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The dimension of a graph, that is, the dimension of its incidence poset, has become a major
bridge between posets and graphs. Although allowing a nice characterization of planarity,
this dimension behaves badly with respect to homomorphisms.

We introduce the universal dimension of a graph G as the maximum dimension of a graph
having a homomorphism to G. The universal dimension, which is clearly homomorphism
monotone, is related to the existence of some balanced bicolouration of the vertices with
respect to some realizer.

Nontrivial new results related to the original graph dimension are subsequently deduced
from our study of universal dimension, including chromatic properties, extremal properties
and a disproof of two conjectures of Felsner and Trotter.

1. Introduction

Half a century ago, from the concept of dimension of a partial order [9], Dushnik
started an investigation of the poset of one- and k-element subsets of [n] = {1,...,n} [8],
and introduced a construction which has a natural interpretation in terms of abstract
simplicial complexes, and which has been used or re-introduced in several contexts, such
as mathematical economy [18], integer programming [2], and commutative algebra [3].

The dimension of the poset of one- and two-element subsets of [n] (the complete graph
incidence poset) has, in particular, been investigated by Spencer [20], Fiiredi, Hajnal, Rodl
and Trotter [12], and more recently by Hosten and Morris [13].

The study of the dimension of the incidence poset of graphs (other than complete
ones) have attracted particular attention in the past few years, since W. Schnyder proved
that the incidence poset of a graph has dimension at most 3 if and only if the graph
is planar [19]. This theorem has been generalized by Brightwell and Trotter [6, 7] to a
characterization of the dimension of the vertex, edge and face posets of planar graphs,
and to a generalization to multigraphs.
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Although the generalization of Schnyder’s result to the problem of the geometric
realization of an abstract simplicial complex is quite natural [16] and may be viewed
as the existence of embeddings of posets in Euclidean space with a general separation
property [17], the property of the class of planar graphs to be minor closed disappears
in dimension at least 4. The incidence poset dimension is not homomorphism monotone
(any nonplanar graph with a homomorphism to K4 has dimension 4, although K4 has
dimension 3). In this paper we introduce a new graph dimension, the universal dimension
of a graph, which will make this connection clear. We will prove that this universal
dimension differs by at most two from the incidence poset dimension, while being (by its
definition) homomorphism monotone.

We will relate the universal dimension of a graph to the existence of realizers admitting
a special bicolouration and will give some applications of our results, such as the non-
bounding of chromatic numbers of graphs of dimension 4, or extremal results on graphs
of incidence poset dimension d, in the framework investigated by Bollobas and Thomason
[5]. We also disprove two conjectures of Felsner and Trotter.

2. Definitions and notation

In the following we will only consider finite simple loopless graphs with at least one edge.

Let P = (X, <) be a finite poset. A realizer of P is a nonempty family Z = (<y,...,<;)
of linear orders on X whose intersection ()._, <; is P. The dimension of P is the minimum
cardinality of a realizer of P [9].

Homomorphisms of graphs are adjacency-preserving maps: a map f : V(H) — V(G)
is a homomorphism of the graph H to the graph G if {f(x),f(y)} € E(G) whenever
{x,y} € E(H). We will denote by H — G the existence of a homomorphism of H to G.
The chromatic number y(H) of a graph H is thus the smallest integer n, such that H has
a homomorphism to K,,.

Following the definition of [14], the multiplication G*(W1,...,W,) of a graph G with
vertex set V(G) = {vy,...,v,} is defined by

V(G = W U---UW,,
vi<ign, |W]|>1
Vi<i<j<n WinW;=0,
Vi<i<j<n YueW, YoeW; {uv}eE(G)ifand only if {v;,v;} € E(G)

The sets Wy,...,W, are called the multivertices corresponding to vertices vy,...,0,,
respectively.

A property of graphs 2 is an (infinite) class of labelled graphs closed under isomorphism.
A property 2 is monotone if it is closed under taking subgraphs; it is hereditary if it is
closed under taking induced subgraphs; it is additive if it is closed under disjoint unions
of graphs. The n-level 2" of a property Z is the set of graphs in £ with vertex set [n].
The speed of 2, |2"| is the number of graphs in the property on n vertices. The size of a
monotone property & at level n is the maximum number of edges in a graph of %", that
is ex(n) = max{|E(G)|,G € 2"}.
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f f
G = Gt =
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<i: abcdef

,0}/:<’2: bfecda
<4 fadceb

Figure 1. A graph G, a realizer Z of Pg, a graph realizer Z' of both G and G™.

