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Abstract

The ruin probability in the classical Brownian risk model can be explicitly calculated
for both finite and infinite time horizon. This is not the case for the simultaneous ruin
probability in the two-dimensional Brownian risk model. Relying on asymptotic theory,
we derive in this contribution approximations for both simultaneous ruin probability and
simultaneous ruin time for the two-dimensional Brownian risk model when the initial
capital increases to infinity.
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1. Introduction

The classical Brownian risk model (BRM) of an insurance portfolio,

R1(t) = u + c1t − σ1W1(t), t ≥ 0,

with W1 a standard Brownian motion, σ1 > 0, the initial capital u> 0, and the premium rate
c1 > 0, is a key benchmark model in risk theory; see, e.g., [15] and other extensions of the
model [12].

The ruin probability in the time horizon [0, T] for some finite positive T is given by (see,
e.g., [8])

ψ̃T (u) = P

{
inf

t∈[0,T]
R1(t)< 0

}
= P

{
sup

t∈[0,T]
(σ1W1(t) − c1t)> u

}
=�

(
− u

σ1
√

T
− c1

√
T

σ1

)
(1)

+ e−2c1u/σ 2
1�

(
− u

σ1
√

T
+ c1

√
T

σ1

)
for any u ≥ 0, with � the distribution function of an N(0,1) random variable.

Received 13 November 2018; revision received 17 December 2019.
∗ Postal address: Mathematical Institute, University of Wrocław, pl. Grunwaldzki 2/4, 50-384 Wrocław, Poland. Email:
Krzysztof.Debicki@math.uni.wroc.pl
∗∗ Postal address: Department of Actuarial Science, University of Lausanne, UNIL-Dorigny, 1015 Lausanne,
Switzerland. Email: Enkelejd.Hashorva@unil.ch
∗∗∗ Postal address: Department of Logistics, Wrocław University of Economics and Business, Komandorska 118/120,
53-345 Wrocław, Poland. Email: zbigniew.michna@ue.wroc.pl

597

https://doi.org/10.1017/jpr.2020.14 Published online by Cambridge University Press

https://doi.org/10.1017/jpr.2020.14
http://www.appliedprobability.org
https://doi.org/10.1017/jpr.2020.14


598 K. DȨBICKI ET AL.

In the infinite time horizon, i.e. for T = ∞, the corresponding ruin probability for this risk
model is

ψ̃∞(u) = P

{
inf
t≥0

R1(t)< 0

}
= e−2c1u/σ 2

1 .

Clearly, ψ̃T (u) is smaller than ψ̃∞(u) for any value of the initial capital u> 0. In fact, from the
above formulas, for any p ∈ (1, 2),

lim
u→∞

( − ln ψ̃∞(u))p

− ln ψ̃T (u)
= 0, (2)

which shows that the finite time horizon ruin probability is much smaller than the infinite time
horizon ruin probability for large u. Since in practice an insurance company runs multiple
portfolios simultaneously, it is of interest to calculate the simultaneous ruin probability for the
classical benchmark BRM. In this contribution we shall consider only the two-dimensional
setup, where for the second portfolio the risk process is modelled by

R2(t) = v + c2t − σ2W2(t), t ≥ 0,

with W2 another standard Brownian motion, v the initial capital, and c2 > 0.
In order to construct a valid two-dimensional risk model we need to define the law of

the vector-valued process (W1(t),W2(t)), t ≥ 0. A recent contribution [9] shows that a natural
limiting model for a bivariate risk model is obtained if we specify

(W1(t),W2(t)) = (d11B1(t) + d12B2(t), d21B1(t) + d22B2(t)), t ≥ 0, (3)

where B1, B2 are two independent standard Brownian motions and the dij are given constants.
Necessarily, we have that d2

i1 + d2
i2 = 1, i = 1, 2. It follows easily that the law of (W1,W2)

specified by (3) depends only on ρ = d11d21 + d12d22 ∈ [ − 1, 1]. Hence, for simplicity, in the
following we set

d11 = 1, d12 = 0, d21 = ρ ∈ [ − 1, 1], d22 =
√

1 − ρ2;

that is, we shall consider

(W1(t),W2(t)) = (B1(t), ρB1(t) +
√

1 − ρ2B2(t)), t ≥ 0. (4)

The analysis of the simultaneous ruin probability in the special case ρ = 1 is easy and can be
carried out based on the findings of [3] or [21]; it is therefore not discussed here.

The study of the simultaneous ruin probability for the d-dimensional BRM with d> 2
requires more technical details, namely other proofs and different notation (suitable for
working with vectors and matrices); it will therefore be the topic of a forthcoming project.

In the two-dimensional BRM, the probability of simultaneous ruin of both portfolios in the
time period [0,T] is given by

P {there exists t ∈ [0, T] : R1(t)< 0, R2(t)< 0}
= P {there exists t ∈ [0, T] : σ1W1(t) − c1t> u, σ2W2(t) − c2t> v} ,

which by self-similarity (the time-scaling property) of Brownian motion reduces to

P

{
there exists t ∈ [0, 1] : W1(t) − c1

√
T

σ1
t>

u

σ1
√

T
,W2(t) − c2

√
T

σ2
t>

v

σ2
√

T

}
.
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Consequently, in order to simplify the presentation we shall consider in the following T = 1,
σ1 = σ2 = 1, and define, for any u, v ∈R, the simultaneous ruin probability as

ψ(u, v) = P {there exists t ∈ [0, 1] : W1(t) − c1t> u,W2(t) − c2t> v} .

