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Abstract

Given a collection D ={D,, D,, . .., D, } of digraphs on the common vertex set V, an m-edge digraph H
with vertices in V is transversal in D if there exists a bijection ¢ : E(H) — [m] such that e € E(D,,) for all
e € E(H). Ghouila-Houri proved that any n-vertex digraph with minimum semi-degree at least & contains a
directed Hamilton cycle. In this paper, we provide a transversal generalisation of Ghouila-Houri’s theorem,
thereby solving a problem proposed by Chakraborti, Kim, Lee, and Seo. Our proof utilises the absorption
method for transversals, the regularity method for digraph collections, as well as the transversal blow-up
lemma and the related machinery. As an application, when # is sufficiently large, our result implies the
transversal version of Dirac’s theorem, which was proved by Joos and Kim.
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1. Introduction

A transversal X over a collection F = {Fi, ..., F,} of objects represents an object that inter-
sects every F;. Here, the object can be any mathematical object, such as sets, spaces, set systems,
matroids, and so forth. Several classical theorems, which guarantee the existence of certain objects,
have been restated in the context of transversals, illustrating the feasibility or infeasibility of
obtaining such an object as a transversal over a certain collection. To name a few, transversals
are extensively studied for Carathéodory’s theorem [4], Helly’s theorem [22], Erdés-Ko-Rado
theorem [2], Rota’s basis conjecture [20, 24], and others.

Following this trend, there has been ample research studying transversal generalisations of
classical results in graph theory. These generalisations are not only interesting in their own
right but also often provide a strengthening of the original results, reflecting the robustness of
graph properties to some extent. Transversals over a collection of graphs have been implicitly
used in the literature under the name of rainbow colouring and explicitly defined in [21] as
follows.

Definition 1.1. For a given collection G ={Gu, ..., Gm} of graphs/hypergraphs/digraphs with the
same vertex set V, an m-edge graph/hypergraph/digraph H with vertices in V is transversal in G if
there exists a bijection ¢ : E(H) — [m] such that e € E(Gy()) for all e € E(H).

By interpreting each G; as the set of edges coloured with colour i, the function ¢ is often referred
to as a colouring. We say that the colouring ¢ is rainbow if it is injective, and H is a rainbow
subgraph if there exists a rainbow colouring on it. Many classical results in extremal graph theory
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have been extended to such transversal settings, exhibiting interesting phenomena. The central
question in studying transversal generalisations can be stated as follows.

Problem A ([21]). Let H be a graph/hypergraph/digraph with m edges, G ={G1, G2, . .., Gy} be
a collection of graphs/hypergraphs/digraphs on a common vertex set of size n. Which property P
imposed on G will guarantee the existence of a transversal copy of H?

Since every object in the family G can be the same, a necessary condition for a positive answer
to the above question is that every n-vertex graph/hypergraph/digraph satistying the property P
contains a copy of H. However, this alone is not always sufficient. For example, Aharoni, DeVos,
de la Maza, Montejano, and Sdmal [1] proved that if G = {Gy, G2, G3} is a collection of graphs on
(2527

a common vertex set of size n and |E(G;)| > n?® for all i € [3], then G contains a rainbow

triangle. Moreover, the constant %ﬁ is optimal, while Mantel’s theorem states that any -

vertex graph with more than L”sz edges must contain a triangle.

In 2020, Aharoni [1] conjectured that Dirac’s theorem can be extended to a transversal ver-
sion. Cheng, Wang and Zhao [12] solved this conjecture asymptotically, and it was completely
confirmed by Joos and Kim [21].

Theorem 1.2 ([21]). Suppose G ={G1, .. ., Gy} is a collection of graphs with the same vertex set of
size n. If 8(G;) > %for alli € [n], then G contains a transversal Hamilton cycle.

There are numerous established results on transversal problems in graph collections. For more
results on transversals, we refer the reader to the survey [26].

A natural next step is to study the rainbow analogues in digraph collections. Cheng, Han, Wang
and Wang [8] studied the transversal version of Hajnal-Szemerédi theorem in digraph collections,
which asymptotically generalised the corresponding results by Czygrinow-DeBiasio-Kierstead-
Molla [15] and Treglown [30]. It is well-known that every tournament contains a Hamilton path,
and every strongly connected tournament contains a Hamilton cycle. Chakraborti, Kim, Lee and
Seo [6] proved the existence of a transversal directed Hamilton path and cycle in a family of tour-
naments. They [7] also proved that in a digraph collection consisting of tournaments, there exist
transversal Hamilton cycles of all possible orientations possibly except the consistently oriented
one. These results generalised the classical theorem of Thomason [28]. Babinski, Grzesik and
Prorok [3] studied the transversal Mantel’s theorem in digraph and oriented graph collections.
Gerbner, Grzesik, Palmer and Prorok [18] determined the minimum number of edges in each
colour which guarantees the existence of any rainbow directed star.

1.1 Main result

In this paper, we study the transversal problem in digraph collections. Let D be a digraph with
no loops and at most one edge in each direction between every pair of vertices. Denote the set
of vertices of D by V(D). Define (D) and § (D) as the minimum out-degree and in-degree of
D, respectively, and let the minimum semi-degree be 8%(D) = min 8§ (D), 5~ (D). For a collection
D ={Dy, ..., Dy} of digraphs (not necessarily distinct) on a common vertex set V, define §°(D) =
min{8°(D;) : i € [m]}.

In 1960, Ghouila-Houri [19] generalised Dirac’s theorem to digraphs.

Theorem 1.3 ([19]). For each integer n > 3, every n-vertex digraph D with 8%(D) > 2 contains a

directed Hamilton cycle.

n
2

Chakraborti, Kim, Lee, and Seo [6] suggested that it would be interesting to consider a
transversal version of Ghouila-Houri’s theorem. Our main result solves this.
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Theorem 1.4. Let n be a sufficiently large integer. Suppose D ={D;,...,Dy,} is a collection of
digraphs on a common vertex set of size n. If 8°(D) > 4, then D contains a transversal directed
Hamilton cycle.

In an undirected graph, one may replace each undirected edge by two arcs with opposite
directions. Thus, for sufficiently large n, Theorem 1.2 is a direct consequence of Theorem 1.4.
Furthermore, by setting D; = D, =- - - = D, in Theorem 1.4, we immediately obtain Theorem 1.3
for all sufficiently large n.

1.2 Notation and organisation

Notation. Throughout the paper, we use standard graph theory notation and terminology. Let D
be a digraph with vertex set V(D) and edge set E(D), and sometimes we write e(D) := |E(D)|. For
x, y € V(D), denote by xy the directed edge from x to y and we always write xy € D. Denote by P,
and C, the directed path and directed cycle on n vertices, respectively.

We use H C D to denote that H is a sub-digraph of D. For S C V(D), we write D[S] for the
sub-digraph of D induced by S and D — S for D[V(D) \ S]. For two not necessarily disjoint ver-
tex subsets A, B C V(D), let D[A, B] be the sub-digraph of D with vertex set AU B and edge set
{xye E(D):x € A,y € B} and let ep(A, B) := |E(D[A, B])|. Denote D*[A, Bl = D[A, Bl UDIB, A].
When A = B, we often abbreviate D[A, B] and ep(A, B) as D[A] and ep(A) respectively.

For a digraph D and v € V(D), we denote the sets of out-neighbours and in-neighbours of v
by N} (v) and N, (v), respectively, with the corresponding out- and in-degrees given by d} (v) :=
|N1J)r(1/)| and dj;(v) :== [N (v)]. For S C V(D), we write d;)r(v, S) = |N1J5(v) N S| and dp, (v, S) :=
INp (v) N S]. We often omit subscripts when they are clear from the context.

Let D={D;:ie[m]} be a collection of digraphs on a common vertex set V and H be a
rainbow digraph inside D. For a vertex v € V and each i € [m], let Nf(v) = Ngi(v), N; (v):=
NBi(v), di+(v) = |Ni+(v)| and d; (v) := |N; (v)|. For any two vertex subsets X, Y C V, define
D[X]:= {Di[X]:ie [m]}, DIX, Y] := {D;[X, Y]:i€[m]} and DF[X, Y] := {Dii[X, Y]:ie[m]}.
If E(D) = @, then we simply write D = . Similarly, if there is no edge in D; for all i € [m], then we
write D = ). Denote by col(H) the set of colours appearing in H. Two rainbow graphs H; and H>
are said to be disjoint if V(H;) N V(H,) = ¥ and col(H;) N col(Hz) =@.

The notation above extends to undirected graphs in the obvious ways. For n € N, we denote
the set {1,2,...,n} by [n]. For any two constants «, 8 € (0, 1), we write o < f if there exists a
function f = f(B) such that the subsequent arguments hold for all 0 < @ <f.

Organisation. We conclude this section with a sketch of the proof of Theorem 1.4. In Section 2,
we introduce two key techniques that we will need later, i.e., the regularity lemma in digraph col-
lections and a stability result for transversal perfect matchings in bipartite graph collections. For
readability, we postpone their proofs to the appendix. The proof of Theorem 1.4 will be divided
into “stable case” and “extremal case”. Section 3 introduces notions of extremality and stability for
digraphs and digraph collections; we prove several results about absorption that will be used in the
proof of the stable case. In Section 4, we show that there is always a transversal directed Hamilton
cycle in the stable case. Sections 5-7 deal with the extremal case. We finish our paper with some
concluding remarks in the final section.

1.3 Discussion of the strategy

Joos and Kim [21] proved the transversal version of Dirac’s theorem by introducing the auxiliary
digraph technique, along with some rotations. However, this technique is not feasible in digraph
collections because we cannot extend an existing directed cycle into a longer cycle by using the
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Figure 1. Extremal digraphs EC1, EC2, and EC3. The grey shaded elliptical indicates that the digraph induced by this vertex
set is complete, the grey shaded arrow between two vertex sets indicates that the induced digraph by them is complete in
this direction.

same rotation. In [9], the first author and Staden further developed the absorption method for
graph collections, combined with the application of the transversal blow-up lemma, they finally
proved a stability version of Joos and Kim’s result [21]. The absorption technique in [9] originates
from [12] and [8], which adapted the absorption technique first introduced in [25]. This approach
has become a powerful tool for solving various transversal graph embedding problems.

In this paper, we adapt the method developed in [9] and generalise their stability from graph
collections to digraph collections. By analysing the extremal cases, we proved a tight bound for the
transversal Ghouila-Houri’s theorem. We believe that our method could be used to demonstrate
stabilities or tight bounds for other transversal graph embedding problems (see the survey [26]).

1.4 Sketch of the proof of Theorem 1.4

Our proof utilizes the regularity blow-up method in digraph collections, and is divided into two
parts: stable case and extremal case.

Stable case. We first characterise the extremality of a single digraph, which forms the basis of
our extremal case distinction. Let 0 < % & € <1 and D be an n-vertex digraph with minimum

semi-degree at least (% — e)n. Suppose D has no directed Hamilton cycle. Then D contains a sub-
digraph that is close to one of the digraphs in Figure 1. By Lemma 3.2, such a sub-digraph induces
a characteristic partition of D; we say that D is (¢, ECk)-extremal for some k € [3]. Furthermore,
this k is unique.

Assume that D ={Dy, ..., D,} is a collection of digraphs with the same vertex set V of size
n. Suppose that §°(D) > (% —¢e)n and D contains no transversal directed Hamilton cycles. We
suspect that either almost all digraphs in D are (¢, ECk)-extremal for some k € [2] (allowing
k=1 for some digraphs and k = 2 for others), or almost all digraphs in D are (¢, EC3)-extremal;
moreover those digraphs have similar vertex partitions. Based on this observation, we define
two kinds of stability for a digraph collection with minimum degree at least (% —e)n. We say
that

o D is strongly stable if D contains many digraphs each of which is not (¢, ECk)-extremal for
any k € [3],

« D is weakly stable if for almost all colours i € [n], each D; is (¢, ECk)-extremal for some
k € [3], but their vertex partitions are not similar,

« D is stable if it is either strongly stable or weakly stable.

In the stable case, we are to show that if D is stable, then it contains a transversal directed
Hamilton cycle.
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Step 1. Build an absorbing cycle when D is stable. (Section 3)

We build a “directed absorbing rainbow cycle” C for D with the property that C is very small
and there is a set A consisting of some colour-vertex-vertex triples (c, u, v) such that whenever
Ap C A is sufficiently small compared to |C|, C can absorb all of its elements. Additionally, we
construct an additional auxiliary set Q consisting of colour-colour-vertex-vertex tuples (c, ¢/, v, ')
to absorb those colours and vertices which C cannot. Delete all colours and vertices in C and Q
from D.

Step 2. Use the regularity-blow-up method for transversals in digraph collections to cover
almost all vertices and colours with long rainbow directed paths.

We first prove a regularity lemma for digraph collections (Section 2.1), and then apply it to
D, yielding a reduced digraph collection R that inherits the minimum degree condition and the
stability property of D. By considering the characteristic bipartite graph of each digraph, we get a
bipartite graph collection By, for the reduced digraph collection R. Notice that R has a disjoint
rainbow directed cycle partition if and only if B has a transversal perfect matching. We estab-
lish a stability result for transversal perfect matching in bipartite graph collections (Section 2.2),
ensuring that the disjoint rainbow directed cycle partition of R exists. Using the blow-up method,
we obtain a set of almost spanning disjoint rainbow directed paths within each directed cycle of R,
which covers almost all vertices outside the absorbing cycle C and the auxiliary set Q (Section 4).

Step 3. Connect the obtained directed paths and cover the remaining vertices via the
absorbing cycle.

In this step, we apply the absorbing property of C as well as the auxiliary set Q to connect all the
directed rainbow paths and to cover the remaining vertices, which ultimately forms a transversal
directed Hamilton cycle.

Extremal case (Sections 5-7). Assume that §°(D) > % and D contains no transversal Hamilton
cycles. Let 0 < % <K € K8 K n<«kl.DenoteCy:= {i € [n]:D;jis (¢,ECk)-extremal} for k € [3] and
Chad := [n] \ (C1 UC, UCs). Notice that C;NCj =9 for 1 <i<j<3. By “stable case”, we know
that almost all digraphs in D are extremal and |C;| + |C;| < 24/8n if |C3| = 24/8n. In view of
Lemma 3.2, we can fix a characteristic partition (A;, B;, L;) for each graph D; with i€ C; UCy,
and a characteristic partition (C!, C?, C;, C}, L;) for each graph D; with i € C3. By swapping labels,
we know that |[A;AA;|, |B1AB;| < 8n for every i € (C; UCy) \ {1} and |CIfACf-‘| < 28n for every
i€ C3 \ {1}. We proceed with our proof by considering the sizes of |C;|, |C2| and |C3|. We will take
the case |C1| < nn, |C2| = nn and |C3] < 24/8n as an example to illustrate the general idea of our
proof.

Firstly, expand A; U B, into an equitable partition A U B of V. To apply the transversal blow-
up lemma (Lemma 6.2) for finding long rainbow directed paths in D, we need to ensure most
vertices in the partition A U B satisfy uniform neighbourhood properties (for example, a vertex
v € A should satisfy v € A; for the majority of colours i € C;). We identify three vertex types in A
(and symmetrically in B) that may disrupt the desired uniformity:

Type 1. v € A belongs to L; for many i € Cy;

Type 2. v € A belongs to A; for many i € C3, and v € Bj for many other j € Cy;

Type 3. v € A belongs to nearly all B; for i € C,.

We handle these cases as follows: For Type 3 vertices in A, we move them to B (and perform the
analogous operation for Type 3 vertices in B). We define Vi,q as the union of vertices of Type 1
and Type 2. After this reallocation, every vertex in A \ Viaq (resp. B\ Vpaq) lies in A; (resp. B;) for

the majority of colours i € C,. However, the partition sizes |A| and |B| may become unbalanced,
with their difference bounded by 96n. To balance them, we require the following four steps.
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Step 1. Balance the number of vertices in A and B.

If there exists a set of disjoint rainbow paths in D[B] such that after deleting their vertices, the
number of vertices in A and B is balanced, then we are done. Otherwise, we will show that D must
contain a transversal directed Hamilton cycle (see Lemma 6.5).

Step 2. Cover vertices in Vi,q.
Using colours in C,, we are to find a sequence of disjoint rainbow directed paths P3 such that
their centres are all vertices in Vg and endpoints are unused vertices in (A U B) \ Viag.

Step 3. Deal with colours in Cp,q U Cs.
Choose a maximal rainbow matching M using colours in Cp,q and avoiding vertices used in
Steps 1-2. It is routine to verify that for each j € (Cpaq U C3) \ col(M), the graph D; is EC1-extremal.

Step 4. Deal with colours in (C; U Cpaq U C3) \ col(M).

We greedily select two rainbow directed paths using colours from (C; U Cag U C3) \ col(M)
while avoiding the vertices used in the previous three steps.

Based on the minimum degree condition and the characteristic partition of extremal digraphs,
one may use colours in C, to connect all rainbow paths obtained in the above four steps into
a single short rainbow directed path, say P, such that Vi,,g € V(P), C; U C3 U Cpaq < col(P) and
|A\ V(P)| and |B\ V(P)| are nearly equal. By applying the transversal blow-up lemma and some
structural analysis, we obtain that D contains a transversal directed Hamilton cycle.

2. Preliminaries

2.1 Regularity for digraph collections

We use the following version of the regularity lemma for digraph collections, which is obtained
by applying the degree version of the weak regularity lemma to the 4-graph of D. The proofs of
Lemmas 2.2 and 2.4 are postponed to the appendix. We begin by defining regularity for digraph
collections.

Definition 2.1. Suppose that D ={D.:c € C} is a collection of bipartite digraphs on a common
vertex partition V1 U V,. We say that D is (¢, d)-regular if whenever V] C V; with |V!| > €| V;| for
i€ [2] and C' CC with |C'| > €|C| we have

Ycec eV, V) Y e en.(Vi, Va)
[INANE [CIIVAI V2]

and }_.cc ep.(V1, V2) = d|C|| V1| V2.

Lemma 2.2 (Regularity lemma for digraph collections). For every integer Ly > 1 and every€,$ > 0,
there is an integer ng:= no(€, 8, Lo) such that for every d € [0,1) and every digraph collection
D={D;:i€C} on vertex set V of size n>nqy with én <|C| <%, there exists a partition of V
into Vo, V1,..., Vi, of C into Cy,Cy, . . ., Cy and a spanning sub-digraph D of D, for each c € C
satisfying the following properties:

(i) Lo <L, M < ng and |Vy| + |Co| <e€n,
(i) Vil=---=|ViI=[C|="--=|Cu| =:m,
(i) Ve dfy ) 2 Yeec dp ) = GE +en® and Yoo dpy (V)2 Yece dp (V) = (B +
e)nzfor allve V, and e(D..) > e(D.) — (%‘i + e)nzfor allceC,

(iv) if for each c € C, the digraph D has an edge with both end vertices in a single cluster V; for
some i € [L], then c € Cy,
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(v) for all triples {(h, i), ]} € ([L]) [M], we have either D[V}, Vi] = for all ¢ € Cj, or D;u.)j =
{D [V}, Vil : c € Cj} is (e, d)-regular.

The sets V; are called vertex clusters and the sets C; are called colour clusters, while Vi and Cy are
the exceptional vertex and colour sets respectively. Now, we define the reduced digraph collection.

Definition 2.3 (Reduced digraph collection). Given a digraph collection D={D;:i€C} on V
and parameters € >0, d € [0,1) and Lo > 1, the reduced digraph collection R := R(€,d, Ly) of
D is defined as follows. Apply Lemma 2.2 to D with parameters €,8,d, Ly to obtain D', a parti-
tion Vo, V1,..., VL of V, and a partition Cy,Cy, . ..,Cy of C, where Vy,Cy are the exceptional
sets and V1, ..., VL are the vertex clusters and Cy,...,Cp are the colour clusters. Then R :=
{R1,...,Rum} is a digraph collection of M digraphs each on the same vertex set [L], where, for

{(h,i),j} € ([g]) [M], we have hi € R; if and only if D, jis (€, d)-regular.

The next lemma states that clusters inherit a minimum semi-degree bound in the reduced
digraph collection.

Lemma 2.4 (Degree inheritance). Suppose Lo>1 and 0 < % Le<dgé,y,p<1l Let D=

{D;:i € C} be a digraph collection on vertex set V of size n with 8%(D) > (p+y)nandén<|C| < g
Let R := R(e, d, Ly) be the reduced digraph collection of D consisting of M digraphs on a common
vertex set [L]. Then

(i) for every i e [L], there are at least (1 — di )M colours j € [M] for which d;{j(i) >(p+ %)L
and d (i) = (p+ 5)L,

(ii) foreveryje [M], there are at least (1 — d%)L vertices i € [L] for which d;{j(i) >+ %)L and
dg ()= (p+ §)L.

Proof. (i) Choose a vertex v € V' \ Vy. By Lemma 2.2 (i) and (iii), we have

> V(v)>Zd+()—<—d+e>n—en|C| > dh ) - 26d"

ceC ceC ceC
LetD, = [ceC\Coidjy v, (1) dfy (1) — \/an}. Then
odbh < Y dh )~ VdnlC\ (G U D).

ceC\Co ceC\Co

1
Therefore, |C\ (CoUD,)| < &2 d3” since d « 8. It follows that |D,| > |C| — dS" —en> |C| din.

Recall that mM < |C| < mM—|— en and mL <n < mL 4 en. Together with Sn <|C| < 5, one has
8L < 2(1 — €)M. Hence the number of colour clusters C; containing at least one colour of D, is at
least
Dyl din diL 2d5 M di
SM——>M-— >M— >(1- = )M
m m 1—¢€ 2

Now let i € [L] and v € V. For each cluster C; as above, choose an arbitrary colour ¢; € C; N D,
Thus, the number of vertex clusters V}, containing some vertices in N;/ (v) is at least

A

j

B gy in (),

m - m 2
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Lemma 2.2 (v) implies that i is adjacent to each such V, in R;. Therefore, for every i € [L], d?{j (1) >

1
(p+ %)L for at least (1 — d74)M colours j. The proofs of other cases are similar and we omit the

proof. O

2.2 Transversal perfect matching in bipartite graph collections

In the study of digraphs, a natural approach is to consider their characteristic bipartite graphs.
This subsection introduces the corresponding characteristic bipartite graph collection associated
with a digraph system, and studies the existence of transversal perfect matchings in this bipartite
system.

Let D be a digraph with vertex set V. We define Bp to be the characteristic bipartite graph
of D with bipartition V; U V, where Vi = V, = V; for each u € V; and v € V,, uv € E(Bp) if and
only if uv € E(D). Let D={Dy, ..., D,} be a collection of digraphs on a common vertex set V.
Define the characteristic bipartite graph collection of D to be Bp ={Bp,,. .., Bp,}. A matching
in a (di)graph G is a collection of vertex-disjoint edges M C E(G). We say that M is a perfect
matching if V(M) = V(G).

It is straightforward to check that Bp contains a transversal perfect matching if and only if
the vertex set of D can be covered by a set of disjoint rainbow cycles inside D. Therefore, in
the remainder of this section, we are to find a transversal perfect matching in a bipartite graph
collection.

Joos and Kim [21] established a minimum degree condition that guarantees the existence of
transversal perfect matchings in a graph collection. Bradshaw [5] proved the analogue result in
bipartite graph collections, which can be stated as follows.

Theorem 2.5 ([5]). Let G ={Gi, ..., Gy} be a collection of bipartite graphs on a common vertex
bipartition V1 U V, with | V| = | V2| = n. If for each i € [n] we have the following hold:

(i) dg;(v) > 5 foreachve Vy,
(ii) dg,(v) = 5 foreachve V,,

then G contains a transversal perfect matching.

In this subsection, we establish a stability result for transversal perfect matching in bipartite
graph collections, that is, the minimum degree required to guarantee a transversal perfect match-

ing can be below that of Theorem 2.5, as long as the bipartite graph collection {Gj, . . ., G,} is far
in edit distance from several extremal cases. For this, we first define the extremality for a single
bipartite graph.

Definition 2.6 (nice, extremal). Let € > 0 and G be a balanced bipartite graph on the vertex set
Vi UV, of size 2n. We say that

o Gise-nice if for any two sets A C Vy and B C V; of size at least (% — €)nwe have eg(A, B) >
2
en®;

o Gis e-extremal if it is not €>-nice.
The following lemma is the basis for our proof.

Lemma 2.7. Suppose that 0 < % &K d<e<1. Let G be a balanced bipartite graph on a vertex set

V =V1UV;, of size 2n with dg(x) > (% — €)n for all but at most dn vertices x € V which is e-
extremal. Then there is a characteristic partition (A1, By, Az, Bz, C1, C3) of G such that the following
hold:

(i) A;, B;, C; CV,, |Aj| =|Bi| = (% —€)n and |Ci| = 2€n for each i € [2],
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(i) da(v,Xi) > (3 —2€)n for X € {A, B}y and v € Xs_; with i € [2],
(iii) either eg(A1, B2) < en® or eq(Aa, By) < en?.

