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Abstract For a positive integer n let X, be either the algebra M, of n X n complex matrices, the set
Ny of all n X n normal matrices, or any of the matrix Lie groups GL(n), SL(n) and U(n). We first
give a short and elementary argument that for two positive integers m and n there exists a continuous
spectrum-shrinking map ¢ : X, = My, (i.e., sp(¢(X)) C sp(X) for all X € Xy,) if and only if n divides
m. Moreover, in that case we have the equality of characteristic polynomials ky(x)(-) = kx(-)n for
all X € AX,, which in particular shows that ¢ preserves spectra. Using this, we show that whenever
n > 3, any continuous commutativity-preserving and spectrum-shrinking map ¢ : X, — M, is of the
form ¢() = T()T™! or ¢(-) = T()!T~1, for some T € GL(n). The analogous results fail for the
special unitary group SU(n) but hold for the sets of semisimple matrices in either GL(n) or SL(n). As
a consequence, we also recover (a strengthened version of) Semr!’s influential characterization of Jordan
automorphisms of M,, via preserving properties.

Keywords: invertible matrices; unitary matrices; spectrum shrinker; spectrum preserver; commutativity
preserver; Jordan homomorphism
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1. Introduction

The present paper fits into the body of literature revolving around classifying maps
between various matrix domains which preserve spectra or various other invariants/prop-
erties. A few recollections will help appreciate the general flavour of the topic.

Denote by M, the algebra of n x n complex matrices, by GL(n) its group of invertible
elements, and by U(n) the unitary group. It is well-known that any non-zero Jordan
endomorphism ¢ of M,, (i.e., [19, § I.1] a linear map ¢ : M,, — M,, with ¢(XY +Y X) =
d(X)p(Y)+o(Y)p(X) for all X,Y € M,,) is either a conjugation by an invertible matrix,
or a conjugation composed with transposition:
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Continuous spectrum-shrinking maps and applications to preserver problems 1341
¢()=TOTH o ¢()=T() T, (1.1)

for some T' € GL(n) (see e.g., [17, 35]). There are numerous results in the ever-growing
literature characterizing Jordan morphisms between matrix and more general (operator)
algebras via suitable (linear or nonlinear) preserving properties. One of the most promi-
nent nonlinear preserver characterizations of Jordan automorphisms of M,, is Semrl’s [36,
Theorem 1.1]:

Theorem A (Semrl’s). Let ¢ : M,, — M,,n > 3, be a continuous commutativity-
and spectrum-preserving map. Then there exists T € GL(n) such that ¢ is of the
form (1.1).

Recall that a map ¢ : M,, — M,, preserves
e commutativity if
VX,YeM, : [X,)Y]=XY-YX=0= [¢(X),o(Y)]=0;
e and spectra if sp(¢(X)) = sp(X) for all X € M,.

The first version of this result was in fact formulated by Petek and Semrl in [30], with
an additional assumption that ¢ preserves commutativity in both directions or rank-one
matrices. For other related results and further generalizations, we refer to [13, 14, 28, 29]
and the references within.

We now turn to the main objective of the paper. First recall that if A and B are unital
(Banach) algebras, then a map ¢ : A — B is said to be spectrum-shrinking if sp(¢(x)) C
sp(zx) for all x € A. Motivated by Theorem A, the famous Kaplansky—Aupetit question
(asking whether Jordan epimorphisms between unital semisimple Banach algebras can
be characterized as linear spectrum-shrinking surjective maps, see e.g., [1, 4, 21]) and the
results of [7], the question arises of whether an arbitrary continuous spectrum-shrinking
map ¢ : M,, — M,, (if such exists) automatically preserves spectra.

The issue of spectrum shrinking versus spectrum preservation becomes even more
salient given its connection to Kaplansky’s problem: finding sufficient conditions that will
ensure an invertibility-preserving map (between complex unital algebras, in our context)
is a Jordan morphism. Linear unital maps ¢ between unital Banach algebras

e preserve and reflect invertibility, i.e.,
¢(x) invertible <=z invertible,

precisely when they preserve spectra;
e and preserve invertibility exactly when they shrink spectra instead.

Any characterization/classification result involving spectrum preservation will have a

potential spectrum-shrinking counterpart, but the literature seems to suggest such
improvements are not always routine:
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e [34, Theorem 1.1] and [20, Theorem 2] characterize linear surjections between
bounded-endomorphism algebras of Banach spaces which both preserve and reflect
invertibility. The former, in particular, gives a very short proof of the main result;

e By contrast, a partial analogue [37, Theorem 1.1] requiring only invertibility
preservation is substantially more involved.

e Similarly non-trivial are the techniques involved in characterizing invertibility-
preserving linear maps between matrix algebras in [10, Theorem 2] or [31,
Theorem 4.1], say.

Returning to the question of the extent to which spectrum shrinking entails automatic
spectrum preservation, it turns out this is indeed the case even upon restricting the
domain of ¢ to GL(n), U(n), or any number of other topological matrix domains of
interest. Corollary 2.2 below provides a sample of possibilities for what those matrix
spaces can be:

Theorem 1.1. Letm,n € Z>1 and take for X, C M, any one of the following subsets:

= M, or the subset of diagonalizable matrices;

= GL(n) or the subset of diagonalizable invertible matrices;

= SL(n) or the subset of diagonalizable determinant-1 matrices;
=U(n);

= N,, — the subset of normal n X n matrices.

e & & o o
RrRRR

Then there exists a continuous spectrum shrinker
¢ Xy — My,
if and only if n divides m, in which case we have the equality
kox) = (kx)™, VX € X,,

where ko denotes the characteristic polynomial of e.

By Remark 2.4, the analogous result fails for the subset H,, of nxn self-adjoint matrices
and the special unitary group SU(n), n > 2, as both sets admit a continuous eigenvalue
selection.

Section 3 focuses instead on results classifying continuous spectrum-shrinking maps
defined on various matrix domains. A paraphrased aggregate of Theorems 3.1 and 3.7
reads as follows.

Theorem 1.2. Letn € Z>3 and ¢ : X,, = M,, a continuous, commutativity-preserving
and spectrum-shrinking map for a subset X, C M,,.

If X, € {GL(n),SL(n),U(n),N,} or consists of the diagonalizable matrices in
either GL(n) or SL(n), then ¢ is either a conjugation or a conjugation composed with
transposition.
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Our proof of the semisimple branch of Theorem 1.2 does not rely on Semrl’s
theorem A. In fact, a simple continuity argument recovers Theorem A via Theorems
1.1 and 1.2.

The techniques employed in proving Theorems 1.1 and 1.2 involve very little direct
computation, being in part algebraic, in part reliant on the topology of the various matrix
sets involved, and in part operator-theoretic: in analysing a qualitatively new candidate

SNS™'+— ST!NS, VnormalN € N, and positiveS € GL(n), (1.2)

(to show that it in fact meets all of the requirements save for continuity) we make crucial
use of the celebrated Putnam—Fuglede theorem [32, Theorem)].

There is some hope of extending the main results, and several directions present
themselves for doing so: other compact matrix Lie groups in place of U(n), various
infinite-dimensional versions of the results, etc. In part, this forms the object of future
work based on adjacent techniques.

2. Leveraging spectrum shrinking into spectrum preservation

To spell out a convenient common generalization, we need some notation.

