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Abstract. We show that the ordered Matsumoto K-group of a substitutive system is
derivable from the ordered Cech cohomology of a simple ‘augmentation’ of the tiling
space associated with the substitution. Besides supplying a topological interpretation of
the Matsumoto Ko-group, this leads to finer invariants of the flow equivalence class of a
substitutive system.

1. Introduction
In their papers [CE1] and [CE2], Carlsen and Eilers demonstrate the use of the Matsumoto
Ko-groups as an invariant of flow equivalence of substitutive systems. The present article
was motivated by our desire to understand the topological underpinnings of their invariant.
We have found that the ordered Matsumoto Kg-group of a substitutive system is closely
related to (derivable from) the ordered Cech cohomology group of a relatively easy to
understand quotient of the suspension of the substitutive system. Besides topological
transparency and comparative simplicity, our approach has the virtue that it leads to a
finer invariant.

Associated with any (primitive, aperiodic) substitution, there is a Cantor set consisting
of allowed bi-infinite words. This Cantor set, with the shift dynamics, is called a
substitutive system. There has been considerable recent progress in the problem of
classifying these systems up to various notions of equivalence; most notably, [GPS] have
proved that the dimension group, with order unit, of the incidence matrix associated with
the substitution is a complete invariant of strong orbit equivalence for substitutive systems.

Each (primitive, aperiodic) substitution gives rise to a space of tilings of the real line.
This tiling space is a one-dimensional continuum that supports two dynamics: inflation
and substitution, by which the tiles of a tiling are stretched and replaced by a pattern of
tiles determined by the substitution, and translation flow.

The inflation and substitution dynamics were investigated by Williams in the 1960s
and 1970s [Wil, Wi2] in the guise of hyperbolic one-dimensional attractors. Williams
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obtained complete invariants of pointed conjugacy classes of these systems in terms of
shift equivalence of mj-actions in elementary presentations. The translation flow on the
tiling space is nothing more than the suspension flow of the substitutive system (with the
appropriate roof function). Thus, the problem of classifying substitutive systems up to
flow equivalence is just the problem of classifying the corresponding tiling spaces up to
orientation-preserving homeomorphism. The latter problem was reduced in [BD] to the
calculation of weak equivalence (a non-stationary version of shift equivalence) classes of
certain derived substitutions. Although this gives a complete invariant, there is no known
way to decide if two substitutions are weakly equivalent. The K-theoretical augmented
dimension group developed by Carlsen and Filers provides a means that can be effective
in distinguishing between flow equivalence classes, even for substitutions with identical
incidence matrices.

The topology behind the augmented dimension group is quite interesting and not
so difficult to describe, at least in fairly rough terms (a detailed analysis is presented
in §5). Each one-dimensional substitution tiling space has a positive and finite number of
‘forward asymptotic composants’—arc components that contain tilings that asymptotically
approach each other under the positive flow. These correspond to ‘left special words’
in the substitutive system. On each such asymptotic composant there is a point (tiling)
that is periodic under inflation and substitution. As the property of arc components being
asymptotic is a topological property, any orientation-preserving homeomorphism from one
tiling space to another must take forward asymptotic composants to forward asymptotic
composants. After adjustment by an isotopy, such a homeomorphism will take the periodic
points on the forward asymptotic composants of the one tiling space onto those of the
other; that is, an orientation-preserving homeomorphism between tiling spaces implies an
orientation-preserving homeomorphism between the quotient spaces obtained by identify-
ing all periodic points on forward asymptotic composants to a single point. The ordered
Cech cohomology group is an invariant of orientation-preserving homeomorphism. For
the tiling space, this group is just the dimension group of the incidence matrix. Sticking
the periodic points, say m in number, together in the above described quotient creates
m — 1 additional, independent generators in cohomology. The ordered Cech cohomology
of the quotient is (essentially) the augmented dimension group of Carlsen and Eilers. This
extension of the ordinary dimension group is not, in general, split; the pattern in which
the asymptotic composants wrap on the cohomology generators of the tiling space is the
distinctive, non-abelian information carried by the augmented dimension group.

Of course one can also consider backward asymptotic composants or forward and
backward asymptotic composants simultaneously. This yields the strongest invariant
presented in the present paper (Theorem 3.4). We give an example to show that
substitutions may have order isomorphic forward augmented cohomology groups and
order isomorphic backward augmented cohomology groups yet have non-order isomorphic
two-sided augmented cohomology groups. (The forward and backward versions of the
Matsumoto Ko-groups require the notions of past equivalence and future equivalence. It is
unclear how to combine these into an analogous two-sided relation.)

In §2 we will lay out the terminology and necessary background. Section 3 contains the
description of augmented tiling spaces, augmented cohomology, and the main theorems;
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the fourth section is devoted to examples. The final §5 examines the relationship between
augmented cohomology and the Matsumoto Ky-group.

2. Notation, terminology and background

A substitution is a map ¢ : A — A* from a finite set .4, called the alphabet, to the set
A* of finite, non-empty words with letters in .A. The substitution ¢ extends in a natural
way to ¢ : A¥ — A*. If A={l, ..., d}, then associated with a substitution ¢ : A — A*
is a d x d incidence matrix A = A(¢) whose ijth entry is the number of occurrences of
the letter i in the word ¢ (j); ¢ is primitive if there is an m > 0 such that A™ is strictly
positive. Note that A(¢") = (A(¢))" so that ¢ is primitive if and only if there is an m > 0
so that i occurs in ¢™ (j) for all i, j € A.

For primitive ¢ there is a simple Perron-Frobenius eigenvalue A = Ay of A(¢) (A is
real and larger than the modulus of all other eigenvalues) with associated strictly positive
left and right eigenvectors v;(¢) and v} (¢). We will take these to be normalized so that
(U, | Uy =1 and (v; | U,) = 1, where (- | -} is the Euclidean inner product.

We denote by W, the set of all allowed bi-infinite words for the substitution ¢:
w=...w_1.wowj ... <€ Wy

(the period indicates the location of the Oth letter) if and only if for each finite subword
Wy Wyt1 - - - Wy of w there are i € A and k € N such that w, w41 . . . wy, is a subword of
#* (i). Equipped with the product topology W is compact and, if ¢ is primitive, the shift

0O =0¢ . W¢ — W¢,
given by
o(...w_r.wowy ...)=(..w_qwo.wy ...),

is a minimal homeomorphism. The substitution ¢ is called aperiodic in the case where W,
consists of more than just a single shift-periodic orbit. If ¢ is primitive and aperiodic then
Wy is a Cantor set.

The tiling space, Ty, associated with the (primitive and aperiodic) substitution ¢ is a
collection of tilings of the real line by tiles corresponding to the letters of the alphabet A,
the tilings following patterns specified by the words in Wy. More precisely, let

U@ =}, ..., v

be the left Perron—Frobenius eigenvector for A(¢) and let P; be the prototile P; := [0, v;]

If for some i # j it happens that vl = vlj , we consider P; and P; to be ‘marked’ so that

these prototiles are distinguishable. Now given w € Wy we form the tiling

T=Tw ={T}2

i=—00
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with
TO = Pu)ov

Ty = Py, + |Tol,
Ty = Py, + |To| + |T1],

L)

T, = Pw,1 - |Pw,1|,
T2= Py, — [Py ,| =Tl

Given such a tiling 7, its translate
T—t={T; —1}2_

for each € R is also a tiling of R following the pattern w (with the location of the origin
changed). The tiling space is

Ty ={T(w) —t|we Wy, teR}

with the metric topology: T and T' are close provided there is a small |z| so that T — ¢ and
T’ are identical tilings in a large neighborhood of the origin. (See, for example, [AP] for a
more careful definition of the metric.)

If ¢ is primitive and aperiodic, 7y is a continuum (a compact, connected metric space)
that is everywhere locally homeomorphic with the product of a Cantor set and an arc. For
such ¢, the flow on Ty defined by T +— T — t is minimal (every orbit is dense). There is
also an inflation and substitution homeomorphism

b % — ’];5
defined as follows: for

T={T}2_« €Ty,

i=—00

form ®(7) by multiplying (inflating) each tiled interval 7; = [a;, b;] by the Perron—
Frobenius eigenvalue XA to get the interval [Aa;, Ab;]. Now, if 7; is of type j (that is,
T;=Pj +a =10, vf] + a;), tile the interval AT; by tiles following the pattern of the word
¢ (j). That this determines a tiling of each AT;, and hence of R, follows from ;A = A9;.
The so defined @ is indeed a homeomorphism that interacts with the flow by

D(T —1t)=D(T) — Ar.
Given a homeomorphism f : X — X, the suspension of f is the space
susp(f) := X x [0, 1]/~
with (x, 1) ~ (f(x), 0) and the quotient topology, together with the suspension flow,

fir: X x [0, 1]/~ — X x [0, 1]/~
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by
S, D = 1(f"(x), s +1 —n)]
with
n = |s + t] = greatest integer < s + 7.

The homeomorphisms f:X — X and g:Y — Y are flow equivalent provided the
suspension flows f; and g, are equivalent flows (that is, there is a homeomorphism
h:X x[0, 1]/~ — Y x [0, 1]/~ that takes flow orbits to flow orbits, preserving the
positive direction).

If ¢ and v are primitive and aperiodic substitutions, the arc components of 7y and 7,
have natural orientations induced by the flows. A homeomorphism /4 from 74 to Ty is
then either orientation-preserving or orientation-reversing (this dichotomy is guaranteed
by the minimality of the flows). It is not difficult to see that the suspension susp(cy) of
the shift oy : Wy — Wy is orientation-preserving homeomorphic with the tiling space 7.
Thus, the shifts o4 and oy, are flow equivalent if and only if the tiling spaces 7y and 7y
are orientation-preserving homeomorphic.

