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A linear AFL for quaternion algebras
Nuno Hultberg and Andreas Mihatsch
Abstract. We prove new fundamental lemma and arithmetic fundamental lemma identities for gen-
eral linear groups over quaternion division algebras. In particular, we verify the transfer conjecture
and the arithmetic transfer conjecture from Li and Mihatsch (2023, Preprint, arXiv:2307.11716) in
cases of Hasse invariant 1/2.

1 Introduction

Fix a non-Archimedean local field F and some n ≥ 1. The linear arithmetic fundamen-
tal lemma (AFL) conjecture of Q. Li [7] states a family of identities between derivatives
of orbital integrals on GL2n(F) and intersection numbers on moduli spaces of strict
formal OF -modules of height 2n. It has a global motivation which is parallel to that
of W. Zhang’s unitary AFL [14] and which is related to the trace formula comparison
of Leslie–Xiao–Zhang [6]. We refer to [15] and the introduction of [11] for this global
aspect and henceforth focus on the local setting.

While the unitary AFL has been proved [12, 13, 16, 17], the linear AFL conjecture
is still open. It is, however, known to hold when n ≤ 2, see [8]. Moreover, both the
conjecture and its validity for n ≤ 2 have been extended to a biquadratic setting by
Howard–Li [3] and Li [9]. A nonbasic version of both the linear and the biquadratic
AFL is formulated and reduced to the basic setting in [10].

The linear AFL concerns orbital integrals for hyperspecial test functions and
moduli spaces for GL2n for hyperspecial level (good reduction). In their recent article
[11], Li and the second author formulated a variant that relates parahoric test functions
on the analytic side with moduli spaces for central simple algebras on the intersection-
theoretic side.

In the present article, we consider this variant in the case of Hasse invariant 1/2.
More precisely, we prove a fundamental lemma (FL) type and an AFL type statement
for the group GLn(B) where B/F is a quaternion division algebra. We now state these
results in a vague form, together with references to their precise formulations.

Theorem A (Fundamental Lemma, see Theorem 2.7) Let γ ∈ GL2n(F) and g ∈
GLn(B) be regular semi-simple matching elements. Then

Orb(γ, 1Par , 0) = Orb(g , 1GLn(OB)).
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Here, the orbital integral on the left is with respect to the subgroup GLn(F × F).
The one on the right is with respect to the subgroup GLn(E) for a fixed embedding
E → B of an unramified quadratic extension E/F. The test function 1Par on the left
hand side is the indicator function of the standard (n × n)-block parahoric subgroup
of GL2n . Precise definitions will be given in Section 2.

In order to state our arithmetic result, we also need the datum of a 1-dimensional
strict OE-moduleY of OE -height n. The Serre tensor construction OB ⊗OE Y then has
dimension 2 and OF -height 4n.

Theorem B (Arithmetic Fundamental Lemma, see Theorem 2.9) Let γ ∈ GL2n(F)
and g ∈ Aut0

B(OB ⊗OE Y) be regular semi-simple matching elements. Assume that the
linear AFL holds for Y. Then

d
ds

∣
s=0

Orb(γ, 1Par , s) = 2 Int(g) log(q).(1.1)

We refer to Section 2.4 for the definition of the intersection number Int(g). Using
that the linear AFL is known for all Y whose connected factor has OE-height ≤ 2 we
obtain the following corollary.

Corollary (see Corollary 2.10) Assume that the connected factor of Y has OE-height
≤ 2. Then, for every pair of regular semi-simple matching elements γ ∈ GL2n(F) and
g ∈ Aut0

B(OB ⊗OE Y),

d
ds

∣
s=0

Orb(γ, 1Par , s) = 2 Int(g) log(q).

In particular, this verifies new cases of the arithmetic transfer (AT) conjecture in
this context (see Conjecture 1.5 of [11]). We remark that [11] involves an unspecified
correction term. Identity (1.1) shows that we expect this term to vanish for Hasse
invariant 1/2.

Our proofs of Theorems A and B are by reduction to the Guo–Jacquet FL [2],
the quadratic base change FL, and the linear AFL. On the orbital integral side, this
reduction relies on a combinatorial interpretation in terms of lattice counts. On the
intersection-theoretic side, it relies on a moduli-theoretic translation between the
intersection problems for GL2n(F) and GLn(B).

2 Statement of results

The definitions and conventions that follow are taken from §2 - §4 of [11], but
specialized to general linear groups over quaternion algebras. We begin this section
by recalling the invariant polynomial (Section 2.1) and by fixing our notation (Sec-
tion 2.2). Next, we give the definitions of the relevant orbital integrals (Section 2.3)
and intersection numbers (Section 2.4). Then we state our main results (Section 2.5).

2.1 Regular semi-simple orbits

We will consider several instances of the following kind. Let F be a field and let
E/F be an étale quadratic extension with Galois conjugation σ . Let D be a central
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1268 N. Hultberg and A. Mihatsch

simple algebra (CSA) over F of degree 2n together with an embedding E → D. Let
C = CentE(D) be the centralizer which is a CSA over E of degree n.

In this situation, C× × C× acts on D× by (h1 , h2) ⋅ g = h−1
1 gh2. An element g ∈ D× is

called regular semi-simple if its orbit for this action is Zariski closed and its stabilizer
of minimal dimension. (This minimal dimension is equal to n.) According to Jacquet–
Rallis [4] and Guo [2], the regular semi-simple orbits can be characterized as follows:

Let D = D+ ⊕ D− be the decomposition into E-linear and E-conjugate linear com-
ponents. That is, D+ = C and D− = {x ∈ D ∣ xa = σ(a)x for a ∈ E}. Let g = g+ + g−
denote the corresponding decomposition of an element g ∈ D×. For g ∈ D× with
g+ ∈ D×, set zg = g−1

+ g−.

Definition 2.1 Assume that g ∈ D× satisfies g+ ∈ D×. The reduced characteristic
polynomial charredD/F(z2

g ; T) ∈ F[T] is always a square. Define the invariant of g as
its unique monic square root,

Inv(g; T) ∶= charredD/F(z2
g ; T)1/2 ∈ F[T].(2.1)

The polynomial Inv(g; T) is monic, of degree n, and satisfies Inv(g; 1) ≠ 0. Then, an
element g ∈ D× is regular semi-simple if and only if both g+, g− lie in D× and Inv(g; T)
is a separable polynomial. The invariant polynomial classifies orbits in the sense that
for two regular semi-simple elements g1 , g2 ∈ D×,

C×g1C× = C×g2C× ⇐⇒ Inv(g1; T) = Inv(g2; T).

2.2 Setting and notation

For the rest of this article, we fix an integer n ≥ 1 and a non-Archimedean local field F
with uniformizer π. Let q denote its residue field cardinality, v its normalized valuation
and ∣x∣ = q−v(x) its normalized absolute value.

We denote by K = F × F the split quadratic extension of F. The diagonal embedding
K → M2n(F), (a, b) ↦ diag(a ⋅ 1n , b ⋅ 1n) is of the kind considered in Section 2.1 and
has centralizer Mn(K). Let

(G′ , H′) = (GL2n(F), GLn(K))

be the corresponding pair of linear groups. For γ ∈ G′, the notion of being regular
semi-simple and the invariant Inv(γ; T) are meant with respect to the (H′ × H′)-
action. Let G′rs ⊂ G′ denote the set of regular semi-simple elements.

We denote by E/F an unramified quadratic extension, by σ ∈ Gal(E/F) the non-
trivial element, and by η ∶ F× → {±1}, η(x) = (−1)v(x) the character associated to E.
Let OF and OE be the rings of integers in F and E.

Let Bλ/F be a quaternion algebra over F of Hasse invariant λ ∈ {0, 1/2}. For both
possibilities B ∈ {B0 , B1/2}, we fix a maximal order OB ⊂ B and an embedding OE →
OB . The resulting diagonal embedding E → Mn(B) is of the type considered in Section
2.1 and has centralizer Mn(E). Let

(Gλ , H) = (GLn(Bλ), GLn(E)),
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be the resulting pair of linear groups. For g ∈ Gλ , the notion of being regular semi-
simple and the invariant Inv(g; T) are meant with respect to the (H × H)-action. Let
Gλ ,rs ⊂ Gλ be the subset of regular semi-simple elements.

