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Abstract

We derive a complete left-tail asymptotic series for the density of the martingale limit
of a Galton—Watson process with immigration. We show that the series converges every-
where, not only for small arguments. This is the first complete result regarding the left
tails of branching processes with immigration. A good, quickly computed approximation
for the density will also be derived from the series.
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1. Introduction

Let us start with the classical branching process without immigration. Analyzing the tail
asymptotics of the density of the martingale limit of supercritical Galton—Watson processes
began in [9]. We will discuss the Schroder case, where the minimum family size is exactly
one. For a small argument of the density, analysis of the first asymptotic term began in [7],
where precise estimates were obtained. Then, in [2], the authors found an explicit form of
the first asymptotic term. After that, in [13], the complete left-tail asymptotic was derived.
All the asymptotic terms were expressed explicitly through the so-called one-periodic Karlin—
McGregor function introduced in [10, 11]. Moreover, it was shown that the series converges
everywhere, not only for small arguments of the density. For the Galton—Watson processes
with immigration, results are available only for the first asymptotic terms; see, e.g., [1, 3]. We
will extend the results from [13] to the case with immigration. It is impossible to directly apply
the results of [13] to this case, and we need to develop new techniques.

The Galton—Watson process with immigration is defined by

Ximm,r

Xinmi41= Y &+ Y. Ximnmo=1, teNU{0},
j=1

where all the &, are independent and identically distributed natural-number-valued random
variables with the probability-generating function P(z) := Ezf =pi1z+pr® +p3z> +---. We
consider the so-called Schroder case, po =0 and 0 < p; < 1. For simplicity, we assume that
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2 A. A. KUTSENKO

P(z) is analytic in a neighborhood of z=1 — in particular, the offspring mean u = P'(1) is
finite. In terms of random variables §;;, this means that their tails are light enough that the
exponential moments are finite.

All immigration terms Y; are also identically distributed and independent of other terms.
Their probability-generating function is Q(z) := Ez¥ = g0 + g1z + 22> + - - - . We assume that
qo # 0 — sometimes, immigrants may not arrive. The assumption p1gg > 0 is a complete ana-
log of the Schroder case p; > 0 in the case without immigration, since these assumptions are
equivalent to P(X; = X;41) > 0.

For simplicity, we may require that Q(z) is entire; then we can define (19) and (23), and write
(25), without trouble. The easiest relaxation is that Q(z) is analytic in a neighborhood of 1 and
on the zero component of the filled Julia set /2, see the definition below. Often the zero
component is bounded, /,9 C {z: |z] < R} with R > 1, and both conditions can be replaced by
a stronger, but simpler, one: the series representing Q(z) converges at z = R. Further relaxations
can be achieved by imposing deeper harmonization requirements on P(z) and Q(z), but this will
complicate the presentation.

The difference from the classical Galton—Watson process is the presence of new arrivals at
each time step. Thus, instead of the classical probability-generating function of the Galton—
Watson process X; without immigration (Q = 1),

+o00
Pt<z>=Po--~oP(z>=2;P<Xt=n)z", (1)
t n=
satisfying P;(z) = P;—1(P(z)) and Py(z) := z, we have

+0o0
Pimm 1(2) = Pimm.i—1(P@)Q(2) = Y P(Ximm,¢ = n)2" )

n=1
in the case of immigration, which is
Pimm,1((z) =Po---0P(z)-Q(Po---0P(2)- - OP(2) 0), Pimm,0(2):=z.  (3)
t t—1

To formulate the main result, we extract some information from [13] and the next section. For
the classical case Q = 1, the density p(x) of the martingale limit W = +~'X; can be computed
as a Fourier transform of some special function:

|
px) = p / T(iy)e™™ dy, 4)
—00
where I1(z) is given by
[(z) := tiiglooPO"'OP(l —n'2), (5)

t
and it satisfies a Poincaré-type functional equation

P(I1(z)) = I(uz), o) =1, 'o)=-1. (6)

The Fourier inversion formula (4) for the density is well known — see, e.g., [7, 8]. The func-
tional equation (6) is fundamental in the analysis of p(x). Defining another analytic function,

O@):= lim pi'Pia), )
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Complete left-tail asymptotic 3

satisfying the Schroder-type functional equation ®(P(z)) = p1 P(z), P(z) ~ z for z — 0, we can
use the one-periodic Karlin-McGregor function

K(2):= py (II(u%) ®)

to obtain the complete left-tail series for p(x), which converges pointwise everywhere, not only
for small x > 0. This research was done in [13]. The Karlin-McGregor functions are discussed
in detail in [10, 11].