Definition 1. Let G be a graph. The incidence poset Pg of G is the height 2 poset having
V(G)U E(G) as its ground set, such that a <b in Pg if a € V(G), b € E(G) and b is
incident to a.

Definition 2. Let G be a graph. A graph realizer of G of size t is a family Z = (<y,..., <)
of linear orders on V(G), such that:!

Vx#yeV(G), et x<;y
V{x,y} € E(G), Vz€ V(G)\{x,y}, Jiell], x<izandy<;z

The dimension dim G of G is the smallest size of a graph realizer of G.

As already noticed in [8] (in a more general framework), a graph realizer of G may
be obtained from a realizer of Ps by reducing the ground set to V(G) and, conversely,
a realizer of P; may be obtained from a graph realizer by inserting the edges of G in
lexicographic order. Hence dim G = dim Pg. Notice that a graph G cannot be reconstructed
from one of its graph realizers, although it can be reconstructed from one realizer of Pg
(see Figure 1).

Remark 1. Let G be a graph and let H be a subgraph of G. Then, the restriction of the
linear orders of a graph realizer of G to V(H) defines a graph realizer of H. Thus:
H = G =>dimH < dimG. (2.1)

Hence, the property (dim < d) of graphs with dimension at most d is monotone. It is also
obviously additive.

! The first condition is missing in the definition of the dimension of a graph which appears in [11], causing
the dimension of a graph to be possibly different from the dimension of its incidence poset.
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3. The universal dimension of a graph

We shall introduce a new dimension associated to a graph, which will be defined in order
to be homomorphism monotone.

Definition 3. Let G be a graph. The universal dimension udim G is the supremum of the
dimensions of the graphs having a homomorphism to G:

udim G = sup dim H (3.1)
H-G

Remark 2. Thus, we have this extension of (2.1) for universal dimension:
H —» G = udim(H) < udim(G). (3.2)

Obviously, the property (udim < d) of graphs with universal dimension at most d is
monotone and additive.

Remark 3. Obviously, udim K; = 1. However, for any graph G with at least one edge,
K33 — G. According to Schnyder’s theorem, dim K33 > 3 as K33 is not planar. Hence no
graph has universal dimension 2 or 3, and a graph has universal dimension at least 4 if
and only if it has at least one edge.

We shall introduce the concept of bicolourable graph realizer, motivated by Theorem 3.3,
that will assert that the universal dimension G will be the smallest size of a bicolourable
graph realizer of G (similar to the definition of the dimension of G as the smallest size of
a graph realizer of G).

Definition 4. Let #Z = {<y,...,<,} be a graph realizer of a graph G. A balanced bicolour-
ation of G with respect to Z is a map I' : V(G) x [t] — {0, 1} so that, for every x € V(G)
and for every vertex y adjacent to x (in G), there exists i, j € [t] so that

{y <; x and I'(x,i) =0, (3.3)

y<;jxand I'(x,j) = 1.
When such a map exists, # is said to be a bicolourable graph realizer of G.

Remark 4. Notice that any graph G has a bicolourable graph realizer of size (dim G + 2)
obtained from a graph realizer of G by adding two dual linear orders.

Lemma 3.1. Let G be a graph of order n, let d > 3 be an integer, let ay,...,a, be positive
integers, and let Gt = G*(Wy,..., W,) be a multiplication of G, where (for 1 < p < n)

d

p—1
\W,| > (a, — 1) (Zai+1> .
i=1
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Then, if # = (<i,...,<a) is a graph realizer of G*, there exist W| = Wy,..., W, = W, such
that

o forany 1<i<n |W/|=ua,
e forany 1 <i< j<n, notwo elements of W} are separated by an element of W/ in some
linear order in .

Proof. Consider the following assertion for 1 < p < n.

IT,: there exists W| = W1, ..., WIQ <€ W,, such that

e forany 1 <i<p, |W/|=ua,
e for any 1 <i<j<p, no two elements of W} are separated by an element of W/ in
some linear order in #.

