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PRIMITIVE RECURSIVE CATEGORICITY SPECTRA OF
FUNCTIONAL STRUCTURES

NIKOLAY BAZHENOV , HEER TERN KOH , AND KENG MENG NG

Abstract. For the notion of degree of categoricity, we study an analogous notion for punctual structures.
We show that such notions coincide for non- Δ0

1-categorical injection structures, and construct an example
of a Δ0

1-categorical injection structure for which these notions differ. Additionally, we also show that in
every non-zero c.e. Turing degree, there exists a PR-degree that is low for punctual isomorphism (to be
defined), and also a PR-degree that is a degree of punctual categoricity.

§1. Introduction. One of the key research programs in computable structure
theory is the investigation of the algorithmic content of isomorphisms between
computable structures (first defined in [29, 31]). More specifically, given some
computable structure A, researchers attempt to find a Turing degree d so that for any
two computable presentations B,C ∼= A, d computes an isomorphism between B
and C. For such a degree d and structureA, we say thatA is d-computably categorical.
Intuitively, this is a measure of the amount of non-computable information required
in order to algorithmically produce isomorphisms between copies of A. Under such
a setting, the algorithmic content of isomorphisms on various classes of structures
have been studied (see, e.g., [1, 7, 8, 10, 21, 23, 30, 32, 33]).

Conversely, given a Turing degree d, one can also ask if such a degree is able
to compute isomorphisms between certain structures. To make such a question
meaningful, one should really consider only the structures A for which d is
the least degree that is capable of producing isomorphisms of A. Otherwise,
the answer is always trivially yes, as there exist structures that are computably
categorical; structures which have computable isomorphisms between any two of
their presentations. In the event that a structure A exists for which d is the least
degree that computes an isomorphism between any two given presentations of A,
then we say that d is a degree of categoricity [19, 22]. We refer to, e.g., [5, 6, 13–17, 19]
for known results on degrees of categoricity. On the other hand, if d is such that any
structure that is d-computably categorical is also computably categorical, then we
say that d is low for computable isomorphism [20]. Intuitively, this means that d is
‘computationally weak’ in the sense that it provides no additional information when
being used to compute isomorphisms.
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Closely related to computable structure theory is the study of punctual structures.
These are structures with domain � and whose operations and relations are
uniformly primitive recursive [26]. The study of such structures was motivated by the
phenomenon that ‘feasible’ presentations may be extracted from computable ones
simply by eliminating the use of unbounded search [9, 11, 12, 24]. Thus, suggesting
that isolating the minimisation operator provides insight into the gap between
‘feasible’ presentations and computable ones. Such an approach has attracted a
fair amount of attention and has proven to provide a different perspective from
computable structure theory (see [2, 18] for surveys regarding punctual structures).
Following this pattern, we study the analogue of degrees of categoricity in the present
article.

1.1. Preliminaries. Recall that the degree of categoricity of a computable structure
is the least Turing degree d which computes an isomorphism between any two
computable presentations of the structure. Evidently, to show that some structure
has degree of categoricity d, one must first show that d is sufficient to produce
isomorphisms between any two computable presentations of the given structure.
Second, to show that such a degree is ‘sharp’, one typically constructs two
computable presentations so that any isomorphism f between these presentations
is such that f ≥T d. Roughly speaking, the degree of categoricity of a computable
structure measures how algorithmically complex isomorphisms between computable
presentations of the given structure are. In order to study the primitive recursive
analogue of such notions, we require the following definition.

Definition 1.1 [25]. Let f, g : � → � be total functions. f reduces to g, written
f ≤PR g if there is some primitive recursive scheme Ψ such that Ψg = f. If we
further have that g ≤PR f, then we write f ≡PR g. The induced degree structure
shall be referred to as the PR-degrees.

Just like how Turing degrees are a measure of non-computability, the PR-
degrees analogously measures the primitive recursive content of various functions.
Intuitively, if f ≤PR g, then g grows faster than f does, and is thus more ‘primitive
recursively complex’ than f. Under this setting, and following the ideas and
terminology from computable structure theory, we define the following definition.

Definition 1.2 [3]. For a given punctual structure A, we use PRCatSpec(A) to
denote the set containing all PR-degrees d such that for any punctual structure
B ∼= A, there is an isomorphism f : A→ B and d ≥PR f,f–1.

Since the inverse of a primitive recursive function is not necessarily primitive
recursive, it follows that for a given function f, f and f–1 may belong to different
PR-degrees. As such, when defining the primitive recursive categoricity spectrum of
a structure as above, we require that each PR-degree d ∈ PRCatSpec(A) primitively
recursively computes both an isomorphism and its inverse.

In computability theory, the Turing degrees 0, 0′, 0′′, ... serves as a ‘spine’ to
classify and rank the algorithmic content of various objects or processes. In a
similar vein, we define the following collections of PR-degrees.

Definition 1.3 [3]. For each computable ordinal α > 0, Cone(Δ0
α) is the set

containing all PR-degrees d such that d ≥PR f for any total Δ0
α-function f.
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PRIMITIVE RECURSIVE CATEGORICITY SPECTRA OF FUNCTIONAL STRUCTURES 3

From Definitions 1.2 and 1.3, it is not difficult to obtain the following.

Fact 1.4. If A is Δ0
α-categorical, then Cone(Δ0

α) ⊆ PRCatSpec(A).

In some sense, this is the analogue of Δ0
α-categoricity of computable structures

for punctual structures. In order to show that this bound is sharp, i.e., that Δ0
α is the

least primitive recursive degree of categoricity for A, we show that PRCatSpec(A) ⊆
Cone(Δ0

α), and hence PRCatSpec(A) = Cone(Δ0
α). This means that the PR-degrees

which primitively recursively compute isomorphisms of A exactly coincide with
the PR-degrees which primitively recursively compute Δ0

α-functions, and thus, is
analogous to the notion of degree of categoricity for computable structures.

Finally, we say that a PR-degree d is low for punctual isomorphism if for any
structure A ∼= B such that f : A→ B is an isomorphism and f ⊕ f–1 ≤PR d, then
A and B are punctually isomorphic. We say that a PR-degree d is a degree of punctual
categoricity if there exists a punctual structure A such that d is the least degree in
the spectrum PRCatSpec(A). To our best knowledge, the only known example of
degrees of punctual categoricity is provided by the following result: if the graph of
a total function f(x) is primitive recursive, then deg(f) is a degree of punctual
categoricity (Proposition 2.7 in [28]). We also cite [25, 27] for related results.

In this article, we study the primitive recursive categoricity spectra of injection
structures, showing that they generally coincide with the analogous notions of
Δ0
n-categoricity. Nonetheless, in Section 3, we give an example of a computably

categorical injection structure A for which PRCatSpec(A) 
⊆ Cone(Δ0
1), contrasting

with the results obtained in Section 2 and the companion paper [4]. In the final
section of this article, we also show that within each non-zero c.e. Turing degree,
there are PR-degrees which exhibit ‘contrasting’ behaviour; in every non-zero c.e.
Turing degree, there is a PR-degree low for punctual isomorphism and also a PR-
degree that is a degree of punctual categoricity.

§2. Injection structures. An injection structure is a structure with a single unary
function symbol, such that the function is injective. It is evident that such structures
may be characterised by the number and types of orbits it contains. More specifically,
each orbit is either finite, or is an �-chain, or is a �-chain. We first show that such
structures also possess punctual presentations.

Theorem 2.1 (Folklore). Let M be a computable injection structure with at least
one infinite orbit. Then M has a punctual presentation.

Proof. Let M be a computable injection structure with at least one infinite orbit.
Non-uniformly fixN0, N1 ∈ � ∪ {∞} as the number of orbits in A of type � and � ,
respectively. A punctual presentation of P of A may be obtained as follows. At each
stage s, enumerate n0 + n1 many elements into P, where ni = min{s,Ni}, extending
the infinite orbits in the obvious way. Since at least one of N0, N1 is non-zero, this
ensures that P remains punctual. For any orbits of finite size, we simply wait for
their size to be revealed in M (this is a c.e. wait), once revealed, we enumerate a
finite cycle of the same size into P. 


Recall that every computable injection structure is relatively Δ0
3-categorical, and

that the relatively Δ0
2-categorical and relatively Δ0

1-categorical injection structures
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have also been characterised [10]. In the remainder of this section, we will study
PRCatSpec(M ), for all punctual injection structures M with at least one infinite
orbit. Recall that a computable injection structure M is relatively Δ0

1-categorical if
and only if A is Δ0

1-categorical if and only if M has only finitely many infinite orbits
[10, Corollary 2.5].