Given a substitution ¢, the reverse substitution ¢ is defined by

GG) =iy .. .01,
provided

o) =1iy...1p.
The map

T=(TE o> —T = (-T2,

defines an orientation-reversing homeomorphism from 7 to ’];3 Thus, the tiling spaces
14 and Ty, are orientation-reversing homeomorphic if and only if the shifts o and oy, are
flow equivalent.

Our objective of finding flow equivalence invariants for the shift o is now transferred
to the problem of finding (orientation-preserving) topological invariants of the tiling space
74. The advantage offered by 74 over susp(o) lies in geometry. In particular, the inflation
and substitution homeomorphism & will lead to presentations of 7, and related spaces
as inverse limits with single bonding maps that can, in turn, be used to compute various
cohomology groups.

For a primitive and aperiodic ¢ : A = {1, ..., d} = A* we now construct the rose R
(Figure 1) and the rose map fy : Ry — R¢. Topologically, Ry is just a wedge of d circles:

d
Ry = (U([o, vj] x {i})>/~
i=1
with petals
P = ([0, vi] x {i})/~,

where ~ identifies all the points (0, i), (vf, i),i=1...d, into a single center point ¢
(v = (v,l, R vf) is the left Perron—Frobenius eigenvector of ¢).
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FIGURE 1. The rose Ry.

The petals are naturally oriented and fy: Ry — Ry is defined by fs(c) =c and
folp, wraps the petal P; around the petals P;, then P;,, then ..., then P;,, where
¢(@)=i1, ..., 15 fp is uniquely specified by also requiring that it locally stretch arc
length along petals by the constant factor A = Ay and that f locally preserves orientation.
(Note that we are using P; to stand for both a petal of the rose and the prototile from which
the petal is built.)

Now let P : Ty — Ry be defined by P(T)=[(t, j)] € Ry provided T = {T;}°

i=—00
with 0 € Tp = P; — t (recall that P; = [0, vlj ] is the prototile corresponding to letter j).
It is clear that P is continuous and that P o ® = fy o P.
If f:X — X is a map of the space X, the inverse limit space associated with f is the
collection of sequences

Liglf:z{(x()v )C], .. ) |xn EXa f(xn+l)=xn»n=0’ 17 .. }

endowed with the product topology. The shift homeomorphism

£ +lim f — lim f
is given by

F (o, x1, .. = (f (x0), X0, X1, .. ).
The property P o ® = f, o P noted in the preceding paragraph allows us to define
P:Ty— lim fy
by
P(T) = (P(T), P(®~ (1)), P(®™(T)), ...).

The substitution ¢ is said to be proper if there are letters b, e € A(¢) and n € N so that
¢"(i)=b...eforeachi € A(¢).

THEOREM 2.1. If the substitution ¢ is primitive, aperiodic and proper, then P Ty —
l(igl fo is a homeomorphism that conjugates the inflation and substitution homeomorphism

with the shift homeomorphism ( f¢ oP=Pod ).

Proof. See [AP] and note that a proper substitution forces its border. O
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The tiling space 74 (for ¢ primitive and aperiodic), being orientable and locally the
product of a Cantor set with an arc, looks much like a one-dimensional solenoid. A key
difference is that 7 has a finite, non-zero, number of asymptotic composants: composants
(arc components) C and C’ are forward (backward) asymptotic provided there are T € C
and 7’ € C’ so that

d(T —t,T'—t)— 0 ast— oo (ast — —o0).

(To say that d(T — ¢, T' —t) — 0 as t — oo is just to say that the tilings T and T’ are
identical on some interval [a, 00).)

THEOREM 2.2. Ifthe substitution ¢ on d letters is primitive and aperiodic, then the tiling
space Ty has composants that are forward asymptotic to other composants and composants
that are backward asymptotic to other composants. The total number of such composants
is at most d>.

Proof. See [BD] for the first assertion and [BDH] for the second. O

THEOREM 2.3. If ¢ and v are primitive and aperiodic substitutions and h : Ty — Ty is
an orientation-preserving homeomorphism, then h takes forward (backward) asymptotic
composants of Ty to forward (backward) asymptotic composants of Ty. If h is orientation-
reversing, it takes forward (backward) asymptotic composants to backward (forward)
asymptotic composants.

Proof. See [BD]. O

Thus, the ‘asymptotic composant structure’ of 7y is a topological invariant (and hence
a flow invariant of o4). We will use this structure to find a deeper invariant. Since
® : 7y — Ty takes asymptotic composants to asymptotic composants, and there are only
finitely many asymptotic composants in 7, it must be the case that each asymptotic
composant is periodic under ®. From this, and the arc-length stretching property of &
on composants, it follows that on each asymptotic composant there is a unique asymptotic
tiling T that is periodic under ®. Let {Cf, e, CfF((P)} and {Cfg, e, CfB(¢)} be the
collections of forward and backward asymptotic composants in 7y (so, for each i, there
is a j so that Cl.F is forward asymptotic to Cf, etc) and let TLi=1,..., nr(¢), and

Tlg ,j=1,...,n5(¢), be the ® periodic tilings on the C/ and CJB , respectively. (Note:
it can happen that C,.F = Cf for some i, j so that 7% = Té.) There is an n € N so that

O(Ti) =T} and ®"(T§) =T} foralli=1,...,np(@), j=1,...,np($) (a crude
bound is n < (d%)!). We say that a substitution ¢ is prepared if ¢ is primitive, aperiodic,
proper, and @(T}) = T};, @(Té) = Té for all the asymptotic tilings T, Té €Ty.

PROPOSITION 2.4. Given a primitive, aperiodic substitution ¢1, there is an algorithm
that produces a prepared substitution ¢y with oy, flow equivalent with og, (so Ty, is
orientation-preserving homeomorphic with T, ).

Proof. See [BD] and [CE3]. O
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A homeomorphism from 7y to 7y must take asymptotic composants to asymptotic
composants but it may not take asymptotic tilings to asymptotic tilings. This can be
remedied by isotopy.

PROPOSITION 2.5. If ¢ and v are primitive and aperiodic substitutions and h : Ty — Ty,
is an orientation-preserving homeomorphism, then there is an orientation-preserving
homeomorphism h' isotopic to h so that h’(Tf,(qﬁ)) = T}(lﬁ) and h/(Té (¢) = Té Y) for

i=1,...,np(@)=nrpW)and j =1, ...,np(¢d) =np(Y) (perhaps after re-indexing if
necessary).
Proof. See [BD]. O
Suppose that ®(7') =T and that T follows the pattern of the word w € Wy. There are

then words

p,u, s €A*
with

|u| = number of letters inu =1 or 2,

¢(u) = pus

and

w=...0%(P)p(p)pusd(s)¢*(s) . . ..

If ¢ is prepared then we may take |u| = 1 for all but one such 7. Thus, if ¢ is prepared,
and

Ebv . ERFD gl M@

are the equivalence classes of forward and backward asymptotic tilings (so T, va € Ellé if
and only if d(T} — ¢, TfF — 1) — 0 ast — oo, etc), we may select representatives

Te&k, k=1,...,mp(®)
and
Ty e k=1,....mp@)

whose corresponding words w'*, w/* satisfy

wik =... ¢(Pik)PikuikSik¢(Sik) s
wh=...0(pj)pjujsidGsi) ...,
where u;,, uj, € A are single letters with ¢ (u;,) = p; ui s, and ¢ (uj) = pju;s; for
all k.
For the prepared substitution ¢ : A={1,...,d} - A*, we define the augmented
transition matrix A(¢) by
~ A E
A= (AP B
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where A(¢) is the d x d transition matrix of ¢, I isthe (mp(¢) + mp(¢p) — 1) x (mp(P)
+ mp(¢p) — 1) identity matrix (mp(¢) and mp(¢p) are the numbers of forward and,
respectively, backward equivalence classes of asymptotic tilings) and the /kth entry of

E(¢) is

number of occurrences of the letter / in pj;s;,,
k=1,....,mp(¢),

number of occurrences of the letter /'in pj,_,, ., 8i
k=mp(@)+2,...,mp(¢) +mp($).

Finally, if B is a non-negative n x n integer matrix with simple Perron—-Frobenius
eigenvalue, let

el =

DG(B) :={ii € E(B) | BXii € Z" for some k € N},
where
E(B)=B"(Q") cQ"
is the eventual range of
B:Q' > Q"
and let

DG*(B) :={ii € DG(B) | (v|v) = 0},

where Bg is a non-negative left Perron—Frobenius eigenvector of B.  The pair

(DG(B), DG (B)) is called the (ordered) dimension group of B. In the case where ¢ is
a prepared substitution with augmented transition matrix A = A(¢), the dimension group
of the transpose, (DG (A"Y), DGt (A"Y)), will be called the augmented dimension group of
¢ and denoted by (DG (¢), DG T (¢)).

3. The augmented tiling space and the augmented dimension group

We construct an augmented tiling space whose ordered first Cech cohomology, it will turn
out, is order isomorphic with the augmented dimension group defined in the previous
section. This will lead to the main theorem of this paper: if two primitive and
aperiodic substitutions have flow-equivalent shifts then the augmented dimension groups
of corresponding prepared substitutions are order isomorphic.

