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Abstract. Let DQ[O, 1], r > 1, denote the group of orientation-preserving C" diffeo-
morphisms of [0, 1]. We show that any two representations of 72 in DQ_[O, 1], r = 2,
are connected by a continuous path of representations of Z? in Di_ [0, 1]. We derive this
result from the classical works by G. Szekeres and N. Kopell on the C! centralizers of the
diffeomorphisms of [0, 1) that are at least C> and fix only 0.

1. Introduction

Let D! [0, 1], r > 1, denote the group of orientation-preserving C" diffeomorphisms of the
interval [0, 1]. For any manifold M, the homomorphisms of 71 M to D', [0, 1], viewed
as holonomy representations—and therefore called ‘representations in 7', [0, 1]” below—
describe C” foliations of codimension 1 on M x [0, 1] that are transverse to the [0, 1] factor
and tangent to the boundary. In order to understand the topology of codimension 1 foliation
spaces, we have therefore to study the topology of the space of representations of finitely
presented/generated groups in D', [0, 1]. The result we prove in this article is a first step in
this direction. Applied to the holonomy of torus leaves, it plays a crucial role in our work
on deformations of codimension 1 foliations on 3-manifolds [Ey2]. The statement is the
following.

THEOREM A. Forr > 2, any two representations of Z* in D' [0, 1] can be connected by
a continuous path of representations of 72 in DL[O, 1].

Note that a representation of Z? in D' [0, 1] is nothing but a pair of commuting C"
diffeomorphisms. Thus, the space of these representations will be regarded here as the
subspace

R ={(f, g) € (D0, 1D* | fog=go f}C (D0, 1])*

equipped with the induced topology, where 7', [0, 1] is endowed with the usual C"
topology. The question we must answer can be phrased as follows:
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Given two commuting diffeomorphisms f, g € D', [0, 1], how can we connect the pairs
(f, g) and (id, id) by a continuous path t € [0, 11— (f;, &) in R'?

The key tools to handle this problem are classical results due to Szekeres and
Kopell [Ko, Sz] (see §§2 and 3) about the C! centralizers of the diffeomorphisms of [0, 1)
that are at least CZ and fix only 0. More precisely, our construction proceeds as follows. The
common fixed points of f and g form a closed set whose complement is a countable union
of disjoint open intervals (a, b) C [0, 1]. On each of these, Kopell’s lemma (Theorem 1)
shows that f (respectively g) either coincides with the identity or has no fixed point
(Lemma 6). Then the works by Szekeres and Kopell imply that the restrictions of f and g
to [a, b] belong either to a common C! flow or to a common infinite cyclic group generated
by some C" diffeomorphism of [a, b] (Lemma 6). In either case, it is easy to define the
desired pair (f;, g/) on [a, b] (Lemma 10). Our main contribution in this article is to prove
that all these pairs of local C! diffeomorphisms fit together to yield a continuous path in
R! (Lemma 10). A useful tool at this point is a result of Takens [Ta] (Theorem 8), which
shows that many adjacent subintervals (a, b) can be merged and treated as a single piece
(Lemma 9), which makes it easier to check the global regularity.

Remarks.

(i)  Theorem A actually extends to representations of Z* for any k € N with exactly the
same proof but heavier notation.

(i)  Unfortunately, Theorem A says nothing about the connectedness of R! because C!
diffeomorphisms and their C! centralizers are beyond the scope of the works of
Szekeres and Kopell. On the other hand, it will become clear in the next section that
our construction does not in general yield a path in R”. Thus, the question of whether
or not R" is connected remains completely open for every integer r, 1 <r < oco.

Notation. For any C* function g on an interval I C R, we write
gl =sup{|D"g(x)|, 0 <m <k, x € I} € [0, +00].

Given a vector field v on I, we make no distinction between v and the function dx (v),
where x is the coordinate in /. Thus, the pull-back f*v of v by a diffeomorphism f of I is
the function v o f/Df. Finally, we denote by f* the kth iterate of any diffeomorphism f
of I, withk € Z.

2. The results of Szekeres and Kopell
Let DI, 1 <r < 00, denote the group of C" diffeomorphisms of an interval 7 C R and
Dil the subgroup of those that preserve orientation. For 1 <k <r, the C* centralizer of
an element f € D" [ is

Zy={geD'l:gof=fog)
Though this may be a rather complicated object in general, the works by Szekeres and
Kopell lead to a complete understanding of the case k =1 and r > 2 when [ is a semi-
open interval and f has no interior fixed point. In this section, we recall their results and
establish bounds that we will use later in our argument. The original references are [Ko, Sz]
but detailed proofs of Theorems 1 and 2 (and a lot more on the subject) can also be found
in [Na, Yo].
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THEOREM 1. (Kopell’s lemma) Let f and g be two commuting diffeomorphisms of
[a, b) C R which are of classes C> and C', respectively. If f has no fixed point in (a, b)
and g has at least one, then g = id.

