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Abstract. In this article, we contribute to the study of the dynamics by conjugation on
the space of subgroups of Baumslag—Solitar groups BS(m, n) via the mixing properties
of elements asymptotically produced by suitable random walks on the group. In an
acylindrically hyperbolic context, Hull, Minasyan and Osin [Subgroup mixing and random
walks in groups acting on hyperbolic spaces. Ergod. Th. & Dynam. Sys. 46(10) (2026),
2505-2541] demonstrated strong mixing situations, namely topological p-mixing, a
strengthening of high topological transitivity. Regarding non-metabelian BS(m, n) with
|m| # |n|, we exhibit here a radically different situation on each of the pieces except one
of the partition introduced by Carderi, Gaboriau, Le Maitre and Stalder [On the space of
subgroups of Baumslag—Solitar groups I: perfect kernel and phenotype. Rev. Mat. Iberoam.
41(5) (2025), 1711-1758] (although it is highly topologically transitive on each piece).
However, when |m| = |n|, we demonstrate the topological p-mixing character of the action
on each of the pieces.
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1. Introduction
Given a couple (m, n) € Z*, the Baumslag—Solitar group of parameter (m, n) is the group
defined by the following presentation:

BS(m, n) = (b, t | th"t~! = ™). (1.1)
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2 S. Bontemps

Baumslag—Solitar groups were introduced in [2] to give the first examples of
two-generated, finitely presented non-Hopfian groups. They have been widely studied
in relation to various properties that strongly depend on the parameters (m, n): residual
finiteness [12], classification up to quasi-isometry (see [7, 14]), classification up to measure
equivalence [9]. The group BS(m, n) acts on its Bass—Serre tree T, , (i.e. the infinite
oriented tree all of whose vertices have m incoming edges and n outgoing edges), with a
single orbit of vertices and a single orbit of edges, and the vertex and edge stabilizers are
infinite cyclic.

In this article, we pursue the study of the space of subgroups of Baumslag—Solitar
groups, which was initiated in [4]. Endowed with the Chabauty topolology, the set of
subgroups Sub(I") of any infinite countable group I' is a closed subset of the Cantor
space {0, 1A particular subset of Sub(I") that we are interested in is the perfect kernel
K(I') of T, i.e. the largest closed subset with no isolated points. This subset is invariant
under I'-conjugation. We are interested in the dynamics induced by this action. More
precisely, we are interested in finding subsets of the perfect kernel on which the action
is highly topologically transitive or even topologically p-mixing. Recall that an action
of a group I'" on a topological space X is highly topologically transitive (HTT) if for
every r € N and for every non-empty open subsets Uy, . .., Uy, V1, ..., V., there exists
g €T such that g-U; N V; # @ for every i € [1, r]. The authors of [10] introduced a
strengthening of this notion, called topological p-mixing. Given a probability measure u
on a countable group I', an action of I" on a topological space X is called topologically
w-mixing if for every non-empty open subsets U, V C X, denoting by (Sk)kren a sequence
of independently w-distributed random variables and by (Gg)ken = (S1 - - - Sk)ken the
random walk on I" with step distribution u, one has

lim P(Gx-UNV #0%) = 1.
k— 00

The authors of [1, 10] studied independently the space Sub(I") in the case where I" acts
on a hyperbolic space with ‘vanishing’ stabilizers. More formally, in the case where the
hyperbolic space is a tree 7 (and the action is minimal and irreducible), one application
of their results in which we are interested is the case where the action of I" on 7 is
acylindrical, i.e. there exists R > 0 such that the stabilizer of any path of length larger
than R is trivial. The following statements are applications of their results to this particular
setting. In [1], the authors proved that in this case, the perfect kernel of I" contains the
closure of the set Subje\77,, (I') of subgroups A of I' satisfying that the quotient graph
A\T is infinite:

Subje\77,, (') € K(T).

Moreover, this subset is invariant under conjugation and the action of I" on Sub)e\77,, (I') is
HTT. Still in the particular context of acylindrical actions on trees, the results of [10] lead
to the study of the set SubZ (I ~ 7), namely the set of infinite index 7-convex cocompact
subgroups. Recall that a subgroup A < T is called T-convex cocompact if it acts properly
on 7 (i.e. with finite vertex stabilizers), with quasi-convex orbits (i.e. for any vertex v € 7,
there exists n > 0 such that the reduced edge path connecting two vertices of A - v remains
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at distance < n from A - v). In the setting of actions on simplicial trees, this subset is
exactly the set of finitely generated subgroups of infinite index that act properly on 7.
If we assume moreover that the action is acylindrical, this is a subset of Subj\77,, (I'):

SubSS(I' ~ 7) € Subjay7., (1).

On the closure of this subset, they proved that the action by conjugation is even
topologically p-mixing for every measure p on I' whose support is bounded (i.e.
{g - v, g € Supp(w)} is finite for any vertex v of 7), symmetric (i.e. stable under inversion),
and generates I".

A Baumslag—Solitar group BS(m,n) is a typical example whose action on its
Bass—Serre tree 7,,,, is not acylindrical, because the stabilizer of every finite edge path
is infinite cyclic. The authors of [4, 8] proved that this leads to a very different situation
for the dynamics induced by the action by conjugation on the perfect kernel. In the case
where min(|m|, |n|) > 1, they proved that the perfect kernel exactly consists of the set
Sube\7;, 4100 (BS(m, 1)) and they uncovered a countably infinite invariant partition of the
perfect kernel K(BS(m, n)) = UPEQ,,, ., Kp (where Q@ is an infinite subset of N* LI {oco}
that contains o) such that: ’

e Kp is open for every finite P € @, , (and also closed if and only if |m| = |n|);

o K is closed;

e the action by conjugation on Kp is HTT for every P € Q..

Note that the existence of disjoint invariant open subsets prevents the action on
K(BS(m, n)) from being HTT. However, the last item may make us wonder if the action is
also topologically w-mixing on each piece. Our first result shows that this is false in
general.

THEOREM 1.1. Let m, n € Z such that min(|m|, |n|) > 1. Let us assume that \m| # |n|.
Then, there exists a probability measure | whose support is finite, symmetric and generates
BS(m, n) such that for every finite P € Qy, 5, the action by conjugation of BS(m, n) on Kp
is not topologically -mixing.

Note that, in the proof of Theorem 1.1, though the support of u is symmetric, we will
construct p in such a way that u(t) # ,u(t_l).
However, we have the following positive result.

THEOREM 1.2. Let m, n € Z such that min(|m|, |n|) > 1 and let T, , be the Bass—Serre

tree of BS(m, n). Let . be a probability measure on BS(m, n) whose support is bounded,

symmetric, and generates BS(m, n). Then:

(1)  the action by conjugation of BS(m, n) on K is topologically p-mixing;

(2) if |m| = |n|, then for every P € Qy », the action by conjugation of BS(m, n) on Kp
is topologically j-mixing.

Note that, for every (m, n) € 77 such that min(|m|, |n|) > 1, the set Ko exactly consists
of Subf (BS(m, n) ~ Tp,). Thus, we extend the aforementioned result of [10] to this
particular case of a non-acylindrical action.
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4 S. Bontemps

I' ~ 7 acylindrical BS(m,n) ~ T.n (lm], |n| > 2) not acylindrical
Negative results Positive results
HTT T ~ Subje\7i. (T) HTT | BS(m,n) ~ K(BS(m,n)) BS(m,n) ~Kp HTT
[1] = Sub|.\r];n'”‘oo (BS(m,n)) VP e Qm,n.
not HTT [8]
[4]
M-mixing r NW BS(m,n) ~ Kp BS(m,+m) ~ Kp u-mixing
C Subje\7y,, (') u-mixing. not yu-mixing VP € Qpn NN*;
[10] in general if |m| # |n|. BS(m,n) ~ K
Theorem 1.1 = Subsy (BS(m,n) ~ Trmn)
also p-mixing Vm, n.
Theorem 1.2

FIGURE 1. A summary of our main theorems and related results.

Given a group I" acting on a tree 7, the array of Figure 1 summarizes the results we
mentioned.

The paper is organized as follows. First, we recall some background around
Baumslag—Solitar groups and Bass—Serre theory. We recall the main tools and the
decomposition of the perfect kernel of BS(m, n) introduced in [4]. Then, we build a
measure 4 supported on {b, b=, ¢, !} such that u(r) # u(t~!) to prove Theorem 1.1,
and we finally prove Theorem 1.2 using a result of Cartwright and Soardi.