In the bivariate risk model, tractable expressions for the simultaneous ruin probability are
not available for both finite and infinite time horizon. The main findings of this contribution
concern the approximation of

ψ(u, au) = P {there exists t ∈ [0, 1] : W1(t) − c1t> u,W2(t) − c2t> au}
as u → ∞, for any given constant a ∈ ( − ∞, 1]. Note that there is no restriction to consider
only a ≤ 1, and in our model it is possible to also deal with a, c1, c2 being negative. This
reflects the fact that, depending on the correlations between two portfolios, the need for initial
capital u and v can be different.

Clearly, the simplest possible model is when W1 and W2 are independent, i.e. ρ = 0. Even
in that model, it is not possible to calculate ψ(u, au) explicitly. Since the main tools of asymp-
totic theory for independent Gaussian processes are still available, the asymptotic behaviour
of ψ(u, au) can be established by modifying the classical approach (i.e. using the Gordon
inequality, see [4, Proposition 3.6], instead of the well-known Slepian inequality, see, e.g.,
[19, 23]).

If ρ 	= 0 and ρ ∈ ( − 1, 1), then the calculation of the simultaneous ruin probability is much
more difficult to deal with, since there is no substitute for the Gordon inequality and the cur-
rent methodology cannot cover the approximation of extremes of vector-valued dependent risk
processes; see also the discussion in Section 2. In order to understand the asymptotic behaviour
of the simultaneous ruin probability as the initial capital u tends to infinity, we present next a
sharp bound for ψ(u, v), which also gives some insights on the asymptotic approximation of
the simultaneous ruin probability when u tends to infinity.

First, observe that, for any u, c1, c2, we have

ψ(u, au) ≤ min

(
P

{
sup

t∈[0,1]
(W1(t) − c1t)> u

}
, P

{
sup

t∈[0,1]
(W2(t) − c2t)> au

})
= : g(u, au).

In view of (1), the upper bound g(u, au) can be calculated explicitly. However, if a ∈ (ρ, 1]
this upper bound is too rough, as the next result shows. Throughout the following, 1( · ) is the
indicator function and ρ∗ =√

1 − ρ2 ∈ [0, 1]. Further, � = 1 −� with� the standard normal
distribution on R.

Proposition 1.1 For c1, c2 ∈R, (u, v) ∈R
2 \ ( − ∞, 0]2, and ρ ∈ ( − 1, 1] we have

P {W1(1)> u + c1,W2(1)> v + c2} ≤ψ(u, v)

≤ P {W1(1)> u + c1,W2(1)> v + c2}
P {W1(1)>max (0, c1),W2(1)>max (0, c2)} .

The main result of this contribution, given in Theorem 2.1 below, shows that a precise
asymptotic approximation of ψ(u, au) as u → ∞ can be obtained by using more advanced
techniques. Theorem 2.1 presents an interesting insight on the simultaneous probability of ruin
given the correlation ρ that governs the risk processes R1 and R2. For this case, we have that if
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the proportion of initial capitals between the second and first risk processes is larger than the
correlation function, i.e. a>ρ, then the ruin probability is much smaller.

Related results for the infinite time horizon are obtained in [2, 3, 5, 7, 16, 18, 22]. The
first three papers consider the case that ρ = 1. In [7] the case ρ ∈ ( − 1, 1) is dealt with,
and [22] extends [2, 3] to the d-dimensional setup of non-degenerated risk processes of
Sparre–Andersen type.

For the bivariate BRM we have that the asymptotic behaviour of the simultaneous ruin prob-
ability for a finite time horizon when u → ∞ compared with the results of [7] is completely
different. The leading term in the asymptotics of the finite time horizon ruin probability is
e−qa,ρu2/2 with

qa,ρ = 1−2aρ + a2

1 − ρ2
1(a>ρ) + 1(a ≤ ρ). (5)

Note that if a ∈ (ρ, 1), then qa,ρ > 1. In the infinite time horizon, the leading term in the
asymptotic of simultaneous ruin probability equals e−ca,ρu for some positive ca,ρ ; see [5, 7].
Consequently, in the bivariate BRM the same relation as (2) holds between the simultaneous
ruin probability in the finite and infinite time horizon. Moreover, the pre-factor in the latter
case is given in terms of the multi-dimensional Pickands constant, whereas, as we show in
the next section, in the former case the pre-factor is given in terms of a new constant (called
the bivariate Piterbarg constant). The Piterbarg and Pickands constants are very different from
each other; see, e.g., [6]. These facts show in particular that the results of [7] are not useful for
the approximation of ψ(u, au) as u → ∞.

In the literature, two-dimensional risk models are mainly concerned with heavy-tailed
setups; see, e.g., [10, 11, 14, 25] and the references therein. In view of the tail behaviour of
the Gaussian distribution, the two-dimensional BRM corresponds to the light-tail case, which
is very different from the heavy-tailed one; see [1] for some explanations and the difficulties in
the light-tailed settings.

