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SUMMARY
This paper presents a nonlinear distributed control strategy for flexible-link manipulators to solve
the tracking control problem in the joint space and cancel vibrations of the links. First, the dynamic
of an n-flexible-link manipulator is decomposed into n subsystems. Each subsystem has a pair of
one joint and one link. The distributed control strategy is applied to each subsystem starting from
the last subsystem. The strategy of control consists in controlling the nth joint and stabilizing the nth
link by assuming that the remaining subsystems are stable. Then, going backward to the (n − 1)th
subsystem, the same control strategy is applied to each corresponding joint-link subsystem until the
first. Sliding mode technique is used to develop the control law of each subsystem and the global
stability of the resulting tracking errors is proved using the Lyapunov technique. This algorithm was
tested on a two-flexible-link manipulator and gave effective results, a good tracking performance,
and capability to eliminate the links’ vibrations.

KEYWORD: Distributed control; Flexible-link manipulators; Sliding mode; Stability; Tracking
trajectories.

1. Introduction
There are many advantages of using manipulators with thin and lightweight links in contrast to
traditional rigid manipulators. Indeed, flexible-link manipulators have faster response time, lower
energy consumption, lower overall mass, low-rated actuators, and, in general, lower overall cost. Due
to links’ flexibility, the dynamical model of flexible-link manipulators is much more complicated
than that of rigid manipulators. As a result of this complicated dynamic model, several challenges
in the design and implementation of controllers were motivated. Indeed, the number of controlled
variables for a flexible-link manipulator is strictly less than the number of mechanical degrees of
freedom (DOF), i.e. it represents an underactuated system. In this case, the control problem is
twofold: in addition to motion objectives as in a rigid manipulator, it must also stabilize the vibrations
that are naturally excited. Two possible configurations can describe the dynamical model of flexible
manipulators. First, the dynamical model can be regarded as one multi-input and multi-output (MIMO)
system; one controller is used in this case for all joints and links. Second, the dynamical model can
be viewed as interconnected subsystems. Each subsystem has a pair of one joint and one link and is
controlled with one controller.

Many control strategies are based on the MIMO representation of the dynamical model of
flexible manipulators. In the linear case, a Linear-Quadratic-Gaussian (LQG) approach and the
stable factorization technique were used.1,2 A comparative study of a State-Feedback controller and
a Linear Quadratic Regulator (LQR) using the tip deflection feedback measured by a strain gauge
were proposed to minimize the link vibrations of a single-link flexible manipulator.3 A feed forward
control was used in ref. [4, 5] to control flexible link manipulators. The feed forward controller design
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used in ref. [4] is for tracking trajectory of the tip position without any oscillations for one flexible
link manipulator. The generalization of the computed-torque method is used for the tracking control
of nonlinear flexible-link manipulators.6,7 The objectives were to track desired trajectories in the joint
space and vibration suppression in the links. Adaptive control is used when the system parameters
are considered unknown.8,9 The reinforcement learning (RL) technique is used for developing a real-
time adaptive control of a two-link flexible manipulator.8 The controller consists of a proportional
derivative (PD) tracking loop and an adaptive bloc based on RL loop used for tip trajectory control and
cancelling the deflection of a two-link flexible manipulator. Intelligent control strategies were also
applied to flexible link manipulators.10–12 Several works used sliding mode to control the flexible link
manipulators.13,14 Sliding mode technique based on a partial feedback linearization controller was
used in ref. [14] to achieve set point precision positioning control for a single flexible link manipulator
with payload. For a two-flexible-link manipulator, a high-order nonsingular terminal sliding mode
optimal control scheme is used to solve the non-minimum phase and chattering problems.13

All the previous control schemes use one controller for all joints and links. Unfortunately, when
using the dynamical model as one MIMO system, the real-time implementation of these controllers is
not easy due to the complexity of their structures.15 To overcome this problem, the dynamical model
of flexible manipulators can be considered as interconnected subsystems. Each subsystem consists
of one joint and the corresponding flexible link. Several control schemes used this configuration.
Decentralized control is used for flexible links manipulators.16,17 In ref. [16], the authors used the
decentralized control strategy featuring a PD controller for the joint, and an LQR for the link to
control two-flexible-link manipulators. A decentralized control strategy composed of a PD controller
for the joint, and a linear velocity feedback controller for the flexible link was proposed in ref. [17].
Independent joint control is used for the endpoint position control problem of a two-flexible-link
mechanism with very flexible links.18 The drawback of this method is that the authors used acceleration
sensing for acceleration measurement, which is not always available. Using the nonlinear model of
flexible manipulators, a hierarchical control strategy to track desired trajectories in the workspace of
a two-flexible-link manipulator was developed.19 A feedback linearization approach is used for each
subsystem (a pair of joint and link) to develop control laws. To simplify the real-time implementation
we present in this paper, a distributed control strategy is proposed for multi-link flexible manipulators
to track desired trajectories in the joint space and to remove link vibration. The control strategy consists
to rewrite, at the first time, the dynamical model of n-flexible-links manipulator as n subsystems.
Each subsystem contains a pair of one joint and one link. Second, the control strategy consists in
starting by controlling the last subsystem while considering the remaining subsystems stable. Then,
going backward to the (n − 1)-th subsystem, the same strategy is applied, and so on, until the first
subsystem. The control laws are developed using the sliding mode technique. Lyapunov theory is
used to prove the global stability of the error dynamics. This control strategy is implemented on a
two-flexible-link manipulator.