2.3 Orbital integrals

2.3.1 The case of G′

We define two characters η and ∣ ⋅ ∣ on H′ by

η, ∣ ⋅ ∣ ∶ H′ �→ C
× , η((a, b)) ∶= η(det(ab−1)), ∣(a, b)∣ ∶= ∣det(ab−1)∣.

For a regular semi-simple element γ ∈ G′rs, we denote by

(H′ × H′)γ = {(h1 , h2) ∈ H′ × H′ ∣ h1γ = γh2},(2.2)

the stabilizer of γ. Set Lγ = F[z2
γ] which is an étale extension of degree n of F because

γ is regular semi-simple. There is the identity L×γ = H′ ∩ γ−1H′γ, so (H′ × H′)γ can be
identified with the torus L×γ . We normalize the Haar measures on H′ × H′ and (H′ ×
H′)γ by

Vol(GLn(OK)) = Vol(O×Lγ
) = 1.(2.3)

For a regular semi-simple element γ ∈ G′rs, a test function f ′ ∈ C∞c (G′) and a complex
parameter s ∈ C, we can now define the orbital integral

Orb(γ, f ′ , s) ∶= Ω(γ, s) ⋅ ∫ H′×H′
(H′×H′)γ

f ′(h−1
1 γh2)∣h1h2∣s η(h2)d(h1 , h2).(2.4)

Here, the so-called transfer factor Ω(γ, s) ∈ ±qZ⋅s ensures that the definition only
depends on the orbit H′γH′. It is defined by

Ω((a b
c d) , s) = η(det(cd−1)) ⋅ ∣det(b−1c)∣s ,

and satisfies Ω(h−1
1 γh2 , s) = ∣h1h2∣s η(h2)Ω(γ, s). The definition in (2.4) moreover

relies on Lemma 3.23 of [3] which states that η and ∣ ⋅ ∣ have trivial restriction to
(H′ × H′)γ . We will be interested in the central value and the central derivative only,
so we define

Orb(γ, f ′) ∶= Orb(γ, f ′ , 0) and ∂Orb(γ, f ′) ∶= d
ds

∣ s=0 Orb(γ, f ′ , s).(2.5)

2.3.2 The case of Gλ

Let G ∈ {G0 , G1/2} be one of the two possible groups. For a regular semi-simple
element g ∈ Grs, we denote by (H × H)g its stabilizer. It can be identified with the
torus L×g , where Lg = F[z2

g] as before. We normalize the Haar measures on H × H and
(H × H)g by

Vol(GLn(OE)) = Vol(O×Lg
) = 1.(2.6)
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For a regular semi-simple element g ∈ Grs and a test function f ∈ C∞c (G), we put

Orb(g , f ) ∶= ∫ H×H
(H×H)g

f (h−1
1 gh2)d(h1 , h2).(2.7)

2.4 Intersection numbers

We next define two families of intersection numbers, one for each of the possible Hasse
invariants λ ∈ {0, 1/2}. For λ = 0, these are the intersection numbers that occur in the
linear AFL from [10]. For λ = 1/2, these are a special case of the intersection numbers
from [11].

Let B = Bλ in the following. Let F̆ be the completion of a maximal unramified
extension of F with ring of integers OF̆ and residue fieldF; fix an embedding E → F̆. As
a further datum, letY be a strict π-divisible OE -module of dimension 1 and OE-height
n over F, see Definition 3.1 in [10]. We denote its OE -action by ι ∶ OE → End(Y).
Recall that the connected-étale sequence of any suchY has a unique splitting, meaning
there is a canonical isomorphism

Y = Y
○ ×Y

et ,

where Y○ is the connected component of the identity of Y and Y
et its maximal étale

quotient. Let n○ and net be the OE -heights of Y○ and Y
et. Then n = n○ + net, every

1 ≤ n○ ≤ n may occur, and (n○, net) characterizes Y uniquely up to isomorphism.
Define (X,κ) as the Serre tensor product X = OB ⊗OE Y with OB-action κ(x) =

x ⊗ idY. Note that X also carries the OB-linear OE-action idOB ⊗ ι which we again
denote by ι.
Remark 2.2 Assume that λ = 0. Then any choice of isomorphism OB ≅ M2(OF)
provides a decomposition of X as X = Y

⊕2 (Morita equivalence). In this way, the
ensuing definitions for λ = 0 reduce to the ones in [10].

We consider the rings of quasi-endomorphisms CY = End0
E(Y, ι) and Dλ ,Y =

End0
B(X,κ), as well as the groups HY = C×

Y
and Gλ ,Y = D×λ ,Y. By functoriality of the

Serre tensor construction, there is a group homomorphism

HY �→ Gλ ,Y , g �→ idOB ⊗ g .

The structure of these groups is as follows. Let X = X
○ ×X

et be the connected-étale
decomposition of X. There are no homomorphisms between connected and étale π-
divisible groups over F, so

CY = C○
Y
× Cet

Y
, Dλ ,Y = D○λ ,Y × Det

λ ,Y ,(2.8)

where the factors denote the E-linear (resp. B-linear) quasi-endomorphisms of the
factors of Y and X. Then

C○
Y

≅ C1/n○ D○λ ,Y ≅ D1/2n○+λ

Cet
Y

≅ Mnet(E) Det
λ ,Y ≅ Mnet(B).

Here, C1/n○ denotes a central division algebra (CDA) of Hasse invariant 1/n○ over E,
and D1/2n○+λ denotes a CSA of degree 2n○ and Hasse invariant 1/2n○ + λ over F. Note
that the two pairs (C○

Y
, D○λ ,Y) and (Cet

Y
, Det

λ ,Y) are of the type considered in Section 2.1.
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Definition 2.3 An element g = (g○, get) ∈ Gλ ,Y is called regular semi-simple if its
components g○ and get are regular semi-simple with respect to H○

Y
and Het

Y
, and if its

invariant, defined as

Inv(g; T) = Inv(g○; T) Inv(get; T) ∈ F[T],

is a separable polynomial. Let Gλ ,Y,rs ⊂ Gλ ,Y be the subset of regular semi-simple
elements.

We now associate an intersection number to each g ∈ Gλ ,Y,rs. LetN be the RZ space
for Y: By definition, this means that it is the formal scheme over OF̆ that represents
the functor

N(S) = {(Y , ι, ρ) ∣ (Y , ι)/S a strict OE -module
ρ ∶ S ×Spec F (Y, ι) �→ S ×S (Y , ι) a quasi-isogeny} .

(2.9)

Here and in the following, S = F⊗O F̆
S denotes the special fiber of S.

Similarly, let Mλ be the RZ space for (X,κ). Recall for its definition that an OB-
action on a 2-dimensional strict OF-module X over a Spf OF̆ -scheme S is called special
if the two κ(OE)-eigenspaces of Lie(X) are both locally free of rank 1 asOS -modules.1
Then Mλ is the formal scheme over Spf OF̆ that represents the functor

Mλ(S) = {(X ,κ, ρ) ∣ (X ,κ)/S a special OB-module
ρ ∶ S ×Spec F (X,κ) �→ S ×S (X ,κ) a quasi-isogeny} .

(2.10)

It is clear that if (Y , ι) is a 1-dimensional strict OE-module, then OB ⊗OE (Y , ι) is a
special OB-module. Thus we obtain a morphism

N �→ M

(Y , ι, ρ) �→ (OB ⊗OE Y , κ(x) ∶= x ⊗ idY , idOB ⊗ ρ).
(2.11)

This is a closed immersion by Proposition 4.15 of [11]. There are right actions of HY

on N and of Gλ ,Y on Mλ by

h ⋅ (Y , ι, ρ) = (Y , ι, ρh) and g ⋅ (X ,κ, ρ) = (X ,κ, ρg).

The morphism (2.11) is equivariant with respect to HY → Gλ ,Y. Moreover, the struc-
ture of N as formal scheme is easy to describe:

N ≅ ∐
Z×GLnet (E)/GLnet (OE)

Spf OF̆[[t1 , . . . , tn−1]],(2.12)

where the indexing can be chosen compatibly with the Het
Y

-action for a fixed identifi-
cation Het

Y
≅ GLnet(E). In particular, N is formally smooth of relative dimension n − 1

over Spf OF̆ .
Concerning Mλ , it is known to be locally formally of finite type over Spf OF̆ and

regular of dimension 2n, see Proposition 4.13 of [11]. Using (2.11), we can thus view N

as cycle in middle dimension on Mλ .