The rest of the paper is organised as follows. In the next section we give short discussions
of our results and the approximation of the conditional ruin time. All the proofs are displayed
in Section 3.

2. Results

Let (W1,W2) have representation (4) with ρ ∈ ( − 1, 1), and set W∗
i (t) = Wi(t) − cit, i =

1, 2. For a ∈ (ρ, 1] let the positive constant Ca,ρ be given by

Ca,ρ =
∫
R2

P

{
there exists t ≥ 0 :

W1(t) − t> x
W2(t) − at> y

}
eλ1x+λ2y dx dy,

where

λ1 = 1 − aρ

1 − ρ2
, λ2 = a − ρ

1 − ρ2
(6)

are both positive. The finiteness of Ca,ρ is not obvious, and in fact is implied by the particular
choise of λ1 and λ2 defined above. The constant Ca,ρ is new, appearing for the first time in our
contribution, in the approximation ofψ(u, au). It is a bivariate counterpart of the Piterbarg con-
stant; see, e.g., [6] for its definition. As we shall show below, for a ∈ (ρ, 1] the approximation
that we obtain is

ψ(u, au) ∼ Ca,ρu−2ϕρ(u + c1, au + c2), u → ∞, (7)

https://doi.org/10.1017/jpr.2020.14 Published online by Cambridge University Press

https://doi.org/10.1017/jpr.2020.14


Simultaneous ruin probability 601

where ϕρ stands for the joint probability density function (PDF) of (W1(1),W2(1)), and ∼
means the asymptotic equivalence of two functions when the argument u tends to infinity. In
view of [13, Lemma 2] we also have

P
{
W∗

1 (1)> u,W∗
2 (1)> au

}∼ 1

λ1λ2
u−2ϕρ(u + c1, au + c2), u → ∞,

so the claim in (7) says that ψ(u, au) is asymptotically, up to the constant Ca,ρ/(λ1λ2), the
same as the joint survival probability P

{
W∗

1 (1)> u,W∗
2 (1)> au

}
. This is expected since both

W1 and W2 have maximal variance on [0,1] at 1. In order to derive the exact asymptotics of
ψ(u, au) we need to find an interval around the point of maximum of variance (sometimes
called the informative interval), say [Tu, 1], such that

ψ(u, au) ∼ P
{
there exists t ∈ [Tu, 1] : W∗

1 (t)> u,W∗
2 (t)> au

}
,

where limu→∞ Tu = 1. From the analysis of the one-dimensional BRM we know that the infor-
mative interval is [1 − ln u/u2, 1]. Utilising a novel idea, we show that the informative interval
can be taken to be shorter. This is achieved with the help of Lemma 3.2 in Section 3. The
asymptotics of

P
{
there exists t ∈ [1 −	/h2, 1] : W∗

1 (t)> u,W∗
2 (t)> au

}
for any	> 0 can be derived using the relation with the Brownian bridge and the self-similarity
of Brownian motion, see Lemma 3.2.

The case a ≤ ρ is slightly easier, but requires similar steps to the above to obtain a rigorous
proof.

Theorem 2.1 Let c1, c2 be two given constants and let ρ ∈ ( − 1, 1).

(i) If a ∈ (ρ, 1] then (7) holds.

(ii) If a ≤ ρ then, as u → ∞,

ψ(u, au) ∼ 2
√

2π (1 − ρ2)�∗(c1ρ − c2) exp

{
(c2 − ρc1)2

2(1 − ρ2)

}
u−1ϕρ(u + c1, ρu + c2),

where �∗(c1ρ − c2) = 1 if a<ρ and �∗ is the distribution function of
√

1 − ρ2W1(1)
when a = ρ.

Remark 2.1.

(i) Piterbarg constants are completely different from Pickands constants, see, e.g.,
[6, 20, 23]. The multivariate Pickands constants which are different from Ca,ρ appear
in the study of simultaneous ruin in the infinite time horizon; see [7].

(ii) In view of [13, Lemma 2] and Theorem 2.1 we have, if a ≤ ρ,

ψ(u, au) ∼ 2P {W1(1)> u + c1,W2(1)> au + c2}
∼ 2�∗(c1ρ − c2)P{W1(1)> u + c1}, u → ∞.

(iii) By (7), Theorem 2.1, and Proposition 1.1,

Ca,ρ ≤ 1

λ1λ2P {W1(1)>max (0, c1),W2(1)>max (0, c2)} ,
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provided that a ∈ (ρ, 1). Since Ca,ρ does not depend on c1 and c2, letting c1, c2 tend to
0 and using the well-known orthant probability formula, the above implies

Ca,ρ ≤ 4π

λ1λ2(π + 2 arcsin (ρ))
.

Theorem 2.1 enables us to analyse the simultaneous ruin time τsim(u) defined by

τsim(u) = inf{t ∈ [0, 1] : W1(t) − c1t> u,W2(t) − c2t> au}.
Denote by τ ∗

sim(u) the conditional ruin time τsim(u) | τsim(u) ≤ 1. Our result below
shows that u2(1 − τ ∗

sim(u)) converges as u → ∞ to an exponentially distributed random
variable.