Definition 2.8 (crossing, cross graph). Let 0 < %, €,6 <1 whereneNandlet G={Gy,...,Gy}
be a balanced bipartite graph collection on a common vertex set V of size 2n. Given i,j € [n]
such that G; and Gj are both e-extremal, assume that the characteristic partition corresponding

to Gy is (Ai, Bf, C‘f,Ag, Bg, Cg)for £ e {i,j}. We say that they are §-crossing if |A’i AA]‘1| > én and
|AL AB)| > 8n.

We define the cross graph Ceg"s to be the graph with vertex set [n] where i is adjacent to j if and
only if G; and G; are both €-extremal and §-crossing.

Definition 2.9 (strongly stable, weakly stablel). Let 0<7y,w,€,8 <1. Suppose that G=
{G1, ..., Gp} is a collection of bipartite graphs on a common vertex partition Vi, U V, with |Vi| =
| V2| = n. We say that

o Gis (y,a)-strongly stable if G; is a-nice for at least yn colours i € [n];
o G is (e, 8)-weakly stable if e(CEg’a) > §n?;
o Gis(y,a,¢€,8)-stable if it is either (y, a)-strongly stable or (€, §)-weakly stable.
The following is a stability result for transversal perfect matching in bipartite graph collections.

Theorem 2.10. Let 0 < % LdLp KoKy, e L8 K1 Suppose that G ={G, ..., Gy} is a col-
lection of bipartite graphs on a common vertex partition V.=V, U V, with |Vi| = |V,| = n. If the
following hold:

e Gis(y,a,¢€,0)-stable,

o foreveryiec [n], dg,(x) > (% - ,u) n for all but at most dn vertices x € V1 U V>,

o foreveryxe ViUV, dg,(x) > (% - u,) n for all but at most dn colours i € [n],
then G contains a transversal perfect matching.

For convenience, we postpone the proofs of Lemma 2.7 and Theorem 2.10 to the appendix.

2.3 Probabilistic tool
We use the following version of Chernoff’s bound.
Lemma 2.11. Let X be a random variable with binomial or hypergeometric distribution, and let

O<€<%. Then

62
P[|X — E(X)| > €E(X)] < 2¢” 7EX),

3. Absorbing

In this section, we first define the extremality for a single digraph and distinguish the character-
istic partition of such digraphs. We then introduce our absorbing structure and prove that every
digraph collection contains a directed absorbing cycle whenever either a large proportion of its

"To avoid introducing too many terms, we have similarly defined the concepts of “nice, extremal, crossing, cross graph,
strongly stable, weakly stable, stable” in the context of digraph collections. We should note that, unless explicitly stated
otherwise, those concepts in bipartite graph collections are only discussed in Section 2.2 and the appendix.
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members are non-extremal, or almost all of them are extremal while their characteristic partitions
differ significantly.

Definition 3.1 (nice, extremal). Let € > 0 and D be a digraph on vertex set V of size n. We say that

« D is e-nice if for any two sets A, B C V of size at least (% — €)n, we have ep(A, B) > en?;

o Dis e-extremal if it is not €-nice.

Cheng, Wang and Yan [13] characterised the structure of e-extremal digraphs, which forms the
basis of our extremal case distinction.

Lemma 3.2 ([13]). Suppose that 0 < % L d<K <« e <. LetD bean e-extremal digraph on vertex

set V of size n with min{d ™ (x), d~ (x)} > (% — w)n for all but at most dn vertices x € V. Then exactly
one of the following holds:

(i) there is a partition AUBUL of V such that |A| = |B|= (% —ée)n, dt(a,A),d (a,A) >
(% —2e)nforallac A, d*(b,B),d (b, B) > (% — 2¢)n for all b € B and either e(A, B) < en?
or e(B, A) < en?; here we say D is (€, EC1)-extremal,

(ii) there is a partition AUBUL of V such that |A| = |B|= (% —é€)n, d*(a,B),d (a, B) >
(% —2€)nforallac A, dt(b, A),d™ (b, A) > (% — 2¢€)n for all b € B and either e(A) < en?
or e(B) < en?; here we say D is (€, EC2)-extremal,

(iii) there is a constant ¢ withe'/? <¢ < % — e — €'3 and a partition C; U C, U C3 U C4 UL of
Vsuch that |Ci| = |Cs5| =¢n, |G| = |C4| = (% — ¢ —€)n, foralla e C; we have d* (a, C;) >
(¢ —enifie{l,3}, d"(a,Co—i) = (3 — ¢ —2€)nifi € {2,4}, and d™(a, Ciz1) = (ICit1| —
€)n for all i € [4] (here we identify Cs with Cy), and either e(C1, C3) < en? or e(Cs, C1) <

en?, either e(Cy) < en? or e(Cy) < en?; here we say D is (€, EC3)-extremal, (see Figure 1 for
the structures of EC1, EC2 and EC3).

We call the partition obtained in Lemma 3.2 a characteristic partition of D. Assume that 0 <
% «Kpn<Ke<land D={Dy,...,D,} is a collection of digraphs on a common vertex set V of

size n with §9(D) > (% — w)n. In view of Lemma 3.2, whenever D; is e-extremal, one may fix a
characteristic partition (A;, B;, L;) of D; if it is (€, ECk)-extremal for some k € [2], a characteristic

partition (C!, Ciz, CE’, C?, L;) of D; if it is (¢, EC3)-extremal. For convenience, define W{ = CJI: U

” i

CJiJrl for j € [4] (here we identify C; with C}). We say that a vertex v € V is D;-good if either D; is
not e-extremal or D; is e-extremal and v € V'\ L;. For every pair of distinct vertices x, y € V, we
define L(xy) := {i € [n] : xy € E(D;)} to be the set of colours appearing on xy.

Definition 3.3 (directed absorbing path and directed absorbing cycle). Given any two not neces-
sarily distinct vertices u,v € V and a rainbow directed path P = viv,v3vs with u, v € V(P), we call
P a Type-1 directed c-absorbing path of (v, u) if ¢ € L(v,v) and col(vav3) € L(uvs) (see Figure 2), a
Type-11 directed c-absorbing path of (v, u) if ¢ € L(vv3) and col(v,v3) € L(vau) (see Figure 3).

Given 8,8, y,y' > 0 and K€ {LII}, a rainbow directed cycle C=vivy...vvy is a Type-K
directed absorbing cycle with parameters (8,8',y,y’) if t <yn and there exists a colour set C of
size at least 8n such that

o given any colour ¢ € C and any D.-good vertex v, for all but at most §'n vertices u € V, there
are at least y'n disjoint Type-K directed c-absorbing paths of (v, u) inside C,

o given any colour ¢ € C, for all but at most §'n D-good vertices v, there are at least y'n disjoint
Type-K directed c-absorbing paths of (v, v) inside C.

If there is no ambiguity, we typically refer to the Type-I and Type-II directed c-absorbing path
(cycle) simply as a directed c-absorbing path (cycle).
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e e f
oe—ﬁ%—o Jﬁ—iﬁ—‘
a b c d a b c d

Figure 2. Atype-Il directed c-absorbing path of (v, v) and a type-I directed c-absorbing path of (v, u) with v # u.

e e f
09—&—0 oe—Xe—o
a b c d a b c d

Figure 3. Atype-Il directed c-absorbing path of (v, v) and a type-Il directed c-absorbing path of (v, u) with v # u.

Denote by V¥ the set of all k-tuples of distinct elements of V. A pair H = (V, E) where V is a set
and E C V* is called a directed k-graph, while if we allow E to be a multiset, it is a directed multi-
k-graph. We use the same notation for directed k-graphs as for graphs. The following lemma was
obtained by Cheng and Staden [9], which is the key tool that we will use to build an absorbing
structure.

Lemma 3.4 ([9]). Suppose thatk,C,neN, 0 < % Ly KekK %, (l: <lL,me[n landt:= yn. Let
H={H,, ..., H;} be a collection of directed k-graphs and let Z={Z,, ..., Z,} be a collection of
directed multi-k-graphs all defined on a common vertex set V of size n. Suppose that |E(H;)| > en*
foralli € [t], and for each j € [m] we have |E(Z;) N E(H;)| > enkfor at least et indices i € [t]. Then

there is a rainbow matching M in H of size at least (1 — %)t and |E(Z;) N E(M)| > eth for each
je[m].

We first consider the case where a digraph collection contains many non-extremal digraphs;
such a collection is said to be strongly stable.

Definition 3.5 (strongly stable). Let 0 < y, o < 1. Suppose that D ={Dy, . . ., Dy} is a collection of
digraphs on a common vertex set V of size n. We say that D is (y, a)-strongly stable if D; is a-nice
for at least yn colours i € [n].

By applying Lemma 3.4, we establish the following lemma, which yields a directed absorbing
cycle when D is strongly stable.

Lemma 3.6. Let 0 < % L u Ly, a1l Assume that D={Dy,...,Dy} is a collection of

digraphs on a common vertex set V of size n with §°(D) > 177”71. If D is (y,a)-strongly stable,
then there exists a Type- I directed absorbing cycle with parameters (1,0, A, A?).

Proof. Since D is (y, a)-strongly stable, one may assume that Dy, ..., D), are a-nice and 6|An.
We divide the colour set [AT”] into consecutive sets {1, 2, 3}, {4, 5,6}, ..., {)‘—2" -2, % —1, 4%} For
eachiel:= [%"], define F; to be a directed 4-graph with vertex V and edge set

{(v1,v2,v3,v4) € V*:3(i — 1) + £ € L(vgvg41) for each £ € [3]} .

The minimum semi-degree condition implies that e(F;) > n (% - ,u)3 nd > %4.

Given a colour ¢ € [#] and two not necessarily distinct vertices v, v' € V (which are not required
to be D.-good), let Z;(c, vv') be the collection of (v1, v2, v3, v4) for which v1v,v3v4 is a Type-1
directed c-absorbing path of (v, V). Since Ds;1, is a-nice, there are at least an? ways to choose
v, v3 with vy e N7 (v), v3 € N;er(v’) and v,v3 € E(D3i42). When v,, v3 are fixed, there are at least

1 1

(5 — /,L)z n? ways to choose v; and v4. Thus | Zi(c, )| > & (5 — ;,L)2 nt> %
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Applying Lemma 3.4 with

t:=|I|,e:= %,H:: {Fi:iel}, and

Z:= {Z(c,w):= U Zi(c,v):ce[nl,n,vV eV

iel
we obtain a rainbow matching M inside H of size at least (1 — 100)}‘" such that |E(Z(c, vv')) N
E(M)| > “60)6" for all c € [n] and v,v' € V. That is, there is a set I' C I with |I'| > (1 — 100))“” such

that there is a rainbow directed path Pl=y 1/’21/’31/ﬁ1 with (v’i, v;, vé, vi) € F;foreachie !, and for

every ¢ € [n] and v, V' € V, there are at least ”‘60%” directed c-absorbing paths Pl of (v, V).

By relabelling indices, one may assume I’ =: [s] with s = (1 — W)M We are to connect the

directed paths P!, ..., PS one by one into a rainbow directed cycle C. Firstly, we connect P!
and P? into a single rainbow directed path P'xyP2. For this, choose distinct unused colours
1, €[An+1,n] and c3 € [)‘7” +1,an]. Let U:= V\V({ ] P'). Clearly, |U|>n— An. Tt
follows from 8°(D) > 177"11 that

1-— 1
dt (v, U), d_ (1, U) > (TM - x) n> (5 — a> n. (1)

Notice that D, is a-nice. Therefore, |E(D,, [N:g(vi, U),NC_Z(V%, U)])| > an®. Hence, there is an
edge xy € E(D,,) with x € N+(v4, U) and y e N (v%, U) such that PlxyP? is a rainbow directed
path with colour set col(P' U P?) U {c1, c2, ¢3}.

We apply the above process for each pair (P!, P'*1) for each i € [s] with P*T! := P!.In each pro-
cess, we need two unused colours from [An + 1, n] and one unused colour from [)‘7” + 1, An]. This

i€ls

is feasible since 2s < % The total number of used vertices at each step is at most 6s < An, so we

have the same degree bounds as (1). It is straightforward to verify that the resulting directed cycle

C is a Type-I directed absorbing cycle with parameters (1,0, & ZO(A)) and hence with parameters

(1,0, 1, A2) since A < «. O

The extremality of a digraph collection also depends crucially on the relationships between
different digraphs. This leads us to introduce the following definitions.

Definition 3.7 (crossing, cross graph, weakly stable). Let 0 < % Ke, <1 withneN. Let D=
{D1, ..., Dy} be a collection of digraphs on a common vertex set V of size n. Choose i, j € [n] such
that D; is (e, ECt)-extremal and D; is (€, ECs)-extremal with t, s € [3]. We say that D; and Dj are
8-crossing if one of the following holds:

(A1) t,s€{1,2}, |[A;AAj| = dnand |A;AB;j| > n;

(A2) t=s=3, either |W,-1AWJ.1|2811 and |Wi1AWj3|28n, or |W,-2AWJ.2|28n and

|W§AWJ4| > §n;
(A3) te{1,2},s=3, either |A,-Ale| >d8n and |A,-AWf| >dn, or |A,-AWJ-2| >dn and
|A,AWf| > 8n.
For k € [3], define the cross graph C, to be the graph with vertex set [n] where i and j are

adjacent if and only if D;, D; are satzsfymg (Ak). We say that D is (¢, §)-weakly stable if e(C%‘Sk) >
8n2for some k € [3].

The subsequent observation is an immediate consequence of the above definition.
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3
5

« If Dj and D;j are satisfying (A1), then |X; N Yj| > ‘%”, where X, Y € {A, B}.

« If D; and Dj are satisfying (A2), then |W; N ij| > %”, where either x,y € {1,3} or x,y €
(2,4},

+ If D; and D;j are satisfying (A3), then | X; N WJ?/| > %”, where X € {A, B} and either y € {1, 3}
orye{2,4}.

Observation 3.8. Assume that 0 < e <

Our following lemma finds a directed absorbing cycle when D is weakly stable.

Lemma 3.9. Let 0 < 1 < A, u < 8€'/2 <8 <€'/? « 1. Assume that D =Dy, . .., Dy} is a collec-
tion of digraphs on a common vertex set V of size n with §°(D) > I_T“n If D is (¢, 8)-weakly stable,
then there exists a directed absorbing cycle with parameters (%, VE A A2,

Proof. Since D is (€, §)-weakly stable, one has e(C%‘?k) > §n?® for some k € [3]. In particular, if
k=2, then we consider only |Wi1Ale| > én and |W}AWJ-3| >én for all ijje E(CGD"?Z); if k=3,
then we consider only |A;A le| >dénand |A;A Wj3| >énforallije E(C%‘;) (since the other case

can be discussed similarly).
For each i € [| §]], define F; to be a directed 4-graph with vertex set V and edge set

{1, v2,v3,v4) € V*:3(i — 1) + € € L(vgvgy) for £ € [3]}.

If follows from §°(D) > %n that e(F;) > n ((% — 1) n)3 > %4,

In order to apply Lemma 3.4, we first give the following claim, which requires only the
minimum semi-degree condition.
Claim 3.10. Assume that ij € E(C%ak)for some k € [3]. Let u be a Dj-good vertex and v be a D;-good
vertex with j+ 1 < 3n. For K € {LII}, let ZJK(i, vu) be the collection of (vi, v2, v3, v4) € Fj+1 where
3

vivavavy is a Type-K directed i-absorbing path of (v, u). Then |Z]K(i, vu)| > 2778n*.
Proof of Claim 3.10. Fix any such i, j, u, v. We proceed by considering the following cases.

Casel.k=1.
In this case, we prove |Z}(i, vu)| > 2778n*. By Lemma 3.2 (i) and (ii), we have either d; (v, A;) >

(% —2e)nord; (v,B;)> (% — 2¢)n. Without loss of generality, we assume that the former case

holds since the latter case can be proved similarly. Note that D; and D; are §-crossing. Then
|AiNAj| > ‘%” and |A; N Bj| > %". Therefore,

) 1)
d; (1 A) = 14N A = (Al = d; (0 A) = 5 —en= = (since € < 8%,

1

Similarly, we have d; (v, B;j) > ‘%”
Since u is Dj-good, one has u € Yj for some Y € {A, B}. Let Z = Y if D; is (¢, EC1)-extremal, and
let Z € {A, B} \ {Y}if Dj is (¢, EC2)-extremal. Notice that |Nj+(w, Zj)| = (% — 2¢)n for each vertex

w € Yj. Choose x € N; (v, Yj). Then

1
INF(u, Z) NN (6, Z)1 = INS (u, Z) | + INSF (3, Z)] = 1251 = <5 - 36) n.
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Any choice of yeNjJ”(u, Zj)ﬂNj"'(x, Z), x’eNj__l(x) and y’el\lj':l(y) yields a directed i-
absorbing path x'xyy’ of (v,u) in Fju1. The number of such paths is therefore at least
3

%”(% —3e)n (3 - ,u)2 n*>2""8n.

Case 2. k=2.

In this case, we prove |ZJH(1', vu)| > 2778n*. By Lemma 3.2 (iii), we have either dz)'i(v, Wil) >
(% —3€)nor dgi(v, Wi3 ) > (% — 3¢)n. Without loss of generality, we assume that the former case
holds since the latter case can be proved similarly. Note that D; and D; are §-crossing. Then
lw!n le| > ‘%" and [W} N Wj3| > %". Therefore,

1) )
di+(v, le) > |Wz’1 N le| — (|Wi1| — dl.+(v, Wil)) > Zn —2en > ?n (since € < §?).

Similarly, we have d+(v, W3) > ?”
Since u is Dj-good, one has ueYjforsomeY e {W! W3} Let Z=W*if Y = W', and let Z =
W2 if Y = W3. Note that |Nj_(w, Zj)| = (% — 3€)n for each vertex w € Y;. Choose x € Ni+(v, Y)).

Then
_ _ _ _ 1
N (6, 2) N (6 29)| 2 N} (1, Z)| + N} (6 2] — 1)1 = (5 —Se) .

Any choice of y € Nj_(u,Zj) ﬁNj (x,Zj), x' € ]+1(
i-absorbing path y'yxx’ of (v, u) in Fj+1. Therefore, the number of such paths is at leas
3

x)and y € N, () yields a Type-II directed
t on

5
(% —5€)n (% - M)2 n?>27785nt.

Case3. k=3.

This case can be proved by a similar discussion, so we omit the proof. U

For each vertex v, let

Cy:= {i € [n] : vis D;-good]}.

Since e(CED"Sk) > §n?, there is a subgraph H of C%’Sk such that |V(H)| > én and 8(H) > én. For each
ie V(H), define

T; = {MEV:|NH(1')\C”|287”}.

Notice that |L;| =2en when D; is e-extremal. Hence |T; |3" <2en?, that is, |T;| < in since
8el/2 <.

For each i e V(H), let T;:= V\ Ti. Then |T;| > (1 — £)n For each u € T; with i € V(H),
one has [Ng(i) N C | > %2 Now we independently and randomly select vertices from V(H) with

probability « := ﬁ to obtaln a colour set Y. Using Chernoft’s bound, with high probability the
following hold:

(o) S < = ua) < 20| V(HD),
(#x) for every i € V(H) and u € T}, we have [Ny (i, U) N Cy| > ‘S’fT”.

Fix such a colour set I/ and one may assume U = {3j— 1:j € [t]}. Leti := V(H) N [3t+ 1, n].
It is easy to see thatid NU =9, [U| > and S(H[U]) > &2 8"
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Given i €U and u € T;, choose jeCyu NNy, U). Then ! ¢ [t] and the number of such
choices of j is at least 5’;" > ‘;t by (xx). Let v be a D;-good Vertex. It follows from Claim 3.10
that |Z]K(i, vu)| > 2778n* for some K € {LII}.

By (x) and the fact that A < 8, one has £ <2k = £ «2776. Applying Lemma 3.4 with

A
y = ;,e:: 2778, H:= {Fj:je[t]} and

Z:= 3 Z(i,vu) = U Z]K(i, vu):i€l, ueT;and vis Dj-good ¢ ,
j€CuNNE(LU)
we obtain that there is a rainbow matching M of H with size at least (1 —271962)¢ such that
|E(Z(i, vu)) N E(M)| > 27108%¢ for all Z(i, vu) € Z. That is, there is a subset I C [t] with |I| >
(1 — 271682)¢ such that there is a Type-K directed path P/ = v’ v’ v’ v’ € Fj for each j € I, and for
every i € U, u € T; and a D;-good vertex v, there are at least 2~ 1652t Type-K directed i-absorbing
paths P/ of (v, u).

Relabel indices such that I =: [s] with s > (1 — 271082)¢. We are to connect those disjoint rain—
bow directed paths P!, . . ., P* into a directed absorbing cycle C. Notice that i/ N col( | J;c; P) =
We first connect P! and P2 into a single rainbow directed path P'vixzyviP? or P1v4xzv1P2
For this, choose distinct colours c1, ¢z, ¢3, ¢4 € U such that ¢ic; € E(H). Clearly, there are at least
| > ‘37” choices for ¢;, and given this at least S(H[U]) > %" choices for ¢, and at least [U| — 3 > %”
choices for each of c3, c4. Next, choose an unused D, -good vertex x € N:g(v}l) and an unused
D¢,-good vertex y € N, (v2). The following claim considers the number of choices for x, y.

Claim 3.11. One of the following holds:

o there exists a rainbow directed path P1v4xzyv1P2 with colours col(P! U P?) U {c15 €2, €3, ¢4}
and z € N} (x) NN, (), each of x, y, z has at least 6 choices;

o there exists a rainbow directed path P1v4xyv1P2 wzth colours col(P* U P?) U {cy, ¢3, ¢4} and
le' x)NN (vl) each of x, y has at least 5 Choices.

Proof of Claim 3.11. We proceed by considering the following three cases.

Casel. k=1.

In this case, D, and D, are either (¢, EC1)-extremal or (¢, EC2)-extremal. Then x € A;, U B,
and y € A, U B,,,. Clearly, each of x, y has at least 7 choices. Recall that D, and D, are §-crossing.
Then, | X, NY,,| > %” whenever X, Y € {A, B}. By Lemma 3.2, there are Z, W € {A, B} such that

df (x, Ze,) > | Ze,| — enand d_, (y, W,) > |W,,| — en. Choose z € N (x) N N, () and the number
of choices for z is at least

_ én
INF(x) NN ()| — 7e(M) > [N (x, Ze,) "N (9, Wey)| — 14kn > | Ze, N W, | — 2en — 12kn > =
as desired.
Case 2. k=2.

In this case, both D, and D,, are (¢, EC3)-extremal. Then |WZ1 N WZ2| > %” for i,j e {1, 3}.
Notice that either |Wcl1 N WC22| > g or |WC31 N Wc22| > % holds. Without loss of generality, assume
the latter case hold. Choose z € N (x) NN (). Next, we consider the size of |N: x)NN o .

If |WC21 ﬂN:;(V}l” > 6n and |W3 NN (v1)| > 8n, then choose x € WCZ1 ﬂNC";(v}l) and ye
WC32 NN ;4(1/%). Hence, there are at least 2 7 choices for each of x and y. Furthermore, |NC+1 x)N
N, = |WC31 N Wc2 | —den > 55”, as desired.
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If|WC21 ﬂNj;(v};)I < &n, then |W§1 ﬂNg’;(v}l)| > (% — p — 8 — 2¢€)n. Choose x € Wfl ﬂNj;(v}l).
Then d:g(x, Wcll) > |Wcll| — 2en. Notice that either |Wg2 N ch(v%)l > 8nor |Wg’2 N ch(v%)| > dn.
We may assume the former case holds. Choose y € WL, N N_ (v3). Then d_,(y, W) > W | —
2en. If [WL N W | = 8n, then N} (x) NN, (9)] = |[W., N WE| —4en> %”, as desired. If [W] N

W2 | <én and W] NN_ (1) > 91 then W NWZ | > (3 —8 —3€)n and choose y € w; N

pu— 9 bl
N, (v3). Similarly, [N (x) "N (y)| = W], N W2 | —4en> %", as desired. If [W] N W[ | <én
and W7 NN_ (11)] < %”, then d_, (v, W) = [W} | — (1 + 2€ + g)n. Therefore,
_ _ 8 on
ING () NN D] = IN (e WE) NN (v, W) = [We N W | — <u +4e + §) nz o

Now, we connect P! and P? by using a rainbow directed path P!vjxyviP? with colours col(P' U
P2 U {cy, c3, ¢4}, as desired.

Case 3. k=3.

In this case, D¢, is either (€, EC1)-extremal or (¢, EC2)-extremal, and D, is (¢, EC3)-extremal.
Hencexe A, UB,, and y e WCI2 U WC32. Choose z € N:;(x) NN, (y). Note that D, and D¢, are -
crossing. Then | X, NY,,| > ‘% whenever X € {A, B} and Y € {W!, W3}. By Lemma 3.2, there are
Z e {A,B) and W € {W?, W*} such that dj;(x, Zo) = |Zey| —enand d_ (y, We,) > |W,,| — 2en. If
|Ze, N W, | > %", then [N (x) "N (9)| = |Ze, N W, | —3en> %”, as desired.