First of all, by C* we denote the group of non-zero complex numbers. Now let n € Z>.
As usual, we identify vectors in C™ with the corresponding column-matrices. Similarly,
depending on context, we also identify vectors in C™ with corresponding diagonal matri-
ces and vice versa. For a matrix X € M, we denote by kx(z) := det(zl, — X) its
characteristic polynomial (I,, is the identity matrix in M,,). We naturally identify the
symmetric group S, with the n X n permutation matrices, so that S, < GL(n). The
convention pertaining to permutations is that o € S,, < GL(n) operates by

ejr 0 eg3;), (€1,...,en) the standard basis of C"
or, equivalently, the left action on (column) size-n vectors is
(xl,...,xn) = O ($0*1(1)7~-~7xa*1(n))~ (2.1)

The symbol Adg denotes the conjugation (or adjoint) action of a subgroup G < GL(n)
on M, so that for S C M,

AdgS ={gzg™t : z€ 8, g G}.

Given a subset L C C™, by Ay we denote the subset of L that consists of elements
with at least two equal coordinates:

Ar={(z1,...,2n) € L : z; = xy, for somej # k}.
If V is a linear subspace of the algebra T (n) of n xn strictly upper-triangular matrices,

denote by Tp, v = Tr v (n) the set of upper-triangular matrices with diagonal in L and
strictly upper-triangular component in V:
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Tpyv = {diag(M,....,. ) +v : (A1,..., ) €L, veV}

In the statement of Theorem 2.1 below, we refer to the conjugation action of the group
Sp < GL(n) of permutation matrices on the set L of tuples, identified with that of
diagonal matrices. Assuming that L is invariant under the action of S, in C", S,, will
then also act on Ay, on the complement L\ Ay and hence, finally, also on the set of
connected components of L\Ap.

Theorem 2.1. Let n € Z>1, G < GL(n) a closed connected subgroup, V< T (n) a
linear subspace and L C C™ a subset such that

e L\Ay is dense in L;

e L is invariant under the action of S, in C";

e and the isotropy groups of the connected components of L\Ar in GN S, are
transitive on {1,2,...,n}.

Then for an arbitrary m € Z>, there exists a continuous spectrum shrinker
gf) : AdGTL,V — Mm

if and only if n divides m and in that case we have the equality of characteristic
polynomials

m
n

k¢(X) = (kx) , VX € AdeTyv. (2.2)

The proof of Theorem 2.1 is (perhaps surprisingly) both elementary and short; we
provide it below, after first recording a number of specializations to matrix domains that
are naturally of interest. For a subset M C M, we write My, C M for the subset of
semisimple (i.e., diagonalizable) matrices therein.

Corollary 2.2. The conclusion of Theorem 2.1 holds for continuous spectrum-
shrinking maps ¢ : X,, — My, in any of the following cases.

(a) Xp =M, or (My)ss;

(b) X, =GL(n) or GL(n)ss;
(¢c) X, =SL(n) or SL(n)ss;
(d) X, =U(n);

(e) X, =N,.

Proof. This is a simple matter of specifying how to fit the various cases into the
framework of Theorem 2.1 by setting the parameters G, L and V.

(I) The group G. For (a), (b) and (c) it is G := GL(n), while in the other two cases
it is G :=U(n).

(II) The subspace V < T (n). All of T (n) in (a), (b) and (c) for arbitrary (as
opposed to semisimple) matrices, and V := {0} in all other cases.
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(ITII) The subset L C C™. It is L := C" in (a), (C*)™ in (b),
Moo A eC o [ A =1pin (o),
j=1

(S')™ in (d) and again C™ in (e).

In cases (a), (b), (¢) and (e), where L is a connected complex algebraic variety and Ay, a
closed algebraic subset thereof, the complement L\ Ay is connected [9, Proposition 8.3]
so there is nothing further to check with regard to the transitivity hypothesis.

In case (d), L\A[ is precisely the nth configuration space [12, Definition 1.1] C*(S*) con-
sisting of n-tuples of distinct modulus-1 complex numbers. As we will see in Lemma 2.3,
C"(S') is disconnected as soon as n > 3. The same result, however, shows that the isotropy
groups of the connected components are the (transitive) conjugates of the subgroup
generated by the cycle (12 --- n). d

In the following statement, we denote by (n) the cyclic subgroup generated by an
element 7 € .S,, and by 7y (X) the space of components of a topological space X; the space
X = C"(S!) we are concerned with being a manifold, components and path components
coincide [22, Propositions 4.23 and 4.26].

Lemma 2.3. Let n € Z>1. The symmetric group S, acts transitively on the space

7o(C™(SY)) of components of the circle’s nth configuration space, and the isotropy groups
are the conjugates

gng < S, g€S,, n:=(12- - n).

Proof. Consider n distinct points 21, ..., 2z, € S'. Traversing the circle counterclock-
wise will enumerate the points as

Z7r(1)y #7(2)s+ s ”7(n)

for some permutation 7, uniquely determined up to right multiplication by powers of 7.
Associating the class of 7 in S,,/(n) to the component in question provides a map

To(C™(SY) Su/{m). (2.3)

equivariant for the S,, —actions on the (co)domain

That map is surjective because the S,-action on its codomain S,,/(n) is transitive, and
the conclusion will follow once we observe that (2.3) is also injective.

It will suffice to prove that the preimage of (n) € S, /(n) is a singleton (the argument
is not materially different for other cosets). In other words, the goal is to show that

{(21,...,2,) €C™(S") : z; are ordered counterclockwise increasingly with j} (2.4)
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is (path-)connected. To that end, note that a counterclockwise rotation allows us to
assume 27 = 1 € S!, and the resulting subset of (2.4) is

{(exp(2miz1), ..., exp(2mizy,)) : O=21 < 22 <--- < x, < 1}.
This is the image through the continuous map R" sxp(Zmie) (S')™ of the (path-
connected) interior of an (n — 1)-simplex. O

Remarks 2.4.

(1) If m = rn for some r € Z>1, then an apparent class of continuous maps ¢ : X,, —
M., = M, (M,,) which satisfy (2.2) is given by

H(X) = 5(X) (Xffp i ) S(X)7,

where S : X, — GL(m) is a continuous function and p,q € Z>o are such that
pt+qg=r.

(2) The ‘obvious analogue’ of Corollary 2.2 does not hold for the corresponding maps
¢ : H, — M,, defined on the real subspace H, of n x n self-adjoint matrices, as
for any m € Z>; we can define ¢(X) := Amax(X) I, where Apax(X) denotes the
largest eigenvalue of X € H,, (which continuously depends on X).

(3) An analogous remark applies to X, := SU(n), the special unitary group:
Corollary 2.2 does not hold for it, because for any n € Z>; there exists a con-
tinuous eigenvalue selection ¢ : SU(n) — S!'. As before, for any m € Z>; the
assignment X — ¢(X)I,, defines a continuous, commutativity-preserving and
spectrum-shrinking map SU(n) — M,,.

To see that there is a continuous eigenvalue selection SU(n) — S!, first identify
(per [3, Proposition IV.2.6]) the space SU(n)/Adgy () of conjugacy classes with the
quotient T/S,, of the maximal torus

T:=q A, ) e (S [N =1
j=1

by the Weyl group S,, of SU(n) [3, Theorem IV.3.3]. Further, [24, Lemmas 1 and
2] show that

(X1, xn) = (exp(2mizy),. .., exp(2miz,))

implements a homeomorphism between

n
F:=q(x1,...,2,) €ER" : ij:(), 1 <ay< <oy <oy +1
i=1
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and T/S,,. We can now simply take our continuous eigenvalue selection to be
SU(n) — SU(n)/Adsym) = T/Sp 2 F 3 (z1,...,2,) —  exp(2miz;) € Sh.

One consequence of Corollary 2.2 is a generalization of the well-known fact that for
n > 2 there is no (global) continuous selection of eigenvalues of matrices in M,, (i.e., there
does not exist a continuous map ¢ : M,, — C such that ¢(X) € sp(X) for all X € M,
see e.g., [8, Example 2] and Proposition 2.9 below for a more elaborate statement):

Corollary 2.5. Let m,n € Z>1 and let X,, be any one of the matriz domains of
Corollary 2.2.