Theorem 2.2. If M is a relatively Δ0
1-categorical injection structure with at least

one infinite orbit and infinitely many finite orbits, then PRCatSpec(M ) = Cone(Δ0
1).

Proof. From Fact 1.4, we have that Cone(Δ0
1) ⊆ PRCatSpec(M ). In order to

prove the remaining inclusion, for any total computable g, we produce punctual
injection structures A and B, both isomorphic to M, such that any isomorphism
h : A→ B is such that g ≤pr h ⊕ h–1.

Encoding g(0): Since g is a total computable function, all we need is to encode
is the stage s at which g(0)[s] ↓. We shall do this by enumerating finite orbits into
one structure A ‘quickly’ while ‘delaying’ their enumeration into B until after stage
s is reached. The main tension here is that we have to keep both A and B punctual;
we cannot arbitrarily delay enumerating elements. Since we assumed that M has
at least one infinite orbit, and only finitely many infinite orbits, we can keep A,B
punctual by simply enumerating these infinite orbits in both A,B . Moreover, to
ensure that A,B ∼=M , we never enumerate finite orbits into either A or B unless
it has already been enumerated in M. As discussed, whenever a finite orbit, say of
size n, is enumerated into M, we immediately enumerate a finite orbit of size n into
A. Then once g(0) ↓, we also enumerate a finite orbit of size n into B. If h : A→ B
is an isomorphism, then by computing h on the elements within the finite orbit, we
may recover the stage, where g(0) converges.

Encoding g(x): The obvious generalisation of the strategy described above would
be to compute h on the first x many finite orbits revealed in A, and then arguing
that at least one of these images must have index larger than the stage at which
g(x) converges. However, we note here that this process is not necessarily primitive
recursive in h ⊕ h–1 and x. In particular, an arbitrary punctual injection structure
M could enumerate finite orbits only at extremely sparse stages, meaning that the
index of the x-th finite orbit in M cannot be obtained in a primitive recursive way.

To solve this issue, in addition to encoding the stage at which g(x) converges, we
also encode the stage G(x + 1) at which M enumerates the (x + 1)-st finite orbit.
More specifically, we enumerate the x-th finite orbit into B only after the (x + 1)-st
finite orbit has been enumerated into A. (Recall that A immediately enumerates any
finite orbit enumerated into M.)

Now, we may define Ψh as follows. Non-uniformly fix G(0), the stage at which
A reveals the first finite orbit. From this stage, we may recover primitive recursively
the indices of the elements in this finite orbit and then compute h on them. The
image must produce indices large enough such that A has enumerated the next
finite orbit and g(0) has converged. Inductively, we may suppose that Ψh(x) =
g(x) ⊕G(x + 1). To define Ψh(x + 1), use G(x + 1) to recover the indices of the
(x + 1)-st finite orbit in A and compute h on all elements of the firstx + 1 many finite
orbits in A. Since B never enumerates the (x + 1)-st finite orbit until A enumerates
the (x + 2)-nd finite orbit and g(x + 1) converges, one of the h-images must produce
an index ≥ G(x + 2), g(x + 1). That is to say, h ≥pr g ⊕G ≥pr g. 
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PRIMITIVE RECURSIVE CATEGORICITY SPECTRA OF FUNCTIONAL STRUCTURES 5

Observe that the existence of an infinite orbit in M allows us to ‘waste time’
arbitrarily and delay enumerating the finite orbits into B. The proof above can thus
be easily modified to fit the cases where there is some mechanism to ‘waste time’. For
instance, the result should also hold if M is relatively Δ0

1-categorical and has some
finite size repeated infinitely often. Recall that the remaining case for Δ0

1-categorical
injection structures are those with no infinite orbits and only finitely many orbits of
each finite size. There are certain special cases in which we can apply a modification
of the proof above to obtain PRCatSpec(M ) ⊆ Cone(Δ0

1), but surprisingly, it does
not hold in general (see Theorem 3.1 for details).

A computable injection structure M is relatively Δ0
2-categorical if and only if M is

Δ0
2-categorical if and only if M has finitely many � chains or finitely many � chains

[10, Corollary 3.3].

Theorem 2.3. If M is a relatively Δ0
2-categorical injection structure which is not

relatively Δ0
1-categorical, then PRCatSpec(M ) = Cone(Δ0

2).

Proof. If an injection structure M is relatively Δ0
2-categorical, but not relatively

Δ0
1-categorical, then its infinite orbits must be one of the following types:

(i) Finitely many � chains and infinitely many � chains.
(ii) Only finitely many � chains and infinitely many � chains.

Applying Fact 1.4, we clearly have that Cone(Δ0
2) ⊆ PRCatSpec(M ). It remains

to prove that PRCatSpec(M ) ⊆ Cone(Δ0
2). That is, given g, a total Δ0

2 function, we
define two punctual injection structures A and B, both isomorphic to M, such that
g ≤pr h ⊕ h–1 for any isomorphism h : A→ B .

Fix a primitive recursive approximation g∗ such that lims g∗(x, s) = g(x) for all
x, and fix some injection structure of Type (i) that has a punctual presentation. In
A and B, we never enumerate any finite orbits until they are observed to close in the
given punctual (or computable) injection structure M. More specifically, we only
enumerate � chains while waiting for finite orbits to be enumerated into the given
punctual injection structure. Similarly, we may non-uniformly fix the finitely many �
chains and enumerate them in a standard way during the construction. This ensures
that A and B are of the same isomorphism type as the given punctual injection
structure M. Obviously, we shall use the � chains to encode the stabilising stages
sx ; g∗(x, sx) = g∗(x, s) for all s ≥ sx .

Encoding sx : As mentioned above, we construct punctual structures A = (�,fA)
and B = (�,fB) such that any isomorphism from A to B encodes g. In A, all �
chains will be standard; this allows us to access the left-most element of each �
chain in a primitive recursive way. We denote these elements as a0,0, a1,0, a2,0, ... . At
each stage s, enumerate as,0 and for each ai,j currently in A, wherefA(ai,j) has yet to
be defined, enumerate ai,j+1 := fA(ai,j). This ensures that fA is primitive recursive
and A is punctual.

In B, we shall use the left-most element of each � chain in B to encode the
stabilising stage s of g∗(x, s) for various x. At stage 0, enumerate the element b0

and let bl0,0 = br0,0 = b0. The idea is that bli,s and bri,s will denote the current left-
most and right-most elements of the i-th � chain at stage s, respectively. At each
stage s, recursively suppose that bli,s–1 and bri,s–1 have been defined for i < s . If
g∗(x, s) 
= g∗(x, s – 1), then do the following:

use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/jsl.2026.10230
Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 16 Nov 2026 at 01:58:33, subject to the Cambridge Core terms of

https://www.cambridge.org/core/terms
https://doi.org/10.1017/jsl.2026.10230
https://www.cambridge.org/core


6 NIKOLAY BAZHENOV, HEER TERN KOH, AND KENG MENG NG

(1) For each j where x < j < s , define fB(brj–1,s–1) = blj,s–1.
(2) For each j < x, let blj,s = blj,s–1 and brj,s = brj,s–1.
(3) Let blx,s = blx,s–1 and brx,s = brs–1,s–1.
(4) Pick fresh indices ix+1, ix+2, ... , is , and enumerate the elements bix+1 , bix+2 , ... ,

bis , defining blj,s = brj,s = bij for each x < j ≤ s .

Intuitively, if g∗(x, s) 
= g∗(x, s – 1), then we ‘glue’ the j-th chain for x < j < s to
the x-th chain at stage s, while leaving the first x many chains the same. This ensures
that any element in the subsequent chains will have indices > s . Finally, to keep fB
primitive recursive, for each element b ∈ B enumerated at stage s – 1, enumerate
some new element b′ and let fB(b) = b′ if fB(b) is not yet defined. In addition, if
b is such that b = bri,s for some i, re-define bri,s to be b′.

Verification: Recall that any finite cycle or any � chain will be enumerated by
‘copying’ the given punctual injection structure. Thus, to verify that the construction
produces the correct isomorphism type, it suffices to show that the procedure above
produces infinitely many � chains and nothing else. First, observe that for any b
enumerated by the procedure above, fB(b) exists; if b was enumerated at stage s,
by stage s + 1, fB(b) must have been defined. Thus, there is no right-most element
produced by the procedure above. Next, to show that each chain has a left-most
element, we argue that for each i ∈ �, there exists s ∈ � such that for all t ≥
s, bli,s = bli,t . It follows directly from the description that bl0,t = bl0,0 for all t ≥ 0.
For i > 0, consider the stage s∗ such that g∗(x, s∗) = g∗(x, t) for all t ≥ s∗ and for
all x < i . Since g is a total Δ0

2 function, such a stage s∗ must exist. Following the
construction, f–1

B (bli,s) is only ever defined when g∗(x, s) 
= g∗(x, s – 1) for some
x < i . In particular, for all stages t ≥ s∗ + 1, we have that g∗(x, t) = g∗(x, t – 1)
and so, bli,t = bli,s∗+1.