1This definition goes back to Drinfeld [1].
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For a regular semi-simple element g ∈ Gλ ,Y,rs, we define the intersection locus

I(g) ∶= N ∩ g ⋅N.(2.13)

For such g, we also denote by g = g+ + g− the decomposition of g into E-linear and E-
conjugate linear components, where ι ∶ E → Dλ ,Y comes from the definition of (X,κ).
Set zg = g−1

+ g− and Lg = F[z2
g]. Since L×g = HY ∩ g−1HYg as subgroups of Gλ ,Y, the

L×g -action on M preserves the intersection locus I(g). Let Γ ⊂ L×g be a free discrete
subgroup such that L×g = Γ × O×Lg

. It acts without fixed points on Mλ .

Proposition 2.4 Let g ∈ Gλ ,Y and Γ ⊂ L×g be as before. The quotient Γ/(N ∩ g ⋅N) is
an artinian scheme.

Proof By Proposition 4.18 of [11],2 the quotient Γ/I(g) is a proper scheme over
Spec OF̆ with empty generic fiber. Since the maximal reduced subscheme Nred is 0-
dimensional, cf. (2.12), this scheme has to be artinian. ∎

The general definition of intersection numbers from Definition 4.21 in [11] now
specializes to taking the length:

Definition 2.5 For a regular semi-simple element g ∈ Gλ ,Y,rs, choose Γ as before and
define

Int(g) ∶= lenO F̆
(OΓ/I(g)) .

2.5 FL and AFL

We consider the following test functions. For the case λ = 0, i.e. for B ≅ M2(F), we
define

f ′0 = 1GL2n(OF) ∈ C∞c (G′) and f0 = 1GL2n(OF) ∈ C∞c (G).

For the case λ = 1/2, we first define the parahoric subgroup

Par = {(GLn(OF) π Mn(OF)
Mn(OF) GLn(OF)

)} ⊂ GL2n(OF).(2.14)

Let 1Par ∈ C∞c (G′) be its characteristic function and let h ∈ H′ be the element
diag(π1n , 1n). Then put

f ′1/2( ⋅ ) = 1Par(h ⋅ ) ∈ C∞c (G′) and f1/2 = 1GLn(OB) ∈ C∞c (G).(2.15)

The orbital integrals of f ′1/2 and 1Par are related by

Orb(γ, f ′1/2 , s) = q−ns Orb(γ, 1Par , s).(2.16)

The advantage of f ′1/2 over 1Par is that its orbital integral satisfies the completely
symmetric functional equation (see Proposition 3.19 of [11])

Orb(γ, f ′1/2 ,−s) = ε1/2(γ)Orb(γ, f ′1/2 , s)(2.17)

2Strictly speaking, [11] is formulated only for p-adic F. However, Proposition 2.4 is known when
λ = 0 by [10] and the comparison between the cases λ = 0 and λ = 1/2 in Section 4 gives an alternative
proof of Proposition 2.4 that applies to all F.
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where the sign is defined by

ε1/2(γ) = (−1)n (−1)r , r = v (detMn(B)/F(zγ)) .(2.18)

Definition 2.6 Two regular semi-simple elements γ ∈ G′rs and g ∈ Gλ ,rs (resp. γ and
g ∈ Gλ ,Y,rs) are said to match if

Inv(γ; T) = Inv(g; T).

Theorem 2.7 (Fundamental Lemma) For every regular semi-simple γ ∈ G′rs,

Orb(γ, f ′λ) =
⎧⎪⎪⎨⎪⎪⎩

Orb(g , fλ) if there exists a matching g ∈ Gλ ,rs

0 otherwise.

The case λ = 0 is well-known (Guo–Jacquet FL) and due to Guo [2]. Our addition
is the case λ = 1/2 whose proof will be given in Section 3. We now turn to the central
derivatives:

Conjecture 2.8 (Arithmetic Fundamental Lemma) For every regular semi-simple
element γ ∈ G′rs,

∂Orb(γ, f ′λ) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

2 Int(g) log(q) if there is a strict OE-module (Y, ι)
and g ∈ Gλ ,Y,rs that matches γ

0 otherwise.
(2.19)

The AT conjecture for general CSAs in [11] also includes an unspecified correction
term that cannot be omitted in general. Conjecture 2.8 here, which is for Hasse
invariant 1/2, is hence stronger in the sense that this correction term is conjectured
to vanish.

For λ = 0, Conjecture 2.8 is the linear AFL conjecture from [10]. The vanishing part
of (2.19) is known to hold in general, see Corollary 2.18 of [10]. Moreover, Identity
(2.19) is known for all g ∈ G0,Y,rs with Y such that n○ ≤ 2. This statement is Corollary
1.3 in [10] and goes back to Li [8] who verified the case n ≤ 2.

Our main result here is a reduction of the case λ = 1/2 in Conjecture 2.8 to the case
λ = 0:

Theorem 2.9

(1) The vanishing part of Conjecture 2.8 holds.
(2) If Conjecture 2.8 holds for λ = 0, then it also holds for λ = 1/2. More precisely, assume

that Identity (2.19) holds for λ = 0 and all g ∈ G0,Y,rs for someY. Then Identity (2.19)
also holds for λ = 1/2 and all g ∈ G1/2,Y,rs.

Corollary 2.10 (to Theorem 2.9 and Corollary 1.3 of [10]) Identity (2.19) holds in all
cases with λ = 1/2 and with Y such that n○ ≤ 2.

Our proofs of Theorems 2.7 and 2.9 are by expressing the occurring orbital integrals
and intersection numbers for λ = 1/2 in terms of orbital integrals and intersection
numbers for λ = 0. This is made precise by the following result.
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Theorem 2.11

(1) Assume that γ ∈ G′rs is regular semi-simple and that π−nInv(γ; πT) lies in T n +
πOF[T]. Then there exists a regular semi-simple element γ̃ ∈ G′rs with Inv(γ̃; T) =
π−nInv(γ; πT) and

Orb(γ, f ′1/2 , s) = Orb(γ̃, f ′0 , s).

(2) Assume that g ∈ G1/2,rs and that π−nInv(g; πT) ∈ T n + πOF[T]. Then there exists
a regular semi-simple g̃ ∈ G0,rs with Inv(g̃; T) = π−nInv(g; πT) and

Orb(g , f1/2) = Orb(g̃ , f0)).

(3) Assume that g ∈ G1/2,Y,rs is regular semi-simple with π−nInv(g; πT) ∈ T n +
πOF[T]. Then there exists a regular semi-simple g̃ ∈ G0,Y,rs with Inv(g̃; T) =
π−nInv(g; πT) and

Int(g) = Int(g̃).

The proof of Theorem 2.11 will be constructive in the sense that we work with
explicit orbit representatives γ resp. g and then define concrete elements γ̃ and g̃.

The condition on the invariants of γ ∈ G′ resp. g ∈ G1/2 or g ∈ G1/2,Y in Theorem
2.11 can also be formulated by saying that z2

γ/π ∈ Lγ resp. z2
g/π ∈ Lg are topologically

nilpotent. It is clear that Theorem 2.11 immediately implies Theorems 2.7 and 2.9 for
such elements. Moreover, the cases where z2

γ/π or z2
g/π are not integral over OF are

trivial: Here, all orbital integrals or intersection numbers in question vanish, a fact
proven in Corollary 3.4, Lemmas 3.10 and 4.5. This leaves the edge cases where z2

γ/π or
z2

g/π are integral but not topologically nilpotent. We will prove some auxiliary results
(Corollary 3.6, Lemma 3.11, Proposition 4.8) that allow to split off the nontopologically
nilpotent part and to treat it separately.

3 Fundamental Lemma

In this section, we prove parts (1) and (2) of Theorem 2.11. As a corollary we will
obtain the fundamental lemma for GLn(B) in Theorem 2.9. Our main tool is the
combinatorial interpretation of orbital integrals in terms of lattice counts.