We shall prove by induction that II, holds for any 1 < p < n. Obviously, II; holds
(Wi =W).

Assume II, holds for some 1 < p < n. Then, the elements of wiu---u WI; determine
at most s, = (37, a;) + 1 intervals in each of the linear orders of #. Colour any vertex
x in W,y by the d-tuple corresponding to the indexes of the intervals in which x appear
in <i,...,<g. As [Wypi| > (ap41 — l)sg, a,+1 elements of W,y are coloured the same.
Choosing these a1 elements for W, the assertion I, clearly holds. U

Lemma 3.2. Let G be a graph of order n, let d >3 be an integer, and let G =
G*(W1,...,W,) be the multiplication of G where |W,| = (2n)44+2 (for 1 < p < n).

If # = (<i,...,<4) is a graph realizer of G*, then there exists W| = Wi,..., W, = W,
such that, for any 1 <i< n:

o |W/|=2,

o the elements of W] are consecutive in each of the restrictions of the linear orders in R

to W[ U---U W

Proof. According to Lemma 3.1, there exists W|' = Wy,..., W, = W,, such that

nh —
e forany 1 <i<n, W/ l=Qi—1)7+1,
e for any 1 <i< j<n, no two elements of W} are separated by an element of W/ in
some linear order in 4.

According to Lemma 3.1 again (considering the indexes of the W/” in reverse order), there
exists W, = W,,...,W| < W/, such that

o forany 1 <i<n |W/|=2,
e for any 1 <i< j< n no two elements of W/ are separated by an element of W]/ in
some linear order in %.

Altogether, the elements of W/ form an interval of each of the restrictions of the linear
order in Z to W{U---UW,. Ul
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Theorem 3.3. Let G be a graph of order n, let d >3 be an integer, and let GT =
G (Wy,...,W,) be the multiplication of G, where |W;| = (2n)"4+2_ Then, the following
assertions are equivalent :

(1) G has a bicolourable graph realizer of size d,

(2) udimG < d,

(3) dimG* < d,

Thus, the universal dimension udim G of a graph G is the smallest size of a bicolourable
graph realizer of G.

Proof. Assume # = (<i,...,<g) is a bicolourable graph realizer of G, with balanced
bicolouration I'. If H — G, then there exists a multiplication H* = G*(W{,...,W,) of G
such that H = H*. Let V(G) = {v1,...,0,} and let W/ = {(v;, 1),..., (v;,k;)} for 1 <i< n.
In each linear order <; of %, replace the vertex v; by the sequence (v;,1),..., (v, k;) if
I'(v;, j) = 0, or by the sequence (v;,k;),...,(v1, 1) if ['(v;, j) = 1. One easily checks that the
so-obtained d linear orders realize the graph H™ and thus they also realize H. Hence, (1)
implies (2).

As Gt — G, we have dim G < udim G. Thus, (2) implies (3).

Assume dim Gt < d. Let Z = (<y,...,<4) be a graph realizer of G*. According to
Lemma 3.2, there exists W = Wy,..., W, = W,, such that, for any 1 <i<n, W;is a
two-element set {x;, y;}, and such that x; and y; are consecutive in each of the restriction
of the linear orders in # to W{U---UW,.

Let #' = (<),...,<)), where <] is the restriction of <; to {xi,...,x,}. According to
Remark 1, #' is a graph realizer of G. Define I'(x;,k) as 0 if x; < y;, and 1 otherwise.
Let x; be any vertex of G and let x; be a neighbour of x; in G. Then x; is adjacent
to both x; and y; in G*. Hence, as x; and y; are always consecutive in the restriction
of the linear orders to W{ U---U W,, there exists o, f € [d], such that x; <, x; <, y; and
Xj <p yi <p X;. Thus, I is a balanced bicolouration of G with respect to #’. Hence (3)
implies (1). ]

Corollary 3.4. Let 1 < k < d be integers. Assume G has a graph realizer (<y,...,<g) such
that two adjacent vertices are not comparable in ﬂf;] <; and not comparable in ﬂ?:kH <.

Then (<,...,<q) is bicolourable and thus udim G < d.

