Some polygon area theorems
JOHN R. SILVESTER

1 Introduction

Figure 1 shows an arbitrary triangle Z,Z,Z;, the base triangle, with
similar isosceles triangles Z,Z,V1, Z,Z5V, and Z3Z,V; drawn outwards on the
respective sides Z,Z,, Z,Z3 and Z;Z;, all with base angles (the angles at Z;,
Z, and Z3) equal to a. We call AV V,V; the outer a-triangle of AZ\Z,Z.
Note that, if AZ,Z,Z; is positively oriented (that is, if the labels go around
the triangle in anticlockwise order), then so is AV V,V3, but the triangles
Z\2,Vy, Z,Z5V, and Z;Z,V; are negatively oriented (that is, the labels go
around the triangle in clockwise order).

Vs Z3

V2

Z;

Vi
FIGURE 1
Next, Figure 2 shows similar isosceles triangles Z,Z,W;, Z,Z;W, and
Z3Z,W3 drawn inwards on the respective sides Z,Z,, Z,Z3 and Z;Z,, also all
with base angles a. We call AW, W,W; the inner a-triangle of AZ,Z,Z5. This

time, if AZ,Z,Z; is positively oriented, then so are the triangles Z,Z,W|,
ZzZ3W2 and Z3ZIW3, but AW1W2W3 may be (1) pOSitiVCly or (11)

£ Z3 Z3

s\ W,

1 ) V4 1 Zz 7 ZZ
@ (ii) (iid)
FIGURE 2
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negatively oriented, or (iii) may even degenerate into three collinear points,
as shown in Figure 2.

More generally, given an n-gon ZZ,... Z,, if similar negatively
oriented isosceles triangles Z;Z; , {V; and similar positively oriented isosceles
triangles Z;Z; . {W;, i = 1, ..., n (subscripts modulo n) are drawn, all 2n
triangles having the same base angles (the angles at the Z;) equal to «, then
we call ViV,... V, and W W,... W, the outer and inner a-polygons of
Z1Z,... Z,, respectively. See Figure 3, where we have drawn the case
n = 4, and see also sections 3 and 4, below. But note that the terms inner
and outer only have their intuitive meanings if Z,Z,... Z, is a simple,
positively oriented polygon. If it is a crossed polygon then it doesn't have an
inside or an outside; see Figure 4, where we have drawn a crossed 9-gon
with the negatively oriented triangles Z;Z; . \V;,i = 1, ..., 9.

FIGURE 3

In the case n = 3 and a = %, the V; and W; are the centres of
equilateral triangles drawn on the sides of AZ,Z,Z;, and Napoleon's theorem
says that the triangles V,V,V; and W ;W,W; are themselves equilateral; they
are respectively the outer and inner Napoleon triangles of AZ,Z,Z;.
See [1, pp. 63-65], where it is also shown that the outer and inner Napoleon
triangles differ in area by the area of the base triangle. It is this last result
that we shall now generalise, (i) to arbitrary «, (ii) to quadrilaterals, and then
(iii) to n-gons with n > 5, but in this case only fora = %.
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Vs

FIGURE 4

2 Triangles

We work in the complex plane, and adopt the convention that complex
numbers a, b.... correspond to points labelled A, B, ....

Suppose AABC is positively oriented and isosceles. Specifically, let the
angles at A and B both be equal to a. Then ¢ — 3(a + b) = 4(b - a)itana, or
¢ = ia + ub,whereu = (1 + i tana).