3.1 Orbital integrals on G′

Our aim in this section is to relate the orbital integrals Orb(γ, f ′1/2 , s) and Orb(γ, f ′0 , s)
for regular semi-simple γ ∈ G′rs. They both only depend on the double coset H′γH′.
Hence, it suffices to consider elements of the form γ(x) = ( 1 x

1 1 ), where x ∈ GLn(F)
and where 1 ∈ GLn(F) denotes the unit element. Recall that we define zγ = γ−1

+ γ− and
Lγ = F[z2

γ]. Note that zγ(x) = ( 0 x
1 0 ) and z2

γ(x) = ( x 0
0 x ). So it is by definition that the

invariant polynomial Inv(γ(x), T) of γ(x) equals the characteristic polynomial of x.
We next recall some definitions and results from [11], but specialized to our quaternion
algebra setting. Let K = F × F be as in Section 2.2.
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Definition 3.1 (Definition 3.20 of [11]) Let L denote the set of OK-lattices in F2n . For
γ ∈ G′rs regular semi-simple and λ ∈ {0, 1/2}, we define Lλ(γ) in the following way.
For λ = 0, we put

L0(γ) ∶= {Λ ∈ L ∣ γΛ ∈ L}.(3.1)

For λ = 1/2, and where (π, 1) ∈ OK is the element diag(π, 1), we put

L1/2(γ) ∶= {Λ ∈ L ∣ z2
γ Λ ⊆ zγ(π, 1)Λ ⊆ πΛ}.(3.2)

These two sets equal the set L(γ) from Definition 3.20 in [11] in the two cases of Hasse
invariant 0 and 1/2. In the case of Hasse invariant 1/2, we have furthermore used the
equivalent description in (3.27) of [11].

Note that the OK-lattices Λ ∈ L are precisely the direct sums Λ+ ⊕ Λ− of OF-lattices
Λ+ , Λ− ⊂ Fn . We use this to give a more concrete description of L1/2(γ(x)):

Definition 3.2 For x ∈ GLn(F), define

L(x) ∶= {(Λ+ , Λ−) pairs of OF -lattices in Fn ∣ xΛ− ⊆ Λ+ ⊆ Λ−} .(3.3)

Since zγ(x) = ( 0 x
1 0 ), it follows directly from definitions that

L(x/π) ∼�→ L1/2(γ(x))
(Λ+ , Λ−) �→ Λ+ ⊕ Λ− .

Definition 3.3 (Definition 3.20 of [11]) For a regular semi-simple element γ ∈ G′rs and
a lattice Λ ∈ L0(γ), we put

Ω(γ, Λ, s) ∶= Ω(h−1
1 γh2 , s),(3.4)

where h1 , h2 ∈ H′ are chosen such that Λ = h1O2n
F and γΛ = h2O2n

F .

For x ∈ GLn(F), we let Lx = F[x] ⊆ Mn(F) be the generated F-algebra. For a pair
Λ = (Λ+, Λ−) ∈ L(x), we denote by RΛ ⊂ Lx the stabilizer of Λ under the diagonal
action of Lx on lattices. We can now state the combinatorial interpretation of orbital
integrals from [11] for the test function f ′1/2:

Orb(γ(x), f ′1/2 , s) = q−ns ∑
Λ=(Λ+ ,Λ−)∈L(x/π)/L×x

[O×Lx
∶ R×Λ] Ω(γ(x), Λ+ ⊕ Λ− , s).

(3.5)

Corollary 3.4 If x/π is not integral over OF , then the orbital integral Orb(γ(x), f ′1/2 , s)
vanishes identically.

Proof The set L(x/π) is empty if x/π is not integral. ∎

Assume now that x is topologically nilpotent. Then Lemma 3.21 (1) of [11] states
that there is a bijection

L(x) ∼�→ L0(γ(x))
(Λ+ , Λ−) �→ Λ+ ⊕ Λ− .
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Identity (3.25) of [11] then specializes to

Orb(γ(x), 1GL2n(OF) , s) = ∑
Λ=(Λ+ ,Λ−)∈L(x)/L×x

[O×Lx
∶ R×Λ] Ω(γ(x), Λ+ ⊕ Λ− , s).

(3.6)

Combining (3.5) and (3.6) yields a proof of Theorem 2.11 (1):

Proof of Theorem 2.11 (1) First recall the statement: Let γ ∈ G′rs be regular semi-
simple. The statement we would like to prove only depends on the orbit of γ, so we may
assume without loss of generality that γ = γ(x) for some x ∈ GLn(F). Set x̃ = x/π. The
assumption is

char(x̃; T) = π−nInv(γ(x), πT) ∈ T n + πOF[T],

which implies that x̃ is topologically nilpotent. In particular, γ̃ ∶= γ(x̃) lies in GL2n(F)
and is regular semi-simple. It satisfies Inv(γ̃; T) = π−nInv(γ; πT) and our task is to
show that

Orb(γ, f ′1/2 , s) = Orb(γ̃, 1GL2n(OF) , s).(3.7)

To this end, we compare the two quantities Ω(γ, Λ+ ⊕ Λ− , s) and Ω(γ̃, Λ+ ⊕ Λ− , s)
for (Λ+ , Λ−) ∈ L(x̃). Choose h1 and h2 in H′ such that h1O2n

F = Λ+ ⊕ Λ− and
h2O2n

F = γ(Λ+ ⊕ Λ−). Write h−1
1 = ( a

b ) and h2 = ( c
d ). We obtain from Definition

3.3 that

Ω(γ̃, Λ+ ⊕ Λ− , s) = Ω((ac axd/π
bc bd ) , s)

= Ω((ac axd
bc bd ) , s) q−ns = Ω(γ, Λ+ ⊕ Λ− , s)q−ns .

(3.8)

Substituting this into (3.6) for γ̃ yields (3.5) for γ which proves (3.7) as desired. ∎
Note that if (Λ+ , Λ−) ∈ L(x), then both Λ+ and Λ− are OF[x]-modules. For this

reason, we next focus on the ring OF[x], in particular on its idempotents.

Lemma 3.5 Assume that x ∈ GLn(F) is integral over OF . Then there is a unique way
to write OF[x] as a product R0 × R1 such that the image (x0 , x1) of x has the property
that x0 is topologically nilpotent and x1 ∈ R×1 a unit.

Proof As x was assumed to be integral over OF , the ring OF[x] is of the form
OF[T]/(P(T)) for some monic polynomial P(T) ∈ OF[T]. We consider the reduc-
tion P of P modulo π. It will factor as P = T m f (T) with f (0) ≠ 0. By Hensel’s lemma,
this factorization lifts to a factorization of P which defines the desired factorization
R0 × R1. ∎
Corollary 3.6 Let x ∈ GLn(F) have the property that x̃ = x/π is integral over OF . Let
OF[x̃] = R0 × R1 be the factorization from Lemma 3.5 with respect to x̃ and let (x0 , x1)
denote the components of x. Let Fn = V0 × V1 be the corresponding factorization of Fn

and fix isomorphisms Vi ≅ Fn i . Then γ = γ(x) lies in G′rs while γ0 = γ(x0) and γ1 =
γ(x1) lie in GL2n i (F)rs. There is an identity of orbital integrals

Orb(γ, f ′1/2 , s) = Orb(γ0 , f ′1/2,n0
, s)Orb(γ1 , f ′1/2,n1

, s),(3.9)
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where the test functions on the right-hand side are meant in the sense of (2.15) but on
GL2n i (F).
Proof Every OF[x̃]-lattice is a direct sum of an R0-lattice and an R1-lattice. It is
easily seen that this defines a bijection L(x̃) ∼→ L(x0/π) ×L(x1/π). Furthermore,
the definition of Ω(γ, Λ+ ⊕ Λ− , s) is multiplicative in such direct sums. The desired
identity then follows from (3.5). ∎

Identity (3.7) already covers the factor Orb(γ0 , f ′1/2,n0
, s), so we now turn to the

factor Orb(γ1 , f ′1/2,n1
, s). For elements x ∈ GLn(F) that are regular semi-simple in the

usual sense, we consider the conjugation orbital integral

Orb(x , 1GLn(OF)) = ∫
L×x /GLn(F)

1GLn(OF)(y−1x y)d y,(3.10)

where Lx = F[x] as before and where d y is the Haar measure on L×x /GLn(F) that is
normalized by

Vol(GLn(OF)) = Vol(O×Lx
) = 1.(3.11)

Lemma 3.7 Assume that x ∈ GLn(F) has the property that x̃ = x/π is integral over
OF with det(x̃) ∈ O×F . Then there is an identity of orbital integrals

Orb(γ(x), f ′1/2 , s) = Orb(x̃ , 1GLn(OF)).(3.12)

Proof We again use (3.5) to express the left hand side. A general identity (see Lemma
3.22 of [11]) states that the transfer factor of a lattice Λ = Λ+ ⊕ Λ− ∈ L0(γ) is given by

Ω(γ, Λ+ ⊕ Λ− , s) = (−1)[(γΛ)−∶zΛ+]+[(γΛ)−∶Λ−]q([(γΛ)+∶zΛ−]+[(γΛ)−∶zΛ+])s ,
(3.13)

where z = zγ and where [Λ1 ∶ Λ2] denotes the length of Λ1/Λ2. In the situation of
(3.5), we apply this formula to the element γ = γ(x) and a lattice Λ = Λ+ ⊕ Λ− with
(Λ+ , Λ−) ∈ L(x̃). We have that z = ( 0 x

1 0 ) and that γΛ = Λ because x is topologically
nilpotent under the assumption det(x̃) ∈ O×F . The assumption moreover implies that
any L(x̃) is the set of lattice pairs (Λ+, Λ−) that satisfy

x̃Λ+ = Λ− = Λ+ .