This paper is organized as follows: Section 2 presents the description and the modeling of the n-
flexible-link manipulator. The distributed control strategy of multi-flexible link and stability analysis
of the error dynamics are presented in Section 3. Section 4 presents the experimental results of
the proposed control strategy of a two-flexible-link manipulator. Finally, conclusions are given in
Section 5.

2. Modeling and Problem Formulation
The n-flexible-link manipulator is shown in Fig. 1. The links are presented in a cascade form and
actuated by individual motors. An inertial payload is attached to the end effectors. The motion of
each link is assumed to be in the horizontal plane and has a very small deflection. Using Lagrange
equations, the dynamical model of an n-DOF flexible manipulator is given by:20

M(q)q̈ + C(q, q̇)q̇ + Dq̇ + K q̇ = Lτ , (1)

where M is the inertia and mass matrix, C(q, q̇)q̇ is the Coriolis and centrifugal forces vector, D
is the friction matrix, and K is the rigidity matrix. Also, q represents the vector of the generalized
coordinates and τ is the vector of the applied torques.

https://doi.org/10.1017/S0263574714000459 Published online by Cambridge University Press

https://doi.org/10.1017/S0263574714000459


770 Distributed control strategy for flexible link manipulators

Fig. 1. Flexible-link manipulator.

Note: in the rest of paper, the scalar is written in lower case, the vector in lower case bold and the
matrix is in upper case.

For the n rigid coordinates and n flexible links, the deformation of the ith flexible link is given by
the following equation:

vi (x, t) =
zi∑

j=1

∅ij (x)qf ij (t) i = 1, . . . , n, (2)

where qf ij is the jth generalized flexible coordinate,∅ij (x) is its jth shape function, andzi is the number
of retained flexible modes of the ith flexible link. Note that the total number of flexible modes is
z = ∑n

i=1 zi and the number of rigid modes is n.
The dynamical model (1) can be written as follows:[

[Mr ]n×n [Mrf ]n×z

[MT
rf ]z×n [Mf ]z×z

]
(n+z)×(n+z)

[
q̈r

q̈f

]
+

[
[Cr ]n×n [Crf ]n×z

[CT
rf ]z×n [Cf ]z×z

] [
q̇r

q̇f

]

+
[

0 0

0 [Df ]z×z

] [
q̇r

q̇f

]
+

[
0n×n 0n×z

0z×n [Kf ]z×z

] [
qr

qf

]
=

[
In×n

0z×n

]
τn×1, (3)

where Mr and Mf are the mass and inertia matrices for the rigid and the flexible parts, respectively.
Mrf is a coupled element. The subscripts r and f denote the rigid and flexible modes. In this work,
we consider only the first flexible mode of each link, then z = n.

There exists a non-singular matrix of transformation Tr such as:

q̄ = Tr q, (4)
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where q = [qr q f ]T = [qr1 · · · qrn qf 1 · · · qf n]T is the original generalized coordinate, q̄ =
[q1 · · · qi · · · qn]T = [qr1 qf 1 · · · qri qf i . . . qrn qf n]T is the transformed one, qi = [qri qf i]T

is the generalized coordinate associated with the ith subsystem (ith joint and link) and the matrix of
transformation Tr is given by:

1

Tr =

2n

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 i n︷ ︸︸ ︷
1 0 . . . 0 0 0 . . . 0 0 0

n+1 n+i 2n︷ ︸︸ ︷
0 0 . . . 0 0 0 . . . 0 0 0

0 0 . . . 0 0 0 . . . 0 0 0 1 0 . . . 0 0 0 . . . 0 0 0
...
...

0 0 . . . 0 1 0 . . . 0 0 0 0 0 . . . 0 0 0 . . . 0 0 0

0 0 . . . 0 0 0 . . . 0 0 0 0 0 . . . 0 1 0 . . . 0 0 0
...
...

0 0 . . . 0 0 0 . . . 0 0 1 0 0 . . . 0 0 0 . . . 0 0 0

0 0 . . . 0 0 0 . . . 0 0 0 0 0 . . . 0 0 0 . . . 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (5)

Using the previous transformation, the dynamical model (1) can be written as follows:

M (q) T −1
r

¨̄q + C (q, q̇) T −1
r

˙̄q + DT −1
r

˙̄q + KT −1
r q̄ = Lτ , (6)

where ¨̄q = Tr q̈ and ˙̄q = Tr q̇, note that the vectors q and q̄ have the same elements but in different
order, then : M̄(q) = M̄(q̄) and C̄(q, q̇) = C̄(q̄, ˙̄q).

Equation (6) is equivalent to the following expression:

M̄ (q) ¨̄q + C̄ (q, q̇) ˙̄q + D̄ ˙̄q + K̄ q̄ = L̄τ , (7)

where M̄ (q)2n×2n = TrM (q) T −1
r ; C̄ (q, q̇)2n×2n = TrC (q, q̇) T −1

r ; D̄2n×2n = TrDT −1
r ; K̄2n×2n =

TrKT −1
r , L̄2n×n = TrL.

The dynamical model (7) can be written as follows:⎡
⎢⎣ M̄T

1 (q)
...