(a) If n does not divide m, there does not exist a continuous spectrum-shrinking map
¢ s Xy = Mo,

(b) If n divides m, then any continuous spectrum-shrinking map ¢ : X, — M,, is in
fact a spectrum preserver.

The second direct consequence is the following strengthening of Theorem A:

Corollary 2.6. Let ¢ : M,, — M,,n > 3, be a continuous commutativity-preserving
and spectrum-shrinking map. Then there exists T € GL(n) such that ¢ is of the
form (1.1).

As noted after the statement of Theorem 1.2, we also obtain an independent proof of
Corollary 2.6, not relying on Theorem A.
In the proofs of Theorems 2.1 and 3.1, we shall use the following simple lemma:

Lemma 2.7. Let X and Y be topological spaces such that X is connected and Y is
Hausdorff. Let n € Z>1 and suppose that g, f1,..., fn : X =Y are continuous functions
such that for each x € X we have

e 9(z) € {fi(x),..., ful2)},
o fi(x) # fu(z) foralll1<j#k<nandallz e X.

Then there exists 1 < j < n such that g = fj.

Proof. The sets {z € X : g(z) = fi(x)},...,{z € X : g(z) = fn(x)} are closed and
form a partition of X. By the connectedness of X, exactly one of them is non-empty and
hence equal to all of X. d

Proof of Theorem 2.1. The ‘if’ part of the theorem is covered by Remark 2.4(1).
Denote by Cg,[x] the space of complex polynomials of degree < m, equipped with
the unique Hausdorff linear topology, compatible with that of C. The function

ko)
AdGTL,V e (Cgm[x]
is continuous, and on an element with spectrum (Ag, ..., A, ) takes one of the finitely many
values H;L:l(x — Xj)% for non-negative integers ki, ..., k, with sum m. It is enough to

prove the claimed equality (2.2) for matrices of the form
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T:g(diag(Ala"'a)‘n)+v)9717 QEG, ()‘17"'7>\n)€L/ = L\ALa ’UGV, (25)

as such matrices (whose eigenvalues are all distinct) form a dense subset of AdgTy, v .
By Lemma 2.7 for 7" as in (2.5) the characteristic polynomial kyr) depends only on
(A,...,A) € L': g and v range over the (path-)connected spaces G and V', respectively.
Furthermore, by the selfsame Lemma 2.7, for every connected component L{, of L’ we
have

n
kd)(diag()q _____ An)) = H(.’II — )\j)kj’L6, V()\l, ey )\n) S L6 (26)
=1

Now, because we are furthermore assuming the isotropy group of L{ in S, N G is
transitive and kgy(.y is invariant under G-conjugation, the exponents of (2.6) must in fact
all be equal. Indeed, consider 1 < £ < ¢/ < n and o € S, NG fixing L{ with o(¢) = ¢'.
We then have

z — o) E z— M) =TT (@ — A,)"s
j j

= Kg(diag(r1,...A,)) DY (2:6)
= k¢(o-1diag(\1,....an)o) DY the G-invariance of k.

= Ko(diagoayserom)) DY (2.1)

H Ao(i)) Firg by (2.6) again, because o fixes Lj,

n

k L/ k:ij/
= (@ = X)) - T [ (@ = o)) 744

A

and hence kg 1/ = kg ;. Thus, for each connected component Lg of L, all exponents
k:j#) are equal. Denote their common value by rLy- Since Z?:l kj,% = m, we have
m = nrr;. In particular, n divides m, and necessarily r; = m/n, independently of Lg.
Therefore, for every matrix T of the form (2.5),

33

n

=[J[@-2)"=[][@-x)] =&n)*.
j=1

Jj=1

Such matrices form a dense subset of AdgTy,, v, and both sides depend continuously
on T'. Hence (2.2) holds on all of AdgTy v. O

Remarks 2.8. An essential feature of X, in Corollary 2.2 is the non-existence of a
continuous eigenvalue selection X,, — C.
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(1) Even though Corollary 2.2 holds for &,, = U(n), it does not hold for any of its open
dense subsets

Umn)x:={Xe€Umn) : A¢ sp(X)},

where A € S!. Indeed, for each X € U(n), choose ¢(X) € sp(X) with the largest
value of the corresponding (continuous) branch of the argument, defined on C\ {¢\ :
t > 0}. Then as before, if n > 2, the assignment U(n)y — M,,, X — o(X)I,,
defines a continuous proper spectrum shrinker. In particular, as {U(n)y : A € St}
forms an open cover of U(n), any unitary matrix admits a local continuous eigenvalue
selection.

(2) Fix any norm ||| on M,. If X, € {M,,,GL(n)}, we can slightly strengthen the
statement of Corollary 2.2 for maps defined on Bj.(0,,7r) N &y, for any » > 0
(instead of the whole &;,). Indeed, if ¢ : By |(0n,7) N X, — My, is a continuous
spectrum-shrinking map, then this follows by applying Corollary 2.2 to the map

14 ||X X
¢ X, — My, P(X) = +l| ”w(lfllXH)’

which satisfies the same properties.

Remark 2.8(2) implies that no neighbourhood of 0,, € M,, admits a continuous eigen-
value selector (by contrast to the parallel situation in U(n), per Remark 2.8(1)). The
following result answers the natural question of which matrices share this property.

Proposition 2.9. Let n € Z>1. A matriz in either M,, or GL(n) has a neighbour-
hood admitting a continuous eigenvalue selection if and only if it has at least one simple
etgenvalue.

Proof. The statement for M,, will of course recover that for GL(n), the latter being
an open subset of the former. We thus focus on M,,.

(i) (<) Suppose A is a simple spectrum point for X € M,,. By the continuity of both
characteristic polynomials and spectra [25, Theorem 3|, for small ¢ > 0 and a
sufficiently small neighbourhood U > X in M, every Y € U has a unique eigenvalue

Ay €{z€C : |z— )\ <e&}.

This provides us with the desired (plainly continuous) selector: Y — Ay for
Yel.
(ii) (=) Assume now that all spectrum points of X € M,, have algebraic multiplicity
> 2, and that we have a continuous eigenvalue selector

US5Y— Ay €C, U > Xa neighbourhood.

https://doi.org/10.1017/50013091526101473 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091526101473

1350 A. Chirvasitu, 1. Gogi¢ and M. Tomasevié

Restricting attention to matrices leaving invariant the (at least two-dimensional,
by assumption) generalized \-eigenspace [5, § 9.4

U ker(AL, —Xx)™

mEZZg

of X, we can assume the spectrum sp(X) is a singleton. Translation by AI, €
M, further reduces the problem to nilpotent operators X. Because moreover every
neighbourhood of a nilpotent operator contains another such with a single Jordan
block [18, Definition 3.1.1], conjugation turns the problem into its instance for

0 1
0

This case, in turn, is easily handled as in [8, Example 2] (the current problem’s
version for n = 2): for any neighbourhood ¢ 3 0 in C, the z-dependent matrix

with characteristic polynomial z™ + z does not admit a continuous eigenvalue
selector.

3. Classification results
One of the present section’s main results is the following preserver result:

Theorem 3.1. Let X,, € {GL(n),SL(n),U(n),N,}, n > 3 and ¢ : X, — M, a
continuous commutativity-preserving and spectrum-shrinking map.
There exists T € GL(n) such that ¢ is of the form (1.1).

