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Abstract. We consider open sets of transformations in a manifold M, exhibiting non-
uniformly expanding behavior in some forward invariant domain U C M. Assuming that
each transformation has a unique Sinai—Ruelle-Bowen (SRB) measure in U, and some
general uniformity conditions, we prove that the SRB measure varies continuously with
the dynamics in the L'-norm. We also describe a concrete application.

1. Introduction

In general terms, dynamics has a twofold aim: to describe, for the majority of dynamical
systems, the typical behavior of trajectories, particularly as time goes to infinity; and to
understand how this behavior changes when the system is modified and the extent to which
it is stable under small modifications. In this work we are primarily concerned with the
latter problem.

The first fundamental concept of stability, structural stability, was formulated by
Andronov and Pontryagin [AP]. It requires that the whole orbit structure remain unchanged
under any small perturbation of the dynamical system: there exists a homeomorphism of
the ambient manifold mapping trajectories of the initial system onto trajectories of the
perturbed one, preserving the direction of time. In the early 1960s, Smale introduced the
notion of a uniformly hyperbolic (or Axiom A) system, having as one of his main goals
the characterization of structural stability. Such a characterization was conjectured by
Palis and Smale [PS]: a diffeomorphism (or a flow) is structurally stable if and only
if it is uniformly hyperbolic and satisfies the so-called strong transversality condition.
Before that, structural stability had been proved for certain classes of systems, including the
Anosov and Morse—Smale systems. The ‘if” part of the conjecture was proved by Robbin,
de Melo, Robinson in the mid-1970s. The converse remained a major open problem for
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yet another decade, until it was settled by Maé for C! diffeomorphisms (perturbations are
small with respect to the C! norm). The flow case was recently solved by Hayashi, also in
the C! category. The C* case, k > 1, is still open both for diffeomorphisms and for flows.
See, for example, the book by Palis and Takens [PT] for precise definitions, references and
a detailed historical account.

Despite these remarkable successes, structural stability proved to be too strong a
requirement for many applications. Several important models, including Lorenz flows
and Hénon maps, are not stable in the structural sense, yet key aspects of their dynamical
behavior clearly persist after small modifications of the system. Weaker notions of stability,
with a similar topological flavour, were proposed throughout the 1960s and the 1970s, but
they all turned out to be too restrictive.

More recently, increasing emphasis has been put on expressing stability in terms of
the persistence of the statistical properties of the system. A natural formulation, the one
that concerns us most in this work, corresponds to the continuous variation of physical
measures as a function of the dynamical system. Let us explain this in precise terms.
We consider discrete-time systems, namely, smooth transformations ¢ : M — M on
a manifold M. A Borel probability measure u on M is a Sinai—-Ruelle-Bowen (SRB)
measure (or a physical measure), if there exists a positive Lebesgue measure set of points
z € M for which

n— 400

1 n—1 i
lim =3 f@@) = f fdu M
j=0

for any continuous function f : M — R. In other words, time averages of all continuous
functions are given by the corresponding spatial averages computed with respect to w, at
least for a large set of initial states z € M.

Let us suppose that ¢ admits a forward invariant region U C M, meaning that
@(U) C U, and there exists a (unique) SRB measure . = pu, supported in U such that
(1) holds for Lebesgue almost every point z € U. We say that ¢ is statistically stable
(restricted to U) if similar facts are true for any C k nearby map ¢, for some k > 1, and
the map ¥ +— py, associating to each v its SRB measure (y, is continuous at ¥ = ¢.
For this definition, we consider in the space of Borel measures the usual weak™ topology:
two measures are close to each other if they assign close-by integrals to each continuous
function. Thus, this notion of stability really means that time averages of continuous
functions are only slightly affected when the system is perturbed.

Uniformly expanding smooth maps are well known to be statistically stable, and so are
Axiom A diffeomorphisms, restricted to the basin of each attractor. However, not much
is known in this regard outside the uniformly hyperbolic context. In the present work
we propose an approach to proving statistical stability for certain robust (open) classes of
non-uniformly expanding maps. Precise conditions will be given in the next subsection.
For the time being, we just mention that our maps ¢ exhibit asymptotic expansion,

1
lim —log||D¢"(z)v|]| >0 foreveryv e T.M,
n

n—-+400

at Lebesgue almost every point z in some forward invariant region U, but they are not
uniformly expanding. Moreover, they admit a unique SRB measure which is an ergodic
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invariant measure absolutely continuous with respect to the Lebesgue measure in U. These
properties remain valid in a neighborhood of the initial map, and we prove that the SRB
measure [Ly, varies continuously with the mapping in this neighborhood. In fact, our
approach proves statistical stability in a strong sense: the density diy/dm of L, with
respect to Lebesgue measure m varies continuously with ¢ as an L' -function.

To the best of our knowledge this is the first result of statistical stability for maps with
non-uniform expansion. An application, and the example we had in mind when we started
this work, are the maps with multidimensional non-uniform expansion introduced in [V],
and whose SRB measures were constructed in [A].

Using a very different approach, Dolgopyat [D] proved statistical stability and other
ergodic properties for some open classes of diffeomorphisms having partially hyperbolic
attractors whose central direction is mostly contracting (negative Lyapunov exponents).
In this situation (see also Bonatti—Viana [BV]) SRB measures are absolutely continuous
with respect to the Lebesgue measure along the strong—unstable (uniformly expanding)
foliation of the attractor. Our systems in the present work are closer in spirit to partially
hyperbolic attractors with a mostly expanding central direction, in the sense of Alves—
Bonatti—Viana [ABV]. Statistical stability for the latter systems has not yet been proved.

1.1. Statement of results. Letg : M — M be a map from some d-dimensional manifold
into itself, S be some regionin M, and ¢ : S — S be a return map for ¢ in S. That is, there
exists a countable partition R = {R;}; of a full Lebesgue measure subset of S, and there
exists a function 4 : R — Z* such that

IR = (ph(R)lR foreach R € R.

For simplicity, we will assume that S is diffeomorphic to some bounded region S of R (but

similar arguments hold in general, using local charts). Then we can pretend that § ¢ R?,

through identifying it with S, and we do so.

We say that ¢ is a C2 piecewise expanding map if the following conditions hold.

° The boundary of each R; is piecewise C? (a countable union of C? hypersurfaces)
and has finite (d — 1)-dimensional volume.

° Each ¢; = $|R; is a C? bijection from the interior of R; onto its image, admitting a
C? extension to the closure of R;.

° There is 0 < o < 1 such that ||D<1)f1 || <o foreveryi > 1.
We say that ¢ has bounded distortion if:
° there is some K > 0 such that, forevery i > 1,
D(J o ¢!
1 D( 0¢i,1 )l - K
|J O¢,’ |

where J is the Jacobian of ¢.
Moreover, we say that ¢ has long branches if the images of the elements of the partition
R satisfy the following geometric condition:
° there are constants 1 > 8 > ¢/(1 — o) and p > 0 such that the boundary of each
¢ (R;) has a tubular neighborhood of size p inside ¢ (R;), and the C 2 components of
the boundary of each ¢ (R;) meet at angles greater than arcsin(8) > 0.
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It was shown in [A, §5] that every C? piecewise expanding map with bounded distortion
and long branches has some invariant probability measure p absolutely continuous
with respect to the Lebesgue measure on S (henceforth denoted m and assumed to be
normalized). Then

(0.¢]
W=l (ulh > j}) )
j=0
is an absolutely continuous invariant measure for ¢. Moreover, the density du/dm of w is
in L?(S) for p = d/d — 1. As a consequence, the measure p* is finite, as long as we have:
° the function % is in L7(S) for ¢ = d (this is taken so that 1/p + 1/q = 1).

It was also observed in [A, §5 and 6] that the absolutely continuous invariant measure p*
may be taken to be ergodic (which implies that it is an SRB measure for ¢) and, moreover,
¢ has finitely many such ergodic measures.

Now we state our first main result. Let k > 2 be fixed, and U/ be an open set of ck
transformations on M admitting a forward invariant compact region U. We endow U
with the C¥ topology. Assume that we may associate to each ¢ € U a map ¢y S — S,
a partition R, of a full Lebesgue measure subset of § C U, and a function iy, : Ry, — Z7T,
such that ¢, is a C? piecewise expanding map with bounded distortion and long branches,
and hy, € L9(m). We consider elements g of U/ satisfying the following uniformity

conditions.
(Ul) Given any integer N > 1 and any € > 0, there is § = §(¢, N) > 0 such that for
j=1,...,N

llo —@olick <8 = m({hy = j}Alhy, = j}) <€,

where A represents symmetric difference of two sets.
(U2) Givene > 0, thereare N > 1 and § = §(e, N) > 0 for which

o0
> Xy

Jj=N

le —wollck <8 = <€,

q

where X~ jy denotes the characteristic function of the set {h, > j}.
(U3) Constants o, K, 8, p as before may be chosen uniformly in a ck neighborhood of ¢g.
We also assume that the maps in a neighborhood of ¢ satisfy the following non-
degeneracy condition: given any € > 0 there exists § > 0 such that

m(E) <8 =m(p \(E)) <€ A3)

for any measurable subset E of S and any ¢ in /. This can often be enforced by requiring
some jet of order [ < k of ¢g to be everywhere non-degenerate.

THEOREM A. Let U be as before, and suppose that every ¢ € U admits a unique SRB
measure Ly in U. Then:

(1) g is absolutely continuous with respect to the Lebesgue measure m; and

(2) ifpo € U satisfies (Ul)—(U3) then ¢ is statistically stable in a strong sense: the

map
dity
dm

is continuous, with respect to the L'-norm, at ¢ = ¢y.