M̄T
n (q)

⎤
⎥⎦

⎡
⎢⎣ q̈1

...
q̈n

⎤
⎥⎦ +

⎡
⎢⎣ C̄T

1 (q, q̇)
...

C̄T
n (q, q̇)

⎤
⎥⎦

⎡
⎢⎣ q̇1

...
q̇n

⎤
⎥⎦ +

⎡
⎢⎣ D̄T

1
...

D̄T
n

⎤
⎥⎦

⎡
⎢⎣ q̇1

...
q̇n

⎤
⎥⎦ +

⎡
⎢⎣ K̄T

1
...

K̄T
n

⎤
⎥⎦

⎡
⎢⎣ q1

...
qn

⎤
⎥⎦ =

⎡
⎢⎣ L̄1

...
L̄n

⎤
⎥⎦ τ , (8)

where qi = [qri qf i]T ; M̄T
i = [M̄i1 . . . M̄ii . . . M̄in]; C̄T

i = [C̄i1 . . . C̄ii . . . C̄in]

D̄T
i = [

02×2 . . . 02×2 D̄ii02×2 . . . 02×2
]

; K̄T
i = [

02×2 . . . 02×2 K̄ii02×2 . . . 02×2
]
,

M̄ii =
[

Mri Mrf i

Mrf i Mf i

]
; C̄ii =

[
Cri Crf i

Crf i Cf i

]
; D̄ii =

[
0 0
0 Df i

]
; K̄ii =

[
0 0
0 Kf i

]
.

The properties that will be used in the control law development can be deduced from the dynamical
model of the flexible link manipulator and are given as follows:

P1: M, Mrr, Mff , Dff and Kff are symmetric positive definite matrices.20

P2: The inertia-mass matrix M (q) and the Coriolis matrix C (q, q̇) satisfy the following skew-
symmetric property:

xT (Ṁ (q, q̇) − 2C(q, q̇))x = 0 ∀x ∈ Rn+z. (9)
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Let the desired trajectory associated to the rigid part of the ith subsystem, its first and second-order
derivatives be qird (t) , q̇ird (t), and q̈ird (t), respectively, and qif d (t), q̇if d (t), and q̈if d (t) are those
associated to the flexible part of this subsystem. The objective is to track desired trajectories in the
joint space and cancel vibration of the links. The desired positions of the flexible modes are then
set to zero. Therefore, the desired trajectories must be carefully chosen so as to satisfy the control
objective:

(qir , qif ) = (qird , 0). (10)

3. Distributed Control Strategy
In this section, we present a distributed control strategy for n-flexible-link manipulator to track
desired trajectories in the joint space while eliminating links’ vibrations. The n-flexible-link system
can be viewed as interconnected subsystems. Each subsystem has a pair of a joint and a flexible
link. The distributed control strategy consists in controlling the nth subsystem while assuming that
the remaining subsystems are stable. Then, the same strategy is applied backward to the (n − 1)th
subsystem and so on until the first subsystem.

3.1. Control law development
As mentioned earlier, the control strategy consists of controlling each subsystem backward from the
last subsystem until the first one. Taking, for example, the ith subsystem, its equation of motion is
derived from (8) as follows:

M̄T
i (q) ¨̄q + C̄T

i (q, q̇) ˙̄q + D̄T
i

˙̄q + K̄T
i q̄ = L̄iτ , (11)

where M̄T
i = [ M̄i1 · · · M̄ii . . . M̄in ]T ; C̄T

i = [ C̄i1 · · · C̄ii . . . C̄in ]T ; L̄i = [ 0 . . . 010 · · · 0
0 . . . 000 · · · 0 ]2×n

D̄T
i = [ D̄i1 · · · D̄ii . . . D̄in ]T ; K̄T

i = [ K̄i1 · · · K̄ii . . . K̄in ]T ; M̄ii = [ Mri Mrf i

Mrf i Mf i
]; C̄ii = [ Cri Crf i

Crf i Cf i
];

D̄ii = [ 0 0
0 Df i

]; K̄ii = [ 0 0
0 Kf i

]. The ith subsystem is controlled by assuming that the remaining
subsystems are stable. Then, we can define the new generalized coordinate as follows:

q̄i = [ qd1 · · · qd(i−1) qi qd(i+1) qdn ]T (12)

where qd j = [qrdj qf dj ] and qi = [qri qf i ] for j = 1, . . . , n, j �= i. Note that the rigid and flexible
coordinates of the ith subsystem are the controlled ones and the rigid and flexible coordinates of
the remaining subsystems are the desired ones. The velocity ˙̄qi is the time derivative of q̄i and the
acceleration ¨̄qi is the time derivative of ˙̄qi . Using the new coordinate, the corresponding equation of
motion is given as follows:

M̄T
i (q̄i) ¨̄qi + C̄T

i (q̄i , ˙̄qi) ˙̄qi + D̄T
i

˙̄qi + K̄T
i q̄i = L̄iτi . (13)

In other form, (13) can be written as:

M̄ii (q̄i) q̈i + C̄ii(q̄i , ˙̄qi)q̇i + D̄ii q̇i + K̄iiqi +
n∑

j =1
j �= i

M̄ij (q̄i) q̈d j + C̄ij

(
q̄i , ˙̄qi

)
q̇d j =

[
τi

0

]
. (14)