Theorem 2.2. If a ≤ 1, ρ ∈ ( − 1, 1), and x ≥ 0, then with qa,ρ defined in (5) we have

lim
u→∞ P

{
u2(1 − τ ∗

sim(u)) ≤ x
}

= 1 − exp
(−qa,ρx/2

)
.

Note that if a>ρ then qa,ρ > 1, and qa,ρ = 1 for a ≤ ρ. Also note that, contrary to the
findings of Theorem 2.2, the conditional ruin time considered in [7] is approximated by an
N(0,1).

3. Proofs

First recall that in our notation B1, B2 are two independent standard Brownian motions and
(W1,W2) has the law given by (4) for some ρ ∈ ( − 1, 1). In order to shorten the notation, in the
following we set W∗

i (t) = Wi(t) − cit, i = 1, 2, with c1, c2 two given constants (not necessarily
positive). As in Section 2, ϕρ stands for the PDF of (W1(1),W2(1)) below.

3.1. Proof of Proposition 1.1

The proof of the lower bound is immediate. For the proof of the upper bound we follow
the same idea as in the proof of [17, Theorem 1.1]. We shall use the standard notation for vec-
tors, which are denoted in bold. Let W(t) = (W1(t),W2(t)) and c = (c1, c2). For u = (u1, u2) ∈
R

2 \ ( − ∞, 0]2, define Bu = {(x, y) ∈R
2 : (x = u1 ∧ y ≥ u2) ∨ (x ≥ u1 ∧ y = u2)} (where ∧ is

logical ‘and’, ∨ is logical ‘or’) as the boundary of the set {(x, y) ∈R
2 : x ≥ u1, y ≥ u2}, and

τ (u) = inf{t∈ [0, 1]:W1(t) − c1t ≥ u1,W2(t) − c2t ≥ u2}. Observe that

P {W1(1) − c1 ≥ u1,W2(1) − c2 ≥ u2}

=
∫ 1

0
P {τ (u) ∈ dt}

∫
Bu

P{W(t) − ct ∈ dx | τ (u) = t}P{W(1 − t) − c(1 − t) ≥ u − x},
where we used the strong Markov property and the fact that W(1) − W(t) has the same law as
W(1 − t) for any t ∈ [0, 1]. Since for x1 ≥ u1, x2 ≥ u2 and any t ∈ [0, 1] we have

P {W(1 − t) − c(1 − t) ≥ u − x} ≥ P {W(1 − t) ≥ c̃(1 − t)}
= P

{
W(1) ≥ c̃

√
1 − t

}
≥ P {W(1) ≥ c̃} ,

where c̃ = (max (c1, 0),max (c2, 0)), the proof is complete. �
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3.2. Proof of Theorem 2.1

In the following, let δ(u, T) = 1 − Tu−2 for T, u> 0. Before proceeding to the proof of
Theorem 2.1 we present two lemmas: Lemma 3.2, which provides a sharp upper bound for

m(u, T) = P {there exists t ∈ [0, δ(u, T)] : W1(t) − c1t> u,W2(t) − c2t> au} ,
and Lemma 3.2, which yields precise asymptotics of

M(u, T) = P {there exists t ∈ [δ(u, T), 1] : W1(t) − c1t> u,W2(t) − c2t> au}
as u → ∞.

Lemma 3.1. For any T > 0, a ∈ ( − ∞, 1], and all sufficiently large u,

m(u, T) ≤ e−T/8 P {W1(1) ≥ u + c1,W2(1) ≥ au + c2}
P {W1(1)>max (c1, 0),W2(1)>max (c2, 0)} .

Proof. For notational simplicity we suppress the argument u, writing only δ(T) instead of
δ(u, T) in the following. By the self-similarity of Brownian motion, combined with Proposition
1.1, for any u> 0,

m(u, T) = P
{
there exists t ∈ [0, 1] : W1(t) − c1δ

1/2(T)t> δ−1/2(T)u,

W2(t) − c2δ
1/2(T)t> δ−1/2(T)au

}
≤ P {W1(δ(T)) ≥ u + c1δ(T),W2(δ(T)) ≥ au + c2δ(T)}

P {W1(1)>max (c1, 0),W2(1)>max (c2, 0)} .

Since, for sufficiently large u (setting ν = δ−1/2(T), ν = δ−1/2(T/2), and recalling that both
ν and ν depend on u),

νu + c1/ν ≥ ν(u + c1), νau + c2/ν ≥ ν(au + c2),

then we have

P {W1(1) ≥ νu + c1/ν,W2(1) ≥ νau + c2/ν}
≤ P {W1(1) ≥ ν(u + c1),W2(1) ≥ ν(au + c2)}
= ν2

∫ ∞

u+c1

∫ ∞

au+c2

ϕρ (νx, νy) dx dy

for sufficiently large u. Taking into account that

ϕρ (νx, νy)= 1

2π (1 − ρ2)
exp

(
− ν2

2(1 − ρ2)
(x2 − 2ρxy + y2)

)
≤ 1

2π (1 − ρ2)
exp

(
− 1 + Tu−2/2

2(1 − ρ2)
((ρx − y)2 + (1 − ρ2)x2)

)
≤ ϕρ(x, y) exp

(
− Tu−2

4
x2
)
,

we obtain, for sufficiently large u,

ν2
∫ ∞

u+c1

∫ ∞

au+c2

ϕρ (νx, νy) dx dy ≤ ν2
∫ ∞

u+c1

∫ ∞

au+c2

ϕρ (x, y) exp

(
−Tu−2

4
x2
)

dx dy

≤ exp

(
−T

8

)
P {W1(1) ≥ u + c1,W2(1) ≥ au + c2} .