Let ¢:{l,...,d}=A— A* be a prepared (primitive, aperiodic and proper)
substitution with tiling space 7, rose map f : Ry — R¢, and representative asymptotic
tilings T T;"F(d’), Té", e TémB((ﬁ), as in §2. According to Theorem 2.1, the
map P Ty — l(n_n f» is a homeomorphism and it follows that the points i}ﬁ =P (ijk)
€Ry, k=1,...,mp(¢), are all distinct and fixed by fy, as are the )E{;k = P(Ték),
k=1, ..., mp(¢). Each of these fixed points is interior to some petal (that is, is not the
center c¢); if u;, € A is the letter with the property that w* = ... ¢ (p;,) pi i 5i (i) - - -
is the word corresponding to T, then ile is interior to petal P, Say

T =[O0 ui)1 €10, v %] x {ui}/~ = Py, |

i "

k=1,...,mp($). Similarly, define /X
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FIGURE 2. The space I§¢.

by x [(x Juj)] € P”/k k=1,...,mp(¢). We augment the rose R4 by adding
m F(qb) + mp(¢) new edges and one new vertex. For each k e{l,...,mp(¢)}, attach
an edge E% : [xF, v, Y] x {d + k) to Ry with endpoint (vl *od+ k) attached to ¢, the
center of the rose, and for each k € {1, ..., mp(¢)}, attach an edge E’t‘; =10, xB] X
{d +mp(¢) +k} to Ry with the endpoint (0, d +mp(¢) + k) attached to c. Now
identify all the remaining endpoints, (xié, d+k),k=1,..., mr(¢), and (xg‘, d—+
mrp(¢) +k),k=1,..., mp($), to a new vertex ¢’. Denote the resulting space by R
(see Figure 2).

Define f¢, R¢ — R¢, extending fs, by f¢(c/ y=¢ f¢| £t maps Ek over E’; and
then around Ry following the pattern of the suffix s; of ¢(ulk) k=1, ,mr (),
and f¢| gL, Maps E]é around Ry following the pattern of the prefix pj, of @ (ug,),

k=1, ...,mp(¢),and then over E ]g,. The above combinatorial description of f¢, together
with the requirements that f; everywhere locally stretches arc length by a factor of
A = A(¢) and preserves orientation, uniquely determines f¢ The augmented tiling space
’T¢ (Figure 3) is defined to be the inverse limit: ’pr = hm f¢

Note that lim fy includes into lim fs so that the t111ng space 7y = (P)~ ](hm fo) =
11m fo sits in ’Z}) naturally as a subspace The subset hm f¢ \ 11m fo of ’Z:;) consists of
mp(¢) + mp(¢) rays joined at the point (¢/, ¢/, ¢/, . . .). The ray {(xo, X1,...) € l(gl f¢ :
Xn € El} for all n > some N} winds densely onto L&n fo = Ty in the forward direction
and is asymptotic with all the composants that are forward asymptotic with the composant
containing Ti", k=1, ..., mp(¢), while the ray {(xo, x1,...) € L&n f¢ 1X, € Elé for all
n > some N} winds densely onto 1(&1 fo = Ty in the backward direction and is asymptotic

with all the composants that are backward asymptotic with the composant containing
Ty k=1,...,mg(p).
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(¢,d,d,...)

T
_____// \\*\..Rx-u_---%&
H,___H_H_- \

)
L — e

- %

FIGURE 3. The space ’ZN;I;

THEOREM 3.1. Suppose that ¢ and  are prepared substitutions. Then Ty is (orientation-
preserving) homeomorphic with Ty if and only if 14 is (orientation-preserving)
homeomorphic with Ty.

THEOREM 3.2. Suppose that ¢ and  are prepared substitutions with transition
matrices A(¢) and A(Y).  An orientation-preserving homeomorphism from Ty
to Ty induces an order isomorphism from (DG((A(WY))YH, DGT((AW)NY) onto

(DG((A(@)Y), DGT((A(9)Y.

Remark 3.3. The meaning of the term induces in Theorem 3.2 (this will be important
in the proof of Theorem 3.4) is as follows. Using the oriented petals as bases,
the homomorphisms (fy)+: Hi(Ry) — H1(Ry) and (fy)«: HiI(Ry) — H1(Ry) are
represented by A(¢) and A(y), respectively. Dualizing, (f)*: H'(Ry) — H'(R4) and
(fy)* : H(Ry) — H'(Ry) are represented by (A(¢))" and (A(¥))" so that

H'(lim fp) = 1lim(f3)* = DG((A(@)))
and
H'(lim fy) ~lim(fy)* =~ DG(AW))").
Also,
(P(@))*: H'(lim f3) > H'(Ty) and (P(y)*: H'(im fy) > H'(Ty)
are isomorphisms. If & : 74 — Ty is a homeomorphism, the induced isomorphism from

DG((A(Y))Y) to DG((A(¢))") is obtained from h* : H'(T;,) — H'(T3) by pre- and post-
composition with the above isomorphisms.

THEOREM 3.4. Suppose that ¢\ and Y| are primitive and aperiodic substitutions whose
shifts oy, and oy, are flow equivalent, and suppose that ¢ and yr are prepared from ¢, and
V1. Then the augmented dimension groups (DG(¢), DG (¢)) and (DG (), DGT ()
are order isomorphic.

Remark 3.5. If Ty, is homeomorphic with 7y, by an orientation-reversing homeo-
morphism, then 7y, and Tl/;] are orientation-preserving homeomorphic (¢; being the
reverse of ;). Then oy, and oy are flow equivalent and, since ¢ is prepared for
Y1, Theorem 3.4 yields that (DG (¢), DG (¢)) and (DG(¥), DGt ()) are order
isomorphic. But the matrices A(Y) and A(y) are conjugated by a permutation matrix
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so that (DG(l/_/), DG+(1ﬁ)) is order isomorphic with (DG (y), DG (¥)). Thus, if Ty, is
(order-preserving or order-reversing) homeomorphic with 7y, , the augmented dimension
groups (DG(¢), DGT(¢)) and (DG (¥r), DG*()) must be order isomorphic. Thus,
unlike the invariant of [CE2], the ‘two-sided” augmentation we have presented is unable to
detect reversal of orientation. We sketch below two ‘one-sided’ versions of the augmented
dimension group that are sensitive to orientation. As we will see in §4, these carry the
same information as the invariants of [CE2].

Let ¢ be a prepared substitution and suppose that (as in §2) representative tilings

T}", k=1,...,mp(¢),and Té", k=1, ..., mpg(¢), have been selected whose words
w* = . p(pi)pi i si P Giy) - -
and
wh = (PPt sib (i) -
satisfy u;, uj, € A={1,...,d}and ¢(u;,) = pj ui.si,, ;) = pjujsj. Let
Fn ::( 4@ | Er @) )

with I the (mp(¢) — 1) x (mp(¢) — 1) identity matrix and Er(¢) the d x (mp(¢) — 1)
matrix with /kth entry equal to the number of occurrences of the letter / in p;, s;, ;.
Let
7 A(9) | Ep(®)
A =
B(9) ( 0 7 :
with I the (mp(¢p) — 1) x (mp(¢) — 1) identity matrix and Ep(¢) the d x (mp(¢p) — 1)
matrix with /kth entry equal to the number of occurrences of the letter / in pj, ., sj,.
Let

(DGF($), DGE(¢)) := (DG(Ap@)Y), DGT((Ap(#))")) and
(DGp(¢), DGL(®)) = (DG((Ap(¢)Y), DGT((Ap()H)).

THEOREM 3.6. Suppose that ¢1 and 1 are primitive, aperiodic substitutions with
og, flow equivalent with oy, and suppose that ¢ and  are prepared from ¢1 and
V1. Then (DGp(¢), DG(¢)) is order isomorphic with (DG g (), DGE(Y)) and
(DG (¢), DG (9)) is order isomorphic with (DG g (), DG ().

If r is the reverse of Y, then (DG p (), DG ;:(¥)) ~ (DG (¥), DG § ().
COROLLARY 3.7. Suppose that ¢1 and vy are primitive and aperiodic substitutions and
that ¢ and  are prepared from ¢1 and V1.

(1) If Ty, is orientation-preserving homeomorphic with Ty, then (DG r(¢), DG}'(qﬁ))

~ (DGfr(¥), DGE(¥)) and (DG ($), DG ($)) ~ (DG (), DG ).
(2) If 1y, is orientation-reversing homeomorphic with Ty,, then (DG r(¢), DG;(¢))

~ (DG (¥), DG} () and (DG (¢), DG ($)) = (DG (), DG L{)).

An example in the next section will show that the two-sided groups may not be
isomorphic even though both pairs of one-sided groups are isomorphic.
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Remark 3.8. (As in [CE1]) If B has the shape

E: ( Bixa 0 ) ,
Fuxd | Inxm

then the map of short exact sequences

0—Q" —Q{pQ" —= Q¢ ——0

T

0 > QM ;Qd@(@m *>Qd*>0
induces a short exact sequence of dimension group homomorphisms
0— Z" — DG(B) — DG(B) — 0.

Thus, if B is invertible over the integers on its eventual range (that is, if the product of the
non-zero eigenvalues of B is £1), then DG(B) is free and the above sequence splits. It

follows (in this case) that if
~ Caxa | O >
C =
( E Tnxcm

and (DG(C), DG*(C)) ~ (DG(B), DGT(B)) then (DG(C), DG+ (C)) ~ (DG (B),
DG (B)). That is, there is no additional information in the augmentation.