We see that zΛ+ = Λ− and zΛ− = πΛ+ for all such (Λ+ , Λ−). Substituting this in (3.13)
gives Ω(γ(x), Λ+ ⊕ Λ− , s) = qns for all (Λ+, Λ−) ∈ L(x̃) and hence

Orb(γ, f ′1/2 , s) = qns q−ns ∑
Λ=(Λ+ ,Λ−)∈L(x̃)

[O×Lx
∶ R×Λ].(3.14)

This is precisely the combinatorial description of Orb(x̃ , 1GLn(OF)) and the proof is
complete. ∎

3.2 Orbital integrals on Gλ

Recall that E/F is an unramified quadratic extension and that Bλ denotes a quaternion
algebra over F of Hasse invariant λ ∈ {0, 1/2} with an embedding E → Bλ . Recall that
σ ∈ Gal(E/F) denotes the nontrivial element. Our aim in this section is to relate the
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orbital integrals Orb(−, f0) and Orb(−, f1/2), where fλ ∈ C∞c (Gλ) is the characteristic
function of GLn(OBλ). Put ε = 2λ ∈ {0, 1} and fix an element ϖ ∈ OBλ that satisfies

ϖ2 = πε and ϖa = σ(a)ϖ for a ∈ E .(3.15)

For x ∈ GLn(E), we define g(x) = 1 + xϖ ∈ Mn(Bλ). This element lies in Gλ ,rs if
and only if the characteristic polynomial of z2

g(x) = xσ(x)πε ∈ GLn(E) is separable
and does not vanish at 0 or 1. In this case, Inv(g(x); T) = char(xσ(x)πε ; T). Since
Orb(g , fλ) only depends on the double coset HgH, we may restrict attention to group
elements of the form g(x).

Definition 3.8 Denote by σ ∶ En → En the coordinate-wise Galois conjugation. For
x ∈ GLn(E), define Lσ(x) as the set of OE -lattices Λ ⊂ En that satisfy

xσ(Λ) ⊆ Λ.(3.16)

Moreover, define Lx ⊂ Mn(E) as the subalgebra F[xσ(x)πε]. Then L×x acts by multi-
plication on Lσ(x).

Lemma 3.9 Let λ ∈ {0, 1/2} be any and let B = Bλ . Let g = 1 + xϖ ∈ Gλ ,rs be regular
semi-simple. Suppose further that xσ(x)πε is topologically nilpotent. Then there is the
identity

Orb(g(x), 1GLn(OB)) = ∑
Λ∈Lσ(x)/L×x

[O×Lx
∶ R×Λ].(3.17)

Here RΛ ⊆ Lx denotes the order that stabilizes Λ.

Proof The assumption that xσ(x)πε = (xϖ)2 is topologically nilpotent implies that
the determinant det(g(x)) lies in O×F . (Here and in the following, the determinant
is meant in the sense of the reduced norm GLn(B) → F×.) Hence, the condition
h−1

1 gh2 ∈ GLn(OB) holds if and only if h−1
1 gh2 ∈ Mn(OB). Since h−1

1 gh2 = h−1
1 h2(1 +

h−1
2 xϖh2) and since h−1

2 xϖh2 is topologically nilpotent by assumption, this is equiv-
alent to h−1

1 h2 ∈ GLn(OE) and h−1
2 xσ(h2) ∈ Mn(OE). Given a pair (h1 , h2) with

h−1
1 h2 ∈ GLn(OE), consider the lattice Λ = h1On

E = h2On
E . Then h−1

2 xσ(h2) lies in
Mn(OE) if and only if xσ(Λ) ⊆ Λ. Rewriting the definition of Orb(g , 1GLn(OB)) in
this way gives (3.17). ∎
Lemma 3.10 Let g ∈ G1/2,rs and B = B1/2. The orbital integral Orb(g , 1GLn(OB)) van-
ishes if z2

g/π is not integral over OF .

Proof Since Orb(g , 1GLn(OB)) only depends on the orbit of g and since every regular
semi-simple orbit contains a representative of the form g(x) we may assume without
loss of generality that g = g(x) for some x ∈ GLn(E). In this case z2

g/π = xσ(x). More-
over, GLn(OB) = GLn(OE) + Mn(OE)ϖ because B is the division algebra. So h−1

1 h2 +
h−1

1 xσ(h2)ϖ ∈ GLn(OB) with h i ∈ GLn(E) can only hold if h−1
1 h2 ∈ GLn(OE) and

h−1
2 xσ(h2) ∈ Mn(OE). The second condition implies that xσ(x) is integral over OF

because it is conjugate to h−1
2 xσ(h2)σ(h−1

2 xσ(h2)). This was to be shown. ∎
Proof of Theorem 2.11 (2) Let g ∈ G1/2,rs be such that π−nInv(g; πT) ∈ T n +
πOF[T]. Denote by ϖλ ∈ Bλ the element fixed in (3.15). Without loss of generality
we may assume that g = 1 + xϖ1/2 for some x ∈ GLn(E). The assumption on g is then
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equivalent to xσ(x) being topologically nilpotent. The element g̃ = 1 + xϖ0 hence lies
in G0,rs and satisfies Inv(g̃; T) = π−nInv(g; πT). Lemma 3.9 applies to both g and g̃,
and yields

Orb(g , 1GLn(OB)) = Orb(g̃ , 1GL2n(OF)),(3.18)

as desired. ∎

We next prove a factorization of the orbital integral that is analogous to that in
Lemma 3.6.

Lemma 3.11 Let B = B1/2 and assume that g(x) ∈ G1/2,rs is such that xσ(x) is integral
over OF . Let OF[xσ(x)] = R0 × R1 be as in Lemma 3.5. Let En = V0 × V1 be the induced
decomposition of En which is preserved by x. Write (x0 , x1) for its components and
choose isomorphisms Vi ≅ En i . Put g i = 1 + x i ϖ ∈ GLn i (B). Then there is an identity
of orbital integrals

Orb(g , 1GLn(OB)) = Orb(g0 , 1GLn0 (OB))Orb(g1 , 1GLn1 (OB)).(3.19)

Proof Every OF[xσ(x)]-lattice is a direct sum of an R0-lattice and an R1-lattice. This
defines a bijection Lσ(x) ∼→ Lσ(x0) ×Lσ(x1). The desired identity now follows from
Lemma 3.9 which can be applied to all three orbital integrals because xσ(x), x0σ(x0)
and x1σ(x1) are all integral by assumption. ∎

Identity (3.18) already covers the factor Orb(g0 , 1GLn0 (OB)), so we now turn to the
factor Orb(g1 , 1GLn1 (OB)). Let x ∈ GLn(OE) be an element that is regular semi-simple
with respect to the σ-twisted conjugation action (y, x) ↦ y−1xσ(y). Its stabilizer then
equals L×x where Lx = F[xσ(x)]. We normalize the Haar measure d y on GLn(E)/L×x
by

Vol(GLn(OE)) = Vol(O×Lx
) = 1,(3.20)

and define a twisted orbital integral by

Orbσ(x , 1GLn(OE)) ∶= ∫
GLn(E)/L×x

1GLn(OE)(y−1xσ(y))d y.(3.21)

Lemma 3.12 Let B = B1/2 and let x ∈ GLn(E) be such that xσ(x) is integral over OF
with det(xσ(x)) ∈ O×F . Then there is the identity

Orb(g(x), 1GLn(OB)) = Orbσ(x , 1GLn(OE)).(3.22)

Proof The assumption that xσ(x) is integrally invertible implies that Lσ(x) is the
set of OE -lattices Λ ⊆ En such that xσ(Λ) = Λ. In this case, the lattice counting
expression in Lemma 3.9 equals Orbσ(x , 1GLn(OE)). ∎

3.3 Vanishing orders

The FL and the AFL both include vanishing statements. In order to prove these, we
now recall some results from [10] for the case λ = 0.