Finally, let h : A→ B be an isomorphism. Define Ψh , a primitive recursive
scheme as follows. Given x, computeg∗(x,max{h(ai,0) | i ≤ x + 1}). By pigeonhole
principle, at least one of h(ai,0) = blj,s for some j ≥ x + 1 and for some s ∈ �. It
then follows that max{h(ai,0) | i ≤ x + 1} is at least as big as the index of the left-
most element of the (x + 1)-st� chain in B, which encodes a stage large enough such
that g∗ has stabilised for all y ≤ x. In particular, g∗(x,max{h(ai,0) | i ≤ x + 1}) =
g(x).

For injection structures of Type (ii), we adopt a similar strategy. The only
difference is that we must produce infinitely many � chains and nothing else when
encoding g. That is, in addition to the procedure defined above, at each stage s,
for each b currently defined as bli,s for some i, enumerate a new element b′, define
fB(b′) = b, and re-define bli,s = b′. In A, we take a similar approach and extend the
chains to the left at each stage by adding ai,j for j < 0 and letting fA(ai,j) = ai,j+1

as before.
Using the modified construction, it is not too difficult to see that instead of �

chains, we now produce infinitely many � chains and nothing else. Furthermore, for
each x, the (x + 1)-st � chain in B has the property that all elements within it have
indices ≥ s , where s is such that for all t ≥ s and for all y ≤ x, g∗(y, t) = g∗(y, s).
For the same reasons as before, g(x) = g∗(x,max{h(ai,0) | i ≤ x + 1}), and thus
g ≤pr h. Theorem 2.3 is proved. 
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PRIMITIVE RECURSIVE CATEGORICITY SPECTRA OF FUNCTIONAL STRUCTURES 7

Theorem 2.4. If M is a relatively Δ0
3-categorical injection structure which is not

relatively Δ0
2-categorical, then PRCatSpec(M ) = Cone(Δ0

3).

Proof. Let M be a relatively Δ0
3-categorical, not- Δ0

2-categorical injection
structure with a punctual presentation. That is, M has infinitely many � chains
and infinitely many � chains. This fact will be used implicitly in our encoding of
tx,s and sx for various x, s (the details will be provided shortly). Once again, by
Fact 1.4, we have that Cone(Δ0

3) ⊆ PRCatSpec(M ), and it remains to prove that
PRCatSpec(M ) ⊆ Cone(Δ0

3). Just as before, we focus only on the � chains and �
chains, enumerating finite orbits into our structures A = (�,fA) and B = (�,fB)
only when they are shown to close in the given punctual copy M. Let g be
a Δ0

3 function and let g∗(x, s, t) be a primitive recursive approximation to g;
lims limt g∗(x, s, t) = g(x). The strategy to encode g will be split into two parts. The
first is to encode for each pair (x, s), the stage tx,s such that g∗(x, s, t) = g∗(x, s, tx,s)
for all t ≥ tx,s . The second is to encode the stage sx for which limt g∗(x, sx, t) = g(x).
Then using the isomorphisms h : A→ B and h–1 : B → A, we recover both sx and
tx,sx , respectively, and compute g∗(x, sx, tx,sx ).

Encoding tx,s : In A, for each (x, s), we keep a standard � chain with left-most
element a〈x,s〉,0. The idea is to encode tx,s using h(a〈x,s〉,0). Intuitively, this means
that we should keep the indices of the left-most elements of each � chain in B ‘large
enough’. In B, we begin with � chains with left-most elements b0,0, b1,0, b2,0, ... ,
respectively. At each stage t of the construction, we track the left-most elements of
each of these � chains in B, denoted by bli,t . For each i, let bli,0 = bi,0. At stage t,
if g∗(x, s, t) 
= g∗(x, s, t – 1), then for each i ≥ 〈x, s〉, enumerate some element b∗

with some index≥ t and definefB(b∗) = bli,t–1 and let bli,t = b∗. Since limt g∗(x, s, t)
exists for each (x, s), there must be some stage t∗ for which limt g∗(x′, s ′, t) =
g∗(x′, s ′, t∗) for each x′ ≤ x and s ′ ≤ s . After such a stage t∗, bli,t for each i ≤ 〈x, s〉
never again changes. Furthermore, bl〈x,s〉,t∗ must have index ≥ t∗.

Encoding sx : Let P(x, s) be the predicate “ limt g∗(x, s, t) = g(x).” Since this
is equivalent to “for all s ′ ≥ s, limt g∗(x, s, t) = limt g∗(x, s ′, t),” P(x, s) is a Π0

2
predicate. We may further assume that there is a unique s for which P(x, s) holds
by requiring s ≥ x to be the least, and that for any x < y, if P(x, sx) and P(y, sy)
are both true, then sx < sy . To keep the strategies disjoint, we encode the various
sx using the infinitely many � chains. In B, we enumerate standard copies of �
chains, indexed by ci,j for i, j ∈ �, defining fB(ci,1) = ci,0, fB(ci,2j) = ci,2(j+1) and
fB(ci,2j+3) = ci,2j+1. Within A, let the possible � chains be encoded by di,j for
i, j ∈ �. By a careful definition of fA, for a fixed s, the collection of ds,j becomes a
� chain iff P(0, s) ∨ P(1, s) ∨ ··· ∨ P(s, s) holds. Intuitively, we ‘grow’ the chain of
ds,j to the left only at stages where one of P(x, s) currently holds for some x ≤ s .
Since P(x, s) is Π0

2, if it holds, then it must look to be true at infinitely many stages.
Thus, at infinitely many stages, we extend the chain to the left, resulting in a �
chain. Conversely, if there are infinitely many stages where we extend the chain
containing ds,0 to the left, at least one of P(0, s), P(1, s), ... , P(s, s) must look to
hold at infinitely many stages. That is to say, one of P(x, s) is true for x ≤ s . To
recover sx , we compute h–1(ci,0) for sufficiently many i, and we know that such an
image must map to some ds,j contained in a � chain. Using pigeonhole principle,
we then conclude that one such ds,j must have s ≥ sx .
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8 NIKOLAY BAZHENOV, HEER TERN KOH, AND KENG MENG NG

Construction: We summarise the various types of elements in A and B below.

Element type Purpose

ai,j ∈ A, for all i, j ∈ �. Standard � chains; encoding tx,s where i = 〈x, s〉.
bi,j ∈ B, for all i ∈ � Non-standard � chains to be images for h(ai,0).

and all j ≥ i.
ci,j ∈ B, for all i, j ∈ �. Standard � chains; encoding sx where i = 〈x, s〉.
di,j ∈ A, for all i, j ∈ �. � chain iff there exists x ≤ i such that P(x, i) holds.

At stage 0, enumerate a0,0, d0,0 into A, b0,0, c0,0 into B. Define bl0,0 = br0,0 = b0,0

and d l0,0 = dr0,0 = d0,0. At stage s, suppose that we have already defined for each
i < s , bli,s–1, b

r
i,s–1, d

l
i,s–1, and dri,s–1.

Step 1: Enumerate as,j for each j < s and ai,s for each i ≤ s into A. Then define
fA(as,j) = as,j+1 for each j < s and define fA(ai,s–1) = ai,s for each i ≤
s . This ensures that at each stage s, ai,j for all i, j ≤ s has been enumerated
and that fA is primitive recursive on all such elements.

Step 2: Enumerate bs,s into B and define bls,s = brs,s = bs,s . For each i < s , let
ji be the least index such that ji > j for any bi,j currently enumerated
into B. If there is some 〈x, n〉 = i < s and g∗(x, n, s) 
= g∗(x, n, s – 1),
then enumerate bk,jk and bk,jk+1 into B for all k such that i ≤ k < s ,
defining
• brk,s = fB (brk,s–1) = bk,jk+1,

• blk,s = bk,jk , and

• fB(bk,jk ) = blk,s–1.
Otherwise, only enumerate bi,ji into B, define bri,s = fB(bri,s–1) = bi,ji

and bli,s = bli,s–1.
Step 3: Enumerate cs,2j , cs,2j+1 for each j < s and ci,2s , ci,2s+1 for each i ≤ s into

B. Now definefB(ci,2(s–1)) = ci,2s , andfB(ci,2s+1) = ci,2s–1 for each i < s ,
and

cs,2s+1
fB−−→ cs,2s–1

fB−−→ ... fB−−→ cs,1
fB−−→ cs,0

fB−−→ cs,2
fB−−→ ... fB−−→ cs,2s .