Proof of Theorem 3.1. Let Sy = lim fs \lim f; and Sy = lim fo \Lim f,. The subsets
Sy and Sy are connected and locally path connected. On the other hand, the subspaces
l(ir_n fo and l(in fy are nowhere locally path connected (being everywhere locally the
product of a Cantor set with an arc; see for example [BJV, Lemma 1.10]). Thus,
any homeomorphism from ’j;; to ’Z~'1/, must take L&n fo =~ Ty homeomorphically onto
1(i£1 fo =Ty

Conversely, if & is a homeomorphism from 7y to 7y (which we will assume
to be orientation-preserving — the necessary adjustments in the other case will be
obvious), then, according to Proposition 2.5, we may assume that h takes the
collection of forward asymptotic tilings {T;(qﬁ), cel, T;F (@)} in Ty to the like
collection {T;(w), el T;’F ()} in Ty. Similarly, we may assume that & takes
{TH(@), ..., TgP (@)} to {TA(), ..., Tp®(¥)}. Furthermore (Theorem 2.3), /i must
preserve the equivalence classes of the asymptotic tilings. Thus, after re-indexing if

necessary,
d(h(Tg (@) — 1, TEW) —1) >0 ast — 00
fork=1,...,mp,and
d(h(TH (@) —t. TIW) —1) > 0 ast — —oo
fork=1,...,mp. Leth:l(il_nf¢—>l<i£1f,/, be givenbyh=P¢oho(P¢)_l, Py and

}3¢ being the homeomorphisms of Theorem 2.1.
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We now extend / to Ss. Recall that Sy and Sy, each consist of m g + m p rays joined at
the point (¢/, ¢/, . ..). We select one of those rays,

ray(¢, F, k) :=={(xp, x1,...)=x € l(gn f¢ 1Xp € E];(qb) for all n > some N},

and map this ray onto the corresponding ray (¢, F, k) in 1<ln fw. All other rays are handled
similarly. To define h on ray(¢, F, k) we first define retractions ry : Ry U E ’;(qﬁ) — Ry
and ry : Ry U E’fp(w) — Ry. For ry, recall that E’;(¢>) = [x;’f, v?i"] x {d + k} (with
(v;i", d + k) attached to ¢), and let ry((x,d +k))=[(x, u;)] in the petal P”ik'
Define ry in like manner and note that, restricted to Ry U E’I‘,(qﬁ) and Ry U E’If-(w),
respectively, 74 o fp = fp org and ry o fy = fy ory. Thus, there are induced maps
T 1(111 fo Uray(e, F, k) — 1(&1 fo and 7y 1(1Lr1 Sfy Uray(y, F, k) - 1(&1 fu.

Now, since h(T/(¢))=TL(y) for some I (with TL(y)~ T#(y)), there is a
homeomorphism s : [0, co) — [0, co) defined by h(Tf,k (@) —1t) = T[Z;(Iﬂ) —s(t). (This
is simply the statement that / takes arc components to arc components, preserving
orientation.) For x € ray(¢, F, k),

X = Cplray.ra0) " (Po(TE (@) — 1)

for some ¢ > 0 and we define

h(x) = Gy lrayp F.) " Py (TEW) = s(1))).

It is clear that & takes ray(¢, F, k) homeomorphically onto ray(yr, F, k). We must
also check that, ifX € 1<£n fo is close to x € ray(¢, F, k), then h(z) is close to h(x). Say
d(x, y) <e. The closest point to x in l(gl S 1s

Py (x) = Py (T (¢) — 1).

Thus d(x, 7¢(x)) < € and d(7y(x), y) < 2¢. Now fz(f¢@) and ﬁ(z) are close in l(gn fu
since hljim f, is @ homeomorphism. It remains to argue that /(x) and h(7(x)) are close.
For srnal(l_e, the r in 74 (x) is large so that s = s(7) is also large. Consequently, the points
hx) e f@l(ﬁw(T;"(l//) —5)) and ]Sw(T;;k(llf) —s) are close. That is, for small €, h(x)
and fl(fd)(g)) are close. Thus & is continuous. Symmetric arguments show that !
is continuous. O

Proof of Theorem 3.2. Suppose that ¢ and i are prepared substitutions and that 4 :
14 — Ty is an orientation-preserving homeomorphism. The isomorphism /* : H' (Ty) —
H! (74) then induces an isomorphism h*DG :DG((A(W))YH — DG((A(¢))Y), as noted in
Remark 3.3. Our task is to show that A7, preserves non-negative parts. To accomplish
this we will construct alternative presentations of the tiling spaces, in terms of which the
orientation-preserving nature of # will have combinatorial consequences.

Let

X:=(Ghli=1 ... ,np@)UEh1ji=1,...,n5()
= Py(Thli=1,...,np@YU{T] 1 j=1,...,n8(@))).
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We will call a locally isometric, orientation-preserving immersion « : [0, ] — Ry ad-
missible if o (0), a(l) € X, a((0, [)) N X =¥, and there is an embedding B : [0, [] — Ry
so that f(g o B =a for some k € N (note that B shrinks arc length by a factor of 1/A%,
A =A(p)). Let o; :[0,{] >Ry, i=1,...,d,, be all distinct such admissible
immersions.  There is then a substitution ¢,:.4,={l1,...,d,} - A} defined by
¢o(i) =11 ... ixi), where fy o a; is the concatenation of ;, through i - That is,

a;, (A1), 0<t<l/A,
f¢°05i(l)= aiz()"t_li])7 lil/)\'it<(li] +li2)/)\.,

Let
do
Ry = (U[o, i1 {i})/~
i=1

be the rose with branch point denoted c,, and let fy : Ry, — Rg, be the rose map
associated with ¢, (¢, corresponds to the symbolically defined <5 in [BD)).

We now define a map qg iRy — Ry, We would like to set qg (x) =1[(, )] for ¢, i
with «; (f) = x. Butif ¢ ¢ X, there may be many such [(¢, i)]. To eliminate this ambiguity,
we will compose with an appropriate power of fg, .

Since ¢ is proper, there are letters b, e € A and an n € N so that ¢p(b) =b ..., ¢(e)
=...e,and ¢"(i) =b...eforall i € A. Thus, for small €, the (2d)-od consisting of the
union of all the closed arcs of length € /A" at the start and end of the petals in Ry is a closed
neighborhood N of ¢ with the property that f(;’(N) = [e(e€), c] U [c, b(e)] is a closed arc.
Here [e(€), c] denotes the closed arc of length € at the end of petal P, and [c, b(€)]
denotes the closed arc of length € at the beginning of petal P,. Let k € N be large enough
so that fi([e(e), c]) = Ry = fj(Ic, b(e)]) and define ) € [e(e), c], by € [¢, b(e)] by
qu(el), fd’j(bl) € X and f;;((el, HNX=0= f(,’;((c, b1)) N X. In each leg of N there
is a unique point in fq; "({e1, b1}) and these points are the endpoints of the (2d)-od N’
(N = fq'; (N")), a closed neighborhood of ¢ with the property that f£+k (x) e X if x is an
endpoint of N” and f; ™ (N') N (X \ {c}) =9.

We claim that, if x e Ry and o;(t) =x =a;(s) for some i, j € Ay, t €0, 1],
s €10, 1], then

T, o = £ A, Hd.

This is clear in the case fq§’+k (x) € X for then

£ ) = co = £ UG. DD

Otherwise, let ¢/ be the arc component of R \ f(p_ (n+b) (X) that contains x. Either I/ is an
open arc in the interior of a petal or U/ = N’ (in which case ¢ € X). In the first case, if B:
[0, ] — U is a positively oriented embedding that shrinks arc length by a factor of 1/A"*,
then/ =/, and fq';“c o B =a, for some r € A,. If U/ = N’, then f3U) =Ter, c1Ulc, bi]
and if B:[0, /] — [e1, c] U [c, b1] is the positively oriented embedding that shrinks arc
length by a factor of 1/A%, then ! = I, and f(;f o B =, for some r € A,. In either case,
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£ D) = £ A D =1 ),
with ¢’ uniquely defined by
ar(t) = fH ().

Thus we may define the continuous gy : Rg — Rg, by

q5() = [,
provided «; () = x. We have that

a4 © fo = fo, © dg
so that
qg :lim fp — lim fp,
is well defined.

Let Q,(¢) be the matrix representing (qg)* :Hi(Ry) = Hi(Rg,) with respect
to the ordered bases consisting of oriented petals. Then Q,(¢) is non-negative
and A(gy)Qo(9) = Qp(¢)A(¢). Thus (Q,(¢))! induces a homomorphism from
DG((A(¢o))Y) to DG((A(¢))Y) and it is straightforward to show that this homomorphism
takes DG ((A(¢,))") into DGT((A(¢))"). Indeed, if v, v? (respectively vy, v,) are
positive left and right Perron—Frobenius eigenvectors (since ¢ is aperiodic, so is ¢,)
for (A(¢,))! (respectively (A(¢))") corresponding to the Perron—Frobenius eigenvalue
L = A(¢o) = A(¢), suppose that (v} |w) > 0 but that (7;|(Q,(4))'w) < 0. Write w = w; +
Wy with W) € (U9)F, Wy =507, 5 > 0, and write (Q,(¢)'W = W} + w) with ¥} € (¥)*

and w) = —s'v,, s’ > 0. Then
(Qo (AN (AP (1 + 2) = (Do () ((Agh))H 01 + sz\k(Qo(¢))t(1710),
whereas

((A@NH (Qo (@) (1 + 2) = (AP D] — "2

Now [[((A(go)))¥ w1 || < cnfllt1]| and [((A@)Y*W] Il < en®llw) | for some ¢, n with
0 < n < A, and we see that the equality

(Qo (@) (A(@o)))* (11 + 12) = ((A($))* (o ()" (W1 + 1h2)

must be violated for sufficiently large k (for s > 0, s’ > 0).

Thus (Q,(¢))! respects non-negative parts, and we next argue that (Q,(¢))! induces a
surjection from DG ((A(¢,))") onto DG ((A($))").

Given a tiling T = {T;}72_ € 7y we define a tiling T' €7y, as follows. The tile T;
corresponds to some petal P; of Rgy; if T; is of type j then T; =a + [0, v;] for some
a € R. If the element [(z, j)] of P; is in X, put a mark at the point a + ¢ € R. The set of
all such marks in R partitions R into a collection of translates of prototiles for ¢,. This
collection defines the tiling 7’ € 7y, . It is clear that this correspondence 7 +— 7" := g4(T)

defines a homeomorphism gy : 7y — 7T, . Furthermore,

G4 =Py, 0 89 0 (Py)™" :lim fy — lim fo,.
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Although I3¢ is a homeomorphism (¢ is proper), ﬁ¢0 is not. One easily checks that
Py ({(cos €or - D)

={gp(Tp) li=1,....,np@}U{gs(TH 1 j=1,...,np¢)}:=8y
and that, for all other x € 1<ln S0 ﬁd;) 1({)_c}) is a singleton. Consideration of the exact
sequence for the pair (7p,, Sp) shows

(Ps)* - H'(lim fp,) — H'(Ty)
to be a surjection. Therefore,
@9 : H'(lim f5,) — H'(lim f,)
is also a surjection.  Identifying ﬁl(lim fp,) = lim (A(p))' : Z% — 7%)  with
DG((A(¢,))") and H' (Iim f4) >~ lim ((A(<1>))t 7 — Zd) with DG((A(#))H), (§9)* is

identified with the homomorphlsm 1nduced by (Qo (PN
Carrying out the same construction for v, we have an ordered surjection

(Qo(¥)' (DG ((A(Y0)), DGT(A(¥0)) = (DG(AW))Y), DGT((A(Y))).

