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Abstract. In this paper, we study the maximal pattern complexity of infinite words up
to Abelian equivalence. We compute a lower bound for the Abelian maximal pattern
complexity of infinite words which are both recurrent and aperiodic by projection. We
show that in the case of binary words, the bound is actually achieved and gives a
characterization of recurrent aperiodic words.

1. Introduction
Let A be a finite non-empty set. We denote by A*, AN and A%, respectively, the set of finite
words, the set of (right) infinite words, and the set of bi-infinite words over the alphabet A.
Given an infinite word o = agtja . . . € AN with a; € A, we denote by Fy (n) the set of
all factors of « of length n, that is, the set of all finite words of the form o;j 41 . . . ®tj4n—1
with i > 0. We set

Pa(n) =# (Fo(n)).

The function p, : N — N is called the factor complexity function of «.

We recall that two words u and v in A* are said to be Abelian equivalent, denoted
by u ~ap v, if and only if |u|, = |v|, for all a € A, where |u|, denotes the number of
occurrences of the letter a in u. It is readily verified that ~,p, defines an equivalence relation
on A*. We define

FPn) = Fo)/ ~ab

and set
Pi(n) = # (F(n)).
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The function pgb : N — N, which counts the number of pairwise non-Abelian equivalent
factors of « of length n, is called the Abelian complexity of « (see [7]).

There are a number of similarities between the usual factor complexity of an infinite
word and its Abelian counterpart. For instance, both may be used to characterize periodic
bi-infinite words (see [1, 6]). A word « is periodic if there exists a positive integer p
such that oy, =«; for all indices i, and it is ultimately periodic if o;y, = a; for all
sufficiently large i. An infinite word is aperiodic if it is not ultimately periodic. The
factor complexity function also provides a characterization of ultimately periodic words.
On the other hand, Abelian complexity does not yield such a characterization. Indeed,
both Sturmian words and the ultimately periodic word 01°° = 0111 - - - have the same,
constant 2, Abelian complexity.

As another example, both complexity functions give a characterization of Sturmian
words amongst all aperiodic words.

THEOREM 1. Let @ be an aperiodic infinite word over the alphabet {0, 1}. The following
conditions are equivalent.

° The word « is balanced, that is, Sturmian.

° (Morse and Hedlund [6]). The word a satisfies py(ng) =n + 1 foralln > 0.

° (Coven and Hedlund [1]). The word a satisfies pgb (n) =2foralln > 1.

In [3], the first and third authors introduced a different notion of the complexity of an
infinite word, called the maximal pattern complexity.

For each positive integer k, let X (N) denote the set of all k-element subsets of N. An
element S = {s; <s2 <--- < s} € Lp(N) will be called a k-pattern. We put

alS]:=a(s))a(s) - - - a(sg) € AX.

For each n € N, the word «[n + S] is called an S-factor of «, where n + S := {n + s1,
n+s,...,n+s;}. We denote by F,(S) the set of all S-factors of «. We define the
pattern complexity py(S) by

Pa(S) =# Fu(S)

and the maximal pattern complexity p} (k) by

pa(K)=sup pa(S).
SeT(N)
In [3], the authors show that maximal pattern complexity also gives a characterization
of ultimately periodic words.

THEOREM 2. Let a € AN. Then the following are equivalent.
(1)  « is eventually periodic.

(2)  pl(k) is uniformly bounded in k.

3)  pi(k) <2k for some positive integer k.

In other words, « is aperiodic if and only if p (k) > 2k for each positive integer k. We
say a € AN is pattern Sturmian if pr(k) =2k for each positive integer k. Two types of
recurrent pattern Sturmian words are known: rotation words (see below) and a family of
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‘simple’ Toeplitz words (see [3]). Unfortunately, to date, there is no known classification
of recurrent pattern Sturmian words (as in the case of Theorem 1).