This completes the proof. �
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Lemma 3.2.

(i) For any a ∈ (ρ, 1] and any T > 0 we have

M(u, T) ∼ u−2ϕρ(u + c1, au + c2)I(T), u → ∞,

where

I(T) =
∫
R2

P

{
there exists t ∈ [0, T] :

W1(t) − t> x
W2(t) − at> y

}
eλ1x+λ2y dx dy ∈ (0,∞).

(ii) For any a ≤ ρ and T > 0 with ρ ∈ ( − 1, 1) we have

M(u, T) ∼ u−1ϕρ(u + c1, ρu + c2)I(T), u → ∞,

where

I(T) =
∫
R2

P

{
sup

t∈[0,T]
(W1(t) − t)> x

}[
1(a<ρ) + 1(y<0, a = ρ)

]
× exp

{
x − y2 − 2y(c2 − c1ρ)

2(1 − ρ2)

}
dx dy.

Proof. For any x, y and ux = u + c1 − x/u, uy = au + c2 − y/u we have (recall that the PDF
of (W1(1),W2(1)) is denoted by ϕρ)

ϕρ(ux, uy) = : ϕρ(u + c1, au + c2)ψu(x, y) ∼ ϕρ(u + c1, au + c2)eλ1x+λ2y, u → ∞,

where the λi are defined in (6) and a = : b means that b is defined by a. Set

ux,y = uy − ρux = (a − ρ)u − (y − ρx)/u + c2 − ρc1,

and let B1, B2 be two independent standard Brownian motions. The above convergence holds
for almost all x, y ∈R. For any u> 0, set t̄u = 1 − t/u2.

(i) Recalling that W∗
i (t) = Wi(t) − cit, we have

M(u, T) = u−2
∫
R2

P
{
there exists t ∈ [δ(u, T), 1] :

W∗
1 (t)> u,W∗

2 (t)> au
∣∣W1(1) = ux,W2(1) = uy

}
ϕρ(ux, uy) dx dy

= A(u)
∫
R2
ψu(x, y) dx dy

P

{
there exists {t ∈ [0, T] :

B1(t̄u) − c1 t̄u > u
ρB1(t̄u) + ρ∗B2(t̄u) − c2 t̄u > au

∣∣∣∣ B1(1) = ux

ρ∗B2(1) = ux,y

}
= : A(u)

∫
R2

hu(T, x, y)ψu(x, y) dx dy,

where ρ∗ =√
1 − ρ2 and A(u) = u−2ϕρ(u + c1, au + c2). For notational simplicity we

also define

Bu,1(t) = B1(t̄u) | (B1(1) = ux) − t̄uux, t ≥ 0,

Bu,2(t) = B2(t̄u) | (ρ∗B2(1) = ux,y) − t̄uux,y/ρ
∗, t ≥ 0.
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Since Cov(B1(1), B1(t) − tB1(1)) = 0 for t ∈ [0, 1], B1(1) is independent of B1(t) −
tB1(1) for all t ∈ [0, 1]. Hence we have the equality in distribution (abbreviated as

d=)

B1(t̄u) | (B1(1) = ux) = B1(t̄u) − t̄uB1(1) + t̄uB1(1) | (B1(1) = ux)
d= t̄uux + B1(t̄u) − t̄uB1(1).

Consequently, for any s, t ∈ [0, T],

lim
u→∞ u2Var(Bu,1(t) − Bu,1(t)) = lim

u→∞ u2Var(B1(tu) − B1(su)) = |t − s| . (8)

Since, further,
lim

u→∞ ut̄u(ux − c1 − u) = −t − x

for all t ∈ [0, T], x ∈R, applying [24, Proposition 9.7] we obtain the following weak con-
vergence as u → ∞ on the space C([0, T]) of continuous functions on [0, T] equipped
with the supremum norm:

u
[
Bu,1(t) + t̄uux − c1 t̄u − u

]→ B1(t) − t − x, t ∈ [0, T].