THEOREM 2. (Szekeres, Kopell) Let f € D'[a, b) be a diffeomorphism of [a, b) fixing

only a and assume r > 2. There exists a unique C Uyector field vEf’h) on [a, b) whose time-1

map exists and coincides with f. Moreover, vgf’b) is of class C"~! on (a, b) and its flow,

which is a one-parameter subgroup of D'|[a, b'), equals the whole centralizer Z }

In this theorem, the existence part is due to Szekeres, and the uniqueness part follows
from Kopell’s lemma. The vector field vgf’b) will be called the Szekeres vector field of f.
It can be nicely expressed in the form

A lim (f%*no if f(x) <x forall x € (a, b),
v[a»b) _ k—+00

P dim (Y ne if f(x) > x forall x € (a, b), M
k——o00

where 1o := (f —id)dy is aC" ! vector field on [a, b) and A := (log Df(a))/(Df(a) — 1)

(or 1 if Df(a) =1). In other words, the proof of Szekeres’ theorem consists in showing

that:

. the vector fields A(f¥)*no converge in the C! topology as k goes to 400 (depending

on the sign of f — id); and
° f is the time-1 map of the limit vector field.
Complete proofs of these assertions can be found in [Na, Yo].

Remark 3. In general, one cannot expect the sequence ( f¥)*ng to converge in a stronger
topology, even if the diffeomorphism (and thus every (f¥)*no, k € Z) is C*°. Indeed,
Sergeraert constructed in [Se] a C* diffeomorphism of R whose Szekeres vector field is
not C2.

The expression (1) leads to the following estimates which control the Szekeres vector
field in terms of the given diffeomorphism and reflect some kind of continuous dependence.
This continuity was studied more thoroughly by Yoccoz in [Yo]; our bounds are established
using arguments similar to his.

LEMMA 4. Let f € D'[a, b) be a diffeomorphism of [a, b) fixing only a, with 0 <

a<b<landr=2 If|f—id|la <68 <1, then the Szekeres vector field v := v;“‘b)
satisfies

sup [log ——| <u(8) and sup |Dv| < u(s)

(a.b) —id la.b)

for some universal continuous function u: [0, 1) — R (independent of f, a and b)
vanishing at 0. As a consequence, there exists another universal continuous function v
vanishing at 0 such that

| " —id|l; <t v() foralltel0,1],

where { f'},er denotes the flow of v, with f1 = f.
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Proof. We consider the case of a contracting diffeomorphism f. Let n; denote the C !
vector field (fk)*no on[a, b) forall k € N, where ng = (f — id)dy, and define 6 : (a, b) —
R by 6 :=1log(n1/no). For all x € (a, b),

2 _ 1
0(x) = log D;(;E))C()f(x];(j)x) :10g</0 Df(x + s(f(x) — x)) ds> —log(Df (x)).

Thus, since Df is ¢ and positive on [a, b), the map 6 extends to a cr—1 map on [a, D).
One can also write

0(x) =log Df (xg) —log Df(x) for some xg € [ f(x), x].

Since log Df is C"~! with r > 2, this implies

f
16(x)| < |D log Dfllolxo — x| = HD— lxo — x| < - (x - f(x),
according to our hypothesis on || f — id||2. Now
ko k
log "L _ Jog (fk) Mg ™! Ofk —fo fk,
(f*)*no noo f
SO
_ 8
log ~£ <— ) < —. 2
og <x> < ka() () < 7 )

Taking i =0 and j — oo, this gives the first bound of the lemma, since

_ log Df(@) _ [log(1 —9)|

= 1.
Df(a) —1 ) §—0
The second estimate relies on the following calculation, where Lg := D*g/Dg for any C?
diffeomorphism g:
k
_ ’70 o f k k 1
an—D< Dyt ) Dnoo f*+ (oo f )D<ka
Dka
=D kD ————
noo f*— (i J‘)(ka)2

= Dngo fX— Lffn

k—1
=Dnoo f* = (Lfo f)) Dff m

i=0
k—1

=Dngo fX =Y (Lf o fHY(f ! - f")’;—"
i=0 !