2. Preliminaries and notation

We denote by ¥ the set of prime numbers. For every integer N and every prime
number p, we denote by |N|, the p-adic valuation of N, that is, the largest n € N such
that p" divides N. For every integer m, n € Z \ {0}, we denote by m A n their greatest
common divisor, that is, the largest integer k € N dividing both m and n. By convention,
oo An =nAoo=|n| for every n € N*. By ‘countable’, we mean finite or in bijection
with N. For any finite set F, we denote by | F| its cardinality. We use the same convention
as in [13] about graphs. We denote by V(G) the set of vertices of an oriented graph G
and by E(G) its set of edges. We denote by ET(G) (respectively & (G)) its set of positive
(respectively negative) edges, and by s : 8(G) — V(G) and t : E(G) — V(G) the source
and target maps, respectively. For any edge e, we denote by e the reversed edge. If G is a
graph, we denote by dg the induced metric on the set of vertices. If v € V(G) and R € N*,
we denote by Bg(v, R) the closed ball of center v and radius R in G (for the metric dg). For
any subgraph G of G and any R € N*, we denote by Ng r(Go) the R-neighborhood of G
in G, i.e. the subgraph of G induced by the set of vertices at distance less than R from G,.
By the half-graph of an edge ¢, we mean the connected component of G \ {e} that contains
t(e). If this half-graph is a tree, we call it a half-tree. If 7 is a tree and 7 is a subtree of
T, and e € &7\ T), we say that e points towards 7 if the half-tree of e contains 7.
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2.1. Space of subgroups. Given an infinite countable group I', one can endow its set of
subgroups Sub(I") with the Chabauty topology, which comes from the natural inclusion
Sub(I") < {0, 1} of Sub(I") into the Cantor space. A basis of neighborhoods is given by
the following family of clopen sets:

VO, ={A<T|ICAand AN O =}

(where I and O are finite subsets of I").

One has a correspondence between subgroups of I' and isomorphism classes of
transitive right actions of I' on pointed countable sets, which yields a correspondence
between conjugacy classes of subgroups of I and isomorphism classes of transitive right
actions of I" on countable sets, where the action by conjugation amounts to changing the
base point. It is given by the bijection

{isomorphism classes of pointed transitive right ["-actions} — Sub(I")

2.1
(X, x9) ¥ I' = Staby (x0), -

whose inverse is given by

Sub(I") — {isomorphism classes of pointed transitive right I"-actions}
A= (A\T', A) nT.

The Chabauty topology can be defined on the set of isomorphism classes of pointed
transitive right I"-actions thanks to Schreier graphs. Given a symmetric generating set S of
I" and a right I'-action @ on a pointed countable set (X, xp), one can define the (rooted)
Schreier graph of « as follows: its set of vertices is X and, for every x € X and s € §, there
is a positive edge labeled s with source x and target x - s, whose opposite edge is labeled
s~! (and has source x - s and target x). Its root is the point xo. The set of isomorphism
classes of pointed transitive right I"-actions can be endowed with the following topology.
A basis of neighborhoods of a pointed transitive right action (X, v) \\* T is given by the
set of actions whose Schreier graph has the same R-ball around the origin (for R > 0):

Ve = (X', v) ~P T, (Bsenp) (v, R), v') and (Bseh(e) (v, R), v)

are isomorphic (as pointed labeled graphs)}.

When S is finite, this is exactly the Chabauty topology (via the aforementioned identifica-
tion between actions and subgroups). We refer to [3, §2] for more details. From now on,
we will freely identify the set of subgroups of I with the set of isomorphism classes of
pointed transitive right actions of T'.

By a theorem of Cantor and Bendixson, there exists a unique decomposition

Sub(I') = K(M) L C,

where C is countable and K(I") is a closed subset without isolated point, called the
perfect kernel of I'. This is the largest closed subset of Sub(I") without isolated points,
or equivalently, the set of subgroups all of whose neighborhoods are uncountable. See
[11, §6] for more details.
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2.2. Baumslag—Solitar groups; preactions and (m, n)-(Schreier) graphs. In this section,
we provide a quick reminder on Bass—Serre theory and we recall the main tools that
were introduced in [4] to study Sub(BS(m, n)). Let m, n € Z such that min(|m|, |n|) > 1.
The Baumslag—Solitar group of parameters (m, n) is the group BS(m, n) defined by the
presentation (1.1).

2.2.1. Some background on Bass—Serre theory. As an HNN-extension, the group

BS(m, n) acts on its Bass—Serre tree T, (on the left): this is the infinite oriented tree

all of whose vertices have m incoming edges and n outgoing edges. This tree arises as

follows: it is obtained from the (right) Cayley graph of BS(m, n) (with respect to the

generating set {b, b~',r,1~'}) by shrinking all the (b)-orbits. There is a natural map

p : Cay(BS(m, n)) — T (applying [4, Definition 3.10] to the free action of BS(im, n)

on itself); it sends:

e the vertex y of the Cayley graph to the vertex y (b) of the Bass—Serre tree;

e the positive edge (y, yt) of the Cayley graph to the positive edge y (b") of the
Bass—Serre tree;

e the negative edge (y, yt~!) of the Cayley graph to the negative edge y (b™) of the
Bass—Serre tree;

e the edges of the form (y, yb¥) to the single vertex y (b).

The action of BS(m, n) on the set of (positive) edges of 7, is defined by: y - g(b") =

yg(b™). The action of BS(m, n) on its Bass—Serre tree has a single orbit of vertices and

the quotient graph BS(m, n)\7,,,, is a loop. The vertex p(1) = (b) is the root of the

Bass—Serre tree. See [4, §2.3 and 3] for more details.

2.2.2. Normal forms. A word of BS(m,n) is a finite sequence of elements of
{b, b1 1, t’l}. The element associated to such s = (ug, . .., ug,) in BS(m, n) is the
product s = uy - - - ug,. A subword s’ of s is a sequence of the form s" = (uy, . .., uy)
for some [y < kg. By an abuse of notation, we will freely identify the word s and the
element s of BS(m, n) (keeping in mind that the writing of s as a product of elements
of {b, b=, ¢, ¢t~} is not unique!). In particular, the set of subwords of an element of
BS(m, n) strongly depends on the chosen writing of this element as a product of elements
in{b, b1, ¢, t71).

Example 2.1. For instance, the subwords of the word tbbt ~'b~15h~1b~! in BS(2, 3) are @,

t,th, thb, tbbt=', tbbt~'b=" tbbt~'b~'b~1 tbbt~'b~'h~ b~ (though this is the trivial
element of BS(2, 3)).

As a particular case of [13, Ch. 1, §5.2] (which yields the normal form for
HNN-extensions), any element g of BS(m, n) can be uniquely written as

g= bnlté‘leZ .. b”rteran»l,
where n; € Z forevery i € [1,r 4+ 1], and ¢; € {1, —1} for every i € [1, r], and:
o ifeg =1, thenn;yg € [0, m| — 1];

o ifg; =—1,thenn;4 € [0, [n| —1];
e there is no subword of the form 5% ¢,
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This is the normal form of g. If g is written in its normal form, we say that g is reduced.
The height of an element g = b"1¢51H"2 - - . p"r¢®r p'*r+1 € BS(m, n) written in its normal
form is the integer

hig) =r.
Remark 2.2. This is also the distance

h(g) =dr,,, (v, g v),

where v = (b) is the root of the Bass—Serre tree 7,,, of BS(m, n). More specifically, if
g = b"tf1p"2 ... plrifrpMr+l g written in its normal form, then the geodesic between v
and g - v is of the form ey, . . . , e, where the orientation of e; is given by the sign of ¢;.

2.2.3. Preactions and (m, n)-graphs. Any subgroup A < BS(m, n) actson 7, . As the
diagram

Cay(BS(m, n))

Sch(A) T inn

A\Cay(BS(m, n))/(b)
commutes, the quotient graph A\77,, can be obtained by shrinking all the (b)-orbits of
the Schreier graph of A (with respect to the generating set {b, b=, 1, 1= 1}).

Motivated by this observation, we define a (right) preaction on a pointed countable
set (X, xg) as a couple of partial bijections (8, t) such that § is a genuine bijection
of X, dom(t) is B"-invariant, rng(z) is ™ -invariant, and x - 8™ = x - 8"t for every
x € dom(t). The Schreier (m, n)-graph Sch(«) of a preaction o on a countable set X is
the oriented graph whose set of vertices is X and whose (positive) edges are either of the
form (x, x - B) or of the form (x, x - t) (for x € dom(r)). Every path c in 71 (Sch(w), x¢)
is labeled by a word whose letters lie in {b, b1 ¢, t_l}, and thus defines an element
¥ (c) € I'. The map ¥ : m1(Sch(a), xg) — T is a group morphism and the image of this
map is called the stabilizer of the point xq for the preaction «, and denoted by Stab,, (xp).
The (m, n)-graph G, of a preaction « is the Schreier (m, n)-graph of « all of whose
B-orbits have been shrunk and labeled by their cardinalities. More specifically:

e its set of vertices is X/(B) and every vertex x (8) is labeled by the cardinality |x - (8)];

e its set of positive (respectively negative) edges is dom(t)/(B") (respectively
mg(v)/(B™));

e the target and source maps are defined by s(x - (")) = x - (8) and t(x - (")) = x7T -
(B); moreover, x - (B7) = xt - (™).