U3¢+
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We observe that under assumption (Ul), condition (U2) can be reformulated in
equivalent terms:
(U2') Given € > 0, there is § > 0 for which

llo —wolick <8 = llhy — hyyllqg < €.

A proof of this equivalence will be given in Remark 3.5 at the end of §3.
Our next results state that the assumptions of Theorem A do correspond to robust classes
of smooth maps in some manifolds.

THEOREM B. There exists a non-empty open set N in the space of C> transformations
from S' x R into itself such that every ¢ € N admits a C* piecewise expanding return
map ¢, with bounded distortion and long branches, the return time hy, is in L%(m), and
conditions (Ul )—(U3) are satisfied.

The open set N we exhibit for the proof of this result is the one constructed in [V].
As pointed out in that paper, the choice of the cylinder S! x R as the ambient space is
rather arbitrary, the construction extends easily to more general manifolds. In what follows
we briefly describe the set NV, referring the reader to [V] and §4 for more details.

Let d be some large integer: d > 16 suffices, but is far from being optimal. Let
ap € (1,2) be such that the critical point x = 0 is pre-periodic under iteration by the
quadratic map ¢ (x) = ao — x2 (again, this is far too strong a requirement on the parameter
ap). Let b : S — R be a Morse function, for instance, b(f) = sin(2rt). Note that
S! = R/Z. For each @ > 0, consider the map ¢, : S' x R — S! x R given by
0a(0,x) = (29), f (8, x)), where g is the uniformly expanding map of the circle defined
by g(0) = d6 (mod Z), and £(6,x) = a®) — x% with a(0) = ao + ab(0). We shall take
N to be a small C3 neighborhood of ¢, for some (fixed) sufficiently small «.

It is easy to check that for @ small enough there is an interval I C (—2, 2) for which
@ (S' x I is contained in the interior of S' x I. Thus, any map ¢ uniformly close to ¢q
has U = S! x I as a forward invariant region, and so ¢ has an attractor inside this invariant
region, which is precisely the set

A= (]¢ﬁ(uy
n>0

Observe also that (3) holds in this context, as long as the neighborhood N is chosen
sufficiently small. Indeed, denoting J¢ = det D¢, we have
3J Qo 92 f

af d D
— an =Dg—=.
ax ax §ax2

Jpo = Dg

Our assumptions give that the last expression is bounded away from zero. So, choosing A/
small enough, there exists ¢; > 0 such that |0J ¢, /dx| > c| forany ¢ € N. Consequently,
m(¢~'(E)) < constant m(E)'/? for any ¢ € N and any measurable set E.

It was shown in [A] that the maps ¢ € A admit (finitely many) SRB measures, which
are ergodic absolutely continuous invariant measures. To be able to apply Theorem A to
this open set A/, we also have to show that the SRB measure is unique for each ¢ € N.
This will follow from a stronger fact that we state in the next theorem.
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We say that ¢ is topologically mixing if for every open set A C S! x I there is some
n = n(A) € Z* for which ¢"(A) = A. Moreover, ¢ is ergodic with respect to Lebesgue
measure if for every Borel subset B C S'x I such that (p_l (B) = B, either B or (S!x I\B
have Lebesgue measure equal to zero. Clearly, if ¢ is ergodic with respect to Lebesgue
measure then it has at most one SRB measure: any basin has full Lebesgue measure in
St x 1.

THEOREM C. Let N be as described before. Then the transformations ¢ € N are
topologically mixing and ergodic with respect to Lebesgue measure.

This work is organized as follows. Theorem A is proved in §§2 and 3. The proof of
Theorem B occupies §§4 and 5. Finally, Theorem C is proved in §§6 and 7.

2. Absolute continuity
The proof of Theorem A uses the notion of variation for functions in any dimension.
For f € L'(R?) with compact support, the variation of f is

var(f) = sup {/d fdiv(g)dm : g € C{RY,RY), |Igllo < 1} ,
R

where C(l) (R?, R?) is the set of C! maps from R? to R? with compact support, and || |jo
is the supremum norm in C(l) (R, RY). If f is a C! map, then var(f) coincides with
f IDf||dm (see, for example, [G, Example 1.2]). We consider the space of bounded
variation functions

BV(RY) = {f € L"(R?) : var(f) < +o0}.
The following general results about bounded variation functions are used in the rest of the
paper.
PROPOSITION 2.1. Given f € BV (RY), there is a sequence (f,)n of C*° maps such that
lim / |f — fuldm =0 and lim / IDfnll dm = var(f).
n—oo n—o0
Proof. See [G, Theorem 1.17]. O

PROPOSITION 2.2. If (fx)k is a sequence of functions in BV (R?) such that there is a
constant Ko > 0 for which

var(fr) < Ko and /Ifkldm < Ko foreveryk,

then (fi)r has a subsequence converging in the L'-norm to an fo with var(fo) < Kp.
Proof. See [G, Theorem 1.19]. O
PROPOSITION 2.3. Let f € BV(Rd) and take p =d/(d — 1). Then

I£llp < Kivar(f),
where K1 > 0 is a constant depending only on d.

Proof. See [G, Theorem 1.28]. O
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Let ¢ € U and ¢ be as in the statement of Theorem A. We introduce the transfer
operator L : L'(S) — L'(S) associated to ¢, defined by

qb,
Lyf = Z; e Xo(Ry)-

By change of variables,

/(pr)gdm =/f(g0¢)dm, “)

whenever the integrals make sense. In particular, each fixed point of Ly is the density of an
absolutely continuous ¢-invariant finite measure. We also use the fact that £ never expands

L! norms:
/|E¢f|dm§/E¢|f|dm=/|f|dm.

The next lemma, a Lasota—Yorke type inequality for maps in BV (R?), plays a crucial
role in the proof of the existence of fixed points for L.

LEMMA 2.4. For any ¢ € U, there are constants 0 < A < 1 and K, > 0 such that
varCo f) < hvar()+ Ko [ 1f1dm
forevery f € BV (RY). Moreover, . and K, may be chosen uniform in a neighborhood of

any @o € U that satisfies (U3).

Proof. The first part is [A, Lemma 5.4]. The argument gives A = o (1 + 1/8) and
K> = K + 1/(Bp) + KB. So both may be taken uniform in a whole neighborhood of
any map ¢ satisfying (U3). O

Consider for each k > 1 the function
k=l
_ J
Tk ZE ¢1'
j=0

Using (4) and the fact that f; > 0 we have f |fxldm = 1 for k > 1. By Lemma 2.4,
var(fy) < K3 for k > 1, where K3 = var(Xs) + K> Z/fozo 2K 4+ 1. 1t follows from
Proposition 2.2 that (f;)x has a subsequence converging in the L!-norm to some p with
var(p) < K3. Hence, 4y = pm is an absolutely continuous ¢-invariant probability
measure. From this it is deduced in [A, §6] that

o
= @l(uglihy > jh )
Jj=0
is an absolutely continuous g-invariant finite measure.

LEMMA 2.5. Given any f € L'(RY), then the sequence n~! Z?;(l) E'(;f has some
accumulation point in Ll(Rd) that is a function with variation bounded by 4K || f 1.
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Proof. Let f € L'(R?) and take a sequence (f;), in B V(RY) converging to f in the
L'-norm. It is no restriction to assume that || f,||; < 2|/ f|l1 for every n > 1 and we do it.
For eachn > 1 we have

var(C), fu) < A var(fu) + Kall fulli < 3K2ll £

for large j. So, taking k large enough we have

=
ar (z Zzgfn) < 4Kl £l
j=0
Moreover

Znﬁ Sullt 2201111

Lkl
il =
j=0

for every j > 1. It follows from Proposition 2.2 that there exists some fn € BV(RY) and
a sequence (k;); for which

lim '
11— 00

1 ki—=1 R
k_i 2(:) ‘Céfn - fn
]=

and, moreover, var( f,,) < 4K>| fll1. Now we apply the same argument to the sequence
(fn)n in order to obtain a subsequence (r;); such that (fy,); converges in the L'-norm to
some f with var(f) < 4K>| f|l1. Since

=0
1

"Zﬁh,fH Zﬁm Fu| 40— 7
1
there is some sequence (k;); for which
kl 1
li cl
jim | 2 Coln - i, =0
However,
1 ki—1
[ Sin-cin] =5 S 1=l =111,
Jj=
and this last term goes to 0 as [ — oo. Finally, this implies that
k/ 1
li L7l =
Jm | Z =),
thus proving that f is an accumulation point for the sequence n~! Zl};(l) Eé f- a

Observe that any accumulation point f of a sequence as in the lemma is a fixed point
for the transfer operator.
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COROLLARY 2.6. Given any ¢-invariant set A C S with positive Lebesgue measure,
there is an absolutely continuous ¢-invariant probability measure ug = fam for which
ua(A) = 1. Moreover, fa may be taken with var( f) < 4K>.

Proof. Let A C S be a ¢-invariant set with positive Lebesgue measure. Considering in the
previous lemma f = X4 € L'(RY), we find f4 € BV (R%) and a sequence (k;); for which
var(fa) < 4K>|[[Xall1 < 4K> and

k=1

1% j
li — LLX — =0.
fim, | 2 ot = fa

1

In particular || f4|l1 = m(A) > 0. Then ug = (fa/m(A))m is a probability measure, and
it is ¢-invariant because f4 is a fixed point of L. Since

ki—1

1 .
m(A)pua(S\ A) = lim — Ll X4 dm
\ I—o0 kj j;o S\A ¢

1 ki—1

= lim — Z/(X(S\A)O¢j)XAdm =0
S

I—o0 ky =
we have that 4 gives full weight to A, thus concluding the proof of the result. a

COROLLARY 2.7. There is a constant E(d) > O such that if A C S is a ¢p-invariant set
with positive Lebesgue measure, then m(A) > K (d).