The next step is to argue that the orientation-preserving homeomorphism
h:Ty— Ty induces an isomorphism from (DG((A(¥,)Y), DGT((A(¥o))Y)) to
(DG((A(¢))Y, DGT((A(¢))Y)). This amounts to a homological interpretation of a
construction carried out in [BJV]. First, after an isotopy, we may assume that / takes the
set 8¢ of asymptotic tilings in 7 to the set Sy, of asymptotic tilings in 7y, (Proposition 2.5).
Now P¢7 08¢ 1y — lim ¢, and Px// o gy : Ty — lim v, are quotient maps that identify
Sy, respectively Sy, to pomts so i induces ahomeomorphlsm ho :lim fg, — lim fy, that
takes the distinguished point (c,, ¢o, . ..) € 1(£n fo, to the identically labeled distinguished
point in lim £y, .

According to [BJV, Theorem 1.16] there are sequences m;, n; € N and morphisms
0; 1 Ap(do) = A5(Yo), i+ Ap(Yo) — A% (¢o) so that the diagram

m 1 my
o

\/}/}

commutes. A proof [BJV, proof of Lemma 1.15] shows that the homological role of %,
in this diagram is as follows: there are finite open covers Uf; of Ry, and V; of Ry, with
nerves N (U;) and NV (V;) isomorphic with simplicial subdivisions of Ry, and R, with the
property that f(;';" ), fz(’;(Vi), nni,lhon,;l(u,-), and nmihglnn’il(l},-) refine U;_1, Vi_1,
V;, and U;, respectively. Moreover, if ordered bases corresponding to the oriented petals of
R¢,> Ry, are chosen for Hy N((U))) and H{(N'(V;)), then the induced homomorphisms
on the homologies of these nerves are represented by the matrices in the commuting
diagram

(A(go))™! (A(go))™2

AV

(Ao (A(¥o))"2
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in which S; is the incidence matrix for o; and 7; is the incidence matrix for t;. Dualizing,
we have that the isomorphism

DG(AW)Y) =~ H'(im ) ~ ' (lim ¢,) = DG((A@0))")
is represented by
DG((A())) 3 0 +—> S}ib € DG((A($))).

We claim that the isomorphism @ > S} w takes DG ((A(¥,))") onto DG ((A(¢,))").
For suppose that (U;(,)|w) > 0, but that (T;(¢,)|S]w) < 0, where ;(1/,) and U;(¢,) are
positive left Perron-Frobenius eigenvectors for (A(,))! and (A(¢,))!, respectively. Then
Siw = 1w — sv,(¢,) for some w; € (U1 (¢o)) ™, s > 0, and v, (¢,) a positive right Perron—
Frobenius eigenvector for (A(¢,))". Thus, for sufficiently large k and

k
K = Z m;,
i=2
(A@NHX (S} () = (Algo))H K 01 — 52KT,(¢00)

has all negative entries, since the Perron-Frobenius eigenvector A = A(¢,) is larger in
modulus than all eigenvalues of (A(¢,))" on (V;(¢o))*. Let

k
K = Z n;.
i=1
Then

(AWDHE @) = T (A@))HK S

also has all negative entries (T, being an incidence matrix, is non-negative). But this is
not possible since W € DGT((A(1/,))") implies that

(AWe)HY b € DGT((AWL)H.
We now have the commuting diagram

DG(AWH LY DG (AW

i (Qo(9))! i

DG((A(¢)) <—— DG((A(#,))

in which (Q,(¥))' and (Q,(¢))! are surjective and take DGT((A(¥,))") and
DG ((A(¢,))Y) into DGT((A(¥))Y) and DGT((A(¢))Y), the left and right vertical
isomorphisms are induced by the homeomorphisms 131/, oho (ﬁd,)’l and h,, respectively,
and the right vertical isomorphism takes DG ((A(/,))Y) onto DG ((A(¢,))Y). It follows
immediately that the left vertical isomorphism takes DG ((A(¥))") onto DG ((A(¢p))Y),
as desired. O
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Proof of Theorem 3.4. Flow equivalence of o4, and oy, implies the existence of an
orientation-preserving homeomorphism 4 : 7y — Ty, ¢ and  prepared from ¢; and ¥y,
which we may assume takes the collection of asymptotic tilings in 7y to the like collection
in 7y. By (the proof of) Theorem 3.1, 13¢ oho I3¢_ ! extends to an orientation-preserving
homeomorphism h: ﬁ) — ’i/,.

If we choose the ordered basis for H; (75¢) consisting of the positively oriented petals
and loops

(Pi, Py, ..., Py, EREL, ELER, ... ELERF EZEL, ... ERPEL)
and, for Hi(Ry),
(Pi,...,Py,ELEL, ... ELENF ELZEL, ... ERPEL),

the homomorphisms (fq;),, 1 Hy (ﬁ¢) — H, (7%¢)~and (ﬁ/,l* 1 Hy (7%1/,) — H; (7~2,/,) are
represented by the augmented transition matrices A(¢) and A (), respectively. Note that
d and d’ may be different but that m g (¢) = mp(¥) and mp(¢) = mpg (). Dualizing, we
have

H'(Ty) > lim(f)* ~ Tim ((A(g))" : Z4Tmrtms=  zdtmetms=1)
~ DG((A($)) = DG(¢).
and similarly
H'(Ty) ~ DG().

Choosing the bases dual to the ordered oriented petals for H 1(72(15) and H' (Ry), the
inclusion induced homomorphisms

iy H'(Rg) > H' (Rg) and i} : H'(Ry) — H'(Ry)

are represented by
Jp = Uaxal O) and  Jy = (Igxa'l O)

and these matrices in turn induce homomorphisms

Js: DG((A($)) = DG(¢) — DG((A($))")

and

Jy : DG((A()Y) = DG() - DG((AW))Y),
so that the diagram

DGO — T~ PG

4

DG((AW))) — = DG((A@)Y)

commutes, H and H being induced by /& and h. Let

W= ('ﬁ“) e DGT(v), i Q.
w2
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This means that (17)|(T)fp, 0)) > 0 where (T)fp, 0) is a non-negative left Perron—Frobenius
eigenvector for

(E@) 1

Thus (ﬁ)”ﬁf/f) >0 and Jy (W) =w; € DGT((A(¥))"). From Theorem 3.2, H(W) €
DGV ((A(p)Y), so that J¢ﬁ(lf)) e DGT((A(¢))Y. Thus if

~ w -
H(w) = (ﬁ)/l> ’ w] eQda

2

then (W |T)é>> >0, T)é5 a positive left Perron—Frobenius eigenvector for (A(¢))!. But then

(ﬁfp, 0) is a non-negative left Perron—-Frobenius eigenvector for

~ (A 0)
A t=
(A(9)) ((E(gb))t 1)
so that (ﬁ(ﬁ))l(ﬁfﬁ, 0)) = (w] |17f’)) > 0 and H is an order isomorphism. O

A proof of Theorem 3.6 can be obtained by mimicking that of Theorem 3.4:
first construct forward and backward augmented tiling spaces; prove an analogue of
Theorem 3.1; then use Theorem 3.2, as above. We omit the details, as Theorem 3.6 is
essentially the result of [CE2], as we demonstrate in §5.

4. Examples

We will present examples of pairs of substitutions that give rise to non-isomorphic
augmented dimension groups. The crossing group (see [BS]), which we introduce now,
will greatly simplify computations.

Given non-negative integer matrices Agxg and Ex g, let

(A, E):= <2 (1)>

In the case when A — I is non-singular, define the crossing group of (A, E) by
CG(A, E):=(E(A—D)"'z¢ + 757"

THEOREM 4.1. [BS, Theorem 5.10] Suppose that (A — I) and (B — I) are nonsingular,
that det(A), det(B) ¢ {£1} and that the characteristic polynomials of A, B are irreducible
over Q. Then (DG(A, E), DGT(A, E)) ~(DG(B, F), DGT (B, F)) implies that
CG(A, E)~CG(B, F).
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Example 4.2. This is the example of [CE1]:

t(a) = accdadbb,
t(b) = acdcbadb,
t(c) = aacdcdbb,
7(d) = accbdadb,
v(a) = accbbadd,
v(b) = accdbabd,
v(c) = aacbbcdd,
v(d) = acbcdabd.

Then
2 2 2 2
2 2 2 2
A(t)=AW) = s 2 2 2
2 2 2 2

Computing the forward augmented matrices for T and v (see the definition preceding
Theorem 3.6) we obtain:

Er(r) = and Erp(v) =

NN = N
— N NN

Order-preserving shift equivalences (as in [CE1]) reduce (A'(7), E}(r)), respectively

(AY((v), E'(v)), to
8 0 divel 8 0
o 1) Tespectively { = ).

Thus an order isomorphism between DG(A'(t), El.(t)) and DG(A'(v), EY.(v)) would
imply one between DG ((8, 0)) and DG((8, 1)). The latter groups, forgetting order, are
isomorphic. But CG (8, 0) is trivial while

Cg(8, 1) ~7/77.