The connection between items (1) and (3) in Theorem 2 was generalized by the first
author and Rao in [4]. We say a € AN is periodic by projection if there exists a set
@ # B S A such that

15(a) :=15(@(O)15(@())1p@(2) - - - € {0, 1}

is eventually periodic (where 1p denotes the characteristic function of B). We say « is
aperiodic by projection if « is not periodic by projection. Then we get the following
theorem.

THEOREM 3. Let #A =r > 2, and a € AN be aperiodic by projection. Then pu(k) >rk
for each positive integer k.

In other words, low pattern complexity (relative to the size of the alphabet) implies
periodicity by projection. Notice that if #A =2, then « is periodic by projection if and
only if « is eventually periodic.

In this paper, we introduce and study an Abelian analog of maximal pattern complexity:
given a k-pattern S € X (N), we define

Fa(S) = Fu(S)/ ~ab
and the associated Abelian pattern complexity
P>(S) = # FL(S),

which counts the number of pairwise non-Abelian equivalent S-factors of «. We define the
Abelian maximal pattern complexity

PE (k)= sup  p($).
Sexr(N)

It is clear that for each positive integer k, and for each pattern S € X; (N), we have

PY(S) = pa(S) and  pP(k) < p (k).
In this paper, we show the following theorem.

THEOREM 4. Let #A = r > 2 and o € AN be recurrent and aperiodic by projection. Then,
for each positive integer k, we have

Py (k) = (r = Dk + 1.
In the case r = 2, equality always holds. Moreover, for k =2 and general r, there exists o
satisfying the equality.

For example, if o € {0, 1}N is a Sturmian word and § € X (N) is a k-block pattern,
that is, S=1{0, 1,2, ..., k — 1}, then we have pgb(S) =2 (since « is balanced), while
P (S) =k + 1. Since « is both recurrent and aperiodic, it follows from the above theorem
that the Abelian maximal pattern complexity p;ab (k) takes the maximum value k + 1 for
each positive integer k. Moreover, all recurrent pattern Sturmian words share this property.
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For a rotation word « € AN with r = #A > 3, we show that p;ab(k) =rk for each
positive integer k (see Theorem 6). Since p}; (k) = rk, the abelianization does not decrease
the complexity in this case. On the other hand, in the proof of Theorem 4, we show that
piab(2) = 2r — 1 for any Toeplitz word o € AN with #A = 2.

We define two classes of words, with A={0,1,...,r — 1} and r >2. Let 0 be an
irrational number and ¢y < c¢; < --- < c¢,_1 < ¢, be real numbers such that ¢, =co + 1.
Define o € A by a(n) =i if n € [c;, ci+1) (mod 1) for any i € A and n € N. We call
such « a rotation word. Let Z be the 2-adic compactification of Z and y € Z,. Forn € Z,
let 7(n) € NU {oo} be the supremum of k € N such that 2K divides n. Let B; (i € A)
be infinite subsets of N U {oo} such that B; N B; =¢ for any i, j € A with i # j and
Uien Bi =NU {oo}. Define o € AN by a(n) =i if ©(n —y) € B; for any i € A and
n € N. We call such « a Toeplitz word.

We do not know whether the inequality in Theorem 4 is tight when > 3 and k > 3.

2. Background and notation
Given a finite non-empty set A, we endow AN with the topology generated by the metric

1
d(x,y) = > where n = inf{k : x; # yi},

whenever x = (x,)nen and y = (yp)nen are two elements of AN, For w € AN, let O (w)
denote the closure of the orbit O (w) := {T"w : n € N} of w with respect to the shift 7 on
AN, where (Tw)(n) = w(n + 1) (n € N).

Given a finite word u = ajay . . . a, withn > 1 and a; € A, we denote the length n of u
by |u|. For each a € A, we let |u|, denote the number of occurrences of the letter a in u.

For each u € A*, we denote by W (u) the Parikh vector or abelianization of u, that is,
the vector indexed by A

W (u) = (lula)aea-

Given B C A*, we set

and

V(E):={¥()I§eE}
There is an obvious bijection between the sets 22 and W(E), where one identifies the
Abelian class of an element u € A* with its Parikh vector W (u).