For the Galton—Watson process with immigration, by analogy with (4) (see also some
details in [16]), the density pimm(x) of the martingale limit Wipm = lim;_, 4 0o 4™ Ximm,; can
be computed as a Fourier transform of another special function,

1 [t .
Pimm(X) = —— / Mimm(iy)e™ dy, ®)

—00

where, see (5) and (3), Iijmm(z) = lim;— 400 Pimm,/(1 — #7"2) = T1(z) - R(z), with

+00
R@ =[] @M "2)

=1

satisfying the functional equation R(tz) = R(z)Q(I1(z)), R(0) = 1. There are no more Poincaré-
type functional equations. However, we may still define a one-periodic function L(z):=
q0 “R(u*)W(TT(1%)) with the help of another analytic function,

W(g) = qu Q(Po---0P (),

=0 t

satisfying another functional equation, Q(z) W (P(2)) = qo¥(z), ¥(0) = 1.

To formulate our main result, we need to introduce a few more objects. The first one is the
Julia set, which is the boundary of the filled Julia set. The filled Julia set _#p for the mapping
P is the domain in C where the orbits Po - - - 0 P(z), z € #p, are bounded. A good introduction
to holomorphic dynamics, with all the necessary definitions, is given in [15]. The second one
is /2, the open and connected component of _Zp containing 0, where all orbits tend to 0. For
the probability-generating functions P(z) = p1z+---,0 < p; < 1, the component jg contains
the unit disk, inside which P is the contraction mapping, as discussed in [13]. The third one is
the critical angle 6* — this is the maximal angle of a sector of arbitrarily small radius in the
neighborhood of 1 that lies entirely in the filled Julia set for the function P(z).Its complement
D* =2 — 6* is illustrated in Figure 1, taken from [12].

The Fourier coefficients of the one-periodic functions

m=-+00
K™ D@ = Y ™™, =0,

m=—0oQ

are needed to formulate the main result, as well as the Taylor coefficients of the analytic
function

A= _ ZA 2 (10)
2W(d1(2)) "
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4 A. A. KUTSENKO

FIGURE 1. Julia set for the polynomial P(z) = 0.1z + 0.5z% + 0.4z>. It is the boundary of the open filled

Julia set _Zp (_Zp= /2 for this case), which is the domain of definition for the analytic function ®,

see (7), since P;(z) — 0 when z e 7, ,9 , and the convergence to zero is exponentially fast with the factor
p1 = P/(0). The unit disk belongs to f},)

Theorem 1. If 0* > 7, then

+00
n+1
pinm(0 = 3 A0 P 0) 1, 1og v x>0, (1)
n=0

where log,, - =1n-/1In u, and the one-periodic functions By(z) are defined by

m:Z""OO ﬁnmeb{imz
B (z) = : : (12)
" o T(—(in (P11 q0) + 27im) /In 1)

Here, T is the Gamma function. Substituting (12) into (11), we get a double series that
converges super-exponentially fast in n and exponentially fast in m:

' Anﬂnm
(= (n (p7*" go) + 27im) /In 1)

for some constants a, B, C > 0.

‘ < Cefomln(n+l)fﬁ|m| (13)

Remark 1. Clearly, the critical angle satisfies 6* > m, since the unit disk belongs to the filled
Julia set for any probability-generating function P(z). We demand a little more: 6* > 7. While
the assumption has a natural interpretation in terms of the geometry of the associated Julia
set, its role in the present paper is purely auxiliary, namely to ensure the convergence of the
double series. For concrete examples, the condition can be verified directly by constructing the
associated Julia set. A more systematic study of this geometric condition, including extreme
configurations and sharper estimates, will be presented elsewhere.