Define the sliding surface of ith subsystem as follows:

si =
[

sri

sf i

]
=

[
ėri + λrieri

ėf i + λf ief i

]
=

[
q̇rdi − q̇ri + λrieri

q̇f di − q̇f i + λf ief i

]
, (15)

where eri = qrdi − qri , and ef i = qf di − qf i are the error signals and λri, λf i are positive constants.

https://doi.org/10.1017/S0263574714000459 Published online by Cambridge University Press

https://doi.org/10.1017/S0263574714000459


Distributed control strategy for flexible link manipulators 773

The previous sliding surface can be written as follows:

si =
[

sri

sf i

]
=

[
u̇ri − q̇ri

u̇f i − q̇f i

]
= u̇i − q̇i , (16)

where u̇ri = q̇rdi + λrieri and u̇f i = q̇f di + λf ief i .
To control the ith subsystem, we propose the following control law:

τi = Ti + vri − δτri (17)

where vri is used for rigid part tracking, Ti is used to reduce the vibration of flexible part, and δτri is
the setting term

Ti =
{

sf i(vf i+δτf i)
sri

; sri �= 0,

0 ; sri = 0,
(18)

vi =
[

vri

vf i

]
= M̄T

i (q̄i) ¨̄u + C̄T
i (q̄i , ˙̄qi) ˙̄u + D̄T

i
˙̄u + K̄T

i q̄ + K̄T
di s̄, (19)

δτ i =
[

δτri

δτf i

]
= δM̄T

i
¨̄u − δC̄T

i
˙̄u, (20)

where Kdi ∈ R2×2 is a diagonal positive matrix, δM̄T
i = [δM̄i1 . . . δM̄ii . . . δ M̄in]2×2n; δC̄T

i =
[δC̄i1 . . . δ C̄ii . . . δ C̄in]2×2n, and

ū = [ u1 · · · ui · · · un ]T = [ur1 uf 1 · · · uri uf i . . . urn uf n ]T = Tr u,

s̄ = [ s1 · · · si · · · sn ]T = [ sr1 sf 1 · · · sri sf i . . . srn sf n ]T = Tr s,
(21)

δM̄ij =
n∑

j =1
j �= i

∂M̄ij (q)

∂q j

∣∣∣∣
q j d

q̃j + RM̄ij
(q̃ j ), (22)

δC̄ij =
n∑

j =1
j �= i

∂C̄ij (q, q̇)

∂q j

∣∣∣∣
q j d

q̃ j +
n∑

j =1
j �= i

∂C̄ij (q, q̇)

∂ q̇ j

∣∣∣∣
q j d

˙̃q j + RC̄ij
(q̃ j , ˙̃q j ), (23)

where RM̄ij
and RC̄ij

are the high-order terms of the Taylor series for M̄ij (q) and C̄ij (q), respectively21

(see Appendix for more detail). The ith control law is shown by Fig. 2.

3.2. Stability analysis
This section presents the stability analysis of the error dynamics for all subsystems. The n control
laws (17) can be written as follows:

τ = T + vr − δτ r (24)

where vr ∈ �n is the first n elements of the vector v, given in (19), while v f are the remaining
elements of v. T ∈ �n has Ti , given in (18), in the ith element.

The sliding surface for all subsystems can be written as follows:

s =
[

sr

sf

]
=

[
ėr + λrer

ėf + λf ef

]
=

[
q̇rd − q̇r + λrer

q̇f d − q̇f + λf ef

]
=

[
u̇r − q̇r

u̇f − q̇f

]
= u̇ − q̇. (25)
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Fig. 2. The ith control law.

Using (25), the dynamical model (1) is given as follows:

M (q) (ü − ṡ) + C (q, q̇) (u̇ − s) + D (u̇ − s) + Kq = Lτ . (26)

The error dynamics can be deduced as follows:

M (q) ṡ + C (q, q̇) s + Ds + Kd s = M (q) ü + C (q, q̇) u̇ + Du̇ + Kd s + Kq − Lτ . (27)

Proposition 1. The error dynamics (27) is equivalent to the following expression:

M (q) ṡ + C (q, q̇) s + Ds + Kd s =
[ −T

v f + δτ f

]
(28)

Proof: see Appendix.
For the stability analysis, let us define the following positive Lyapunov function:

V = 1

2
sT M (q) s. (29)

Take the time derivative of V (t) to get

V̇ (t) = sT M ṡ + 1

2
sT Ṁs. (30)

Using (28), V̇ (t) becomes:

V̇ (t) = sT

(
−C (q, q̇) s − Ds − Kd s +

[ −T

v f + δτ f

])
+ 1

2
sT Ṁs

= −sT (D + Kd ) s + sT

[ −T
v f + δτ f

]
.

Using the transformation matrix Tr , we can write:

sT

[ −T
v f + δτ f

]
= s̄T τ̄ s, (31)
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where si = [ sri

sf i
] and τ̄ si = [ −Ti

vf i + δτf i
]; i = 1 . . . n.

s̄T
i τ̄ si = [

sri sf i

] [ −Ti

vf i + δτf i

]
= −sriTi + sf i(vf i + δτf i). (32)

Using (19), we can write:

s̄T
i τ̄ si = 0. (33)

Using the transformation matrix Tr :

sT
i τ si = 0. (34)

Then,

sT

[ −T
v f + δτ f

]
=

n∑
i=1

sT
i τ si = 0. (35)

Then, the time derivative of V (t) becomes:

V̇ (t) = −sT (D + Kd ) s. (36)

Because D and Kd are positive-definite diagonal matrices, then V̇ (t) is negative. Using Barbalat
lemma,22 the error dynamics is globally asymptotically stable.