At each stage s, we have that B contains ci,j for each i ≤ s and each
j < 2(s + 1), and fB is primitive recursive on all such elements.

Step 4: Enumerate ds,0 into A, and define d ls,s = drs,s = ds,0. For each i < s , let ji
be the least index such that ji > j for any di,j currently enumerated into
A. If there is some x ≤ i < s such that P(x, i) fires (looks to be true at
the current stage), then enumerate di,ji and di,ji+1 into A, and define the
following:
• dri,s = fA(dri,s–1) = di,ji+1,

• d li,s = di,ji , and
• fA(di,ji ) = d li,s–1.

Otherwise, only enumerate di,ji into A, and define dri,s = fA(dri,s–1) =
di,ji . Also let d li,s = d li,s–1.
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PRIMITIVE RECURSIVE CATEGORICITY SPECTRA OF FUNCTIONAL STRUCTURES 9

Whenever a finite orbit in the given punctual injection structure is revealed, we also
enumerate a finite orbit of the same size into the structures A and B.

Verification: We make the following observations:

(i) For any x, s , the collection {b〈x,s〉,j | j ≥ 〈x, s〉} forms an � chain with
left-most element b〈x,s〉,t , where for all t′ ≥ t and for any 〈x′, s ′〉 ≤ 〈x, s〉,
g∗(x′, s ′, t′) = g∗(x′, s ′, t). (Note that b〈x,s〉,j for j < 〈x, s〉 is undefined as
they are never enumerated into B.)

For a fixed pairx, s , since limt g∗(x, s, t) is assumed to exist, then there must
be some finite stage tx,s such that for all t ≥ tx,s , g∗(x, s, tx,s) = g∗(x, s, t).
This implies that for all t > max{tx′,s′ | 〈x′, s ′〉 ≤ 〈x, s〉}, we always define
bl〈x,s〉,t+1 = bl〈x,s〉,t and f–1

B (bl〈x,s〉,t) ↑. Thus, there is some finite stage t after
which the left-most element in the collection {b〈x,s〉,j | j ≥ 〈x, s〉} never again
changes. That is, the collection forms an � chain. From the argument above
and an analysis of the actions in Step 2, it is easy to conclude that the index
j ∈ � for which b〈x,s〉,j = bl〈x,s〉,t is such that j ≥ tx′,s′ for any 〈x′, s ′〉 ≤ 〈x, s〉.
Therefore, (i) is true.

(ii) For any s ∈ �, the collection {ds,j | j ∈ �} forms a � chain iff there exists
some x ≤ s such that P(x, s) fires at infinitely many stages.

To see why (ii) holds, we turn our attention to Step 4 of the construction.
First suppose that for all x ≤ s , P(x, s) fires only finitely often. In particular,
there is some finite stage s∗ large enough such that after s∗, P(x, s) never
again fires for all x ≤ s . An analysis of Step 4 in the construction will allow
one to conclude that for all s ′ ≥ s∗, d l

s,s′ = d ls,s∗ , and that f–1
A (d ls,s∗) ↑. In

other words, the collection {ds,j | j ≥ s} forms an � chain.
On the other hand, if there is some x ≤ s for which P(x, s) fires infinitely

often, then let these stages be denoted by s0 < s1 < s2 < ... . Obviously, at
all such stages, we would have defined d ls,si = f–1

A (d ls,si –1), meaning that the
collection {ds,j | j ∈ �} has no left-most element. Furthermore, as described
in Step 4, we always define dr

s,s′ = fA(dr
s,s′–1), thus also ensuring that {ds,j |

j ∈ �} has no right-most element. Thus, {ds,j | j ∈ �} forms a � chain iff
there is some x ≤ s for which P(x, s) fires infinitely often.

To see that A and B are of the correct isomorphism type, it suffices to show that they
consist of infinitely many � chains and infinitely many � chains, as the finite orbits
are enumerated whenever they are observed to close in the given punctual copy. Step
3 of the construction ensures that B consists of � chains of the form {ci,j | j ∈ �} for
each i ∈ �. By applying (i), we may also conclude that B contains infinitely many
� chains given by {bi,j | j ≥ i} for each i ∈ �. In fact, it is not difficult to see that
these are exactly all the � chains in B.

In A, it is easy to see that there are infinitely many� chains, given by {ai,j | j ∈ �}
for each i ∈ �. Since g(x) is a total Δ0

3 function, for each x ∈ �, there must be some
sx ∈ � such that P(x, sx) fires infinitely often. Applying (ii) from above, we may
then obtain that the chains {dsx ,j | j ∈ �} for each x ∈ � are all � chains. Thus,
A contains both infinitely many � chains and also infinitely many � chains. We
also note here that as a consequence of (ii), the only � chains in A are of the form
{dsx ,j | j ∈ �} for some x ∈ �.
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10 NIKOLAY BAZHENOV, HEER TERN KOH, AND KENG MENG NG

Let h : A→ B be an isomorphism. To recover g(x), consider the following
procedure. Compute h–1(ci,0) for each i ≤ x. Since h is an isomorphism, we obtain
that h–1(ci,0) must also be contained in some � chain of A. Recall that the only
� chains of A are of the form {dsy ,j | j ∈ �} for some y ∈ �. By pigeonhole
principle, at least one of h–1(ci,0) = ds,j for some j and s where s ≥ sx . Let
s∗ be the maximum of all such s obtained from h–1(ci,0). Clearly, s∗ has the
property that limt g∗(x, s∗, t) = limt g∗(x, s ′, t) for any s ′ ≥ s∗. Or equivalently,
limt g∗(x, s∗, t) = lims limt g∗(x, s, t).

Given s∗ from above, compute h(ai,0) for all i ≤ 〈x, s∗〉. Each of these images must
be the left-most element of an � chain in B. Since B only contains � chains of the
form {b〈y,s〉,j | j ≥ 〈y, s〉}, we have that each h(ai,0) = b〈y,s〉,t for some y, s, t ∈ �.
Pick t∗ with the following properties:

• h(ai∗,0) = b〈y,s〉,t∗ for some i∗ ≤ 〈x, s∗〉, and
• for any other b〈y′,s ′〉,t′ = h(ai,0), 〈y′, s ′〉 ≤ 〈y, s〉.

By pigeonhole principle, it must be that 〈x, s∗〉 ≤ 〈y, s〉, and by (i), t∗ has the prop-
erty that for any t ≥ t∗, g∗(x, s∗, t∗) = g∗(x, s∗, t). In conclusion, g∗(x, s∗, t∗) =
limt g∗(x, s∗, t) = lims limt g∗(x, s, t). Since the procedure described above is
clearly primitive recursive, g ≤pr h ⊕ h–1, and thus, PRCatSpec(M ) ⊆ Cone(Δ0

3).
Theorem 2.4 is proved. 


§3. A pathological injection structure.

Theorem 3.1. There exists a structure A, computably categorical but not punctually
categorical, such that PRCatSpec(A) � Cone(Δ0

1).

We shall construct our structure to be a punctual injection structure. Recall from
Section 2 that this injection structure necessarily has no infinite orbits, and no orbit
sizes repeated infinitely often. The intuitive idea for the proof would be to press the
‘opponents’ into copying our structure as much as possible, i.e., ensuring that either
their structure is d-punctually isomorphic to ours, (for some constructed function
oracle d), or not isomorphic at all.

Proof. Fix some computable but not primitive recursive function g, let {Ψe}e∈�
be a list of all primitive recursive schemes, and let {Be}e∈� be a list of all punctual
structures in the language of one unary function symbol. We construct d, a Δ0

2
function oracle, and a punctual injection structure A = (�,fA), satisfying the
following requirements:

Pe : Ψde 
= g.
Qe : d ≥pr qe ⊕ q–1

e where qe : A→ Be is an isomorphism, or A 
∼= Be.
Strategy for one Qe requirement: Fix some punctual structure Be with a single

unary function. If such a function is ever discovered to not be injective, then Qe is
trivially satisfied. We may thus assume that Be is an injection structure.

When the construction begins, we enumerate only finite orbits of some given size
n. Although Be is punctual and should enumerate its elements ‘quickly’, we note
that arbitrary Be could still be much ‘slower’ than the structure A defined by us.
The intention here is obviously to use d to encode this delay. More specifically, since
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PRIMITIVE RECURSIVE CATEGORICITY SPECTRA OF FUNCTIONAL STRUCTURES 11

we only enumerate finite orbits of size n, if Be ever shows some orbit not of size n
(or more generally if Be is not a substructure of A), then we will never enumerate
such a size into our structure A, ensuring that A 
∼= Be . Thus, Be should eventually
enumerate an orbit of size exactly n. Once it does so, we define d (0) to be the stage
number at which this happens. The intention here is that d (j) encodes the stage
number at which Be enumerates the j-th orbit enumerated into A.