The desired bound follows easily, using equation (2) and the fact that Dng equals
Df — 1. m|
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3. Rational and irrational connected components

Definition 5. Let f, g € D! [0, 1] be two commuting diffeomorphisms and denote by
F C [0, 1] the set of their common fixed points. We will say that a connected component
(a, b) of the open set U = [0, 1]\ F is rational or irrational depending on whether or not
there exist relatively prime integers p, g € Z such that f” and g9 coincide on (a, b).

For example, a component (a, ) on which f or g induces the identity is rational, since
0 and 1 are relatively prime.

LEMMA 6. Let f, g € D\ [0, 1] be two commuting diffeomorphisms, F the set of their
common fixed points and (a, b) a connected component of U = [0, 1]\ F.

)  If flia.p) differs from the identity, then f has no fixed point in (a, b) and thus defines

two Szekeres vector fields: vgﬁl’b) onla, b) and v}“’b] on (a, b).

(1)  If the component (a, b) is rational, there exist a diffeomorphism h € D', [a, b] and
some relatively prime integers p, q € Z such that fl|jq.p)=h? and glia.p) = h?.

Moreover, if flia,p) is not the identity, h| . py coincides with the time-1/q maps of

both Szekeres vector fields vEf’b) and v}a’b].

(2)  If the component (a, b) is irrational, then w90 and v(@
P f f

there is a C! vector field v[f‘-l‘b] on [a, b] whose time-1 map is fl[a,p}, and glia,p] IS

the time-t map of this vector field for some T € R\Q.

PY coincide on (a, b). Thus,

Remark 7. According to Kopell [Ko], for a generic C" diffeomorphism f of [a, b] with no

fixed points in (a, b), the Szekeres vector fields vgf’b) and v}a’b] do not coincide on (a, b).

In other words, vﬁf”b) does not extend to a C! vector field on [a, b]. Therefore, one really
needs to handle the rational and irrational cases separately.

As for irrational components, one might think that having C" time-¢ maps for a dense
subset Z + tZ C R of times would force a vector field to be C"~1. However, this is not true,
as shown in [Ey1]. Thus, the diffeomorphisms obtained with our method (cf. Lemma 10)
are only C! in general.

Proof. Suppose f has a fixed point ¢ in (a, b). The sequence (g"(c))nez stays in (a, b),
consists of fixed points of f (for f and g commute), and is monotone (for ¢ cannot be a
fixed point of both f and g by definition of (a, b)). Thus, this sequence converges at both
ends towards points which necessarily lie in F, and hence are a and b. Therefore, g has no
fixed point in (a, b) and Kopell’s lemma (Theorem 1) shows that f is the identity on [a, b],
which concludes the first point.

If (a, b) is a rational component, there exist relatively prime numbers p, g € Z such
that f? and g7 coincide on [a, b]. Then, writing & = (f°g")|[4,p], Where pr +gs =1,
r, s € Z, one gets the desired relations f|4,5) = h? and gljg,p) = hP. If fl[4,p] is DOt the
identity, Theorem 2 assures us that the restrictions of f, g and & to [a, b) (respectively
(a, b]) belong to the flow of the Szekeres vector field vgf”b) (respectively v}a’b]). The
corresponding time for £ is 1/q, since hY = f[4,p].

Now suppose the component (a, b) is irrational. Denote by {f}};cr and {f}};er
the flows of vgca’b) and v}a’b], respectively, and fix a point c € (a, b). The diffeo-
morphisms ¥4, ¥p: R — (a, b) defined by ¥, (r) = fI(c) and (1) = fg (c) conjugate
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respectively f/|.p) and f; l(a,p), T € R, to the translation 77 : t +— ¢ + T:

Tr =y, o flova=1v," o f] o
In particular,

Ti=y; ' ofova=1v," ofos
SO

Ti= W, ovp) o T oy, ' o).

In other words, v, o Y, is a diffeomorphism of R which commutes with the unit
translation 77.

According to Theorem 2, gl(4,p) (respectively gl,p)) coincides with fa* (respec-
tively fh”’) for some time t, (respectively 75). But then

To,=v;'ogoy, and Ty, =y, o0goy,

SO
T, =Wy o) o Ty, 0 (W) ' 0 Ya).