Proof. Let A C S be a ¢-invariant set with positive Lebesgue measure and pg = fam a
measure as in Corollary 2.6. Since f4 € B V(R?) ¢ LP(R?) (recall Proposition 2.3) and
na gives full weight to A, it follows from Minkowski’s inequality that

1 =f fadm < | fallp - I1Xally < Ki14K2 m(A)4,
A

We take K (d) = (K 4K,)~“. O
LEMMA 2.8. There are ergodic absolutely continuous ¢-invariant measures (i, .. ., iy
supported in U, and positive numbers «y, ..., oy, such that a1 + --- + o = 1 and

Mg = QIM] + -+ o)

Proof. 1f puy, is ergodic, it is enough to take r = 1, a1 = 1, and u} = u,. Otherwise,
there exists some @-invariant set A such that 0 < ,u?;(A) < 1. Let us observe that A N S is
necessarily ¢-invariant:

dNANS) ={xeS:pkx) e A} = U(go—-/'(A) N{h, = jH=ANS.
j=1

Because of the assumption ,uj;(A) > 0 and the definition of M:f, in (5), there exists j > 0
such that ug(@=/(A) N {h = j}) > 0. Then, ug(A) = ugs(p~/(A)) is also positive.
Since g is supported in S, this is the same as saying that ug(A N'S) > 0. Then, by
absolute continuity, m(A N S) > 0. So, by Corollary 2.7, we have

m(ANS) > K(d). (6)

https://doi.org/10.1017/50143385702000019 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385702000019

10 J. F. Alves and M. Viana

Now, either A is minimal, in the sense that there is no @-invariant set B C A with
/,L:Z (A) > u?; (B) > 0, or else we apply the same arguments as before, with B and A \ B
in the place of A. Of course, all this can be said about the complement M \ A as well. The
important point is that at all stages we have an uniform lower bound as in (6). Thus this
subdivision must stop after a finite number of steps. That is, we find a decomposition of
M into a finite number of g-invariant sets A1, ..., A, with positive \,-measure, such that
m(A;NS) > K (d) for 1 <i <r and, most important, each A; is minimal in the previous
sense. Define o; = ,u?;(A,') and i} to be the restriction of M:Z to A;, divided by ¢;. Clearly,
each u; is absolutely continuous and g-invariant (because A; is ¢-invariant). Moreover,
;Lf is ergodic, because A; was taken minimal. O

The first part of Theorem A is contained in the following consequence of the previous
lemma.

PROPOSITION 2.9. If ¢ € U has a unique SRB measure i, supported in U, then
Ky = Ho-

Proof. Each of the measures u} in Lemma 2.8 is an SRB measure supported in U.
Therefore, the assumption implies that » = 1 and ,uj;, = Ul = ly. O

3. Statistical stability

Now we prove that under the assumptions of Theorem A the density of the measure ,uj;,
varies continuously with the map ¢, in the L!-norm. Let ¢y be some map in I/ satisfying
(U1)—(U3), and (¢,), be a sequence of maps in I converging to ¢g in the C* topology.
Let ¢ be the return map of ¢g, with return time Az (cf. the definition of /). Let u be an
absolutely continuous ¢p-invariant probability measure and i be the go-invariant measure
obtained from it as in (2). We represent by pg the density of ©o. Moreover, we denote by
Ons hn, tn, 1), pn the corresponding objects for each ¢,. Our goal is to prove that w}
converges to /iy as n goes to infinity.

We begin by noting that, as a consequence of our construction,

var(p,) < K3 and /pn dm <1

for every n > 1 (recall Lemma 2.4). Thus, by Proposition 2.2, the sequence of densities
(pn)n is relatively compact with respect to the L' norm: any subsequence contains another
subsequence which is L! convergent. This means that we only have to prove that ()i
converges to u for every subsequence (n;); such that (p,,); converges in the L'-norm to
some function peo.

Let (pn;)i and poo be as before. The previous remark also gives var(ps) < K3.
We consider oo = poom and define

0 .
who =Y @l (ool{ho > j}).
j=0

We want to show that the densities of u) with respect to the Lebesgue measure converge
in the L!-norm to the density of W3, and, moreover, the measure 5, coincides with .
We start with some auxiliary lemmas.
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LEMMA 3.1. There is K4 = K4(d) > 0 such that, for any f € BV ([R?) and any C'
embedding ¥ : D — R? of a compact domain D C R?,

/leo ¥ — fldm < Ka||ly — id|[§ var(f).

Proof. We start by proving the result when f is a continuous piecewise affine map. More
precisely, we suppose that the support A of f can be decomposed into a finite number of
domains Aq, ..., Ay such that the gradient V f of f is constant on each A;. We define

Dy ={(x,2) eR"':x e Dandz € [f(x), f(¥ ()]}
and let D, be the horizontal || — id|¢p-neighborhood of the graph of f. That is,
D> = {(x,2) € R¥ . z = f(y) for some y € R? with |x — y|| < ¥ — id|lo}.

We claim that D; C D;. Indeed, given (x, z) € Di, and since z € [ f(x), f(¥(x))], by
the continuity of f there is y in the straight line segment [x, ¥ (x)] such that z = f(y).
Taking t = y — x we have ||¢|| < |[¥(x) — x|, which proves the claim. Now

/ \fo — fldm = / / 1dzdm(x) = vol(D;) < vol(Da).
D D JIf ). f@ )]

Foreachi = 1,..., N, let H; be the horizontal ||y — id|op-neighborhood of the graph of
flA;. Clearly, D, C Hy U---U Hy, and so

N
vol(Dy) < Z vol(H,).
i=1

Letting V; f denote the value of the gradient of f|A;, we have
vol(H;) < Kally —id|§ Vi £ vol(As),

where K4 > 0 is the volume of the unit ball in R¢. Consequently,

N
fD |f o — fldm < Kally —idll§ > Vi f1| vol(Ay).
i=1

Taking into account that, in this case,

N
> 1% flvolan) = [ 191 dm = var(7),
i=1

we obtain the result for any continuous piecewise affine map.
The next step is to deduce the result for any C! map f. For this we take a sequence
(fn)n of continuous piecewise affine maps such that

If = fallo— 0 and [Df = Dfullo =0 asn — oo

(the derivatives Df;,, are defined only in the interior of the smoothness domains). For
instance, we may consider a sequence of triangulations 7, (of some cube covering the
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support of ), with diameters going to zero as n — 00, and let f;, be the unique piecewise
affine function that coincides with f on the vertices of 7,,. Then

[ 10w = iam = tim [ 150w~ filam
D D

and

var(f) = f |Df | dm = lim_ f |Dflldm = lim var(fy).

So, the previous case implies that the conclusion of the lemma also holds for f.
For the general case, we know by Proposition 2.1 that given f € BV (R%) there is a
sequence ( f;;)n of C! maps for which

Tlim / f ~ fuldm =0 and lim var() = var(/). %)
We have
/lfow—ﬂdms/vow—fnowmm
D D
+/ |fnow—fn|dm+/ \fu = fldm.
D D
Since

[ iteov=sovidm=[ if~fi-wam=1wio [ 15~ fiam

D ¥ (D)

where W = 1/|det Dy/| o ¥~ !, the result for general f € BV (R¥) follows from (7) and
the previous case. O

At this point we also introduce the transfer operator £, associated to ¢ € U, defined
foreach f € L1 (RY) as

_ J )
Lofy= Y E Dol (®)

xep~l(y)

The function L, f (y) fails to be defined only when y is a critical value of ¢. We have

/(Eq)f)gdm =/f(g0<p)dm

for every f, g € L'(R?) such that integrals make sense.

LEMMA 3.2. Given 9o € U and € > 0, there is § > 0 such that for any ¢ € U with
llo — @ollct < 8 we have

/ Lo f = Loy fldm < e(var(f) + 1 £ 1),

forevery f € BV (RY) with support contained in S.
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Proof. Our assumptions, namely the existence of a piecewise expanding return map, imply
that the critical set of ¢g (the set of points where ¢ fails to be a local diffeomorphism)
intersects S in a zero Lebesgue measure set. Given any €] > 0, define C(e1) as the
€1-neighborhood of this intersection. Clearly, m(¢(C(€1))) < constant m(C(e1)) for some
constant that may be taken uniform in a C' neighborhood of ¢g. So, using (3) we may fix
€1 small enough so that

q
mp;  (@2Cle)) < % (8%) , ©
for every @1, ¢» in some neighborhood of ¢g, where K is the constant in Proposition 2.3
and ¢ = d. We decompose S\ C(¢1) into a finite collection D(¢g) of domains of injectivity
of ¢p. Observe that if ¢ is close enough to ¢, in the C! sense, then C(¢;) also contains
the critical set of ¢. Hence, we may define a corresponding collection D(¢) of domains of
injectivity for ¢ in S\ C(e1), and there is a natural bijection associating to each Do € D(¢p)
a unique D € D(¢) such that the Lebesgue measure of DA Dy is small. Observe that £,
is supported in

9(S) =pClenu ) oD,

DeD(p)
and analogously for ¢g. So,
[ 160t = Lotlam < [ 1Ly FI+ 1Ly f1) dm (10)
@0 (C(e1))Up(C(e1))

+ / Lof = Lofldm (D)

DoeD(gp) Y $0(Po)Ne(D)
+ / Ly f1+ 1Ly fol)dm, — (12)

DoeD(gp) Y $0(Po)Ag(D)

where D always denotes the element of D(¢) associated to each Dy € D(¢p). Let us
estimate the expressions on the right-hand side of this inequality.