Strategy for one Qe and infinitely many Pe : Fix some infinite sequence of sizes
n0 < n1 < n2, ... , and begin the strategy for Qe as described previously. Enumerate
only orbits of size n0 and define d (j) to be the stages at which Be enumerates
a suitable qe-image for the j-th orbit in A. Repeat this process until Ψd0 
= g is
witnessed. Since g is not primitive recursive and d currently contains only primitive
recursive information, Ψd0 
= g must be witnessed at some finite stage s0. Once such
a stage is reached, we define d (s0)[s0] = 0. The idea is that d (s0) should encode a
stage large enough such that Be contains A[s0] as a substructure. As long as A[s0] is
not a substructure of Be , d (s0) remains at 0.

Suppose that for all j < i , we have defined sj , and Ψdj 
= g is witnessed by the
initial segment d � sj . We now begin enumerating only orbits of size ni into our
structure A. Just as before, if it is discovered that Be is not a substructure of A, then
Qe will be satisfied by keeping A 
∼= Be . Similarly, d (si–1 + k) will encode the stage
at which the k-th orbit of size ni is enumerated intoBe . Continue this process until it
is discovered that Ψdi 
= g. Since d consists of only primitive recursive information
(with finitely many exceptions, i.e., d (sj) for each j < i) and g is not primitive
recursive, Ψdi 
= g must be witnessed at some finite stage si . We may then recursively
repeat this procedure as described above, defining d (si)[si ] = 0 and enumerating
orbits of size ni+1 into A.

However, for i > 0, the failure of Ψdi to compute g is witnessed by the initial
segment d � si . In particular, this initial segment includes d (sj) for j < i . At stages
s where A[sj ] is discovered to be a substructure of Be , the value of d (sj) changes
from 0 to s, possibly changing the computation in such a way that Ψdi now looks
to be equal to g. When this happens, we initialise all requirements Pk for k > j and
return to enumerating only orbits of size nj+1 and restarting our definition of sk for
all k > j. Clearly, each Pi can only be initialised if d (sj) changes for some j < i ,
and thus each Pi will be initialised only finitely often.

The general strategy: We order the requirements Q0, P0, Q1, P1, ... . During the
construction, we maintain n0 < n1 < ... and s0 < s1 < ... as distinct sets of markers
with the usual rules; whenever ni or si changes, all nj or sj for j > i will be kicked to
some value> ni or> si , respectively. As described earlier, we begin by enumerating
orbits of size n0 into A and record the stages at which these orbits are enumerated
into B0. At each stage s of the construction, as long as Ψd�s0 = g, we kick si for
all i ≥ 0 and define s0 = s + 1. Once Ψd�s0 
= g is witnessed, let s0 = s and define
d (s0) = 0.

Suppose now that we have currently witnessed Ψ
d�sj
j 
= g for each j < i . We will

attend toQ0, Q1, ... , Qi andPi in subsequent stages. Similar to before, we enumerate
only orbits of size ni while waiting for the stage s such that Ψd�si 
= g. As long as
Ψd�si = g, we kick sk for all k ≥ i at stage s. For inputs x > si–1, we use d (x) to
record the stage at which the (x – si–1)-th orbit of size ni is enumerated into the
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12 NIKOLAY BAZHENOV, HEER TERN KOH, AND KENG MENG NG

structures B0, B1, ... , Bi . More specifically, we define d (si–1 + k) to be an (i + 1)-
tuple, where each bit is the stage at which Bj enumerates the k-th (> 0) orbit of size
ni for each j ≤ i . We continue this process until the first stage s where one of the
following happens:

• If Ψd�si 
= g, then define d (si )[s] to be the all zero i-tuple, and proceed to attend
to Q0, Q1, ... , Qi+1, and begin the process to find si+1.

• For some j < i , A[sj ] is discovered to be a substructure of Bk for some k ≤ j
at stage s. At such a stage s, change the k-th bit of d (sj) to s (recall that d (sj)
is a j-tuple), define sj+1 = s + 1 and initialise the requirements Pj′ , Qj′ for all
j′ > j. Then return to attending to Q0, Q1, ... , Qj+1 and restart the process to
find sj+1.

Intuitively, the first case is when we manage to successfully define si without any
changes to d � si–1. The latter case is where some change is made in d � si–1 before
finding si . When this happens, we return to the strategy for attending to the Q-
requirements with indices ≤ j + 1, and Pj+1 for the largest j where d � sj did not
change. We then also restart the definition of d (x) for x > sj . Note that this does
not injure the strategy for Q0, ... , Qj at all; we only need ensure that d computes
an isomorphism between A and Bk for k ≤ j. Therefore, only the strategies for the
requirements Pj′ for j′ > j are ‘injured’ by this action.

There is an additional point to note when we have multiple Qe requirements.
Recall that for a single Qe , if for some k, Be reveals more orbits of size k than
A currently contains, then we are able to permanently keep A 
∼= Be . However, the
differentQe might possibly interact in a way that ‘damages’ our strategy of recovering
an isomorphism from d. In particular, the information we have encoded into d is
not quite sufficient; we need to be able to compute where each structure Be places
the orbits of size k for nj < k < nj+1 (which might have been enumerated into A
before k is restrained from A). Thus, we shall also track the stages te at which we
‘act’ for Qe (see the construction for the definition). If we never do so, then let te ↑.
Otherwise, d (sj) will also encode the stage at which A[tj+1] becomes a substructure
of Bl for various l ≤ j. Since A[tj+1] being a substructure of Bl is c.e., it is easy to
see that the ‘injury’ to the P-requirements remain finite. (Recall that Q-requirements
are never injured.)

Construction: Each stage of the construction could possibly last for a non-
primitive recursive amount of time. During the construction, we also track sub-
stages; stages of primitive recursive time at which we enumerate new elements into A.

At stage 0, define ni [0] = i + 1 and si = i for each i ∈ �. Begin enumerating
orbits of size n0[0] into A, and do the following:

(i) If B0 remains a substructure of A, then within primitive recursive time, B0

must enumerate the first orbit of size n0[0]. When it does so, we record the
sub-stage at which this happens using d (0).

(ii) If B0 is not a substructure of A, then define d (0) = 0. Since n0 is currently 1,
and A only contains orbits of size n0[0], in order forB0 to not be a substructure
of A, one of the following must happen:
• B0 enumerates an orbit which has yet to close. By ensuring that our structure

has no infinite orbits, B0 can only be isomorphic to A if all orbits of B0 are
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PRIMITIVE RECURSIVE CATEGORICITY SPECTRA OF FUNCTIONAL STRUCTURES 13

also finite. Thus, any orbit enumerated by B0 has to eventually close. That
is, we need not consider orbits which do not close.

• B0 enumerates a (closed) orbit of size k > n0[0]. Then define n0[1] to be
some number > k, kicking all subsequent nj for j > 0. Throughout the
construction, we shall only enumerate orbits of size ni [s] for some i at each
stage s of the construction. This ensures that we shall never enumerate any
orbit of size k into A, as k < n0[1] ≤ n0[s] < n1[s] < ... for all s > 0.

• B0 enumerates more orbits of size n0 than A. Then we similarly define n0[1]
to be a fresh number. In subsequent stages of the construction, we will
never enumerate any orbit of size n0[0].
If n0 is defined to be some fresh number by an action above, then we say to

have acted for Q0, and define t0 to be the sub-stage at which we did so.
Once we have succeeded in defining d (0), proceed to stage 1.

At stage s, we say that
• Qi requires attention if we have never acted for Qi (to be defined later), and

there is some orbit of size k ≥ ni [s], such that Bi contains more orbits of size
k than A, and

• Pi requires attention if Ψd�si is currently equal to g.
In addition, if we have acted for Qi , then let ti be the sub-stage at which we did so.
At the beginning of stage s, for any i ≥ 0 and j ≤ i such that si < s and we have
yet to act for Qj , do the following:

• If ti+1 is defined, and the structures A[si ] and A[ti+1] are both substructures
of Bj , then define the j-th bit of d (si ) to be the sub-stage at which this was first
witnessed. Otherwise, let the j-th bit of d (x) for all x > si–1 be 0.

• If ti+1 is undefined, then we only check whether A[si ] is a substructure of Bj .
If it is, then define the j-th bit of d (si ) to be the first sub-stage at which it was
witnessed. Otherwise, define the j-th bit of d (x) for all x > si–1 to be 0.

Once all such changes are made, let i be the least for which Qi or Pi requires
attention.