4. Application to Two-Flexible-Link Manipulator

4.1. System description
In this section, the control strategy presented in the previous sections is tested on the 2-DOF Serial
Flexible Link robot (Fig. 3) manufactured by Quanser. It consists of two motors, two flexible links,
and a payload. It moves in the horizontal plane and is connected by rigid revolute joints. The system
is actuated by two torques generated by the motors. The ith motor has an angle qri and the i-th
flexible link, supposed uniform, has a mass mi and length Li , linear density ρi , and rigidity EIi . mp

is the mass of the payload. The second link is attached to the rotor of the second motor and the first
link is attached to the first motor. Axes (X1, Y1) for link 1 and (X2, Y2) for link 2, move with the
corresponding links.

(
X̂0, Ŷ0

)
is the fixed reference frame. The deformations of the links are assumed

to be small and the flexible links are modeled as Euler-Bernoulli beams.
In this section, the two-flexible-link model given in refs. [22, 23] is modified by only

considering the first flexible mode of each link (see Appendix). Then, we have n = 2, z = 2 and z1 =
z2 = 1.

The dynamical model of the two-flexible-link manipulator is given by:

M (q) q̈ + C (q, q̇) q̇ + Dq̇ + Kq = Lτ , (37)

where

M =

⎡
⎢⎢⎢⎣

M11 M12 M13 M14

M21 M22 M23 M24

M31 M32 M33 M34

M41 M42 M43 M44

⎤
⎥⎥⎥⎦ ; C =

⎡
⎢⎢⎢⎣

C11 C12 C13 C14

C21 C22 C23 C24

C31 C32 C33 C34

C41 C42 C43 C44

⎤
⎥⎥⎥⎦ ; D =

⎡
⎢⎢⎢⎣

0 0 0 0

0 0 0 0

0 0 Df 1 0

0 0 0 Df 2

⎤
⎥⎥⎥⎦ ;
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Fig. 3. Two-flexible-link manipulator.

K =

⎡
⎢⎣

0 0 0 0
0 0 0 0
0 0 Kf 1 0
0 0 0 Kf 2

⎤
⎥⎦ , q =

⎡
⎢⎣

qr1

qr2

qf 1

qf 2

⎤
⎥⎦ , L =

⎡
⎢⎣

1 0
0 1
0 0
0 0

⎤
⎥⎦ , and τ =

[
τ1

τ2

]
.

As in (3), we can write:

Mr =
[

M11 M12

M21 M22

]
; Mrf =

[
M13 M14

M23 M24

]
; Mf =

[
M33 M34

M43 M44

]
; Crr =

[
C11 C12

C21 C22

]
;

Crf =
[

C13 C14

C23 C24

]
; Cff =

[
C33 C34

C43 C44

]
; Df =

[
Df 1 0

0 Df 2

]
, and Kf =

[
Kf 1 0

0 Kf 2

]
.

For two flexiblelinks, the corresponding transformation matrix (5) becomes,

Tr =

⎡
⎢⎢⎢⎣

1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1

⎤
⎥⎥⎥⎦ . (38)

Using the matrix of transformation (38), the dynamical model (37) is equivalent to the following
equation:

M̄ (q) ¨̄q + C̄ (q, q̇) ˙̄q + D̄ ˙̄q + K̄q̄ = L̄τ, (39)

where

M̄ =

⎡
⎢⎣

M11 M13 M12 M14

M31 M33 M32 M34

M21 M23 M22 M24

M41 M43 M42 M44

⎤
⎥⎦ ; C̄ =

⎡
⎢⎣

C11 C13 C12 C14

C31 C33 C32 C34

C21 C23 C22 C24

C41 C43 C42 C44

⎤
⎥⎦ ; D̄ =

⎡
⎢⎣

0 0 0 0
0 Df 1 0 0
0 0 0 0
0 0 0 Df 2

⎤
⎥⎦ ;
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K̄ =

⎡
⎢⎣

0 0 0 0
0 Kf 1 0 0
0 0 0 0
0 0 0 Kf 2

⎤
⎥⎦ ; q̄ =

[
q1

q2

]
=

⎡
⎢⎣

qr1

qf 1

qr2

qf 2

⎤
⎥⎦ ; L̄ =

⎡
⎢⎣

1 0
0 0
0 1
0 0

⎤
⎥⎦ , and τ =

[
τ1

τ2

]

In the two subsystems form, (39) can be written as:

[
M̄11 M̄12

M̄21 M̄22

] [
q̈1

q̈2

]
+

[
C̄11 C̄12

C̄21 C̄22

] [
q̇1

q̇2

]
+

[
D̄11 D̄12

D̄21 D̄22

] [
q̇1

q̇2

]
+

[
K̄11 K̄12

K̄21 K̄22

] [
q1

q2

]
=

[
L̄1τ

L̄2τ

]
(40)

where

M̄11 =
[

M11 M13

M31 M33

]
; M̄12 =

[
M12 M14

M32 M34

]
; C̄11 =

[
C11 C13

C31 C33

]
; C̄12 =

[
C12 C14

C32 C34

]
;