Let us start with (10). For notational simplicity, we write E = ¢o(C(e1)) U @(C(€1)).
Then

/Elﬁwfldm s/XEwwlfndm=/(XEo¢>|f|dm.

It follows from Minkowski’s inequality, Proposition 2.3, and (9) that

/(XE oQIfldm = mp ENIf1, = =Ky var() = £ var().

The case ¢ = ¢q gives a similar bound for the second term in (10). So,
€
/ (Lo f1+ Lo fdm < & var(f), (3

$0(C(e1)Up(Cler)) 4

Making the change of variables y = ¢o(x) in (11), we may rewrite it as

/50 f f

—1
_ — ———| . |det Dgg| dm,
et Dy o(¢p~ ogo) idet Dgo] | @ol
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where 50 =@, l((,oo(Do) Ne(D)) = Dy N (¢, LS ¢)(D). For notational simplicity, we
introduce ¥ = ¢! o ¢y. The previous expression is bounded by

|det Dol |det Dol
/A <|f01/f—f|‘7+|f|' ———— — 1| | dm.
Do |det Dg| o Y |det Dg| o Y

Choosing 6 > 0 sufficiently small, the assumption |[[¢ — ¢ollo1 < & implies

|det Dy
|det Dp| o Y

|det Dgo|

— 1| <€ andso —— <
|det Dyp| o

on S\ C(e1) (which contains Bo). Hence, using Lemma 3.1,

/ wwf—ﬁ%ﬂdmszﬁ |fow—f|dm+ef|f|dm
©o(Do)Ne(D) Do
< 2Kl — id]d var(f) +ef \f1dm.

Reducing § > 0, we can make ||y — id||61 arbitrarily small, so that

€
/ Ly f — Lyg fldm < Zvar(f)+€|IfII1- (14)
%0 (Do)Ne(D)

We estimate the terms in (12) in much the same way as we did for (10). For each Dy
let E be ¢o(Dg) Ap (D). The properties of the transfer operator, followed by Minkowski’s
inequality, yield

/E|£¢f|dms/x5(£¢|f|)dm

B / X1yl fldm < m(o™ ENVIf1l.

Fix €3 > 0 such that #D(¢pg)4€, < €. Taking 6 sufficiently small, we may ensure that the
Lebesgue measure of all the sets

¢ HE) = 97 (o (Do) Ap(D))

is small enough so that, using also Proposition 2.3, the right-hand side is less than
€y var(f). In this way we get

/ (|£(p0f|+|£(pf|)dm < 2ep var(f) (15)
90 (Do) Ap(D)

(the second term on the left is estimated in the same way as the first one). Putting (13),
(14), (15) together, we obtain

[ 1605 = Lo flam < (5 +#Dw20) var() + €l

and this is smaller than e (var(f) + || f1l1)- O

PROPOSITION 3.3. dpuy /dm converges to djus,/dm in the L'-norm.
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Proof. We are going to prove that given € > 0 there is § > 0 for which

du’  du*
H dl:: — :moo 1 < € whenever |l¢,, — @ollc1 < 6.
We have
o) . o) .
Woo = D @Depocllho > j) and i =Y @h)sGun, thay > jD. - (16)
j=0 Jj=0

By (U2) there is an integer N > 1 and 6 = 6(¢, N) > 0 for which

o0
> Xing-j| <
q

Jj=N

€
4K K3

le —@ollcr <8 = (17)

In what follows we take i > 1 to be sufficiently large so that [l¢,, — @oll < 6. We split
each one of the sums in (16) as

N

N
/LZo = Zvoo,j + Moo,y and u;’, = Z Vni,j + Mni N> (18)
j=0 =0

where
Voo,j = (@0)4(ool{ho > j}).  NooN = Z (©0)% (Hool{ho > j}),
j=N+1

and vy, ; and n,, y are defined similarly, with @,;, wy;, ks, in the place of ¢, pco, ho,
respectively. We have

o (e.¢] (e.¢]
oo N (M) =Y pooltho > jH = / pooXing=jy dm < llpoollp - | Y Xing=jy| -
j=N j=N j=N q
and, analogously,
(0.¢]
N NOM) < Nl - || D Xt > )
Jj=N q
which together with Proposition 2.3 and (17) yield
d’? iN d77 N €
— — =2 | < g N (M) + oo, N (M) < 5 (19)
dm dm ||, 2
However, for j =1,..., N
Dnj Do |y, L (poolt 20
dm_ dm 1 = v, (0n; {In; >jy) — ol (Poo Xig>jIl1- (20)
Denote
A =L i o Xy, > 1) = L i (PooXing= ) 1
and

B =L i (pooXing=j)) — Ewé (Poo Xig> jp -
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Here we also use the transfer operators for the iterated maps (p,],'l. and (pé defined in the same
way as for ¢ in (8). Then

A = lpn; Xihy, > jy — PooXng> j1ll1
= 11on; Xy, > 3 = Poo Xy, > jy 11+ 1000 Xy, > jy = PooXing= jylh
< lon; = Poollt + lPoo (Xih,, > jy — Xino>jp It

and the last term is bounded by || ool p ”X{hnl- >j} — Xino>j}ll¢- Taking into account (U1),
we get A < €/(4N) if i is sufficiently large. Using Lemma 3.2 we also get B < €/(4N),
for large i. It follows that (20) is less than A + B < ¢/(2N) foreach 1 < j < N. Thus the
sum over all these js is less than €/2. Together with (19), this completes the proof of the
proposition. O

PROPOSITION 3.4. % is a go-invariant measure.

Proof. It follows from Proposition 3.3 that (1, ); converges to 17, in the weak™ topology.
Hence, given any f : M — R continuous we have

/fdu:i — /fdufw wheni — oo.
However, since ;L:I_ iS ¢, -invariant we have
/fdu:l_ = /(f o ¢n;)dp,, foreveryi.
So, it suffices to prove that
f (f o gn) dpl, — / (f opo)dpl, wheni— oo. @1

We have

‘/(fowni)duﬁ,. - /(fowo)dui.‘o

=<

f(f o gnp) ditt, — f(f o go) dyit, | + ‘ f(f o go) dyit, — f(f o (po)duio‘-
Since f o ¢,; — f o ¢p is uniformly close to zero in the compact set U, when i is large,
the first term in this sum is close to zero for i sufficiently large. However, since (u;fi),-
converges to u% in the weak* topology we also have that the second term in this sum is
close to zero if i is large. a

It follows from this last result and the uniqueness of the absolutely continuous
p-invariant measure that u3, = ug. So, Proposition 3.3 really states that the measures
Wy, have densities converging in the L'-norm to the density of ug- This completes the
proof of Theorem A.

Remark 3.5. We also check that conditions (U2’) and (U2) are equivalent if we assume
(U1). First we prove that (U2') implies (U2). Let € > 0 be some small number and take
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N > 1 in such a way that || Z?;N X{hw0>.i}”q < €/3. We have

o0
> Xy i)
j=N

q

N-—1 N-—1 N-—1
hy —hgy +hgy = Y Xing=iy + O Xy =it = 2 Xty
i=0 =0 =0

[e’s) N-—1
D A=t T
Jj=N q j=0

and so, if we take § = §(N, €) > 0 sufficiently small then, under assumptions (U2’) and
(U1), the first and third terms in this sum can be made smaller than €/3. This gives the
conclusion of condition (U2).

For the converse, let € > 0 be some small number,and N > 1and § = §(N,€) > 0 be
taken in such a way that the conclusion of (U2) holds for € /3. We have

q

< |lhg — hgyllq + Xngy>jy — Xy >j)

’

q

N-—1 N—1 N—1
g = hoyllg = |hg = D Xihy=j1 + Y King=j) = Xty =11 + 2 ity =) — hen
=0 =0 =0 q
00 N—1 00
< | 2o Xngsir| 21Xy = Xingy>llg + | D Xy )
=N qa  j=0 j=N q

By the choices of N and 4§, the first and third terms in the last sum are smaller than €/3.
Moreover, by condition (U1), reducing § we can also make the second term smaller than
€/3, thus obtaining the conclusion of (U2').

4. Return maps and hyperbolic returns

Now we start the proof of Theorem B. As mentioned before, the open class A of systems
we consider at this point is the one described in [V]. A suitable construction of a return
map ¢ for each ¢ € N was given in [A]. However, for Theorem C we shall need some
features that do not follow directly from that construction, but may be obtained from a
slight modification of it. In the present section, besides reviewing the arguments in [A], we
explain how they can be modified to yield those additional features (Lemma 4.9). This is
based on a notion of hyperbolic return, that we introduce later.

For the sake of clarity, we start by assuming that the map ¢ has the special form

0@, x) = (g®), fO,x)), withd,f(6,x)=0ifand onlyifx =0, (22)
and describe how ¢ is obtained for each C? map ¢ satisfying
l¢ — @allcz <a onS'x 1. (23)

In §5 we explain how the conclusions extend to the general case, using the existence of a
central invariant foliation, and we verify conditions (U1)—(U3).