We gather some auxiliary remarks and results building up to a proof of Theorem 3.1.
Proposition 3.2 is essentially a variant of [36, Lemma 2.1] applicable to either algebraic
or unitary tori, i.e., (C*)™ or (S')" respectively. The proof of the aforementioned result
adapts easily to arbitrary (as opposed to unitary) invertible matrices, but we provide a
short alternative in that case as well for completeness.
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Proposition 3.2. For n € Zs; denote by G < GL(n) the group of arbitrary,
determinant-1, or unitary diagonal matrices.

A continuous commutativity- and spectrum-preserving map ¢ : G — GL(n) is
conjugation by some T € GL(n).

Proof. Consider a fixed diagonal matrix X = diag(z1,...,2,) € G with distinct
eigenvalues ;. Its image ¢(X) is a conjugate thereof (by spectrum preservation), so
we may as well assume ¢(X) = X for simplicity (and hence ¢(G) consists of diagonal
matrices by commutativity preservation). It follows that ¢(Y") simply permutes the entries
of Y for any Y € G with distinct eigenvalues:

(VY =diag(y1,...,yn) €G) (3T € Sy) : &) =diag(y-a1), - Yrn))-

As before, we identify the groups of invertible diagonal and unitary diagonal matrices
in GL(n) with (C*)™ and (S')", respectively.

(i) G = (C*)™ or the determinant-1 tuples therein. That 7 is the identity for
all Y € G with distinct eigenvalues follows from: the continuity of ¢, the fact that
the space of simple-spectrum elements of G is connected (per [9, Proposition 8.3],
as remarked in the proof of Corollary 2.2), Lemma 2.7, and the density of such
matrices Y in G.

(i) G = (S!)". By Lemma 2.3, C"(S') is connected only for n = 1,2, when the preceding
argument applies; we henceforth assume n > 3. What Lemma 2.7 still delivers is
a map sending a component C € my(C"(S!)) to the permutation 7 = 7c € 9,
satisfying

oY) = diag(y-(1), - - -»Yrn)), VY €C,

and hence a function

(1-3) )
——= > m(C™(Sh))

sz I

e —

o7
Fix a transposition o = (5 j') and consider convergent tuple sequences
CO¥m=mi)ics ——¥ = (0:)i «—— 0¥ = Umo-1(3)iea C €= 0C
for a connected component C' of C"(S!), with the common limit
yecCncC' C(SH”

having a single equality between two components (necessarily the jth and (j')th).
Writing 7 := 7¢ and 7 := 7+, we have

(y'r(z))l = (ytﬂ"(i))i = Yo = Yor'r=100), Vi<i<n = e {Ta UT} :
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The above assumptions impose some constraints on C' and o = (5 j'): elements
of C' can converge to y with a single coordinate equality only when that equality
is between two entries of y consecutive in a counterclockwise ordering around the
circle: if
Ym,7(1)s  Ym,7(2)s "5 Ym,7(n)
are the respective counterclockwise orderings of the tuples y,, € C, then those of
the oy,, must be obtained from the former by interchanging two indices 7(k) and
7(k + 1) for some k € {1,...,n} (identifying n + 1 = 1). In other words, if C
corresponds via (2.3) to 7, then o must be of the form 7(k k + 1)~ for a simple
transposition (k k 4 1); in conclusion:
(V0 € S,,) (V simple transpositions € S,)  :  Too = Tgoe-1.9 € {70, 000*179} .
(3.1)
We claim that in fact only the first listed option occurs:
(VO € S,,) (V simple transpositiono € S,,) ' Tgs = Tyog-1.9 = To- (3.2)
Note first that this would indeed finish the proof that 7, is constant, for the
simple transpositions generate S,. It thus remains to prove (3.2). Recalling that
Te is constant on the left cosets of (n:=(12 --- n)), we have 7p = 7p,. Next,
decompose
On=6(12)---(n—1n)=0p_1-0n_9---01-0 (3.3)
for o; defined recursively by
o1:=0(12)07" =Adg(12), 0;:=Ads, 000 j+1).
By (3.1) we have
Vie{l,....n—=1} : T5,..0,0€ {ng_l..igl.% 0 ~Tg]._1...gl.9} ,
and hence
Ton = Ton_1-0n_2-01-0 = Ojp " Ojp_y """ 035, T
for some possibly-empty set of indices ji > - -+ > j1. As no non-empty product
a-jk'a-jk—l...a-jl’ jk>...>j1

can be trivial, the permutations

Toj-01-05 je{ov‘”vn_l}
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must in fact all be equal; in particular,
Tor60 = To(1 2) = T0-

That the same conclusion holds for all(j j+1) in place of (1 2) follows in precisely
identical fashion: in (3.3) simply decompose 7 as

n=0Ji+HG+1j+2)--(n—1n)(nl)---
in place of the original (1 2)---(n —1 n).
O

We also recast [36, Lemma 2.4] in a form suitable for work with normal or unitary
operators. We denote by G = GV the Grassmannian of the ambient space V := C"
of column vectors on which the algebra M,, acts: the collection of all of its subspaces,
topologized as

GV = ][] G(dV), G(d,V) := {d — dimensional subspaces of V'} [23, Example 1.36].

0<d<n

Furthermore, we equip the space V' = C" with its standard inner product. For a
subspace W € G by Py we denote the orthogonal projection onto W.

Lemma 3.3. Let n € Z>1 and ¢ : U(n) = GL(n) a continuous commutativity- and
spectrum-preserving map. The assignment ¥ : G — G given by

(W) := ker(Al,, — ¢(U)), = for any A € Stand U € U(n) withker(\I,, —U) = W, (3.4)

18 a well-defined continuous map which preserves both dimensions and inclusion relations.

Proof. Fix a subspace W < C™ and consider the unitary operator
Uw :=2Pw — I, = idw @ (—idy.) € U(n).
Suppose that U € U(n) and \ € S! satisfy
ker(A\l, —U) =W.
To show that W is well-defined, it suffices to show
ker(AI,, — ¢(U)) = ker(I,, — ¢(Uw)). (3.5)

Indeed, let S € U(n) be a unitary matrix whose columns consist of the orthonormal
eigenbasis for U. It easily follows that

U, Uy € S(S)"S*.
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Proposition 3.2 applied to the maximal torus G := S(S')"S* implies that there exists
Ta € GL(n) such that

o(X)=TeXT;", VXeG.
In particular, we have

o(U) =TeUT5" = ker(AI, — ¢(U)) = ker(Tg (M, — U)T5") = Tg(ker(M,, — U))
=TeW.

Exactly the same calculation gives ker(I,, —¢(Uyp )) = T¢W which yields (3.5), so that
V(W) =ker(l, — ¢(Uw)) = TcW. (3.6)

That ¥ preserves dimensions follows from the map’s expression (3.6), as does inclusion
preservation: whenever W < W’ there is a maximal torus G in U(n) containing both Uy,
and Uy, so that (W) = TeW < TeW' = ¥(W).

It remains to verify the continuity of W. For a fixed 0 < d < n let Uy C M, be
the collection of diagonalizable matrices X € M, such that dimker(I, — X) = d. It is
straightforward to check that the map

Uy X —2 5 ker(I, — X) € G(d, V)

is continuous (e.g., [33, Proposition 13.4]). As Uy € Uy varies continuously with W €
G(d, V), it follows that ¥ is continuous as a composition

G(d, V) > W — Uw — ¢(Uw) — 2 ker(I, — ¢(Uw)) = U(W) € G(d, V)
€Uy cUy

of continuous maps. g

The map of Lemma 3.3 is somewhat more than dimension-preserving: if V' and W
are (complex) vector spaces, recall [11, Definition 2.1] that a map ¥ : PV — PW is a
morphism between projective spaces if W respects sums of lines in the following sense:
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<O\ = T <TO\/ V", Vlinest, €, I" € PV, (3.7)

where ‘\/’ denotes the supremum operation (i.e., sum) in the subspace lattice [27, § 1.2
of V. To prove that ¥ is a morphism in this sense (or rather restricts to one on PV C G),
we need a version of the Fundamental Theorem of Projective Geometry (appearing in
various guises as [11, Theorem 3.1], [27, Theorem 2.3], etc.).