Given a non-empty set 2 C AN, § € ¥ (N) and an infinite set ' C N, we put
QIS] = {w[S] | w € Q} C A*

and
QINT = {w[N] | w e Q} c AN,

where w[N] € AN is defined by w[N](n) = w(N,) (n € N).
Analogously, we can define the maximal pattern complexity of 2 by

pak) = sup pa(S),
Sexr(N)
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where
pa(S) =#Q[S],

and the Abelian maximal pattern complexity of 2 by

PPy = sup pR(S),
SeX;(N)
where
P2 (8) =#Q[SI™.

3. Superstationary sets and Ramsey’s infinitary theorem
LEMMA 3.1. Let w € AN be a recurrent infinite word. Then there exists an infinite set
N ={Ny < N < Ny <---}C Nsatisfying the following condition:

foralli>O0forallk >0, wiiNwitN, " a)i+Nk71w?_?_Nk € 0(w)[N]. (%)

Proof. We show by induction on k that for each k£ > 0, there exist natural numbers
No < N1 < --- < Ngsuchthat foreach j <k, if uouy - - - u; ea(w)[{No, Ny, ..., Nj}l,
then wuqu; - - ~u];.7j+l ea(w)[{No, Ni, ..., Ni}]. Clearly, we can take for Ny any
natural number in N. Next, suppose we have chosen natural numbers Ng < N <
-+ - < Ny with the required property. Fix a positive integer L such that if u €
O(@)[{No, N1, ..., N}l then there exists i <L — Ny with u = w4 N,@i+n, - - ©itN, -
Since o is recurrent, there exists a positive integer Nii1 > Ny such that w; = w;n, "
for each i < L. We now verify that Ny < N <--- < N4 satisfies the required

property. So, assume j <k + 1 and uouy - - - u; € O(w)[{No, Ny, . . ., N;}]. We must
show that uquq - - - u];H_JH € O(w)[{Ng, Ny, ..., Ni+1}]. This is clear in the case
j=k+1, thus we can assume j < k. Then, by an induction hypothesis, we have
that u = uguy - - - u’;‘f“ € O()[{No, N1, ..., N¢}]. Fix i <L — Ny such that u =
Wi+ Ny@i+N; - * * Wi+N,- Then
k+l—j+1 _ o k—jtl
uou| u; = ugu] i uj
= Wi+ NoWi+N; * * * Wi+ N Wi+ N
= Wi+ NyWi+N; * * * Wi+ N Di+Npyg+
Hence, uguy - - - u,;H*]H € O(w)[{No, N1, ..., Nri1}], as required. |

The following lemma is readily verified.

LEMMA 3.2. Let N={Nyg<N; <Ny <---}CN be an infinite set satisfying the
condition () above, and let N” be any infinite subset of N'. Then N” also satisfies (*).

PROPOSITION 3.3. Let Q@ C AN be non-empty and let N'={Ny < N <Ny <---}CN
be an infinite set. Then, for every positive integer k, there exists an infinite subset
N’ of N (depending on k) such that for any two finite subsets P and Q of N’ with
1 <|P|=|Q| <k, we have

Q[P]=Q[Q].
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Proof. We will recursively construct a sequence of nested infinite patterns
N =NiC---CMNrCN =N
such that for each 1 <i <k, we have
QIP]=Q[Q]

for all finite subsets P and Q of N; with 1 < |P|=[Q| <i.
We begin with N3. Given two finite subpatterns P and Q of A} with |P|=|Q| =2,
we write

P~ Q0 < Q[P]=Q[0].

Then ~; defines an equivalence relation on the set of all subpatterns of N of size two,
and hence naturally defines a finite coloring on the set of all size-two subpatterns of N7,
or, equivalently, on the set of all two-element subsets of the natural numbers N, where two
patterns P and Q are monochromatic if and only if P ~3 Q. We now recall the following
well-known theorem of Ramsey.