Usually, the Fourier coefficients of B,(z) are small, except for the zeroth one. The reason
for the more precise estimates of the form (13) lies in the width of the strip in the complex

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 15 Nov 2026 at 16:21:05, subject to the Cambridge Core terms of use
, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/jpr.2026.10122


https://www.cambridge.org/core/terms
https://doi.org/10.1017/jpr.2026.10122
https://www.cambridge.org/core

Complete left-tail asymptotic 5

plane on which the functions B, (z) are defined. The width is large enough. Hence, the Fourier
coefficients of B,(z) decay quickly. This phenomenon is known in physics and biology in
relation to other objects; see, e.g., [4, 5, 6]. This fact allows us to define a good, quickly
computed approximation of the density,

N

y K™ D04, )
Pinm() = F(_l ),E+)1 n_ylom (T w)=1 oo, (14)
n=0 ( Ogll (pl CIO))

with some moderate N. To evaluate K(0) and L(0), we can use fast-converging methods similar
to those developed in, for example, [12]. The computation of A, is generally explicit, because
&~ 1(7) satisfies the Poincaré-type functional equation

> lpi=P@ '(2)), @ '@~z z-0, (15)
and the composition W(®~!(z)) satisfies
Q@' NV(@ ' P12) =¥ (@7 (2), W@ lo)=1. (16)

Substituting Taylor expansions in (15) and (16), we can find Taylor coefficients for both
functions step by step. Then we can use them to find A, in (10).

The approximation (14) does not contain oscillatory terms. However, they may play some
role. Let us define the following approximations:

- ) ﬁ:A —log (P’llﬂqo)fl mijfl ﬁnme_znimlogu“‘ .
i X) = X iz
PM,imm i 2 T (—(In (7" Tqo) + 2im) /1n 1)

with some moderate N. In other words, we replace B,, in (11) and (12) by its initial segment of
the Fourier series of length 2M + 1.
As an illustration, we compare the density computed by (9) and (14) for the case

PR =piz+(1—pD, 0@ =qo+(—qo) (18)

To calculate (9), we take the interval y € [—2000, 2000] (or rather [0, 2000], utilizing symme-
try) and divide it into 10 points to apply the trapezoidal rule; the function IT;yy, is computed up
to 70 iterations of P. In (14), we take N = 10. For the calculations, Embarcadero Delphi Rad
Studio Community Edition and the NesLib.Multiprecision library were used. This
software provides a convenient environment for programming and well-functioning basic func-
tions for high-precision computations. All algorithms related to the article’s subject, including
efficient parallelization, were developed by the author (AK). The program is available in [14].
We use 128-bit quadruple precision instead of the standard 64-bit double precision. The com-
parison results are quite good, at least for moderate values of x; see Figure 2. In particular, the
areas under the plotted curves are 1 & 1072, Thus, the density values at which the curves may
significantly differ are quite small. The approximation using (14) is calculated in real time,
while the calculation using (9) takes several minutes on an Intel Core i7-7700HQ processor.
Nevertheless, the absence of oscillatory terms in (14) becomes visible for large x. In
Figure 3(a), the approximations (14) and (17) are compared on the interval x € [3, 8]. We take
N =30 in both formulas, instead of N = 10, which was sufficient for x € [0, 4] in Figure 2(a).
Other parameters, such as the number of iterations, nodes, and the integration interval, remain
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6 A. A. KUTSENKO

Pimm; Pimm

1.0 2.0 3.0 -z
(@) p1 = 0.3 and g9 = 0.5

Pimm, Pimm

1
0.5
0 1.0 2.0 3.0 €
(b) p1 = 0.4and gp = 0.5
ﬁimm: Pimm
0.5
0 1.0 2.0 3.0 T

(¢)p1 =0.5and gg = 0.7

FIGURE 2. For the case (18), the approximation of the density (14) is compared with (9).

the same. As expected, Pimm(x) and po imm(x) are almost identical because the oscillatory terms
are small enough. However, the spurious oscillations in pimm(x) and po imm(x) are reduced in
the more accurate pi imm(x) and p2 imm(x) due to the appearance in the sum (17) of natural
oscillating terms that dampen false oscillations.

After performing proper normalization, we can also observe natural (non-spurious) density
oscillations in the vicinity of x =0, which arise due to logarithmically periodic terms B, in
(11); see Figure 3(b). The analog of this phenomenon is illustrated in [13] for the classical case
without immigration. Note that on x € (0, 0.1] the approximation (17) works well even for
small M =1 and N = 3, while (9) did not for x — 0. This happened even when we increased
the number of iterations and nodes to 10% and 2 - 109, respectively, compared with the previous
examples. The integration interval is also increased to y € [—3000, 3000].
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Complete left-tail asymptotic 7

Pimm; P0,imms P1,imm: P2,imm

0.2

0.1

—0.1
—-0.2
(a) Large x and different M; see (17) and (14).
xlogE plq0+1ﬁ1,imm7 -’I"]Ugn plq”+1pimm

0.513¢ 9

0.512

0.511

0-510 0.025 0.050 0.075 T

(b) Small x and small N = 3; see (17) and (9). Normalized densities.