Proof. Define I'(x,i) =0 if i <k, and 1 otherwise. Then, I' is a balanced bicolouration
of G with respect to (<y,...,<<g). ]

Corollary 3.5. For any graph G, dimG < udim G < dim G + 2

Proof. Let (<y,...,<y) be a graph realizer of G and < any linear order on V(G). Then
(<t,...,<4,<,<) is a graph realizer of G to which Corollary 3.4 applies. L]

We shall now bound the universal dimension of the complete graph of order ¢ in terms
of graph dimension of complete graphs.
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Theorem 3.6. Let t be a positive integer. Then,

dim Ky udimk, < udimK; < dim K, + 1. (34)

Proof. Let d =udimK,. In order to prove dim K14 < udim K,;, we may assume that ¢
is maximal, namely that udim K, > d. Consider a graph realizer (<y,..., <) of K; with
a balanced bicolouration I'. Assume some vertex x of K; is the minimum of at least
two linear orders in £, for instance <; and <. As the value of I'(x,1) and I'(x,2) is
free, we may impose I'(x,1) =0 and I'(x,2) = 1. Then, consider the complete graph on
t 4+ 1 vertices obtained by adding a vertex v. In the linear orders <; (3 <i < d), replace
x by xv if I'(x,i) =0 and by vx, otherwise. In <, replace x by vx and in <; replace
x by xv. Extend T" by setting I'(v,i) = I'(x,i) for 1 <i < d. Then one easily checks that
we have obtained a bicolourable realizer of K, of size d, contradicting the maximality
assumption on ¢.

Hence, no vertex of K, is minimal in more than one linear order. In each of the <;,
replace each vertex x with the sequence
(x,1)(x,2), if I'(x,i) = 0 and x is minimal in no linear order,
(x,2)(x,1), if I'(x,i) = 1 and x is minimal in no linear order,
(x, 1)(x,2)(x, 3), if I'(x,i) = 0 and x is minimal in a linear order <; with j # i,
(x,3)(x,2)(x, 1), if I'(x,i) = 1 and x is minimal in a linear order <; with j # i,
(x, 1)(x, 3)(x,2), if x is minimal in <;.

The so-obtained set of d linear orders is a graph realizer of Ky.4. Thus, udimK, >
dim K2t+d-

Let <y,...,<4 be a graph realizer of K,1, and let z be the maximum of <;. Let <} be
the restriction of <; to V(K41) —z, and let <, be the dual of <}. Colour the vertices
0 in <} and <}, and 1 in all the other linear orders. Then, for any x <} y, we have
y <41 X, so that each is less than the other coloured 0. Moreover, there exists 1 <i<d
such that y < x (as <; --* <4 is an antichain). So y is smaller than a x coloured I.
Assume x is not smaller than a y coloured 1. Then, y is never above {x,z}, contradicting
the fact that {x,z} is an edge. Thus, we have defined a bicolourable graph realizer of K,
of size d + 1. Hence, udimK,; < dimK,; + 1. ]

Remark 5. Letp > 3. IfdimK,,; > dim K, then dim K5(,_j) = udimK, | = dimK, + 1.

The following strengthening of the upper bound of udim K; has been proposed by the
referee of this paper.

Proposition 3.7. Let t be a positive integer. Then
udimK, < min{r : D(r —2) >t + 2}, (3.5)
where D(n) is the nth Dedekind number. U]

Proof. In [11], the authors prove that K, has a realizer of type (<, <1, <3,...,<g) if and
only if D(d —2) > t. Let <,= <;. Label the vertices of K; with 1,...,t, according to the
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linear order <;. Let 1 < x <y <t. As {1,y} is an edge of K,, there exists 1 < iy < d, such
that x is greater than 1 and y with respect to <;.. Hence i, > 2. Similarly, as {x,n} is an
edge of K;, there exists 2 < i, <t such that y is greater than n and x with respect to <; ,
and we have

x<;yand I'(y,1) =0,
x <, yand I'(y,i)) =1,
y <z x and I'(x,2) =0,
y <. x and I'(x,iy) = L.

The restriction of (<;,<7,<3,...,<g) to {2,...,t — 1} thus defines with T" a bicoloured
realizer of K,_». ]

The last part proof of Theorem 3.6 actually shows that every graph G has a vertex x
such that udim(G — x) < dim G + 1. One may ask if such a deletion is actually necessary.

Problem 1. Let G be a graph with dimension at least 3. Is it true that udimG <
dimG +1?