Now, we consider |Z, N W,,| < %”. Without loss of generality, assume that Z=A and
W = W2, It follows that |[A, N W2 |>|W?|— (% + 2€)n. This implies |A, N W? | > |C?

| —
2 (%) 2 2

(% +2e)n> 57" since |Cj| > 8n. If [WL NN, (v;)| = %”, then choose y € W, NN, (v;). Hence
INF) NNL ()| = [Aq N WL —3en> %” If [WL NN, (V)| < 8 then W2 NN, (v)] =

2
W2 | — (g + 2€)n. Thus, [N (x) N ch(v%)| > A, N WC32| — (e + g)n > %”. Now, we connect P!
and P? by using a rainbow directed path Plv}lxyv%Pz with colours col(P! U P?) U {c1,¢3, cq}, as
desired.

This completes the proof of Claim 3.11. U

In view of Claim 3.11, there are at least ‘i—g choices for each of ¢y, ¢z, 3, 4, X, ¥, () given any
previous choices. Thus, we obtain the desired rainbow directed path P'v}xzyviP? or Plv}xyvi P2
Applying the above process for each pair (P/, P/*1) with j € [s] where P*!:= P!, Every time we
use at most four unused colours in { and at most three unused vertices. Therefore, for each choice,
at most 4s <4t < 8kn K % colours are forbidden and 3s < ‘i—g vertices are forbidden. Thus we

obtain a rainbow directed cycle C of length at most 7s which contains every P/ with j € [s] as a
segment.

By the construction of C, for every colour i € U, any D;-good vertex v and for every vertex u €
T;, there are at least 271082t > 2717 83n disjoint directed i-absorbing paths of (v, u). Moreover,
the number of D;-good vertices inside T; is at least |T;| — 2en> (1 — §)n —2en>(1—4/e)n.
Thus C is a directed absorbing cycle with parameters (g, NN U

4. Stable case

In this section, we employ the regularity-blow-up method for digraph collections D to prove the
existence of a transversal directed Hamilton cycle when D is either strongly or weakly stable,
combining the results from previous sections. Let 0 < y, «, €, < 1. We say that D is (y, a, €, §)-
stable if it is either (y, a)-strongly stable or (€, §)-weakly stable. We first show that the reduced
digraph collection inherits stability.
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Lemma 4.1. Let 0 <1 « L—lo LeKLdL p,a Ly,e <8 K1 Assume that D={D,,...,D,)}
is a collection of digraphs on a common vertex set V of size n and 8°(D) > (% — ) n. Let
R =R(€p, d, Ly) be the reduced digraph collection of D. If D is (y,«,¢€,d)-stable, then R is
(%,az, €, g)—stable.

Proof. We may assume that % < n—lo where ng = ny(e, 1, Lp) is the constant from Lemma 2.2. Write
[L] for the common vertex set of digraphs in R where Ly < L < ny, and [M] for the set of colour
clusters. Thus there is a partition Vo, V1,...,V of V and Cp,Cy,...,Cy of [n] and a digraph

collection D’ satisfying (i)-(v) of Lemma 2.2. Therefore, for each {(k, i), j} € ([g]) x [M], we have

hi € R; if and only ifDl’ﬂ.J := {D [V}, Vi] : c € Cj} is (&, d)-regular. Furthermore, Lm < n < Mm +
eonand Mm <n<Lm+¢€yn, so |L— M| < % < % Thus we may assume that M =L at the
expense of assuming the slightly worse bound | V| + |Co| < 3€pn. Given X C [L], we write X:=
UjeX Vj. Hence 1X| = m|X]|.

Claim 4.2. Let d < o’ and i € [M]. Assume that there are sets A, B C [L] of size at least (% —a')L
such that ep;(A, B) < o'L2. Then ep, (A4, B) < Va'n? for all but at most 27 a’m colours ¢ € C;.

Proof of Claim 4.2. Let ¢ be the number of colours ¢ € C; such that ep, (A, B) > va'n?. Since
e(D.) —e(D) < (24d + €0)n? for all ¢ € [n], we have

Vot =Y e (A B) <Y (en (A, B) + 4d + e
ceC; ceC;
< [Ciler,(A, Bym® + |C;| (24d + €o)n®

< o' LPm? + 25dmn® < 2a'mn>.

This implies that t < 2/’ m. O

We consider the cases where D is strongly stable and weakly stable, respectively.

Case 1. D is (y, a)-strongly stable.

We prove that R is (4, a?)-strongly stable. Suppose that there exists a subset I C [L] with
I > (1 — %)L such that R; is not a?-nice for any i € I. By Definition 3.1, for each i € I, there
are two sets A’, B' C [L] of size at least (3 — &?)L such that eg,(A’, B') < &?L?. Applying Claim 4.2

2 2

with o’ := «*, we get that there are at least (1 — 2a)m colours ¢ € C; such that ep (A, BY) < an®.

Notice that |Ai|, |f§i| > (% —o?)Lm > (% — a)n. Then there are at least (1 — 2a)m colours ¢ € C;

such that D, is not «-nice. Thus the number of colours ¢ € [n] for which D, is not a-nice is at least
(1 —2a)m|I| > (1 — y)n since @ K y. This contradicts the fact that D is (y, o)-strongly stable.

Case 2. D is (€, §)-weakly stable.

Suppose that R is not (%, az)-strongly stable. Then there is a subset I C [L] with |I| > (1 — %)L
such that R; is not a?-nice for any i € I. It suffices to show that R is (e, %)—weakly stable. Choose
i €1, then R; is o®-extremal. Based on Lemma 2.4 (i), one has d;{i (), dgl_ (¢ = (% — 2u)L for all but
at most d L vertices j € [L]. Together with Lemma 3.2, we obtain that

o if R; is either (a?, EC1)-extremal or (a2, EC2)-extremal, then R; has a characteristic
partition (A}, Bl, L}) such that there are Z, Y € {A, B} satisfying eg,(Z/, Y/) < «*L%;

« if R; is (&%, EC3)-extremal, then R; has a characteristic partition (C!, C;/, Cg/, Ci/, L) such
that e,(Z}, Y}) < &*L* with (Z}, Y}) € (W¥, W), (W2, w!)).

https://doi.org/10.1017/5S0963548326100388 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548326100388

Combinatorics, Probability and Computing 615

Note that |Zl/-|, |1A/i/| = (% —a?)Lm > (% — 2a)n. In view of Claim 4.2, we know that there is a
subset B; € C; with |C; \ Bj| <2am such that for all c € BB;, we have ep, (ZI’-, lA/I’) < an?. It follows
that D, is 2a-extremal for each c € B;.

If R; is either (o? ECl)-extremal or (a2, EC2)-extremal, then each D. with ce
B;i admits a characteristic partition (A, B, L;), and there are W e{A,B} and {Z,Y}=
{A, B} such that ep_(Z., W,) < an? and ep, (Y., W) > (711 — Ja)n?. Hence, we must have
either |Z]AZ|,|Y]AY,| <en or |ZJAY|,|Y]AZ|<en. So, either |A/AA||B,AB,|<en or
|A;ABC|, |]§;AAC| <en. That is, for all ¢ € B;, the characteristic partition of D, is almost the same
as the union of clusters corresponding to the characteristic partition of R;.

If R; is (a2, EC3)-extremal, then each D, admits a characteristic partition (Cl, C2 C3 C4 L)
for c € B;, and it satisfies ep, (W2, W)), ep (W2, W3) < \Jan?, ep.(Cl), ep,(C?) > |C1|2 fn
and ep, (C%, C}), ep.(C2, C2) > |C2|> — \Jan?. Therefore, either |Z§AWC2|, |Yi’AWCI| <en or

A/ A~/
|2;AW§|, |?{AWC3| < en. By relabelling, one may assume that |[W} AW2|, |[W? AW?| < en for
each ¢ € B;. That is, for all ¢ € B;, the characteristic partition of D, is almost the same as the union
of clusters corresponding to the characteristic partition of R;.

Choose ce B;, ¢ € B for some i, j € [L]. Suppose that D, and D, are §-crossing. We must have
i # j. We consider the following possible cases.

e Suppose that R; and R; are either (a?, EC1)-extremal or (a2, EC2)-extremal. If |A;AAC| <en
and |A]/-AACr| < en, then

Sn SmL
AN m = |AAA) = |AcbA| — AAA] — JAAA |>8n—26n>7n>%

The other cases are almost identical. Thus R; and R; are %-crossing.

A/ ~
e Suppose that R; and R; are (o2, EC3)-extremal. Recall that |W;1 AWfl, |Wl-3 AW3| < en. Then

A~/ ~ !
|Wi1 AWC1| < 10en and |Wi2 AWC2| < 10en. Since D, and D, are §-crossing, one may assume,
without loss of generality, that |WC1AWCI,| > §n and |WCIAW3,| > §n. Hence

/ ’ A/ A~/ A/ A/
(WEAW! [m =W} AW | = [W AW = W AW — [W] AW,

dn  dmlL
>én—2len> — > ——.
2 2

and similarly, |W,.1/A ijl > ‘%L Thus R; and R; are %—crossing.
e Suppose that R; is either (a?, EC1)-extremal or (a?, EC2)-extremal, and R; is (?, EC3)-

extremal. If |A;AAC| <enand |Wj3lA W3| < en, then

PN 1 1 A A TAS 3 WY AW3 _ én BmL
= 3 > A, > >
|A1-AVV]- |m |AiAVVJ | > A AWS] — |A AA.| |W AW >én—2en> 2 > 2

Similarly, |B;A Wj3/| > % The other cases are almost identical. Thus R; and R; are %—crossing.
Since D is (e, §)-weakly stable, we have e(CED"Sk) > 8n? for some k € [3]. The number of pairs

2 2 K 2
i,j € [L] such that R; and R; are %—crossing is at least ‘iniz > % Thus e(C;ék) > %, and hence R

is (e, g)—weakly stable. O
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Figure 4. Absorbing.

For a digraph collection D that is either strongly stable or weakly stable, Lemmas 3.6 and 3.9
guarantee the existence of a directed absorbing cycle in D. We shall then employ this absorbing
property to prove that D contains a transversal directed Hamilton cycle.

Lemma 4.3. Let 0 < % LpuKLaky,8?2 <5 <e?« 1. Assume that D={Dy,...,D,} is a

collection of digraphs on a common vertex set V of size n with §°(D) > (% — ) n.IfDis(y,a,¢€,8)-
stable, then D contains a transversal directed Hamilton cycle.

Proof. Choose additional parameters ng, Lo, €¢, d, 8, A, where ng = ng(¢, 1, Ly) is obtained from
Lemma 2.2, such that

1< %<<nio<<L—10<<€o<<d<<u<<ﬁ<<)»<<a<<y,8€1/2§8§el/3 <L

Since D is (v, a, €, §)-stable, in view of Lemmas 3.6 and 3.9, we know that D has a directed
absorbing cycle C with parameters (%, V€, &, A%). Fix any two colours ¢, ¢’ € [n], two vertices x, y €
V and K € {I, IT}, we say the triple (c, x, y) is absorbable if there are at least A?n disjoint Type-K
directed c-absorbing paths of (x, y) inside C; we say the pair (¢, x) is absorbable if there are at
least A?n disjoint Type-K directed c-absorbing paths of (x, x) inside C; we say (c, ¢, x, y) is totally
absorbable if (¢, x), (¢, ) and (c, x, y) are all absorbable.

By Definition 3.3, C has length at most An, and there exists a colour set C C [n] \ col(C) of size
at least ‘%” such that

(a) given any colour ¢ € C and any D.-good vertex v, the triple (c, v, u) is absorbable for all but
at most /en vertices u,

(b) given any colour c€C, for all but at most \/en D.-good vertices v, the pair (c,v) is
absorbable. 0O

Claim 4.4. There is an integer r € [(2 — 27198n,28n] and for each i€ [r], disjoint vertex pairs
(vi, V) € V* and disjoint colour pairs (c;, c}) € C* such that the family Q = {(ci> ¢, vi, V) i € [r]}
has the following properties:

(i) (ci» ¢, vi, v}) is totally absorbable for all i € [r],

(ii) for every pair (u1,uz) € V2 and c € [n), there are at least 27°Bn values i € [r] such that
¢ € L(vju1) and c; € L(upV}) (see Figure 4).

Proof of Claim 4.4. For every colour pair (b, b,) € C?, every vertex pair (u;, uy) € V2 and colour

ceC, let S(by, by, u1, uz, ¢) be the collection of pairs (v1,v2) € V2 such that c€ L(viu;), by €

L(uyvy) and (b1, by, v1, v2) is totally absorbable. We will prove that [S(b1, b, u1, Uz, ¢)| > 2742,
For this, we first count the number of choices for v;. Let Ny := {x € N_ (u1) : x is Dy, -good}.

Hence, |[N;| > (% - ,u) n — 2en. By (b), we know that all but at most /en vertices v; € Ny satisfy-
ing that (b;, v1) is absorbable. Hence there are at least g choices of v1 such that v; € Ny and (b1, v1)

is absorbable.
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Now fix vi. Let N; := {x € N;;(uz) : xis Dy, -good}. Hence, |[N3| > (% — M) n — 2en. By (a) and
(b), we know that all but at most 2./en + 1 vertices v, € N, such that v, # vy and (by, by, vy, v2) is
totally absorbable. Therefore, |S(by, by, u1, uz, ¢)| > 27412, as desired.

Let {ci, ¢;:i € [2Bn]} CC be a collection of distinct colours. For each i € [28n], let F; be the
directed 2-graph on V with edge set {(v;, v2) € V2 (c; c;, v1, v2) is totally absorbable}, and define

= {F;:i€ [2Bn]}. Define the collection of directed multi-graphs:

Z:= {S(ul, Uy, C) 1= U S(ci, ¢ up, up, €) : (ug, ) € V2, c € [n] }

ie[2Bn]

For every S:= S(uy, us,¢) € Z and every i € [28n], we have |E(S) N E(F;)| > 2742, Applying
Lemma 3.4 with ¢:= 2f8n and € := 27%, we obtain that there is a rainbow matching M of H
with size at least (2 —2719)8#n (and at most 28n) and |E(S) N E(M)| >27°Bn for all Se€ Z, as
desired. O

Let

Vabs := (v vi}, U= V\(V(C) U Vo), Cabs = | fcir i},

ie[r] ig(r]

Crem = [n] \ (c0l(C) U Caps), J := {Ji:i € Crem} where J; = D;[U].

Thus, |[#]\ Crem| =1V \ Ul <An+4Bn<2in since B A, and 8%(J)> (3 —pu—2)n>
(3 —30)n.

Since A Ky, a,¢€,8 and D is (v, «, €, §)-stable, it is easy to see that J is (2 2,26, 2) stable.
Applying Lemma 2.2 to J with parameters (eo, 1, d, L), we obtain a reduced digraph collection
R. Denote by [L] the common vertex set of the digraphs in R, where Ly <L <nyg, and by [M]
the set of colour clusters. Thus there is a partition Vy, V1, ..., Vp of Uand Cy,Cy, . . ., Cpr 0f Crem
and a digraph collection 7' satisfying (i)-(v) of Lemma 2.2. Therefore, for {(h, i), j} € ([L]) [M],
we have that hi € R; if and only ifj;;i,j = {J\[ Vi, Vi] : c € Cj} is (e, d)-regular. Furthermore, Lm <

|U| < Mm + eon and Mm < |Crem| < Lm + €on, so |L — M| < &% < % Thus, we may assume
that M =L at the expense of assuming the slightly worse bound |Vy| + |Co| < 3€pn. Based on
Lemma 2.4, we obtain that, for each vertex i € [L], there are at least (1 — d'/#)M colours je[M]

such that d;{j(i), dEj(i) > (% — 4))L; for each colour j € [M], there are at least (1 — d'/*)L vertices
i € [L] such that d+(i) dg (i) = (3 —4M)L.

It follows from Lemma 4.1that Ris (¥, &, > 2, 4) -stable. It is routine to check that the bipartite

graph collection corresponding to R, say Br. is (4, %, > 2e, 4) -stable. Together with Theorem 2.10,
there is a transversal perfect matching inside Br. Therefore, there exists a set of disjoint rainbow
directed cycles inside R, say C!, C2, ..., C, such that |V(C!)| + - - - + |V(C")| = L. For each rain-
bow directed cycle C' in R, by using colours in Ujecol(ci) Cj, we are to find a rainbow directed path

P'in J' with length at least (1 — \/€0)|C'|m.

Claim 4.5. Let C=v1v, ... vsv; be a rainbow directed cycle in R with vey):= vi and viviy €
E(R;) for each i € [s]. Then {J;[V1, Vo, -+, V] :i€ et C;} contains a rainbow directed path with
order at least (1 — ,/€g)sm.

Proof of Claim 4.5. We construct a rainbow directed path greedily. Assume that we already
have a rainbow directed path P=x; ... x; with xj € Vj, and jo = (mod s) for each j e [i]. If i >
(1 — /€0)sm, then we are done. Otherwise, |V \ V(P)| > \/egm — 1 for each j € [s]. We claim that

max{lN;g(x,') N (Vig+1 \ V(P))| : c € Cj, \ col(P)} = 2€gm. If so, then choose c € Cj, \ col(P) such
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that |N;,' (x) N (Vig41 \ V(P))| is maximum and choose x4 € N;' (x) N (Vig41 \ V(P)) such that
max{|N;ér (xi+1) N (Vig42 \ V(P))| : c € Ciy1 \ col(P)} is maximum.

Suppose that max{|N]T(x,-) N (Vig+1 \ V(P))| : c€Cj, \ col(P)} <2¢gm. Clearly, i>2. Let
Wiy:= Nt (xi-1) N (Vi, \ V(P)) and Wj, 41 beasubset of V11 \ V(P) with |[W;, 11| >

]E(Xi—lxi)
By the choice of each x; with j <i, we have |[Wj | > 2e9m and each y € Wj satisfies |N;,r(y) N

(Vig+1 \ V(P))| < 2€gm for each colour c € Cj, \ col(P). Then
2 ey col(p) €L (Wigs Wig1)

B
(=}

m.

<2J/e K d,
ICis \ col(P)[|Wig|| Wig+1] Ve
which contradicts the fact that {J/[Vj,, Vij+1]:i € Cj,} is (€, d)-regular. O

Based on Claim 4.5, we know that there exists a set of disjoint rainbow directed paths Piin J
with order at least (1 — ﬁ)|¢’|m and colours from (Jjc coy(cy) Cj for all i € [t]. The number of
vertices or colours not in any P’ is at most ,/€gn + 3eon < 2,/€gn. We consider each vertex in U
but not in any P’ to be a single path (of length 0).

Without loss of generality, assume that P, P2, . . ., P* are all the disjoint rainbow directed paths
obtained in the above. Then s <2,/egn + L < 271984, Let x;, yi be the start vertex and end vertex
of P! for each i € [s] (where x; = y; if P’ has length 0). Clearly, U = Uie[s] V(PY). It follows that
’Crem \ col( Uie[s] P")‘ =5,

Next, we do the following operation for each i € [s] in turn. Let a; € Crem be an arbitrary unused
colour. Choose an unused 4-tuple Q; := (¢j;, CJ/}-’ Viis V]/',-) € Q where j; € [r], a; € L(vjx;) and c]’.i €
L(yiv]’.i). This is feasible since Claim 4.4 implies that there are at least 2~° 1 choices for Q;, of which

at most s < 27! n have been used. Now, (cj;, c]’.i, Vi v]’»i) is totally absorbable, so there are at least

A?n disjoint rainbow directed cj,-absorbing path of (vj,, v]{i) inside C. Then choose one of them,

say S; 1= x)xhx}x}, whose vertices have not been previously chosen since s < 271981 < 2719324,

and whose colours are bil, b;, bg in order.

Notice that there remains I C [r] such that the (c], > Vjs V] v;) € Q with j € I are precisely the 4-
tuples which were not chosen to be some Q;. For each one, there are at least A%n disjoint rainbow
directed cj-absorbing paths of (v}, vj) and disjoint rainbow directed c’ absorbing paths of (1/ v )
inside C. Since B < A2, there are two such rainbow directed paths T;, T for each (cj, vj) and (c v )

which are disjoint and whose vertices have not previously been chosen
At the end of this process, we have a collection {S;:i € [s]}, {T;:ie I}, {T;:ie I} of disjoint
rainbow directed paths inside C satisfying

» foreachie [s], S; is a directed cj;-absorbing path of (vj,, v]{i),
o foreachiel, T;is a directed c;-absorbing path of (v;, v;) and TZ( isa cg—directed absorbing
path of (v, v}).

For each i € [s], we replace S; by x xvaIxZP y,v’ xf,,xﬁ1 with colours b’i, ¢j;» a; followed by the

colours inherited from P, followed by c]i, b5, b%. That is, we have replaced S; by a rainbow directed
path with the same endpoints, vertices V(S;) U V(P') U {v], } and colours col(S;) U col(P') U

{cii> c ,a;}. For each i € I, we replace T;:= y\ybyLy} by yiyb ,y3y4 where colours are inherited

except col(yzv,) =¢;and col(v; y3) = col(y2y3) We do a similar replacement of T}, using new ver-
tex v; and new colour ;. So we have replaced T; (resp. T}) by a rainbow directed path with the same
endpoints vertices V(T) U {v;} (resp. V(T;) U {v}}) and colours col(T;) U {c;} (resp. col(T}) U {c}}).

Thus we have obtained a rainbow directed cycle using vertices V(C) U UZE[S V(P U {v;, viiie
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[r]} =V and colours col(C) U U col(P U {ci» ¢;:i € [r]} = [n] where each colour is used at
most once (and hence exactly once) That is, D contains a transversal directed Hamilton cycle, as
desired. O

5. Extremal case

In this section, we consider the extremal case, in which most digraphs in the collection are
(€, ECk)-extremal for some k € [3]. The following result follows directly from Lemma 4.3.

Lemma 5.1. Assume that 0 < % <82 <s<ePxlandm=(1—4V8)n. Let D={Dy,...,
Dy} be a digraph collection on a common vertex set V of size n and §°(D) > 4. If D contains no

transversal directed Hamilton cycles, then by swapping indices if necessary, one of the following
holds:

(B1) either D; is (e, ECI)-extremal or (€, EC2)-extremal and it admits an e-characteristic
partition (A;, B, L; i) for each i € [m],

(B2) or D; is (e, EC3)-extremal and it admits an €-characteristic partition (Cil, Ciz, C?, C?, L;) for
each i€ [m].

In (B1), for every i € [m], D; also admits a partition (A;, B, L;) satisfying

(C1) ifi=1then (A1, By, L1):= (A1, By, Ly); fori>2,
(C2) ifDjis (e, K(% U thj )-extremal, then for Y € {A, B} we have Y; C Y;and dp,(v, Y;) > (% —
33/8)n for each vertex v € Y;,
(C3) if D is (E,K[g],LgJ)—extremal, then for {Y,Z} ={A, B} we have Y; CY; and dp,(v, Z;) >
— 3\/§)nf0r each vertexv e Y,

(C4) subject to (C2)-(C3), the partition (A;, Bj, L;) is chosen such that |A; U B;| is maximised for
eachie [2,m].

Furthermore, for every i € [m] and Y € {A, B}, we have
|Li| <2enand |Y1AY;| < 28n.

Proof. Choose constants «, y, €, § such that
1
0<-<a<y 82 <s<eP«l.
n

Let D={D;,...,D,} be a digraph collection on a common vertex set V of size n and 8%(D) >
5. Suppose that D does not contain transversal directed Hamilton cycles. By Lemma 4.3, we know
that D is not (y, a)-strongly stable. Hence, there are at least (1 — y)n digraphs in D such that
each of them is «-extremal. Without loss of generality, assume that D; is o-extremal for each
i € [(1 — y)n]. Note that every a-extremal digraph is also e-extremal, since o < €. Denote

Cii= {i € [n] : D, is (¢, EC1)-extremal},
Cy = {i € [n]: D, is (¢, EC2)-extremal},
C3:= {i € [n]: Djis (¢, EC3)-extremal}.