Notation 2.3. Throughout the paper, when « is a preaction on a pointed countable set
(X, x), we will denote by G, the (m, n)-graph of «.
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A preaction @ = (B, t) is called transitive if its (m, n)-graph is connected. It is called
saturated if dom(B) = rng(B) = X.If « is a saturated and transitive preaction on a pointed
countable set (X, x¢), the data of the (m, n)-graph of « is equivalent to the data of the
graph of groups of Staby (xp), given by its action on the Bass—Serre tree 7, ,. See [4, §3]
for more details.

Remark 2.4. Let us assume that A < BS(m, n) is a finitely generated subgroup whose
graph of groups (induced by its action on 7, ) is infinite (that is to say, A\7, , is infinite).
Let 7 : T — A\Tm.n be the projection. Then, for any connected finite subgraph 7 of
this graph of groups such that A is the fundamental group of ¥ (in the formalism of
Bass—Serre theory), the preimage 7 ~!(¥) is a proper invariant subtree of 7,,. Let us
explain why. Notice that the complement of # in the graph of groups of A is a forest;
otherwise, any edge path with source and target in ¥ that is not fully contained in ¥ would
yield an extra edge generator t ¢ A by Bass—Serre theory. Additionally, if 7 ~! (F) was not
connected, then any edge path of 7, , connecting two distinct connected components of
7~ 1(F) would be mapped by 7 to an edge path with source and target in ¥ that is not fully
contained in ¥, which contradicts the previous observation.

An abstract (m, n)-graph is then an oriented labeled graph all of whose vertices are
labeled by an integer or oo and that satisfies the following arithmetical properties:
(1) every vertex labeled N has at most N A n outgoing edges and at most N A m
incoming edges;
(2) (transfer equation) for every positive edge with source labeled N and target labeled
M, one has

N M
NAan MAm'
It is called saturated if equalities hold for every vertex in the first item.

We will make use of the following lemma that gives the existence of a particular
extension of a given preaction. A proof can be found in [8, Theorem 4.6].

2.2)

LEMMA 2.5. (Maximal forest saturation) For any transitive and non-saturated preaction
o on a pointed countable set (X, xo), there exists a unique transitive action B (up to
isomorphism) such that:
e B extends a (in particular, Gg contains G, as a subgraph);
e Stabg(xg) = Stabg (x0).
Moreover, this action has the following properties.
o The subgraph induced by the set of vertices of Gg \ G is an infinite forest F.
o  The subgraph induced by the set of vertices of G, is G-
e Forany edge e € E(Gp) \ E(G,,), denoting by N the label of s(e) and by M the label
of t(e):
— ifthe half-graph of e is in ¥, then M = N|m|/(N A n);
— otherwise, i.e. if the half-graph of e is in F, then N = M|n|/(M A m).

The BS(m, n)-action B constructed in Lemma 2.5 is called the maximal forest satura-
tion action of «.

https://doi.org/10.1017/etds.2026.10350 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2026.10350

Subgroup mixing in Baumslag—Solitar groups 9

Remark 2.6. If A is a finitely generated subgroup of BS(m, n), then there exists a
preaction « on a pointed countable set (X, xo) whose (m, n)-graph is finite and such that
Staby (xg) = A. The BS(m, n)-right action associated to A by the correspondence (2.1) is
exactly the maximal forest saturation action B of « given by Lemma 2.5.

Remark 2.7. We keep the notation of Lemma 2.5. Identifying (m, n)-graphs with graphs
of subgroups, Remark 2.4 tells us that, denoting by 7 : 7, , — Gp the projection, the
preimage TG, isa proper Staby (xp)-invariant subtree of 7, 5.

Keeping the notation of Lemma 2.5, in the case where |m| = |n| or when the (b)-orbits
of o are infinite, the forest # is a collection of half-subtrees of 77, ,. More formally, we
state the following proposition.

PROPOSITION 2.8. Let a be a transitive and non-saturated preaction, and let 8 be its
maximal forest saturation action. Let F be the forest induced by the set of vertices of
Gp \ Go- Let us assume that either:

e |m|=|n| or

e the (b)-orbits of o are infinite.

Let f be any edge with source in G, and target outside G,, and let T C F be the half-tree
of f. Then, the projection 7t : Ty, —> Gg induces a graph isomorphism between any
connected component of T~ (?’) and T-

Proof. By the properties of the maximal forest saturation action (cf. Lemma 2.5), any
vertex of Gg \ G, has |m| incoming edges and |n| outgoing edges if |m| = |n| or if the
labels of the vertices of G are infinite (i.e. the (b)-orbits of « are infinite). As any vertex
of 7.n also has |m| incoming edges and |n| outgoing edges, this tells us that 7 induces
a locally injective graph morphism between any connected component of 7 ~! (?') and 7
Finally, as Tisa tree, [13, §4.5, Lemma 5] tells us that this induced graph morphism is in
fact an isomorphism. O

Given a preaction @ on a pointed countable set (X, xp), one has a projection
Sch(x) — G,:
e that shrinks the (8)-orbits;
e that sends the edge labeled f connecting x to x - 7 to the edge x - (8") for every x € X
(cf. [4, Definition 3.10] for more details).

Notation 2.9. For any preaction «, we denote by py : Sch(w) — G, the projection.

Any couple (y, x), where y = b"1¢°1p"2 . . . p'r¢8rp*r+l is a word in BS(m, n) and x is
a vertex of Sch(«), leads to a unique edge path ey, . . . , e, in G, (Whose orientation is given
by the sequence of signs (¢1, . . . , &) and such that s(e;) = pq (x - b"1£81 - - - ¢Ei-1p") for
everyi € [1,r],and t(e;) = py(x - y)). We say that the edge path ey, . . ., e, derives from
x and the word y . This observation leads to the following estimate: for any x € V(Sch(x)),
one has

dg, (pa(x), pa(x - ¥)) < h(y). (2.3)
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If the edge path ey, ..., e, is reduced, then y is necessarily reduced. Conversely, if
y = DbMe1p™2 .. prer i+l s reduced and the edge path ey, . . ., ¢, defined by (y, x)
satisfies the following conditions:
o mdivides |x - b"1¢1p"2 . . . pit% (b)| for every i such thate; = 1 and &;4] = —1;
e ndivides |x - b"1tE1D™2 - . . p"it%i (b)| for every i such that &, = —1 and &; = 1,
then the edge path ey, . . . , e, is reduced (cf. [3, §3.1, Lemma 5.9] for more details).

From now on, we will freely identify subgroups of BS(m, n) and pointed transitive
saturated preactions.

One defines a topology 7, on the set of transitive saturated preactions as follows: a
basis of neighborhoods of a transitive saturated preaction « on a set (X, x) is given by

{B transitive saturated preaction on a pointed countable set(X’, x”) |
(p5' (Bg, (pp(x). R). x') is isomorphic to (pg " (Bg, (pu(x). R)). x)
(as pointed labeled graphs)}

(for all R > 0).

Remark 2.10. Notice that T, is strictly finer than the Chabauty topology: the subset Ko
is open for T4, (as it can be defined as the set of subgroups A such that the preimage of
the base vertex of the (m, n)-graph of A in Sch(A) is infinite), but not for the Chabauty
topology. In fact, T, is even strictly finer than the topology generated by the Chabauty
topology and K. For instance, the set

L% = {A € K | there is no loop based at the base vertex of the(m, n)-graph of A}

is open for 7,;. However, it is not open for the topology induced on K, by the Chabauty
topology. To see this, let us consider the sequence ((t’6""))nyeny € (Koo \L”)N. If
x € BS(m, n) belongs to (r?b™") for infinitely many N values, then one can write
x = (120"N)V | where ky € Z for infinitely many N values. Let us consider the
morphism ¢ : BS(m,n) — Q X,;» Z (where the generator 1 of Z acts on Q by
n/m-multiplication) that sends b to (1,0) and ¢ to (0, 1). The image of x under this
morphism is ¢(x) = (mN Zfil(n/m)”, 2ky), so ky is constant (equal to some k). As
the first coordinate m N Zle (n/m)* is also constant, one necessarily has k = 0. Thus,
x = id, s0 imy_ oo (126™N) = {id} € L£°. We proved that Ky, \ L is not closed for
the topology induced by the Chabauty topology on K, and thus, £° is not open for the
topology induced by the Chabauty topology and 7 ;.

Remark 2.11. Though we will mainly argue on the level of actions, one can translate this
basis on the level of the set of subgroups: 7,; is then the topology generated by the basic
open sets defined by Vi, (O, I) ={A | I € A, O N A = @}, where O and I are subsets
of I' whose elements have bounded #-height.