Our estimates on the derivative rely on a statistical analysis of the returns of orbits to
the neighborhood S! x (—4/a, /o) of the critical set {x = 0}. For this, we introduce the
partition Q of I (up to a zero Lebesgue measure set) into the following intervals:

I, = Wae™, Jae "Dy forr>1, and I, =—I_, forr<-—1,
Ip+ = I\ [-Va, Vo) NRY and  Ip- = (I \ [V, Ja) NR™.
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This induces corresponding partitions on each fiber {6} x I, whose elements we also denote
as I, and I+, since this abuse of language never leads to ambiguity. In what follows, o > 0
is a sufficiently small number independent of any other constant involved in the arguments.
Furthermore, we indicate which of the constants depend on . Given (6, x) € S! x I and
Jj = 0 we define (8, x;) = ¢/ (8, x).

LEMMA 4.1. There are C1 > 1 and 0 < n < 1/4 such that for every small a there is an
integer N = N () satisfying the following conditions:

() iflxl < 2y, then TTNZ) 10 £ 07, x))1 = [xla™ 147

(2) iflx| < 2/a, then |xj| > Ja forevery j =1,...,N;

(3) C'log(1/a) < N < Cylog(1/a).

Proof. See [V, Lemma 2.4] and [A, Lemma 2.1]. O
LEMMA 4.2. Therearet > 1, Co > 0 and § > 0 such that for (6, x) € SUx Iandk > 1
the following hold:

(1) ifIxol. - Ixe1] = V@, then TT5Zg 105 £ (8. x))| = CaJath;

Q) iflxol, ..., |xk—1] = o and |xi| < 8, then ]_[];;(1) [0x f(O, x;)| > Cytk.

Proof. See [V, Lemma 2.5]. O

The constants C1, n, 7, Co, and § in these two lemmas depend only on the quadratic
map g, and so they may be taken uniform in the whole .
Now, for each integer j > 0 we define

Irl, if /@, x) e S x I with |r| > 1;
0, ife/®,x)¢S" x[—a, Jal.

We say that v > 0 is a return for (0, x) if ¢”(0,x) € St x (=5,8). In particular,
rj(@,x) = O unless j is a return for (¢, x). Letn > 1and0 < vy < --- < vy < n be the
returns of (@, x) from time O to n. It follows from Lemma 4.1 that, foreach 1 <i <,

ri(@,x) = { (24)

vi+N—1
[1 1050, x)1 = e @D /24,

J=vi

and from the second part of Lemma 4.2

U|—1 UH_]—I
[]10:£@;. xpI = Cor™ and [ 18:£0), x| = Cor¥ist =N,
Jj=0 Jj=vi+N

Assume 7 is a return, that is, v; = n. Then, putting the previous estimates together, we get

n—1
[]18:£®).x)1 = C5 ' exp <4cn - > rj(e,x)> (25)
j=0 j€Ga(6.%)
where | |
Gn(0,x) = {1 <vi<n—1:r,0,x > (5 —277)10g—}. (26)
o

See, for example, [A, §2].
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A key fact in this construction is that the exponent on the right-hand side of (25) is
positive, except for a set of initial points (6, x) whose measure decreases very rapidly with
n. More precisely, let

E,,:{(O,x)eSlxI: Z rj(G,x)>26n}. (27)

J€Gn(0,x)

Then, cf. (16) and (17) in [V, §2.4], there are constants C, y > 0 such that
m(E,) < Ce 7V (28)
for every sufficiently large n, only depending on «. Note that (25) gives
ID" (0, x)(0, D] = C;'e*™ =

forany (6, x) € (S' x I)\ E, and n sufficiently large.
Following [A], we fix 0 < € < c¢/2 and say that n > 1 is a hyperbolic time for
0,x) e S x Iif

Z ri(0,x) <(c+e)(n—k) forevery0 <k <n.
i€Gp(0,x)
k<i<n
Let p > 1 be some sufficiently large integer: the precise condition will be recalled in a
while, it involves only the expansion rates of the maps g and f . Let H be the set of points
that has at least one hyperbolic time greater or equal than p. Decompose H = U,>, Hj,
where each H, is the set of points whose first hyperbolic time greater or equal to p is n.
By [A, Proposition 2.5], there is a positive integer no = no(p, €) > p such that

(8" x )\ (H,U---UH,) C E, foreveryn > n. (29)

Starting from this, [A] constructed a special partition R of (a full Lebesgue measure
subset of) S I % I into rectangles, whose elements are the domains of smoothness of the
corresponding return map ¢. Let Q be the partition of / described earlier, and P, n > 1,
be the sequence of Markov partitions of S defined as follows. Let S' = R/Z have the
orientation induced by the usual order in R and 6y be the fixed point of g close to 6 = 0.
Define P, by:

° Pr={10j-1,0;) : 1 < j < d}, where 6, 01, ...,0q = 6 are the pre-images of 6
under g (ordered according to the orientation of S'); and
° Pr+1 = {connected components of g’1 (w) : w € P,} foreachn > 1.

[A, §3] explains how the elements of P, x Q, any large p > 1, can be successively
subdivided (according to the itineraries of points relative to the horizontal strips S Uy 1,
I, € Q) to obtain a partition R of a full Lebesgue measure subset of S! x I with the
following properties. R may be written as a union R = Uy,>, R, satisfying

H, C U Rand RN H, # () forevery R € R,,. (30)
ReR,

The elements of R,,, any p > n, are rectangles of the form w x J, with w belonging to P,
and J a subinterval of I, for some I, € Q.
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Now one defines h : R — Z*, by setting h(R) = n > p for each R € R,,. Moreover,
o (x) = "B (x) for every x € R and R € R,. It was shown in [A] that, as long as p
is chosen sufficiently large, ¢ is a C? piecewise expanding map with bounded distortion
and long branches. In particular (see Proposition 3.8 in that paper), the images ¢ (R) of the
rectangles R € R have sizes bounded away from zero by some constant depending only
on .

For the proof of Theorem C we need a stronger form of this conclusion that, basically,
corresponds to having this lower bound independent of «. The precise property we need
is stated in Lemma 4.9. In order to get it, we give an alternative construction of a partition
and a return map. This goes along the same lines as before, except that hyperbolic times
are replaced by the following notion. We say that n > 1 is a hyperbolic return for
(0, x) € S' x I if n is both a hyperbolic time and a return for (6, x).

Corresponding to (28) and (29), we are going to prove that the Lebesgue measure of the
set of points that have no hyperbolic returns smaller than some large integer n decays at
least as fast as Ce~“V". We use the following result, that is interesting by itself.

LEMMA 4.3. There exist constants C = C(a) > 0 and t = 7(a) > 1 such that the

Lebesgue measure of the set of points (6, x) that have no return up to time l is bounded by
Ct7 foralll > 1.

Proof. Let6 € S' and J be any subinterval of / with length |J| > §/2. Foreach j > 0, we
denote J; the interval defined by ¢/ ({6} x J) = {§/(0)} x J;. Let R > 0 be the smallest
iterate for which Jg intersects (—+/a, v/o). By Lemma 4.2, the length of the J; grows
exponentially fast up to time R. So, R is bounded from above by a constant Ry that does
not depend on the interval J, only on « and the lower bound §/2 for the initial length. Then
we can decompose Jg into (at most) three subintervals J —, J O, J1 as follows. If belongs
to Jg, we take J* = Jgr N {x > §/2}. Otherwise JT is the empty set. Analogously,
J™ = JrN{x < —8/2} if —8 belongs Jg, and J~ = @ otherwise. Finally J is the
complement of J + U J~ in Jg. Therefore,

(1) JY is contained in (-8, §);

(2) |JO > 8/4 orelse JO is the whole Jg;

(3) |J*| > 8/2 or else they are empty.

Property (1) means that R is a return for all the points falling in J°. Property (2)
implies that such points constitute a definite fraction of the initial interval J. Here we
are using the fact that the map (9, -) has bounded distortion on J. To see that this
is so, observe that the iterates f J @,), 1 < j < R, are uniformly expanding on J, by
Lemma 4.2. Moreover, these iterates remain outside a fixed neighborhood (—+/a, /&) of
the critical point 0. Since log dy f is Lipschitz continuous outside this neighborhood, with
uniform Lipschitz constants, the bounded distortion property follows along well-known
lines. So far, we have shown that a definite fraction 79 > 0 of the initial interval J attains
a return in not more than Ry iterations. Furthermore, by property (3), we may repeat the
argument recurrently for each of the remaining intervals J*, with 6 replaced by g% (9).
Using the bounded distortion property for successive iterates, we conclude that after j Ry
iterates, any j > 1, all but a fraction (1 — 'C())j of the initial interval J has already gone
through at least one return. This proves the lemma. O
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LEMMA 4.4. Given any sufficiently large n, then almost every (0, x) € (S' x I)\ E, has
some hyperbolic return. Moreover, Lebesgue almost every (8, x) € (S' x I) has infinitely
many hyperbolic returns.

Proof. 1t has been shown [A, Proposition 2.5] that any (0, x) € (S x I \ E, has some
hyperbolic time, as long as n is large enough. However, if n is a hyperbolic time for
(6, x) and [ > n is the next return for (6, x) after n (recall the previous lemma) then / is a
hyperbolic return for (6, x), since r; (8, x) = 0 for j =n +1,...,[ — 1. This proves the
first statement. The second one follows from the same argument, using Remark 2.6 in [A]
that a Lebesgue almost every point in S' x I has infinitely many hyperbolic times. a

As we have done before, let p > 1 be some fixed large integer, and define H* as the
set of points that has at least one hyperbolic return greater or equal than p. We decompose
H* = U,>,H,, where each H,' is the set of points whose first hyperbolic return greater
than or equal to p is n.