D̄11 =
[

0 0
0 Df 1

]
; D̄12 =

[
0 0
0 0

]
; K̄11 =

[
0 0
0 Kf 1

]
; K̄12 =

[
0 0
0 0

]
; M̄21 =

[
M21 M23

M41 M43

]
;

M̄22 =
[

M22 M24

M42 M44

]
; C̄21 =

[
C21 C23

C41 C43

]
; C̄22 =

[
C22 C24

C42 C44

]
; D̄21 =

[
0 0
0 0

]
; D̄22 =

[
0 0
0 Df 2

]
;

K̄21 =
[

0 0
0 0

]
; K̄22 =

[
0 0
0 Kf 2

]
; q1 =

[
qr1

qf 1

]
; q2 =

[
qr2

qf 2

]
; L̄1 =

[
1 0
0 0

]
; L̄2 =

[
0 1
0 0

]
.

Equation (40) can be written in the following form that will be used for the control law:

[
M̄T

1

M̄T
2

]
¨̄q +

[
C̄T

1

C̄T
2

]
˙̄q +

[
D̄T

1

D̄T
2

]
˙̄q +

[
K̄T

1

K̄T
2

]
q̄ =

[
L̄1τ1

L̄2τ2

]
, (41)

where M̄T
1 = [ M̄11 M̄12 ]; C̄T

1 = [ C̄11 C̄12 ]; D̄T
1 = [ D̄11 D̄12 ]; K̄T

1 = [ K̄11 K̄12 ]; M̄T
2 =

[ M̄21 M̄22 ]; C̄T
2 = [ C̄21 C̄22 ]; D̄T

2 = [ D̄21 D̄22 ]; K̄T
2 = [ K̄21 K̄22 ].

4.2. Distributed control law
For a two-flexible-link manipulator, the control law is developed in two steps. The first consists of
developing the control law for the second subsystem (second joint and link) by assuming that the first
subsystem is stable. In the second step, we develop the control law for the first subsystem using the
same strategy.

Starting now by the last subsystem, the generalized rigid and flexible coordinates are given by:

q̄2 = [
qd1 q2

]T = [
qrd1 qf d1 qr2 qf 2

]T
. (42)

Note that, for the first subsystem, the rigid and flexible coordinates are the desired coordinates and
for the second subsystem they are the controlled ones.

According to dynamical model (41), the equation of motion of the second link is given by:

M̄T
2 (q̄2) ¨̄q2 + C̄T

2 (q̄2, ˙̄q2) ˙̄q2 + q̄DT
2

˙̄q2 + K̄T
2 q̄2 = L̄2τ =

[
τ2

0

]
. (43)

The control law proposed for the second subsystem is given by the following equation:

τ2 = T2 + vr2 − δτr2, (44)
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where

T2 =
{

sf 2(vf 2+δτf 2)
sr2

; sr2 �= 0,

0 ; sr2 = 0,
(45)

v2 =
[

vr2

vf 2

]
= M̄T

2 (q̄2) ¨̄u + C̄T
2

(
q̄2, ˙̄q2

)
˙̄u + D̄T

2
˙̄u + K̄T

2 q̄ + K̄T
d2 s̄, (46)

δτ 2 =
[

δτr2

δτf 2

]
= δMT

2
¨̄u − δCT

2
˙̄u, (47)

where K̄T
2 = [ 0 0 Kd2r 0

0 0 0 Kd2f
]; Kd2r and Kd2f are positive constants.

˙̄u = [ u̇1 u̇2 ]T = [ u̇1r u̇1f u̇2r u̇2f ]T = Tr u̇; u = [ u̇1r u̇2r u̇1f u̇2f ]T ;

s̄ = [ s1 s2 ]T = [ s1r s1f s2r s2f ]T = Tr s; s = [ s1r s2r s1f s2f ]T,

δM̄T
2 = [δM̄21 δM̄22]; δC̄T

2 = [δC̄21 δC̄22]

δMij = ∂Mij (q)

∂q1

∣∣∣∣∣
q1d

q̃1 + RMij
(q̃1); δCij = ∂Cij (q, q̇)

∂q1

∣∣∣∣∣
q1d

q̃1 + ∂Cij (q, q̇)

∂ q̇1

∣∣∣∣∣
q1d

˙̃q1 + RCij
(q̃1)

RMij
and RCij

are the high-order terms of the Taylor series for Mij (q) and Cij (q, q̇) ,respectively.
Proceeding to the first subsystem and developing the control law assuming that the second

subsystem is stable, the equation of motion of the first subsystem is given by:

M̄T
1 (q̄1) ¨̄q1 + C̄T

1 (q̄1, ˙̄q1) ˙̄q1 + D̄T
1

˙̄q1 + K̄T
1 q̄1 = L̄1τ =

[
τ1

0

]
(48)

where

q̄1 = [ q1 qd2 ]T = [qr1 qf 1 qrd2 qf d2 ]T. (49)

The control law is given by:

τ1 = T1 + vr1 − δτr1, (50)

where

T1 =
{

sf 1(vf 1+δτf 1)
sr1

; sr1 �= 0,

0 ; sr1 = 0,
(51)

v1 =
[

vr1

vf 1

]
= M̄T

1 (q̄1) ˙̄u + C̄T
1 (q̄1, ˙̄q1) ˙̄u + D̄T

1
˙̄u + K̄T

1 q̄ + K̄T
d1 s̄, (52)

δτ 1 =
[

δτr1

δτf 1

]
= δMT

1
¨̄u − δCT

1
˙̄u, (53)

where Kd1 =
[

0 0
0 0

Kd1r 0
0 Kd1f

]
; Kd1r and Kd1f are positive constants,

δM̄T
1 = [

δM̄11 δM̄12
]

2×4 ; δC̄T
1 = [

δC̄11 δC̄12
]

2×4 .