Notice that the restriction dim G > 2 is necessary, as dimK; =2 and udimK, = 4.
Moreover, according to the Schnyder’s theorem and the 4-colour theorem, any graph of
dimension 3 is planar and has universal dimension at most 4 (as udim K4 = 4). Thus, the
answer is ‘yes’ for the special case where dim G = 3.

4. Applications

4.1. Chromatic number
We shall now prove that graphs with universal dimension 4 have no bounded chromatic
number. For this we will make use of the following Theorem of K¥iz and NeSetfil.

Theorem 4.1 ([15]). For each k > 0, there exists a finite set X and linear orderings <y, <p
on X such that the Hasse diagram H of <<, has chromatic number at least k.

Lemma 4.2. Let k > 2 be an integer, X a finite set and <y,...,<y linear orders on X. For
I < [k], denote Py the partial order ((;c; <i) N (ﬂie[k]\l <;), and H(Py) its Hasse diagram.

Then, the graph G with vertex set X and edge set Ulg[k] E(H(Py)) has (<t,...,<p,
<k»---»<1) as graph realizer, and thus has universal dimension at most 2k.

Proof. Define <yt1-i=<;, for 1 <i<k and Z =(<y,...,<x). Let I = [k], let {x,y}
be an edge of H(P;) and let z ¢ {x,y}. Without loss of generality we may assume that
x is smaller than y with respect to P;. Assume z is not greater than both x and y with
respect to some <; (1 < i< 2k). Then, z is also never smaller than both x and y with
respect to some <; (1 < i < 2k), as it would be greater than both x and y with respect to
<ok+1—i- Thus z lies between x and y in all the <;. Hence x < z < y with respect to Py,
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contradicting {x,y} € H(P;). We conclude that z is greater than x and y in some <;, and
thus that £ is a graph realizer of G.

This graph realizer may be rewritten as (<i, <y, <z,..., <k, <2,..., <k). As two vertices
are not comparable in <; N < and not comparable in (i, <;) N (N, <), Corollary 3.4
applies and thus udim G < 2k. U]

Corollary 4.3. Let P = (X, <) be a poset of dimension at least 2 and let H(P) be its Hasse

diagram. Then H(P) has a graph realizer of the form (<i,...,<dimp><i,---» <dimp) and thus
udim(H(P)) < 2dim P.

Theorem 4.4. For any integer k > 2, there exists a graph Gy with chromatic number at least
k, universal dimension 4, and having a realizer of the form (<, <3, <1, <z).

Proof. The existence of a graph Gy, with chromatic number at least k, universal dimension
at most 4, and having a realizer of the form (<, <3,<j,<3) is a direct consequence of
Theorem 4.1 and Corollary 4.3. According to Remark 3, G, has universal dimension at
least 4 and thus universal dimension exactly 4. |

Corollary 4.5. There exists no integer k, such that any graph G of dimension 4 having
a realizer of the form (<y,<3,<1,<2) has a vertex partition into at most k sets V(G) =
ViU--- UV, each inducing a planar graph.

Proof. Assume V(G) has a partition in k sets, each inducing a planar graph. Then
%(G) < 4k. As graphs of dimension 4 having a realizer of the form (<, <3, <, <7) have
no bounded chromatic number, the result follows. ]

Felsner and Trotter proposed the following two conjectures, which are obviously
disproved by Corollary 4.5.

Conjecture 4.6 ([11]). Let G = (V,E) be a graph. Then dim G < 4 if and only if the vertex
set V can be partitioned into four parts so that each part induces an outerplanar graph.

Conjecture 4.7 ([11]). Let G = (V,E) be a graph. Then dim G < 4 and G has a realizer of
the form (<, <»,<3,<3) if and only if the vertex set V can be partitioned into two parts
so that each part induces an outerplanar graph.

Problem 2. Does there exist a graph G of universal dimension 4 having no graph realizer
of the form (<1, <3,<1,<3)?

4.2. Extremal graphs

An (r,s)-colouring of a graph G is a colouring of the vertices of G such that each of the
first s ones induces a complete graphs and each of the r — s remaining ones induces an
empty graph. The colouring number r(%) is the maximal r for which there exists an s,
0 < s < r, such that every (r, s)-colourable graph has property # (see [4]).
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The speed |(dim < d)"| of the property (dim < d) is the number of graphs of order n
having dimension at most d. These numbers are related to the colouring number of the
property (dim < d) by the following theorem.