2.3. Random walks on groups. The definitions in this section come from [10]. Let I" be
a countable group. Let  : I' — [0, 1] be a probability measure on I'. A random walk on
BS(m, n) with step distribution p is a random sequence (Gg)ken = (S1 - - - Sp)ken Of T,
where the S; values are independently w-distributed random variables.
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Let (G)ken be a random walk on a group I' with step distribution w. A I'-action on
a Polish space X is said to be topologically p-mixing if for any non-empty open subsets
U,V C X, the following holds:

lim P(G,-UNV £@) = 1.
k— 00

Notice that any topologically p-mixing action is also I-topologically transitive for every
[ € N*: for every non-empty open subsets Uy, ..., U, Vi, ..., V; C X, there exists an
element g € I" such that

g-UinV,#@ foralli €[1,1]

(see [10, Proposition 1.2]).
Given a probability measure u : I' — [0, 1], we denote by Supp(u) its support, that is
to say, the set

Supp(n) ={g € I' | u(g) > O}.

We say that the support of w is generating if Supp(u) generates I' as a semi-group, and
that it is symmetric if Supp(u) is stable under inversion.

Given a probability measure 4 on I, we denote by 1~ ! the probability measure defined
by: u=1(g) := u(g™") forevery g € T'.

If T acts isometrically on a metric space X, we say that the support of u is bounded
(with respect to this action) if Supp(u)(x) is a bounded subset of X for some (equivalently
forall) x € X.

Remark 2.12. If p has one of the following properties: generating support, symmetric

support, or bounded support (with respect to some isometric action of I'), then so

does .

Remark 2.13. Let I' = BS(m, n) that acts on its Bass—Serre tree 7,, and let © be a
probability measure on I'. Then, by Remark 2.2, the support of u is bounded if and only if
the set of integers

{h(g), g € Supp(w)}

is finite. We draw the attention of the reader to the fact that in this case, the support of u
need not be finite.

Throughout this paper, random variables are always denoted by capital letters.

2.4. Phenotype of a subgroup of BS(m, n). In this section, we recall the computation
of the perfect kernel and the construction of the decomposition of K(BS(m, n)) obtained
in [4]. The authors proved the following result.

THEOREM 2.14. Let (m, n) € (Z \ {0})? such that |m| # 1 and |n| # 1. Then,

K(BS(m, n)) = {A <BS(@m, n) | the (m, n)-graph of A is infinite}.
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To understand the dynamics induced by the action by conjugation, the authors
introduced the notion of phenotype. This is a function Ph,,, : N* L {oo} — N* L {oo},
which is constant on the set of labels of any connected (m, n)-graph. It is defined by

INlp *
Phy (V) 2= {1 PP Imly=ily and ¥,y P TN € IV, 2.4)
00 if N = oo.

The phenotype of a connected (m, n)-graph G is defined as follows: denoting by N any
label of G, then Ph,, ,(G) = Phy,, » (N).

The phenotype Ph,, , (A) (respectively Ph,, , («)) of a subgroup A < BS(m, n) (respec-
tively of a preaction «) is then the phenotype of its (m, n)-graph. As the labels of the
(m, n)-graph of A encode the intersections of the conjugates of A with (b), one also has
Ph,, ,(A) = Ph,, ,([{b) : A N (b)]) (as defined in (2.4)).

The authors of [4] proved that this quantity is invariant under conjugation and that
the set Q. = Phy, ,(Sub(I")) is infinite. Thus, we get an infinite countable invariant
partition of

SubBS(m.m) = | | Ph,L(P).
PeQup

which yields a partition of the perfect kernel

KBS(m, n)) = |_| W(BS(m,n))ﬂPh,;’ln(P).
PeQpup

Notation 2.15. For any P € Qy,, we denote by Kp the intersection K(BS(m, n)) N
Ph,! (P) = {A € Ph,} (P) | A\T}, is infinite}.

Moreover, they proved the following result.

THEOREM 2.16. Let (m, n) € (Z\ {0})? such that |m| # 1 and |n| # 1. Then, for any
P € Qun:

o f P €N, the piece Ph,;}n(P) is open;

e itis also closed if and only if |m| = |n|;

e the piece Ph,;’ln (o0) is closed;
o Kp is non-empty and the action by conjugation of BS(m, n) on it is topologically
transitive.

In [8], the same authors even proved that the action of BS(m, n) by conjugation on Kp
is highly topologically transitive if P € Q-

Remark 2.17. In the case where |m| = |n|, it is not hard to check that the phenotype of a
non-zero integer N satisfies the following equality:

Nn
%ﬂﬂm( I1 ﬂm>=NAﬁ

pESD, IPhimn (N)Ip =0

In particular, if o is a transitive and non-saturated preaction, denoting by J
its maximal forest saturation action, any vertex of Gg\G, is labeled Phyi,,(G,)

Tpep Phinn@olp=0 P
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3. Random walks on the Bass—Serre tree and on (m, n)-graphs
Let m,n € Z such that min(|m|, |n]) > 1. Let 7,,, be the Bass—Serre tree of the
Baumslag—Solitar group I' := BS(m, n) of parameters (m, n).

3.1. Proof of Theorem 1.1. In this section, we assume that |m| # |n|. The goal is to
build a probability measure © whose support is {b, b1, t’l} such that, for every finite
P € Qu., the action by conjugation on Kp is not topologically p-mixing.

To prove Theorem 1.1, we will consider a probability measure supported on
{b, b=, ¢, t71) satisfying pu(¢) # pu(r~"). We will use the following deterministic result.

PROPOSITION 3.1. Letsy,...,s, € {b,b~",t,t71}. Foreveryi € [1,r], let

b =10 € [Li] |s; =1}

and

by ={j e [Li]|s; =t7"}

(and [j(')" =B, =0). Let a be a preaction on a pointed countable set (X, x) and p be a
prime number such that:
o Imlp > Inly
e b >0 foreveryi € [L,r];
e b and sy are defined on x, and for every i € [2, r], the elements b and s; are defined
Oonx -S| Si—1;
e the cardinal N of the (b)-orbit of x satisfies |N|p > |m|p.
Then, for every i € [0, r], the cardinality N; of the (b)-orbit of x - s1 - - - s; satisfies
INilp = (b —b)(Im|, — Inl,) + NI,

(where No = Nandx -s1---si =xifi =0).
Proof. We proceed by induction on i € [0, r].

Base case. The result is clear for i = 0.

Induction step. Let us assume that i € [0, r — 1] and that

INilp = (0 = b)(ml, = nlp) + [N

We distinguish three cases.

Ist case: si+1 € {b, b_l}. In this case, the (b)-orbits of x - 51 ---s; and x - 57 - - - §; 41
are the same. Thus, N;+1 = N;. Moreover, f);;l = f)l.+ and b, =b;; thus, [Nipilp =
(b7 — b (mlp — Inlp) 4+ IN|p.

2nd case: si11 = t. In this case, one has hi++1 = bl~+ + land b, ; = b; . By the transfer

equation (2.2), one has N; /(N; A n) = Nj4+1/(Nijt+1 A m), which implies that

|Ni|p — min(|Ni|p, [n]p) = |Nit1lp — min([Nji1]p, [m]p). (CRY
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By the induction hypothesis,
INilp = (b = b)) (Imlp — Inlp) + NI,
> |N|, by the assumption made on [ji+, h;” and the assumption made on p
> |m|, by the assumption made on N

> |n|, by the assumption made on p.
Thus, by (3.1),

[Nit1lp — min(|Nit1lp, Imlp) = [Nilp — Inlp
>0
so necessarily,
|Ni+]|p = |Ni|p + |m|p - |n|p
= (b7 = b; + D(Imlp — Inlp) + NI,
= (b}, — b ) (mlp — |nlp) + N p.
which concludes the induction step in the case where s; 11 = t.

3rd case: siy1=t"'. In particular, N;/(N; Am)= Niy1/(Niy1 An) and
(h;:_l, b )= (hi+, b;” + 1). This last case is very similar, so we leave it to the reader. [

Before proving Theorem 1.1, let us recall some basic facts about one-dimensional
random walks.

PROPOSITION 3.2. Let (X;)ieN be a sequence of independently and identically distributed
random variables, valued in {—1, 0, 1}, such that P(X; = 1) > P(X; = —1). Let us denote
Z, = Z:‘l:] X (where Zg = 0), and py :=P(X; = 1) and p— := P(X; = —1). Then:
(1) Plimyoe(1/m)Zy = ps — p-) = 1;

2) P(Z,>0foralln >0)=ps— p_.

Proof. The first item results from the strong law of large numbers.
For the second one, notice that, denoting by pi,; the probability that Z, reaches /,
starting from k > /, one has

P10 =PX1 = -1 +P(X; =0)p1o+P(X1 = 1)p2o.