All four diffeomorphisms of R in this last equality commute with the unit translation.
Therefore, invariance of the rotation number under conjugacy implies 7, = 7, =: t. This
number has to be irrational, for if t = p/q, then f? clearly coincides with g7 on (a, b).
But, if so, the diffeomorphism ¥, Io ¥, commutes with both the unit translation and an
irrational translation, and hence must itself be a translation. Since it fixes the origin (by
construction), it is in fact the identity. This means that the flows of v[fa’b) and v}a’b]
on (a, b), so these vector fields are equal on (a, b). O

coincide

Let Fy C F be the set where both f and g are C"-tangent to the identity. We will now
see that all components of [0, 1]\ F which lie in the same component of [0, 1]\ F have the
same type. This is a straightforward consequence of a theorem of Takens [Ta] (extended
by Yoccoz in the finite-differentiability case [Yo]), which can be stated as follows.

THEOREM 8. (Takens) Let f € D!, (a, b), r > 2, be a diffeomorphism with a unique fixed
point c. If f is not C"-tangent to the identity at c, the Szekeres vector fields vgfz’c] and v[fc’b)
are C"~! and fit together to yield a C" " vector field on (a, b) (whose time-1 map is ).
Furthermore, any C" diffeomorphism of (a, b) commuting with f and fixing c¢ coincides

with the time-t map of this vector field for some T € R.

LEMMA 9. Let f, g € D [0, 1] be two commuting diffeomorphisms, F the set of their
common fixed points, Fy C F the subset of those where both f and g are C"-tangent to the
identity and (a, b) a connected component of Uy = [0, 1]\ Fp.

() If (a,b) contains a rational component of U =[0, 1]\F, there exist a
diffeomorphism h € D', [a, b] and relatively prime integers p,q € Z such that
flia,p1 =h? and glia,p) = h?.

(2) If (a, b) contains an irrational component of U, there exists a vector field vgf"b]
which is C! on [a, b], C"~! on (a, b), Cl-ﬂat at the boundaries, and whose time-1
and time-t maps, for some T € R\Q, are f (4,5 and gl[a,p] respectively.
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From now on, a rational (respectively irrational) component will be any component
of Up = [0, 1]\ Fp which contains (only) rational (respectively irrational) components of
[0, I]\F.

4. Regularity at the degenerated fixed points
Theorem A is a straightforward consequence of the following lemma.

LEMMA 10. Let f, g € D' [0, 1] be two commuting diffeomorphisms, Fy the set of
common fixed points where both are C"-tangent to the identity, Uy the complement
[0, 1]\ Fo, and v the vector field on [0, 1] equal to v;a,b] on the closure of any irrational
component (a, b) of Uy and to 0 elsewhere. For any t € [0, 1], define f:, g:: [0, 1] —
[0, 1] as follows:

° on Fy, set f; = f =idand g, = g =id;

° on each rational component of Uy, where f =h? and g = h? for relatively prime
integers p, q € 7, set f; = h! and g, = h!, where h; = (1 — t)h + t id;
° on each irrational component of Uy, where f and g coincide with the flow of v at

times 1 and t € R\Q, respectively, let f; and g; be the flow maps of v at times (1 — t)
and (1 — t)t, respectively.
Then the arc t € [0, 11+ (f;, g) is a continuous path in the space R ¢ (Dl+ [0, 1])2 of
commuting C' diffeomorphisms.

Proof. The maps f; and g; clearly commute for all € [0, 1]. Since f and g play
symmetric roles in the construction, it is sufficient to prove that # — f; is a continuous path
in Dlr [0, 1]. First observe that, for all ¢ € [0, 1], the map f; is a homeomorphism of [0, 1]
and, according to Lemma 9, induces a C"~! diffeomorphism of Uy. Now let us prove that
[t is differentiable at any point ¢ of Fjy, with derivative equal to 1.

Let ¢ € Fy. By construction,

[fi(x) —x| <|f(x)—x| forall (¢, x) €[0, 1] x [0, 1].

Ifx+#c,
Jix) — file) 1‘ i) = x) = (file) — ©)
X —C h X —C
_ fi(x) —x
- X —C
< fx) —x
X —C

&) =x) = (f(e) —0)
o X —C '

Since ¢ € Fp, the map f — id is C!-flat at c, so the above quantity tends to 0 as x goes to c.
Therefore, f; admits a derivative at ¢, which is equal to 1.