FIGURE 3. For the case (18) with p; = 0.3 and g9 = 0.5, the approximations of the density (14), (17),
and the Fourier inversion formula (9) are compared.

2. Proof of Theorem 1
The analog of ®(z), see (7) and (1)—(3), is

Pinn(@) = im_(p190) " Pinm() = PV,

where

+00
V@)= lim g'Q(Po 0P @)+ QP@)- Q@ =[] g 'QPi). (19

t—1 =0

and z € /8. The function W(z) is analytic inside the zero component of the filled Julia set
/19 related to the probability-generating function P(z). To show this, we note that Q(z) is
defined in /2 and ¢, 1Q(P,(z)) —1~gq, 1qu,(z)f for t— oo and z € fg. Here, j > 0 is the
minimal integer for which g; # 0. Furthermore, using the fact that P;(z) ~ p’1 ®O(z) (see (7)) is
exponentially small for large ¢ and any fixed z € /g, we can prove that the infinite product in
(19) converges to an analytic function. This reasoning reiterates the arguments from, e.g., [15]
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8 A. A. KUTSENKO

regarding the function ®(z). Definition (19) implies the functional equation
V() =g, 0RW(PR)). vo)=1 (20)
As we already discussed in the introduction, the full analog of I1(z), see (5) and (3), is
Minm(@ = 1M Pinm,i(1 = 1712), @1

and the density, see (4) for the classical case, is

1 +o0 L 1
Pimm(X) = =— / Mimm(iy)e™ dy = — / Mimm(z)e™ dz (22)
27 J_o 271 Jir

in the case of immigration. Due to (5), (3), and (21), we have [Tjmm(z) = I1(z) - R(z), where

+00
R@=]]omw "2 (23)

t=1

satisfies the functional equation
R(pz) = R(2)Q(I(2)), R(O)=1. (24)
The infinite product (23) converges, because
O(M(p~"2) = 1~ Q' (T~ =D~ Q' (D~ "z (25)

for large ¢. The domain of definition of the analytic function R(z) contains at least a sec-
tor {z: |argz| < 0*/2}, since TI(z) is analytic here by its definition (5) and the definition
of /2. In other words, limiting P-compositions in (5) are well defined if |argz| <6*/2
because they lie inside /,9, and we can apply the standard arguments from, e.g., [15]. In
particular, T1({z: | arg z| < 6*/2}) C jg, and if Q(z) is analytic in /19 then R(z) is analytic in
{z: |argz| < 6*/2} by (23) and (25).

Substituting I1(z) instead of z into (20) and using (6), we obtain

QI W (TT(12)) = goW(I1(2)). (26)

Eliminating Q(T1(z)) from (24) and (26), we deduce that R(uz)W¥(IT(uz)) = qoR(2)V (I1(z)),
which means that

L(z) := gy ‘R(u*)W(IT(u)) (27)
is a one-periodic function. Thus,
R(z) = 7108, 40 M’
W(I1(2))
and M()L(og, 2
z)L(log,, z
II1: — logu qo__ T Ok 28
imm(z) =z U(M() (28)
For the classical case, the formula
M(z) = &~ (%" K(log,, 2)) (29)
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Complete left-tail asymptotic 9

follows from (8). Substituting (29) into (28) leads to

Mimm(2) = 2% P19(K - L)(log,, )A(Z"# "' K(log,, 2)), (30)
where
AQ = ———2 * () ZA G1)
: wb @~ &t

is a function analytic in some neighborhood of z =0, with Ag = 1. In [13], it is shown that the
one-periodic and analytic function K(z) is defined at least in the strip

={|Imz] <6*/21n w)}. (32)

The same arguments apply to the one-periodic and analytic function L(z), see (27), which is
also defined at least in the same strip as K(z), see (8). Indeed, the function R(u*) is defined for
7 € .7, since, as discussed above, R(z) is defined in the sector {z: | arg z| < 6*/2}. The function
W (z), like ®(z), is defined in /,9; see below (19). Therefore, we can apply the same arguments
to W(IT(u*)) as to ®(IT(u*)) in [13]. Also, due to (30), we conclude that

Mimm(z) > 0, z—o00, |argz|<m/2, (33)

uniformly, due to the factor 1081 (P140) with negative log,, (p19o0). The boundedness of the func-
tion e** — given that Re z is bounded and x > 0 — together with (33) allows us to modify the
integration contour in (22) based on Cauchy’s integral formula. We have