Now the signed area of AZ\Z,Z;, which we write as (2,2,75], is given
by 3/ (z1, 22, z3), where

z; 71 1
fGn2,23) = |z, 7, 1
z3 z3 1
See [2, proposition 5]. Here [Z,Z,Z5] is positive or negative according as

ANZ,Z,Z5 is positively or negatively oriented, respectively. Then, for
AV V,Vs,
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uzy + uz, uz; + uzy 1
FOL Ve, va) = | uzy + uzy uzy + uzz 1

uzy + uzy uzz; + uz 1

Z1 le Z1 221 Zy le Zy 221
=M1422221+M222_31+M23221+MM232_31

z3 73 1 23 71 1 71 z3 1 z1 71 1

z; 71 1 z zp 1 z, 71 1
=2UMZZ?21+M 22;314‘14 zz3 zp 1

Z3 Z31 Z3 211 Z1 Z31

Now w; is obtained from v; merely by changing u to &, and so, for
AW W, W3,

Z Z]l Z 221 Zy Z]l

f(wi, wy, ws) = 2uu 2y 0z, 1|t U |z 23 1|+ U |z 2, 1

zz z3 1 z3 z; 1 z; z3 1
Then
Z1 Zj 1 Z1 Ip 1 Zy I 1
Zy Zp 1]+ Zp Z3 1]+ Z3 Zp 1

z3 z3 1 z3 71 1 z; z3 1

21211 21221 zZ Z31

Z3 Z31 Z3 le 23221

Zp Z1 + 25 +z3 1

Z3 Z1+22+Z31
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Z1 11

(z1+zm+2z)z 11
2311

=0,

whence

FOLvava) + fow +wy +wy) = (un - - @)f (21, 22, 73).
Multiplying through by i, and substituting u = 1 (1 + i tana), we obtain:
Theorem 1: [V\V,V3] + [W\W,W3] = 1[Z,Z,Z5], where A = 1 (1 + 3 tan?a).

If o = Z,then A = 1, and this, after taking account of the signs, is [1,
p. 64, theorem 3.38]. Other notable cases are @ = %, when 4 = 2 and
a = %, whenl = 5.

As noted above, if [ZlZ 223]] > 0, then also [V1V2V3] > 0. So now we
investigate the sign of [W1W2W3 . Choose axes sothatz; = —landz, = 1,
and put z; = z, where, since AZ,Z,Z; is positively oriented, the imaginary
part of z must be positive. Then

—u+u —u+ul

fw, wyws) = |t +uz u+ iz 1

uz —u uz—u 1
1 -11 -1 1 1 1 1 1 -1 -1 1
=Wz 1 1|+@|1 z 1|+uwur|z 7 1|+ui|1 1 1
-1 z 1 z -1 1 -1 -1 1 z z 1

=MZ(ZZ+Z—Z+3)+L_12(—Z§+Z—Z—3)+4uﬂ(—z+2)

(i = i)z +3) + (0 = dun + @) (z - 2).

Putt = tana,sothatu = (1 + it). Thenu* — @* = it, and

W — dun + @ = —5(3% + 1).
So
2
1
f(WI’WZ’W3)=l'tZZ+i3t2-: (2—2)4_3

, (( (32 + 1 ( ,(3# +1 (3# - 1)2)
= 1tllz —1 zZ+1 - .
2t 2t 2t
Multiplying by 4i, we obtain:
Theorem 2.
(32 = 1\ 32 4+ 1\
] = 42 - - )
waws] = 2|7 "\
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Now, fixing a, we may regard [W;W,W5] as a function of z. As such, the

1% . . . . 2 . 2 _
critical circle for Zs is the circle, centre i (¥5+1), radius |*57-1|. Then:

Corollary 1: The level curves of [W,W,W;] are circles concentric with the
critical circle.

Corollary 2: [W,W,W] is (i) positive, (i) negative or (iii) zero when z is
respectively (i) inside, (ii) outside or (iii) on the critical circle.

For example, when o = 7 thent = 1, so the critical circle is |z - 21 = 1.
See Figure 5.

Z3 Z3

W,
Ws W

Z ' 7,
@ (i) (iii)
FIGURE 5
Note that if Z5 is inside/outside/on its critical circle, then also Z; and Z,
must be respectively inside/outside/on their critical circles. See Figure 6,

where we have drawn the case r = 0.8, with all three Z; on their critical
circles.