The above implies the weak convergence, as u → ∞,

uρ∗Bu,2(t) + u
[
t̄uux,y − (c2 − ρc1)t̄u − u(a − ρ)

]
→ ρ∗B2(t) − (a − ρ)t − (y − ρx), t ∈ [0, T],

for any x, y ∈R. Next, define, for x, y ∈R,

h(T, x, y) = P

{
sup

t∈[0,T]
min

(
B1(t) − t − x, B12(t) − y

)
> 0

}
,

where B12(t) = ρ[B1(t) − t] + ρ∗[B2(t) − t(a − ρ)/ρ∗]. Note that by the independence
of B1 and B2 we have that (B1(t)−t, B12(t)), t ≥ 0, has the same law as

(W1(t) − t,W2(t) − at), t ≥ 0,

implying that h(T, x, y)> 0.
Observe that, for any (x, y) ∈R

2 and δ > 0,

h(T, x − δ, y − δ) − h(T, x, y)

= h(T, x − δ, y − δ) − h(T, x − δ, y) + h(T, x − δ, y) − h(T, x, y)

≤ P

{
there exists t ∈ [0, T] :

W1(t) − t> x − δ

W2(t) − at ∈ (y − δ, y]

}

+ P

{
there exists t ∈ [0, T] :

W1(t) − t ∈ (x − δ, x]

W2(t) − at> y

}

≤ P

{
sup

t∈[0,T]
(W2(t) − at) ∈ (y − δ, y]

}
+ P

{
sup

t∈[0,T]
(W1(t) − t) ∈ (x − δ, x]

}
→ 0

https://doi.org/10.1017/jpr.2020.14 Published online by Cambridge University Press

https://doi.org/10.1017/jpr.2020.14
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as δ→ 0, by (1). Consequently, the function

f (z) = P

{
sup

t∈[0,T]
min

(
W1(t) − t − x,W2(t) − at − y

)
> z

}

is left continuous at z = 0 for all (x, y) ∈R
2, since f (z) = h(T, x + z, y + z). Moreover,

using that f (z) is a survival function, it is also right continuous at z = 0. Hence, f (z) is
continuous at z = 0 for any (x, y) ∈R

2.
Since B1, B2 are independent, it follows by the continuous mapping theorem (the
functional below is continuous on the space C([0, T])) that

hu(T, x, y) =
P

{
there exists t ∈ [0, T] :

Bu,1(t) + t̄uux − c1 t̄u > u
ρ[Bu,1(t) + t̄uux] + ρ∗[Bu,2(t) + t̄uux,y/ρ

∗] − c2 t̄u > au

}
= P

{
sup

t∈[0,T]
min

(
u(Bu,1(t) + t̄u(ux − c1) − u), u(ρ[Bu,1(t) + t̄uux]

+ ρ∗[Bu,2(t) + t̄uux,y/ρ
∗] − c2 t̄u − au)

)
> 0

}
→ h(T, x, y), u → ∞.

Hence, using the dominated convergence theorem, we have

M(u, T) = A(u)
∫
R2

hu(T, x, y)ψu(x, y) dx dy

∼ A(u)
∫
R2

h(T, x, y)eλ1x+λ2y dx dy, u → ∞.

The application of the dominated convergence theorem can be justified as follows. First
note that for c = (c1, c2)
, z = (x, y)
, and � the covariance matrix of (W1(1),W2(1)),

ψu(x, y) = ϕρ(ux, uy)

ϕρ(u + c1, au + c2)

= exp
{
λ1x + λ2y + c
�−1z/u − z
�−1z/(2u2)

}
. (9)

Moreover, for x, y ≥ 0, some positive constants C, C̄,C1, and ε > 0 sufficiently small,
in view of (8), the Piterbarg inequality (see, e.g., [23, Theorem 8.1]) implies that

hu(T, x, y) =
P

{
sup

t∈[0,T]
min

(
u(Bu,1(t) + t̄u(ux − c1) − u), u(ρ[Bu,1(t) + t̄uux]

+ ρ∗[Bu,2(t) + t̄uux,y/ρ
∗] − c2 t̄u − au)

)
> 0

}
≤ P

{
sup

t∈[0,T]

(
u(Bu,1(t) + t̄u(ux − c1) − u) + u(ρ[Bu,1(t) + t̄uux]

+ ρ∗[Bu,2(t) + t̄uux,y/ρ
∗] − c2 t̄u − au)

)
> 0

}
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≤ P

{
sup

t∈[0,T]

(
uBu,1(t) + uρBu,1(t) + uρ∗Bu,2(t) − (t(a + 1) + x + y − ε)

)
> 0

}
≤ P

{
sup

t∈[0,T]

(
uBu,1(t) + uρBu,1(t) + uρ∗Bu,2(t)

)
> x + y − C1

}
≤ C̄e−C(x+y)2 ≤ C̄e−C(x2+y2);

for x ≥ 0, y ≤ 0,

hu(T, x, y) ≤ P

{
sup

t∈[0,T]
u(Bu,1(t) + t̄u(ux − c1) − u)> 0

}
≤ C̄e−Cx2

;

and for x ≤ 0, y ≥ 0,

hu(T, x, y) ≤ P

{
sup

t∈[0,T]
u(ρ[Bu,1(t) + t̄uux] + ρ∗[Bu,2(t) + t̄uux,y/ρ

∗] − c2 t̄u − au)> 0

}
≤ C̄e−Cy2

.