For subspaces W, W’ < V = C" write WOW’ to denote the fact that the orthogonal
projections Py, and Py commute; this is equivalent to the orthogonal complements of
W NW’"in W and W’ being orthogonal, or to the fact that there is a maximal torus
G < U(n) leaving both W and W' invariant. Note first:

Lemma 3.4. The map V of Lemma 3.3 preserves lattice operations for spaces in
relation ©.

Proof. This is precisely for the reason just pointed out in defining ©, i.e., the existence
of G: for T = T attached to G as in (3.6), we have

YWH+W)=TW+W)=TW +TW' =T (W) + T(W").

The following result will thus apply to the map ¥ constructed in Lemma 3.3.

Proposition 3.5. Let V' be an n-dimensional complex Hilbert space for n € Zs>s,
G = G(V) its Grassmannian. Any continuous self-map ¥ : G — G that preserves
dimensions and lattice operations for spaces in relation © is induced by an invertible
linear or conjugate-linear operator T on V, in the sense that

YWeG : U(W)=TW.

Proof. There are several stages to the proof. First of all, as ¥ preserves dimensions,
it restricts to a self-map ¥|py : PV — PV.

(I) Conclusion, assuming ¥|py is a projective space endomorphism. Suppose,
in other words, we have proven (3.7). The image U(PV') of the projective space
PV C G cannot be contained in a line of PV, for by assumption the restriction ¥|py
sends lines through the elements of an orthogonal basis to distinct n = dimV > 3
(even linearly independent) lines. As we are assuming (in the present portion of
the proof) that ¥|py : PV — PV is an endomorphism of PV, it follows from [11,
Theorem 3.1] that ¥|py is implemented by a semilinear endomorphism 7' : V' — V:

U (l) = spanc TL, Ve PV,

where T is an additive map for which there exists a ring endomorphism o € End(C)
such that

T(uv) = a(p)Tv, YpeC,veV.
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An arbitrary subspace W € G(d,V) C G (1 < d < n) can be decomposed as
W =14, @ --- ® {4 for some mutually orthogonal lines ¢; € PV, so the assumed
compatibility with lattice operations under © yields

U(W)=T(ly)+ -+ V() = spancTW. (3.8)

Obviously T is injective, as U(PV) C PV. As (by assumption) ¥ is continuous,
so is a. Indeed (as argued in [36, § 3, p. 133]), consider orthogonal non-zero vectors
v,w € V. Lattice compatibility under © then implies that the lines

CTv=9(Cv) and CTw = ¥(Cw)
are distinct. In particular, Tv and T'w are linearly independent. The map

Copur— ¥Y(Cv+ pw)) =C(Tv + a(p)Tw) € PV

is continuous, and with it « by the noted linear independence of Tv and Tw. That
continuity forces « € {id, @}, so that by (3.8) we have

YW eG : U(W)=TW,

for T either in GL(V') or invertible conjugate-linear.

(IT) Y|py is a projective space endomorphism. The dimension preservation of ¥
already constrains the nature of possible counterexamples: the assumed compatibil-
ity with © implies that ¥ preserves inclusion, so for lines ¢, ¢’ and ¢ with ¢ < ¢/ \/ ¢"
we have

linesW(£), W (¢'), ¥(¢") < 2-plane¥ (E’ \/E") .

All is thus well provided ¥ is injective on PV (for in that case, if ¢/ # ¢, the
distinct lines ¥(¢') and ¥(¢”) would have to span the right-hand 2-plane in the
above equation). We can always reduce the problem to the case n = 3, as we will: if
U (¢) = U(¢) for distinct lines then consider a three-dimensional subspace V' < V
containing ¢\/ ¢, and substitute
o V' for V;

e and Ro W for ¥, where R € GL(V) sends (V') back to V' and we identify R

with the operator W — RW it induces on G.

Suppose, then, that U(¢) = ¥(¢') for £ # ¢ € PV and dim V = 3. We claim that in
this case W is constant on all of Prr, where 7 := £\/ ¢, contradicting the fact that by
assumption ¥ sends orthogonal lines to linearly independent lines. The projective
line P being connected, it will be enough to argue that

LU NPr={"<7m : O =V{)=V()} CPr (3.9)

is open (for it is already closed by the continuity of ¥, and non-empty because it
contains ¢ and ¢ themselves). Without loss of generality, this amounts to showing
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that along with £ the set in question contains an entire neighbourhood thereof in
Pr. Write

7= span {, 7t} ,
so that 7On’. We proceed in stages.

(a) The line ¢ belongs to the interior of U=1(¥(¢)) N Pr’ regarded as a
subspace of Pr’. Suppose not. There is then a sequence

convergence inG

P\ U~ (T (L)) 3 4y BY'.

Because by assumption W(¢y) # ¥(¢') = U(¢) for all k, we have (as observed
earlier in the proof)

v\ ) = v\ ) OO )\ w(0)
v (ek \/e) .

Now, £, \/ ¢ =« for all k on the one hand and ¢ \/ ¢ ? 7 on the other, so
U(mw) = ¥(n'). On the other hand

T =T (7T \/ 7T/) = U(n) \/ U(r'),

and we have a contradiction because 7\/ 7’ = V has dimension 3, whereas
U(r) = U(n') would make ¥(x)\/ ¥(n’) a 2-plane.
(b) The line ¢’ belongs to the interior of (3.9). Simply apply the preceding
step with altered parameters: ¢’ is as before, but substitute any
e TN W) NP\ {£'}

for £ and interchange the roles of m and =’.

Proof of Theorem 3.1. First of all, by Corollary 2.2, ¢ preserves spectra.

(I) X, = GL(n). By the continuity of the spectral radius p(-) on M, (see e.g., [25,
Theorem 3]), the map

F : M, — GL(n), FX) =X+ 1+ pX)I,
is well-defined and continuous. Consider the map

Y My = My, (X) = $(F(X)) = (14 p(X))],.
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Clearly, v is a well-defined, continuous, commutativity- and spectrum-preserving
map. Therefore, Theorem A implies that there exists 7' € GL(n) such that v is
of the form (1.1). By passing to the map T~ 1¢(:)T or (T~t¢(-)T)!, without loss
of generality, we can assume that 1 is the identity map on M,,. In particular, we
have

o(F(X))=F(X), VXeM,. (3.10)
By Proposition 3.2, ¢ operates as conjugation by an invertible matrix on every
maximal algebraic torus of GL(n) (i.e., conjugate of the subgroup D(n) < GL(n)
of invertible diagonal matrices):
(VS € GL(n)) (3R € GL(n)) (VD € D(n)) : ¢(SDS™')=RSDS 'R~
The consequence [36, Corollary 2.2] follows:
(VX € GL(n)) (Vpolynomials p : p(X) € GL(n)) : &(p(X)) = p(¢(X)).
Now, for a fixed X € GL(n) we have F(X) = px(X) for the polynomial
px(A) == A+ (1 + p(X)),
and hence (as p(¢(X)) = p(X))

$(X) + (1+ p(X)) L = px (6(X)) P2 6(px (X)) = $(F(X))
= X 4 (14 p(X)I,.