1
Pirm(®) = —— / Mimm(e™ dzforall p >0, (34)
271 Jptir

By (30) and (31), for any sufficiently large p > 0, we have

+00
n+1
Mm@ = A% U7 0) (k71 Lytog, ), Rez>p, (35)
n=0

since log,, p1 < 0 and functions K and L are bounded on the strip .%] defined by
1 ={Imz|<7/2Inpw)} (D{log,z: Rez>p}). (36)

Here, we use the fact that the strip .#] is smaller than the strip .¥, see (32), because 8™ > .
Therefore, the maximal moduli of the analytic and one-periodic functions K and L are finite
in.#].
According to Cauchy’s estimates, the Taylor coefficients A, exhibit at most exponential
growth with respect to n. Namely,
Ayl < Cor” 37)

for some C, > 0 and r > 0 depending on the radius of convergence. Hence, the remainder

+o0
n+1
Mimm N (2) = Y A28 P19 (K™ L)(log,, 2)
n=N

can be estimated as a geometric series,
|Z|1°gu(pl’10)(C3 |Z|1°gu P1 )N

1 — C3|Z|10gupl

~+00
| Minm, v (@] < 2] 08 #1900 % = Chj| o8Pt = . Rez>p. (38)

n=N

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 15 Nov 2026 at 16:21:05, subject to the Cambridge Core terms of use
, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/jpr.2026.10122


https://www.cambridge.org/core/terms
https://doi.org/10.1017/jpr.2026.10122
https://www.cambridge.org/core

10 A. A. KUTSENKO

for any sufficiently large p > 0, where the constant C3 depends on the rate of growth of A,
see (37), and the maxima of the moduli of the functions K and L on the strip .77, see (36).
Due to (38) and logﬂpl < 0, for any sufficiently large N and p, the function e®*I[Timm y(2) is
absolutely integrable on p + iR, since e is bounded on p + iR for real x. Moreover, by (38),
for any sufficiently large and fixed p, the integral

/ Mimm n(2)e” dz— 0 for N — +o0. (39)
p+iR

We need the following lemma to show that the integrals of the first terms in (35) multiplied by
e exist.

Lemma 1. Let T(z) be an analytic one-periodic function defined on the strip ., see (32), with
0* > m. Then, for any x>0, p >0, and o < 0, the improper integral fp+iR z*T(log,, z)e*" dz
exists.

Proof. To begin with, let us note that the integrand is well defined on the contour of
integration. Indeed, log, {p + iR} C .7, since

| Im1n (o +iy)| = | arg(p +y)| <7/2<6%/2, yeR.
Note also that the argument tends to £ /2 when y — F00. Integrating by parts, we have

p+iC 1 p+iC
/ *T(log, 2)e” dz=x""z"T(log, 2)e™| +102
e p+HC

p+iCy
—x! / 2~ !(aT(og, 2) + (In )~ T'(log,, 2))e™ dz,
p+iCy
which reduces the power of z by one. Moreover, the integrand in the right-hand side still sat-
isfies the lemma conditions, and the two factors after z*~! are bounded on p + iR. Repeating
this procedure, we can reduce the power of z so that the obtained integral converges absolutely
when C; — —oo and C; — +o00. At the same time, according to the conditions of the lemma,
e.g. o <0, the free terms tend to zero. O

Taking into account Lemma 1 and the reasoning above (35)—(39), we can write

1 p-+ico N-1 An p+ico ]
P / Mimm(2)e™ dz— Y 2= / 208 P10 (g - Ly(log,, 2)e™ dz
o n=0 1 J p—ico

271 ), i 2

— 0 forN— +o0,

f 1_[imm,N(Z)‘f‘fzx dz
p+iR

which means that

1 p+ico +oo A, p+ico . il 1
— Mimm(2)e™ dz =Y / o2 O a0 (k14 L) (log, ez (40)
n=0 P

2mi p—ico 271 J p—ioo

for x > 0 and any sufficiently large p > 0. Due to (33), I1;;mm(z) — 0 for z — oo with Re z > 0.
Thus, (40) and (34) give
+00

An p+ioo 1 n+1 1
Pnm() =3 f 2% TR L)(log, e dz, x>0, (@41
n=0 p—ioco

for all sufficiently large p > 0.
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To continue, we need the following auxiliary statement. Suppose that T(z)=
3 ez Tm€¥ M is a one-periodic function analytic in the strip [Imz| < s for some s > 0. Then,
for any sufficiently small § > 0, we have