To conclude the proof, one needs to check that the map W: (¢, x) — Df;(x) (now well
defined) is continuous on [0, 1] x [0, 1]. For every component (c, d) of Uy, continuity on
[0, 1] x [c, d] follows readily from Lemma 9. In particular, the limit of Df(x) as (s, x)
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approaches (¢, ¢) in [0, 1] x [c, 1] exists and equals Df;(c) = 1. Now assume c is an
accumulation point of Fy on the right-hand side. For all § > 0, there exists a point
d € Fop N (c, 1] such that

Il f —idlall2 < 8.

Let (s, x) €0, 1] x [c,d]. If x belongs to Fp, then Dfs(x)=1. If x belongs to
an irrational component (a, b) of UgN[c, d], then fs|4,5) belongs to the flow of v,
sovo fy(x) = Dfs(x) v(x). If x is not a fixed point of f (i.e. a zero of v), then

vo fs(x) —v(x)
v(x)
fs(x) —x
v(x)

la.b], ‘f(x) —-X
f v(x)

IDfs(x) = 1] =

< sup |Dv|
(a,b)

< sup |Dv < u(S)e”(‘S) according to Lemma 4.

(a,b)

This upper bound still holds for all x € [a, b], since one already knows that ¥ is continuous
on [0, 1] x [a, b].

Assume now x belongs to a rational component (a, b) of Uy N [c, d], where f = h? and
g = h?,with p, g € Z relatively prime. If g is zero, then f; =id on [a, b], so Df;(x) = 1.
If g is non-zero, Lemma 4 bounds ||A —id||; by (1/¢)v(5). In particular, for § small
enough, |2 —id||; < 1/2. Since f; = h{ on [a, b],

q-1 )
> log Dhs(hg(x))‘

i=0

llog Df; (x)| = [log D(h{)(x)| =

q—1 )
< Z|log(1 + (1 = $)(Dh(hg(x)) — )|
i=0
qg—1
<Y 201 = 9)llh —id]1 <2v(3).
i=0
Thus, Df;(x) tends to 1 = Df;(c) as (s, x) goes to (t, c¢) in [0, 1] x [¢, 1]. Similarly,
Df;(x) tendsto 1 as (s, x) goes to (¢, ¢) in [0, 1] x [0, c]. This proves the continuity of ¥
at every point in [0, 1] x Fp, and thus on the whole of [0, 1] x [0, 1]. O

Acknowledgements. This article corresponds to the third chapter of my PhD disserta-
tion [Ey2]. I am deeply grateful to my advisor, Emmanuel Giroux, for all the discussions
we had on the subject, and for the patience he showed on this occasion and many others. I
very much appreciate his availability and his continued interest in my work. I would also
like to thank Patrice Le Calvez for thoroughly reading the first version of this article and
encouraging me to emphasize its result. This article was written during a one year stay in
Tokyo, where I was kindly invited by Prof. Takashi Tsuboi with the financial support of
the Japan Society for the Promotion of Science.

https://doi.org/10.1017/50143385710000246 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385710000246

[Ey1]

[Ey2]

[Ko]
[Na]
[Se]

[Sz]
[Ta]

[Yo]

A connectedness result for commuting diffeomorphisms of the interval 1191

REFERENCES

H. Eynard. On the centralizer of diffeomorphisms of the half-line. Comment. Math. Helv., to appear.
Preprint, 2008, arXiv:0811.1173v1.

H. Eynard. Sur deux questions connexes de connexité concernant les feuilletages et leurs
holonomies. PhD Dissertation, 2009, ENS Lyon, France, available at
http://tel.archives-ouvertes.fr/tel-00436304/ft/.

N. Kopell. Commuting diffeomorphisms. Global Analysis (Proceedings of Symposia in Pure
Mathematics, XIV). American Mathematical Society, Providence, RI, 1968, pp. 165-184.

A. Navas. Groups of Diffeomorphisms of the Circle (Mathematical Surveys, 13). Sociedade Brasileira
de Matematica, Rio de Janeiro, 2007.

F. Sergeraert. Feuilletages et difféomorphismes infiniment tangents a I’identité. Invent. Math. 39 (1977),
253-275.

G. Szekeres. Regular iteration of real and complex functions. Acta Math. 100 (1958), 203-258.

F. Takens. Normal forms for certain singularities of vector fields. Ann. Inst. Fourier 23 (1973),
163-195.

J.-C. Yoccoz. Centralisateurs et conjugaison différentiable des difféomorphismes du cercle. Astérisque
231 (1995), 89-242.

https://doi.org/10.1017/50143385710000246 Published online by Cambridge University Press


http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
http://tel.archives-ouvertes.fr/tel-00436304/fr/
https://doi.org/10.1017/S0143385710000246