We are now done: ¢(X) = X, as desired.
(IT) X, = SL(n). Let R¢o denote the set of all non-positive real numbers and let

iArgz

%:C\Rgo%C\Rgo, {‘/§:"|z\e n

be the principal branch of the complex n-th root (which is a continuous map).
Denote

GL(n), :={X € GL(n) : det X ¢ R¢o}.

The map

¢ : GL(n)+« — GL(n)., ((X)= VdetX - ¢ (@X) (3.12)

is a continuous, spectrum- and commutativity-preserving extension of ¢ to
GL(n)« 2 SL(n). To repeat Step (1), we first replace the map F' there by

Fu(X) == X + (n+ 1) (1 + p(X)) 1.
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We claim that Fy.(X) € GL(n), for all X € M,. Indeed, if A € sp(X), then
[A] € p(X), and hence

Re ((n+1)(1+p(X))+A) = np(X)+n+1, Im ((n 4+ 1)(1 + p(X)) + A)| < p(X).

Therefore

p(X) ™

larg ((n +1)(1+ p(X)) + 1) | < arctan 3 =T < o

It follows that all eigenvalues of F,(X) have arguments in (—m/n,7/n), and con-
sequently argdet Fi.(X) € (—m, ). Thus det F,(X) ¢ Rgo, as claimed. Therefore
the map

My My, 0(X) = (X)) — (4 (1 + p(X))
is a well-defined, continuous, spectrum- and commutativity-preserving map. Step

(1) goes through essentially without change for GL(n),: Corollary 2.2 applies in
the variant of its case (b) with

Li=¢ () € (C9)" [T N ¢ Reo g5
Jj=1

the complement L\ Ap is connected. Indeed, the principal n-th root gives a
homeomorphism

Lg(C\R<0)X (:ula'-'a,un)e((cx)n : H/J’J:1 .
=1

Under this homeomorphism, the condition A\; = A; is equivalent to p; = p;.
Hence Ay, corresponds precisely to the product of C\ R¢o with the union of the
hypersurfaces p; = p; in the second factor. Since this second factor is isomorphic
to (C*)"~1, deleting these finitely many proper hypersurfaces leaves a connected
complex manifold. We conclude that there exists T € GL(n) and o € {blank, t}
such that

((X)=TX°T"', VX € GL(n).
and consequently
H(X)=TX°T!, VX € SL(n).

(III) X, = U(n). Denote by V = C™ the ambient space on which all operators act.
The map ¥ constructed in Lemma 3.3 meets the requirements of Proposition 3.5
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by Lemma 3.4, so that there exists an invertible T" : V' — V| either linear or
conjugate-linear, such that

YW eG : U(W)=ker(\, — ¢(U)) = T(ker(A,, — U)) (3.13)
for any A € S' and U € U(n) with W = ker(\I,, — U).

This means the following.
e When a = id, we have the first option in (1.1):

o(U)=TUT™, VU € U(n).

Indeed, for an arbitrary U € U(n), Proposition 3.2 and (3.13) say that ¢(U) is
the diagonalizable operator with the same spectrum as U and whose \-eigenspace
(for any A € S') is the image through T of the A-eigenspace of U. In other words,
#(U) is precisely TUT L.

e When « is conjugation, the analogous argument proves that

o(U)=TU T, VYU € U(n)

instead: once more ¢(U) is the diagonalizable operator whose A-eigenspaces are
the respective images through 7' of those of U, while conjugation by T turns
A-eigenspaces into A-eigenspaces respectively (for A € S! so that A = A71) by
anti-linearity.

This second variant corresponds to the right-hand branch of (1.1): the

J
conjugate-linear involution €; — €; attached to the orthonormal basis we have
already fixed implicitly in treating operators as matrices has the property that

vXeM, : JXJ'=X
(where for X = (z;;), X = (%7;)) and hence
o(U)=TU T~ = (THUY(TT) !

because U is unitary (so that JUtJ ™1 = Ut = U~1).

(IV) &, = N,. The conclusion certainly holds for the restriction ¢[¢;(,) by the preced-
ing step of the proof, so we can assume @|y(,) = id. We furthermore know from
Proposition 3.2 that ¢ is of the form (1.1) when restricted to diagonal invertible
operators, so also on the algebra of diagonal operators by continuity. This further-
more applies to arbitrary maximal abelian sub-algebras of N,,, for these are all
conjugate to that of diagonal operators (and one need simply apply Proposition
3.2 with a different choice of orthonormal basis). Commuting normal matrices are
simultaneously unitarily diagonalizable [18, Theorem 2.5.5], so ¢ restricted to any
commuting family is additive. An arbitrary normal matrix is a linear combination
of commuting unitary matrices (obvious for diagonal matrices, which suffices),
hence the conclusion:

Aoy = id|ym) = ¢ =idn,,.
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This concludes the proof of the theorem. O

Remark 3.6. The proof of [36, Theorem 1.1] in [36, § 3] also uses [11, Theorem 3.1],
as step (III) of the above proof does. The upshot, however, is qualitatively different:

e In (III) above, the two possibilities for the endomorphism « (identity and
conjugation) precisely correspond to the two types of map listed in (1.1).

e The proof of [36, § 3], on the other hand, branches into the two options of (1.1)
earlier; the branch ¢ = Adr then rules out o = conjugation after applying [11,
Theorem 3.1].

There is also a variant of Theorem 3.1 applicable to semisimple matrices, relying on
the unitary/normal branch of the earlier result. Recall that an ‘ss’ subscript denotes the
collection of semisimple matrices in whatever set the subscript adorns. Additionally, a
‘> (0 subscript denotes the subset of positive [2, Definition 1.2.6.7] matrices (i.e., what
[18, Definition 4.1.9] calls positive semi-definite) of an ambient matrix set.

Theorem 3.7. Let X, € {GL(n)ss, SL(n)ss}, n > 3. The continuous commutativity-
preserving and spectrum-shrinking maps ¢ : X, — M, are precisely those of the
form (1.1).

Taking this for granted for the moment, we return to the announced alternative
approach it affords to the GL and SL cases of Theorem 3.1 (not employing [36,
Theorem 1.1], and hence recovering the latter as a byproduct).

Alternative proof of Theorem 3.1: GL(n) and SL(n). Simply observe that the
¢ in question, defined on &),, restricts to such on X,, 55. The conclusion follows from the
density of X, s C &, for X,, € {GL(n), SL(n)}. O

We now settle into proving Theorem 3.7. A preliminary result will reduce the pool of
maps to consider.

Proposition 3.8. Let X, € {GL(n)ss,SL(n)ss}, m > 3. The continuous
commutativity-preserving and spectrum-shrinking maps ¢ : X, — M, are expressible
as compositions of the form

(VtoAdro®, T e GL(n), (3.14)
where
e O is the involutory self-map of X, defined by
SNS™t+— © STINS, VYN e€N,NX, andS € GL(n)so; (3.15)

e and all of the components of (3.14) are optional (i.e., any might be absent).

As we will soon demonstrate, the ‘exotic’ assignment O of (3.15) is indeed well-defined
on X, and preserves both spectra and commutativity. Because nevertheless a non-trivial
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argument establishes that it is not continuous on X,,, it will be excluded from further con-

sideration (see Proposition 3.14). The proof of Proposition 3.8 requires some preparation
and auxiliary observations.

Lemma 3.9. Under the hypotheses of Theorem 8.7 with X,, = GL(n)ss, there is o €
{blank, t} such that

(VS € GL(n)) (3T € GL(n)) (VU € U(n)) : o¢(SUS™Y)=T(SUS )T~ .