PROPOSITION 4.5. There is an integer n1 = n1(p, €) > p and constants Co, yo > 0 such
that, for eachn > ny,

m((S' x I\ (HyU---UH))) < Coe™1oV™,

Proof. Take n > max{2p, no} and let I/ = [n/2]. Let (8,x) € H; be such that some
1 <k < is areturn for gol (0, x). Let us take k to be minimum. Then, k + [/ is a return
for (0, x) and, as observed already in the proof of Lemma 4.4, it is a hyperbolic return for
(6, x). Our choices of [ and k imply that p < k + [ < n. So, we have shown that the
set of points (8, x) € H; such that (pl (6, x) has some return prior to time / is contained
in H ;‘ U---U H. The same argument remains valid for any j between p and /. Hence,
defining

1
B = U{(G,x) € Hj: (pj(G,x) has no returns from time 1 to /}
j=pr

we have (H, U---U Hy) \ B C(H;,"U---UH:)andso
m((S' x D\ (HyU---UH?)) <m((S" x )\ (Hy U---U H)) + m(B)).

Taking into account (29) and (28), it suffices to show that m(By) also decays rapidly when
n increases. We define, for each j > p and R; € R,

Ri() ={(0,x) e R; : (pj(G, x) has no returns from time 1 to /}.
Using (30) we obtain
/
mB) <Y Y m(R;()). 31

J=P R;eR;

Fixing some R; € R; and (69, xo) € R, we deduce from Proposition 4.7

. 1
m(p’ (R; (1)) =/ 17 ©. )| dm (@, x) = —1J (B0, x0)lm (R (1))

R;()
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Similarly, m((p-j(Rj)) < A[J (6o, x0)|m(R;). Hence
m@R;D) _  2m@! (R D)
m(Rj) m(@/(R)))
It follows from the fact that ¢/|R (1) is a diffeomorphism that the iterates of points in

o’ (R (1)) donot hit the critical region S x[—+/a, /o] from time 1 to [. As a consequence
of Lemma 4.3,

(32)

m(p! (R; (1)) < Ci7. (33)

However, by [A, Proposition 3.8], there is some absolute constant § > 0 such that
m(p! (Rj)) = §. Combining this with (32) and (33) we obtain

2
m(R;(1)) < ——77'm(R;)
which together with (31) gives
] 2 2 5
A°C A*C A*C
mB) <Y > ; t'm(R;) < (I - p) : o <n : 2 .

j=p RjERj

Now we proceed just as in [A, §3], with the H,’ in the role of the sets H,. That is, we
construct a new partition R* of a full Lebesgue measure subspace of §! x I into rectangles,
using hyperbolic returns instead of hyperbolic times. This new partition may also be
written as a union R* = U,>, R with the sets R;; defined inductively and satisfying

H) C U Rand RN H; # ¢ forevery R € R;;.
ReR;}
Furthermore, for each n > p, rectangles in R}, also have the form w x J, with  belonging
to P, and J a subinterval of I, for some I, € Q. We define a map h* : R* — ZT, by
putting h*(R) = n > p foreach R € R}. This also gives a new return map ¢* defined by
¢*|R = " ®|R for every R € R*.

It follows from (22) that for each n > 1 there is amap F,, : S' x I — I such that
"0, x) = (g"(0), F,(8, x)) forevery (6, x) € S' x I. Let (0, x) belong to R* € R and
h = h*(R). Then
308" (0) 0 )

h _
D¢" (0, x) = <30Fh(9,x) Ox Fp (8, x)

By [A, Lemma 4.1], there is some constant C3 > 0 such that for every (0, x) € St x I we
have |3 F;, (6, x)| < C3|99¢" (9)|. Then
1De ™" (6" 0, X))l < max{|deg" O)I " + C313: Fy(0, )| ™", [0x F (0, )| ')
Moreover, |39gh O ' <d- oz)_h and, from Lemma 4.9,
|0 Fi (0, )" < Carexp(—(2¢ — €)h).

Hence,
1D~ (9" (@, )|l < (d —a)™" + (1 + C3)C2 exp(—(2c — €)h). (34)

At this point we can specify the choice of the integer p: we take p > 1 large enough so
that the induced map ¢* associated to ¢ is an expanding map in the sense of the definition
given in §1.1 (recall that & > p).
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Remark 4.6. The constants Cy and yq that we found in Proposition 4.5 depend on C, y,
and the quadratic map q. Moreover, the integer n; only depends on the previous constants
and the integer p > 1. Note also that our choice of p only depends on the expansion rates
of the maps g and f . In particular, p may be taken independent of the map ¢ € N.

PROPOSITION 4.7. There is some constant A > 1 such that for everyn > p, R € R} and
0, x), (0,y) € R we have
J@, x)

J(o,y)

— 9

1
— <
A S

where J is the Jacobian of ¢"|R.

Proof. As in [A, Proposition 4.2],

ID(J o~
[(J o)

is bounded by some constant C; that depends only on ¢, @, and bounds on the partial
derivatives of f and g of first and second order. Fix some R € R} with n > p and let
¢ = ¢"|R. We have

‘J(Q,x)
J(o,y)

ID(og|J o ¢~ DIl =

=exp(log |(J 0 ™) (8, x))| —log|(J 0 ™) (@ (0, M)I)

and

llog [(J 0 ™) (@8, x))| —log |(J 0 ¢~ (p(a, )| < ID(og|J 0 p™ (T, ) - C2

for some (7,z) € ¢(S), where C; > 0 depends only on the diameter of Sl x I. So, it
suffices to take A = CC». O

Remark 4.8. For future use, let us point out that the distortion bound A given by the proof
does not depend on the choice of p.

Finally, we get the following result that is needed for the proof of Proposition 6.2. The
whole point is that we have the right to use (25), which comes from the second statement
of Lemma 4.2, because all the iterates ¢” in the definition of ¢ end at returns.

LEMMA 4.9. Let (0, x) € R for some R € R*. Then forevery j =0,...,h*(R) — 1 we

have
*(R)—1
[T 18:/@x)l = €5 exp((2c = €)(h(R) = j)).
i=j
Proof. Analogous to [A, Lemma 3.7] with (25) in the place of (9) in [A]. O

5. Uniformity conditions
An important feature of this construction, see [V, §2.5], is that it remains valid for any map
Y close enough to ¢, with uniform bounds on the measure of the exceptional sets E,, ({):

m(E,(¥)) < Ce "¥" foreveryn > 1
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where C and y may be taken uniformly (that is, constant) in a whole C3 neighborhood of
@. Let us explain this last point, since it is not explicitly addressed in the previous papers.
One consequence is that Proposition 4.5 holds in the whole open set A/, with uniform
constants Co and yg (recall Remark 4.6).

As explained in [V, §2.5], it follows from the methods of [HPS] that any map
sufficiently close to ¢ admits a unique invariant central foliation 7€ of S! x I by smooth
curves uniformly close to vertical segments. This is because the vertical foliation is
invariant and normally expanding for the map ¢. In addition, the space of leaves of F*
is homeomorphic to a circle, and the map induced by ¥ in it is topologically conjugate to
&. The previous analysis can then be carried out in terms of the expansion of ¥ along this
central foliation F¢. More precisely, |0y f (0, x)| is replaced by

10c f(0, x)| = [DY (0, x)ve (0, x)],

where v, (6, x) represents a norm-1 vector tangent to the foliation at (8, x). The previous
observations imply that v, is uniformly close to (0, 1) if ¥ is close to ¢. Moreover, cf.
[V, §2.5], it is no restriction to suppose |9, f (8, 0)] = 0 (incidentally, this is the only place
where we need our maps to be C 3), so that d. f (0, x) ~ |x|, as in the unperturbed case;
recall (22). Defining r;(6, x) and E, = E, () in the same way as before, cf. (24), we
obtain an analog of (25):

n—1
IDY" 0, x)ve @, )l = [ [ 19c £ 07, x)) = €5 exp(4cn— > r,-(e,x>),

=0 j€Gn(0.3)

for every (8, x). We define E, (1) in the same way as E, = E,(¢), recall (27), and then
DY (6, x)ve(0, x)|| > e forall 0, x) € (S' x )\ E,.

The arguments in [V, §2.4] apply with |9, f| in the place of |9y f|, proving that the
Lebesgue measure of E, () satisfies the bound in (28). The constants C and y produced
by these arguments depend only on «, which is fixed, and on estimates obtained in the
previous sections of that paper. So, to see that these constants are indeed uniform in a
neighborhood of ¢, it suffices to check that the same is true for those preparatory estimates.
This is clear in the case of the results of §2.1 (Lemmas 2.1 and 2.2, and Corollary 2.3),
because they only involve one iterate of the map. Let us point out that the definition
of admissible curve for i is just the same as for the unperturbed map ¢. A continuity
argument can be applied also to §2.2, but it is more subtle. The key observation is that,
although the statements of Lemmas 2.4 and 2.5 involve an unbounded number of iterates,
their proofs are based on analyzing bounded stretches of orbits. Finally, the results in §2.4
(Lemmas 2.6 and 2.7), involve not more than M ~ log(1/«) iterates. So, once more by
continuity, their estimates remain valid in a neighborhood of ¢. We have concluded the
observation that the bound (28) on the Lebesgue measure of the exceptional set E,, holds
uniformly in a neighborhood of the map.

Now we are able to show that conditions (U1)-(U3) are satisfied by every element of
N, as long as we take the open set A sufficiently small.