Thus, by Theorem 4.1, the forward augmented dimension groups for T and v are not order
isomorphic. Thus, by Theorem 3.6 and Corollary 3.7, the shifts o; and o, are not flow
equivalent and the tiling spaces 7; and 7,, are not orientation-preserving homeomorphic.
One can similarly show that 7; and 7,, are also not orientation-reversing homeomorphic.

Example 4.3. Consider the example:

¢(a) = aaabbaa,

¢ (b) = abbba,
Y (a) = aaababa,
Y (b) = abbba.
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Each of ¢ and v gives rise to one pair of backward and one pair of forward asymptotic
composants. Furthermore, for both ¢ and 1, the pair of forward asymptotic composants
is disjoint from the pair of backward asymptotic composants, so 74 and 7y cannot be
distinguished on the basis of ‘configuration data’. The (two-sided) augmented matrices are

522 522
Ap)=12 3 o] and Aw)=[2 3 1
00 1 00 1

A simple computation gives

52

cg <<2 3>,(2,O)>—Z
52

cg ((2 3),(2, 1))_2/22.

Thus the ordered dimension groups DG(/T‘((}&)), DG(Z‘(@&)) are not isomorphic
(Theorem 4.1) so that o4 and oy are not flow equivalent by Theorem 3.4 and the tiling
spaces 74 and 7y, are not homeomorphic (Remark 3.5). For this example, the one-sided
augmented dimension groups are just the dimension group of the original transition matrix

and

and hence are incapable of distinguishing the flow equivalence classes of o and oy,

Example 4.4. Now consider the example:

t(a) = dbdba’d®b®cabd,

t(b) = d"'pc*a"bab d*b*ccaadd,

7(c) = dbdba®*cd®b®caachd,

t(d) = d"'b"c*a' " bd* b 2a? d bt ccaadd.
Carlsen and Filers [CE4] show that the Matsumoto K(-groups associated with 7 and its
reverse, T, are not order isomorphic. Hence o; and oz =0, 1 are not flow equivalent and
consequently there is no orientation-reversing automorphism of the tiling space 7; (both
the forward and backward groups of §3 would show the same thing). The two-sided groups,

(DG(1), DGt (7)) and (DG (%), DGT (%)), associated with T and T are, however, order
isomorphic (see Remark 3.5).

5. The relationship between Ky(Xy) and DG(ZF @)
In this section we compare the one-sided group DG(Z r(¢)) (defined in §3) with the
Matsumoto Ky-group associated with the shift space X,. We begin with a definition of
Ko(Xy) (following [CE1]).

Suppose that ¢ is a prepared substitution. We denote by X, X; Xy the spaces of
allowed bi-infinite, one-sided right-infinite and one-sided left-infinite words, respectively,
with shifts

(.. X_1.X0X] -+ .) = ... X—1X0.X] - .,

o+(x0x1x2 .. ) =X1X2...,
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and
0 (... X_3X_0X_1)=...X_3X_2.

For u € A* = A*(¢), let |u| denote the number of letters in u, and, for each x € X;,
neNletp,(x)={u:uecA*, |ul=n,ux € X;f}. Thenx, y € X;' are n-past-equivalent,
x ~y, provided p,(x) = pa(y). Let e"(x) ={y |y~ x} denote the n-past-equivalence
cl;ss of x. We occasionally write p, (e) for p,(x) in tl;le case e = " (x).

Let E" :={e"(x) | x € XJ } be the collection of all n-past-equivalence classes and let
F, ~ 7%k, =#E", be the free abelian group with generators E”. Let i, : F,, —> F,4+] be
the homomorphism defined on generators by

in(€" @)=Y e
eEE"Jrl
eCe" (x)

For each a € A, define the homomorphism [% : F, — F,1 by

L") = Y e
eeEVHrl
W#£aeCe" (x)
Letl, =) ,c4 !5 (In the definition of I}, ae := faylyeeaye X;}.) Then iy41 01, =
ly41 o iy so that the /,, induce a homomorphism

[:74— Ty, ZLy:=limi,.
The Matsumoto Ky-group is defined as follows.
Definition 5.1. Ko(Xy) :=Zg/(d — D) Zy.

This article was motivated by our desire to understand the topological content of the
above definition and, in particular, to understand why K((X) is an invariant of the
topological type of the tiling space 7. We will gain this understanding below by showing
that Ko(Xy) is isomorphic with a certain natural quotient of a trivial extension of the first
Cech cohomology of a one-sided augmentation 7~:PF of the tiling space 7.

An element x € Xg is left-special if there are a, b € A, a # b, with ax, bx € X;{.
The words x = xox;1 ... and y = yoy; . .. are right-tail-equivalent if there is a k so that
Xn = Yn+ for all sufficiently lgrge n.

LEMMA 5.2. Given a prepared substitution ¢ there is a prepared substitution T with T
and T; orientation-preserving homeomorphic and so that each right-tail-equivalence class
in X3 contains at most one left-special element.

Proof. 1t is proved in [BD, Theorem 3.16, with ‘suffix’ replacing ‘prefix’], that if ¢ is
primitive, aperiodic and proper, then there is a primitive, aperiodic and proper substitution
7 that is shift equivalent to ¢ and so that for no i # j € A(t) is 7(i) a suffix of 7(j). For
such 7, the inflation and substitution homeomorphism T on 7; is (orientation-preserving)
conjugate with ® on 74 so that 7; is orientation-preserving homeomorphic with 7y and
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the asymptotic tilings are fixed by T if the asymptotic tilings are fixed by ®. That is, T is
prepared if ¢ is.

Now suppose that for this 7 there are elements x = xgx1x2 ...and y = x,x;41 ... € Xj‘
that are both left-special, with n > 1. There are then tilings T, 77/, T" € T, fixed by
inflation and substitution and forward asymptotic with right tails following the pattern
of words ax, bx, and cy with a = b and ¢ # x,_1. It follows from [BD, Proposition 3.6]
that there are distinct letters i , J» k; words (perhaps empty) p;, p;j, px; and a non-empty
word s so that 7(i) = p;is, ©(j) = pjjs, t(k) = prks and so that the right-infinite words
piist(s)T2(s) . .., pjjSl'(S)T2(S) ., prkst(s)T(s) ..., describe the right tails of
T,T',T". Let z:=st(s)t>(s) .... We have that one of ax and iz, and one of bx and
Jjz, is a shift of the other (where i # j, a # D). There are several cases, all of which
conclude with i = a, j = b, and x = z or some non-trivial shift of x equals x. If the latter
happens, x is shift-periodic, contrary to the aperiodicity of r. Thus x =z and one of
kz =kx =kxox1 ...and cy = cxXpXp41 . . ., With ¢ # x,,_1, is a shift of the other. But this
again would imply that x is a non-trivial shift of itself, contradicting aperiodicity of t.
Thus any right-tail-equivalence class of X contains at most one left-special element. O

For ¢ and 7 as in Lemma 5.2, DGF(¢) >~ DGFr(r) (Theorem 3.6) and Ko(Xy)
>~ Ko(X7) (see [M]). Thus, for the purpose of comparing DG r(¢) with Ko(Xy) we may
make the following assumption.

Standing assumption 5.3. 1f x € X3 is left-special then #{a | ax € X} = #{y € X |
(0F)'y =x} foralln > 1.

Another way of saying the above assumption is: if x € X (‘; is left-special and u € A* is

such that ux € X;, then ux is not left-special.

For each x € X;;', fix, once and for all, a = a(x) € A so that ax € X;‘ We define three
sequences of topological graphs. For n =2,3,..., let 5,1 be the graph with edge set
E™ and vertex set \7,, = E" 1 ¢, 0<r <1, will denote a parametrization of the edge
e =¢"(x) € E" with initial vertex eg:=e""!(ax) € E"!, a = a(x), and with terminal
vertex ej :=e"~!(x) € E"~!. Let G, be the subgraph of én consisting of those edges
e € E" with #p, (e) = 1 and with vertices

Vai=le€ E" ' =V, |#p,_1(e) = 1).

Finally, for n>2, let G, be the graph G, with additional edges as follows.
By (5.3) the collection of left-special words, LS ={x(1),...,x(mp(¢))}, is in
one-to-one correspondence with the collection of equivalence classes of forward
asymptotic composants of 74 (hence the mp(¢)). For each i e {1,..., mp(¢)}, let
{bij1j=1,...,k} be the collection of distinct letters such that b; ;jx(i) € X;; with
biy =a(x(i)). Foreachie{l,...,mp(¢)} and j €{2,..., Kk}, let e/ be an edge
in G, with initial vertex ey’ :=e"~!(b; jx(i)) € E"" = V,, and terminal vertex ey’
denoted by s™"/. Let S, ={s""/ |i=1,...,mp(p); j=2,...,k}. Thus G, is the
graph (~;n with

mr(¢)

> ki—1)
i=1
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‘stickers’ (the ¢/ attached, whose terminal ends make up the collection S,, of ‘special
vertices’. The vertex set of G, is V, =V, U S,,.
Forn > 2, let fn : Gn+1 — G, be the continuous map defined by

fue @y =l and  fle ) =t
Then f, is a map of the triple,
Ja 2 (Gits Vg1, Sa1) = (G, Vi, S),
and restricting f,, gives the maps of pairs
fo: Gty V) > (G, Vi) and - fy 2 (Gt Vi) = (G, Va).

Identifying H 1(5,,, \7,,) with the dual of H; (é,,, \7,1) and choosing the dual basis
e” | e 1s a positively oriented edge o nt, We see that
{e* | e is a positively oriented edge of G} h

fr HY Gy, Vi) = H' (Gug1, Vos1)

is identified with i,:F, — Fyi1. Let m,: HY(Gp, V) > HY(G,, V) be the
homomorphism determined by

T (€*) = €y, G, T
for e an edge of (N?,, c G, and
7 (")) = (¢" (@)
on the extra edges. Then
Tn+1 of,f:f,:‘orrn
and there is an induced homomorphism
:lim fr = H'(G, V) > lim f,r = H'(G, V) = Z.
The short exact sequence
0— HOW,. 5 25 H' (G, Vi) 25 H'(Gyr, §) —> 0
gives rise to the short exact sequence of direct limits
0— HOV. ) -5 H'(G. V) -5 HY(G. §) — 0. (5.1)
(Here HO(V, S) denotes lim fr:HO(Vy, Sy) = HO(Vas1, Sut1), ete.)
LEMMA 5.4. We have H'(G, V)/# 0 S(HO(V, §)) ~ Ko(X ).