By regular semi-simple invariant (of degree n), we mean a degree n polynomial
δ ∈ F[T] that is monic, separable and satisfies δ(1)δ(0) ≠ 0. These are precisely the
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polynomials that arise as invariant polynomials of elements γ ∈ G′rs. Given a regular
semi-simple δ ∈ F[T], we define

Lδ ∶= F[z2]/(δ(z2)) and Bδ ∶= (E ⊗F Lδ)[z]/(z(a ⊗ b) = (σ(a) ⊗ b)z)a∈E , b∈Lδ .
(3.23)

Then Lδ is an étale F-algebra of degree n = deg(δ) by separability, and Bδ/Lδ is a
quaternion algebra. Moreover, Bδ contains E by construction. Let Lδ = ∏i∈I L i and
Bδ = ∏i∈I B i be the factorizations of Lδ and Bδ according to the idempotents in Lδ .
The algebraic vanishing order of, see Definition 2.15 of δ [10], is defined as the integer

ord0(δ) ∶= #{i ∈ I ∣ B i is a division algebra}.

One of the main results of [10] is a factorization formula for Orb(γ, 1GL2n(OF), s). It
implies, see Corollary 2.17 of [10], that for every regular semi-simple γ ∈ G′rs,

ords=0 Orb(γ, 1GL2n(OF), s) ≥ ord0(Inv(γ)).(3.24)

Our aim is to formulate an analogous result in the case of invariant λ = 1/2.

Definition 3.13 Let δ ∈ F[T] be a regular semi-simple invariant of degree n and let
Lδ , Bδ be defined as in (3.23). Let B = B1/2 be the quaternion division algebra over F.
Define

ord1/2(δ) ∶= #{i ∈ I ∣ B i /≅ B ⊗F L i}.

In other words, ord1/2(δ) is the number of indices such that B i is split and [L i ∶ F]
odd, or such that B i is division and [L i ∶ F] even. It is checked with a simple case
distinction that

ord1/2(δ(T)) = ord0(π−n δ(πT)).(3.25)

Corollary 3.14 Let γ ∈ G′rs be a regular semi-simple element. Then

ords=0 Orb(γ, f ′1/2 , s) ≥ ord1/2(Inv(γ)).(3.26)

Proof If z2
γ/π is not integral over OF , then Orb(γ, f ′1/2 , s) = 0 by Corollary 3.4 and

there is nothing to prove. So assume that z2
γ/π is integral and consider the orbital

integral factorization from Corollary 3.6,

Orb(γ, f ′1/2 , s) = Orb(γ0 , f ′1/2 , s)Orb(γ1 , f ′1/2 , s).

Since Inv(γ) = Inv(γ0)Inv(γ1), we have

ord1/2(Inv(γ)) = ord1/2(Inv(γ0)) + ord1/2(Inv(γ1)).

It hence suffices to show (3.26) for γ0 and γ1 separately, meaning we may either assume
z2

γ/π to be topologically nilpotent or integrally invertible.
If z2

γ/π is topologically nilpotent, then we can apply Theorem 2.11 (1): For
any element γ̃ ∈ G′rs with Inv(γ̃; T) = π−nInv(γ; πT), we have Orb(γ, f ′1/2 , s) =
Orb(γ̃, 1GL2n(OF) , s). Using (3.25), the desired vanishing statement (3.26) follows
directly from (3.24).
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If z2
γ/π is integral over OF and det(z2

γ/π) ∈ O×F , then

ord1/2(Inv(γ; T)) = ord0(π−nInv(γ; πT)) = 0,

because z2
γ/π then lies in O×Lγ

and is hence a norm from E ⊗F Lγ . (This uses that
E/F is unramified.) The inequality ords=0 Orb(γ, f ′1/2 , s) ≥ 0 holds trivially and there
is nothing to prove in this case. This completes the argument. (We remark that if
z2

γ/π ∈ O×Lγ
, then Corollary 3.7 states that Orb(γ, f ′1/2 , s) is a constant independent

of s.) ∎

3.4 Proof of Theorem 2.7

We can finally deduce the fundamental lemma for λ = 1/2.

Proof of Theorem 2.7 Let γ ∈ G′rs. We need to show the identity

Orb(γ, f ′1/2) =
⎧⎪⎪⎨⎪⎪⎩

Orb(g , f1/2) if there exists a matching g ∈ G1/2

0 otherwise.
(3.27)

We first note that if π−nInv(γ; πT) ∉ OF[T], then both sides of the equation vanish.
This follows from Corollary 3.4 and from Lemma 3.10, respectively. Hence, we assume
from now on that π−nInv(γ; πT) ∈ OF[T] or, equivalently, that z2

γ/π is integral.
Consider Lδ and Bδ as in Equation (3.23) for δ = Inv(γ; T). Let Lδ = ∏i L i and Bδ =
∏i L i be their factorizations according to idempotents. By Corollary 2.8 of [11] there
exists an element g ∈ G1/2,rs that matches γ if and only if ord1/2(δ) = 0, see Definition
3.13. In particular, if there is no matching element g ∈ G1/2,rs, then Orb(γ, f ′1/2) = 0 by
Corollary 3.14. This proves the vanishing part of (3.27).

We henceforth consider the case that there is an element g ∈ G1/2,rs that matches
γ. Assuming that γ = 1 + zγ and that g = 1 + zg , let γ = (γ0 , γ1) and g = (g0 , g1) be the
components of γ and g such that z2

γ0
/π and z2

g0
/π are topologically nilpotent, and z2

γ1
/π

and z2
g1
/π integrally invertible (Corollaries 3.7 and 3.12). Then γ0 matches g0 and γ1

matches g1 as can be seen by using the isomorphism OF[z2
γ] ≅ OF[z2

g] that sends z2
γ

to z2
g . By Lemmas 3.6 and 3.11, the two sides of (3.27) factor and the desired equality

becomes

Orb(γ0 , f ′1/2,n0
)Orb(γ1 , f ′1/2,n1

) ?= Orb(g0 , 1GLn0 (OB))Orb(g1 , 1GLn1 (OB)).

Here, B = B1/2. We can prove this identity factor-by-factor, meaning we may assume
that z2

γ/π is topologically nilpotent or that z2
γ/π ∈ O×Lγ

.
Assume first that z2

γ/π is topologically nilpotent. Then we may apply Theorem 2.11
(1) and (2): Let γ̃ ∈ G′rs and g̃ ∈ G0,rs be such that Inv(γ̃; T) = π−n δ(πT) = Inv(g̃; T).
We obtain

Orb(γ, f ′1/2) = Orb(γ̃, 1GL2n(OF)) = Orb(g̃ , 1GL2n(OF)) = Orb(g , 1GLn(OB)),

where the middle equality is the Guo–Jacquet FL, i.e. the case λ = 0 of Theorem 2.7.
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Assume now that z2
γ/π ∈ O×Lγ

. Without loss of generality, we may assume that γ =
γ(x) for some x ∈ GLn(F) and g = 1 + x′ϖ for some x′ ∈ GLn(E). The fact that γ and
g match translates to the identity

charF(x/π; T) = charE(x′σ(x′); T).

In other words, x/π and x′ match in the sense of the quadratic base change FL, see
[5]. We obtain from Lemmas 3.7 and 3.12, as well as the base change FL that

Orb(γ, f ′1/2) = Orb(x/π, 1GLn(OF)) = Orbσ(x′ , 1GLn(OE)) = Orb(g , 1GLn(OB)).