δMij = ∂Mij (q)

∂q2

∣∣∣∣∣
q2d

q̃2 + RMij
(q̃2); δCij = ∂Cij (q, q)

∂q2

∣∣∣∣∣
q2d

q̃2 + ∂Cij (q, q̇)

∂ q̇2

∣∣∣∣∣
q2d

˙̃q2 + RCij
(q̃2)

RM̄1j and RC̄1j are the high-order terms of the Taylor series for M̄2j (q)and C̄2j (q, q̇), respectively.
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Table I. System physical parameters.

Parameter Link 1 Link 2

Link length (Li) 0.202 m 0.2 m
Elasticity 2.068 1011 N/m2 2.068 1011 N/m2

Link moment of inertia 0.17 kg m2 0.0064 10−6 kg m2

Gear ratio 100 50
Rotor moment of inertia 6.28 10−6 kg m2 1.03 10−6 kg m2

Drive moment of inertia 7.63 10−4 kg m2 44.55 10−6 kg m2

Drive Torque constant 0.119 Nm/A 0.0234 Nm/A
Maximum Rotation ± 90 deg ± 90 deg

Fig. 4. Quanser two link flexible robot.

4.3. Experimental results
The parameters of the 2-DOF Serial Flexible Link robot (Fig. 4) are given in Table I.

The experimental setup of the two link serial flexible manipulator robot is shown in Figs. 4 and 5.
The main components of the setup are: a linear amplifier, Q8 terminal board, DAQ system, sensors,

such as strain gauges, encoder, and limit switches. The interface between the computer and the setup is
the Quanser Q8 data acquisition board. Simulink with Real-Time Workshop (RTW) of Mathworks R©
is used for real-time implementation of the proposed controllers. Q8 software is used to transform the
data from the computer to the system, which allows the SIMULINK models to run in real-time target.
The torque input provided by the control algorithm is sent to the robot trough Q8 data acquisition
and the linear current amplifier. A current sensor measures the current of each actuator.

The desired trajectory of the joint takes up a polynomial function given by the following
expressions:24

qrd1(t) = a10 + a11t + a12t
2 + a13t

3 + a14t
4 + a15t

5, (54)

qrd2(t) = a20 + a21t + a22t
2 + a23t

3 + a24t
4 + a25t

5, (55)

qf d1(t) = qf d2(t) = 0,

for 0 ≤ t ≤ Tf = 5s. For t ≥ Tf , qrd1(t) = π
4 and qrd2(t) = π

8 .
The desired trajectories are given in Fig. 6.
The shape function of each link is given in ref. [20]. Using the system parameters, the shape

functions evaluated at the extremity of the links and their derivative are given as follows: ∅1L = 0.39,
∅2L = 1.49, ∅′

1L = 1.34, and ∅′
2L = 4.3.
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Fig. 5. Real-Time setup.

Fig. 6. Desired trajectories: (a)–(b) position, (c)–(d) velocity, (e)–(f) acceleration of rigid part.

The controller’s gains are chosen using a trial and error method as follows: For the distributed
control strategy, the selected gains are: Kd1r = 15; Kd1f = 10, Kd2r = 25 and Kd2f = 10.

The previous theoretical development of the control law that ensures the global stability is given in
the general case, i.e. for any high order in the Taylor series. In the real-time implementation, a finite
order is fixed. In this section, and for simplicity, the Taylor series is limited to the first order. Then,
RMij

= RCij
= 0.

The experimental results for the distributed control are shown in Figs. 7–9.
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Fig. 7. Distributed control: (a)–(b) joint tracking trajectories, (c)–(d) joint tracking errors.

Fig. 8. Distributed control: errors of flexible parts.
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Fig. 9. Distributed control: input torque.

Fig. 10. PD control: (a)–(b) joint tracking trajectories, (c)–(d) joint tracking errors.

The results of the developed distributed control method were compared with a PD type control to
show the contribution of this proposed control strategy using the same desired trajectories. The PD
control law can be written as follows:

τ = Kp(q − qd) + Kd (q̇ − q̇d ), (56)
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Fig. 11. PD control: errors of flexible parts.

Fig. 12. PD control: input torques.

where Kp and Kd are constant gain matrices. Kp = diag(10, 10, 10, 10) and Kd = diag(8, 8, 8, 8).
According to the experimental results, for the distributed control strategy, a good tracking in the joint
space is shown in Fig. 7. This good tracking is confirmed by the very small tracking errors, less than
0.01 rad for the first joint and 0.008 rad for the second joint. For the flexible coordinates, a small error
was obtained not exceeding 0.006 rad as shown in Fig. 8. The input torque is shown in Fig. 9. The
errors obtained explain the ability of the distributed control strategy to cancel vibration in the links.
The results of the distributed control strategy were compared with the PD controller results (Figs.
10–12). For the distributed control method, the tracking errors of the joints and the links’ vibrations
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are smaller than those resulting from the PD controller. Finally, we can conclude that the distributed
control strategy eliminates vibration and gives good tracking of the desired trajectories.