Proof. The issue is quantification ordering: the unitary case of Theorem 3.1 shows
that for each S there are such T' = Ts and o = og, whereas we claim here that the same
o will do for all S. To see this, note that the closed subsets

{S € GL(n) : og =0} CGL(n), o € {blank, t} (3.16)

partition the connected topological space GL(n). Indeed, the closure and disjointness
claims both follow from the characterization of the sets (3.16) as

reserves multiplication (if o = blank
{S € GL(n) : ¢ladsum) Presery P ( ) }

reverses multiplication (if o = t)

Multiplication preservation and reversal are both closed conditions by the continuity
of ¢, and the two sets cannot overlap because multiplication and its opposite are distinct
operations on the non-abelian conjugates of U(n). O

Proposition 3.10. Under the hypotheses of Theorem 3.7 with X, = GL(n)ss, suppose
lum) = idyn). We then have

Proof. The claim is that (3.17) holds with the same p for all S. We will first prove a
weaker claim, allowing possibly variable p for different S.

(I) For each 0 < S € GL(n) (3.17) holds for some p = pg € {0,—2}. For an
arbitrary unitary U € U(n) which commutes with S, we have

U=¢U)=¢p(SUS™ ) =TSUS'T! =1UT!

for some T'= T by Lemma 3.9: o = blank for S = I,,, so must be blank for all positive
S by the (path-connectedness) of GL(n)>¢. Therefore, T' commutes with all unitary
matrices commuting with S, or equivalently, T' belongs to the bicommutant [2, § 1.2.5.3]
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of (the positive) S. Hence, T must be a polynomial in S by the (finite-dimensional version
of the) celebrated von Neumann bicommutant theorem [2, Theorem 1.9.1.1]:

dps € Clz] : T =ps(S). (3.18)

We may as well assume S diagonal: S = (A1,...,\,), with the standard basis vectors
(e1,...,en) as eigenvectors (as usual, we identify diagonal matrices with the correspond-
ing tuples). It will often also be convenient to assume the tuples (A;) = (A1,...,An) we
work with range over a conveniently chosen dense subset (e.g., they are all distinct): by
the continuity of the map

GL(n)>0 > S+ AdsU(n) € {closed bounded subsets of GL(n)}

for the topology on the codomain induced by the Hausdorff distance [6, Definition 7.3.1]
(attached to any metric topologizing GL(n)), the sets

{0 <Se GL(n) : ¢|AdsU(n) = AdSp} - GL(’I’L)Zo, pE {0, —2} (319)

are closed.
Next, commutativity preservation by ¢ entails

YU,V €U(n)) : [U SVS™=0= [p(U), ¢(SVS™H] =[U, TSVS~'T™]=0.
(3.20)
We examine (3.20) as applied to the following setup:

e V is a unitary (hence also self-adjoint) involution with a one-dimensional (—1)-

eigenspace spanned by v = Z?Zl cje;.
e U is also a unitary involution, whose (—1)-eigenspace is spanned by Sv =
z;;l cjAje; and its orthogonal projection Pg(,1ySv on S(vt) (where vt is

the orthogonal complement of {v}). Said (—1)-eigenspace is thus at most two-
dimensional. Generically, the dimension will be precisely 2: it is enough to assume
the S non-scalar (as discussed, there is no harm in doing so) and the ¢; all non-zero.

As V is a semisimple operator with eigenvalues 1, so too is AdgV’; moreover, the latter’s
eigenspaces are the respective images through S of the eigenspaces of V:

ker (I, + AdgV) = Sker (I, +V)=CSv and
ker (I, — AdgV) = Sker (I, — V) = S (v") .

By fiat, U leaves these invariant:
e it scales Sv (spanning the (—1)-eigenspace of AdsV) by —1;

e also scales by —1 the orthogonal projection v’ := Pgy1ySv € S(vt);

e fixes pointwise (CSv @ Cv')" < S(vt), which coincides with the orthogonal
complement of v’ in S(vt);
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e and hence leaves invariant the 1-eigenspace

S(vt) =Cv' @ (CSv e Cv') "

of AdgV. U thus commutes with AdgV = SV.S~! and hence also with AdrsV by (3.20).
In particular, the (—1)-eigenvector

n
TSv = ch)\;.ej, Aj = Np(Aj), p=psasin (3.18) (3.21)
j=1

of AdrsV (unique up to scaling) is also an eigenvector of U, with eigenvalue +1. We
claim that in fact

TSv € ker(I,, + U), (3.22)

i.e., TSvis a (—1)-eigenvector of U. This is certainly true for S = ()\;) sufficiently close to
the identity: AdprgV will then be close to AdgV for the latter is in turn close to a unitary
and we are assuming ¢ = id on unitaries. The (—1)-eigenspaces of AdgV and AdrgV
will thus also be close in the projective space PC™, so in particular the (—1)-eigenspace
of AdrgV cannot be contained in the 1-eigenspace of U. To extend this to all S = ();)
under consideration (i.e., non-scalar diagonal positive matrices), consider the parameter
space

P:={((¢j), (A;)) : ¢; €C*, \j >0 not all equal} (3.23)
for our choices. U, V and v depend continuously on the (¢;) and (A\;) = S. We have maps

o, CTSvePC" = G(1,C")

Qo

P 3 ((¢f), (M) ker(I, + U) € G(2,C")
Qn2 ker(I, — U) € G(n — 2,C")

all continuous: Q5 and Q,_o as in the proof of Lemma 3.3 (the portion invoking [33,
Proposition 13.4]), and Q; by the same token, by the continuity of ¢ and that of AdgV
(as a function of P), since

CTSv = ker(I,, + AdrsV) = ker(I, + ¢(AdsV)).
The loci

P' = {pG'P : Ql(p)<90(p)}7 .6{2’n_2}
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are closed and partition the connected space P; because we observed above that Py is
not empty, it must be all of P. Thus, for

n
w:= Sy = ch/\jlej € (Svh)*t
j=1

we have w € ker(I,, + U), so

" n n
ch)\;ej = TSv € ker(I,, + U) = span {Sv, w} = span Z cihje;, ch)\;lej
= j=1 j=1

In particular, as all ¢1,..., ¢, are non-zero, we conclude that the tuples ();), A

J
and ()\3) are linearly dependent. Now simply substitute the vector

(T8) o= ch/\;- e; (3.24)

(spanning the orthogonal complement (7'Sv+)+) for T'Sv in the argument just given:

e The multiplicative operator (e)*~! preserves multiplicativity and fixes unitaries,
so in (3.20) the hypothesis [U,AdsV] = 0 and the conclusion [U, AdpsV] =
0 hold, respectively, if and only if their counterparts [U,Adg-1V] = 0 and
[U, Ad(TS)*—l V] do.

e (3.20) thus goes through with S~ = S*~1 and (T'S)*~! in place of S and TS,
respectively, and the discussion leading to (3.22) applies to (3.24) to show that it
too must belong to the same (< 2)-dimensional span:

dim span {()\j), (/\]»_1) (A}, (/\771)} <2
There are thus a,b, c,d € C with
VI<ji<n o Ny=ah+bAt and N =) +dA!
(in the second equation, conjugates can be elided, as \; are real). This also reads
da,b,c,d € C : (aAj + bA;l) (c)\j + dA;l) =1 and hence (CL)\? + b) (c)\? + d) = )\f
for all 1 < j < n. Because n > 3, for a generic choice of /\? the only (a,b, ¢, d) Witng:;j;

(3.25) are those that produce a tautological equation (i.e., /\? = )\3) In other words, for
a dense set of (\;) we have
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(b=c=0ANad=1)V(a=d=0Abc=1)
and hence by (3.18) and (3.21) we obtain
T =Ts =Ty, € CL,UCS™2
Continuity ensures that this holds for all S > 0, finishing the proof.