Theorem 4.8 (Bollobas and Thomason [5]). Let & be a hereditary property of graphs and
let 2" be the set of graphs in 2 with vertex set [n]. Then

|,@”| _ 2(1—1/)‘+0(1))n2/2’

where r = r(2) is the colouring number of .

The colouring number of the property (dim < d) (and hence its speed) is given by the
following simple formula.

Theorem 4.9. Let d > 4 be an integer, and let t be the greatest integer such that udim K, =
d. Then the colouring number of the property (dim < d) is

r(dim < d) = t.

Thus, the number of labelled graphs of order n having dimension at most d is 2(1=1/t+o(n*/2,

Proof. Any (t,0)-colourable graph is t-chromatic and thus has dimension at most d (as
udim K, = d). Hence, r(dim < d) > t.

There exists a (t+ 1)-chromatic graph with dimension strictly greater than d, as
udim K, ; > d. Thus, there exists a (t + 1,0) colourable graph with universal dimension
strictly greater than d. Moreover, as complete graphs are (t + 1, s)-colourable for any s > 1
but have unbounded dimension, we deduce r(dim < d) <+ 1. ]

The size egim<a(n) (resp.eudim<d(n)) of the property (dim < d) (resp. (udim < d)) is the
maximum number of edges a graph G can have when it has n vertices and dimension at
most d (resp. universal dimension at most d). It is proved in [1] that lim,_, edimea(n)/n* =
3/8.

We shall show that egim<q(n) is closely related to the universal dimension of complete
graphs.

Theorem 4.10. Let d > 4 be an integer, and let t be the greatest integer such that udim K, =

d. Then:
(1 _ 1) @ +0() < eatimedn) < eamea(n) < (1 - 1) (;) + o)

Proof. As udim(K;;1) > d, the graph G = K[frl, defined in Theorem 3.3, is such that
dim G > d.

As G is (t + 1)-chromatic, the maximum number of edges possessed by a graph of order
n not having G as a subgraph is, according to the Erdés—Stone theorem [10],

ex(n; G) = (1 — 1)”; + o(n?).
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Table 1. Order of complete graphs which are extremal
for dimension and universal dimension, respectively.

t max{n:dimK, <t} max{n:udimkK, <1}

4 12 4

5 81 between 30 and 38

6 2646 between 1088 and 1320

7 1422564 between 583507 and 711273

Hence, egim<a(n) < ex(n; G). As dim G < udim G, eygim<a(n) < edgim<a(n).

Moreover, the complete balanced t-partite graph is t-colourable and has universal
dimension at most d. This graph has (1—1)(}) + O(n) edges, thus concluding the
proof. U]

The upper bounds appearing in Table 1 result from Theorem 3.6.

Using a technique similar to that of [13] and selecting pairs of consecutive antichains
(in lexicographic order) which form a cover, we build a realizer of K,,, where vertices
2k — 1 and 2k (1 < k < n) are consecutive in each of the linear orders. This enumeration
technique allows us to build a bicoloured graph realizer of K, leading to the lower bounds
shown in Table 1 (notice that the validity of the computed bicoloured graph realizer has
been checked by computer). For instance, as evidence for udim K3y = 5, we reproduce
here the computed 5-balanced bicolouration of a graph realizer of Kj:

<i 171516 5 1 2 3 4 7 6 128 9 10 11 14 13 21 22 18 19 20 28 27 25 23 24 26 29 30
< 2018192122 6 7 2 1 4 3 51314 9 8 1110 12 15 16 17 30 29 26 24 23 25 27 28
< 2625232428273029 7 6 5 3 4 1 21413121011 8 9 17 16 1520 19 18 22 21
< 29302728232425262122181920151617 8 9 1011121314 1 2 3 4 5 6 7
<s 3029 28272625242322212019181716151413 1211109 8 7 6 5 4 3 2 1

5. Conclusion

The universal dimension of a graph appears to be a nontrivial connection between poset
dimensions and graph homomorphisms. In particular, for d > 4, no finite family % of
finite graphs exists for a characterization like G - H € 4 <= udim G < d. However, it
is possible that such a characterization could exist for a fixed chromatic number.