Hence, using (9), we have∫
x≥0,y≥0

hu(T, x, y)ψu(x, y) dx dy ≤ C̄
∫ ∞

0
e(λ1+ε)xe−Cx2

dx
∫ ∞

0
e(λ2+ε)ye−Cy2

dy<∞
∫

x≥0,y≤0
hu(T, x, y)ψu(x, y) dx dy ≤ C̄

∫ 0

−∞
e(λ2−ε)y dy

∫ ∞

0
e(λ1+ε)xe−Cx2

dx<∞
∫

x≤0,y≥0
hu(T, x, y)ψu(x, y) dx dy ≤ C̄

∫ 0

−∞
e(λ1−ε)x dx

∫ ∞

0
e(λ2+ε)ye−Cy2

dy<∞
∫

x≤0,y≤0
hu(T, x, y)ψu(x, y) dx dy ≤

∫ 0

−∞
e(λ1−ε)x dx

∫ 0

−∞
e(λ2−ε)y dy<∞,

which confirms the validity of the dominated convergence theorem.

(ii) Next, when a ≤ ρ we shall apply a different transformation, namely

ux = u + c1 − x/u, uy = ρu + c2 − y.

With this notation we have

ux,y = uy − ρux = ρx/u − y + c2 − ρc1

and

ϕρ(ux, uy) = : ψu(x, y) exp

{
x − y2

2(1 − ρ2)

}

∼ ϕρ(u + c1, ρu + c2) exp

{
x − y2 − 2y(c2 − c1ρ)

2(1 − ρ2)

}
, u → ∞.
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For any x, y ∈R we thus have

lim
u→∞ hu(T, x, y) = P

{
sup

t∈[0,T]
(W1(t) − t)> x

}[
1(a<ρ) + 1(y< 0, a = ρ)

]
+ P

{
sup

t∈[0,T]
min

(
W1(t) − t − x,W2(t) − at

)
> 0

}
1(y = 0, a = ρ)

= : h(T, x, y).

Setting A(u) = u−1ϕρ(u + c1, ρu + c2) with similar arguments as above, we have

M(u, T)

= u−1
∫
R2

P
{
there exists t ∈ [δ(u, T), 1]:

W∗
1 (t)> u,W∗

2 (t)> au
∣∣W1(1) = ux,W2(1) = uy

}
ϕρ(ux, uy) dx dy

= u−1
∫
R2
ψu(x, y)exp

{
x − y2

2(1 − ρ2)

}
×

P

{
there exists t ∈ [0, T] :

B1(t̄u) − c1 t̄u > u
ρB1(t̄u) + ρ∗B2(t̄u) − c2 t̄u > au

∣∣∣∣∣ B1(1) = ux

ρ∗B2(1) = ux,y

}
dxdy

∼ A(u)
∫
R2

h(T, x, y) exp

{
x − y2 − 2y(c2 − c1ρ)

2(1 − ρ2)

}
dx dy, u → ∞.

The application of the dominated convergence theorem is simpler in this case and is
therefore omitted. �

Proof of Theorem 2.1. Recall first that we define δ(u, T) = 1 − Tu−2. In view of Lemma 3.2
combined with Proposition 1.1, we immediately obtain that

lim
T→∞ lim

u→∞
P
{
there exists t ∈ [0, δ(u, T)] : W∗

1 (t)> u,W∗
2 (t)> au

}
ψ(u, au)

= 0.

Hence, recalling that M(u, T) = P
{
there exists t ∈ [δ(u, T), 1] : W∗

1 (t)> u,W∗
2 (t)> au

}
, and

using that

M(u, T) ≤ψ(u, au) ≤ P
{
there exists t ∈ [0, δ(u, T)] : W∗

1 (t)> u,W∗
2 (t)> au

}+ M(u, T),

we obtain

lim
T→∞ lim

u→∞
M(u, T)

ψ(u, au)
= 1.

Consequently, in view of Lemma 3.2, it suffices to prove that

lim
T→∞ I(T) ∈ (0,∞),

where I(T) is defined in Lemma 3.2. We derive this considering separately a ∈ (ρ, 1] and a ≤ ρ.

(i) If a ∈ (ρ, 1], then

lim
T→∞ I(T) = lim

T→∞

∫
R2

h(T, x, y)eλ1x+λ2y dx dy

=
∫
R2

h̃(T, x, y)eλ1x+λ2y dx dy,
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where the function h is as in the proof of Lemma 3.2, λ1, λ2 are positive constants
defined in (6), and

h̃(x, y) = lim
T→∞ h(T, x, y).

We have the following upper bound:∫
R2

h̃(x, y)eλ1x+λ2y dx dy

≤
∞∑

i=0

∫
R2

h([i, i + 1], x, y)eλ1x+λ2y dx dy

=
∞∑

i=0

∫
R2

P

{
there exists t ∈ [i, (i + 1)] :

W1(t) − t> x
W2(t) − at> y

}
eλ1x+λ2x2 dx dy

≤
∞∑

i=0

∫
R2

P

{
sup

t∈[i,(i+1)]
(W1(t) − t)> x, sup

t∈[i,(i+1)]
(W2(t) − at)> y

}
eλ1x+λ2x2 dx dy

= 1

λ1λ2

∞∑
i=0

E

{
eλ1Mi+λ2M∗

i

}
.