Hence |C1| +1C| + |C3| > (1 — y)n. By Lemma 3.2, we know that D; has a characteristic partltlon
(A;, B;, L;) for each i € C; U C,, or a characteristic partition (C1 C2 C3 C4 L;) for each i € C5.
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Under the above characteristic partition, applying Lemma 4.3 again yields that D is not (¢, §)-
weakly stable. For each i € C, UG, define I,-1 to be the set of j € C1 UG, such that D; and D; are
8-crossing. For each i € Cs, define Ii2 to be the set of j € C5 such that D; and D; are §-crossing. For
each i€ C; UC,, define I? to be the set of j € Cs such that D; and D; are §-crossing. Then we have

Z I} < 28n%, Z |I?| <28n%, and Z 2| < 8.

ieél UC~2 ieé; ieél UC~2

Hence there exists a colour set, say I* (where I € C, UG, ifk=1and IF C G5 if k € {2, 3}), with
size at most ~/8n such that the following hold:

o if |C1] + |C2| = 2+4/8n, then by swapping labels one has |A1AA{| < 8nand |B,AB;| < 8n for
allie (C,UG)\ T,

« if |C3] >2+/8n, then by swapping labels, for all ke [4] and all ieC;\I* we have
|W{‘A Wlk| < én, in particular |CII‘AC£‘| < 26n,

o if |C1] + |G| = 2+/8n and |C3] > 24/n, then by swapping labels one has |A1AW}| <dén
and either |A1AWI-2| < dnor |A1AWI4| <é8nforallieCs \ I,

Note that if last itemise holds, then for each i € 53 \ I 3 thereisanip € {2, 4} such that
281> |A LAWY + 1A, AWP | > [WEAWD| > 26n,

a contradiction. This implies that exactly one of IC1| + |G| = 2+/8n and |C3] > 2+/8n holds.

Suppose that IC1| + |Ca| > 24/8n. Denote [m]:= (C; UGC) \I! and Cpaq:= [m+1,n]. By
adding colours to Cp,q if necessary we may assume m = (1 — 4/8)n. Recall that € < § and D;
has a characteristic partition (A;, B, ;) for each i € [m]. Hence for each i € [2, m], there exists a
new partition (A;, B, L;) of D; such that

« if D; is (€, EC1)-extremal, then for Y € {A, B} we have Y; C Y; and d;r(v, Y;) > (% —38)n
for each vertex v € Y;,

« if D; is (€, EC2)-extremal, then for Y € {A, B} we have ¥; C Y; and di+(v, Z;) > (% —3/8)n
for each vertex v € Y;,

« subject to the above two conditions, the partition (A;, B;, L;) is chosen such that |A; U B;| is
maximised for each i € [2, m].

Denote (A, By, L;) := (A4, By, L1). Hence for everyie [m]and Y € {A, B}, we have |Y]AY;| <
|Y1AY;| + |Li| < 8n+ 2en < 28n, as desired. O

Based on Lemma 5.1, we proceed with the proof by considering the following two theorems.

Theorem 5.2. Assume that 0 < % Ke<8«landm=(1—4v8n.Let D={Ds,...,D,} bea

collection of digraphs on a common vertex set V of size n and 8°(D) > 4. If D; is (¢, ECI)-extremal
or (e, EC2)-extremal for each i € [m], then D contains a transversal directed Hamilton cycle.

Theorem 5.3. Assume that 0 < % Le<8«landm=(1— 4\/3)71. Let D={Dy,...,D,} bea

collection of digraphs on a common vertex set V of size n and 8°(D) > 4. If D; is (e, EC3)-extremal
for each i € [m], then D contains a transversal directed Hamilton cycle.

In the following two sections, we prove the above two theorems respectively.
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6. Proof of Theorem 5.2

In this section we prove Theorem 5.2. Following the outline presented in Section 1.4, we first
identify several types of “bad” vertices and cover them by short rainbow directed paths whose
endpoints possess additional properties. Next we handle the “bad” colours by choosing matchings.
We then connect all these short rainbow directed paths via a connecting lemma. Finally, by the
transversal blow-up lemma, we construct a long transversal directed path, which can be closed to
form the desired transversal directed cycle.

For the sake of clarity in presenting the following lemmas, we summarise some properties of
the digraph collection D.

T Let 0 < % Le<8?«n<Klandm=(~1 — 4/8)n. Let D={Dy, ..., Dy} be a collection
of digraphs on a common vertex set V of size n and §(D) > % We assume the following
conditions hold.

(a) For every i € [m], D; is either (¢, EC1)-extremal or (¢, EC2)-extremal and it admits a
partition (A;, B, L;) satisfying (C1)-(C4). We extend A; U B to an equitable partition
AUBof V.

(b) Define

Cy ={i € [m]:D;is (e, ECl)-extremal},
Cy ={i € [m]:D;jis (¢, EC2)-extremal}, and Cp,q=C\ (C; U(Cy).

LetC:= Ukerz) ¥ (Cx), where ¥ (Cy) = Cy if |Ck| > nn and ¥ (Cy) = @ otherwise.
(c) After moving at most 48n vertices from A to B (resp. from B to A) and deleting at most
%ﬁn vertices in A U B, there exists a set V p,q € V with size at most (y/€ + %«/S)n such

that each vertex in Y \ Vyyq lies in Y; for at least (1 — 13\/§)|é | colours i e C, where
Y € {A, B}
(d) Define

X:= {xe V:x & A;UB; for at least 6\/§|é| colorsi e é}.

Let X’ be a subset of X consisting of vertices x such that dl* (x,Y;)) > (1—=3/8)n (resp.
d; (x,Y;) > (1 — 3+/8)n) for at least (1 — 3+/5)|C| colours i € C and d; (x, Z;) > 3+/8n
(resp. diJr(x, Z;) > %ﬁn) for at least 3\/§|CA| coloursieC.
The next lemma shows that any vertex contained in L; for many colours i € C can be covered by
a rainbow directed path P3 with endpoints not in Vi,q. To enhance flexibility, we select a rainbow

star S5 (instead of a simple directed P3), which allows each endpoint of the resulting path to be
replaced by an alternative available vertex when needed.

Lemma 6.1. Suppose that t holds and {Y,Z} ={A, B}. Let P be a rainbow directed path in
D with length at most %«/gn Assume X\ (X' UV(P))={x1,...,xs} with s<./en. If x; €
X NY, then there exist colours cil, ciz, C?, c;-l € Cj \ (col(P)U {cé, c%, CZ, c‘é:@ € [i — 1]1}) and vertices
xil, xiz, x?,x;‘ e W\ (V(P)U {xé, x%, xz, xﬁ:ﬁ €[i—1]}) such that xf-‘x,- € E(Dcfﬁ) for ke [2] and

xixf-‘ € E(D ) for k € {3, 4}, where

e j=2and W=_Zif|Ci| <nn,
o j=1land W=Y if |C3| < nn,
o eitherj=1and W =Y, orj=2 and W = Z otherwise.
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Proof. We only prove the case that |C; | < nn, and the other cases can be proved by similar argu-
ments. Suppose there exists an iy € [s] such that Lemma 6.1 holds for all i € [iyp — 1] but does not
hold for iy. Assume for convenience that x;, € X N A. Denote C; := C; \ (col(P) U {c[, c%, cz, czl {e
lip — 1]}). Let

Cy = {j€Cy:d (xiy B) = 4io — 1) + 4+ |V(P)|} and

C3 = {j€Cy:d; (xiy, B) = 4lig — 1) + 4 + |V(P)|}.

Hence either |Czl| <3or |C22 | < 3. Without loss of generality, assume that |C21| < 3. Thus, for each
j€Cy\ C;, wehave

df (xip, Aj) = d (xip, A) — A\ A1| — A1 DA} — X4 \ X5| — |X']
> 5%(Dy) — df (xiy, B) — |A\ A1] — |A1 AA)] — X4 \ X3 = IX]

g—(4(10—1)+4+|V(P)|)—zEn—zan—4an—fn

1
2
Furthermore, |C; \ C}| > (1 — 3+/5)|C,|.
Notice that x;, ¢ X’. Then, for at least (1 — 34/8)|C,| colours j€eC, dj_ (xig» Bj) < %ﬁn and
consequently, dj_ (xig» Aj) = (% — 34/8)n for the same set of colours. By (C4), we know that x;, €

A;j U B; for all but at most 6+/8|C| colours j € Cp, which leads to x;, ¢ X, a contradiction. O

Next, we give an application of the transversal blow-up lemma (see [10]) for embedding
transversal undirected Hamilton paths inside very dense bipartite graph collections, which can
be proved by minor modifications to the proof of [9, Lemma 6.1], and we omit the proof here. We
say that P is an undirected subgraph of a digraph collection D = {Dy, . .., D,} if, for every edge
uv € E(P) N E(D;), the reverse arc vu € E(D;).

Lemma 6.2. Suppose t holds and {W,Z} ={A, B}. Let W* C W\ Viypuq and Z* C Z \ Vy,4, where
|W*,|1Z¥%| = nn, W*NZ* =0 and |W*| —|Z*| =t €{0,1}. Let T* =Z* if t =0 and T* = W* if
t=1.LetC* C Csatisfy |C*| = |W*| + |Z*| — 1, whereC* CCy if W=Z andC* CC, if W # Z. Let
W~ CW* and TT C T* with |W—|,|TT| > %”. Then there is a transversal undirected Hamilton
path in {Dii[W*, Z*):i € C*} starting at W~ and ending at T,

The subsequent result can be used to connect two disjoint short rainbow paths into a single
short rainbow path.

Lemma 6.3 (Connecting tool). Suppose that t holds and {Y, Z} = {A, B}. Assume P=uju; . . . u;
and Q=v1v, ... v are two disjoint rainbow directed paths inside D with us, v1 ¢ Vg U X and
s+t <5nn.

(i) IfuseY,vieZand|Cy\ col(PU Q)| > 14+/8n, then there are three colours cy, ¢z, ¢3 € Ca \
col(PU Q) and two vertices wy € Z\ (V(PU Q) U Viaq), Wy € Y\ (V(PU Q) U V) such
that uy Puswiw|v1Qv; is a rainbow directed path with colours col(PU Q) U {c1, c2, ¢3}.

(ii) Ifus,vi €Y and |Cy \ col(PU Q)| > 14+/8n, then there are two colours ¢y, c; € Ca \ col(PU
Q) and a vertex wy € Z\ (V(PU Q) U Vy,g) such that u; Puswivy Qvy is a rainbow directed
path with colours col(P U Q) U {c1, c2}.
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(iii) Ifus,v1 € Yand|Cy \ col(PU Q)| > 14+/8n, then there are two colours c1, ¢z € C \ col(PU
Q) and a vertex w1 € Y \ (V(PU Q) U Vyug) such that uy PuswyviQv; is a rainbow directed
path with colours col(PU Q) U {c1, c2}.

Proof. We only give the proof of (i), the other two statements can be proved by similar
discussions, whose procedures are omitted.

Note that us, v1 € Vbag U X'. Then u; (resp. v1) lies in Y; (resp. Z;) for at least (1 — 13«/§)|é|
coloursi € C. Since |C; \ col(PU Q)| > 14+/8n, we obtain that u, (resp. v1) liesin Y; (resp. Z;) for at

least /87 colours i € C, \ col(P U Q). Hence there are two distinct colours ¢}, ¢c; € C; \ col(P U Q)
such that u; € Y, and v; € Z,. It is routine to check that

ING () N (Z\ (Voad U XN ZINS (1) N Zey | = |Z1 AZey | — 1X U Xa U X
1 1 1
> (5—3«/§>n— (28+ﬁ+5«/§)nz (5—4\/3) n.

Hence there exists a vertex w; € N:lr(us) N Z that avoids V(P U Q) U Vpaq U X'. Similarly, since
W1 & Vbad U X', there is a colour ¢3 € C; \ (col(PU Q) U {c1, c2}) such that w; € B, and

INg, (v1) ﬂN:;(Wl) N(Y\ (Vpaa UX))| > (% — 1()\/§> n

Therefore, there is a vertex w] € N,(vi)N Nj;(wl) N A that avoids V(PUQ)U Vi,,qUX'. Tt
follows that ujPuswiw)viQv; is a rainbow directed path inside D with colours col(PUQ)U
{Cl » €2, C3}- D

To prove Theorem 5.2, we need the following lemma. This establishes that every digraph col-
lection D contains a transversal directed Hamilton cycle if it admits an almost balanced partition,
with the small parts inducing an empty graph for almost all colours. We first state a preliminary
result from [11].

Lemma 6.4 ([11]). Let C be a set of colours, and G ={G;[Y, B] :i € C} be a collection of bipartite
graphs with the common bipartition Y U B such that 7|Y| < |B| < %|C|. If ¥ icc |IE(Di[Y, B])| >
t|B||C| for some integer t with 1 <t <|Y|, then G contains t disjoint rainbow stars on 5 vertices, and
each of them has its centre in Y and other vertices in B.

Lemma6.5. Assume( < % K8k land0 <y <38. LetC be aset of n colours, and let D ={D; :i €
C} be a collection of digraphs with the common vertex set V of size n such that §°(D) > [5]. Let
A U B be a partition of V with |A| = |—§-| + yn, and let C' UC" be a partition of C with |C"| < 8n.
Assume that D;[B] = @ for all i € C'. Then D contains a transversal directed Hamilton cycle.

Proof. Define Y; := {veA:diJr(v, B)<(1 —Si)|B| for at least 8%|C/| colors ie(C'}, Yy:= {ve

Ad; (v,B) <(1— 5%)|B| for at least 81 |C’| colors i € C'}. Since D;[B] =¥ for all i € C/, it is routine
to check that

(;] |B||C'| < Z |E(D;i[A, B])|

ieC’
< 1Y11(1 = 89)|BISTIC| + Y ||BI(1 = 8)IC'| + (14] — [Ya)IBIIC'
= (|A] = 82 |Y1)IBIIC|
It implies that |Y;| < 1’/—% <3./5n. Similarly, |Y>| < i’/—% < 3./8n. For avertex ve Y; \ Y3 (resp.
ve Y\ Yy),wehaved (v,B)> (1— 8%)|B| (resp. df(v,B) >(1— 8%)|B|) for at least (1 — 8%)|C’|
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colours i € C’. Notice that Lemma 6.2 and Lemma 6.3 (i)-(ii) hold by setting Vi,q:= Y, U Y3 and
C=C.

Since 8°(D) > [ 4], we have |E(Di[A, B])|, |E(D;[B, A])| > |B| [ 4| for each i € C', i.e., there are
at most |B|( |_§-| + yn) — |B| [ﬂ = |B|yn non-edges from A to B (resp., from Bto A) in D;. Hence

D IE(Di[Y1, BDI = (IY1] — yn)|BIIC'| and ) |E(Di[B, Y2])| = (IY2| — yn)|BIIC].
ieC’ ieC’

According to the sizes of |Y;| and |Y3|, we proceed by considering the following three cases.
Case 1. Y|, |Y2| > yn.

In view of Lemma 6.4, there exists a subset Y] C Y; with size yn such that vertices in Y7 \ Y]
can be covered by disjoint rainbow P;3 copies inside {D;[Y1, B]:i € C'} with centres in Y; \ Y]; and
a subset Y, C Y, with size yn such that vertices in Y5 \ Y} can be covered by disjoint rainbow P3
copies inside {D;[B, Y>]:i € C'} with centres in Y5 \ Y;. Recall that each vertex in Y; (resp. Y>) has
at least ’—§-| —(1- Si)|B| > 4|Y| out-neighbours (resp. in-neighbours) in A for at least 81 IC'| >

8 (1 — &)n > 4|Y| digraphs D; with i € C’. Therefore, by using colours in C’,

« verticesin (Y1 U Y3) \ (Y] U Y}) can be covered by disjoint rainbow directed P3 copies with
centres in (Y; U Y3) \ (Y] UY;) and endpoints in B,

« vertices in Y] \ Y}, can be covered by disjoint rainbow directed P3 copies starting at B and
ending at A with centres in Y] \ YJ,

« vertices in Y/, \ Y] can be covered by disjoint rainbow directed P3 copies starting at A and
ending at B with centres in Y} \ Y7,

« vertices in Y] N Y} can be covered by disjoint rainbow directed P3 copies with centres in
Y{ N'Y} and endpoints in A.

For each y € Y, U Y3, let Py := y'yy* denote the rainbow directed P with centre y, where P,
has colours c)l, and cﬁ. Let P = {P):y € Y1 U Y3}. By using Lemma 6.3, one may connect all of the
above rainbow directed P3 copies into a single rainbow directed path P! that starts at A and ends

at B. Then
V(PN A= [V(PY) N Bl = Y]\ Ya| + Y3\ Y +2]Y] N Y3 = Y]] + V5] =2yn.
Hence, |A \ V(PY)| =|B\ V(P")| + o, where 0 = 0 if n is odd and o = 1 otherwise.
It is routine to check that there exists a rainbow matching inside {D?E [A\ V(PY),B\ V(P)]:i e

C"}, say M, such that D;[A \ V(P! UM), B\ V(P! UM)] # ¢ for each j € col(M). Furthermore, D;
is (19+/8, EC1)-extremal for all j € C” \ col(M).

Subcase 1.1. nand |C” \ col(M)| have the same parity.

We greedily choose two disjoint rainbow directed paths P4 and Pg inside {D;[A\ V(P'U
M)]UD;[B\ V(P*UM)]:i € C" \ col(M)} with lengths |—|C”\C§I(M)\—| and L‘C//\CEI(M”J respectively,
such that V(P4) C A and V(Pg) C B. Applying Lemma 6.3 (i), we successively connect P!, all
rainbow edges in M, P4 and Py into a single rainbow path P> whose endpoints lie in different
parts. Clearly, |A \ V(P?)| = |B\ V(P?)|. Together with Lemma 6.2, we know that D contains a
transversal directed Hamilton cycle, as desired.

Subcase 1.2. nand |C” \ col(M)| have different parity.

Notice that |[B| = | 5] — yn. Hence for each D; with i € C, each vertex in B has at least yn + 1
in-neighbours in A. Therefore, each vertex in B has at least one in-neighbour outside Y7.
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We first assume |[C” \ col(M)| > 1. Choose an unused vertex y € Band a colour c € C” \ col(M).
Assume that xy € E(D.[A, B]) with x¢ Y}. If x€ A\ (Y1 UY;), then x can be chosen outside
V(P! UM). Using Lemma 6.3 (i)-(ii), we connect xy and P! into a single rainbow directed path
P.Ifx € (Y; UY,)\ Y7, then we replace the end vertex of Py by y. In either situation the problem
reduces to Subcase 1.1, yielding a transversal directed Hamilton cycle in D, as desired.

Now, we consider that 7 is odd and |C” \ col(M)| = 0. For each D; with i € C, each vertex in A
has at least one in-neighbour outside Y|. Choose an unused vertex y € A \ (Y; U Y>) and a colour
c €C. Then there exists a vertex x € A\ Y] such that xy € E(D.[A]). By a similar discussion as
above, we obtain a transversal directed Hamilton cycle inside D, as desired.

Case 2. At least one of Y] and Y, has size less than yn.

In this case, we consider only |Y1| > yn and |Y3| < yn; the remaining two cases are analogous.
Following the argument of Case 1, we know that all vertices in Y; can be covered by a set of disjoint
rainbow directed copies of P with centres in Y; and endpoints in A \ (Y; U Y3). Furthermore,
each vertex in Y, \ Y] can be covered by a rainbow directed P5 with its centre in Y, \ Y}, starting
from A \ (Y7 U Y3) and using colours in C’. (In this process, for the choice of the other endpoint of
each rainbow directed P3, we prefer using vertices in A over vertices in B.) By using unused colours
in C and unused vertices in A \ Y, one may extend those rainbow directed P; as long as possible
or choose all other disjoint rainbow directed paths. Let P = {Q;, Q2, . . ., Q;} be a set consisting of
all disjoint rainbow directed paths in the above, where each Q; has at least one endpointin A\ Y
and length s; (1 <i <) inside A. We next consider the following two possible cases.

Subcase 2.1. |B| > [A| — (s1+ -+ -+ s) — 0.

In this subcase, there exists a set P’ = {Q], Q}, ..., Q,} such that [B| = [A| — (s} + - - +5,) —
o, the endpoints of each Q; lie outside Y and Y, U Y] € V(Q] U...UQ)), where s; = |[E(Q;[A])]
for each i € [¢]. By Lemma 6.3 (i)-(ii), we connect all rainbow directed paths in P’ into a single
rainbow directed path P!, whose endpoints are in different parts. Since |A| — |B| = 2yn + o, we
have ¢ <s| + - - - + s, = 2y n. Therefore, |[E(P')] < 8ynand |A\ V(P')] — o =|B\ V(P!)|.

Recall that all vertices in Y; \ V(P’) can also be covered by a set of disjoint rainbow directed
copies of P3 with centres in Y; \ V(P’) and both endpoints in B. Applying Lemma 6.3 (i) again to
connect those rainbow directed paths with P!, we get a rainbow directed path P? with length at
most 8yn + 12+/8n, and with endpoints in different parts.

Choose a maximum rainbow matching inside {Dii [A\ V(P?),B\ V(P?)]:ieC”\ col(P?)},
say M, such that D]i [A\ V(P2UM),B\ V(PPUM)] #9 for each j € col(M). Clearly, D; is

(13+/8, EC1)-extremal for alljeC”\ col(P' UM).In fact, when constructing P! — B — Y, we may
prioritise the use of colours from C” \ col(P! U M) over other colours. Hence either col(P! — B —
Y) CC"\ col(M) or C" \ col(M) C col(P' — B —Y).

Based on Lemma 6.3 (i), one may connect P! and all edges of M into a single rainbow directed
path P2, whose endpoints are in different parts and length is at most 8y n 4 48n. Next, we are to
choose two disjoint rainbow paths P4 and Pg inside {D;[A \ V(P UM)]UD;[B\ V(P UM)]:i €
C" \ col(P' U M)} such that V(P4) € A and V(P3) € B respectively, whose lengths are determined
by the parity of [C”" \ col(P! U M)|. Clearly, if nand [C” \ col(P' U M)| have the same parity, then
by Lemma 6.2, we know that D contains a transversal directed Hamilton cycle, as desired. Hence
n and |C” \ col(P! U M)| have different parity. By an argument analogous to that in the proof of
Step 4 in Case 1, we can obtain the desired transversal Hamilton cycle in D.

Subcase 2.2. |B| < |[A|—(s1+ -+ s) — 0.

In this case, Zle si < 2yn. Let w be an arbitrary vertex in A \ V(P) and ¢y, ¢; be two colours
in C \ col(P). Clearly, in D,, and D,,, w has at least |—§-| — (L3] — yn) = yn+ o out-neighbours
(resp. in-neighbours) in V(P) and it cannot be adjacent to the start vertex of Q;[A] (resp. from the
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end vertex of Q;[A]) for all i € [¢] (by the maximality of P). For convenience, assume that so =0
and V(Qi) NA:= {Vsj4qsi_y+i> - - - » Vs, +-t+s5;+i} for each i € [t]. Define

L= {i:v,-eN;l(w)} and I := {i:v,-H ENCJQ(W)}.

Hence I, I, C Uie[t] [Zje[i_l] sj+ 1, Zje[i] sj+i— 1]. Therefore, I; N I, # @, which contra-
dicts the maximality of P. O

Now, we are ready to give the proof of Theorem 5.2.

Proof of Theorem 5.2. Choose constant ¢, 8, n such that
1 2
Z<<6§8 <LKl

let D= {Dy, ..., Dy} be a collection of digraphs on a common vertex set V of size n and §°(D) >
5. Suppose that D does not contain transversal directed Hamilton cycles. By Lemma 5.1, for each
i € [m], D; has a characteristic partition (A;, B;, L;) satistying (C1)-(C4). Moreover, for every i €
[m] and Y € {A, B}, we have

|Li] <2enand |Y AY;| < 28n. )

Expand A; U B; to an equitable partition A U B of V. For simplicity, we assume Y € {A, B} and
Z € {A, B} \ {Y} in the following. Let C; U C, be a partition of [m] with

Cy ={i € [m]:D;is (e, ECl)-extremal},
Cy ={i € [m]:D,;is (e, EC2)-extremal}.
Let C:= Uke[z] ¥ (C), where ¥ (Cy) =Cy if |Cx| = nn and ¥ (Cy) =¥ otherwise. Clearly, |é| >
(1 — 44/8 — n)n. Define
X:={xeV:x¢gA;UB;for at least 6x/<§|CA| colorsi e é},
Xy:={xe Y\ X:x¢Y;for at least 10\/§|é| colorsi e é}.
By (2), one has 6«/§|(f||X| < 267’l|é| and
10VBICIXy| < Y 1Y\ Yl <D (Y \ Yi| + [V1AYi]) < (28 +26)n|C].

ieC ieC
It follows that | X| < %ﬁn and | Xy| < %ﬁ/gn For k € [2], define
ok {x € Xywx € Y; for at least 3+/8n colors i € C}, if |C| > nn,
T @, otherwise.
For a vertex x € Xy \ ( Uke[z] le/), we know x € Y; for at most 6+/87 colours i € C and x € A; U B;

for at least (1 — 6+/3)|C| colours i € C. Thus, x € Y\ Y; for at least IC| — 6+/8n colours i € C and
x € Z; for atleast (1 — 6+/38)|C| — 64/3n > (1 — 134/8)|C| colours i € C. Hence

’xy\ ( U x’;)‘(|é| —6v/on) < 3 IV \ Vil = (28 4 26)niC).

ke[2] ieC

It follows that |Xy \ (Ukepy X%)| < 48n. Then we move vertices in X4 \ ( Ukepz) Xk) to B and
vertices in X3 \ ( Uke[z] Xﬁ) to A.
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Let X' be a subset of X consisting of vertices x such that d?'(x, Y) > (1=3/8)n (resp.
d; (x, Yi) > (1 — 3/8)n) for at least (1 —3+/8)|C| colours ieC and d; (x,Z;) > 3+/6n (resp.