If it was Qi which required attention, then define ni [s + 1] to be some fresh
number, and proceed to stage s + 1. We then say that we have acted for Qi and
define ti to be the current sub-stage.

If it was Pi which required attention, then define si = s + 1 and define d (x) for
all si–1 < x < si = s + 1 as follows. While attempting to define d (x), we enumerate
only orbits of size ni [s] into A. Let j ≤ i be given.

(i) Define the j-th bit of d (x) to be 0 if one of the following holds:
• Bj is currently not a substructure of A. To be more specific, this means that

there is some finite size k such that Bj currently has more orbits of size k
than A does.

• The j-th bit of d (y) is currently 0 for some y < x. Intuitively, this means
that Bj currently does not look isomorphic to A.

• We have acted for Qj at some earlier stage. In fact, once we have acted for
Qj , let the j-th bit of d (x) for all x > sj–1 be 0.
In the following cases, we may thus assume that none of the above hold.

(ii) Define the j-th bit of d (x) to be the sub-stage at which the (x – si–1)-th orbit
of size ni [s] is enumerated into Bj . Since Bj is punctual, it has to enumerate
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14 NIKOLAY BAZHENOV, HEER TERN KOH, AND KENG MENG NG

new elements primitive recursively. In addition, new orbits either grow in size
quickly or close and reveal their final size. Applying this with the fact that
there are only a fixed number of orbits of size < ni [s] currently in A, and we
are only enumerating orbits of size ni [s] into A, after some primitive recursive
delay, one of the following must happen:
• Bj enumerates the (x – si–1)-th orbit of size ni [s]. As mentioned earlier, we

record the sub-stage at which this happens in the j-th bit of d (x).
• There is some k ≥ nj [s] such that Bj has more orbits of size k than A does.

That is, Qj would require attention at the next stage, and if acted for, we
claim that we never again enumerate any orbits of size k (to be verified
later).

• There is some k < nj [s] such that Bj has more orbits of size k than A does.
In this case, we cannot forcefully kick higher priority nj′ [s] ≤ k for the
sake of Qj . We instead ensure that each size appears only finitely often in
A, meaning that we can non-uniformly fix q–1

j : Bj → A on all orbits of

size< nj , allowing us to satisfyQj via computing qj ⊕ q–1
j from d (verified

below). In the meantime, define the j-th bit of d (y) to be 0 for each y > sj–1.

Once we have successfully defined d � (s + 1), then proceed to stage s + 1.
Verification: We first make some preliminary observations. Notice that each

ne only changes if ne′ for some e′ < e changes, or we acted for Qe during the
construction. Since we only act at most once for each Qe , it is easy to see that each
ne stabilises eventually.

To see that d is Δ0
2, observe that for each x ∈ �, and for each si , exactly one of

x > si , or x ≤ si is true for cofinitely many stages of the construction. Note that
this is simply a consequence of how each si only increases when it is changed, and
that we do not claim or require that si stabilises here. For a given x, since x = sx [0],
there exists a least i for which x ≤ si for cofinitely many stages. As a result, d (x)
must be an (i + 1)-tuple. For such an i, there is a stage s∗ such that ni never again
changes after stage s∗. We may further assume inductively that s∗ is also such that
d � x never changes after s∗. We argue that each bit of d (x) stabilises. Fix some
j ≤ i and consider the j-th bit of d (x):

• If there is some y < x such that the j-th bit of d (y) is 0, then the j-th bit of
d (x) will also be defined to be 0. Furthermore, by the assumption that d � x
never again changes after stage s∗, the j-th bit of d (x) will forever remain at 0.

• We may thus suppose that the j-th bit of d (y) is always > 0 for each y < x.
We further split into the cases where either x < si or x = si . For x < si , recall
that the j-th bit of d (x)[s] either records the sub-stage at which Bj enumerates
the (x – si–1)-th orbit of size ni [s], or records 0 if Bj was discovered to not
be a substructure of A at stage s. This means that there is some k such that
Bj [s] contains more orbits of size k than A[s] does. There are then two further
possibilities:
– If k ≥ nj [s], then we must have already acted for Qj , otherwise nj [s + 1] 
=
nj [s] a contradiction to the assumption that ni , and thus nj , has already
stabilised. However, if we have already acted for Qj , then the j-th bit of
d (y) for all y > sj–1 is always defined to be 0. In particular, we obtain that
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the j-th bit of d (x) remains at 0 for the remainder of the construction as
x > si–1 ≥ sj–1 for any j ≤ i .

– If k < nj [s], then recall from the construction (stage s (ii)) that the j-th
bit of d (x) is also defined to be 0. We claim that it never again changes
after stage s∗. Suppose for a contradiction that it does. Then that implies
that we must have enumerated new orbits of size k into A, allowing Bj to
become a substructure of A. This means that k is necessarily nl [s] for some
l < j. However, this further implies that at some stage t > x, we returned to
attending to Pl ; meaning that sl > x, a contradiction to the assumption that
i > l is the least for which si ≥ x for cofinitely many stages.

For x = si , the j-th bit of d (x) records one of the following:
– the sub-stage at which A[si–1] becomes a substructure of Bj , or
– the sub-stage at which A[ti ] becomes a substructure of Bj , provided ti is

defined and larger than si–1, or
– 0 otherwise.

It is easy to see that the first two points are c.e. events once si–1 has stabilised
and ti has been defined if ever. Thus, d (x) never changes after some finite stage.

In conclusion, we have that each ne eventually stabilises, and that d is a Δ0
2 function.

We are now ready to prove that Pe and Qe are satisfied.
EachPe is satisfied: We proceed by induction on e ∈ � and show that se eventually

stabilises at some finite value. Let e be the least such that se changes infinitely often.
From the construction, se only changes if eitherQe or Pe requires attention or some
se′ where e′ < e changes. Since e is assumed to be the least for which se changes
infinitely, then we may assume that either Qe or Pe requires attention infinitely
often:

• Recall that Qe can only require attention at stage s if we have never acted for
it. In particular, since se is the least which changes infinitely often, Qe must
eventually be the highest priority requirement which requires attention. At such
a stage, we would have acted for Qe , and it will never again require attention
in the construction. We may thus suppose that it is Pe which requires attention
infinitely often.

• Suppose that Pe requires attention infinitely often. Let s∗ be a stage large
enough such that all of the following hold:
– s0, s1, ... , se–1 and n0, n1, ... , ne have all stabilised.
– d (x) for all x ≤ se–1 does not change after stage s∗.
– Pe requires attention at stage s∗.

By our assumption that e is the least for which se changes infinitely and the
earlier observations, such an s∗ must exist.

If there is some stage s > s∗ at which Pe does not require attention, then we
claim that Pe never again requires attention. Let s denote the first stage after
s∗ at which Pe does not require attention. Similarly, let s ′ denote the first stage
after s at which Pe again requires attention. Recall that Pe requires attention at
some stage iff Ψe temporarily computes g with the current d. More specifically,
we have that Ψ(d�s)[s])

e 
= g, Ψ(d�s ′)[s ′]
e = g, and at some stage s ′′ between s and

s ′, d (x)[s ′′] 
= d (x)[s ′′ + 1] for some x < s . It follows from the construction
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that se [s] = s , and by the choice of s∗, we obtain that se–1 < x < se [s ′′]. For
each such x, d (x) records either 0 in the j-th bit or the sub-stage at which Bj
enumerates the (x – se–1)-th orbit of size ne . Consider the following cases:
– If the j-th bit of d (x)[s] is non-zero, then it means thatBj has enumerated the

(x – se–1)-th orbit of size ne . Since Bj is punctual, this enumeration cannot
be ‘undone’, and the j-th bit of d (x) cannot change unless the j-th bit of d (y)
changes to 0 for some y < x. By choice of s∗ such a y must be larger than
se–1, as d � (se–1 + 1) is assumed to have stabilised. But the j-th bit of d (y)
records the sub-stage at which Bj enumerates the (y – se–1)-th orbit of size
ne . This means that the j-th bit of d (y) cannot possibly be 0.

– As noted above, if there is some y < x such that the j-th bit of d (y) is 0,
then the j-th bit of d (x) will similarly be 0. We may thus assume that x is
the least for which the j-th bit of d (x)[s] is 0. An analysis of the actions in
the construction allows one to easily conclude that this can only happen if
there is some k ∈ � such that Bj [s] contains more orbits of size k than A.
Obviously, k < nj ≤ ne , otherwise, we would have acted forQj at some stage
after s∗, contradicting the assumption that nj has stabilised. Note that we
could not have acted for Qj before s∗, otherwise the j-th bit of d (y) would
be 0 for all y ≥ s∗ (by definition of d (x)).
In other words, d (x)[s] once defined, never changes again for each x < s ,

implying that g 
= Ψ(d�s)[s]
e = Ψd�se . That is, Pe never again requires attention

after stage s, contradicting the assumption that it requires attention infinitely
often. Thus, we may assume that for all stages after s∗, Pe always requires
attention.