THEOREM 5. ([2], Ramsey) Let k be a positive integer. Then, given any finite coloring of
the set of all k-element subsets of N, there exists an infinite set A C N such that any two
k-element subsets of A are monochromatic.

Thus, applying the above theorem, we deduce that there exists an infinite pattern
N3 C N such that any two subpatterns P and Q of N, of size 2 are ~; equivalent.

Having constructed N, C Ny_1 C--- C N2 C N; =N with the required properties,
we next construct Ny, 1 as follows; given any two subpatterns P and Q of N of size
k + 1, we write

P~y O < Q[P]=Q[0].

Again, this defines a finite coloring of the set of all size-(k + 1) subpatterns of N, or,
equivalently, on the set of all (k 4 1)-element subsets of N. Hence, by Ramsey’s theorem,
we deduce that there exists an infinite pattern Ny C N such that any two subpatterns of
Nj41 of size k + 1 are monochromatic, that is, ~4.1 equivalent. Moreover, since N1 C
Ny, it follows that any two subpatterns P and Q of Ny of size 1 < |P|=|Q| <k are
~|p| equivalent. a

Definition 3.4. Let k > 2. A non-empty set 2 C AN is called a k-superstationary set if
Q[S] = Q[S']
for any S and " € X (N) (see [5]).
As an immediate consequence of Proposition 3.3, we have the following corollary.

COROLLARY 3.5. Let @ C AN be non-empty and let N C N be an infinite set. Then,
for every positive integer k, there exists an infinite subset N' such that QN is
k-superstationary.
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LEMMA 3.6. Let a € AN be aperiodic by projection and let N C N be any infinite set.
Put Q := O ()[N]. Then, for any {i < j} CN, the directed graph (A, E; ;) is strongly
connected, where

Eij={(w@), 0(j) €A XA weQ, () #w(j)}

Proof. Fix {i < j}CNand N ={Ng<N; <---}. Forany[=0,1,...,N; — N; — 1,
let A; be the set of a € A such that a(rn) = a holds for infinitely many n € N with n =1
(mod Nj — N;). For any a, b € A, if {a, b} € A; forsome [ € {0, 1, ..., N; — N; — 1},
then a, b are two-way connected in the graph (A, E; ;). Hence, fora, b € A, a, b are two-
way connected in the graph (A, E; ;) if there exist ap, ay, ..., ax €A and [y, ..., [ €
{0,1,..., N; — N; — 1} such that: (i) ap =a, ax =b; and (ii) {a;-1, a;} € A; for any
i=1,... k.

Suppose to the contrary that there exist a, b € A such that a and b are not two-way
connected in the graph (A, E; ;). Let A be the set of @’ € A such that a, a’ are two-way
connected in the graph (A, E; ;). Then, we have J # A ; A. Moreover, there exists S with
W#Sc{0,1,...,Nj—N; —1}suchthat Ay C Aforany/ e S and A; N A = for any
1e{0,1,..., Nj — N; — 1}\S. Therefore,

L4 (@O Ta(a())14(@(2)) - - -

is periodic with period N; — N;, which contradicts our assumption that « is aperiodic by
projection. Thus, the graph is strongly connected. a

Combining Lemmas 3.1, 3.2 and 3.6 with Proposition 3.3, we obtain the following
proposition.

PROPOSITION 3.7. Let w € AN be recurrent and aperiodic by projection and k > 2. Then
there exists an infinite set N' C N such that Q := O («)[N] is a k-superstationary set and.:
(1) foranyweQandi €N,

o0w) - o — D)™ e Q;

(2) forany{i < j} CN, the directed graph (A, E; ;) is strongly connected.