As any realization of (Z,),cN starting from 2 and reaching 0 has to reach 1 before 0, and
(Zn)nen is a Markov chain, one has p2o = p2,1p1,0. Noticing that py; = px—r o for any
k > [, one deduces that pi o satisfies the following equation:

p+Pio— (P++p)pio+p- =0,
which leads to p1o = p—/p+ or p1o = 1. Thus,
P(Z, > 0foralln > 0) =P(X; = 1)(1 — p1o)

p+—p— if pro=p_/py,
— : 3.2
{0 if p1o=1. 5.2)
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We want to show that P(Z, > 0 foralln > 0) = py — p_. The first item of the
proposition implies that

P(there exists ng € N, Z,, =0and Z, > Oforalln > ng) = 1.
In particular, there exists ng € N such that
P(Z,, =0and Z, > Oforall n > ng) > 0.
In particular,

P(Z, > Oforalln > 0) =P(Z, > Oforalln > ng | Z,, =0)
_ P(Zy, =0and Z, > Oforall n > no)
a P(Zy, = 0)

> 0.
Thus, (3.2) implies that
P(Z, >0foralln > 0) = ps — p_,
which concludes the proof. O

We are now ready to prove Theorem 1.1, which is a particular case of the following
theorem.

THEOREM 3.3. Let us assume that |m| # |n|. Let p be a prime number such that
Imlp # Inlp. Let w: 1T — [0, 1] be a probability measure that satisfies the following
properties:

o Supp(u) = {b,b7 " 1,17

o w(®)>pa)iflmly > Inlp;

o w®) <p@)iflmly < nlp.

Let P € Qu NN. Then, the action by conjugation on Kp is not topologically ju-mixing.

Proof. Up to exchanging m and n, let us assume that [m|, > |n|,.Let N € Ph,;}n(P) such
that |N|, > |m|,. Such N exists, because Phy, ,(Np") = Ph,, ,(N) for every r € N. Let
Gy = S1 - - - Sk be the random walk with step distribution p. Let us define a sequence of
random variables (X;);eN, valued in {—1, 0, 1}, as follows:

1 if S;=t,
Xi={-1 if §; =171,
0 otherwise,

and notice that the variables X; are independent and identically distributed. Their law is
given by:

o PXi=1 =nu@);

o P(X;=-1)=p@");

o P(X;=0)=pu®b) +pbH)=1-(u@)+pc").
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For every k € N, one has

k k
DoXi=D Lis—n — L=

i=1 i=1
=i c[LkISi=01— i e [LA[| S =t}

Thus, by Lemma 3.2 applied to the sequence (X;);en, we get the two following

equalities:
(H
P({i e [Lk] | Si=t} > i e[LLk]|Si = =1 for all k € N)
k
=IP’<ZX,- >OforallkeN>
i=1
= pu() —pa™
> 0;
2
. R _ . R _1
P(klim i e [1,k]|S; =t} kl{l e[lLk]|Si =t} — 1) —,u(t_l))
. Y X _ —1
= P<kli>fglo = = u() — p(t ))
=1.

For now, let us argue deterministically. Let (si)ren € {b, b1 e, t_l} be a sequence of
elements satisfying these conditions, i.e. with the notation of Proposition 3.1:

(1) h,‘{" > b, forevery k € N*;

@) iMoo () = b))/ k) = () — p(™h);

and let g; = s1 - - - 5. For any subgroup A <T such that A N (b) = (bV), one has
g 'Agk N (b) = (bMF), where

INklp = (h;‘ — b )(Imlp, — Inlp) + [N, by the first condition and Proposition 3.1
L)~ w(t™h
2

(where ko only depends on (si)reN)-

For any M e Ph;,ln(P), let us introduce the open subset Uy =
{A € K(I') | AN (b) = (bM)} of Kp (which is non-empty, because it contains (bM)).
One has

for k > ko large enough by the second condition

2|M],p )

-1
g, UngrNUpy =@ assoonask > max (ko,— .
¢ p(t) — ="

Thus, for any M, N € Ph;}n(P) such that [N, > [m],:

P(there exists kg : Gk_lUNGk NUy =@ forall k > ko) > u(t) — ,u(t_l),
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which is a strong negation of being topologically u-mixing for the action by conjugation
on Ph,! (P). O

3.2. Proof of Theorem 1.2. In this section, we consider a probability measure u : ' —
[0, 1] whose support is bounded, symmetric, and generates I". Throughout the section,
we denote by (Gi)ren = (S1 - - - Sk)ken the random walk on G with step distribution w.
The ultimate goal will be the proof of Theorem 1.2. Namely, starting from two finitely
generated subgroups A1, A; such that either:

e P :=Ph,,(A;)=occfori e{l,2};0r

e |m|=|n|and P := Phy, (A1) = Phy, 5 (A2);

and fixing a finite subgraph F; of Sch(A;) that contains the base point x; (for i € {1, 2}),
then, with probability tending to 1 as k tends to oo, we will prove the existence of some

A € Kp:
e whose Schreier graph contains F; and F3;
e such that, in the Schreier graph of A, one has x1 - S1 - - - S = x3.

We now explain the outline of the proof. First of all, fori € {1, 2}, we consider the smallest
subgraph Fl:m’ of Sch(A;) that contains F; and that is the (m, n)-Schreier graph of some
preaction o; (namely, all (b)-orbits are saturated, and, whenever ¢ (respectively ¢~ !) is
defined on some point, it is defined on its whole (b™)-orbit (respectively (b")-orbit)).
In particular, G, is finite. Then, the proof works in two steps.

Step 1. Escaping the compact core (§3.2.1). We prove that, almost surely, there exists

some ko € N such that, for all £ > kg, the projection of x| - G¢ in the (m, n)-graph of

the maximal forest saturation 81 of o) remains very far from G,, (Corollary 3.11). To
achieve this, we prove that:

(1)  with non-zero probability, the projection of x| - G escapes G, (Lemma 3.4);

(2) once it is far enough from G,,, the probability that it remains outside forever is
bounded below by a positive number (Lemma 3.10); this is where we use the main
result of [5], namely, the fact that the random walk applied to any vertex of 7, ,
converges almost surely to a random end of 7, ;.

Step 2. Pasting preactions (§3.2.2). The same argument applied to a2 (and its maximal
forest saturation $;) and the reversed random walk (i.e. the random walk on I" with step
distribution u_l) leads to some integers ko, k1, k2 € N such that ko > k1 + k and, for all

k > ko:

e the projection of xj-S8;---S; in Gg remains very far from G, for every
i €[k +1,k];

e the projection of x3- S, Lo S Uin Gp, remains very far from G,, for every
i€l k—ka;

e the distance between the projections of x; and of x| - Sy - - - Sk, in Gg, is very large;

with high probability. For any realization (s;);en of the random walk that satisfies
the three previous conditions, denoting by g (respectively ) the subpreaction of f;
(respectively ,) induced on Fls‘” U {p/;l1 (ppg, (x1 - u)) | u subword of s1 - - - s, } (respec-

tively F3%" U {pp, "(pg,(x2 - u)) | usubword of s, - - - 5! ty+1}1)» We build a preaction that
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extends botI} B an? B, and such that, denoting by y; = xq -7 - - -5, (respectively
y2=X2-8, - s,:_kﬁ]), one has

V1 Sky4+1 0 Sk—ky = Y2.

While defining this preaction, one has to be careful with cancellations e p,
etc. The three assumptions ensure that there are not too many such cancellations. This is
achieved in Lemma 3.12.

3.2.1. Escaping the compact core. The goal of this subsection is the proof of
Corollary 3.11. We first argue on the level of the Bass—Serre tree. Once and for all,
we denote by v := (b) the base vertex of 7, .

The following lemma tells us that the random walk escapes any ‘small enough’ subtree
of Tn,n almost surely.

LEMMA 3.4. Let A be a subgroup of T that acts cocompactly on a proper subtree T of
Tmn- Then, for every w € T':

P(wGy -v e T forall k € N) = 0.

Remark 3.5. By Bass—Serre theory, the existence of 7O §s equivalent to the fact that A is
finitely generated and A\7, , is infinite (see also Remark 2.4).

Proof. We first build a finite set F' C I satisfying the following property: forevery w € I',
there exists f,, € F such that wf,, - v ¢ 7.

To achieve this, using the cocompactness of A ~ 7O let us fix a finite set Fy C T
such that

AFy-v=VTO). (3.3)

As T is a proper subtree of 7, mp» for any f € Fy, we also fix yy € I' such that
fvr-vé 7O,

Now, let us take any we . If w-v ¢ 7@, then taking f, =1 implies that
Wy -V ¢ 7O Otherwise, by (3.3), there exists some f € Fp and some A € A such
that w - v = Af - v. As Stab(v) = (b), there exists some [y € Z such that whlo = Af. Let
h y be the height of y ¢ and let

Ny = |mn|"s.

