), x ∈ J kn , S̃π(k)n =
r(k,n)+1∑
j=1

%ζ (j, x), x ∈ J̃ π(k)n

and
µkn = m(h(J kn )), µ̃kn = m(h(J̃ kn )).

Then we have that

1 = m(X) =
∑
ζk<0

µkn · Skn +
∑
ζk>0

µ̃kn · S̃π(k)n .

However, this equality is impossible for all n ≥ 1 if h is a continuous function since then
both µkn and µ̃kn go to zero when n → ∞ whereas by Proposition 5.5, both sums Skn and

S
π(k)
n remain bounded for all n ≥ 1. Therefore there are no elements in C(T0, e

γ ). ✷

COROLLARY 5.12. For each γ ∈ Hu there is a unique map f ∈ Saff(T0, e
γ ).

Proof. By the previous proposition there are only atomic measures in �γ (T0). However,
by Theorem 5.2, the only atom of the measure is equal to either x0 = 0 if γ ∈ Hu

1 or
x0 = z0 if γ ∈ Hu

2 . Therefore the only measure in �γ (T0) is the atomic measure defined
in (39). ✷

PROPOSITION 5.13. Let γ, γ ′ ∈ Hu
1 (respectively Hu

2 ) and let f1 ∈ Saff(T0, e
γ ) and

f2 ∈ Saff(T0, e
γ ′
). Then f1 and f2 are C0-conjugated. Moreover, there is a C1-conjugacy

between f1 and f2 iff γ − γ ′ belongs to Hs(t).

Proof. We will prove the proposition only for Hu
1 ; the proof for Hu

2 is completely similar.
The proof takes two steps. First we suppose that γ and γ ′ are of the particular form γ = ζ

and γ ′ = tζ, t > 0. In this case, f1 and f2 areC0-conjugated but notC1-conjugated. After
this, we will prove that if γ − γ ′ ∈ Hs , then there is a C1-conjugacy between f1 and f2.
These two facts imply the proposition.

Consider γ = ζ and γ ′ = tζ, t > 0 and take f1 ∈ Saff(T0, e
ζ ) and f2 ∈ Saff(T0, e

tζ ).
It is easy to see that f1 is C0-conjugated to f2. In fact, let I0 = [0, c1] and I ′

0 = [0, c2] be
the maximal wandering intervals of f1 and f2 respectively. Set

In = f n1 (I0) and I ′
n = (f2)

n(I ′
0), n ∈ Z.

Let R = ⋃
n In and R′ = ⋃

n I
′
n. Recall that R and R′ are sets of total measure in X

and there are a semi-conjugacy h1 between f1 and T , and a semi-conjugacy h2 between
f2 and T ,

X

h1

��

F1 �� X

h1

��
X

h2

��

T0 �� X

h2

��
X

f2 �� X
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Also h1 and h2 are bijective out of the sets R and R′, and necessarily,

h1(In) = h2(I
′
n) = T n(0), n ∈ Z.

We define a conjugacy h : X → X between f1 and f2 in the following way. h restricted
to R sends each In onto I ′

n in a linear way, and if z /∈ R then there exists a unique y ∈ X

such that
h1(z) = h2(y).

We define h(z) = y. It is easy to check that h is an increasing bijective function. Let us
prove that it is continuous. In fact, if it were not, then for some point z0 ∈ X there would
exist a sequence of points zn converging to z0 and such that |h(z0) − h(zn)| ≥ ε for fixed
ε > 0. But then there would be some (fixed) interval I ′

n0
between h(z0) and h(zn), n ≥ 1.

This situation is not possible since h−1(I ′
n0
) = In0 could not be inside the interval [z0, zn]

if zn is very close to z0, contradicting the fact that h is increasing.
Let us prove that f1 and f2 cannot be C1-conjugated. Suppose by contradiction that h

is a C1-conjugacy between them. Then necessarily, h(In) = I ′
n, n ∈ Z and also h′ must be

a continuous function which is bounded and bounded away from zero. Therefore, for all
n ≥ 1 and some ξn ∈ In,

h′(ξn) = |I ′
n|

|In| .
Check that

|In| = |I0|%ζ (n, 0) and |I ′
n| = |I ′

0|%tζ (n, 0), n ∈ Z.

Therefore,

h′(ξn) = |I ′
n|

|In| = |I ′
0|%tζ (n, 0)

|I0|%ζ (n, 0)

= |I ′
0|

|I0|%ζ (n, 0)t−1,

because %tζ (n, 0) = %ζ (n, 0)t .
However, limn→±∞ %ζ (n, 0) = 0 (because

∑
n∈Z%ζ (n, 0) < ∞ ), which contradicts

the fact that h′ is bounded and bounded away from zero.
Suppose now that γ − γ ′ = ξ ∈ Hs , and let f1 ∈ Saff(T0, e

γ ) and f2 ∈ Saff(T0, e
γ ′
).

We will prove that f1 and f2 are C1-conjugated. Let h0 be a solution to the equation

h0(T0(x)) = %ξ(x) · h0(x), x ∈ X,

where %ξ(x) = eξi if x ∈ Xi . Set f̃ = h ◦ f2 ◦ h−1 where h(x) = ∫ x
0 h0(s) ds.

By Proposition 2.1, f̃ is an affine interval exchange with an associated slope-vector
eξ+γ ′ = eγ . However, h−1 ◦ h2 is a semi-conjugacy between f̃ and T0. But from
Corollary 5.12 we know that Saff(T0, e

γ ) = {f1}, therefore, f1 = f̃ and f1 is
C1-conjugated to f2. ✷

PROPOSITION 5.14. For all γ ∈ Hs , there is a unique f ∈ Saff(T0, e
γ ) which is

C1-conjugated to T0. In particular, f has a unique absolutely continuous invariant
measure.
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Proof. By Corollary 5.10 the function

f (x) = sup
k∈Z

%γ (k, x)
−1,

is well defined and satisfies f (T (x)) = %γ (x) · f (x), x ∈ X. Normalizing the
measure µ = ∫

f dm we obtain an absolutely continuous probability measure in �γ (T0).
By Proposition 2.1, there is an affine interval exchange fµ in Caff(T0, e

γ ) associated
with this µ which is C1-conjugated to T0. An argument completely similar to that in
Proposition 4.3 shows that every measure in �γ (T0) is absolutely continuous with respect
to the Lebesgue measure and then, by Lemma 2.2, µ is the unique measure in �γ (T0). ✷
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