In addition, recall that we may discover in primitive recursive time whether
Bj enumerates the (x – se–1)-th orbit of size ne , or enumerates more orbits
of size k than A does for some k < ne . Thus, for each x > se–1, d (x) can be
computed primitive recursively. But this implies that Ψde = g, contradicting
the assumption that g is not primitive recursive. Therefore, Pe cannot require
attention for infinitely many stages.

It follows immediately that for each e, Pe is satisfied as Ψd�see 
= g, and thus Ψde 
= g.
Each Qe is satisfied: During the construction, note that we enumerate orbits of

size ne only at stages where Pe is the highest priority requirement which requires
attention. Using the observation that se also stabilises eventually, it follows that
after stage se , we never enumerate any orbit of size k ≤ ne into A. Therefore, A only
consists of finitely many orbits of size k for each k ∈ �.

It remains to argue that each Qe is satisfied. Since each ne stabilises at a finite
value and we only ever enumerate orbits of size ne[s] for some e, s , A contains no
infinite orbits. We may thus assume that Be also contains no infinite orbits, as Be
cannot possibly be isomorphic to A otherwise. We split the proof into two cases as
follows.

First, suppose that at some finite stage s, we acted for Qe . Recall that this means
that at stage s, Qe is the highest priority requirement which required attention. In
particular, we have yet to act for Qe at stage s, and there is some orbit of size
k ≥ ne[s] such that Be contains more orbits of size k than A. We claim that after
we act for Qe , no more orbits of size k will be enumerated into A, thus preserving
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Be 
∼= A. When we act for Qe , we define ne to be some fresh number at stage s,
and kick all subsequent ne′ for e′ > e. That is to say, k < ne′ [s ′] for each e′ ≥ e
and s ′ > s . By the properties of the markers ni , we also have that ni [s] < ne[s] ≤ k
for each i < e, and thus k 
= ni [s]. Therefore, if we never act for any Qi for i < e
after stage s, Be cannot possibly be isomorphic to A, as no more orbits of size k
are ever enumerated. On the other hand, if there is some stage s ′ > s during which
we act for Qi where i < e, ni is similarly defined to be a fresh number at such a
stage s ′. This once again ensures that ni [s ′′] > k for any i ∈ � and any s ′′ > s ′. In
conclusion, once we have acted forQe , we never again enumerate any orbit of size k
into A.

Now suppose that we never act for Qe during the construction. If Qe requires
attention at infinitely many stages, then there must be some finite stage during
which we act for it. Thus, there must be some stage s after which Qe never again
requires attention. In particular, after such a stage, we must have that Be is always a
substructure of A; as long as we are able to define qe : A→ Be on orbits enumerated
into A after such a stage, q–1

e is naturally also primitive recursive. We fix such a stage
as s∗, and define qe : A→ Be as follows. Let k be the largest such that there is an
orbit of size k in Be at stage s∗. In addition, let i ≥ e be the least such that ni > k.
Observe that after stage si in the construction, we never enumerate any orbit of size
< ni . In particular, by non-uniformly fixing qe on A � si , we need only define qe on
orbits of size ≥ ni > k.

Let a0, a1, ... , be the orbits enumerated into A after stage si . We further assume
that for each stabilising value of nj , we enumerate at least one orbit of size nj into
A. In particular, for each j ∈ �, aj has size at most ni+j . For convenience, we
refer to d (sj) for j ∈ � as the special entries of d, and call d (x) for all other x
as the non-special entries. Note that we do not truly need to differentiate between
the two; this definition is made purely for ease of argument. Define the primitive
recursive scheme computing qe from d as follows. Given j ∈ �, compute d (x)
for each x ≥ si until we have computed d (si + 2(j + 1) + 1). Since each entry
is either special or non-special, this process guarantees that we must either have
computed d on at least j + 2 many special entries, or at least j + 2 many non-special
entries.

We shall argue that by the sub-stage given by the maximum of the e-th bit of the
various d (x) computed by the procedure above, an appropriate qe image for aj must
have been enumerated into Be . Consider the cases as follows:

• Suppose that we have computed at least j + 2 many special entries of d.
That is, we have computed d on the entries si < si+1 < ··· < si+j+1 ≤ si +
2(j + 1) + 1. Since aj has size at most ni+j , and all such orbits must have
been enumerated into A before stage si+j+1, then it follows that the e-th bit of
d (si+j+1) encodes a sub-stage large enough such that A[si+j+1] has become a
substructure of Be , providing an appropriate qe image for aj .

• Suppose that the previous case does not hold. That is, there exists k ≤ j such
that si+k ≤ si + 2(j + 1) + 1 < si+k+1. From the assumption earlier that there
is at least one orbit of size nl for each l ∈ �, aj must have size < ni+k+1. If aj
has size< ni+k , then using the same argument as before, the sub-stage at which
a qe image for aj is enumerated into Be happens before the sub-stage given by
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the e-th bit of d (si+k). In addition, if aj has size > ni+k , then ti+k+1 ↓ and
aj must have been enumerated into A by stage ti+k+1. Recall that if ti+k+1 ↓,
then the e-th bit of d (si+k) is at least as big as the sub-stage at whichA[ti+k+1]
becomes a substructure of Be . Therefore, we may find an appropriate qe image
for aj by such a sub-stage.

We may thus assume that aj has size exactly ni+k . Applying the case
assumption, we also obtain that we have computed d on at least j + 2 many
non-special entries, denoted by x0 < x1 < ··· < xj+1. Recall that on non-
special entries, the e-th bit in d (x) is a sub-stage at which Be enumerates the
(x – sl )-th orbit of size nl , where l is the largest such that sl < x. Therefore,
each of the e-th bits of d (x0), d (x1), ... , d (xj+1), should encode the sub-stage
at which some orbit of size nl entersBe for some l ≥ i . Since aj is the (j + 1)-st
orbit of size ≥ ni to be enumerated into A, it follows that at least one of the e-th
entries of d (x0), d (x1), ... , d (xj+1), gives a sub-stage large enough at which an
appropriate qe image for aj must have been enumerated into Be .

Thus, provided that Be ∼= A, that is, the e-th bit of d (x) is non-zero for all x ≥ e,
we may primitive recursively compute an isomorphism qe : A→ Be and its inverse
using d. Theorem 3.1 is proved. 


§4. Degrees of punctual categoricity. In this section, we show that in every non-
zero c.e. Turing degree, there exists a PR-degree that is low for punctual isomorphism
and a PR-degree that is a degree of punctual categoricity. We split the proof into
Theorems 4.1 and 4.2.

Theorem 4.1. Let d be a non-zero c.e. Turing degree, then there existsf ≡T d such
that f is low for punctual isomorphism.

Proof. Let W be a non-recursive c.e. set and let {Ψi}i∈� and {An}n∈� be
listings of all primitive recursive schemes and all punctual structures, respectively.
We construct a total function f : � → {0, 1} such that f ≡T W and satisfying the
following requirements:

Ri,j,m,n : If Ψfi : Am → An and Ψfj : An → Am are isomorphisms such that

Ψfi ◦ Ψfj is the identity map, then Am and An are punctually isomorphic.

An initial description: To construct f ≡T W , we use a standard permitting
technique. Throughout the construction, there will be a set of markers {m0 < m1 <
... } ⊆ � such that f(mi) =W (i), and a marker mi may be moved during stages at
which some j < i is enumerated into W. This ensures thatW ≤T f (to be proved
later). To obtain f ≤T W , we will only change f(x) at stage s if some y ≤ x is
enumerated into W at stage s.

We now turn our attention to the requirementsRi,j,m,n. Let i, j,m, n ∈ � be given.
The oracle f begins as the all 0 function. For a single requirement Ri,j,m,n, we
maintain a pointer p which tracks the value at which Ri,j,m,n is currently searching
for an error; let f∗ := (f � p)�1� and check if both of the following holds:

• Ψf
∗

i ◦ Ψf
∗

j is the identity.

• Ψf
∗

i and Ψf
∗

j are both injective and preserve all functions and relations in the
signature of Am and An.
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If no error is ever found at this value of p, then Ψf
∗

i must be a punctual isomorphism
from Am to An, since f∗ is clearly primitive recursive. On the other hand, if one
of the conditions does not hold, it must be witnessed at some finite stage s with
the oracle f∗ � s . By changing f � s to f∗ � s , and provided that f � s never again
changes, this failure of one of the above conditions will be preserved, thus ensuring
that Ri,j,m,n is satisfied.