Problem 3. For any k > 2 and any d > 4, does there exist a finite k-chromatic graph U
of universal dimension d such that any k-chromatic graph of universal dimension d has a
homomorphism to Ugy?

An additive hereditary property is reducible if there exists two hereditary properties 24
and £,, such that a graph G belongs to Z if and only if there exists a partition (Vy, V3)
of G, so that G[V1] € #, and G[V;] € 2, (see [14]). The question of determining whether
or not (udim < d) is reducible leads to the following question.
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Problem 4. Let G be an extremal graph of universal dimension d (i.e., udim G = d, but the
addition of any edge to G increases the universal dimension). Then, is the complementary
graph of G disconnected?

Acknowledgements

The authors would like to thank the referee for his comments and for the improvement
of the second inequality of Theorem 3.6, which is stated in Proposition 3.7.

References

[1] Agnarsson, G., Felsner, S. and Trotter, W. T. (1999) The maximum number of edges in a graph
of bounded dimension, with application to ring theory. Discrete Math. 201 5-19.

[2] Barany, L., Howe, R. and Scarf, H. (1994) The complex of maximal lattice free simplices. Math.
Program. (Ser. A) 66 273-281.

[3] Bayer, D., Peeva, I. and Sturmfels, B. (1998) Monomial resolutions. Math. Res. Lett. 31-46.

[4] Bollobas, B. (1995) Extremal Graph Theory, Handbook of Combinatorics, Vol. 2 (R. L. Graham,
M. Grotschel, and L. Lovasz, eds), Elsevier.

[5] Bollobas, B. and Thomason, A. (1997) Hereditary and monotone properties of graphs. In The
Mathematics of Paul Erdds 11 (R. L. Graham and J. Nesetfil, eds), Vol. 14 of Algorithms and
Combinatorics, Springer, Berlin, pp. 70-78.

[6] Brightwell, G. and Trotter, W. T. (1993) The order dimension of convex polytopes. SIAM J.
Discrete Math. 6 230-245.

[7] Brightwell, G. and Trotter, W. T. (1997) The order dimension of planar maps. SIAM J. Discrete
Math. 10 515-528.

[8] Dushnik, B. (1950) Concerning a certain set of arrangements. Proc. Amer. Math. Soc. 1 788-796.

[9] Dushnik, B. and Miller, E. W. (1941) Partially ordered sets. Amer. J. Math. 63 600-610.

[10] Erdés, P. and Stone, A. H. (1946) On the structure of linear graphs. Bull. Amer. Math. Soc. 52
1087-1091.

[11] Felsner, S. and Trotter, W. T. (2005) Posets and planar graphs. J. Graph Theory 49 273-284.

[12] Fiiredi, Z., Hajnal, P,, Rodl, V. and Trotter, W. T. (1991) Interval Orders and Shift Graphs,
Vol. 60 of Collog. Math. Soc. Janos Bolyai, pp. 297-313.

[13] Hosten, S. and Morris Jr., W. D. (1999) The order dimension of the complete graph. Discrete
Math. (special issue on partial ordered sets) 201 133—139.

[14] Kratochvi 1, J. and Mihok, P. (2000) Hom-properties are uniquely factorizable into irreducible
factors. Discrete Math. 213 189-194.

[15] Kfiz, 1. and NeSetfil, J. (1991) Chromatic number of Hasse diagrams, eyebrows and dimension.
Order (8) 41-48.

[16] Ossona de Mendez, P. (1999) Geometric realization of simplicial complexes. In Graph Drawing
(J. Kratochvil, ed.), Vol. 1731 of Lecture Notes in Computer Science, Springer, pp. 323-332.

[17] Ossona de Mendez, P. (2002) Realization of posets. J. Graph Algorithms Appl. 6 149-153.

[18] Scarf, H. (1973) The Computation of Economic Equilibria, Vol. 24 of Cowles Foundation
Monographs, Yale University Press.

[19] Schnyder, W. (1989) Planar graphs and poset dimension. Order 5 323-343.

[20] Spencer, J. (1971) Minimal scrambling sets of simple orders. Acta Math. Acad. Sci. Hung. 22
349-353.

https://doi.org/10.1017/50963548305007145 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548305007145