4. Main results
Proof of Theorem 4. Fix a positive integer k. By Proposition 3.7, there exists an infinite set
N C N such that @ = 0 (@)[N] C AN s (k 4 1)-superstationary and satisfies conditions
(1) and (2) of Proposition 3.7. Since p;ab(k) > p}‘zab(k), it is sufficient to prove that
# U > (r — Dk + 1, where Q := Q[{0, 1, ..., k —1}].

Let (A, Ep, 1) be the strongly directed graph where

Ep1 ={(@(0), (1)) € A x Awithw(0) #w(l); w € 2}.

Then there exists a sequence agay - - - a; of elements in A containing all elements in A such
that (a;, aj+1) € E()’l (i=0,1,...,1—1).
Define a non-directed graph (A, F) by

F = {{a, b} C A with a # b and either a*b™ € Q or b*a™ € Q}.
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Since €2 is (k + 1)-superstationary, forany i =0, 1, ...,/ — 1, there exists w € €2 such
that w[{kr, kr + 1}] = a;a;+1. Hence, by (1) of Proposition 3.7, there exists & € Akr
such that Sa,-al?’il € Q and £a° € Q. Then there exists b € A occurring in & at least
k times. Since € is (k + 1)-superstationary, this implies that b%a; and b¥a; | are in
Q[{0, 1, ..., k}]. Therefore, bkafo € Qand bka?_il € Q, by (1) of Proposition 3.7. Hence,
we have two cases according to whether b € {a;, a; 1} or not.

Case 1. b € {a;j, aj+1}. In this case, we have {a;, a;11} € F.

Case 2. b ¢ {a;, aj4+1}. In this case, we have two edges {b, a;} and {b, a;;+1} in F, by
which a; and a; are connected.

Thus, we have a connected graph (A, F). This implies there are at least r — 1 edges.
If {a, b} € F, then either a*b™ € Q or b*a™ € Q. Since Q is k-superstationary, either
abkh e Qrh=0,1,...,k)or bhak—h e Qr (h=0,1,...,k). In any case, there are
k + 1 elements in £;2° consisting only of a and b.

Since #F > r — 1, there are at least (r — 1)(k + 1) — (r —2) = (r — 1)k + 1 elements
in ;2 consisting only of two elements, where we subtract » — 2 since the number of
overlaps counted for constant words is 2(r — 1) —r =r — 2.

Thus, # Q& > (r — Dk + 1.

If #A =2, then p;';"‘b(k) <k+4+1(k=1,2,...) forany « € AN, since the number of
vectors (|€]o, |&]1) overall & € {0, 1}*is k + 1.

Let A={0,1,...,r — 1} withr > 3. Forn > 1, let t(n) be the maximum 7 € N such
that 27 is a factor of n. Define « € AN by a(n) = t(n+ 1) (mod r). Then « is one of
the Toeplitz words defined in the Introduction. It is clearly recurrent and aperiodic by
projection.

Take any 2-pattern S = {s <t} CN. Let d = (¢ — s). Then there exists u € N with
0 < u <29 such that either t(s —u)=d, t(t —u)>dort(s —u) >d, t(t —u)=d.
Assume, without loss of generality, that the latter holds. Let ¢ € A be such that c =d
(mod r) and denote by E, € R the unit vector at a € A. There are three cases for n € Z.

Case I. t(n+u+1)>d. In this case, t(n +t + 1) = d holds. Hence, ¥ (x[n + S]) =
E, + E. for some a € A.

Case 2. t(n+u+1)=d. In this case, t(n + s + 1) =d holds. Hence, ¥ (x[n + S]) =
E, + E. for some a € A.

Case 3. t(n+u+1)<d. In this case, tn+s+1)=t(n+t+1)<d. Hence,
Y (x[n + S]) =2E, for some a € A.