(U1) The construction of the partition that leads to the map #,, is based on the itineraries of
points through the horizontal strips S x I, with I, € Q, according to the expanding
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behavior of the iterates of ¢ at hyperbolic returns. Since these hyperbolic returns

depend only on a finite number of iterates of the map ¢, by continuity, we can

perform the construction of the partition in such a way that for some fixed integer N

the Lebesgue measure of {h, = j} varies continuously with the map ¢ for j < N.
(U2) For every ¢ € N and any fixed large integer N > 1,

S Xigoit| = Y mllhy > jDY9 <Y e,

J=N q j>N j>N

by Proposition 4.5. The right-hand side can be made arbitrarily small by taking N
sufficiently large.

(U3) The proof of [A, Proposition 4.2] gives a distortion constant K which is uniform in
the whole V. The constant o is given by (34), which may be taken uniformly smaller
than 1 for every ¢ € . By [A, Corollary 3.3] the constant 8 is uniformly bounded
away from zero, as long as o and the open set N are taken small enough. Finally,
the proof of [A, Proposition 3.8] shows that p may be taken bounded from below by
a constant only depending on «.

Remark 5.1. The following comments are to clarify the presentation of Lemma 2.6 in
[V], they are not used in the present work. We refer the reader to [V] for the setting and
notation. The conclusion of the lemma is contained in Corollary 2.3 of [V], when r is large
enough so that |J (r — 2)| < +/a. In particular, it is enough to consider the case when r is
smaller than (1/2+2n) log(1/«) (and larger than (1/2 —2n) log(1/®), cf. statement of the
lemma). The function k() defined in page 73 of [V] cannot exceed M ~ log(1/®). So, the
arguments at the end of that page actually prove that either k(r) > constant r or k(r) ~ M.
However, under this restriction on r, the latter possibility also implies k(r) > constant r.
In this way, the conclusion of the lemma follows in all the cases.

6. Topological mixing

Now we start the proof of Theorem C. In this section we prove that the maps in A are
topologically mixing. This will then be used to show that these maps are ergodic with
respect to Lebesgue measure.

It is convenient to introduce a new coordinate system (o, y) in S' x I, related to
the original (9, x) in the following way. As we have seen, every ¢ € N admits an
invariant central foliation whose leaves are smooth submanifolds close to line segments
{6 = constant}. It was also mentioned in the previous section that the critical set of ¢ may
be supposed to coincide with S! x {0}. By definition, (o, y) represents the point where the
central leaf through the point (8 = o, x = 0) intersects the circle S! x {y}. Thus, central
leaves correspond to vertical line segments {o = constant} in these new coordinates.
Moreover, the map ¢ has the form ¢(o, y) = (g(0), ﬁ, (y)). Since the central foliation
is usually not transversely smooth, the map g(-) is only continuous, and fo depends only
continuously on the variable 0. However, the leaves themselves are at least C? (initially
they are C3, but the change of coordinates that brings the critical set to {x = 0} is only C2).
This ensures that every f(, ()isaC 2 map, moreover, it is C 2 close to the one-dimensional
quadratic map ¢(-). Our arguments in the following always refer to the coordinates (o, y).
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Recall that the attractor A of a map ¢ € N is defined as the intersection of all forward
images of S x I:
A= ﬂ(pn(Sl x I).
n>0

LEMMA 6.1. A coincides with ¢*(S' x I), if the interval I is properly chosen.

Proof. For the map ¢ we have that the interval J = [¢2(0), ¢(0)] is forward invariant, and
¢3(0) is in the interior of J. Then we may take I C (—2, 2) slightly larger than J, so that
q (1) is contained in the interior of / and qz(l ) = J. We fix I once and for all, and reason
by perturbation. Using that every f, is C2 close to ¢, and that its critical point is located at
y = 0, we conclude that the first image f(, (I) is contained in I, and the second one f(f(l )
coincides with the vertical segment

J(0) = (g% ()} x [F2(0), fz(0)(0)].

By induction, it follows that f;’ (I) coincides with J (8" 2 (o)) for every n > 2. Thus, for
any t € Slandn > 2,

"S'x DNty x 1) = UJ(r') =*S'x DNty x D)

where the union is taken over all the 7/ in ' such that g2(t/) = 7. This proves that A
coincides with ¢2(S! x I). O

The main result in this section is the following proposition. Here R* is the partition,
and A*(-) is the function defined in the second part of §4.
PROPOSITION 6.2. There is an integer M = M () such that for any S € R*,
" M (8)] = A.

Proof. The proof is divided into four steps. First we prove that the height of (ph*(s) (S) (the
length of its intersection with vertical lines {o = constant}) is larger than constant x o' =27,
Then we show that a vertical segment of length constant x a!~2" becomes a vertical
segment with length constant x /o, after a finite number of iterates. In the third step
we show that, again after a finite number of iterates, the length of such segments becomes
larger than some constant independent of . In the final step we use the fact that £ is close
to g, and the map ¢ is topologically mixing, to obtain the result.

Step 1. There is a constant A > 0 such that for every S € R* and o € 71(S),
1" S (Sy)| = A2, where Sy = SN ({0} x I).

Here m1(o, y) = o. The proof is analogous to [A, Proposition 3.8], using Lemma 4.9 in
the place of [A, Lemma 3.7]. It is at this point that we use the alternative construction
described in the second part of §4.

Step 2. There is a constant Ay > 0 and an integer M1 = M;(«) such that, given any
o e S'and any interval J C [ with |J| > Alotl*z”, there is n < M such that

9" ({o} x D] = Aa/a.
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We take Ay = 1. Let Ry > 0 be the first integer for which ngO(J ) intersects (—./a, \/a).
According to Lemma 4.2, the length of the iterates of J grows exponentially fast up to
time Rg. In particular, since |J| is bounded from below by a power of «, we must have
Ro < constant log(1/a). If f(,RO(J) is not contained in (—24/c, 2,/a) then its length
is larger than /o, and we may take n = Ry. Otherwise, if f(,RO(J) C (=2, 2 /),
Lemma 4.2 gives

|/Fo D] = Carfol = Cal | = CrA a2,

In particular, there exists a subinterval J; of ff 0(J) such that

CoA CrA C
JiN <— 24 la”",%a”") =¢ and |Jy] > 72|J|.

Let 01 = g(o). Then, by Lemma 4.1, there exists N < constant log(1/«) such that

2

~ CroA C5A
ANz et e gy 2 2

a " J|. (35)

We assume that « is small enough so that the expression on the right-hand side is larger
than 2|J|. Then we may repeat this procedure all over again, with oo = g®0+V (g) in the

place of o, and J, = :,R°+N in the place of J. In this way, we construct sequences
Jo = J, Ja, ..., Jy, of vertical segments; o9 = o,072,...,0y of points in sl and
Ro, Ra, ..., Ry_3, of integers, such that

[J2it2| > 2|J2i| and  Jaiqp C fgﬁf"JrN(Jzi)

for every 0 < i < [. Because the lengths grow by a factor of 2 at each step, we must
eventually reach a situation where Jyj+1 = f(glz’ (J27) is not contained in (—2/a, 24/a).
Here Ry > 0 is the first iterate so that Jy;4) intersects (—+/a, /). Then the length of
Joi41 is larger than /o, and so we may take n = Ry + N + Ry + - -- + N + Rp;. Observe
that/ < constant log(1/|J]) < constant log(1/«), because the lengths grow exponentially
fast. Therefore, using that N and the R; are also bounded by constant log(1/«), we get
that n < constant logz(l/a). So, we may choose M| = constant logz(l/a).

Step 3. There is a constant A3 > 0 and an integer M> = M> () such that, given any
o € S' and any interval J C I with |J| > As\/«, there exists n < M> such that

le"({o} x J)| = Az.
Arguing as in Step 2 we obtain an analog of (35):

202
Jaartn Qi G,

Let Ry > 1 be the first integer for which f(,ROJrNJrR‘ (J) intersects (—+/a, /). We fix
small constants 0 < &1 < 89 < &, independent of o, according to conditions that will
appear in a little while. If ffOJrNJrRl (J) is not contained in (—§1, §1) then its length is
larger than §; — /¢ > 81/2, and our claim is proved. Otherwise, it is contained in (-8, §),
and so we may use Lemma 4.2 to conclude that

A>Ch

| fRoAN ()| >

. C2 A2
| fRoANFRL (1| > szRI%a” > 4C3a",
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with C3 = C;’ A% /64. Then there is some connected component J of the difference
FRoANTRL 7y \ (—/a, a) such that the length of J is larger than 2C3a” — /& > C3a”
(o is small and n < 1/2). In what follows, & = gRo+N+Ri(5). Let us outline how we
obtain the claim in the only remaining case, that is, when J is contained in (=8, 81). The
detailed argument will follow.

Recall that ¢ was chosen so that the critical point O is pre-periodic. Let [ > 1 be
the smallest integer for which z = ¢/(0) is a periodic point of g. By [S], this periodic
point must be repelling. We take §; much smaller than g, so that ql (=61, 81) is contained
in the (§p/2)-neighborhood of z. Then, assuming « is small, fé(.l_ ) is contained in the
do-neighborhood of z. The key observation is that

|f(-£(J_)| > constant o whereas distance(z, f(—i(f)) < constant «. (36)

The last inequality follows from the fact that J has 4./ as a boundary point, which
implies that the distance from fg, (J) to the critical value fg, (0) is bounded by constant «.
Since «” is much larger than «, (36) means that fé(f ) contains several fundamental
domains associated to the periodic point z of g. This property being preserved under
iteration, the first iterate of fé(f ) that is not completely inside the §p-neighborhood
of z must contain at least one fundamental domain with some boundary point of that
neighborhood in it. Now, the length of such a fundamental domain is of order 8. So,
at this point J and J have become larger than some constant independent of «, as claimed.