Writing the Euclidean division of Iy by Ny, one gets lo = —qNy + ko for some g € Z
and some ko € [0, N — 1]. In particular, wb*0 = Afb?Vs. As h s is the height of y, the
defining relation of BS(m, n) implies that b4™s vf € vy{b); thus, wbkoyf v=Afys-v.
As fyr-v ¢ 7O and 7 is A-invariant, we finally get that wb*o vrev ¢ 7O,

So,

F={1}yu | J "y I ko €[0. Ny — 1]}
feFy

is suitable.
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For every f € F, using the fact that Supp(u) is a symmetric and generating set of ',

let us write f = g{ S 92,» for some Ny € N and gif € Supp(u) for every i € [1, N¢].

Let us denote
Ny
. f
0 = ! 0,1
min ]"{ we) €10, 11
1=

and

L = max N¢.
feF

For every N € N* and w € T', let us define the event
Anw = {wGr-veTY forallk e [0, NL —1]}.
For any N € Nand w € I', observe that
P(An410) = Z P(Ayw N{Gni—1 =g} and wgSyp -~ Sx-v e 7O

gel“lwg~ve7'(0)
forallk € [NL, (N + 1)L —1])

= Y P(ANuwN{Gyi-1=g) PwgSys - Si-v e TO
gel|wgveT®
forallk € [NL, (N + 1)L — 1]),

the last equality resulting from the independence of the S; values. Thus,

P(ANt1w) < Z P(ANw N{GNL—1 =8} - P(SNL - - - SNL4Np,—1 # fug)
g€l wg-veT®
<=6 Y PAyu,N{Gnr1=g)
gel“\wgve‘i'(o)

=(1—60)P(Ay.).

Thus, a straightforward induction implies that P(Ay ) < (1 — 6)N, which tends to 0
as N tends to oo. O]

In fact, a stronger statement holds: in the setting of the previous lemma, the random
walk Gy - v escapes T\ and never returns almost surely. This is encoded by the following
proposition.

PROPOSITION 3.6. Let A be a subgroup of T that acts cocompactly on a proper subtree
7O of Tm.n- Then, the random walk (Gy. - v)keN converges almost surely to a random end
£€ 3T mn \ 9T,

To prove Proposition 3.6, we will make use of the following result, which is a
consequence of the main theorem of [5].

THEOREM 3.7. Let (m,n) € Z> such that min(|m|, |n|) > 1. Then, the sequence
(Gk - v)reN converges almost surely to a random end § € 07 1, ..
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Theorem 3.7 relies on the fact that (G)ren is a regular random walk on the
automorphism group Aut(7,,,) of the infinite locally finite tree 75, , and that Supp(u)
is not contained in any amenable closed subgroup of Aut(7, ). Thus, the hypotheses of
the main theorem of [5] are satisfied. For more details, see [6, Lemma 4.8].

Hence, Theorem 3.7 gives the existence of & € 07, in Proposition 3.6, so what we
need to prove is that, almost surely, & ¢ a7 Before entering into technical details, let
us give an intuition about the proof. Lemma 3.4 implies that the random walk starting
from any element w of I escapes 7(*) almost surely. We will prove that, when it reaches
a vertex outside a suitable neighborhood of 7%, the probability of never returning into
79 is bounded below by a strictly positive probability (Lemma 3.10). Then, a standard
argument using stopping times will show that, in fact, the random walk escapes 7® and
never returns almost surely, which ensures that £ ¢ 07 almost surely. Here, the main
subtlety comes from the fact that the sequence (S] - - - Sk - V)keN 1s not a Markov chain:
because of the non-triviality of the vertex stabilizers (for the action of I on 77, ,), the
image S - - - Sk41 - v does not only depend on S - - - Sg - v, but on the element Sy - - - Sk
of I'. Thus, when bounding probabilities by below, we have to condition on the realization
of the random walk in the group at a previous step, not on the image of this realization
in7mn.

Now, we give some technical lemmas to prove Proposition 3.6. Before that, let us
introduce some notation. Using the fact that Supp(u) is bounded, let us denote

M := max bh(y).
y €Supp(i)

Let Fy be the (finite) set of reduced words g = b"1¢61p"2 . . . p"r¢frpr+1 that satisfy
ny =0 and Hh(g) < M. In particular, the set of words of height less than M is
precisely geF,(b)g; and by Remark 2.2, this is also the set of elements w € I' that
satisfy w - v € By, , (v, M).

LEMMA 3.8. There exists some f € Fy such that

P(fGk-v ¢ Br,,, (v, M) forall k > 0) > 0.

Proof. Towards a contradiction, let us assume that, for every f € Fy, one has
P(fGi-v ¢ Br,,, (v, M) forallk > 0) = 0. (3.4)
Let us define by induction the sequence of random variables (t;);cn+ as follows:
7y = inf{k > 0| Gt -v € By,,, (v, M)}; and,foreveryi > 1,
Tiy1 = inflk > 7; | G - v € By,,, (v, M)}
For every i, notice that 7; is a stopping time with respect to the Markov chain (G)keN-

Applying (3.4) to f = 1, we get that 71 < oo almost surely. Assuming by induction that
7; < oo almost surely, we get that

P(ti41 < 00)
= [P(there exists k > 7;, Gy -v € By,,, (v, M))

= Z P(there exists k > 7;, S1 - - Sk - v € Br,,, (v, M) and S - - - Sy, € (b) f)
feFry
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= Z P(there exists k > t;, f - Sy;41 -+ - Sk € Br,,,,(v, M) and S - - - Sy, € (D) f)
feFry

= Z P(there exists k > 7;, f - Sg;41 - - - Sk € B, (v, M)P(S1 - - - S;; € (b) f)
feFry

(by independence of the S; values)
=Y P(Si--- Sy €(b)f)

feFy
(as the S values are identically distributed and using (3.4))
=1.

This proves that, almost surely, Gy - v € Br,,, (v, M) for infinitely many k values, which
contradicts the fact that (G - v)ren converges almost surely to a random end. O

Before proving that the random walk Gy, - v never returns to a subtree 7 as soon as it
escapes a suitable neighborhood of 7(°) with non-zero (uniform) probability, we need the
following deterministic result.

LEMMA 3.9. Let 79 be a subtree Of T n- Fix a sequence (s;)ijen € Supp(u)N and some
wo € T such that wo - v ¢ 7O and let us denote by e the edge with source wg - v that
points towards 7O Also assume that there exists some ly > 0 such that:
(D) wosy - - - 81y - v € By, (wo - v, M);
(2)  wosy -+ - sk v ¢ By, (wo - v, M) for every k > ly; and
(3)  there exists some mg > ly such that wosy - - - Sy -V € 7O,
Let
. t~Ybt  if e is positive,
e := {tbt‘l if e is negative.

Then, for every k > ly, the vertex wo - e - §1 - - - Sk - U does not belong to 7O,

Proof. Let us denote by 7, the half-tree of e. As it contains ‘7«», one has wosy - - - Sy -
v € T,. Thus, as wosy - - - s - v never returns in By, , (wo - v, M) for k > Iy, the fact that
d(wosy - - - Sk - v, woS] - - - Sk+1 - v) < M for every k (by definition of M) implies that the
sequence of vertices (wos1 - - - Sk - V)k>l, remains in 7. Let us assume that e is positive. In
particular, the geodesic between wy - v and wy - 51 - - - 5; - v begins with the positive edge
e for every k > ly. Thus, the geodesic between v and s - - - s; - v begins with the positive
edge wy L. ¢ for every k > ly. So, by the ‘more specifically’ part of Remark 2.2, the normal
form of s1 - - - sx begins with b"t for some r € Z and for every k > [y. Consequently, the
normal form of t~!brsy - - - s¢ begins with +~1, which implies (using again Remark 2.2)
that the geodesic that connects v and = 'brsy - - - s - v begins with a negative edge
for every k > lp. Thus, the geodesic that connects wg-v and wy - tbtsy s v
begins with a negative edge; hence, wor ~'brsy - - - sp - v & T 50 WoNesy - - - 5k - v ¢ TO
for every k > lp. If e is negative, the same argument shows that the normal form of
thtLsy -+ - st begins with 7 and, consequently, that wonesy - - - Sk - v ¢ 7O for every
k > Ip. O
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Now, we provide a uniform lower bound on the probability of never returning to some
subtree 71*) knowing that the random walk has escaped a suitable neighborhood of 71?.