1

diJr(x, Z;) > %ﬁn) for at least 3\/5|CA| colours i € C. Delete vertices in X’ from A U B. Without
loss of generality, assume that |B| — |A| =r with 0 <r <88n+ /en. Define Vp,q:= Uke[z]

(Xff‘ U Xg) U (X \ X'). Obviously, |Vipadl < (Ve + %«/g)n. Moreover, each vertex in Y \ Vi,q lies

in Y; for at least (1 — 13«/§)|é| coloursieC.
Next, based on the sizes of |C; | and |C;|, we distinguish our proof into the following three cases.

Case 1. |C1]| < nn.

In this case, each vertexin Y \ (X U X%) belongs to Y; for at least (1 — 134/8)|C3| colours i € Cs.
Recall that |B| — |A| = r with 0 < r < (88 + 4/€)n. The proof is divided into four steps.

Step 1. Balance the number of vertices in A and B.

In this step, we claim that by moving vertices in BN Vi,q or deleting rainbow directed paths
inside D[B], we can make the number of remaining vertices in B and A differ by o, where o0 =1
if |A| 4 |B| is odd and o = 0 otherwise. Denote s := |Vy,q N B|. If |B| — |A| — 0 < 2s, then move
W vertices in Vp,q N B to A, and our desired result holds. Hence, it suffices to consider
|B| — |A| — 0 > 2s. Now, we move all vertices in Vp,q N Bto A. Hence, BN Vi,q = @. Assume that
{Q1, . .., Q:} is a set of disjoint maximal rainbow directed paths in D[B].

On the one hand, suppose that |[E(Q;)| + - - - + |E(Q¢)| > |B| — |A| — 0. Then there must exist
a set of disjoint rainbow directed paths, say {Q,. .., Q) }, such that |[E(Q})| + - - - + [E(Q,)| =
|B| — |A] — 0. That is, |A| — ' = |B| — (IV(Q))| + - - - + |V(Q})]) — 0. Using Lemma 6.3 (ii), we
connect Q,,...,Q, into a single rainbow directed path P! with length at most 278n, starting
at A and ending at B. (In fact, by using Lemma 6.3 (ii), we only get a rainbow path with two
endpoints in B. But we usually want to find a rainbow directed path with endpoints in different
parts. Hence one may extend it by using an unused colour of C; and an unused vertex in A).
Therefore, |A\ V(P')| =|B\ V(P')| — o, as desired.

On the other hand, suppose that |[E(Q1)| + - - - 4+ |E(Q¢)| < |B| — |A| — 0 =7 — 2s — ¢. In this
case, we move all vertices of Qy, ..., Qs to A. Let C' := C \ col( Uie[t] Q;). Hence

n—|X|—r
|A| < — +s+2(r—2s—o0)<—=+18dn,
n—|X'|+r

|B| > s—2(r—2s—o0)>——188n,

NI NI

IC'I=ICl = (IE(QQU)| + - - - + [E(QN)]) = (1 — 9)n.

By the maximality of {Q, . . ., Q;}, one has D;[B] = ¢ for all i € C'. It follows from §°(D) > (§—|
that |—§-| <|A|+|X'| < 5 + 196n. Now, by Lemma 6.5, we obtain that D contains a transversal
directed Hamilton cycle, a contradiction.

In this step, if we only move vertices in Vi, from B to A, then let P! be a null digraph (i.e.,
no vertices); otherwise, assume that P! is a rainbow directed path obtained in the above, whose
leng‘{h is at most 278n and endpoints are uj; € A \ Viag, v1 € B\ Vpaq. Hence |A\ V(P)|=|B\
V(PY)| —o.

Step 2. Construct a sequence of disjoint rainbow directed P3 copies such that all centres of
them are exactly all vertices in Vi,,q U X'.

Recall that |Xf‘ UX§| <|XaUXp| < %\/Sn Let VEX%,. If v € Z, then v is moved from B to
A in Step 1, so v € Xp. Therefore, v € A; U B; for at least (1 — 6+/8)|C2| colours i € C, and v &
B; for at least 104/3|C;| colours i € C,. Hence, v € A; for at least 44/8|Ca| — 2781 > 4| Viaq U X'|
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colours i€ C; \ col(P!). If ve Y, then v belongs to Y; for at least (38 —278)n > 4| Vg UX/|
colours i € C; \ col(P'). Hence, using colours in C, \ col(P!), we can greedily choose |Xf\ U X§|
disjoint rainbow directed P3 copies, such that their centres correspond to all vertices in X5 U X3.
Moreover, if v € (Xf‘ U Xf;) N Y, then the rainbow directed P3 with centre v has endpoints in Z \
(Vbad UX" U V(P)).

For vertices in X', we know from its definition that by avoiding vertices and colours in P! and
all rainbow directed paths chosen for vertices in X3 U X3, there exists a set of disjoint rainbow
directed P; copies with centres in X’ and endpoints in different parts.

By using Lemma 6.3 (i)-(ii), we connect P!, all rainbow directed P5 copies with centres in
Xf‘ U XIZg U X' (as obtained above) into a single rainbow directed path. This results in a rainbow
directed path P> = u; ... v, with v, € B\ Viaq and length at most

|E(PY)| + 4|X2 UX2| 4 5|X'| + 6 < 278n + 2v/8n + 5/en +6.

For vertices in X \ X', we consider the following claim. Notice that the position (in A or B) of
vertices in X \ X’ does not affect our proof, so if v € X is a vertex moved from B to A, then we only
need consider v € A. By Lemma 6.1, for each x; € (X \ X') NY, there exists a rainbow directed
path Qy, =xi1x,-x,-2 with col(Qy,) = {c}, ciz} C(C; and xil,xi2 € Z \ Vpad. Moreover, each colour or
endpoint in Qy, can be replaced by an unused colour or vertex (if needed). Using Lemma 6.3 (i)-
(ii), one may connect P? and all rainbow directed paths in {Qy, : x; € X\ X'} into a single rainbow
directed path P* with endpoints u; € A \ Viag and v3 € B\ Vpag, whose length is at most 2761 +

24/8n 4 5./en + 10.

Step 3. Select a rainbow matching with colours in Cpaq \ col(P?).

Choose a maximum rainbow matching in {DijE [A\ V(P?),B\ V(P?)]:i€Cpaq \ col(P*)}, say
M. If there exists an edge with colour j in M such that Dle [A\ V(P*UM), B\ V(P>UM)] con-
tains no 2-matching, then delete all such edges from M and denote the resulting rainbow directed

matching by M. Connecting P> and all rainbow directed edges in M by Lemma 6.3 (i), we obtain a
rainbow directed path P* with endpoints u; € A\ Viaq and v4 € B\ Vpag, whose length is at most

|E(P?)| 4 16+/8n < 18+/8n + 5./en + 278n + 10.
Denote Cf_; := Cpad \ col(P*) and let j € Cy.q- Hence in Dj, all but at most one vertex in ¥\

V(P3 U M) has at least % —|V(PPUM)|—1> (% —19/8)n out-neighbours in Y. Therefore, D; is
(19+/8, EC1)-extremal for allje Ct/)ad'

Step 4. Construct two rainbow directed paths inside D[A \ V(P*)] and D[B\ V(P*)] by
using unused colours in C; UC[_;.

It is straightforward to check that
IB\ V(PY)| — A\ V(PY)| =B\ V(P")| — |A\ V(P))| =0.

By the construction of P, we know that if w € V(P?) is a vertex not in (V(P') N B) U Vg UX,
then it is possible to avoid w when constructing P%; if i € col(P*) is a colour not in col(P' — A) U
col(M), then it is possible to avoid i when constructing P*. In other words, we may assume that
w ¢ V(P*) unless w € (V(P') N B) U Viaq U X', and i & col(P*) unless i € col(P! — A) U col(M).
Furthermore, while selecting rainbow directed paths inside D[B] (in Step 1), one may give
priority to using colours from C; U C; ; and avoid vertices in X" U Viaq U V(M). This implies that

either C; UC{ 4 C col(P!) or col(P! —A)CC U C{,q- Denote C:=(C;U Chaa) \ col(PY).
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Notice that for each colour i€ C, \ col(P?), every vertex ve A\ V(P*) has at least (% —
34/8)n — |V(P*)| — |BAB;| out-neighbours (resp. in-neighbours) in B\ V(P*) in D;. Hence,

INF) NN; ()N (B V(PY)| = (% - 45#) n.

Therefore, by replacing every pair of arcs with the same endpoints and opposite directions by an
undirected edge, the digraph D?[ [A\ V(PY), B\ V(P*%)] can be viewed as an undirected graph G;

with vertex set (A U B) \ V(P*) and minimum degree at least (% — 45/8)n.
The next claim employs Lemma 6.2 to construct a transversal directed Hamilton cycle.

Claim 6.6. Let Q=x; ... x; be a rainbow directed path inside D with s < 1981, V pag € V(Q),
(C1 U Cpaa) \ C S col(Q), x1 € A\ Vipgq and x; € B\ Viga. If IC| = |[B\ V(Q) = 1A\ V(Q)|| is a
nonnegative even integer, then D has a transversal directed Hamilton cycle.

Proof of Claim 6.6. Using colours in C, one may greedily choose two disjoint rainbow directed
paths P> and P° in D[A \ V(Q)] and D[B\ V(Q)] with lengths

ICl = (IB\ V(Q)| — |[A\ V(Q)]) and ICl+ (IB\ V(Q) — |[A\ V(Q)])
2 2

respectively, whose endpoints are us, v5 € A \ Viaq and ue, v6 € B\ Vpaq. (Note that if a rainbow
path has length 0, then it contains one vertex.) Applying Lemma 6.3 (i)-(ii) to connect Q, P> and P®
in turn, we get a rainbow directed path P with endpoints x; € A \ Vg and v € B\ Vi,gq. Clearly,
|V(P)| <19v/8n+4vdn+nn+4and [A\ V(P)| = B\ V(P)|.

Notice that x1, v6 & Viad.- Hence there exist iy, iy € C \ col(P) such that x; € A;, and ve €
B, . Let W*:= A\ V(P), T*:= B\ V(P),C*:= C\ (col(P) U {iy, ip}), W™ := Ng, (ve) N W* and
Tt .= Ng, (x1) N T*. It is routine to check that |W*| = |T*|, |C*| = |W*| + |T*| — 1,

(W™ | = da, (vs, A) — [V(P)| = dg, (v6, Ar,) — |A1 AA| — X4\ X3| — X'| — |V(P)|

1 1
> (5 —45\/5> n—28n — 48n — Jen — |V(P)| > (5 —2n> n,

and similarly |T*| > (% — 217) n. Applying Lemma 6.2 yields that {G;[W*, T*] : i € C*} contains a
transversal undirected path P’ starting at v/ € W~ and ending at u’ € T™. Thus, x; PveV'P't/x; is a
transversal directed Hamilton cycle inside D. U

If nand |C| have the same parity, then by Claim 6.6, there exists a transversal directed Hamilton
cycle inside D, a contradiction. Hence, it suffices to consider that n and |C| have different parity.
Therefore, either |C| — (|B\ V(P*)| — |A \ V(P*)|) is a positive odd integer or |C| = 0 and 7 is odd.

Based on the definition of X', we move vertices in X’ to Y if it is covered by a rainbow directed
path from Z to Y (in Step 2). The following claim considers the local structure of D;.

Claim 6.7.

(i) If|(ﬂ =0, then D;[B\ (X' U V(PY))] = @forallieC\ col(P' — A).

(ii) Foralli€C, Di[A\ (Vyag UX'), Bl =% and D;[(B\ (Vpaq U X U V(PY)), A] = 0.
Proof of Claim 6.7. (i) Suppose that there exists an iy € C \ col(P! — A) such that D;[B\ (X' U
V(P'))] # ¥. Choose wyw, € E(D;,[B\ (X' U V(P1))]). Recall that each of w; and w; can be cho-
sen outside V(P*) unless it is in (V(P') N B) U Vi,uq U X', and iy can be chosen outside col(P*)

unless iy € col(M). If iy € col(M), then let P* be a rainbow directed path obtained by deleting the
edge with colour iy from P* and connecting its two endpoints by Lemma 6.3 (i). It is routine
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to check that |B\ V(P*)| — |A\ V(PY)| =|B\ V(PY)| — |A\ V(PY)]. Let P*:= P* if iy € col(M),
which reduces our proof to the case where iy & col(P*). We consider the following several cases.

e Suppose wy, wy &€ Viad. Then wy, wy & V(P*). Connect w; with the endpoint v of P* by
Lemma 6.3 (ii). Denote the resulting rainbow directed path by Q;.

e Suppose w1 & Viaq and wy € Viaq. Hence wy ¢ V(P*) and there exists a rainbow subpath
u1P4w%w%w2 of P* with w% € B\ (Vpag UX'), W% € A\ (Vpag U X'). Replace w%w%wz with wiw; in
P* and connect w; with the vertex in N i (W;) by Lemma 6.3 (i). Let Q; be the resulting rainbow
directed path. The case for w; € Vioq and wy & Vi,q is similar.

e Suppose w1, w2 € Vg By rearranging, one may assume that w; and w; are connected by a
rainbow directed path wlw%w%w%wz in P*, where wi, w% €A\ (Vpaga UX') and wé € B\ (Vpaq U

X'). Replace wy w%w% w% wy, with wyw, in P%; and denote the resulting rainbow directed path by Qs.

In each of the above cases, we get a rainbow directed path Q; (i € [3]) such that IC| — ||B\

V(Qi)| — A\ V(Qi)|‘ is a nonnegative even integer. It follows from Claim 6.6 that D contains a
transversal directed Hamilton cycle, a contradiction.

(ii) We will only prove that D;[A \ (Vpag UX'), Bl =@ foralli e C, the second statement can be

proved by a similar discussion. Suppose that Dj, [A \ (Vpag U X'), B] # ¢ for some i; € C. Choose
2122 € E(Djy [A \ (Vbag UX'), B]). Hence z; ¢ V(P*). Next, we consider several cases.

e Suppose z; & (V(P') N B) U Viyag U X'. Then z;, ¢ V(P*). Using Lemma 6.3 (i), connect z, to
the endpoint u; of P, Denote the resulting rainbow directed path by Qy, and set C; := C \ {i1}.

e Suppose z; € V(P') N B. Then P* can be written as u;P*zyz;P*vy, where 25z, € E(P') N
E(D,) for some i, € C. Clearly, i € C; if 2, € A, and ip € (Cy U (Y 4) \ Cif z, € B (since col(P! —
A) S CyUCY,,)- Notice that V(P') N BN Viyaqg = 0. Hence 2} & Viad. Apply Lemma 6.3 (i)-(ii) to
connect u1P'z} and z12,P*v4 into a single rainbow directed path, which we denote by Q,. Let
Cr:=C\{i1}ifz, € A,and C;:= (C\ {i1}) U {ir} if 2, € B.

e Suppose z; € Vg UX'. Then P* can be written as u3 P2}z, P*vy, where z} € A\ Viaa. By
Lemma 6.3 (ii), we connect u1P4z; with 21222§P4V4 into a single rainbow directed path, say Qs.
Set C3:= C\ {i1}.

In each of the above cases, we get a rainbow directed path Q; (i € [3]) such that IC| — ||B\

V(Q)| — A\ V(Qi)|| is a nonnegative even integer. It follows from Claim 6.6 that D contains a
transversal directed Hamilton cycle, a contradiction. U

If |é| =0, then 7 is odd. In view of Claim 6.7 (i), we know D;[B\ (X' U V(P'))] = for all
ieC\ col(P! — A). Notice that |B\ (X' U V(P"))| > 5 —285nand |col(P! — A)| < 278n. Together
with Lemma 6.5 (see the end of this subsection), we know that D contains a transversal directed
Hamilton cycle, a contradiction.

If |C| > 1, then based on Claim 6.7 (ii) and the fact that §°(D) > %, we obtain |A[, |B] > ”TH, a
contradiction.

Case 2. |C5]| < nn.

In this case, each vertexin Y \ (X U X%,) belongs to Y; for at least (1 — 134/8)|C1| colours i € Cy.
Following the argument from Step 2 of Case 1, we know that there are |Vi,,q| disjoint rainbow
directed Pz copies, each having its centre in V},q and both endpoints in the same part. We now
consider vertices in X’. Based on the definition of X’, we move a vertex in X’ to Y whenever it
is covered by a rainbow directed P5 from Z to Y (in Step 2 of Case 1). In order to connect those
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rainbow directed P; with centres in X’ into a single rainbow directed path, we balance the number
of rainbow directed paths from A to B and those from B to A.

Claim 6.8. There exists a rainbow directed path P° with length at most 8/en such that X’ C V(P),
col(P%) C Cy, and its endpoints lie outside Vy,q U X'. Furthermore, P° can be chosen to either start
at A and end at B, or have both endpoints in the same part.

Proof of Claim 6.8. If |[X'| =0, then by the minimum semi-degree condition, our result holds
obviously. Assume therefore that |X’'| > 1 and, without loss of generality, that |ANX'| —|BN
X'| > 0. We first select all disjoint non-trivial maximum rainbow directed paths, say Qy, ..., Qs
inside {D;[ANX']:ieC}. Let ' := [V(Q1)| +-- -+ |V(Qy)| and Q;:= x;...y; for each i € [¢].
Next, we choose a maximum rainbow directed matching, denoted by M, inside {D;[A, B] :i €
Ci\col(QEUQyU...UQy)} avoiding vertices in Uie[t] V(Q; — yi). Partition M into M; UM,
such that V(M) N A = V(M) N ANX'. Hence, each vertex in V(M) N A or each Q; with yi €
V(M) NA can be covered by a rainbow directed path with length at most |X’| 4+ 2 and both
endpoints in B\ (Vpag U X’). Denote X := (ANX')\ V( Uiern (Qi =y U M).

Assume that |X| > 1. We are to prove that |[E(M;)| > 1X] + 1. Suppose for contradiction that
|E(My)| < 1X]| < Jen. Together with the definition of X, one has BN X' C V(M) N Band M can
be chosen such that each matching edge incident to a vertex in BN X’ is not incident to vertices in
ANX.

Choose uj € X, up € B\ V(M) and two colours ¢j, ¢; € C; \COI(M UQiU...UQ). We con-
sider le'(ul) and N (u2) respectively. It is easy to see that u; has at most ' — t out-neighbours

inside A N X’ and N:(ul, B)= N;'[(ul, BN V(M)). Hence

|5 ] = ING @Dl < JANX |+ (¢ =)+ N (w1, B VUD). 3)

Similarly, we have

|5 ] = ING @)l < IN; (2, AN VD) + 1Bl — 1. @)

Therefore,
IN (ur, BO VD) + N (u2, AN VID)| = K] + |B(M)| + 1.

Notice that, if there exists an edge wyw, € E(M) such that uyw; € E(D,,) and wyu, € E(D,, ), then
we will find a large rainbow matching, a contradiction. Hence |N;{ (u1, BN V(M))| + ING, (12, AN
V(M))| < |[E(M)|. It follows that |E(M)| > |X| 4+ |[E(My)| + 1, which implies |[E(M,)| > |X| + 1.
Thus, together with Lemma 6.3 (iii), the desired rainbow directed path PY can be obtained.

Now, we consider |5(| =0 and |[BNX'| =0. If |E(M;)| > 1, then we are done. Otherwise, by
the maximality of M and the definition of X', we deduce that D;[A \ X', B] = . Using a similar
argument as (3) and (4), there is a vertex in A \ (Vpaq U X’) that is adjacent to some vertex in
{x1,.. ,x ) U(ANX)\V(QLU...UQy)). Together with Lemma 6.3 (iii), the desired rainbow
directed path can be obtained immediately.

Finally, we consider IX| =0 and |[BNX’| > 1. In this case, the desired rainbow directed path
also follows immediately from part (iii) of Lemma 6.3. (Note that if there is a rainbow directed
path with some endpoint in Vi,q, then it can be extended by at most two vertices so that both of
its endpoints remain in the corresponding part and are no longer in Vi,q4.) U

By Lemma 6.1 and a similar discussion as Steps 1-3 in Case 1, the following hold.
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(D1) In{D;[A\ V(P°)]UD;[B\ V(P%)]:i€C\ col(P®)}, there are | Viyoq \ V(P°)| disjoint rain-
bow directed P; copies, each with its centre in Vi,q \ V(P°) and both endpoints in the same
part. Let P be the set of these rainbow directed P3 copies.

(D2) For colours in Cp,q, there exists a maximal rainbow matching, say M, inside {D;[A \ V(P U
PO]UD;[B\ V(PUPY)]: i€ Cpaq) such that for each edge in M[Y] with colour j we have
Di[Y\ V(PU P% U M)] contains a 2-matching. Denote C{.d = Cbad \ col(M). Then Dj is
(19+/8, EC2)-extremal for allje Ct/>ad'

(D3) Let q:= |C2UCY 4. In the digraph collection {DijE [A,B]:ieCyUC; ,)}, there exists a
rainbow directed path Q of length q — 1 or g that avoids vertices in P U P’ U M.

(D4) We can assume that a vertex v ¢ V(P U M U Q) unless v € V},,4, and a colour ¢ ¢ col(P) if
ce Cl.

Next, we give a claim that will be used later to obtain transversal directed Hamilton cycles.

Claim 6.9. Assume that Q =z ...zs and Qy =z; ...z are two disjoint rainbow directed paths
inside D such that z,2} € A\ Vpad> 25> 2, € B\ Vpag and s+t < 4nn. If Vg € V(Q1 U Qy) and
Cy U Cpag C col(Q U Qy), then D contains a transversal directed Hamilton cycle.

Proof of Claim 6.9. Note that zi,2] € A\ Viaq and z, z; € B\ Vpaq. There exist iy, iz, i3, i4 €
C1\ col(Qy U Q) such that z; € A;, z] €Aj,, zs € Bj; and z; € B,. Split C; \ (col(Q; U Q) U
{i1, 12, i3, i4}) into two parts C, U Cp, where |Ch| = |A\ V(Q1 U Q)| — 1 and |Cy| =|B\ V(Q; U
Q2)| — 1.LetI; UL, and J; U J; be equitable partitions of A \ V(Q; U Q;) and B\ V(Q; U Q,) with
\I1| > |Iz| and |J1| > |J2|, respectively. Define

D, := (D[}, L] :i€C,) and Dy := {DE[y, J2] :i € Gy}
Notice that
n—|X|—r n
[YAV(QUQ)|> — s [V(QiU Q)| > 2" 5nn,
and for i € C, U {i1, 2}, j € [2] and z € [3_j U {21, 2} }, we have
IN (2, 1) = df (2, A\ V(Q1 U Q) = 15|
> d (z, Ai) — A1 DAI] — 1Xa \ Xp| — X = [V(QLU Q)| — T3]

z(%—3ﬁ>n—(za+45+4n+¢g)n_F“rr"‘ n

> — — 5nn.
1 n

Similarly, we have [N; (2, I;)| > § — 5nn. This implies that

INF (2, 1) NN (2 1)) > 2 (Z _ 57711) — 1l = Z — 10nn.
Hence, for each colour i € C, U {iy, i}, one may view D?[ (11, I,] as an undirected graph G;[I;, I1]
with minimum degree at least % — 10nn, where two vertices are adjacent in G;[I;, I;] if and only
if there are two opposite arcs between them. By Lemma 6.2, there exists a transversal undirected
path Q, inside D, with two endpoints x, € N(;i1 (z1,11) and y, € NGI,2 (21, 1) (here y, € I if and
onlyif |I;| = |L1]).

Similarly, there exists a transversal undirected path Q inside D;, with two endpoints x; €
Ng,, (zs, 1) and y, € Ng, (z;,]) (here y, €], if and only if |J;|=|J2|). Thus, D contains a

transversal directed Hamilton cycle z1 Q1 2:x, Qpy12; Q22 ¥aQaXaz1 .- O

Now, we proceed by considering the value of g.
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Subcase 2.1. g is even and g > 2.

Using Lemma 6.3 (iii), we connect P’ (with endpoints in the same part), all rainbow directed
paths in P, all edges in M and Q (from A to B with length g — 1) into a single rainbow directed
path P, whose length is at most (8./€ + 348 +16+/8 + n)nand endpointsare x € A \ (Vpag U X'),
Y € B\ (Vhag UX'). Choose c e (C,UC[_4) \ col(P) and let uyv, be an edge in D¢[B\ V(P), A\
V(P)]. Consequently, P and ugv, are two disjoint rainbow directed paths satisfying all conditions
in Claim 6.9. Thus, D contains a transversal directed Hamilton cycle, a contradiction.