Proof of Lemma 5.4. Let e € V,, \ S, and let e* be its dual in H(V,,, S,). Then §%(e*)
is the sum of the duals of the edges in G,, that terminate in ¢ minus the sum of the duals
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of the edges in G, that initiate with e. If e is not of the form e[ Do = eV by ix (i),
ie{l,...,mp(®)}, j€{2,..., ki, then

T (85 (") =nn(f,:_1<e*)— > (e’)*)

acA cE"
(#ae' Ce

=frae) =Y > () eH (G Vi),
acA ¢ cE"
(+ae'Ce

and this element of H'! (én, ‘7,1) coincides with i,_j(e) —[,_1(e) € F,, under the
identification of H'(G,, V;,) with F,,. If e = ¢"~!(b; jx(i)) forsome i € {1, ..., mp(¢)},
Jjef2,...,ki}, then

TL’n((S;(e*)) = Ty <f;_l(e*) — <Z Z (e/)*) _ (en,i,j)*)

acA  ecEN
e/ #eM (x(i))
W#ae' Ce

= ;_1(6*)—5 E (e,
acA e'cE"
(#ae'Ce

since 7, ((e™"/)*) = ("(x(i)))*. So in this case also 7, (8%(e*)) coincides_with
in—1(e) — In—1(e) in F,. Thus, fore € V, \ S, = E"~1, 2 0 §([(e*, n — D] in H'(G, V)
corresponds with
[Gin-1(€) — ly—1(e), )] = [(in—1(e), )] — [(Ln-1(e), )] = [(e, n — D] = ([(e, n — D])
= (Id = D)([(e.n — D))
in Zg. Thus
HY (G, V)/7 o 8(HO(V, §)) ~Zy/(d — D)Zg ~ Ko(Xg). O

As 7 is surjective, the exact sequence (5.1) together with Lemma 5.4 yields the
following corollary.

COROLLARY 5.5. We have Ko(Xy) ~ H'(G, S)/§(ker()).

Now f, : 8,41 — S, is a bijection from the finite set of special vertices (exactly
ZmF @ (ki — 1) in number) at level n + 1 to those at level n. Thus, denotmg by S¢ the
finite subset S¢ = 1(11_11 (f,, : Sn+1 — Sn) of 1(131 (fn : G,,_H -G n) =: G¢ we see that the
direct limit

H'(G, 8):=lim (fy: H'(Gy, S) = H'(Gu41, Sus))

is isomorphic with H' (G¢, S¢) by contmulty of the Cech theory With the analogous
definitions of inverse limit spaces V¢, G¢, and V¢, sothat § : H' (Gg, Sp) — H' (G¢, V¢)
and 7 : H! (G, V) = H! (G¢, V), Corollary 5.5 becomes

Ko(Xg) = H' (Gy, 54)/G (ker(R)). (5.2)
We will now examine the space G¢. Let G4 denote the inverse limit

Gy =1(£n(fn :Gpy1 = Gp) C 5¢ C G¢.
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Let
X, = (X, x [0, 1D/(x, ) ~ (07 (), 0)
be the suspension of the shift on the space of left-infinite allowable words X 6

PROPOSITION 5.6. We have that Gy is homeomorphic with SX;.

Proof of Proposition 5.6. There is a one-to-one correspondence between the edges
e of G, and the allowable words of length n: e< w;...w, if and only if
pn(e) ={wy ... wy,}; it is convenient to denote the parametrization of e by [wy . .. w,];,
0<t<l1. Forn=23,...let ¥,: SX; — G, be the continuous surjection defined
by W, ([(...x—p...x_1,)) =[xy ... x_1]1—+. Then f, o ¥,,;1 =¥, and there is an
induced surjection U SX, = Gg. If

Ao xp e, DD =WAC .y e y—1, 9D,

then [x_, ... x_1l1—+ =[y—n ... Y-1]1—s for all n > 2. Either 1 — ¢ and 1 — s are both
strictly between 0 and 1 or ¢, s € {0, 1}. In the first case, s=fand ...x_,...x_| =
eeVop...y—1. Ift =0and s =1 then

xen .o cx—thih =x—pp1 oo x—1]=ly—n ... y-1lo=[y-n ... y-21
foralln >2. Theno™(...y—p ... y—-1)=...X_p...x_1 so that
[Cooyneooy—, DI=[0"Cooyp oo y—1), O] =[(..x—p ... x_1, 0)].

Similar arguments apply in the other cases so that U is injective. As X is compact
and G is Hausdorff, Wisa homeomorphism. O

There is a positive semi-flow defined on $X, by

as([(x, DD = [((6 ) @), s +1 — k)]

where k = | s + t] is the greatest integer less than or equal to s + 7. By the inverse limit of
the semi-flow o we mean

1(i£101 ={y | [0, o0) = SX; | ¥ continuous, oy, (¥ (s2)) =y (s2 — s1) for s > 51}
with the compact-open topology. Let SX denote the suspension of the full shift on X
SXg = (Xg x [0, 1D/(x, 1) ~ (e(x), 0).

SXy and S X4 are quite similar spaces. S Xy is just SX4 with finitely many arc
components ‘zippered’ (halfway) together. (The zippered arc components correspond to
the backward asymptotic composants in 7g.) To recover SX4 from SX ¢ Wemay take the
inverse limit of .

PROPOSITION 5.7. We have that SXy is homeomorphic with l(in o.

https://doi.org/10.1017/50143385708080449 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385708080449

28 M. Barge and M. Smith
Proof of Proposition 5.7. Given x =...x_2X_1.Xp ... € Xg,letx™ =...x_2x_1 € X
LetW:SXy — SX, be the continuous surjection given by

V([(x, DD =[x",1—-1)]
and let

& ([(x, ) = [0 @), t —s — D],

where k= |t —s]|. Then Wod&; =a;0 W for all s >0 and we have a well-defined
continuous surjection R SXy — 1(ir_noz; \il([(g, )]) =y, where y :[0, c0) — SX;
is given by y(s) =W(a—_s([(x,1)]). To see that U s injective, suppose that
W@y ([(x, 1)) = W(@—([(y. 22)])) for all s >0. Then [((6X(x))", 1— (11 +5—
k=102 ()" 1= (2 +s—k))l. ki=|t1+s], ka=|0a+s], for all s>0.
Then either t1_=t2 or 11,1 €{0,1}. If 1=t we have ki =ky =k so that
e Xop ... X_1X0 ... Xk—1 for all k. That is, [(x, #1)] = [(y, 22)]. The other cases are

similar. Since 1(&1 « is Hausdorff and SX is compact, disa homeomorphism. a

COROLLARY 5.8. We have H' (G ) ~ H'(T3).

Proof of Corollary 5.8. We have remarked that 74 is homeomorphic with SX4. Thus, by
Proposition 5.6, it suffices to prove that H (s Xp) = H Ies X;). To obtain this, note that

(zo, 21, .- ) >y : [0, 00) —> SX(;, y(s) :=a,—s(zy), n > s, defines a homeomorphism
from lim o1, o] the time-one map of the semi-flow «, onto lim «. Therefore, H! (lim or1)
<~ <~ <~—

~H! (58X ) by Proposition 5.7. By continuity,
ﬁl(l<ir_n ap) = lim (e : ﬁl(SX;) — I:II(SX;)).

But o5, 0 < s < 1 provides a homotopy between «p = id and o1, so that oef is the identity
andli_r)na;:H‘(SX;). ]

Remark 5.9. The principle applied in the proof of Corollary 5.8, that zippering asymptotic
rays (provided they are positive flow lines of a globally defined semi-flow) does not change
cohomology, will be employed without proof several times in what follows.

At this point we see that the space G is homeomorphic with a quotient of 7y in
which backward asymptotic composants have been zippered together (but just along their
backward ‘halves’) and that G4 and 74 have the same cohomology. We now consider
Gy D Gy. We shall interpret the cohomology of the quotient G /S in terms of that of a
one-sided augmented tiling space "ZZF and this will yield the final description of

Ko(Xg) = H'(Gy. Sp)/q (ker(#))

in terms of a quotient of a trivial extension of DG f(¢) =~ H! (7~:PF ).

By virtue of Standing assumption 5.3, for each x (i) € LS there is a path of n edges in 5,,
that starts at the vertex e"‘l(b,-,p_c(i)) in G, and ends at the vertex "' ((c1)"~1(x(i)))
in G,:

Lyx(i) = e"x@) Ue" (6T @) U---Ue" (6" x(@))).
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Except for endpoints, Z,, (x(i)) lies in 5,, \ Gp; furthermore,

- mr(@)
Gn =Gy U ( U Ln()_c(i»).

i=1
Fork=0,...,n—11let
k
L x()) = " (0™ @)
j=0
denote the section of k 4 1 edges of Zn (x(i)) and let
int(Ly (x(1))) = Ly (x()) \ {e" ™ (Bi1x(0)). " (@) (x(D)))

denote Zn (x(i)) less endpoints.