LEMMA 3.10. There exist L > 0 and g > 0 such that, for every wog € I' that satisfies
wo-v ¢ NrrmymL(‘ﬂO)), one has

P(woGr -v ¢ TO forallk > 0) > q.
Proof. Using the fact that Supp(it) generates I' as a semi-group, let us fix a writing

8

forevery g € Fo U {tbt=!, t~'bt}, where gf, . . ., g‘;’:,g € Supp(u). Let us also define

Ny Ng
min [Tr@)-[Trw).
1

O =
(n.g)eltbt= "t~ 1bt}x Fo ;| il

Let

[ 4 4
K = max h( n>’h(n gg>9h< gg>}
(n)eltbt=1=1bt}x Foi. ) e[ LN, ] < [1N ] { ke 1!_[1 k ,!_[1 ¢

and let us take
L=«x+1.

Now, let wg € I' such that wo - v ¢ N, ,.L (’7‘(0)). Let us denote by e the edge with
source wyo - v that points towards 79,
Using Lemma 3.8, let us fix some f € Fy such that

P(fGi-v ¢ Br,,, (v, M) forall k > 0) > 0.
We denote by p this probability. Notice that, as I acts on 77, , by isometries, one also has

P(wo fGi - v ¢ By, (wo - v, M) forall k > 0) = P(f Gy - v ¢ By,,, (v, M) for all k > 0)

= p. (3.5)
The definition of « implies that, for every (1, g) € {tbt !, t~'bt} x Fy:
o foreveryi € [1, Ng], the vertex u; := wogf cee gf - v satisfies d(wo - v, u;) < k;
o foreveryi € [1, Ng], the vertex v; := wong‘f S gf - v satisfies d(wg - v, v;) < k;
o foreveryi € [1, NyJ, the vertex w; := wog'l7 s g? - v satisfies d(wg - v, w;) < k.

In particular, the triangle inequality implies that, if x is one of the u;, v;, w; values, then

d('T(O), Xx) > d(‘T(O), wo - V) — K
>L—«k
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thus, x ¢ 7O, Together with Lemma 3.9, this implies that

P(woGy ¢ T forall k > 0)
>P(S1=g{....5,, = 97\}’%, SNpe+1 = g{, e SNy Nf = 9}(;/
and wo f SN, +N;+1 - Sk - v & By, (wo - v, M), forallk > Ny, + Ny
and there exists k > Ny, + Ny, wo f SN,,+N;+1 - Sk -V € ‘7'(0))
> qoP(wo fGi - v ¢ Br,,,(wo - v, M) for all k > 0 and there exists k > 0,
wofGi -v e TO),
the last inequality resulting from the fact that the S; values are independent and identically
distributed. Likewise, using again the previous remark:
P(woGy ¢ T for all k > 0)
>P(Si=g].....5, = gﬁf and wo Sy, +1 - - Sk ¢ T forall k > Ny)
> qoP(wo fGy ¢ T for all k > 0).
Decomposing
p =P(wofGg-v & By,,,(wo - v, M) forall k > 0 and there exists k > 0,
wo fGi-v e T?)

+P(wo fGk - v ¢ By, ,,(wo - v, M) forall k > 0 and wo f Gy - v ¢'7'(0)
for all k > 0)

we thus get
2 0)
p < ZPwoGr-v ¢ T forall k > 0),
q0
i.e.
P(woGy - v ¢ T forall k > 0) > %.
Hence, setting g := pgo/2 concludes the proof of the lemma. O

Now, we are able to prove Proposition 3.6.

Proof of Proposition 3.6. The fact that the random walk G - v converges almost surely to
arandom end &£ € 97, , results from Theorem 3.7. So, it remains to show that & ¢ a7
almost surely.

Let L and ¢ be provided by Lemma 3.10. As N, L (79 is still a proper A-invariant
subtree of 7, , on which A acts cocompactly, Lemma 3.4 tells us that

P(there exists k > 0, wGg - v & N, ,.L (7‘(0))) = 1foreveryw e I'. 3.6)
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Let us define inductively the random variables 7;, o; that are the (possibly infinite)
indices of the ith exit from N, , L (7 (respectively return to 7(?):

71 =min{k > 0, Gy - v ¢ Nq'my,,,L(T(O))};

o; = min{k > 7;, Gy - v € ‘T(O)};
Ti41 = min{k > 07, G - v & No,,., L (TO)}.
Let us define the event X; := {0; < oo}. Equation (3.6) implies that
(G -veT© for infinitely many k’s} = m DI
ieN*
thus, we want to prove that ]P’(ﬂl-eN* %) =0. As ¥;41 € %; for every i € N*, one has
P(Mien+ Zi) = limj 4 o0 P(X;). Forevery i € N:
P(Ei+1) = P(‘L’l'_;,_l < o0 and oi+1 < OO)
= Z P(ti41 <ooand Sy - - - Sy, = wo
w()El—‘,w()-viNq'm’n,L(ﬂo))
and there exists o > Tj41, 81 -+ So -V € 7'«)))
= Z P(ti41 <ooand Sy - - - Sy, = wo
onI‘,wO-v¢N7',,LmL(7_(O))
and there exists o > Tj11, woSy, 41+ Sg -V E 7'(0))
= Z P(ti41 <ooand Sy - - - Sy, = wo)
woel,wo vENT, ,.L (TO)
x P(there exists 0 > Tj 41, WoSg, +1 -+ So -V € ’7’«))),
the last equality resulting from the independence of the S values and the fact that t;4 1 is

a stopping time with respect to the random walk with step distribution (Si)xen. As the Sk
values are identically distributed, we thus get

P(Ziy1) = Z P(tit1 <ooand S) - - - Sy, = wo)
woel ,wo vENT, . L (TO)

x [P(there exists 0’ > 0, woS; « - - Sy - v € TO)
<(1-g9q) > P(ti41 < 0o and Sy - - - S, = wp)
wo €l wo-vENT,, .. (TO)
(by Lemma 3.10)
=1 = g@)P(zi+1 < 00)
= (I =g@)P(%)).

A straightforward induction thus implies that P(X;) < (1 — q)"_1 for every i € N*, which
proves that P((); .+ 2i) = 0. O
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Now, we come back to preactions. The previous result has the following translation in
the setting of Theorem 1.2.

COROLLARY 3.11. Let o be a transitive and non-saturated preaction on a pointed
countable set (X, x) whose (m, n)-graph is finite and let B be its maximal forest saturation
action (defined on a pointed countable set (X', x) that contains X). Let us assume that
either:

e |m|=|n|; or

e« has infinite phenotype.

Then, the sequence pg(x - Gi) converges almost surely to a random end of Gg.

Proof. Let A = Staby(x) andletn : T — A\Tmn = Gp be the projection. Let 70 =
771(G,). By Remark 2.4, 79 is a proper A-invariant subtree of 7, , on which A acts
cocompactly (the quotient graph A\‘T(O) being G, ). So by Proposition 3.6, the sequence
(G - v)reN converges almost surely to a random end & € 07, \ a7 Lete € ET mn)
such that s(e) € 7, t(e) ¢ 7 and £ belongs to the half-tree 77 of e. For k large enough,
the sequence Gy - v remains in 7. Furthermore, 7 induces a graph isomorphism between
7. and 7 (7,) by Proposition 2.8 applied to f = m(e). Thus, the sequence

pp(x - Gip) = (AGy) (D)
= A(Gi (b))
= 7(Gg - v)

converges almost surely to the random end 7 (§) in (7). O

3.2.2. Pasting preactions. The proof of Theorem 1.2 now relies on the following key
deterministic result.

LEMMA 3.12. Let a1 and ay be transitive non-saturated preactions on pointed countable
sets (Xi, x;) (i € {1,2}) whose (m, n)-graphs share the same phenotype P. Assume that
this phenotype is infinite if |m| # |n|. Fori € {1, 2}, let B; be the maximal forest saturation
action of a; (defined on a pointed countable set (Y;, x;) that contains X; ).

Let us consider reduced words g1, g2, g3 such that:

(1)  for every subword w of g>g3, one has pg, (x1 - g1w) & Gy,5
(2) for every subword w ofgglgfl, one has pg,(x3 - g;I w) ¢ Gg,;
(3) one has

dgs (pp; (x1 - 81)> pp (X1 - 8182))
= dgﬂl (gap pﬂ[ (-xl . gl)) + dgﬁz (QC(Z? Pﬂz(XZ : 8;1)) + 2

Then, there exists an action o, whose (m,n)-graph is infinite, that extends both
oy and o, and such that x1 - g18283 = Xx2.

Proof. Let us define the subset

X=XV {p’;]l(p,g1 (x1 - w)) | w subword of g}
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of Y1 and the subset
X=X U {p/;zl(pﬂz(xz -w)) | w subword of g3_1}

of Y5. For i € {1, 2}, let us denote by f/ the restriction of 8; defined on X.

As P = oo or |m| = |n|, the following arguments will take place in a half-tree of ggi
(for i e {1, 2}), which is isomorphic to a half-tree of 7, , by Proposition 2.8; in particular,
an edge path of G, that derives from a vertex of G, and a reduced word y is reduced, and
its length is the height h(y) of y.