(II) The same p = pg € {0, —2} functions for all S. As already observed, the two
subsets (3.19) are closed. Their intersection is Rsol,, for the sets AdsU(n) and
Adg-1U(n) are distinct for every non-scalar positive invertible S. The intersections
of (3.19) with the connected GL(n)>o \ Rxol, partition that space, so one of the
two must constitute all of GL(n)>o.

Proof of Proposition 3.8. Note that ¢ is spectrum-preserving by Corollary 2.2.

(I) X, = GL(n)ss. We already know from the unitary branch of Theorem 3.1 that
®|u(n) is of the form (1.1), so we can recast the claim as

¢|U(n) = Z.dU(n) = 0¢E€ {idGL(n)ssa @}
Proposition 3.10 then implies that
VS e GL(”)ZO : ¢|Ad5U(n) =1id or ¢|Ad5U(n) = Adg-» (exclusively).

In either case, the conclusion follows as in the normal-matrix branch of
Theorem 3.1: every diagonalizable matrix is a linear combination of mutually
commuting elements of AdsU(n) for some S € GL(n).

(IT) X, = SL(n)ss. By Proposition 3.2, ¢ restricts to all maximal tori as conjugation,
and every semisimple element belongs to some maximal torus. Moreover, as maxi-
mal tori are invariant under scaling, ¢ preserves multiplication by nth roots of unity
¢ (i-e., ¢(Co) = (¢). This means that we can extend ¢ canonically to GL(n)ss by
scaling:

o(nT) :==nd(T), YV (nT € GL(n)ss withT € SL(n)ss Ane€ C*). (3.26)

The same element of GL(n)ss will be representable as T in several ways, but any

two representations nT = n'T’ have % an nth root of unity. The aforementioned

preservation of root-of-unity scaling by ¢ ensures that (3.26) is consistent, and ¢
is then also continuous and a spectrum/commutativity preserver. This reduces the
problem to step (I), hence the conclusion.
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To address the continuity of the assignment © from (3.15), we employ the following
extension [26, Abstract] of the usual [2, § 1.6.2.4] normal-operator continuous functional

calculus to all of (Mp,)ss.

Definition 3.11. Write an arbitrary T € (M,,)ss as

T= Y \E, (3.27)
Aesp(T)

where for each A € sp(T) the (not necessarily normal) idempotent Ey is uniquely
determined by

FE} =E\, imE\=ker(\l, —T), E\T =TEj.

We write

F@) =Y fNE. ¥ <sp(T) cU= 5) S B} (3.28)

function
Xesp(T)

The construction (3.28) is Ad-invariant, in the sense that Adsf(T) = f (AdsT). O

Note that (3.28) certainly is not continuous, generally, on all of (M,,)ss, even when f
is. Example 3.12 below discusses the case n = 2. For n > 3, (3.28) is continuous on

{T'e (Mp)ss : sp(T) CU}Y C (My)ss

precisely [26, Theorem 1.2(A)] when f is holomorphic on U.

Example 3.12. The matrix

7= (M ) e
0 A

is semisimple whenever \; are distinct, with eigenvalues/eigenvectors

1 (6]
A : and g : Az—=Ar |
0 1

For a continuous function f, the matrix f(7T") will have eigenvalues f(\;) (j = 1,2)
along the same lines, so must be the matrix

) a(f(/;\2)_)\f()‘l))>
T) = 2-A1 .
I < 0 f(A2)
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One can easily arrange for f to be continuous in a neighbourhood of 0 = f(0) € C,
with

a(f(A2) = f(M))

.\ =0 but
a, Aj — u N A

- 0;

for those f, the family of semisimple matrices f(e) will be discontinuous at 0z € Ms. O

Example 3.12 can be expanded into a characterization of the points of continuity for
(3.28) (note the parallels to Proposition 2.9).

Proposition 3.13. The following conditions on a matriz T € (My,)ss are equivalent:

(a) f(e) defined by (3.28) is continuous at T for every function f continuous in a
neighbourhood of sp(T).
(b) T has a simple spectrum.

Proof.

(1) (a) = (b). If T has at least one eigenvalue A of multiplicity > 2, we can restrict
attention to a two-dimensional subspace W < ker(AI,, — T') by working throughout
with matrices leaving invariant a decomposition C* = W @ W’. Example 3.12 then
applies to produce (even globally) continuous functions f with (3.28) discontinuous
at T|W = )\ZdW

(2) (b) = (a). The simplicity of the spectrum means (by spectrum continuity [25,
Theorem 3]) that for any convergent sequence Ty 7 T and any fixed eigenvalue

A € sp(T) we have

sp(Tx) D Ak, (simple for large k) Loy ] A
The one-dimensional kernels
ker (Tk - /\kIn) = imE)\k

converge (in G) to the A-eigenspace imFE) of T by yet another application of [33,
Proposition 13.4]. This goes for all (simple!) A € sp(T), so we also have

. convergence in G .
ker £, = @ 1mE>\;C +> @ imFEy = ker F).
A#EN €sp(T) A#EN €sp(T)

This yields
SO

[T = D fOWEN —— Y fEx=f(T)

A Esp(Tk) Aesp(T)
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by (3.29) and the continuity of f.

The following result will help eliminate the extraneous factor in Proposition 3.8.

Proposition 3.14. Let X, € {GL(n)ss, SL(n)ss}. The assignment © of (3.15) is a
well-defined involutory spectrum- and commutativity-preserving map on X, for alln > 1,
discontinuous for n > 3.

Proof. First observe that if well-defined, © will be defined globally on X,,: the semisim-
ple matrices are precisely those conjugate to diagonal ones by some S € GL(n), and the
polar decomposition [18, Theorem 7.3.1]

S =5V, VeUm), |S*|=(55%)%cGL(n)so

renders such a matrix an |S*|-conjugate of a normal one.
As to © being well-defined: for S,T € GL(n)>o and M, N € N,, N &,, we have

SNS™'=TMT™' = SN*S~!
=TM*T~ (Putnam-Fuglede theorem[16, Problem 192])

taking adjoints S,INS _ TﬁlMT.

Clearly, the assignment © is spectrum-preserving. Furthermore, one of the proofs of
Putnam-Fuglede (e.g., [15, § 41, Theorem 2]) can also be adapted to prove that © is also
commutativity-preserving: if SNS~! and TMT~! commute then so do p(SNS~!) and
p(TMT1) for polynomials p; apply this to a polynomial

p € Clz] with p(\) =X\, VA€ sp(M)Usp(N),
whence SN*S™1 = p(SNS™1) and TM*T~! = p(TMT~') commute. Taking adjoints

then proves that S™'NS and T~'MT do as well.
To assess continuity, observe that for normal N and S € GL(n)>o we have

O (AdgN) = Adg-1 N = (AdsN*)" = (Adsf(N))* = f (AdgN)* (3.30)

with f(e) asin (3.28) for f :=® (complex conjugation). The continuity of © thus reduces
to that of f(e):

3.30
O is continuous at Adg N % f(e) is continuous at Adg V.

The latter condition fails for n > 3 by the aforementioned [26, Theorem 1.2(A)]:

e The result applies directly to GL(n)ss, where continuity fails because complex
conjugation is not holomorphic on the punctured complex plane C*.

https://doi.org/10.1017/50013091526101473 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091526101473

1370 A. Chirvasitu, 1. Gogi¢ and M. Tomasevié

e While for SL(n) the same conclusion follows from the GL(n) counterpart and the
conjugate linearity of (3.28) for f ='s:

f(aT) =af(T), VT € GL(n)ss, Va € C.

O

Proof of Theorem 3.7. That the maps (1.1) meet the requirements of course needs
no proof, while Propositions 3.8 and 3.14 give the converse: the latter’s discontinuity
claim eliminates the © factor in (3.14). O
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