FIGURE 6
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The case a = ¥ is special, in that the radius of the critical circle is zero,
so it is reduced to the point i\/3, and if z is at this critical point then AZ,Z,Z5
is  equilateral, and, wuniquely, W; = W, = W3; but otherwise
[W1W2W3] < 0,so

vivavi]| = [[WowaWs] | = [[212,23] |,

which is [1, p. 64, theorem 3.38].

The next two results will be needed in Section 5. They are special for
thecasea = 7:
Theorem 3: When a = %, we have [W1V2V3] + [V1W2W3] = 0. (See
Figure 7.)

FIGURE 7

Proof: We must show that f (w1, va, v3) + f(v1, wa, w3) = 0, i.e.,

Uz + uzy uzy + uz, 1 uzy + Uzy uz, + uz, 1
Uzy + Uzz Uz, + Uz 1]+ Uzy + uUzz Uz, + Uz 1] = O,
uzs + Wzy uzz + uz; 1 Hzz + uzy uzz + uz; 1

where u = 1 (1 + i). Now, taking the u-terms from the first column and the
n-terms from the second column of the first determinant above, we get
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Zy Zp 1
uii| zo Z» 1|, which is zero; and similar calculations show that all the
z3 z3 1
ui -terms vanish. Then taking the u-terms from the first and second columns
2, Z1 1

of the first determinant gives u*| z, Z3 1|, and this cancels with the &*-

Z3 le

2 =2

terms from the second determinant, since u~ + u~ = 0. Similarly, the -
terms from the first determinant cancel with the #’-terms from the second,
and the proof is complete.

The reader might like to give a second proof of this result by usin
rotations about Z; and Z, to show that |V1Wj3 = |W1V3, |V1W3| = |W1V2ﬁ
and ZV,W V5 + ZW3V W, = m, so that the result follows by use of the
formula 1ab sin C. (In fact even more is true, namely that V;W;Z;W, and
V2Z3V;W, are congruent parallelograms, related by a quarter-turn about the
midpoint of Z,Z3.)

So now suppose we have an extra point Zj, and isosceles triangles
ZoZ\Vy (negatively oriented) and Z,ZoW, (positively oriented), both with
baseangles 7. See Figure 8.

FIGURE 8
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Theorem 4: When o = %, we have [VoV\Ws] + [WoW V3] = [2,2,Z3].
Proof: We must show that f(vo, Vi, w3) + f(wo, w1, v3) = f(zl, Zy, 23).
The LHS of this is

uzg + DZI ITIZO + L{El 1 uz; + ITIZ() 1271 + HZO 1

uzy + Uz, Uz; + Uz 1]+ Uz, + Uzy Uz, + Uz 1 y

uz; + ZT{Z3 1_471 + MZ3 1 uzz + 1_421 1773 + l/lfl 1

where u = 3(1 + i). Now taking the u-terms from the first and second
) 71 1
columns of the first determinant gives u*| z; Z, 1|, and this cancels with

Z1 231

2 2

the *-terms from the second determinant, since u> + #> = 0. Similarly, the

i’-terms from the first determinant cancel with the u’-terms from the

second. Then taking the u-terms from the first column and the zi-terms from
Zo Zo 1

the second column of the first determinant gives uiz| z; Z; 1 |, which is
Z1 Z1 1

zero, and similarly for the uii-terms from the #i-terms of the first column and

the u-terms of the second column of the second determinant. Finally, the

remaining uii-terms from the first and second determinants each give

Z1 Z1 1
un = |z Z» 1 |;butun = %, so the proof is complete.

Z3 231

3 Quadrilaterals

We are now going to extend the above results to quadrilaterals. First, the
area [Z 1Z223Z4] of either a convex or a re-entrant quadrilateral Z,Z,Z5Z, is
given by [Z,Z2,Z5] + [Z12:Z4], and we take this as the definition for a
crossed quadrilateral also. Then