Subcase 2.2. g is odd.

Using Lemma 6.3 (iii), we connect all rainbow paths in P, all edges in M and Q (from B to A with
length g) into a single rainbow directed path P, whose length is at most (3+/8 + 16+/8 + n)n and
endpoints are x € B\ Viag, ¥ € A \ Viad. Therefore, P and P° (from A to B) are two disjoint rain-
bow paths satisfying all conditions in Claim 6.9. It follows that D contains a transversal directed
Hamilton cycle, a contradiction.

Subcase 2.3. ¢ =0.

If | X'| > 2, then choose ue ANX if ANX'|>|BNX'|, and choose ue¢ BNX if [ ANX|=
|BN X'|. Delete u from X’ when constructing P°. Based on the definition of X, there exists a rain-
bow directed copy of P; from B to A with centre u, whose vertices are disjoint from P°. Applying
Lemma 6.3 (iii) again to connect P° (from A to B), all rainbow directed paths in P, M into a single
rainbow path P, whose length is at most (8+/€ + 3+/8 + 16+/8 + n)n, with endpoints in differ-
ent parts. Thus, P and Py are two disjoint rainbow paths satisfying all conditions in Claim 6.9.
Therefore, D contains a transversal directed Hamilton cycle, a contradiction.

If |X'| < 1, then together with the condition that §°(D) > %, it is easy to find two disjoint rain-
bow edges with opposite directions between A and B. By Claim 6.9 and a similar discussion as
above, we know that D contains a transversal directed Hamilton cycle, a contradiction.

Case 3. |C1| = nnand |C;| > nn.

In this case, each vertex in Y \ Vg lies in Y; for atleast (1 — 13+/8)|C1 U C| coloursi € C; U Ca.
Denote ([ (xk UXE) =:{v1,v2,..., ). Notice that t < %\/gn By the definition of X¥, we
obtain that for each i € [t], there exist c4i_3, C4, 25 C4i—1,€C4i € (CLUC) \ {c1, €25+« v 5 C4i—5s Cai—a)
and v v2 v v4 € (AUB)\ (Vpaq U {Ve> vﬁ, vy, v[ £ € [i — 1]}) such that

o if v; eXy, then c4—44; €Cy, vi eyny,, ) for all je[2] and vivf: €

E(D ) for all j € {3, 4},

—445? V;V,' €ED Chi—dtj

Cai—atj
o ifv;e X%, then C4i—4+j € Ca, ‘Vi €ZNZ,
E(D,,_,..) forallj e {3,4}.

v]vleE D, )forall]e[]andvivie

—4+j° 4+j

)

Therefore, there exists a set of disjoint rainbow directed paths PO = {vi1 vivf:i € [t]} with
col(v ViV v2) = {c4i_3, cai—z) for each i € [t].

Based on the definition of X ', we move a vertex from X’ to Y whenever it is covered by a rainbow
directed P; from Z to Y (in Step 2 of Case 1). Avoiding all vertices and colours appearing in P°,
we then obtain a family of disjoint rainbow directed paths P! = {v!vv? : v € X'}, where for each
vertex ve YN X' we have v! € Z\ (Vipag UX') and v? € Y \ (Vipag U X'). Furthermore, for every
such path at least one of the colours of v!v and vv* can be chosen from both C; and C,. Without
loss of generality, assume that |A| < |B].

Using colours in C; UC, and applying Lemma 6.3 (i)-(iii), we connect all rainbow directed
paths in P® UP! into a single rainbow directed path P! with endpoints u; € A \ Viaq and wy €
B\ Vpad, whose length is at most 4t + 4|X'| < 2V8n+4|X).
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By Lemma 6.1, there exists a set of disjoint rainbow directed paths P’ = {xl-lxixl-z:i € [s]}, each
of which has colours cil, ci2 for i € [s]. Applying Lemma 6.3 (i)-(ii), we connect all these rainbow
directed paths together with P! into a single rainbow directed path P2, which has endpoints u; €
A\ Vipag and wy € B\ Viaq and length at most |E(PY)| 4 4|X \ X'| +2 < (2+/8 + 4/€)n + 2.

Choose a maximal rainbow matching, say M, inside {D;[A \ V(P?)] U D;[B\ V(P?)] :i € Cpad}
such that for each edge in M[Y] with colour j, we have D;[Y\ V(P2 U M)] contains a 2-
matching. Denote C; ;:= Cpad \ col(M). Note that D; is (19+/8, EC2)-extremal for all j € Chaa-
Hence, {D;[A\ V(P2UM),B\ V(P*UM)]:i€C]_,} contains a transversal matching, say M’. By
using Lemma 6.3 (i)-(iii) to connect P? and all rainbow edges in M UM/, we obtain a rain-
bow directed path P3 with endpoints u; € A\ Viaq and w3 € B\ Vpag, whose length is at most

|E(P?)| 4 16+/8n < (18+/8 + 4./€)n + 2.

Since u1, w3 ¢ Viad, there exist ip, i; € C; \ col(P?) such that u; € Aj, and w3 € B;,. By the
construction of P?, one may assume that v ¢ V(P?) unless v € Vi,q U X', and ¢ ¢ col(P?) unless
¢ € Cpag- Similar to the above two cases, we know that each digraph DijE [A\ V(P?),B\ V(P)]

with i € C; can be viewed as an undirected graph with minimum degree at least (% — 45/8)n;
each digraph D;[A \ V(P3)] U D;[B\ V(P?)] with i € C; can be viewed as the union of two disjoint
undirected graphs with minimum degree at least (% — 45./8)n. We first prove the following claim.
Claim 6.10. Assume that Qy =z ...z and Qy =z, . . . z| are two disjoint rainbow directed paths

inside D such that z1, 2] € A\ Viag Zk» 2, € B\ Vpag and each of them has length at most 194/8n.
If Viaa S V(Q1 U Q2), Cpag S col(Q1 U Qy) and |Cy\ col(Qy U Qy)| is even, then D contains a
transversal directed Hamilton cycle.

Proof of Claim 6.10. Note that z1, 2] € A\ Viaq and 2, z; € B\ Vpaq. There exist £1, €2, €3 € C1 \
col(Q U Qy) and £4 € C; \ col(Q U Q;) such that z; € Ay,, z € By,, 2] € Ay, and z; € By;,.

Split A\ V(Qi UQ,) into I; and I such that |I;| = A MQYD 454 gplit B\ V(Q UQy)
into J; and J, such that |J;| = w LetD; := {Dii [I1,J1]:i€Cy \ (col(Q U Qy) U {£4})}.

By Lemma 6.2, D; contains a transversal undirected path Q with endpoints z| € NZ; (z;) NJ1 and
yel;. Since y & Viag, there exists €5 € C; \ (col(Q1 U Q) U {£4, £2, £3}) such that y € A,..

Assume that |I,| = ki and |J| = k,. We further split I, into I’ and I such that |I}| = (%1, and
split ], into J; and J} such that |J}| = [%'l. Split the colour set C; \ (col(Q; U Q) U {€1, £3, €3, £5})

into two subsets C, and Cj, such that |C,| = ki — 1 and |C| =k, — 1. Let
Dy := {DF[I, 1] :i € Cay and Dy, := {DF[J5, J5]:i € Cp).
Applying Lemma 6.2 again yields that

o D, contains a transversal undirected path Q, with endpoints x, eNe_1 (z1)NL, y, €
N, Z (») N I

o Dy contains a transversal undirected path Q, with endpoints x; eNZ(zk)ﬂ I v €
Ny, (z;) N ],

Hence, z1 Q12kx5 Qpypz; Q2212 QyyaQaxazi is a transversal directed Hamilton cyclein D. [

Assume that |C; \ col(P?)| is odd. Notice that there exists an edge 212, € E(Dj,[A\ V(P?), B\
V(P)]) for some i, € C; \ col(P?). This edge together with the path P? form two rainbow directed
paths that satisfy all conditions in Claim 6.10. It follows that D contains a transversal directed
Hamilton cycle, a contradiction. Hence |C; \ col(P3)| is even.

Since 8%(D) > g and |A| < |B|, each vertex in A has an in-neighbour in B in each D; with
i € C; U col(M). Suppose that there exists an edge y,y1 € E(Dj,[B, A]) for some i3 € C; U col(M),
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where y; € A\ (V(P3) U Vipaq) and y2 € B. If i3 € col(M), then assume uv € E(M[A]) N E(Dy,).
Applying Lemma 6.3 (i)-(ii), we successively connect P?, all rainbow edges in M — uv and all
rainbow edges in M’. This results in a rainbow directed path D3 with endpoints i; € A\ Vpaq and
W3 € B\ Vpad. Therefore, P> can be written as uvv/ii; P23, where the colours of vv/ and v/#i; are
in C,. Since |C, \ col(P3)] is even, one has |C; \ col(P?)] is even. Hence one may let p3.= pP3if
i3 € col(M) and further assume i3 & col(P?).

Notice that y, & V(P?) unless it is in Vg UX'. If y, & Vipag U X', then P? and y,y; are two
disjoint rainbow directed paths satisfying all conditions in Claim 6.10. Hence, D contains a
transversal Hamilton cycle, a contradiction. Therefore, y, € Vi,oq U X'.

Recall that yly,y3 is the rainbow directed path that covers y,. Assume y}y; and y,y3 have

colours j; and j, in P3, respectively. Hence, there exists a rainbow directed P? starting at A and
ending at B such that P? is obtained by connecting y}y,y% and P if y) € A, and P? is obtained by
connecting P3 and y}y2y5 otherwise.

If y, € X/, then by adjusting the selections of y3, 5 and ji, j, one may get a rainbow directed

path P3 such that |C, \ col(P?)| is odd. This situation therefore reduces to the case where |C; \
col(P?)| is odd.

If y3 € Viag, then [C2 \ col(PA3)| is even. Let P:= )’%)’2}/1 if yé €B, and let P:= y’y%yzyl with
¥'y3 € E(D,) for unused colour ¢’ € C, and unused vertex y’ € B if y € A. Consequently, P> and

P are two rainbow directed paths satistying all conditions in Claim 6.10. Hence, D contains a
transversal directed Hamilton cycle, a contradiction. 0

7. Proof of Theorem 5.3

In this section we present the proof of Theorem 5.3. Since the overall strategy parallels that of
Theorem 5.2, the argument itself is relatively short; therefore we do not separate out preliminary
claims but instead give a complete, self-contained proof of Theorem 5.3.

Proof of Theorem 5.3. Choose constant €, § such that % Le<8*«l,leteD={Dy,...,D,} be

a collection of digraphs on a common vertex set V of size n and 8°(D) > 4. Suppose that D does
not contain transversal directed Hamilton cycles. For each i € [m], since D; is (¢, EC3)-extremal,
one may assume that (Cil, Ciz, C? , C;‘, L;) is a e-characteristic partition of D;. By Lemma 5.1, one
has |C’1‘AC5.‘| <28nforall k € [4] and all i € [m]. Expand Ci U Cf U Cf U C‘f into a partition C! U
C? U C? U C* of V such that |C!] — |C3| <1 and |C?| = |C*|. Hence, for i € [2, m] and k € [4], we
have |CkACf.‘| <28n+ 2en < 3én.

Now, we define the set of bad vertices. Let (Y, Z) € {(C!, C3), (C?, C*)}. Define

X:= {xe V:x e L;forat least3«/§|C3| colorsieC3} ,

Xyz:= {xe (YUZ)\ X:x €Y;UZ for at least 10\/(§|C3| colorsi€C3},

3
ngz = {x € Xyz : x € W; for someW € {Y, Z}with at least E«/En colorsi e C3} .

Recall that for all i € C3, we have |L;| < 2enand |(Y; U Z)A(Y; U Z;)| < 45n. Hence
3v/51C311X] < 2€n|Cs| and 10v/5]Cs|Xyzl < ) | 1(YUZ)\ (Y; U Z)| < (48 + 2€)n|Cs].
ieCs
It follows that | X| < i/en and |Xyz| < %\/gn < %\/511 For a vertex x € Xyz \ X}, we know x €
Y; U Z; for at most 34/87 colours i € C3 and x € Uke[4] Cf-‘ for at least (1 — 3x/§)|C3| colours i € Cs.
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Thus,x € (YU Z) \ (Y; U Z;) for at least (1 — 4/8)|C3| coloursi € Cz and x € Uke[4] Cf-‘ \ (Y;UZ)
for at least (1 — 34/8)|C3| — 3+v/8n > (1 — 104/3)|C3] colours i € C3. Hence

Xyz \ Xy |(1 = 4V/8)[C3] < Y I(YUZ)\ (Y; U Z)]

ieCs

<D (Y UZ)\ (Y1 U Z)] + (Y1 UZ)DA(Y; U Z))
ieCs

<(48 + 2¢)n|Cs].

It follows that | Xy \ X},,| < 85n. Then move vertices in Xy \ X/YZ to V'\ (Y U Z). Therefore, each
vertex in (Y U Z) \ (X U X}, lies in Y; U Z; for at least (1 — 104/8)|C3] colours i € Cs.
Let {Y, Z} € {{C!, C*}, {C?, C*}}. Define

Xy = {x €Y\ (XUXy,):x ¢Y;forat least 20/8|C3| colors i € C3} ,

X} = {x € Xy :x € Y, for at least 6+/8n colorsi € C3} .

By a similar discussion as above, we know that | Xy| < %\/S n and each vertex of Xy \ X’Y lies in Z;
for at least (1 — 204/8)|C3| colours i € C3. Furthermore, | Xy \ Xy | < 48n. We then move vertices
in Xy \ X} to Z. Hence ||C?| — |C*|| < 244n.
Define Viad:= X U ( Urzpeict.cdnce.cn Xy, U (Uke[4] Xé:k)‘ Obviously, |Vpad| < (Ve +
34/8)n. Moreover, each vertex in C* \ Vp,q lies in Cf-‘ for at least (1 — 20+/8)|C3] colours i € C;.
The subsequent result allows us to connect two disjoint short rainbow directed paths into a

single short rainbow directed path. Its proof follows the same lines as that of Lemma 6.3, and is
therefore omitted.

Claim 7.1 (Connecting tool). Let P=wuju; ... us and Q=v1vy...v; be two disjoint rainbow
directed paths inside D with us€ Y \ Vg, vi € Z\ Vipag, where Y, Z € {C, C%, C3, C*}. Assume
that |C3 \ col(PU Q)| > 21+/8n, and that for all i € [4], ifCi is a candidate set for selecting wi or w),
then |C'\ (V(PU Q) U Viug)| > 258n.

() If(Y,Z) e {(C, C?), (C3, CY)}, then there are two colours c1, ¢, € C3 \ col(PU Q) and a ver-
tex wy € Y\ (V(PU Q) U Vy,uyg) such that uyPuswiv1Qvy is a rainbow directed path with
colours col(PU Q) U {cy, c2}. A similar result holds for (Y, Z) € {(C?, C3), (C* CYH).

(i) If(Y,2) e {(CL, CY), (C3, %))}, then there are two colours ci,cy € C3 \ col(PU Q) and one
vertex wy € Y \ (V(PU Q) U V) such that uy Puswv1Qvy is a rainbow directed path with
colours col(PU Q) U {cy, 2}

(iii) If{Y,Z} = {C?, C*), then there are three colours cy,ca,c3 € Cs \ col(PU Q) and two ver-
tices wi € Z\ (V(PUQ)U Viag), Wy € Y\ (V(PUQ) U Vpaq) such that uy PuswiwiviQv;
is a rainbow directed path with colours col(PU Q) U {cy, ¢, c3}.

(iv) If(Y,Z) = (C, C)) with (1,7) € {(1, 3),(1,4), (4, 3)}, then there are two colours ¢y, c2 € C3 \
col(PU Q) and a vertex wy € C*\ (V(PU Q) U Vi) such that ui Puswivi Qv is a rainbow
directed path with colours col(PU Q) U {c1, c2}. A similar result holds for (Y,Z) = (Ci,0)
with (i, j) € {(3,1), (3, 2), (2, 1)}.

W) If(Y,2)= (C', C") with i € (2,4}, then there are two colours c1, ¢ € C3 \ col(PU Q) and a
vertex wy € CH2\ (V(PU Q) U Vyay) such that uiPuswiviQvy is a rainbow directed path
with colours col(P U Q) U {cy, c3}.
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Delete vertices in X from Uke[4] C* and choose a vertex x € X. Then for some je[4], we

have |N; (x, O\ Vpad)| = 2008# for at least 20087 colours i € Cs. Recall that |X| < /en. We first
consider j =1 and do the following operations.

(a) If |Ni+(x, C'\ Viaq)| > 20087 for at least 20081 colours i € Cs, then there is a rainbow
directed copy of P; centred at x with both endpoints in C'. We then move such x to C'.

(b) Notice that each vertex in C' \ Viaq has at least |C*\ Viaq| — 1681 in-neighbours inside
C*\ Vpaq for all but at most 204/3|Cs] digraphs D, with £ € C5. If |Ni+(x, C*\ Viad)| >
2006 for at least 20087 colours i € C3, then there is a rainbow directed copy of P4 centred
at x with endpoints in C*, C? respectively. We then move such x to C'.

Suppose (a)-(b) do not hold. Then for at least (1 — 4008)|C3| digraphs D, with £ € C3, x
has at least |C? U C*| — 40081 — | Viaq| out-neighbours in (C? U C*) \ Vi,g. Observe that
every vertex in C3\ Vpaq has at least |C*\ Vi,q| — 1681 out-neighbours inside C* \ Viaq
for all but at most 204/8|Cs] digraphs D, with £ € Cs.

(c) If IN; (x, C?\ Vpad)| = 2008n for at least 20087 colours i € C3, then we can find a rain-
bow directed copy of P3 or P4 centred at x with endpoints in C2, C* respectively; we then
move such x to C3. The same conclusion holds when IN; (x, C3?\ Vpad)| = 2008n for at
least 2008 colours i € Cs; in that case we also move x to C3.

(d) Suppose (a)-(c) do not hold. Then in each D, with £ € C3, x has at least |(C! U CH\
Vbad| — 40081 — | Viaq| in-neighbours inside (C' U C*)\ Vpaq for all but at most (1 —
4008)|C3| colours i € C3. We then move x to C2.

We perform the above operation successively for j=2,3,4. Let X' denote the subset of X
formed by the vertices described in item (d). Hence, for the vertices in X \ X', there exists a set
of disjoint rainbow directed copies of P3 or P4 centred at those vertices, where each copy either
has both endpoints in the same part C* with k € {1, 3}, or has one endpoint in C? and the other in
C*. Moreover, ||C?| — |C*|| <248n + 2 /en.

By the definition of Vi,q \ X, for vertices in (Vg \ X) N Y, we can find a set of disjoint rainbow
directed copies of P; with centres in (Vi,q \ X) N'Y and endpoints in Y\ Viq (if Y € {C', C°})
or in (C2UC*)\ (YU Viaq) (if Y € {C?, C*}). Denote the rainbow directed path with centre x
obtained above by P; for each x € Vg \ X'.

In order to use the transversal blow-up lemma inside {D;[C?, C*] : i € C3}, we need to balance
the sizes of |C?| and |C*|. Without loss of generality, assume that |C?| — |C*| =r with 0 <r <
258n. We now claim that by moving vertices in C? N Vi,q or deleting rainbow directed paths
inside D[C?] and D[C?, C' U C?], we can make the number of remaining vertices in C> and C*
differ by o, where o = 1 if |C?| 4 |C*| is odd and o = 0 otherwise.

Denote s1 := |X/C2C4 NC?| and s; := |X/Cz|. If |C?| — |C*| — o <s1 + 257, then by moving s
vertices in X, ., N C* to C' UC? and ) vertices in X, to C* with s} 425, = |C*| - |C*| — 0,
we can get our desired result. Hence, it suffices to consider |C?| — |C*| — & > s1 + 25,. We first
move all vertices in X/, -, N C? to C! U C? and all vertices in X, to C*. Then (Vg \ X) N C2 = 0.
Choose a set of disjoint maximal rainbow directed paths in D[C?] U D[C?, C!], denote such a set
by {Q1, ..., Q). Assume that {Q],. .., Q;{} is a set of disjoint rainbow directed copies of P3 in
D[C?, C?] with centres in C* and endpoints in C>.

On the one hand, we consider that [E(Q;)| + - - - + |[E(Qp)| + k> |C?| — |C*| — o. Then there
exist an integer k' € [k] and a set of disjoint rainbow directed subpaths of {Q,...,Q},
say {Q1,...,Qu}, such that |E(Q))| + - - - + |E(Qy)| + k' =|C?| — |C*| — 0. That is, |C*| — ' =
|C?| — V@I +---+1V(Q))]) — K —o. If the end vertex of Q; with i € [t'] (resp. the start
vertex of Q; with i € [k']) lies in Vg \ X', then we extend it by a vertex not in Vi,q. Applying

Claim 7.1, we then connect the modified paths Qi,...,Q, Q..o Q;{, into a single rainbow
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path P® with endpoints in C?> and C* respectively, whose length is at most 1908n. Therefore,
|C*\ V(PY)| = |C?\ V(P°)| — o, as desired.

In each of the above cases, that is, either |C?*| — |C* — o <s; + 255, or |C?| — |C} — 0 >
s1+2sy and |E(Q)| + - - -+ |[E(Qy)| + k > |C?| — |C*| — o, the number of the remaining ver-
tices in C> and C* are balanced. Since |[E(P?)| < 1908#, by avoiding vertices in V(PY), one may
choose a set of disjoint rainbow directed paths PO = {Py:x € Viaq \ (X’ U P%)}. For colours in
Cpad \ col(P), we select a maximal rainbow matching M inside D*[C?, C*] UD[C'] U D[C?] U
( Ui€[4] DI[Ci, CHY)) ensuring it avoids vertices in V(PY UPY). Notice that if there exists a
colour ¢ € Cpaq \ (col(P° U M)), then DE[C', C?] is almost an undirected complete bipartite
graph and D.[C?], D.[C*] are almost undirected complete graphs. Consequently, for colours in
Chad \ (col(P° U M)), we can choose a set of disjoint rainbow directed paths, say P!, with centres
in C! and endpoints inside C?, ensuring that at most one colour in Cp,q remains unused.

Let P:= P°UP! UM U {P°}. By Claim 7.1 (ii) and (v), we connect all rainbow directed paths
inside P with one endpoints in C? and the other in C* into Qy = ug . . . vy, all rainbow directed
paths inside P with both endpoints inside C' and C*into Q =u; ... v; and Q; = u, . . . v; respec-
tively. Since ug, vo, U1, V2 ¢ Vad, there are four distinct colours iy, iy, i3, ig € C3 \ col(Qp U Q1 U
Q3) such that ug € Ciz1 , Vo € C?Z, uy € Cil3 and v, € Ci . We proceed by considering the following
two cases.

e Suppose that 0 =0, i.e., |C*\ V(P?)| =|C?\ V(PY)|. We first assume that Cpaq \ col(M U
PY) =¢. By applying Lemma 6.2 to the digraph collection (D;[CMUD;[C) i€ C3\ (i1, ia, i3, 14} ),
while avoiding vertices and colours in Qp U Q; U Q,, we obtain two disjoint rainbow directed
paths P! =x;...y; and P> =x;,...y,. Here y; € N, (u1, CY, xp € N{:(Vz, C3, x € Ce, \ Viad
and y, € ng \ Vbad for two unused colours c;, ¢; € C3. We then connect Q;, Q, via Claim 7.1 (iv)
to form a rainbow directed path P =x . .. y,, which satisfies Vo \ X’ € V(P), Cpag < col(P) and
I\ V()| =C*\ V(P)| + 1.

Applying Lemma 6.2 to the digraph collection {D?E[C2 \ V(PUQy),C*\ V(PUQy)]:i€C3\
(col(P U Qo) U {i1, i3, ¢1, c2})}, we obtain two disjoint rainbow directed paths P> =x; ... y3; and
P*=x4...y4, where x3 € NI (32, C* \ Viaa), 3 € N (uo, C*\ Viad), x4 € N;r(vo, C? \ Viad) and
ya € N (x1, C*\ Vbad), respectively. Hence D contains a transversal directed Hamilton cycle, a
contradiction.