The proof of Theorem 2.7 is now complete. ∎

4 Arithmetic Fundamental Lemma

It is left to prove Theorems 2.11 (3) and 2.9 which is the aim of this final section. Its
structure is analogous to that of Section 3: We first relate the intersection problems
for λ = 0 and λ = 1/2 by analyzing their moduli descriptions (Section 4.1). Then we
prove a factorization result for Int(g) in the case of λ = 1/2 (Section 4.2). Combining
both techniques we obtain the proof of Theorem 2.9 (Section 4.3). Our notation in
this section is the same as in Section 2.4.

4.1 Description of I(g)

Let λ ∈ {0, 1/2} and let g ∈ Gλ ,Y,rs be a regular semi-simple element. Our first aim is
to give a more explicit description of I(g). Let B = Bλ be the quaternion algebra of
invariant λ. Let ϖ ∈ B× be the element from (3.15). Recall that this means that ϖ is
chosen such that ϖa = σ(a)ϖ for all a ∈ E and such that ϖ2 = πε where ε = 2λ. Then
OB = OE ⊕ ϖOE . So for every strict OE-moduleY, we obtain the coordinatesX = Y⊕
ϖY. With respect to this decomposition, the OB-action κ ∶ OB → End(X) is given by

a + bϖ �→ ( a bπε

σ(b) σ(a)) , a, b ∈ E .

The OB-linear endomorphisms of X then have the presentation

Dλ ,Y = {(x πε y
y x ) ∣ x ∈ CY , y ∈ End0

F(Y) s.th. ya = σ(a)y for a ∈ E} .(4.1)

Let g = ( x πε y
y x ) ∈ Gλ ,Y = D×λ ,Y be an element such that both x and y are invertible.

Then zg takes the form

zg = ( πεx−1 y
x−1 y ) .(4.2)
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It follows from this that the invariant polynomial of g is

Inv(g; T) = charredCY/E (πε(x−1 y)2; T) .

Definition 4.1 For an element z ∈ End0
F(X), we denote by Z(z) ⊆ Mλ the closed

formal subscheme with functor of points description

Z(z)(S) = {(X ,κ, ρ) ∈ Mλ(S) ∣ ρzρ−1 ∈ End(X)}.

We analogously define Z(w) ⊆ N for an endomorphism w ∈ End0
F(Y).

Lemma 4.2 Let g ∈ Gλ ,Y,rs be a regular semi-simple element such that zg is topologi-
cally nilpotent. Then, as closed formal subschemes of Mλ ,

I(g) = N ∩Z(zg).

Furthermore, writing zg = ( πε w
w ) as in (4.2), there is the following identity of closed

formal subschemes of N:

N ∩Z(zg) = Z(w).

Proof The first identity is a special case of Proposition 4.23 (2) from [11] which we
may apply because zg is topologically nilpotent by assumption. The second identity
follows directly from the definitions of Z(zg) and Z(w). ∎

Corollary 4.3 Part (3) of Theorem 2.11 holds.

Proof Let g ∈ G1/2,Y,rs be an element whose invariant has the property that
π−nInv(g; πT) lies in T n + πOF[T]. We need to construct an element g̃ ∈ G0,Y,rs such
that both Inv(g̃ , T) = π−nInv(g , πT) and Int(g) = Int(g̃).

Given g, we define g̃ ∈ D0,Y by the following relation:

g = (x πy
y x ) and g̃ ∶= (x y

y x) .

Since g is regular semi-simple, g+ = ( x
x ) and g− = ( π y

y )are both invertible. Then
g̃+ = g+ and g̃− = ( y

y ) are invertible as well. The assumption on Inv(g; T) implies
that Inv(g; π) ≠ 0, so g̃ lies in G0,Y and has invariant polynomial

Inv(g̃; T) = π−nInv(g; πT).

This polynomial is separable by assumption on g, so g̃ is regular semi-simple. More-
over, z2

g̃ is topologically nilpotent since Inv(g̃; T) ≡ T n modulo πOF[T]. We may now
apply Lemma 4.2 twice to see that

I(g̃) = N ∩M0 Z (( y
y ))

= Z(y)
= N ∩M1/2 Z (( π y

y ))
= I(g).

(4.3)

Note that z2
g = πz2

g̃ , so the two F-algebras Lg = F[z2
g] and L g̃ = F[z2

g̃] agree as subalge-
bras of CY. The isomorphism in (4.3) is then equivariant with respect to the action of
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L×g = L×g̃ . Choosing the same subgroup Γ ⊂ L×g = L×g̃ in the definition of the intersection
number (Definition 2.5), we obtain Γ/I(g) = Γ/I(g̃) and hence the identity

Int(g) = Int(g̃),

as was to be shown. ∎

4.2 Factorization of Int(g)

Recall that Y = Y
○ ×Y

et and X = X
○ ×X

et denote the connected-étale decomposi-
tions of Y and X. We define RZ spaces N○, Net, M○λ , and Met

λ in complete analogy to
our definitions of N and M in (2.9), (2.10), but using the objects Y○, Yet, X○ and X

et

instead of Y and X. For g = (g○, get) ∈ Gλ ,Y,rs, we can then also define

I(g○) ∶= N○ ∩ g○(N○) and I(get) ∶= Net ∩ get(Net),

where the intersections happen on M○λ and Met
λ .

Lemma 4.4 The set I(g)(F) has the product structure

I(g)(F) = I(g○)(F) × I(get)(F).(4.4)

Proof Every strict OF -module over F is, in a unique way, the product of its identity
connected component and its maximal étale quotient. This decomposition is functo-
rial in all respects, giving (4.4) from definitions. ∎

Lemma 4.5 Let g ∈ G1/2,Y,rs be regular semi-simple and such that I(g) ≠ ∅. Then z2
g/π

is integral over OF .

Proof By the product structure on I(g)(F) from Lemma 4.4, I(g) being nonempty
implies that both I(g○) and I(get) are nonempty. Since Y

○ has no étale factor by
definition, Proposition 4.23 (1) of [11] applies and states that z○g is topologically
nilpotent. Then I(g○) = N○ ∩Z(z○g) by Lemma 4.2. Writing g = ( x π y

y x ) as in (4.1)
(here we used that we consider the case λ = 1/2), we obtain from

z○g = ( πw○
w○ ) , w = x−1 y,(4.5)

that I(g○) = Z(w○) where the right hand side is a closed formal subscheme ofN. Thus
I(g○) ≠ ∅ implies that w○ is integral. Since (z○g)2/π = (w○)2, this shows that (z○g)2/π
is integral as claimed.

It is left to prove that (zet
g )2/π is integral. Passing fromY

et andX
et to Tate modules,

we may identify I(get)(F)with the setL(ϖ−1zet
g ) from Definition 3.8. By Lemma 3.10,

this set being nonempty implies (zet
g )2/π integral. The proof is now complete. ∎

Lemma 4.6 Let g○ ∈ G○1/2,Y,rs be a regular semi-simple element such that (z○g)2/π is
integral. Then (z○g)2/π is even topologically nilpotent.

Proof We consider the two cases n○ even or odd separately. Assume first that n○ is
even. Then D○1/2,Y is a CDA over F of degree 2n○ and Hasse invariant (n○ + 1)/2n○.
Thus L○g is a field extension of degree n○ of F. As E ⊗F L○g embeds into D○1/2,Y, this
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tensor product has to be a field, so the inertia degree of Lg over F is odd. This implies
that its ramification index is even. Moreover, B○g embeds into D○1/2,Y and is hence a
division algebra. It follows that (z○g)2 ∈ (L○g)× is not a norm from E ⊗F L○g and hence
has odd valuation. Since the ramification index is even, (z○g)2/π has odd valuation as
well. So (z○g)2/π ∈ O×L○g is impossible as was to be shown.

Now we consider the case that n○ is odd. Then D1/2,Y ≅ M2(Q) where Q is a CDA
over F of degree n○ and Hasse invariant (n○ + 1)/2n○. The étale F-algebra L○g , which
has degree n○, again has to be a field because there cannot exist an embedding Lg →
M2(Q) otherwise. (This argument used that n○ is odd.) Then one obtains that B○g ≅
M2(L○g) because it equals the centralizer of L○g in M2(Q). This means that (z○g)2 ∈ L○g is
a norm from E ⊗F L○g , which is equivalent to (z○g)2 having even valuation. The degree
[L○g ∶ F] is odd, so it follows that (z○g)2/π has odd valuation and thus cannot lie in O×L○g
as was to be shown. ∎

Construction 4.7 Assume that g = (g○, get) ∈ G1/2,Y,rs satisfies that z2
g/π is integral.

By Lemma 4.6, (z○g)2/π is even topologically nilpotent. Let R = OF[z2
g/π] ⊂ CY be

the OF -algebra generated by z2
g/π. Using Hensel’s Lemma as in Lemma 3.5, there

is a unique factorization R = R0 × R1 such that, when writing z2
g/π = (ζ0 , ζ1), the

component ζ0 is topologically nilpotent and ζ1 ∈ R×1 . Since (z○g)2/π is topologically
nilpotent, the projection R → R1 factors through the projection map

F[z2
g/π] = F[(z○g)2/π] × F[(zet

g )2/π] �→ F[(zet
g )2/π].

Let Y = Y0 ×Y1 be the decomposition of Y up to isogeny with respect to the idempo-
tents defining R = R0 × R1. By what was just said,Y1 is an étale π-divisible OE -module.
The centralizer in G1/2,Y,rs of the idempotent (1, 0) ∈ R is thus of the form J0 × J1 with

J0 = G1/2,Y0 and J1 = G1/2,Y1 ≅ GLn1(B).

Here, n1 is the OE -height of Y1. Let (g0 , g1) ∈ J0,rs × J1,rs be a pair of regular semi-
simple elements such that HY(g0 , g1)HY = HYgHY. Such a pair exists: For example,
after an HY-translation, we may assume that g = 1 + zg in which case g commutes with
zg . Then g itself lies in J0 × J1.

Proposition 4.8 Assume g ∈ G1/2,Y,rs is such that z2
g/π is integral over OF . Let

(g0 , g1) ∈ J0,rs × J1,rs be as in Construction 4.7. Then the intersection number of g
factors as

Int(g) = Int(g0)Orb(g1 , 1GLn1 (OB)).(4.6)

Proof All three quantities in (4.6) only depend on the invariants of the three
elements g, g0 and g1. So we may assume that, g has the form ( 1 π y

y 1 ). By Lemma 4.2,

I(g) = N ∩Z (( π y
y )) = Z(y),

where Z(y) ⊂ N is the subspace of all (Y , ι, ρ) such that ρyρ−1 ∈ End(Y). Moreover,
since y2 = z2

g/π, the ring R in Construction 4.7 agrees with OF[y2]. Using its idempo-
tents, every (Y , ι, ρ) ∈ Z(y) factors as (Y0 , ι0 , ρ0) × (Y1 , ι1 , ρ1) where the two triples
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lie in I(g0) and I(g1). Furthermore, we may choose Γ ⊂ L×g = F[πy2]× as Γ = Γ0 × Γ1

with Γi ⊂ F[z2
g i
]×. In this way, we obtain the factorization

Γ/I(g) ≅ (Γ0/I(g0)) ×Spf O F̆
(Γ1/I(g1)).(4.7)

Since Y1 is an étale π-divisible OE-module, I(g1) is étale over Spf OF̆ . Moreover,
passing to Tate modules, I(g1)(F) may be identified with the setL(ϖ−1zg1) from Def-
inition 3.8. The formal scheme Γ1/I(g1) is then a disjoint union of Orb(g1 , 1GLn1 (OB))
many copies of Spf OF̆ . Thus (4.6) follows from (4.7). ∎

4.3 Proof of Theorem 2.9

Proof of Theorem 2.9 (Vanishing Part) Let γ ∈ G′rs be regular semi-simple with
invariant δ = Inv(γ). We claim that there exists a strict OE-module Y over F and a
matching element g ∈ G1/2,Y,rs if and only if ord1/2(δ) = 1. Indeed, this condition is by
definition equivalent to

Lδ ≅ L0 × L1 , Bδ ≅ (B1/2 ⊗F L0) × B1 ,(4.8)

where L0 is an étale F-algebra, L1 a field extension of F, and B1/L1 the quaternion
algebra that is not isomorphic to B1/2 ⊗F L1. Assuming this condition is met, let Y be
the unique strict OE -module such that n○ = [L1 ∶ F] and net = [L0 ∶ F]. Then

D1/2,Y ≅ M[L0 ∶F](B) × D○1/2,Y .(4.9)

Here, D○ ∶= D○1/2,Y is a CSA of degree 2n○ with Hasse invariant (n○ + 1)/2n○. There
are two cases: If n○ is even, then B1 and D○ are both division algebras. If n○ is odd,
then B1 = M2(L1) and D○ is the ring of (2 × 2)-matrices over a CDA. In both cases,
there exists an F-algebra embedding B1 → D○ and hence an F-algebra embedding
Bδ → D1/2,Y. By Corollary 2.8 (2) of [11], resp. its extension to semi-simple F-algebras,
this is equivalent to the existence of an element g ∈ G1/2,Y,rs with Inv(g; T) = δ(T).

Conversely, assume that there exists an embedding β ∶ Bδ → D1/2,Y where D1/2,Y
is as in (4.9). Then β(Bδ) agrees with the centralizer of β(Lδ) for dimension reasons,
see Proposition 2.6 (3) of [11], which implies that Bδ takes the form in (4.8), and hence
that ord1/2(δ) = 1. This finishes the prove of our claim.

The vanishing statement is now obtained as follows. Assume there is no Y with
matching g ∈ G1/2,Y,rs. By the claim, this means ord1/2(δ) = 0 or ord1/2(δ) ≥ 2. In the
first case, we apply the functional equation

Orb(γ, f ′1/2 ,−s) = ε1/2(γ)Orb(γ, f ′1/2 , s),

from (2.17). The sign ε1/2(γ) can be seen to equal (−1)ord1/2(δ). Thus ∂Orb(γ, f ′1/2) =
0 if ord1/2(δ) = 0. In the second case, the vanishing of ∂Orb(γ, f ′1/2) is implied by
Corollary 3.14. ∎

Proof of Theorem 2.9 (Reduction to the linear AFL) Fix Y and a regular semi-
simple element g ∈ G1/2,Y,rs. Let γ ∈ G′rs be a matching element. Assuming the linear
AFL for all strict OE -modules with the same connected height n○, we need to see that

∂Orb(γ, f ′1/2) = 2 Int(g) log(q).(4.10)
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The condition that γ and g match is by definition equivalent to assuming that z2
γ and

z2
g have the same characteristic polynomial. Thus, z2

γ/π is integral if and only if z2
g/π

is integral. By Corollary 3.4 and by Lemma 4.5, both sides of (4.10) vanish if these
elements are not integral. So from now on we assume that z2

g/π and z2
γ/π are integral.

We may assume that γ and g take the form γ = 1 + zγ and g = 1 + zg . Let γ =
(γ0 , γ1) and g = (g0 , g1) be the components of γ and g such that z2

γ0
/π and z2

g0
/π are

topologically nilpotent, and z2
γ1
/π and z2

g1
/π integrally invertible. Then γ0 matches g0

and γ1 matches g1.
We write f ′1/2,n0

and f ′1/2,n1
for the Parahoric test functions on GL2n0(F) and

GL2n1(F). By Lemma 3.7, ∂Orb(γ1 , f ′1/2,n1
) = 0. By Corollary 3.6, we hence obtain that

∂Orb(γ, f ′1/2) = ∂Orb(γ0 , f ′1/2,n0
)Orb(γ1 , f ′1/2,n1

).(4.11)

By Proposition 4.8, we also have the factorization

Int(g) = Int(g0)Orb(g1 , 1GLn1 (OB)).(4.12)

By the fundamental lemma (Theorem 2.7),

Orb(γ1 , f ′1/2,n1
) = Orb(g1 , 1GLn1 (OB)).

Thus, Identity (4.10) follows if we can prove

∂Orb(γ0 , f ′1/2,n0
) = 2 Int(g0) log(q).

Since z2
γ0
/π and z2

g0
/π are topologically nilpotent, by Theorem 2.11, there are two

elements γ̃0 ∈ GL2n0(F)rs and g̃0 ∈ G0,Y0 ,rs such that

∂Orb(γ̃0 , 1GL2n0 (OF)) = ∂Orb(γ0 , f ′1/2,n0
) and Int(g̃0) = Int(g0).

The linear AFL for Y0, whose connected part has height n○, precisely states that

∂Orb(γ̃0 , 1GL2n0 (OF)) = 2 Int(g̃0) log(q),

and the proof is complete. ∎
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