Using further the independence of increments of the Brownian motion, the following
equality in distribution holds:

(Mi,M∗
i ) =

(
sup

t∈[i,i+1]
(W1(t) − t), sup

t∈[i,i+1]
(W2(t) − at)

)
d=
(

sup
t∈[0,1]

(W1(t) − t), sup
t∈[0,1]

(W2(t) − at)

)
+
(

V1(i) − i, V2(i) − ai
)

=: (Q1,Q2) +
(

V1(i) − i, V2(i) − ai
)
,

with (V1, V2) an independent copy of (W1,W2). By the definition of λ1 and λ2 we have
λ1 + λ2ρ = 1. Consequently, since for Ṽ2 an independent copy of V1

λ1V1(i) + λ2V2(i)
d= (λ1 + λ2ρ)V1(i) + λ2ρ

∗Ṽ2(i) = V1(i) + λ2ρ
∗Ṽ2(i),

we obtain

ln E
{
eλ1Mi+λ2M∗

i
}− ln E

{
eλ1Q1+λ2Q2

}= i

2
+ (a − ρ)2

2(1 − ρ2)
i − 1 − aρ

1 − ρ2
i − a − ρ

1 − ρ2
ai

= − i

2(1 − ρ2)
[2 + 2a2 − (1 − ρ2) − (a − ρ)2]

= −i
κ

2
,

where κ = 1−2aρ+a2

1−ρ2 > 1. Consequently, by the monotone convergence theorem,

lim
T→∞

∫
R2

h(T, x, y)eλ1x+λ2y dx dy =
∫
R2

h̃(x, y)eλ1x+λ2y dx dy ∈ (0,∞),

implying the claim.
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(ii) Next, suppose that a ≤ ρ. Again by Lemma 3.2, the proof that limT→∞ I(T) ∈ (0,∞)
follows if we show that ∫

R

ex
P

{
sup
t≥0

(W1(t) − t)> x

}
dx<∞.

In view of the fact that P
{
supt≥0 (W1(t) − t)> x

}= e−2x for x ≥ 0, we have that∫
R

ex
P

{
sup
t≥0

(W1(t) − t)> x

}
dx = 2,

implying that, for a<ρ,∫
R2

h̃(x, y) exp

{
x − y2 − 2y(c2 − c1ρ)

2(1 − ρ2)

}
dx dy = 2

∫
R

exp

{
− y2 − 2y(c2 − c1ρ)

2(1 − ρ2)

}
dy

= 2
√

2π (1 − ρ2) exp

{
(c2 − ρc1)2

2(1 − ρ2)

}
,

and for a = ρ,∫
R×(−∞,0)

h̃(x, y) exp

{
x − y2 − 2y(c2 − c1ρ)

2(1 − ρ2)

}
dx dy

= 2
∫ ∞

0
exp

{
− y2 − 2y(c1ρ − c2)

2(1 − ρ2)

}
dy

= 2 exp

{
(c2 − ρc1)2

2(1 − ρ2)

} ∫ ∞

0
exp

{
− (y − (c1ρ − c2))2

2(1 − ρ2)

}
dy

= 2 exp

{
(c2 − ρc1)2

2(1 − ρ2)

}√
2π (1 − ρ2)�

(
(c1ρ − c2)/

√
1 − ρ2

)
,

where � is the standard normal distribution, hence the proof follows easily. �

3.3. Proof of Theorem 2.2

We focus only on the case c1, c2 ≥ 0, since other scenarios follow by similar arguments.
Recalling that W∗

i (t) = Wi(t) − cit, and using that, for any u> 0 and x> 0,

P
{
u2(1 − τsim(u))> x | τsim(u) ≤ 1

}
=

P

{
there exists t ∈ [0, 1 − x

u2

]
: W∗

1 (t)> u,W∗
2 (t)> au

}
P
{
there exists t ∈ [0, 1] : W∗

1 (t)> u,W∗
2 (t)> au

} ,

in conjunction with Theorem 2.1, we are left with finding the asymptotics of

P

{
there exists t ∈

[
0, 1 − x

u2

]
: W∗

1 (t)> u,W∗
2 (t)> au

}
as u → ∞. By the self-similarity of W1,W2 we have, denoting x̄u = 1 − x/u2,

�(u, x) := P
{
there exists t ∈ [0, x̄u] : W∗

1 (t)> u,W∗
2 (t)> au

}
= P

{
there exists t ∈ [0, 1] :

√
x̄uW1(t) − c1tx̄u > u,

√
x̄uW2(t) − c2tx̄u > au

}
.
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Consequently, for all u, x positive,

�(u, x) ≥ψ
(

u√
x̄u
,

au√
x̄u

)
(10)

and

�(u, x) ≤ψ
(

u√
x̄u

− c1x

u2
,

au√
x̄u

− c2x

u2

)
. (11)

Hence, the proof follows by a direct application of Theorem 2.1 to (10) and (11). �
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[4] BAI, L., DȨBICKI, K. AND LIU, P. (2018). Extremes of vector-valued Gaussian processes with trend. J. Math.
Anal. Appl. 465, 47–74.

[5] BOROVKOV, K. AND PALMOWSKI, Z. (2019). The exact asymptotics for hitting probability of a remote orthant
by a multivariate Lévy process: The Cramér case. In 2017 MATRIX Annals (MATRIX Book Series 2), eds D.
Wood, J. de Gier, C. Praeger, and T. Tao. Springer, Cham.
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