[T < e 26— max | T(x — sign(m)i(s — 8))|. (42)
x€[0,1]

This statement follows easily from 1, = f[o 1 T(z)e~ 2" dz. Denote the Fourier

]—sign(m)i(s—§)
coefficients of one-periodic functions (K’”‘l - L)(z) by

m=-400
K" D@= Y e, n>0. (43)

m=—0oQ

Remembering that K and L are analytic in the strip .7, see (32), and applying (42) to (43), we
obtain
[Pl < e—ﬂlml(f)*—ﬁ)/lnucgl (44)

for any sufficiently small § > 0 and some constants Cs depending on the maximal values of
K(z) and L(z) at the corresponding intervals within .%. The Fourier coefficients 1, decay
exponentially fast in m, so we can write

1 p+ioco . (an ) .
—2 " ZOgM 1 490 (K” -L)(IOgM Z)ezx dz
1 i
p—ico
i =400
1 prhioe " n+1 .
=5 Z 9,20 O3 g0 F2im) /In rgzx g
1 :
p—ico "
m=+00 p+ioco

-y ZL f 5. 0@l a0+ 2mimyingex g
e — 00 1 o

—ioco

m=+00 —((In " go)+2mim)/In w)—1  p px+ico
DX 1 / L gorr2mim)/n gz g
.

=2 2

M——o00 X—100

Mooy (G o)t 2mim)/in )1

-y

= T(—(In (p o) + 27im) /In w)

— @ 0/ mw—1p (oo LX), (45)

where, for the last integral we used the Hankel representation of the I" function, see [17,
Example 12.2.6, p. 254]. The one-periodic functions B, (z) are defined by

m=+00 S eZnimz
By(2) = E - . (46)
e T (= (n (9 g0) + 2wim) /In )

As we already discussed, v, decays to zero exponentially fast in m. While the values of
the Gamma function in (46) increase super-exponentially fast in n for fixed m, they are also
exponentially small for large m and fixed n. More precisely, Stirling’s approximation of the

Gamma function,
27 (z\*° 1
ro=—(>) (1+o(-)).
Z € Z
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gives

n+1 :
’F<_ln (p1+ q0) + 2mim T @7

Inpu )’ \/lnz (p'1’+lqo) + 472m?

for some constant D > 0 and

1 n+1 1n2 anrlq + A772m2 1 n+1 2
T:Dexp{— n(pl 610) ln\/ ( ! 0) n(pl 610) il lml}.
In p In p In In u

The rate of growth in (47) is explicitly visible. Namely, choosing appropriate constants
Dy, Yo > 0 and y; € R, we can write

'F< In (p’f“qo)+2nim)‘ _ . P00+ DInr+ 1) + yan — 7 |m|/In 1)
— = 0 .

Inu Vi + D2 +m?

Note that the square roots in the denominators, see (47) and (48), are equivalent up to mul-
tiplicative constants. Combining (48) with (44), eliminating +/(n + 1)2 +m? (which does
not affect the leading exponential behavior, only the constants), and applying the condition
6* — § > 7 for small § > 0, we derive

(48)

ﬂnm

g C —alnln(n+l)—ﬁ1|m| 49
I(—(In (P71 go) + 27wim) /In ) e “9

for some constants o1, 81, C1 > 0. Here, since yo(n + 1) In(n + 1) grows asymptotically faster
than the linear terms y1# and n In Cs, both the latter can be absorbed by the former for large n.
The constant Cy is then adjusted so that the inequality holds for small n as well. As we have
already discussed, the Taylor coefficients of the analytic function A(z) do not grow faster than
the exponential, see (37). Thus, if we multiply (49) by A,, the super-exponential decay by n
does not change

Al’l ﬂnm

< Clcze—alnln(n+l)+n Inr—pBy|m| < Ce—on In(n+1)—p|m|
(= (In (p}"" q0) + 27im) /In ) h

(50)
for some new constants «, C > 0, and 8 = 81 > 0. The second inequality in (50) is valid for
large n > 0 because In r < (¢1 — &) In(n + 1) for some « such that 0 < & < «1. Thus, the linear
term of order n can be absorbed into the n In(n + 1) term, as already discussed below (49). The
constant C > 0 is chosen so that (50) is also valid for moderate and small n. Combining (41),
(45), and (46), we also obtain

400
Pimm() = Y A 0O 001 (og 2, x>0,
n=0
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