Now, assume that there exists a colour ¢ € Cpaq \ col(M U P?). Since §%(D) > 5, there exists an
edge uv € E(D:[C?\ V(Qo U Q1 UQy), C*U C4])if |C!| + |C?| < |C?| +|C*|, and vu € E(D.[C* \
V(Qo U Q1 UQy), CtU C?]) otherwise. By an argument analogous to that above, and considering
whether v € V},q, we obtain that D contains a transversal directed Hamilton cycle, a contradiction.

e Suppose that o=1, ie, [C'\V(P")|=|C?\V(P’)|—1. We first consider
that there exists a colour c & Cpaq\ col(MUP?). Choose a directed edge, say xy, in
E(DJ[C*°\ V(QUQUQ3),C*\ V(QUQ1UQ3)]). By applying Lemma 62 to the
digraph collection {D;[C! \ (V(QoU Q1 UQy) U{xH]UD;[C’\ (V(QUQIUQ)U{y})]:ie
C3\ (col(Qo U Q1 U Q) Uiy, iz, i3,14, c})}, we obtain two disjoint rainbow directed paths
Pl=x .. .y1 and PrP=x,.. .y2, where y; € Ni;(ul, chH, xx € NZ(vz, %), x1 € Cgl \ Vbad and
Y2 € ng \ Vbad for two unused colours ¢y, ¢z € C3. By sequentially connecting Q;, xy, Q3 via Claim
7.1 (iv), we obtain a rainbow directed path P=x; .. . y; such that Vi,q \ X' € V(P), Cpaq C col(P)
and |C*\ V(P)| = |C?\ V(P)| + 1. Similar to the previous discussion, D contains a transversal
directed Hamilton cycle, a contradiction.

Now, assume that Cpaq \ col(M U P?) = @. Since |C?| > |C*|, either |C'| 4 |C?| > |C3| + |C?*| or
|C3| + |C?| = |C!| + |C*|. Hence, for each ¢ € C3, there exists an edge uv e E(D.[C?*\ V(QyU QU
Q,), Ct U C?]) or uve E(D[C>UC3?, C?\ V(QyU Q; UQy)]). By a similar argument as above,
and considering whether the vertex v belongs to Vi,q or not, we obtain that D contains a
transversal directed Hamilton cycle, a contradiction.

https://doi.org/10.1017/5S0963548326100388 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548326100388

Combinatorics, Probability and Computing 639

On the other hand, we consider that |[E(Q)| + - - - 4+ |E(Q)| + k< |C?| — |C}| —o =71 — 51 —
25y —o. In this case, we move all vertices inside Qy,...,Q;, all vertices in (V(Q))U...U
V(Q,)) N C* along with their in-neighbours in C* to C*. Denote the resulting partition by

ClUCPUCPUCH Let C:= C\ (col( Uierg Q) U col(Ujepg QIC%, C1)). Therefore,
|C*|+|CH —r |C* +|CY

|C4|Sf+ 2+ 2(r—s1—25p—0) < T_i_SOS”,
~ C2+C4 +7r C2+C4
|C2|Z%—51—52—2(r—51—252_0-)2%_505;1,

ICl=1Cl — (JE(QQ)| + - - - + [E(Q)]) — k> (1 — 258)n.

By the maximality of {Qy,..., Q:}, we know that D; [C?] = D;[C%, C'] = D;[C3, C3] =@ for
all colour ieC. It follows from 8°(D) > ( —| that ( —| <|C3| 4 |C* and ( —| <|CY + |CY.
Therefore,

- . - . n n - - -
1G]+ C +1C |+ |CY =n < [ﬂ + [ﬂ <I1CY+1C%| + 2184,

which implies that |C?| <|C*|. We complete our proof by using the subsequent lemma (i.e.,
Lemma 7.2), which leads to a contradiction by showing that D contains a transversal directed
Hamilton cycle.

Lemma 7.2. Suppose 0 < % K8k 1land0 <y <3.LetC beasetofn colours, and D ={D; :i € C}
be a collection of digraphs on a common vertex set V of size n such that 8°(D) > [5|. Assume that

« CtUC*UCPUC! is a partition of V with |C?| > 508%, min{|C3| + |CY|, |CY| + |C*|} >
[5] and |C* = L%J Tyn,
o C'UC(C" is a partition of C with |C"| < §n,
« Di[C*]=D;[C% C1=D;[C3, C*| =W forallieC'
Then D contains a transversal directed Hamilton cycle.

Proof. It is easy to see that |C?| + |C*| + |C!| + |C*| = n + 2yn + o and max{|C?| + |C*|, |C}| +
IC*H} < [4]+2yn+o0, where =1 if |[C}+|C* is odd and o =0 otherwise. Without
loss of generality, assume that |C?|+ |C*|=[35]+y1n and |C|+|C* =[%]+r.n with
2[2]+yin+yn=n+2yn+o. Define Y1:= {ve C*:d; (v,C?) < (1 — 81)|C2| for at least
8%|C’| colors i€ C'}, Y= {ve Chd; (v,C*) < (1 — 8%)|C2| for at least §1 |C’| colors i € C'}, and
Y := Y; U Y,. It is routine to check that

3|1t = Y2 IEDIC ¢ uch = Y IEDIC I+ Y IBDICE )|
ieC’ ieC’ ieC’
1 1 1
<|CHIC3|C'| + |Y2l(1 = 89)[C|8%|C'| + |Y2||C*|(1 — §0)IC'| + (IC*] — |Y2DIC|IC|
1
=(IC* = 82|Y,| + |C*DIC*ICI.

Thus, |Y2| < 3/3n. Similarly, || < 34/8n. Notice that Lemma 6.2 and Claim 7.1 hold by
setting Vpaq:= Y and Cs:= C'.

Foravertexv e Y1 \ Y, (resp.v e Y3 \ Y1), we have d; (v, CH>(1- 8%)|C2| (resp. d,-+(v, C?) >
1- 8%)|C2|) for at least (1 — (Si)|C’| colours i € C'. For a vertex y € Y>, one has d; (y, ctuchH >
40+/8n for at least 8%|C’ | — 1 colours i€ C’. Otherwise, by the definition of Y3, there exists
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a colour ¢ € C’ such that d_ (y, C)<(1- 8i)|C2| and d_ (y, Cl U C*) < 404/8n. Together with
|C2| > 5081 n, one has

d: () <40v3n+ (1= 51| +1C [ 5 | - 8117 +40vBn < [ |

a contradiction. Similarly, each vertex in Y has at least 40/8n out-neighbours inside C> U C* for
atleast §1|C'| — 1 digraphs D; with i€ C'.

Since §°(D) > 4, we have |E(D;[C?, C* U C*])|, [E(D;[C" U C*, C?])| = |C?| [ 5] for each i e C'.
This implies that for each i € C’, there are at most |C?|( (§—| +y1n) — |C?| (%] = |C?|y1n non-
edges in D;[C?, C* U C*] and at most |C?|y,n non-edges in D;[C' U C*, C?]. Therefore,

D IEDi[Yy, CDI = (V1] — yim)|C?IC' and Y | |E(D;[C?, Yal)| = (IYa] — y2m)|CPIC.
ieC’ ieC’
We proceed with the proof by considering the values of |Y;| and |Y>|.
Case 1. |Y | > yin, |Y2| = »rn.

In view of Lemma 6.4, there exists a subset Y] C Y; with size yyn such that vertices in Y7 \ Y]
can be covered by disjoint rainbow directed P copies inside {D;[Y, C?]:ieC'} with centres in
Y1\ Yj; and a subset Y, C Y5 with size y,7 such that vertices in Y5 \ Y}, can be covered by disjoint
rainbow directed P; copies inside {D;[C?, Y5] :i € C'} with centres in Y3 \ Y),. Therefore, by using
colours in C/,

« vertices in (Y3 U Y3) \ (Y] UY}) can be covered by a set of disjoint rainbow directed P3
copies with centres in (Y1 U Y3) \ (Y] U Y}) and endpoints in C?,

« vertices in Y} \ Y] can be covered by a set of disjoint rainbow directed P3 or P4 copies with
centres in Y} \ Y7, starting at C* and ending at C?,

« vertices in Y] \ Y} can be covered by a set of disjoint rainbow directed P3 or P4 copies with
centres in Y} \ Y}, starting at C? and ending at C*,

« vertices in Y] N Y} can be covered by a set of disjoint rainbow directed P3, P4 or Ps copies
with centres in Y] N Y} and endpoints in C*.

For each y € Y, denote the rainbow directed path with centre y by P, = y!  y % y* with colours
inCs. Let P:= {P):y € Y}.

It is routine to verify that there exists a rainbow matching inside Dii[C2 \ V(P),C*\ V(P)]U
D;[CUD;[C3] U( Ukela D;[Ck, Ck1]): i e €}, say M. For all but at most one unused colour
in C”, we can find a rainbow directed copy of P; with centre in Y and endpoints in Z, where
{Y, Z} = {C', C3). If some colour ¢ € C" remains unused, then D.[C!, C?] is nearly a complete
bipartite graph and D.[C?], D;[C?] are almost complete graphs. Then, by a similar argument to
that in Theorem 6.5, D contains a transversal directed Hamilton cycle.

Case 2. At most one of |Y7| > yyn and |Y,| > y,n holds.

We only consider the case that |Y;| > y1n and |Y3| < y2n; other cases can be discussed sim-
ilarly. Notice that vertices in Y; can be covered by a set of disjoint rainbow directed paths with
centres in Y; and ending in C*\ (Y, UY).In particular, those rainbow directed paths can be cho-
sen such that none of them contains edges inside D[C* C3?] or D[C!, C*]. Furthermore, vertices
in Y \ Y7 can be covered by a set of disjoint rainbow directed P53 copies with centres in Y3 \ Y7,
starting at C* \ Y, and using colours in C'.

In the digraph collection D[C*\ Y], extend those rainbow directed paths or choose
other disjoint rainbow directed paths into a set of disjoint maximal rainbow directed paths.
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Let P:= {Q1,Q2, ..., Qs} be a set consisting of all disjoint rainbow paths in the above, each of
which has at least one endpoint in C*\ Y and length s; (1 <i <t) inside C*. Let {e1, €2, ..., ¢}
be a set consisting of all disjoint rainbow edges in D[C*\ Y, C?], and let {Qy, . . ., Qx} be a set of
disjoint maximal rainbow directed P3 in DE[C*\ Y, C'] with centres in C* and endpoints in C!,
each of which is chosen while avoiding previously used vertices and colours.

Subcase 2.1. |C?| > |C* —k—r—(si+---+5) — 0.

In this subcase, there exist two integers 7’ € [r], k' € [k] and a set of disjoint rainbow directed
paths P'={Q;,Q},...,Q)} such that |C*\ V(P')| -7 — K —o =|C?| — ¢, where YUY, C
V(P’) and the endpoints of Q; are not in Y for all i € [€]. By Claim 7.1, we connect all the
rainbow directed paths in P’ into a single rainbow path P!, whose endpoints lie in different
parts. Since |C*| — |C?| =2yn + o, we have £ < |E(Q))|+---+ |E(Q))| =2yn+ o. Therefore,
|E(PY)| < 6yn+30 and |C*\ V(PY)| — o =|C?\ V(P')|. By a similar discussion as Subcase 2.1
of Theorem 6.5, D contains a transversal directed Hamilton cycle.

Subcase 2.2. |C?| < |C*| —k—r—(s1+---+5) — 0.

In this subcase, 25:1 si+k+r<2yn. Assume that V(Qi[C*]):= {Vetots tir--->
Vs +-+s+i} for each i € [t]. Let w be an unused vertex in C* and ¢;, ¢; be two unused colours
in C. By the maximality of P, in D, (resp. D,), w cannot be adjacent to the starting vertices of
Q;[C*] (resp. cannot be adjacent from the ending vertices of Q;[C*]) for alli € [¢].

Define

I == {ivie N;(w)} and I := {itviyq € N;E(w)}.
Hence I;, I, € ;¢ [Zje[,;l] SjH i D e S Hi— 1] with so = 0. By the maximality of P, we
know that

o I NI, =, which implies |I;| + || <s1 + - - -+ s,
+ each vertex in ch(w, C?) must be an end vertex of some e; for i € [r] (hence |N:1F(w, C?)|

<r),
« each vertex in Nc_z(w, C') must be a start vertex of some Q; for i € [k] (hence |N(;(w, o]
<k).
Therefore,
nsdgq(w)ergQ(w)ssl+---+st+r+|C3|+|CZ|+k+|Cl|+|CZ|
Lyn—14+n-— |C4|+|C2|=n—|—2yn—l—(2yn—|—o)=n—l—o,
a contradiction. O

8. Concluding remarks

In this paper, we establish a transversal analogue of Ghouila-Houri’s theorem [19] (Theorem 1.3),
thereby resolving a problem proposed by Chakraborti, Kim, Lee, and Seo [6] for all sufficiently
large n. As a consequence, we recover the transversal version of Dirac’s theorem, previously
obtained by Joos and Kim [21].

An anti-directed cycle is a digraph in which the underlying graph forms a cycle, and no pair of
consecutive edges forms a directed path. DeBiasio and Molla [17] proved that the anti-directed
Hamilton cycle is guaranteed to appear in a digraph D if §°(D) > 5 + 1. DeBiasio, Kithn, Molla,
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Osthus, and Taylor [16] showed that for sufficiently large 1, every n-vertex digraph D with §°(D) >
5 contains every orientation of a Hamilton cycle except, possibly, the anti-directed one. It would
be interesting to generalise the above two results to a transversal version.

An oriented graph is a digraph with no cycle of length two. Keevash, Kithn, and Osthus [23]
proved the oriented version of Dirac’s theorem, which states that every n-vertex digraph with
minimum semi-degree at least 3 o 4 contains a directed Hamilton cycle. It would be interesting to
consider a transversal version of this theorem.

Question 8.1. Let D ={Dy, ..., Dy} be a collection of oriented graphs with common vertex set V
of size n. If $°(D) > f%}, does D contain a transversal directed Hamilton cycle?

We remark that our main technique used in this paper cannot be directly generalised to
the above oriented case. This is because the absorbing structure we used does not exist in the

above oriented graph collections since their semi-degree is much lower than 5. To overcome this

difficulty, one has to introduce new stable conditions and build an absorption structure using
Lemma 3.4. It seems that new ideas are needed to prove the tight bound in Question 8.1.
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Appendix A. Regularity for digraph collections

In this section, we prove the regularity lemma for digraph collections (i.e., Lemma 2.2). Before
proceeding with the proof, we first make some preparations, including some necessary definitions
and key theorems.

A k-uniform hypergraph (or k-graph) F = (V, E) consists of a vertex set V and an edge set E
which is a family of k-element subsets of V, i.e., EC (‘k/) For a vertex v € V, the degree of v in
#, denoted by deg & (v), is the number of edges containing v. Given a k-graph .%, and k disjoint
sets V1, Va, ..., Vi C V(F), define .Z[ V1, V2, . .., Vi] to be the subhypergraph of .% with edge
set {{vl, V2, .oy Vit €EE(F)wv;e Viforallie [k]}. We call

e(Z[V1, Vo, ..., Vi])
[VilIVal ... Vi

the density of the tuple (Vi, Va,..., Vi) in Z. If da(Vy, Vi, ..., Vi) =0, then we say that
(V1,Va, ..., Vi) is empty in %. Given € >0 and d € [0, 1), we say that (V1, Va,..., Vy) is
e-regular in .7 if for all i € [k], whenever V] C V; with |V]| > €| V;| one has

ldz(V], V..., Vi) —dg(V1, Vs, ..., V)| <6,

dz(Vi, Vo, ..., Vi) =

and the tuple is (¢, d)-regular if it is e-regular and d #(V1, Va, . .., Vi) > d. The following result
was proved by Chung [14], and its proof follows the approach of the original Regularity Lemma
for graphs [27].

Theorem A.1 (Weak hypergraph regularity lemma). For all integers k > 2, Ly > 1, and every € > 0
there exists N = N(e, Lo, k) such that if & is a k-graph on n > N vertices, then V(%) has a partition
Vo, Vi, . .., Vi such that the following hold:

https://doi.org/10.1017/5S0963548326100388 Published online by Cambridge University Press


https://arxiv.org/abs/2412.01121
https://doi.org/10.1017/S0963548326100388

644 Y. Cheng et al.

e Lo<L<Nand|Vy| <en,

o [Vil=---=1|VL],
« for all but at most e(i) k-tuples {i1, . .., ix} € ([i]), we have that (Vy, ..., V;) is e-regular
in %,
Given two partitions Vo, V1, ..., Vyand Uy, . . ., Up of a vertex set, we say that Vo, V1,..., Vi
refines Uy, .. ., Uy if for all V; with i € [k] there is U; for some j € [¢] that contains V;. For some
integer s > 0, let #1, %, . .., %, be s K-partite k-graphs sharing a common vertex set V:= V; U

... U Vk. As a consequence of the proof of Theorem A.1, we can deduce the following corollary.

Corollary A.2. For all integers K>k>2, s>1, Lo>1, and every € >0, there exists N=
N(e, s, Lo, K, k) such that if %1, %, ..., %; are s K-partite k-graphs sharing a common vertex set
V= ViU...U Vg of size n > N, then V can be refined into a partition Uy, Uy, . .., Uy satisfying
the following properties:

e Ly<L<Nand|Uy| <en,

o Uil =---=1ULl,
o for each i€ [s] and for all but at most e(i) k-tuples {i1,...,ix} € (Ul;]), we have that
(Uiys - ..» Uy,) is e-regular in 7.

The degree form of the weak hypergraph regularity lemma [29] is proved in the same way as
the original degree form of the regularity lemma, which in fact can be derived from Theorem A.1
via some cleaning.

Theorem A.3. (Degree form of the weak hypergraph regularity lemma, [29]). For all integers k >
2, Lo > 1 and every € > 0, there exists N = N(e, Lo, k) such that for every d € [0, 1) and for every
k-graph F on n > N vertices, there exists a partition of V(.F) into Vy, V1, ..., VL and a spanning
subhypergraph .F of .F such that the following properties hold:

e Lo<L<Nand|Vy| <en,
e Vil=---=|V1],
deg 7»(v) > deg 7(v) — (d + €)n*~! for all v € V(F),

every edge of F with more than one vertex in a single cluster V; for some i € [L] has at least
one vertex in Vy,

or all k-tuples {i1, iy, ..., i} € (L] , we have that (V;,, Vi,, ..., V) is either empty or (¢, d)-
p k 1> Viz k pty
regular in.%.

In fact, from the proof of Theorem A.3 in [29] and Corollary A.2 we can derive the following
stronger version of the conclusion.

Theorem A.4. For all integers K>k>2, s>1, Lo>1, and every € >0, there exists N=
N(e, s, Lo, K, k) such that, for any s K-partite k-graphs %1, %>, . . ., Fs sharing a common vertex
set V:= Vi U...UVk of sizen > N, we can find a refinement partition Uy, Uy, ..., UL of V, and
a spanning subhypergraph 7, C .Z; for each i € [s] such that the following properties hold:

. LofoNal’ld|U()| <en,
o |Uil=---=|ULl,
o foreachie [s] and eachv eV, deg 4 (v) > deg%_(v) —(d+ e)n* 1,

o for each i € [s], every edge of .F; with more than one vertex in a single cluster V; for some
j € [L] has at least one vertex in Vy,
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o foreachi€ [s] and all k-tuples {iy, iz, . . ., ix} € ([i]), we have that (Uj;, Uy, . . ., Uj;,) is either
empty or (€, d)-regular in F..

Since the proof of Theorem A.4 closely follows that of Theorem A.3, requiring only a repeated
application of the cleaning operation on s hypergraphs, we omit it here for brevity.

Let D={D;:i € C} be a collection of digraphs on a common vertex set [n]. Based on D, we
construct the auxiliary 4-graph .7 as follows. The vertex set is V() = [n] UC U S; U S,, where
S1 and S, are new sets with |S;| = |S2| = 1, and the four sets [#], C, Sy, S, are pairwise disjoint. The
edge set of 5 is defined by

E(F) = {{i,j, 6x}ii,jeln], ceC, ije E(Dy);xe€ Siifi<jandx € S otherwise}.
Now, we prove Lemma 2.2.

Proof of Lemma. 2.2 By increasing Ly and decreasing €, § as necessary, we may assume that
0< L—IO KeEKSK 1. LetL; = 24#. Choose further positive constants €', « satisfying L—ll K€€«
o K € K 8§ K 1. Let ny be derived from Theorem A.3 by applying it with the parameters (¢/, Ly, 4).

Next, let n; be obtained from Theorem A.4 using the parameters (€', 2, Ly, 11, 3). Define ng := 40!&.
By increasing ny if necessary, we may assume that L; < n; < 13 < ng. Altogether,

1 1 1 1
< <K — <K<K —<KfkakKekdk 1.
ngo mny np Ly

Let n > ng be an integer and D be a digraph collection on vertex set V := [n] and with colour
set C, where 6n < |C| < g Let d € [0, 1) and let s# be the auxiliary 4-graph obtained from D with
vertex set U:= VUCU 8§; US,. Theorem A.3 implies that there is a partition Uy, Uy, . .., Ug of
U and a spanning subhypergraph /% of /¢ such that

(a) L1 <K <mnjand |Uy| < €'|UJ,

(b) [Uy|=---=|Uk| =:nl,

(c) degf%(v) > deg ,,(v) — (d+ €U forallve U,

(d) every edge of 7% with more than one vertex in a single cluster U; for some i € [K] has at
least one vertex in Uy,

(e) for all 4-tuples {iy, iz, 3,14} € ([I:]), we have that (U;,, U, Uy, Uj,) is either empty or
(€', d)-regular in J4.

Delete all edges e € E(.7) satisfying |e N U;| > 2 for some i € [K] and e N (C N Up) = @. Denote
the resulting spanning subhypergraph by .#’. Note that for every v € U, the number of edges
incident to v that are deleted is fewer than

U 3
|UP + Km?|U| <€ |UP +m'|UP <€'|UP + |L—| <2¢'|UP.
1
Combining (c), for each v € U we have

deg ,/(v) > deg . (v) — (d + 3¢')|UP.

Partition each cluster Uj, i € [K], into é subclusters of size at most mg so that all but at most 4
subclusters of U; have size exactly mg and the property that they lie entirely within one of V, C,
S1 and S;. If a subcluster does not have this property, then add it to Uy. The new exceptional set
has size at most |Up| + 4am’K, and let V be its intersection with V, Cy be its intersection with C.
Relabel the subclusters so that those which are subsets of V are V7, ..., Vi and those which are
subsets of C are Cy, . .., Cp. For each c €C, let Dé be the spanning sub-digraph of D, with vertex
set V =: [n] and edge set

{uviu<v, xeSyand {u,v,c,x} € A} U{vu:u<v, yeSyand {u, v, c,y} € #'} .
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We claim that the properties of Lemma 2.2 (i)-(iv) are satisfied.
Property (i). Note that m'K < |U|. Since €’ < ¢, one has

n en
Vol 4 1Col < |Uo| + 4am'K < (€' + 4a)|U| = (¢ + 4c) (3n + 5) == (A1)
Also,
2K 21’11 no
L+M<Z= <220
o o 2

proving the required upper bound for both L and M. Furthermore, mo(L + M) <n+ |C| and
L1 3n+|C] n+|C] n+|Cl—en
—_— < < <

<L+ M,
6 — o6myg ~— 2my Mo =L+
)
— |V — Vo )(IL+M — | Vol)L SL
" |0|Z(n [Vo)(L + )Z(n |0|)IZ—1=L0, (A2)
my n+|C| 6(n+ %) 24
and similarly for M.
Property (ii). It follows by construction.
Property (iii). By the construction of .7, for all v € V we have
d /
3 (4,0 + dpy () = L)
c c n
ceC
and e(D],) > M for all ¢ € C. Furthermore,
8d 24€ 8d ¢
/ 3 3 3
Noti + — _ deg o (v)
otice that ) . dDC(V) + dDC(v) = —=2— forall ve€ V. Thus,
d 24
Z eg% ) Z le )
ceC ceC
e S (312)2
ceC
8d
=3 dp (v < Z) n (A.4)
ceC

for all v € V, and similarly for )" . dD, (v). Additionally, observe that e(D.) = deg” © for each
c € C. It follows that for each c € C,

;. deg(c)  deg (o) 8d € 84 €
e(D,) = ‘f > f _(5_3+Z) =e(Dc) — (33+_> " (A.5)

Property (iv). It follows by construction.

Property (v). Suppose that (Vo UCo, Vi, ..., VL,Ci,. . .,Cp) does not satisty property (v), we
are to refine it and get a desired partition. Now, define the following auxiliary 3-graphs .74 and
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% on the common vertex set U’ := ([n] UC) \ (Vo UCp) and
E(JA) = {{u,v,c}:uveD/C[Vi,Vj],u,ve VA VO,CGC\C0,1§i<j§L},
E(J65) = {{u,v,c}:uveD/C[Vj,Vi],u,ve VA VO,CGC\C0,1§i<j§L}.

Notice that the partition P = (V1, ..., VL, C1,...,Cym) can be viewed as two distinct partitions
Py, P, for the hypergraphs.74, 7% (both partitions divide V and C in the same way, but the sets
of edges among the partition sets are different). By increasing n,, we may assume that ny >
N(€,2, Ly, L+ M, 3) (which is defined in Theorem A.4). Consequently, 1y > N(¢’,2, Lo, L +
M, 3) as well. Applying Theorem A.4, we obtain a refinement Uy, U{, RN U;<, of the partition
P together with spanning subhypergraphs % C ] and /¢, C . that satisfy the following:

(") Lo <K' <mpand |Uj| <€'|U'|,

®) Ul ="---= Ul

(c') foreachie [2] and eachve V'\ V, deg ./ (v) > deg ,.(v) — (d + eNU|?,

(d) for each i € [2], every edge of .7 with more than one vertex in a single cluster U]’ for some

j € [K'] has at least one vertex in Uy,

(¢') foreachie [2] and all 3-tuples {i}, i, i3} € ([Ig]), we have that (U{l, U{z, Ui/3) is either empty

or (¢/, d)-regular in J7".

Following the same operation as earlier, let V{j:= V N Uj and Cjj := C N Uj. Relabel the sub-
clusters such that those which are subsets of V are Vi,..., V], and those which are subsets of C
are Ci, ..., Cy,. For each c € C\ (Co UCy), let D! be the spanning sub-digraph of D, with vertex
set V and edge set

{uv:{u,v,c) e 4 or {uv,c} € A} UEDF[Vo, V\ (Vo U Vp))).
Let D} := D] forie CyUCyand D} := D/ forieC\ (Co UCy). Let
P* = (VoUCoUVyUCy, Vi,..., Vi Cp oo, Copr)

be a partition of V' UC. Next, we will re-verify that P* and digraph collection D* := {Dj :i € C}
satisfies (i)-(v) of Lemma 2.2. By the construction of .74] and .73, it is easy to see that P* and D*
satisfy the property (v). Thus, we only need to re-verify properties (i)-(iv).

Property (i). By (5), (6) and ('), we have
€n
[Vol + ICol + Vol +1Col < > +€'|U'| <en,
and
Ly<L<L <ny<ng and Lo <M <M <ny <n.
Property (ii). It follows from (b’) that |V{|=---=|V},|=|C]| = - =|C), |, as required.

Property (iii). For each vertex v € V and each colour ¢ € C, by the construction of D, (¢’), (7),
(8) and (9), we have

8d 8d 4€’'n? 24d
(D) = e(D;) - ( " Z) n2—2( +Z) w1 = oD - (—+e> i

83 53 83
and
8d € 8d ¢ 2¢'n? 24d
Zd+?(V)ZZd$C(V)_<5_3+4_1)n2_2(5_3+ —4);12_ P szgc(v)_(3_3+6> n2.
ceC ceC ceC
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Analogously, the same inequality holds for .. dp.(v).

Property (iv). Notice that 7 and /% are (L + M)-partite hypergraphs. Thus, there is no edge
of 7 with more than one vertex in a single cluster UJ’ for some j € [K']. This implies that P* and

D* satisfy (iv).
This completes the proof of Lemma 2.2. U

Appendix B. Transversal perfect matching in bipartite graph collections
B.1 Proof of Lemma 2.7

In this subsection we prove Lemma 2.7, which provides a characteristic partition of each balanced
bipartite graph whose minimum degree is just below 7, allowing a tiny fraction of vertices that
may have even smaller degrees.

Proof of Lemma 2.7. We first add vertices with degree at most (% - 65) n to C; UC,. Let
w=¢€. Since G is e-extremal, there are X C V}, Y C V; each of size at least (% — u) n such
that eg(X, Y) < un?. Thus, it is easy to see that for all but at most ,/un vertices v in X we have
dg(v, Y) < /un. Similarly, for all but at most ,/zun vertices v in Y we have dg(v, X) < ,/un. We
add these exceptional vertices from X and from Y to C; and C,, respectively. Now, the new sets X
and Y each has size at least (% — /L) n—Jun=> (% — Zﬂ) n. Choose X7 € X, Y7 C Y such that
X1l =Y1]= (3 —2y/&) n.

Notice that |C;| < (d + \/u)n < 2,/un by d < €. Thus, we can choose Z; C V1 \ (X; U Cy) and

Z; TV \ (Y1 UQ,) such that |Z1| =|Z;| = (% — 2, /m)n. Recall that dg(v, Y1) < ,/un for each
vertex v € X;. This implies that for each v € X;, one has

dc(v, Z3) > (% —u—&/ﬁ) n—|CGl> (% —&/ﬁ) n.

Similarly, dg(v, Z1) > (% — Sﬁ) n for each v € Y7.

Since the number of edges between X; and Z, is at least (% —2/mn x (% - 8ﬂ) n and
|Z,| = (% — 2,/i)n, there are at most SOM%n vertices v in Z; such that dg(v, X;) < (% — IOM%)n.
Similarly, for all but at most 50;ﬁn vertices v in Z; we have dg(v, Y1) > (% - IOM%)n. Thus,
we can choose A| € X1, By € Z1, A; € Y1, B, € Zp such that |A;| = [By| = |Az| = |By| = (5 — €)n

and dg(v, X;) > (% —2¢e)nforveXs_jand X e {A,B},ie[2]. Let C;=V;\ (A1 UB;) and G, =
V2 \ (A2 U By). Hence, (A1, By, C1, Az, By, Cy) is the desired partition of G. O

B.2 Proof of Theorem 2.10

In this subsection we prove Theorem 2.10, giving a sufficient condition for the existence of a
transversal perfect matching in bipartite graph collections. Before proceeding with the proof, we
first present some key lemmas that will be used in the proof.

Assume that G ={Gj, . . ., G,} is a collection of bipartite graphs on a common vertex partition
V1 UV, with |Vy| =| V3| = n. For u > 0, we say that G is u-nice if for every A C Vy and BC V; of
size | 5], we have eg(A, B) := Zie[n] eG,(A, B) > un’.

Lemma B.1. Suppose that 0 < % KW <KakKy,eK8kKl Let G={Gy,...,Gy} be a collec-
tion of bipartite graphs on a common vertex partition V.=V, UV, with |V1|=|Va|=n. If G is
(y,a, €, 8)-stable, then G is |1/ -nice.

Proof. For the sake of contradiction, suppose that G is not x/-nice. Then there are sets A C V7 and
B C V5, each of size | 5 |, such that eg(A, B) < w'n3. Therefore, for all but at most /u’n colours
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i € [n], we have eg,(A, B) < /1" n?, implying that such G; is not «/u/-nice. This further implies
that G is not (1 — /i, «/i/)-strongly stable and hence not (y, a)-strongly stable, since 1’ < y, .

Without loss of generality, assume that for each i € [(1 — v/u/)n], G; is not «//-nice. Since
€ > w10 G; is e-extremal for all i e [(1 — /1 )n]. By Lemma 2.7, the graph G; has a char-
acteristic partition, denoted as (Ai ,B’i, Ci,A;, Bg, C;). It follows that, after possible relabelling
Al, Bt AL, B, for all but at most §2n colours i € [(1 — /i/)n] we have

i _on i _on
|[AAA]| < — and |[BAB,| < —.
2 2
Otherwise, eg(A, B) > % > u'n® by 4 < e <8, a contradiction. Delete such colours from
[(1 — 4/ )n] and let C be the remaining colour set. Thus, for every i,j € C the graphs G; and
Gj are not §-crossing. Therefore,

e(CE;"S) < \/17112 +82n% < 8n? since u’ < 8.

Thus, G is not (e, §)-weakly stable, which contradicts the assumption that G is (y,a,¢€,8)
-stable. O

The following result shows that if a bipartite graph collection G is p-nice under the minimum
degree constraint, then we can find a large rainbow matching in G.

Lemma B.2. Let 0 < % L d <K K1 Suppose that G={Gy, ..., Gy} is a collection of bipartite
graphs on a common vertex partition V.=V, U V, with |V1| = | V2| = n, and for each vertexve V

we have dg,(v) > (% - u) n for all but at most dn colours i € [n]. If G is 6{1-nice, then G contains a
rainbow matching M with e(M) >n —dn — 2.

Proof. Let M be a maximum rainbow matching in G, and suppose for a contradiction that

e(M) <n —dn — 3. Since for each vertex v € V we have dg,(v) > (% — M) n for all but at most

dn colours i € [n], there are vertices vi € V1 \ V(M), v, € V5 \ V(M) and distinct colours ¢y, ¢, ¢
col(M) such that d(;% (vg) > (% - u) nforf € {1,2}. Put Ny := NG% (ve). Thus, |N¢| > (% - u) n.
Let C:= [n] \ (col(M) U {c1, c2}). For x € V(M), let x* denote the unique neighbour of x in M,
and for A C V(M),let AT := {xT:x € A}.

By the maximality of M, we have N; ﬁNi|r =0, N, ﬁNi|r =@ and Ny, N, C V(M). This
implies that

1
e(M)Z|N1|+IN2|22(E—M)nzn—zlm.

Moreover, for each ¢ € C, we have eg (N - N; ) = 0 by the maximality of M. Thus, it suffices to
show that for all ¢ € col(M[Ny, N; ] U M[Nz, N; 1), we have eg (N, N;) < 4uun?. If this holds,
then

eg(N;F,N;) < 4pun*(n — 2un) + 2un® < 6un’,

contradicting the assumption that G is 6/4-nice. Next, we consider the case c € col(M[Ny, Nfr]);
the proof for the case ¢ € col(M[N,, N; ]) is similar and is omitted.

Let ¢ € col(M[Ny, N;']) and w € Ny such that col(ww™) = c. Now let M’ = M — ww' +vjw
be a rainbow matching with col(M’) = ( col(M) \ {c}) U {c1}. Clearly, M’ is a maximum rainbow
matching. Notice that there exists a colour ¢3 € C \ {c1, c2} such that dGC3 (wt) > (% — ,u) n. Let
N3:= Ng,, (wT). Consider the new vertex pair (w, v,) and colour pair (c3, ¢;). By the maximality
of M’, we have NJ NN, = @. Recall that N;” N N, =@ and |Nj| > (5 — 1) nfor each i € [3]. Thus,

INS AN | = NS UN{ | = INS ONY| < (n = IN2]) = (INt| + N3 | = (n = [NL ) < 4pen. (A.6)
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®c

Figure 5. wiw; is a c-absorbing edge of (u, v).

On the other hand, by the maximality of M’, we have eg, (N - N;r ) = 0. Thus, together with (10),

we have eg, (N1+, N2+) < 4un?, as desired. O
Let n be a positive integer and let d, € > 0 such that 0 < % « d <« e <1. Consider a bipartite
graph collection G ={Gj, . . ., G,} on a common vertex partition V =V, U V, with | V]| = | V| =

n such that dg(x) > (— —¢€ )n for all but at most dn vertices x € V. Lemma 2.7 implies that for
eachie [n]if G;is e- extremal, then we can fix a characteristic partition

(Al, B, Ci, A}, By, C)ofG;.
A vertex v € V is called i- good if either Gj is €-extremal and ve V' \ (Cil U Ciz) or G; is not e-

extremal and dg,(v) > (— — €%)n. Note that for each i € [1n] and j € {1, 2}, there are at most 2en
vertices in V; that are not i-good.

Definition B.3 (absorbing edge, absorbing matching). Let G ={Gi, ..., Gy} be a collection of
bipartite graphs on a common vertex partition V.=V U V, with |V| = | V3| = n. Given two ver-
ticesu € Vi and v € V, an edge e = wiw, with u, v &€ {wy, wy} is called a c-absorbing edge of (u, v)
if ¢ € L(w1v) and col(wywy) € L(uw,) (see Figure 5).

Given §,8',y,y’' >0, a rainbow matching M is an absorbing matching with parameters
(8,8, v, y") if |E(M)| < yn and there exists a colour set C of size at least Sn such that given any
colour ¢ € C and any c-good vertex v € V>, for all but at most 8'n vertices u € Vi, there are at least
y'n c-absorbing edges of (u, v) within M.

The following two lemmas establish the existence of absorbing matchings when G is stable. We
first consider the case that G is strongly stable.

Lemma B.4. Let 0 < % Ld<LK Ly, a L1 Suppose that G ={Gy, ..., Gy} is a collection of
bipartite graphs on a common vertex partition V.=V, UV, with |Vi| =|V,| = n, satisfying the
following conditions:

« foreveryi€ [n], dg,(x) = (5 — 1) n for all but at most dn vertices x € V1 U V5,
o foreveryxe ViUV, dg,(x) > (% — /,L) n for all but at most dn colours i € [n].
IfG is (v, a)-strongly stable, then there exists an absorbing matching with parameters (1, 0, A, A2).
Proof. Without loss of generality, assume that Gy, . . ., Gy, are o-nice. For each i € [An], define
Fi={(u,v) e Vi x Vp:ieL(uv)}.

The degree condition of G; implies that | F;| = e(G;) > (n — dn) (% - ,u) n> }an. Fix a colour c €
[n] and two vertices u € V1, v € V, such that v is c-good, let

Zi(c, uv) = {(w, w') € Fi:ww' isa c-absorbing edge of (u, v)} and Z(c, uv) U Zi(c, uv).
ie[An]

Since G;j is «-nice, e(G;[Ng,(u), Ng,(v)]) > ﬁ for all but at most dn indices i € [y n]. This means

that for all but at most dn indices i € [yn], we have |Z;(c, uv)| > ¢~ "”’ . Thus, we have |Z(c, uv) N
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Fil = “T”Z for at least (A — 2d)n indices i € [An]. Applying Lemma 3.4 with

H:= {Fi:ielAnl}, Z:= {Z(c,uv):ce[n],(u,v) € Vi x V; and v is c-good},
and parameters t:= An, € := 5, to obtain a rainbow matching M inside H of size at least
1- ‘i‘—é))m such that |E(Z(c, uv)) N E(M)| > “ié”
subset I C [An] of size at least (1 — ‘i‘—;))m such that for each i € I, there is an edge w;w} in M with

uv) € Z. Therefore, there exists a
i € L(wiw}). For every c € [n] and (u,v) € V1 x V, satisfying v is c-good, there are at least “ié‘”
matching edges in M which are c- absorbing edges of (u, v). By construction, M is an absorbing
%) and hence with parameters (1,0, X, A sincer <o, O

matching with parameters (1,0, A, &

Next, we demonstrate that an absorbing matching can be found when G is weakly stable.

Lemma B.5. Let 0 < % Ld<KhpKeks <1 Suppose that G ={Gy, . .., G} is a collection of
bipartite graphs on a common vertex partition V=V UV, with |Vy| =|V,| =n such that the
following conditions hold:

o foreveryie [n], dg,(x) > (% — ,u) n for all but at most dn vertices x € V1 U V3,
o foreveryxe ViUV, dg,(x) > (% — /,L) n for all but at most dn colours i € [n].

If G is (€,8)-weakly stable, then there exists an absorbing matching with parameters
(5, /€ 2,32,
Proof. For each i € [n], we define

Fii= {(u,v) € Vi x Vi€ L(uv)}.

Then |F;| > Z-. We first prove the following claim, which only requires the degree condition on

g.
Claim B.6. Assumeij € E(Cga). Let u € Vi be a j-good vertex and v € V, be an i-good vertex. Define

Zi(i, uv) == {(w, w) e Fi: ww' is an i-absorbing edge of (u,v)}.
Then |Z;(i, uv)| > 27482

Proof of Claim B.6. For each £ € [n], if G is €-extremal, then by Lemma 2.7, there is a charac-
teristic partition (A$, B, C{, A%, BS, CY) corresponding to G;. Fix any such indices i, j and vertices
u, v. Since v is i-good, we have

. 1 . 1
dg,(v,A}) > <5 - 26) nordg,(v,B}) > <E - 26) n.

Assume, without loss of generality, that the former case holds (the latter case is analogous). Since
G; and G;j are §-crossing and € < 4, one has

8
|AlmAf|>— |A’mB’|> |Af NB| > 2,and|B’ mB’|>7”
Combining |A’1 N AJI| > ‘37" with dGi(v,A’I) > (5 — 2€)n, we obtain
dg,(v, A)) > |[AT N A} = (A} — dg, (v, AD) = 5 ez
Similarly, we have dg, (v, le) > %” Recall that u € V; and u is j-good, which implies that u €

X{ for some X € {A, B}. Since de(u, Xé) > (% — 2¢€)n, there are at least (% — 2€)n choices for

w e XJZ. Notice that in Gj, every vertex in XJ, is adjacent to all but at most en vertices in XJI. Fixing
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w e XJZ, and using dg; (v, le) > ‘%", we conclude that there are at least %” choices for w € le. Thus,

I} 1
|Z;(i, uv)| > Tn (E — 26) n>2"4sn?,

as desired. O

For any vertex v e V, let
Cy:= {ie[n]:visi-good}.

Since e(ijB) > §n?, there exists a subgraph H of Cg’a such that |V(H)| > 8n and §(H) > én. For
each i € V(H), define the set

T;:= {VE V:|NH(i)\CV|Z(S?n}.

Observe that there are at most 4€ n? pairs (1, i) € V x [n] such that u is not i-good. This implies
that ‘37"|T,'| < 4en®. Hence, by € < 8, we have |Tj| < @

Let T;:= V\ T;. Clearly, |Tj| > 2n — @ For each i€ V(H) and ue T, we have |C,N
Ng(i)| = 87”. Now we independently and randomly select vertices from V(H) with probability

A

K = 14

to obtain a set ¢/ of colours. A Chernoff bound implies that, with high probability,

) P < p= ) <26 |V(H),
(ii) foreveryie V(H)andue T;, we have |C, N Ny (i, U)| > ‘S’fT”.

Fix such a set I/ and let I{ := V(H) \ U. By relabelling colours, one may assume U =: [t].
Clearly,

Ul =V(H)| - U] = %n, and S(H[U]) > 8(H) — U] > %n.

Define the multi-graph collection

Z:= {Z(i,uv):= U Zj(i,uv):i€ U,ueT;and vis i-good
j€CuNNH(iU)

Skn
1
i-good, Claim B.6 implies that there are at least 27451 i-absorbing edges of (u, v) whose ordered
vertex set is in . Thus, |Z(i, uv) N Fj| = 27*8n* for at least ‘S’fT" > 273t indices j € [t]. Applying

Lemma 3.4 with

Given i and u, the number of choices for j is at least % by (ii). Since ij € E(H), u is j-good and v is

H:= {Fj:je[t]},Zand € := 2748,

we can find a rainbow matching M in H of size at least (1 — 271982)¢ such that |E(Z(i, uv)) N
E(M)| >271982¢ for all Z(i, uv) € Z. That is, there is I C [¢] with |I| >(1 —2_’1082)t such that
for each j €1 there is an edge ¢j € E(M) with j € L(ej). For every ie U, ue T; and v € V3 is i-
good, there are at least 27'°6%¢ indices j € I such that ¢; is an i-absorbing edge of (u,v). Thus,
M is an absorbing matching with parameters (2, \/€, (1 —27106%)t,271952) and hence with
(3, Ve 1, 22). 0

Now, we are ready to prove Theorem 2.10.
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Proof of Theorem 2.10. Choose additional parameters 8, A and i’ such that

1
1<;<<d<<u<<ﬂ<<)\<<u’<<oe<<y,e<<<S<< 1,

where the previous lemmas in this section hold with these suitable parameters.

By Lemmas B.4 and B.5, G contains an absorbing matching M with parameters (%, JE A, 22).
For any colour ¢ € [n] and vertices u € V1, v € V3, we define the triple (c, u, v) as absorbable if there
are at least A%n disjoint c-absorbing edges of (1, v) inside M. By the definition of absorbing match-
ing, one has | M| < An. Furthermore, there exists a colour set C C [n] \ col(M) of size at least 57”
such that, for any given colour ¢ € C and c-good vertex v € V3, the triple (¢, u, v) is absorbable for
all but at most /en vertices u € V.

Claim B.7. There exists an integer r with (2 27198n<r<28n. For each i€ [r], there is a tuple

4
qi:= (cl,c w1 W1 w2 w ) where c c € C are distinct colours, w w €V, and w w% eV,

are distinct Vertzces satzsfyzng the followzng properties:

(i) (cl , w w )and (c w w2 ) are absorbable for all i € [r],

(ii) for every pair (u,v) € Vi x V, and every colour c € [n), there are at least 272 Bn indices
i € [r] such that ci1 € L(uwil/), Cf € L(vwf) andc € L(w} wiz/).

Proof of Claim B.7. For every two distinct colours cil, ci2 € C, and vertex pair (4, v) € V1 x V; such
that dg A (u) > (l — /L) n and dg 2 (v) = (— — ,u) n, and for every colour ¢ € [n], let S(c}, ciz, U, v, )

be the collection of tuples
(whw! , w2 w?) e Vi x Vo x Vi x Vy

that satisfy the following properties- (c w w ) and (c w ) are absorbable, c € L(uw )
c € L(vwz) andce L(w w ) We will prove that |S(c 2 u, v, ¢)| > 27 7n*. For this, we count the

2/

number of possible choices for w s Wi wi and wi in turn.

e Recall that all but at most 27 vertices in V; are ¢} -good and dg , (1) > (% — ) n. Therefore,

there are at least (% — ,u) n—2en—1 Zg choices for wil/ such that w}/ is cl-l—good and ci1 €
L(uw},).

e For vertices in V5, there are at most 2en + dn vertices w that are either not c?-good or
dg,(w) < (% - ,u) n. Thus, we have at least n — 2en —dn — 2 > % choices for wi2, such that w?/
is c2-good and dGC(wf/) > —pn)n
e Fix w}/ and wlz/. Since wil/ is ci1 -good and ci1 € C, we obtain that (cil, W, wil/) is absorbable for
all but at most /€n vertices w € V7. Recall that dg,( 2/) > (% - /,L) n. Therefore, there are at least

(% — M) n—.Jen—1>12 ch01ces for w such that (c w1 w1 ) is absorbable and c € L(wi1 wiz/).

o Similarly, since dg 2 (v) >(3—p)n c?eCand w- is c?-good, there are at least (3 — 1) n —

Jen—2>12 cho1ces for w such that c € L(vwz) and (c w2 w2 ) is absorbable.
Therefore, |S(c c U, v, 0)| > 277n4, as desired.
Let {ci , ci e [Zﬂn]} C C be a set of distinct colours. Define
{(wl,w w w )e VixVox VixVy: (c wil,) and (cf, wiz,wf/) are absorbable}.
Since for each colour ¢ € C, there are at most 2en vertices in each part that are not c-good. Hence,

there exist at least (n — 2en)(n — /en) > ”2—2 vertex pairs (x,y) € Vi x V, such that (¢, x,y) is
absorbable. Thus, |F;| > 27%n*. Let H:= {F;:i € [28n]} be the collection of directed 4-graphs.
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For a vertex pair (u, v) € Vi x Vy, let

Ly = {ie [28n] :dGc.l (u) > (% - ,u) n and dGCZ(V) > (% - ,u) n} .

Define the collection of directed multi-4-graphs as follows:

Z:= {S(u,v,¢c):= U S(c},cf,u, v,¢): (u,v) € Vi x Vy, ce[n]

iel,,

Since for each vertex w € V, there are at most dn indices i € [n] such that dg,(w) < (% — /L) n.

Hence for every S:= S(u, v, ¢) € Z, we have |E(S) N E(F;)| > 277n* for all but at most 2dn indices
i € [2Bn). By applying Lemma 3.4 with t := 28n and € := 277, we deduce that there is a rainbow
matching M in H of size at least (2 — 2719)81 (and at most 28n) and |E(S) N E(M)| > 2720 Bn for
allSe Z. O

Let
Vs := J{wh wl, whw?' ), Cabsi= (U, ), Crem = [n] \ (col(M) U Caps),

ie[r] ie[r]

U:= VN (VIM)U Vaps), T := {Jiti € Crem} Where J; = Gi[U].

Note that |[n] \ Crem| = IV;—UI < An 4+ 4pn. For each vertex v € U, for all but at most dn colours
¢ € Crem We have
1 IUI [U|
dw)=>|-—- n—in—4 .

]c()_<2 M) Bn LT
Since B8, A, W' Ky, @, €, 86, it is easy to see that J is (2, 2,26, 2) -stable. By Lemmas B.1 and B.2,
we deduce that 7 is u'-nice and there exists a rainbow matching M; in J with size at least
|C vem| — dn — 2. Assume that

(U\NVM) N Vi ={ut, ..., us}, (U\ VM) N Vay={v1,. .., v} Crem \cOl(M1) ={c1, ..., ¢t}

Do the following for each (u;, v;, ¢;) withi=1,2, ..., t in turn. Choose an unused 6-tuple q]

1 2,1 .1 2 2 . 1 A
(Cji’ Cips Wi Wi, > Wi Wi ) for some j; € [r], such that G, € L(u;w ) c € L(viw wj, 2), and ¢; € L(w w )

This is possible since Claim B.7 implies that there are at least 2 2 Bn choices for gj;, of Wthh at
most dn + 2 have been used. Thus, all vertices in U \ V(M) and all colours in Cep, \ col(M) are
contained in a rainbow matching of G.

At the end of this process, there remains a set I c [ ] such that the gi with i € I are precisely

the 6-tuples that were not chosen. Recall that (cil, w ) and (c w w2 ) are absorbable for each

i € I It follows that there are at least A>n disjoint c’i—absorblng edges of W;-, wi:/) inside M foriel
and j € [2]. Together with § < A, we obtain a transversal perfect matching inside G. U
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