Therefore,
{(W(an+S):neN}C{E, +E.:ae A}U{2E, :a € A},

and, hence, péab(Z) <2r — 1. Thus, pjjab(2) =2r — 1 since we already have p;‘;ab(Z) >
2r — 1. Note that this proof remains true for any of the general Toeplitz words defined in
the Introduction. a
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Remark 4.1. Theorem 4 is not true without the assumption of recurrency. In fact, let
a=10310¥103"1- .. € {0, 1}. Then p}®(3) = 3. To see this, suppose a[n + S]= 111
for some 1 € N, and some 3-pattern S ={i < j <k}. Then j —i =3 —3%and k — j =
3¢ — 3% for some positive integers a < b < c. Moreover, this happens when n = 3¢ — .

Suppose a[m + S] =110 for some m. Then, since there exist positive integers d < e
such that m +i=3% and m 4+ j =3¢, wehave j —i =(m+ j) — (m +i) =3¢ -3¢ =
3b — 39, This implies that 3¢ 4 3% =3% 43¢, concluding e=5b and a =d by the
uniqueness of the 3-adic representation. Hence, m = 3¢ — i = 3% — i, a contradiction.

If a[m + S] = 101 for some m, then, since there exist positive integers d < e such that
m+i=23% and m+ k=3¢, we have k —i = (m + k) — (m + i) =3¢ — 3¢ =3¢ — 34,
This implies that 3¢ + 3¢ = 3¢ + 3¢, concluding ¢ = ¢ and a =d by the uniqueness of
the 3-adic representation. Hence, m = 34 —j =39 — i, a contradiction.

Finally, if a[m + S] =011 for some m, then, since there exist positive integers d <
e such that m + j =3¢ and m + k=3¢, we have k — j = (m + k) — (m + j) =3¢ —
34 =3¢ — 3P This implies that 3¢ + 3 =3¢ + 39, concluding ¢ = ¢ and b =d by the
uniqueness of the 3-adic representation. Hence, m =3¢ — j =3? — j =39 — i, again a
contradiction.

Thus, if 111 € {a[n+ S]:n e N}, then {110, 101,011} N {a[n + S]:n € N} =0.
Thus, pa(3) < 3. Since it is clear that p**(3) > 3, we have p**(3) = 3.

Remark 4.2. We do not know whether there exists « € AN (with #A = r > 3) which is both
recurrent and aperiodic by projection and such that

Py =(r—Dk+1 (k=1,2,..)).

Let A={0,1,...,r—1} and Q = Uf;g{i, i+ 1}N. Then it is readily verified that
pz‘zab(k) =@ —Dk+1 (k=1,2,...), but Q is not equal to O(«) for any choice of
a € AN,

THEOREM 6. Let o € AN be a rotation word with #A =r. Then we have p;ab(k) =
rk(k=1,2,...).

Remark 4.3. For a rotation word o € AN with #A =r, it is known [4] that pa(k) =
rk (k=1,2,...). Hence, Theorem 6 shows that the abelianization does not decrease
the complexity in the case of rotation words on more than two letters.

Proof of Theorem 6. Since p:;ab(k) <piltk)y=rk (k=1,2,...), it is sufficient to prove
that p;ab(k) >rk (k=1,2,...). Let 6 be an irrational number and ¢y <c; <--- <
cr—1 < ¢y be real numbers with ¢, =co + 1. Let A={0, 1, ..., r — 1}. We may assume
that € AN is such that «(n) = i, whenever n6 € [c;, ¢i+1) (mod 1).

Fix 0 < & < min;(cj41 — ¢;). Set N = {Ny < Ny < - - -} C N such that

e > {Ngb} > {Ni6}>--->0

and lim;,—, oo {N,0} = 0. Here, {-} denotes the fractional part. Then it is easy to see that

r—1
faln + N1:neNy = J{G + D"i®:neN),
i=0
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where we identify r with O as letters. Thus, forany k =1, 2, ..., we have

r—1
faln + Nl :neNy = J{G+ D" 0<n <k},
i=0

where Ny ={Ng < Ny <--- < Ny_1}. There are exactly rk words, as above. Thus,
p;ab(k) >rk (k=1,2,...), which completes the proof. a
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