LEMMA 5.10. Thereis an N € N so that, if

int(Ly (x(1))) Nint(Ly (x(/))) # ¥

for some i, j€{l,..., mp(¢p)}, then there is a k, 0<k <N — 1, so that Zﬁ()_c(i))
= LK (x())) and

(L) \ LE@ ) N (La@()) \ LE@ () =0
foralln> N.
Proof of Lemma 5.10. Suppose that L, (x(i)) and L, (x(j)) share an interior vertex:
(0T (x()) =" (6 x())).
This means that
Pa1 (@) (x(0)) = pu1((@)'(x(j))) forsome0<s,t<n—1.  (53)
The set p,—1((0T)*(x(i))) is of the form
{(Wibi1X0 . - . Xs—1, Wabj2XQ . .. Xg_1s - s WbifiX0 - - - Xs_1)

for some words w; € A* with |w;| =n — s — 2. Since b; ; # b; , forl # r, for (5.3) to hold
it must be the case that s = ¢. From this we see that Zn (x(i)) does not self-intersect; that
is, int(z,, (x(@))) is homeomorphic with an open arc foreachi € {1, ..., mp(¢)}, n > 2.

Let Ny be large enough so that, if i # j and x(i) = xpx1x2 ..., x(j) =Yoy1y2 - .-,
then x; # y; forsome 7 € {0, ..., No — 1}. Then

N @) =" D @), i# ],
implies that s =t < Njy. It is straightforward to check that, if

Pa+-1(0 )’ @x@))) = perrn—1((0 ) @()H)),

then

Pa-1((0)* @) = pa-1((0 )’ (x()))
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and
Pa-1(@ ) x@)) = pa1 (@) ()
for 0 <s < n — 1. It follows that, if
Ny={n]e" (6™ @) ="' (67 (x(j))} then Ny =Ny >---> Ny,

Let k =sup{r |0 <t < Nog, Ny =00} and let N = sup{N; | k <t < Ny or t = 0}. Then k,

N are as desired. O
Foreachi e {l, ..., mpr(¢)} let p,(x(i)) = {wlb,;l, w2b,~’2, ce, wkib[,ki} with w' €
A*, |wil=n—1, j=1,...,k. Foreach je{l,... k;}and s€{0,...,n—1} let

q(n, i, j, s) denote the prefix of length n of (o 7)*(w/b; jx(i)) and let e™/** be the edge
of Gy, with p,(¢"*/%) = {q(n. i, j. 5)}. Then
. n—1 o
L(x (i) := U eins

s=0

is a path in G, that starts at the vertex ¢" ! (b, jx(i)), which, for j =1, is where Z,, (x(0))
starts and, for j > 2, is where the extra edge e™J in G, is attached. Furthermore, each
LI (x(i)) ends at e"~1 ((67)"~1(x(i))), where L, (x(i)) ends.

Foreachn >2,ie{l,...,mp(9)}, je{l,...,k}, f, maps

n—1
U en+1,t,],s c LzH-](E(i))
s=0

one-to-one and onto L£ (x(i)) and

Fu@ Y = @t (@) @) = ¢ (0" (x())
for 0 <t < 1. From this we see that
L-j(i) ={z=1(22,23,...) € L&n fn=Gyplzn € L{;(g(i)) for all sufficiently large n},
j=1,...,k,

are forward asymptotic in G4. (Under the composition of maps 7, — SX4 — SX™
— Gy the L/ (i) are images of forward asymptotic rays with right infinite word x(i).)
Also, fn maps

n—1
U " (0 @) € L1 (x())
5=0
onto Z,, (x(i)) and, since Zn (x(i)) is non-self-intersecting by Lemma 5.10,
Z(i) ={z=1(22,23,...) € 1(&1 fu= 5¢ | zn € Z,, (x(@)) for all sufficiently large n}
is aray in E}d) that meets G only at

v(i) i= (' (bi.1x (D)), X(bi1x(0)), .. ) € L' ()
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u(1) . L

e
N

FIGURE 4. The quotient space G¢/§¢.

and is forward asymptotic to the L/ @), j=1, ..., k;. Furthermore,
(LONLG)\ Gy =1

for i # j by Lemma 5.10.

We now see that the quotient space G¢ / S‘¢ (Figure 4) consists of the space G4 with:
mp(¢p) rays L(i),i =1,...,mp(p);and Y159 (ki — 1) edges fij,i=1,..., mp($),
j=2,..., k. (The edge fl,j is the inverse limit 2"/ < 3/ «— ... .) Bachray L(i) is
asymptotic to a different equivalence class of forward asymptotic rays in G (the L7 (i)
and is attached to one of those rays, L' (i), at the point v(i). The edges f; j attach to
Gy at points v(i, j) = (e! (b, ]x) e2(b; jx) ..). The terminal ends of the f; ; are all
identified to the single point S¢, in G¢ / S¢ It is possible that L(z) meets L( j) fori#j,
but if this happens the intersection consists of an initial compact arc (by Lemma 5.10). For
the purpose of considering cohomology, such intersections can be ignored.

To simplify the picture, we zipper up the forward asymptotic composants without
affecting the cohomology (see Remark 5.9). The asymptotic loops Z(i YU L'(i) become
actual loops, which we denote by f;. Call this space Z G¢ / S¢ (Figure 5).

The forward asymptotic tiling space TF consists of the tiling space 7y together with
mp(¢) rays, R(G@), i=1,..., mp(p). Each R(i) is forward asymptotic to the ith
equivalence class of forward asymptotic composants in 7y. The rays initiate from a
common vertex s, are otherwise pairwise disjoint, and

mp(¢)
( U R(i)) NT, =0.

i=1
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FIGURE 6. The space Z?N;F,

(A precise definition in terms of inverse limits can be formulated as for the two-sided
augmentation in §3.) If we zipper up the forward asymptotic composants as well as most of
the R (i) (cohomology is not affected by Remark 5.9), we obtain a space Z ’ff caricatured
in Figure 6. The edges ¢; are the remnants of the rays R(i).

As in Remark 5.9 and §3, I:II(Z’ZN;F) ~ I-VII(TN;)F) ~ DG(AV(I;). Denoting by ZG¢ the

zippered image of G4 in ZG¢, we have ﬁl(ZG(/,) ~ ﬁl(G¢) ~ 1:11(’T¢5) (Corollary 5.8
and Remark 5.9). Thus
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5 me (@) 5
H1<ZG¢ U < U fm)) ~ H'(T)).
i=1

Returning to Ko, we recall that Ko(Xg) >~ H! (G¢ S¢)/q(ker ) and this latter is
isomorphic with H'(z G¢ / S¢) /K, with K the subgroup of H' (ZGy/ S¢) generated by

(here and in what follows, [ ] denotes equivalence class mod coboundaries). Collapsing the
edges f; in ZG¢/S’¢, each to its vertex, and collapsing the edges f; jto fi2, j =3, ..., ki,
yields the space

mr(¢)
ZGyU ( U f,~,2>
i=1
as a retract of Z C_}¢/ S¢. We then have a split short exact sequence
A mE(9)
0— H' <ZG¢/S¢, ZGy U < U ﬁg))
i=1
% mp(¢)
R
HY(2Gy4/Sy) = H (ZG¢ U ( U ﬁ@)) -0,
r i=1
where r is the retraction described above. The group
A mE ()
H1<ZG¢/S¢, ZG¢U< U f,-,2>)
i=1
is the free abelian group on generators

UL U= mp(), j=3, ..., &}

We have an isomorphism
L 5 mE (@)
v HY(ZGy/Sy) — HI(ZG¢ U ( U fl-,z))
i=1

. o mr(¢)
EBH1<ZG¢/S¢, ZG¢,U( U f,-,z))
i=1
by

¥(e) = (j*(0), ()" (c = r*(*(©))).
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Calculation shows that y(K') is generated by

mp(P)
{(—mj"zl, L1+ ) [f;;-]), O, [f1-
j=3

Expressing H' (ZG /Sy, ZGy U (UmF(¢) fi2)) as

,mF(¢),j=3,--~,ki}-

i,j

we see that ‘modding’ out

mp(¢)
o (zé¢ U ( U ﬁ,2>> ® ( . <[f,~*]>) ® ( D W= [ffi;D)
i=1 i=1 i=1

i=1,...mp(¢)

by ¥ (K) annihilates the third summand and introduces the relation [ fi’fz] = (ki — D[f7]
between elements [ f: *2] of H'(Z Gy U (UmF @ fi.2)) and generators [ f;*] of

(' &y ([f,-*])),

=1,...mp($)
i=1,....mp(@). Since H'(ZGyU (U"\? fin) is isomorphic with H'(Z[) by
an isomorphism that takes [ i,2] to [rf], r/ a cocycle along the ray R(i) of %d)F’ i =
1, ..., mpr(¢), we have the following theorem.

THEOREM 5.11. If ¢ is a prepared substitution satisfying Standing assumption 5.3 then
Ko(Xp) >~ (H'(T])® 2" )/,
with G the subgroup generated by
{(rF1® (ki — Ve; | e; the ith unit vector in Z"F'P i =1, ... mp(¢)}.

As ﬁl(’ZN;bF) >~ DGF(¢), Theorem 5.11 can be used to express Ko(Xy) as a stationary
matrix direct limit. For one such presentation, see [CE1, Theorem 5.8].

A flow equivalence between shifts X4 and X induces an orientation-preserving
homeomorphism of 74 with 7y, which in turn induces a homeomorphism of ’i:pF with
/wa (as in Theorem 3.1 for the two-sided case). The latter takes the rays {Ry (i)} to the
rays {Ry (j)}, and since the homeomorphism of 7y with 7y, takes equivalence classes of
forward asymptotic composants to equivalence classes of forward asymptotic composants,
the numbers k; (¢) and k; (), properly indexed, are equal The induced 1som0rphlsm of
H (TF) with H (TF) extends to an isomorphism from H (’TF) @ Z"F P 1o H (TF) )
Z”’F(‘”) =mr(#) that takes G(¢) to G(¥), and we recover from Theorem 5.11 the result of
Matsumoto [M] that Ko(Xy) is a flow equivalence invariant.

A final note: from Theorem 5.11 we see that if k; =2 fori =1, ..., mp(¢) then
Ko(Xg) = H'(T).
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