Now we give the details. Let k > 1 be the period of z, and p* = |(¢¥)’(z)|. As already
mentioned, by [S] we must have p > 1. Fix p;, 02 > 0 with p; < p < p2 and
ol > pzl_"/z, and take 8y > 0 small enough that

p{‘ < |Dfrk(y)| < p’2‘, whenever |y — z| < do

for any T € S', and assuming « is sufficiently small. Observe that ¢/ (0) is never zero,
for any j > 0. Thus, fixing 8; sufficiently small right from the start, we ensure that £ (y)
remains outside a fixed neighborhood of zero, forall0 < j </ and y € J. Then,

D f2(y)| = constant |yl, (37)
forall y € J. Consequently, for some y € J,
If(—i(J_)| = |Dfé(y)||.l_| > constant |y|C3a” > constant o'/>*7,

Forany y € J andi > 0, let di = |y;1xi — z|, where (0j,yj) = ¢(0,y). As already
mentioned, we suppose §; > 0 and « sufficiently small so that

ly| <81 = do < Cy?> + Ca < 8.

If (o, y) and i > 1 are such that |y| < §; and dp, ...,di—1 < 8o, then d; < plgdifl + Cu
and so, inductively,

di < (1+ 5+ -+ p ") Ca + p&ldy < pki (Car + Cy?).

In particular, for y = +./a we have d; < pé‘i Ca. Let Nop > 1 be the smallest integer for
which plgNO Ca > 60/2, where C is as in the previous inequality. This choice of Ny implies

di <80/2 fori=0,...,Ng—1. (38)
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Now we consider the following alternative cases:
(1)  Suppose f(—i+k'(J_) C (z — 80,z + o) foreveryi € {0, ..., No — 1}.
This implies that (recall that n < 1/4)

Fl+kNy , 7 kNo, 7l , 7 1—n/2)k N
| FEN D] = py ™1 L] = constant pf! ~ P Nog1 /24

> constant T 2¢!/241 > constant 71/ > 1.

So this case cannot really happen.
(2) Thereisi €{0,..., No — 1} such that fi™(J) ¢ (z — 8, z + 80).
Since d; < 80/2, it follows that

| FAHR(T)] = 80 — 80/2 > 81/2.

Therefore, we have shown that we may take Az = 61/2,n = Ro + N + Ry + [ + ki,
and M, = Rp + N + Ry + [ + kNy. Moreover, M, < constant log(1/«).

Step 4. There is an integer M3 such that if J C [ is an interval with |J| > Aj then, for
every o € st
l* ({0} x Nl = (8" ()} x D NA.

Since the quadratic map ¢ is such that the critical point is pre-periodic, the pre-orbit of
the repelling fixed point P is dense in [ (this is because ¢ has no wandering intervals,
see [MS]). Then there is some integer n; > 1 such that ¢! (P) intersects every
interval of length A3/3. It follows that for every interval J C [ with |J| > Ajz the
image ¢"! (J) contains a neighborhood of P with a definite size, depending only on As3.
After a finite number of iterates np > 1 this neighborhood becomes the whole interval
q*(I) = [¢*(0), g(0)]. Let M3 = ny + ny + 1. Then, by continuity,

oMo} x 1) = {g"(0)) x J(gM72(0)) = (g™ (@)} x DN A

where J (1) = [fTZ(O), Ji;(r)(O)], as in the proof of Lemma 6.1.
So, it suffices to take M(a) = Mi(x) + Mz(«) + M3 to complete the proof of
Proposition 6.2. a

Now we may prove that the maps ¢ € A are topologically mixing. The idea is to apply
the previous proposition to a sequence of partitions with diameters going to zero. Recall
that in the definition of R* we started by fixing a large integer p, then all the return times
h*(-) were taken larger than p. By (34), the diameter

diam(R*) = sup{diam(R) : R € R*},

can be made arbitrarily small by increasing p. Thus, now we allow p to vary, and for each
value of p we denote by R*(p) the partition and by h7,(-) the return time corresponding to
each p.

Then, let A be an arbitrary open subset of S! x I. Since the diameter of R*(p) converges
to zero when p goes to infinity, we may find p > 1 and S € R*(p) such that § C A. Fix
p and S, then take M as in Proposition 6.2. We get that there is n < h;(S) + M such that
¢"(A) = A. This proves the topological mixing property.
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7. Ergodicity
Now we prove that the maps ¢ € N are ergodic with respect to Lebesgue measure. We start
by proving a few auxiliary results.

LEMMA 7.1. Let B be a Borel subset of S' x I such that 9~ (B) = B.
(1) Ifm(BNA)=0thenm(B) =0.
2) If¢"(R) = A forsomen > 1and R C SUx I, then BN A C ¢"(BNR).

Proof. We have B = (p’2(B) = (p’2(B N (,02(51 x 1)) = (p’2(B N A), because the
attractor A = ¢2(S! x I). Since the pre-image of a zero Lebesgue measure set also has
zero Lebesgue measure, the first claim is an immediate consequence.

Now suppose ¢”"(R) = A and let x € B N A. Then there is some z € R for which

¢"(z) = x. Moreover, z is in ¢ "(B) = B. Hence x € ¢""(B N R). O
LEMMA 7.2. Let u be a finite measure on a metric space X, and P = {Py, ..., Py} be
a partition of X into Borel subsets. Assume that (Sy)n>1 are partitions of X such that
diam(S,) — 0 when n — oo. Then, for each n > 1 there is a partition {Q7, ..., Q}'} of

X such thatfori =1, ...,r:

(1) Q7 is a union of atoms of Sy;

(2)  limpseo u(QYAP;) =0.

Proof. Take an arbitrary € > 0. Since u is a regular measure, there are compact sets

Ki,..., K, C X with
Kic P and u(P\Kj)<e

fori =1,...,m. Let
d=infd(K;, K;) >0
i#j

and take no > 1 such that diam(S,) < 8/2 forn > ng. Forn < ng the Q7 are totally
arbitrary. From now on we suppose n > ng.

Note that each S € S, intersects at most one K;. We let Q? be the union of all the
elements of S, that intersect K; for each i. Those S € &, that do not intersect any of the
K; are distributed among the Q7, in an arbitrary way. We have

n(Q7AP) = n(Qi \ P) + u(Pi\ QF)
< pu(X\U_ K+ w(P \ Ki) < (r+ De.
Since € > 0 is arbitrary and r is fixed, we have proved the result. O

COROLLARY 7.3. Let u and Sy, n > 1, be as in Lemma 7.2, and B be a Borel subset of
X with w(B) > 0. Then, for every € > 0 there is an integer n > 1 such that for each
n > ne there is some S € S, with

w(BENS) < eu(S).

Proof. Assume by contradiction that there are ¢y > 0 and a sequence of integers (nx)x>1
going to +oo such that
(BN Sni) = €0t (Sny) (39)
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forall k > 1 and all S, € S,,. We know, from Lemma 7.2, that for every k > 1 there is a
partition {Q'[*, 05} of X such that Q*, Q%" are unions of atoms of Sy, , and

lim w(Q[*AB)=0 and lim u(Qy*AB®) =0.
k—+00 k—+00
Take € = eguu(B)/(1 + €p) and ko > 1 sufficiently large so that
1w(Q°AB) <€ and w(Q,°AB) =e. (40)
Writing Snko = {S;}ieN, then there is some I C N for which
0" =Js and 0,°= J si.
iel ieN\I

From (39) we have, in particular, u (B N S;) > eou(S;) foreveryi € 1. So, summing over
alli € I, we find

w(BCN Q1) = eou(Q)™). (1)
Finally, from (40) and (41) we get

n n nr
€ > u(B°N Q") > eou(Q)°) > eo((B) — u(B\ Q') > eo(u(B) —e),
which contradict our choice of €. O

Now we are in a position to prove the ergodicity of the maps ¢ € N with respect to
the Lebesgue measure. Let B be a Borel subset of S' x I with ¢~ (B) = B and positive
Lebesgue measure. We need to prove that the Lebesgue measure of B¢ = (S! x I) \ B
is equal to zero. By the first part of Lemma 7.1, it suffices to prove that m(B¢ N A) = 0.
We use the partitions (R*(p)), introduced in the previous section. Recall that the diameter
of R*(p) goes to zero as p — oo. Take any € > 0 small. By Corollary 7.3, there are p > 1
and S € R(p) for which

m(B°NS) < em(S).

Let p and S be fixed and h = h;‘,(S). According to Proposition 6.2, we have PMtM(85) =
A. Thus, using the second part of Lemma 7.1,

m(BNA) < m(e"™ (BN 9)).

By Proposition 4.7, we have
m(@" (BN S)) = / |70, x)|dm(0, x) < AlJy, (B0, x0)|lm(B N S),

BNS
for any (89, x9) € S. Recall, from Remark 4.8, that the distortion bound A does not depend
on p. Similarly,

1
m(@"($)) = <1760, x0)lm(S).

Hence ‘
m(e" (B¢ N S)) - ,m(B°NS) a2

h/pc
mEEON =T sy SN T S

However,
m(" ™M (BN 8)) < 4" d + )M m(p" (BN 9)).

Altogether, this shows that m(B¢ N A) < 4M(d + )M AZ¢. Since M is fixed and € is
arbitrarily small, m (B¢ N A) must be zero. So the proof of Theorem C is complete. a
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