In order to stay consistent with the permitting strategy, permission must be
provided by W forf � s to change. That is, some x ≤ p has to enter W at some stage
after the error forRi,j,m,n is found in order forf(y), where p ≤ y < s , to change. For
a fixed p, permission might never be obtained. To circumvent this, Ri,j,m,n should
search for errors at multiple locations. More specifically, for the strategy of Ri,j,m,n,
we also attempt to define a computable function ge , where e = 〈i, j,m, n〉 as follows.
At each stage s of the construction, p will ‘point’ to some markermx . Once an error
for Ri,j,m,n has been found at (the current value of) mx , define ge(x) to also be the
current value ofW (x). Then ‘point’ p to the marker mx+1 and repeat the process.
The function ge as defined is clearly computable, and provided that errors are always
successfully found at each mx , ge will also be total. Since W is non-recursive, there
must be some x at which x enters W at a stage after an error was found for Ri,j,m,n
at mx , thus allowing us to act for Ri,j,m,n by changing the oracle f.

As the strategy of each requirementRi,j,m,n only depends on whether an error can
be found, we use the pairing function, letting e = 〈i, j,m, n〉, and simply refer to
Ri,j,m,n as Re . Similarly, pe and ge will, respectively, be the pointer and computable
function associated with the strategy for Re .

The general strategy and injury: The priority of the requirements will be arranged
as R0, R1, ... . Since the values of the markers are dynamic, when we say that pe
points to mx , this means that the value of pe copies mx as it changes. At each stage
of the construction,Re will always be searching for errors usingfe := (f � pe)�1� .
Once an error is found, define ge(x) to be the current value ofW (x) where x is such
that pe currently points to mx . Also let pe now point to mx+1. As discussed in the
initial description of the strategy, there is either some x for which no error is ever
found for Re at x or x eventually enters W, providing permission for Re to act.

While the strategy for Re is being pursued, one of the following could happen:

• The value of mx at which Re previously found an error changes.
• The value of mx at which pe is currently pointing changes.
• The oracle changes value at y for some y < pe .

In the above scenarios, it is evident that any potential satisfaction found forRe may
now become undone, and we say that Re is injured. However, we shall show that in
each of the above scenarios, progress in the strategy of a higher priority Re′ must
have been made. To give a brief description of why this is so, recall that mx changes
only if some x′ < x enters W. In particular, W has just provided permission to
change f(y) for any y ≥ x′. That is, any Re′ which had earlier found an error at
mx′ now has permission to act. As long as we arrange the construction such that
such an Re′ must be of higher priority or e′ = e, it is clear that the potential injury
is finite. To this end, throughout the construction, pe < pe′ if e < e′. In addition,
for each x such that pe < mx < pe′ , it must be that Re′ has found an error at mx .
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Construction: During the construction, each requirement Re will be declared
either satisfied or unsatisfied. At the start of the construction, for each e ∈ �,
let me[0] = e, point each pe at me , and declare Re to be unsatisfied. Also define
f(x) = 0 for all x ∈ �. At each stage s of the construction, do the following.

Step 1: For each e ≤ s such that Re is currently unsatisfied, search for an error
for Re at pe with the oracles (f � pe)�1s–pe , and run each computation
till stage s.

Step 2: Let e be the least such thatRe has found an error at pe andRe is currently
unsatisfied. If no such e exists, then proceed to Step 3. Otherwise, let x be
such that pe is currently pointing at mx . Then define ge(x) =W (x)[s],
and let pe now point to mx+1. For each e′ > e, declare Re′ to be
unsatisfied, define ge′(y) ↑ for each y ∈ �, and point pe′ to mx+1+e′–e .
For convenience, we refer to this action as initialising Re′ .

Step 3: Let e be the least such that Re has found an error at mx [s] for which x
has just entered W. Then define f � s to be (f � mx)�1s–mx , declare Re
to be satisfied, and initialise Re′ for each e′ > e. Also for each x′ ≥ x,
define mx′ [s + 1] to be the least number ≥ s and 
= mx′′ [s + 1] for any
x′′ < x′. Notice that f on all such inputs is currently 0. For each x′ ≥ x
that is currently contained in W, define f(mx′ [s + 1]) = 1.

Verification: To verify that the construction works, we prove the following
statements:

(i) For each x ∈ �, the value of mx := lims mx [s] never changes after the stage
s for whichW [s] � x =W � x, and f(mx) =W (x).

(ii) For each e ∈ �, there is some xe ∈ � such that pe points atmxe for cofinitely
many stages.

Let x ∈ � be given. Fix the least stage s such that W [s] � x =W � x. The only
action in the construction which possibly changes the value of mx is in Step 3.
In particular, if mx [s + 1] 
= mx [s], then at stage s, some x′ < x must have been
enumerated into W. Since s is a stage at which W [s] � x =W � x, this cannot
happen after stage s, and thus lims mx [s] = mx [s + 1]. To see why f(mx) =W (x),
consider the following cases:

• There is some stage t such that x enters W at stage t. If t ≥ s , then at stage t, Step
3 of the construction ensures that we define f(mx [t + 1]) = 1. Since the value
of mx never changes after stage s, it follows that f(mx) = f(mx [t + 1]) = 1.
On the other hand, if t < s , then it must be that s > 0, and at stage s, some
x′ < x enters W. Then the construction would have defined f(mx [s + 1]) = 1
since x ∈W [t] ⊆W [s] and x > x′. Just as before, since the value ofmx never
again changes after stage s + 1, f(mx) = f(mx [s + 1]) = 1.

• If x /∈W , then we claim that f(mx) = 0. Observe that whenever some x′ < x
enters W [t], mx [t + 1] would be defined to be a fresh value; thus f(mx [t +
1])[t] = 0. This implies thatf(mx) = f(mx [s + 1])[s] = 0 since nox′ < x ever
enters W after stage s.

Using (i), we may easily show that f ≡T W . Given f and x, suppose that mx′ has
been computed for each x′ < x, and search for the stage s such that W [s] � x =
{x′ | x′ < x and f(mx′) = 1}. For such a stage s, it must be that mx [s + 1] = mx ,
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and we may then retrieve W (x) by computing f(mx). To compute f(x), since
f(x) possibly changes only when some y ≤ x enters W, at the stage s such that
W [s] � (x + 1) =W � (x + 1), f(x)[s + 1] = lims f(x)[s].

From Steps 2 and 3 of the construction, it is evident that the markersmx at which
each pe points is increasing (in x). Thus, if pe does not point at a single marker for
cofinitely many stages, then pe points at each marker for only finitely many (possibly
0) stages. Let e ∈ � be the least such that this holds. Following the construction, a
pointerpe only changes the marker it points at due to one of the following reasons:

• An error for Re was found at mx at which pe is currently pointing. Then pe
subsequently points at mx+1. (See Step 2 of the construction.)

• Re has acted (see Step 3).
• Re was initialised.

Re is only initialised if there is some e′ < e such that an error for Re′ was found
(see Step 2), or Re′ has acted (see Step 3). In either of these situations, the marker
pe′ is pointing at changes. By the assumption that e is the least for which the marker
pe points at changes infinitely often, we may assume that past some finite stage s∗,
pe cannot change due to Re being initialised. After such a stage, pe changes only if
it has acted or if an error is found at the current marker pe is pointing at.

If Re has acted, then it must have been declared to be satisfied. Furthermore,
as no other higher priority requirement acts after s∗, Step 2 of the construction
never again considersRe . In other words, onceRe acts after stage s∗, pe never again
changes the marker it points at.

Finally, we consider the possibility thatRe never acts after stage s∗. Then the only
way that pe changes the marker it points at infinitely often is if errors are found at
each marker that pe points at. In addition,Re never receives permission to act upon
these errors; there is some x such that for all x′ ≥ x, ge(x′) ↓=W (x′), contradicting
the assumption that W is non-recursive.

A quick analysis of the construction allows one to conclude that if pe stabilises,
then Re must remain in the satisfied state for cofinitely many stages. In addition,
this means that either some error forRe was found and acted upon, or there is some
x such that no error for Re is ever found at mx . Thus, each Re is met. Theorem 4.1
is proved. 


Theorem 4.2. Let d be a non-zero c.e. Turing degree, then there exists g ≡T d such
that g is a degree of punctual categoricity.

Proof. Let W be a non-recursive c.e. set, {pe}e∈� be a listing of primitive
recursive functions, and let {Be}e∈� be a listing of the punctual structures in
the language of our structure B. We construct g ≡T W satisfying the following
requirements:

G : There exists punctual B ′ ∼= B such that if f : B → B ′ is an isomorphism,

then f ⊕ f–1 ≥pr g.
Qm,n : If Bm ∼= