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ABSTRACT

Let T = {T(?)},~, be a C,-semigroup on a Banach space X. The following results are proved.

(i) If X is separable, there exist separable Hilbert spaces X, and X, continuous dense embeddings
Jo:Xy— X and j: X—— X,, and C -semigroups T, and T, on X, and X, respectively, such that
Joo Io(t) = T(t) 0, and T(#)oj, = j, 0 T(¢) for all 1 > 0.

(i) If T is O-reflexive, there exist reflexive Banach spaces X, and X;, continuous dense embeddings
JjiD(A)— X, jy: Xy— X, j,: X— X, and C,-semigroups T, and T, on X, and X, respectively, such
that Ty (1)oj=jo1(t), j,0Ty()=T()oj, and T(t)oj, =j0T(r) for all >0, and such that
a(A,) = o(A) = a(A,), where A, is the generator of T,, k =0, , 1.

Introduction

In this paper we investigate the following problem: given a strongly continuous
semigroup of bounded linear operators (briefly, a Cy-semigroup) T = {7(#)},., on a
Banach space X, is it possible to find spaces X, and X, continuous dense embeddings
Jo:Xy—X and j:X——X,, and C,semigroups T, and T, on X, and X,
respectively, such that j,o 7;(f) = T(¢)oj, and T,(¢)oj, = j, 0 T(¢) for all t = 0?

Naturally, this question is only meaningful if we require the spaces X, and X,
and/or the semigroups T, and T, in some sense to be ‘better’ than X and T. Below
we provide two affirmative answers:

(i) If X is separable, then X, and X; may be chosen to be separable Hilbert
spaces.

(i) If T is O-reflexive, then X, and X, may be chosen to be reflexive Banach
spaces; we may choose X, to be intermediate between D(A®) and X, and we may
arrange that o(4,) = o(A4) = a(4,), where A4, is the generator of T,, k =0, J, 1.

These results are proved in Sections 1 and 2, respectively.

1. Sandwiching between Hilbert space semigroups

Throughout this section, we fix a Banach space X and a C,-semigroup T on X. If
H is a Banach space which is continuously embedded into X, for each >0 we
define the linear subspace H, of X by

H, = { f T(s) ih(s) ds:he L0, ; H)};

0

here i: H = X denotes the inclusion mapping.
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THEOREM 1.1. If H is a reflexive Banach space which is continuously embedded into
X, then there exists another reflexive Banach space X,, continuously embedded in X,
such that

(1) T restricts to a Cy-semigroup T, on X,;

(i) H, = X, for all t > 0.

If X is separable, then H is separable as well. If H is a Hilbert space, then X, may be
chosen to be a Hilbert space as well.

Proof. The space # = L*([0, c0); H) is reflexive; if H is a Hilbert space, then #
is a Hilbert space as well. Fix M > 0 and w e R such that | 7(¢)| < Me” forall t = 0,
and fix o > w. Define S:# — X by

Sh = Jx e ™ T(t) ih(1) dt.

0

We check that this integral exists as a Bochner integral in X, and that S is a bounded
operator from # into X. The integrand is strongly measurable, and

o0

J e ™| T(1) ih(l)lxdl<J e NTON gy 11l o, xy 11Dl

0 0

o0

< Mlilyz(H,X)f e (1) | dt

0

0 1/2
< Mlin«H,X)(J fz(“““”ﬂ’l) 1l =: CliAlL -

0

On X,=rangeS we define a norm |- HXO by HShHX0 = ||7h| pers» Where
n:H —— A /ker S is the quotient map. The resulting space X, is isometrically
isomorphic to # /ker S and therefore reflexive; if H is a Hilbert space then X, is a
Hilbert space as well. If X is separable, then also H is separable.

The quotient operator S: # /ker S —— X, defined by S(zh) := Sh, has norm < C.
Consequently,

ISAl = I8@)| peors < ClIAl g pers = ClIShl .

It follows that the inclusion X, < X is continuous.
For s > 0 and he #, define h e # by

h(t—s) t=s,

h(1) = .
0 otherwise.
Then

o0 o0

e T (t+s)ih(t)dt = e‘”f e ™ T(t)ih(t—s) dt = e*Sh,.

s

T(s)(Sh) = J

0

Hence, 7(s) (Sh) € X,. If ge A is such that Sg = Sh, then the above identity shows that
Sg, = Sh,, which implies that |74, , e s < 17h] 4 ers- Consequently,

[ 7(s) (Sh)HXU = eaSthsHﬂ/kers < eaSth”f//kerS = e“SHS/IHXU.
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It follows that 7(s) restricts to a bounded operator 7,(s) on X, of norm less than or
equal to e*. We check that the resulting semigroup T, is strongly continuous on X,.
Let i,: X, © X denote the inclusion mapping. By dominated convergence, for all
x*e X* and he # we have

lim ¢ T(s) Sh, i x*> = lim f e Tt +5) ih(1), x*> dt

sl0 sl0 Jo

= J " AT ih(6), x> dit = (Sh, iy X*.

0

By the reflexivity of X, the restriction mapping iff: X * —— X ¥ has dense range. Since
T, is locally bounded on X, it follows that T, is weakly continuous on X,. Hence by
a standard result from semigroup theory [6, Theorem 2.1.4], T, is strongly continuous
on X,. This proves part (i).

To prove part (ii), fix 7 > 0 and he L¥([0, 7], H). Define he # by

i) = { e”h(s) sel0,1],

0 otherwise.
Then
t
J T(s)ih(s)ds = She X,,
0
and therefore H, — X, by definition of H,. O

If T is uniformly exponentially stable, then X, may be chosen in such a way that T,
is uniformly exponentially stable on X,: one takes w < a < 0 in the above proof. This
observation also applies to the results below, but we have no particular application
for it. We do not know whether, in the case where T is uniformly bounded, it is
possible to choose X, in such a way that T, is uniformly bounded as well. However,
using a weighted L? space to define #, the proof of Theorem 1.1 can be modified to
obtain T, with at most linear growth.

The following theorem is in some sense ‘dual’ to Theorem 1.1. It depends on the
following simple observation.

Lemma 1.2.  Suppose that X is a separable Banach space. There exists a separable
Hilbert space H which is densely and continuously embedded in X.

Proof. Let (x,) be a sequence of norm 1| vectors in X with dense linear span.
Define a bounded operator j:/*—— X by j:(a,)— Y., n ', x,. The restriction of j to
H = (kerj)* is an embedding. O

THEOREM 1.3. If X is separable, there exists a separable Hilbert space X, and a
continuous dense embedding j: X — X, such that

L(jx=jT(H)x (xeX)

defines a C,-semigroup T, on X,.
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Proof. Define

XO:={x*e X*:lim | T*(5) x* — x*| = 0.
tl0

Thus X© is the largest subspace of X* on which the adjoint semigroup T* acts in a
strongly continuous way. The space X © is a norm-closed, weak*-dense, T*-invariant
subspace of X* which induces an equivalent norm in X in the sense that there exists
a constant M > 1 such that

M7Hx|| < sup {[<x, xO):x€ e X, ||xOf < 1} < x|

for all xe X [7, Chapter 1]. The restriction of T* to X© will be denoted by T®.

By the separability of X we may choose a separable closed T®-invariant subspace
Y of X© which still induces an equivalent norm in X. Let H, be any separable Hilbert
space which is densely embedded in Y; such a Hilbert space exists by Lemma 1.2. By
Theorem 1.1(i) there exists a continuously embedded, TC®-invariant, separable
Hilbert space ¥, in Y such that T restricts to a Cy-semigroup on ¥,. Put T¢ :=T¢|, .

Since H; is dense in Y, part (ii) of Theorem 1.1 shows that the inclusionj: ¥, < Y
is dense. Therefore the adjoint map j*: Y* —— Y is injective with dense range; here
Y¥ denotes the Banach space dual of the (Hilbert) space Y.

Since Y induces an equivalent norm in X'; X is canonically isomorphic to a norm
closed, weak*-dense, (T®|,)*-invariant subspace of Y*. Under this identification, j*
restricts to an injective map from X into ¥,. We claim that this restriction still has
dense range. Indeed, j* is weak*-to-weakly continuous as a map from Y* to Y, being
an adjoint operator taking values in a reflexive space. The claim now follows from the
fact that X is weak*-dense in Y*.

We have obtained the dense embedding j, :=;*|, from X into X, :=Y¥. The
adjoint semigroup T, = (T{)* is a C,-semigroup on X, being the adjoint of a strongly
continuous semigroup on a reflexive space. For all xe X and x, € X; we have

(e (D x) = <x7.jTOO(t) X1
= {x, TO(0)jx»
= T(1) x, jx 1
= {xy,j, T(?) x>.
This shows that 7;(¢) oj, = j, o T(#). Finally, we observe that X; = Y ¥ can be given the

structure of a Hilbert space in a natural way by providing it with the inner product
of ¥,. O

As a corollary we find that every semigroup on a separable Banach space is
sandwiched between two Hilbert space semigroups.

CorOLLARY 1.4.  If'T is a C,-semigroup on a separable Banach space X, then there
exist separable Hilbert spaces X, and X, continuous dense embeddings j,: X,—— X and
J1: X—X,, and C,-semigroups T, and T, on X, and X, respectively, such that
Joo T(t) = T(¥) oj, and T,(t) oj, = j, 0 T(¢) for all t = 0.
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Proof. Apply Theorem 1.1 and Lemma 1.2 to obtain X, and T,, and apply
Theorem 1.3 to obtain X, and T,. O

The constructions in Theorems 1.1 and 1.3 have their origin in the theory of
stochastic differential equations (SDEs) on Hilbert spaces.

If Tis a C,-semigroup on a Hilbert space X and Q € #(X) is a positive self-adjoint
operator such that

sup Trace Q, < o0,
t>0

where the positive self-adjoint operators Q,€ £ (X) are defined by

0,x= f T(s) OT*(s)xds (xeX),

0

then O x:=lim,  Q,x defines a positive self-adjoint operator Q. which is the
covariance operator of a unique centered Gaussian measure 4 on X. It was shown in
[3] that the reproducing kernel Hilbert space H, associated with this measure is
T-invariant; this space H_, is continuously embedded in X. This situation is covered
by Theorem 1.1 in the following way. If we take H to be the reproducing kernel
Hilbert space associated with Q (this space is continuously embedded in X) and let
o = 0, then the space X, constructed in Theorem 1.1 coincides with H .

As to Theorem 1.3, a duality construction which in some sense resembles the one
presented here was used in [2] to show that to every C,-semigroup T on a Hilbert
space X, another Hilbert space X, and a Hilbert-Schmidt embedding j, : X —— X, can
be associated in such a way that T extends to a C,-semigroup T, on X,. This result
is applied to the study of SDEs with cylindrical noise.

2. The O-reflexive case

In this section we will prove versions of the above results for O-reflexive
semigroups. It turns out that for this class of semigroups it is possible to control the
spectra of the generators of T, and T,, the price to pay being that X, and X, are
obtained only as reflexive Banach spaces.

We start with a lemma about equality of spectra, which may be compared to [1,
Proposition 1.1].

LemMA 2.1.  Let A be a closed operator with domain D(A) on a Banach space X.
Suppose X, is a Banach space such that D(A*) = X, = X with continuous inclusions.
Denote the part of A in X, by A,. If 0(A) N 9(A4,) # &, then a(A,) = o(A).

Proof. Firstwe prove the inclusion g(4) = ¢(4,). Pick A€ 9(A4) and fix an arbitrary
neo(4)no(4,). If x,e X,, then R(A, A) R(u, A) x,€ D(4*) = X,. Therefore,
R(, A)x, = Rt Ay) X+ (= 2) R A) R(t, A) x, € X,

Hence R(4, 4) X, = X,, and the restriction R(4, 4) |y, defines a bounded operator on
X, by the closed graph theorem. Clearly R(/, 4) ]| x, Is a two-sided inverse for A—A,,
so Aeo(4,).
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To prove the inclusion ¢(A4,) < g(A4), pick 1€ 9(4,) and fix an arbitrary ue€ o(4).
Define a bounded operator R, on X by

R;x = R(p, A)x+(u—24) R(p, A)* x+ (1t —2)* R(, A)) R(p, A)*x  (xe X).
Then it is easily verified that R; is a two-sided inverse of A— A, so 1€g(A4). O

We now return to the setting of Section 1 and assume that A4 is the generator of a C,-
semigroup T on X.

LEMMA 2.2. If H is a Banach space such that D(A) =« H < X with continuous
inclusions, then D(A*) = H, for all t > 0.

Proof. Fix t > 0 and choose we o(4) N R so large that [e ' T(2) ||l oy, < 1-
Then the restriction to D(A) of I—e “*T(¢) is invertible in D(A), and for xe D(A4) we
have

(CO—A)% x=U—e™ 1(1)) (w_AY1 (I|D(A) —e T(t) |D(A))71 X

't
__ f TS Ty — € T(0) [y d.

0
However,

(]|D(A)_eith([) |D(A))71x = Z e " T(nt)xe D(A) = H,
n=0
the sum being absolutely convergent in D(A4). Therefore the function £ defined by
h(s)=—e "] p.y—e " T(1) ) ' x  (s€[0,1])
belongs to L*([0,¢]; H). From
t
(w—A)y'x = j T(s) h(s) ds,
0
we conclude that (w—A) ' xeH,. 0
Denote X©* = (X©)* and X°° = (X©)°, the ®O-dual of X© with respect to the
C,-semigroup T®. Define a map k: X — X ©* by
{x® kxy =<{x,x®) (x°e€XO©).

Since X© induces an equivalent norm in X, the map k is an isomorphic embedding,
and it is easy to see that kX < X©O, If kX = X©©, then T is said to be O-reflexive.
By a theorem of de Pagter [5] (cf. also [7, Theorem 2.5.2]), this happens if and only
if there exists ueo(A4) such that R(u, A) is a weakly compact operator; in this case
R(u, A) is weakly compact for all ueo(A).

LemMa 2.3.  If T is O-reflexive, then there exists a reflexive Banach space H such
that D(A) < H < X with continuous inclusions.
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Proof. Fix any Aeg(A). Then R(4, A) is weakly compact. If (x,) = D(4) is a
sequence which is bounded with respect to the graph norm of D(A), then (A—A4) x,,)
is a bounded sequence in X and therefore the identity x, = R(4, A) (41— A) x,,) shows
that the sequence (x,,) is relatively weakly compact in X. This shows that the inclusion
D(A) < X is weakly compact. Hence by the factorization theorem of Davis—Figiel—
Johnson—Pelczynski [4], it factors through a reflexive Banach space. Accordingly
there exists a reflexive Banach space H, and bounded operators 7,: D(4) — H, and
T,: H)— X such that 7; 7)x = x for all xe D(A4). Let H :=range 1,; H is a reflexive

Banach space with respect to the norm |7, Al = |[#hyl s jcerr,,» Where m:Hy—
H,/ker T, is the quotient mapping. We now have D(4) « H < X with continuous
inclusions, the first one being given by 7,0 7,. O

THEOREM 2.4.  Suppose T is a O-reflexive semigroup on a Banach space X. Then
there exist reflexive Banach spaces X, and X, and a continuous dense embedding
Jj: X—— X, such that

(i) D(A?) <= X, = X with continuous and dense inclusions;

(i1) T restricts to a Cy-semigroup T, on X,;

(i) T;(0)jx =jT(t) x (xe X) defines a C,-semigroup on X,;

(iv) a(A,) = a(A4) = o(A,), where A, is the generator of T,, k =0, 1.

Proof. Let X, be the space of Theorem 1.1. By Lemmas 2.3 and 2.2 we have
D(A% < H, for all t > 0, and therefore D(4?) = X, by Theorem 1.1(ii). By the closed
graph theorem this inclusion is continuous. Since D(A4%) is dense in X, the inclusion
X, = X is dense. From D(4}) = D(A4% < X, we see that the inclusion D(4%) < X, is
dense as well. This proves (i) and (ii). Equality of the spectra a(A4,) = o(A4) follows
from Lemma 2.1 and the easy observation that A4, is indeed the part of 4 in X,

The space X, is constructed as in the proof of Theorem 1.3, except for the
following modifications. We now take Y := X©, notice that the strongly continuous
adjoint semigroup T® is O-reflexive (see, for example, [7, Corollary 2.5.8]), and apply
Lemma 2.3 to see that there exists a reflexive space Y, such that

(1) D((4®)?) < Y, = Y = X© with dense inclusions;

(i) T® restricts to a C,-semigroup TS on ¥;

(iil) a(A4AP) = a(A4°).

The adjoint j*: X©* — X, := Y of the inclusion j: ¥, = X© is injective with dense
range, and its restriction j, = j*|, to X has dense range in X, again. Recalling that the
spectra of a generator, its adjoint, and its ®-adjoint always agree, it follows that for
the adjoint semigroup T, := (T$)* on X, we have 0(4,) = a(AY) = 0(A®) = a(A); cf.
[7, Section 1.4]. O

REMARK 2.5. (i) It would be interesting to know whether D(A4?) can be replaced
by D(A) in the above result.

(i1) Assertions (i) and (ii) of Theorem 2.4 actually characterize O-reflexive
semigroups. In fact, if the inclusion mapping D(A4?) = X factors through a reflexive
Banach space Y, then by factoring R(u, A)* through D(A?) it follows that R(u, A)*
factors through Y as well, and therefore R(u, A)? is weakly compact. It is easy to
prove [5] that R(u, A) is also then weakly compact, and hence T is O-reflexive.
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(iii) The ‘metamathematical’ interpretation of Theorem 2.4 is as follows. Suppose
% is a set of conditions which implies a certain property &2 for C,-semigroups on
reflexive Banach spaces. Then @ also implies property £ for O-reflexive semigroups,
provided that the conditions % are stable under similarity transformations and both
% and £ are stable under continuous dense inclusions. Indeed, if T is O-reflexive and
verifies the conditions %, then its restriction T, ,» to D(A4%) also verifies % (use the
similarity transformation 7}, ,»(f) = R(4, 4)* T(t) (A— A)*). Hence T, verifies % as well
(inject D(A?) into X,). By reflexivity it follows that T, has property 2, and therefore
(by injecting into X)) T has property £.

This provides a canonical way of extending certain results for C,-semigroups on
reflexive spaces to arbitrary ©-reflexive semigroups.

Acknowledgements. 1 would like to thank Charles Batty for some helpful
suggestions.
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