Especially, the edge path deriving from (g2, x1 - g1) is reduced in G, . Thus, one can
write the normal form of g as go = uv, where all the subwords of u are defined on x| - g
and no non-empty subword of v is defined on x; - gju (for the preaction /3{). One has

b(u) =dg, (p1(x1-81), p1(x1 - g1u))
< dg, (p1(x1-81), Gq,)-

Likewise, one can write the reduced normal form of g, as g» = u’v’, where all subwords of
v'~! are defined on x5 - g5 ! and no non-empty subword of u’~! is defined on x; - g5 Tyt

(for the preaction B}). One has

hv') = dgﬂz (pp, (x2 - 83_1), Ppy(x2 - 33_11)/71))
<dg, (ppy(x2- 85 1)s G-

Thus, the third assumption implies that

h(g2) = dg, (pp, (x1-81), Pp; (x1 - 8182))
> hu) +h') +2,

so the initial subword u of g; is in fact an initial subword of u’, and one can write the
normal form of g; as go = uu”v’, where h(u”) > 2.
Let us write u” = t*mt" for some reduced word m, where:
o g nefl,—1}
e t°isnot defined on x; - gyu (for the preaction f});
e ¢ "isnot defined on x; - g3 Yy=1 (for the preaction B5).
Let us denote by b"1¢81 - .. p"r¢érp*r+1 the reduced form of m. By induction on r,
we build a preaction y defined on a countable set S with the following properties.
e Its (m, n)-graph is an edge path ey, . . ., e, such that the orientation of the edge e; is
the sign of ¢;.
e Its (b)-orbits share the same cardinal C, which is the common label of the vertices of
ggi fori € {1, 2} by Remark 2.17 (and which is infinite if P is).
e There exist y;, y» € S such that:
— t~¢is not defined on y;
— t"is not defined on y;
- »=)yr-m
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gd] g(1'2

FIGURE 2. An illustration of the proof of Lemma 3.12.

Finally, we merge the preactions fBj, y, and g} into a single preaction defined on

X| U S U X/, by defining:

o xi-giu-tf =y

o y-th=1x- gglv”l.

An illustration of this construction on the level of (m, n)-graphs is provided in Figure 2.
For this new preaction §, we get

-1 /-1
xy-83 v =yt
:ylmtn

=x1 - grut®m - t"

"
=x1-g1uu’,
which implies that

/i
X2 = X1 g1uu v gs

= X1-818283
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and § extends both o] and ). The (m, n)-graph of § consists of:

e the (m, n)-graph of B{;

e the (m, n)-graph of B};

e theedgepathey,..., e (withs(e) € gﬁi and t(ey) € gﬂé), all of whose vertices are

labeled C.

Thus, as |m|, |n|, r > 2, the vertex t(e;) is not saturated. Hence, the maximal forest
saturation action « of § given by Lemma 2.5 has an infinite (mm, n)-graph, and thus satisfies
the required conditions. O

We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. Let A1 and A> be two subgroups of I whose (m, n)-graphs are
infinite. Let us assume that:
e cither Phy, ,(A;) = ocofori € {1, 2}; or
e |m|=|n| and th,n(Al) = th,n(AZ)’
and let us denote by P the common phenotype of A1 and A».

For i € {1, 2}, let us denote by y; the associated transitive right action on a pointed
countable set (X, x;). Let us fix R > 0 and let #; be the R-ball of G,, around p,, (x;).
We denote

Ui(R) = {y transitive and saturated preaction on a pointed countable set (W, w)) |
Stab,, (w,)) € K(T) and (p;, ' (Bg, (py (wy), R)), wy) = (p3;'(F7). x1)
(as pointed labeled graphs)}.

Identifying subgroups with pointed, transitive, and saturated preactions, we recall that the
sets (Ul.(R)) Rr>0 form a basis of neighborhoods of A; for the topology 7, on the set of
pointed transitive actions defined in §2.2.3 induced on K(I"). Moreover, Ui(R) is included
in Ph,,, ~1(P).

Let «; be the subpreaction of y; defined on a subset X l’ C X, containing x; and whose
(m, n)-graphis 7;. For i € {1, 2}, let B; be the maximal forest saturation action of ¢; given
by Lemma 2.5 (defined on a countable set Y; that contains X If).

Let us fix ¢ > 0. Using the fact that Supp(un) is bounded, let us denote M :=
maxy esupp(p) H(¥). By Corollary 3.11 applied to 81 and a sequence (Si)ren of indepen-
dently p-distributed random variables on the one hand, and to 8, and a sequence (S})reN
of independently 1~ !-distributed random variables (legit by Remark 2.12), denoting by
(G)ken = (81 - - - S)ken and (G))ren = (8] - - - Sp)ken, We get that:

o there exists some k; € N such that

P(pg, (x1 - Gi) ¢ Ngﬁl,M((ﬁ) forallk > k1) >1—¢; (3.7
e there exists some kp € N such that

P(pg, (x2 - G;() ¢ Ngﬂz’M(%) forallk > ky) > 1 —e. (3.8)
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The choice of M implies that

P(pg, (x1 - Gy, U) ¢ F1 for every subword U of Sg, 41 - - - Sk and every k > kp)
> P(pp, (x1 - Gi) & Ngy .m(F1) forall k > ki)
>1—-e¢eby (3.7) (3.9

and

P(pg, (x2 - G}, U) ¢ F2 for every subword U of S, - - - S; and every k > k2)
> P(pp,(x2 - G) & Ngy, m(F2) forall k > ko)
>1—¢by (3.8). (3.10)

We draw the attention of the reader to the fact that S;, Slf values may not be one of the
standard generators b, b~ ¢, t7 ! and that the term subword has to be understood in the
sense of §2.2.2, i.e. with respect to the standard generators.

Let us fix some M’ such that, fori € {1, 2},

M > max h(hy - - - hi,).
(h1.....h; ) €Supp(u)’i

Fori € {1, 2}, let us also define

Ci = max dgs (P (Xi - hy - - - hig), Fi).
(1., ) ESUpp ()i

By Corollary 3.11, there exists kg > k1 + kp such that, for any k£ > ko,
P(dg, (p1(x1), pr(x1- Sy -+ Spky) 2 C1 + C2 +2M' +2) 2 1 —e. (3.11)

Now, we fix k > ko and, for every i € [1, k], we let S/ = s Let us introduce the

k—i+1°
events

A= {ppg (x1-81---SU) ¢ F1 forevery subword U of Sg 41 - - - Si};
B :={pp,(x2-S] - - S,U) ¢ F2 forevery subword U of S, | - - - §;};
C = {dg, (p1(x1), p1(x1 - S1 -+ Sk—k,)) = C1 + C2 +2M" +2}.
By (3.9), (3.10), and (3.11), we get
P(ANBNC)>1-—3e¢.

Let (s7)ieN € Supp(yd)N satisfying these three conditions, i.e.:
o pp(x1-81-- sk u) ¢ F1 for every subword u of s, 11 - - - 83
o pp(x2 'Sk_l c. s,:_lk2+1v) ¢ F> for every subword v ofsk:lk2 e sl_l;
o dg, (pg(x1), pp, (X181 Sk—ky)) = C1 + C2 +2M" + 2.
Then,

dgﬁl (p,Bl('xl R R Sk])’ p,ﬁl('xl R B Sk] . Sk1+] P sk*kz))

> dg, (pp,(x1), pp (X1 - 51+ - - 8k)) — dgy (P (x1), ppy (X1 - 51 -+ - 8k;))
— dgﬁl (pp, (X1 - 81+ * Sk—ky), Pp, (X1 - S1 - - - 8k)) (by the triangle inequality)
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>(C1+Cr+2M +2)—M — M
=C1+Cr+2
> dg, (F1, ppy (%1 - 51+ - 51) + g, (Fa, ppy (255 ) +2,

which implies that the preactions «, a2 and the reduced forms g1, g2, g3 of the three
elements s1 - - - Sk, Sk +1 ° ° * Sk—ky» aNd Sg_j,41 - - - S of T" satisfy the assumptions of
Lemma 3.12. Thus, by Lemma 3.12, there exists a saturated preaction « defined on
a pointed countable set (X, x1) that contains X/1 and Xé as disjoint subsets, whose
(m, n)-graph is infinite, and such that:
e o extends both o} and o};
[ ] X181 -8k = X2.

We proved that for every R > 0 and every ¢ > 0, there exists ky € N such that, for every
k > ko, one has

P(there exists A € K(I) NP, L (P): A € UP NGIU G = 1 - 3.

Thus, as the sets (Ui(R))R>0 form a basis of neighborhoods of A; for 7,4, which is finer
than the Chabauty topology (cf. Remark 2.10), the conjugation action is topologically
p-mixing on K(I') N Phy,, "1 (P). O
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