Z1 El 1 Z1 El 1
f(Zl»Zz, z3) +f(Z1723,Z4) =z Zp 1|+|z3 Z3 1
Z3 Z3 1 Z4 Zg 1

= 212y + 2pZ3 + Z3Z4 + Z4Z| — ZpZ| — Z3Zp — Z423 — Z|Z4-

By cyclic permutation of subscripts, this is the same as
f (22, z3, 24) + f (zz, Za, zl). Now draw isosceles triangles Z,Z;,,V; and
ZZ; Wi, i =1, ..., 4 (subscripts modulo 4), the former negatively and
the latter positively oriented, and all with base angle a, on the sides of
212,757, See Figure 3 again. So v; = uz; + #z;, and w; = iz; + uz;,q,
where, as before,u = (1 + ia)anda = tana.
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In order to work out [Vl V2V3V4] + [W1W2W3W4] , we must evaluate

FOnva, vs) + Fvn v, va) + £ (Wi wa, ws) + F(wi, wa, wa), (1)
which is quite horrendous; so we attack it piecemeal. So,
uzy + Uz, uzZ; + uz, 1
Fi, va, v3) = |uzy + fizy Uz + uzz 1|,
uzz + zq Uuzz + uzg 1
which has terms in 2, #* and uii. The terms in u? are
Z1 Zp 1
2 = 20 = - - - _ _
ulzm z3 1| = u (2123 + ZpZ4 + Z3Zp — Z1Z4 — ZZp — Z323).
Z3 Z4 1

Similar calculations for f (v1, v3, va), f (w1, wy, w3) and f (wy, ws, wa) yield,
respectively,

2 - - - - - —

u (2124 + 2321 + Z4Zp — 212y — Z3Zp — Z4Z4),
2 - - - - - —

u (2222 + Z3Z3 + Z4Z1 — ZpZ3 — Z3Z] — Z4Zz),

2 — - — - — -
u (2223 + Z4Z4 + Z1Zy — ZoZy — Z4Z1 — Z]Z3)
Adding these last four expressions gives zero, so there are no terms in #* in

(1), and a similar calculation shows there are no terms in & either. So now
we need to calculate the terms in uii. For f (vy, v», v3) we have

Z Zl 1 Zy 22 1
uit|| zo z» 1]+ Z3 I3 1

Z3 731 Z4 741

= Ul (2122 + 2223 + 2321 + 2223 + 2324 + 242 — 2123 — 2771 — 2322 — ZpZ4 — 2322 - 2473),

and the calculation for f(wy, wy, ws) yields the same result. A similar
calculation for f (vl, V3, v4) gives

Lll_l(21§3 + 2324 + Z4Z) + ZpZ4 + Z4Z| + Z1Z) — Z1Z4 — Z3Z) — Z4Z3 — ZpZ| — Z4Zp — 2124),

and the calculation for f (wy, w3, wy) yields the same result. Adding up, we
obtain

FOivay va) + f (01, va, va) + f (Wi, wa, wa) + F(wi, wa, wa)
= 4dun (2172 + ZpZ3 + Z3Zg4 + Z4Zy — ZpZ] — Z3Zp — Z423 — 2124).

Multiplying through by 4i and substituting u = (1 + i tan a), we obtain:
Theorem 7T:

[ViVaVaVi] + [WiWaWsWi] = u(2,2,2:2,) .
whereu = 1 + tan’a.
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(Compare Theorem 1, above.) Once again, notable cases are o = %
whenu = %0 = Fwhenu = 2;anda = Zwheny = 4.

We now investigate the signs of these areas. Certainly, if Z,2,Z37Z, is
convex and positively oriented, then V,V,V;V, is also positively oriented.
See Figure 3 once more. But the same does not necessarily hold for
W W,WsW,. Choose axes so that Z; and Z; are on the real axis and Z, is on
the imaginary axis. So let z; = a, z3 = b, z = ic and z4 = z, where
a; b, c € R. Then w; = iuc + na, wy = ub + iic, w3 = uz + ub, and
w4 = ua + nz.So

f(Wl’ Wa, W3) + f(Wl, Wi, W4)

iuc + na —iuc + ua 1 iuc + wa —ic + ua 1
= \ub +iuc ab —iuc 1|+ |uz+ub uz+ub 1
uz +ub uz +ub 1 ua + uz na + uz 1

(i - )z - diz-32) +e
where d = 2uii(b — a) — ic(u*> — #*) and

e = ((b - a)2 + cz) (u2 - L‘tz) + 4dic(b — a)ui.
Now u = }(1 + it), wheret = tana,sou® — @* = it. So

LW, wy, ws) + f(wi, wa, wy) = itzz —d(z—2) + e

= it(zz + ir'd(z - 2) — it''e)
=it((z-ir'd)z+ir'd) - it?d* — it 'ed).

Then, after some work, it”'d = i(“#1)(b — a) + ic and

22 . = 1\ 2
t°d + it e = )(b—a).
2t

Puttingk = b — a = |Z,Z;| and multiplying by i we obtain:
Theorem 6:

2
{).
4

Now, fixing a, this time we regard [W,W,W;W,] as a function of z. As such,
the critical circle for [W1W2W3W4] is the circle, centre w + ic, radius
|%;1)| Then:
Corollary 3: The level curves of [Wl W2W3W4] are circles concentric with the
critical circle.

k2—12 ik (12 1
] = L[(EEZDf |, ke ey

Corollary 4: [Wl W2W3W4] is (i) positive, (ii) negative, or (iii) zero when z is
respectively (i) inside, (ii) outside, or (iii) on the critical circle. See Figure 9.
This time the special case is when a = %, so that # = 1 and the critical circle
has zero radius, and is the point ik + ic. So if Z = Z, is at this point, then the
diagonals Z,Z; and Z,Z, are equal and orthogonal, and [W1W2W3W4] = 0.
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Further, in this case,

wi=ws=3(1-i)(a—-c),and w, =wy=1(1 +i)(b+c).
See Figure 10. And, if Z is not at the critical point, then [W,W,W;W,] < 0,
and so when o = % we have

[Vivavsvi]| = ([[WwaWsW]| = 21[2,2,2:24]] .

FIGURE 9
Zy

LN

2

FIGURE 10

4 n-gons

In this section we are going to extend Theorems 1 and 5 to n-gons, but
this seems to be possible only in the case @ = %. So, given an n-gon
Z1Z,... Z,, we erect right-angled isosceles triangles Z,Z,Vy, ..., Z,Z,V,
(negatively oriented) and Z,Z,W, ... , Z,Z,W, (positively oriented) on its
sides, so that Z,V,Z,W, ... , Z,V,Z\W, are squares. See Figure 11, where
we have drawn an example with n = 8. Then we shall prove the following.

Theorem 7: [Vi\Va... Vy] + [WiWs... W,] = 2[Z2,2,... Z,].
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The general proof is below, but there is an easy proof in a special case.
Suppose Z,Z,... Z, is a simple polygon, i.e. it has no self-intersections; and
suppose, further, that its internal angles are all between % and %, so that
ViV,... V, and W W,... W, are also simple polygons, with W;W,... W,
inside Z,Z,... Z, and Z,Z,... Z, inside V|V,... V,. See Figure 11 again.
Here the squares Z,V,Z,W,, Z,V,Z5W,, ... have their areas bisected by the
segments ZZ,, Z,Zs, ..., and the shaded triangles meeting at Z; have equal
area, likewise those meeting at Z,, and so on. This is because their angles,
where they meet at Z;, are supplementary, so have the same sine, and their
sides that meet at Z; are equal in pairs, being sides of the same squares. So
their areas are equal, by use of the formula 1ab sin C. Thus the area of the
region inside V|V,... V, but outside Z,Z,... Z, is equal to the area inside
Z\Z,... Z, but outside W W,... W,, whence the result. But in the case of
self-intersecting polygons, it is more complicated, so we resort to algebra.

FIGURE 11

First, we need an expression for the area [lez... Z,,] of the n-gon
Z\Z,... Z,. Now,

f(Zl, 2, 273) = (217 — 217) + (273 — %az3) + (2371 — Z371)

f(O, Z1, 22) + f(o» Z2, 23) + f(o’ Z3, Zl)-
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Consequently
f(Zl, 22, 23) + f(Zl» 23, 24)
= (f(oa 21922) +f(0’ 2, Z3) +f(07 Z3, Zl)) + (f(O, 21’23) +f(07 Z3, Z4) +f(09 Za, Zl))

= f(()? Z1, 22) +f(09 22, 23) +f(0’ z3, Z4) +f(07 Z4, Zl)’
and, more generally,

f(Zl’ 2, 23) + f(Zl, Z3, Z4) +... +f(21, Zn-1, Zn)

= £(0, z;, ) + (0, 23, z3) +... +f (0, z,_1, z,) + £(0, z,, 1),
which is invariant under the cyclic permutation (12 ... n) of subscripts. So
if we define

(22,... )] = [2.2.Z:] + [2.2:2] +... +[2.2,..2,],

then this too is invariant under the same permutation of subscripts. Note also
that, if O is the origin, then

(2.2,... 2,] = [02,2,] + [02,Z5) +... +[0Z,_.Z,] + [0Z,Z] .

This definition of area, while obviously correct for convex polygons,
can produce unexpected results for self-intersecting polygons. If a star
pentagon is drawn in Geometer’s Sketchpad, for example, and the program
is asked to construct the pentagon interior, it shades the five small triangles
but not the central pentagonal area, as shown in Figure 12(i). But if asked to
measure the area, it produces the sum of the areas of the five small triangles
plus (surprisingly) twice the unshaded pentagonal area. However, as we
shall leave the reader to verify, this is the correct answer according the
above formule!—apart maybe from sign, as Sketchpad areas are always
positive. The reader might also like to try predicting the result for the star
heptagon, Figure 12(ii), before working it out.

(i) (i)

FIGURE 12
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Proof of Theorem 7: The cases n = 3 and 4 follow from Theorems 1 and 5.
So now we assume the result is true for some n > 4 and use induction.
Introduce an extra point Z,,; and extra right-angled isosceles triangles
2,2 \Viny Zn i\ Z\Vyi1, 2,2, Wy, and Z,, .\ ZW, .. See Figure 13. We
must show that
(ViVo.. Voo ViVe ] + [WW o W, WiW ] = 2[212,... Z,.1].
Now
ViV v Vivial = [Vive Vi + ViV, vivial,
and
[WiWo... Wy WiWiA] = [WiWa W] + [WiW, W, WiW,, ],
and of course
(22.... 2,.1] = [22,... 2] + [2:2,Z,.\].
We know
ViV, V)] + [WiW,... W,] = 2(2.2,... Z,]
by the inductive hypothesis, so we need to show that
VvV, wvivial + (www, o wiws ] = 2(22.2,.]. @

Now, comparing Figure 13 with Figure 8, we see that if we apply
Theorem 4 to AZZ,Z, . | with extra point Z,, we get

[Wwwil + vvivial = [2i2,2,.],
and if we apply it to AZ,Z,Z, . ; with extra point Z,, _ |, we get

(W,-Ww:] + [V, vvi] = [2.212,.1].
These last two equations can be rewritten as

(Vv il + [WW; . wi]

2.2,Z,.1], 3)
and
Vv, vi] + [ww,_ Wi = [2.2.2,.1]. )

Then, comparing Figure 13 with Figure 7, we see that if we apply
Theorem 3 to AZ\Z,Z, . 1, We get

[V.Vivial + [WWw,.] = o. ®)
But
ViV Vil + [VVivia] + Vv v = [V, Vv vil

ViV, Vv,
and

(Ww,_ W] + [Wwiw,.\] + [Ww;, W]

(WW, _ WiW;, W]

(WiW,W, . Wiw,, ],
so adding equations (3), (4) and (5) yields (2), and the proof is complete.

https://doi.org/10.1017/mag.2025.10124 Published online by Cambridge University Press


https://doi.org/10.1017/mag.2025.10124

448 THE MATHEMATICAL GAZETTE

FIGURE 13
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