5. Conclusion
This paper presents a distributed control strategy for flexible-link manipulators. This strategy consists
to start by controlling the last subsystem composed of the nth joint and link by assuming that
the remaining subsystems are stable. Then, working backward one subsystem at a time toward the
first subsystem, we use the same strategy. The global stability is proven using Lyapunov approach.
Experimental results, compared with a PD control, show that the distributed control strategy gives
good tracking and cancels the links’ vibration.
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Appendix

Proof of proposition 1
Let us define the second term of the error dynamics (27) as follows:

τ s = M (q) ü + C (q, q̇) u̇ + Du̇ + Kd s + Kq − Lτ . (57)

Using the transformation (5), the previous error dynamics is equivalent to:

τ̄ s = M̄ (q) ¨̄u + C̄ (q, q̇) ˙̄u + D̄ ˙̄u + K̄d s̄ + K̄ q̄ − Lτ , (58)

where M̄ (q) = M (q) Tr ; C̄ (q, q̇) = C (q, q̇) Tr ; D̄ = DTr ; K̄ = KTr ; L̄ = LTr ; ˙̄u = u̇Tr , s̄ = sTr ,
and τ̄ s = τ sTr . For the ith subsystem τsi is given as:

τ̄ si = M̄T
i (q) ¨̄u + C̄T

i (q, q̇) ˙̄u + D̄T
i

˙̄u + K̄T
i q̄ + K̄T

di s̄ − L̄iτi, (59)

where M̄T
i (q) = [

M̄i1 · · · M̄in

]T
; C̄T

i (q, q̇) = [
C̄i1 · · · C̄in

]T
; K̄T

i = [
K̄i1 · · · K̄in

]T
;

D̄T
i = [

D̄i1 · · · D̄in

]T
; K̄T

di = [
K̄di1 · · · K̄din

]T
and L̄i =

[
0 . . . 010 · · · 0
0 . . . 000 · · · 0

]
2×n

.

Using Taylor series, we can write:

M̄ij (q) = M̄ij (q̄) = M̄ij (q̄i) + DM̄ij (q̄i)
T (q̄ − q̄i) + 1

2!
(q̄ − q̄i)

T
{
D2M̄ij (q̄i)

}
(q̄ − q̄i) + . . .

where DM̄ij (q̄i) is the gradient of M̄ij evaluated at q̄ = q̄i and D2M̄ij (q̄i ) is a Hessian matrix. Then,
we can write:

M̄ij (q) = M̄ij (q̄i) + ∂M̄ij (q)

∂ [q1 · · · qi−1qi+1 . . . qn]

∣∣∣∣⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

q1d
...

q(i−1)d
q(i + 1) d

...
qnd

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

q1 − q1d
...

qi−1 − q(i−1)d
qi+1 − q(i+1)d

...
qn−qnd

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

+ RMij
(q̃j )

= M̄ij (q̄i) −
n∑

j =1
j �= i

∂M̄ij (q)

∂qj

∣∣∣∣∣
qjd

q̃j + RMij
(q̃j )

= M̄ij (q̄i) − δM̄ij ,

where

δM̄ij =
n∑

j =1
j �= i

∂M̄ij (q)

∂q j

∣∣∣∣
q j d

q̃ j − RMij
(q̃ j )andRMij
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is the remaining terms given as follows:

RMij

(
q̃j

) = M̄ij (q) − M̄ij (q̄i) +
n∑

j =1
j �= i

∂M̄ij (q)

∂q j

∣∣∣∣
q j d

q̃ j .

Using the same strategy of Taylor series for Mii we can write:

M̄ii (q) = M̄ii (q̄) = M̄ii (q̄i) −
n∑

j =1
j �= i

∂M̄ii (q)

∂q j

∣∣∣∣
q j d

q̃ j + RMii

(
q̃ j

) = M̄ii (q̄i) − δM̄ii,

where

δM̄ii =
n∑

j =1
j �= i

∂M̄ii(q)

∂q j

∣∣∣∣
q j d

q̃j + RMii
(q̃j ).

RMii
and RMii

are the high-order terms of the Taylor series for M̄ii(q). Then, we can write:

M̄T
i (q) = M̄T

i (q̄) = M̄T
i (q̄i) − δM̄T

i ,
(60)

C̄T
i (q, q̇) = C̄T

i (q̄, ˙̄q) = C̄T
i (q̄i , ˙̄qi) − δC̄T

i ,

and

τ̄ si = M̄T
i (q̄i ) ¨̄u + C̄T

i

(
q̄i , ˙̄qi

)
˙̄u − δM̄T

i
¨̄u − δC̄T

i
˙̄u + D̄T

i
˙̄u + K̄T

i q̄ + K̄T
di s̄ − L̄iτi . (61)

Using (19) and (20), Eq. (61) can be written as follows:

τ̄ si =
[

vri (q̄i) − δτri − τi

vf i (q̄i) + δτf i

]
. (62)

Using (18), we can deduce:

τ̄ si =
[ −Ti

vf i (q̄i) + δτf i

]
. (63)

Then,

M (q) ṡ + C (q, q̇) s + Ds + Kd s =
[ −T

v f + δτ f

]
. (64)
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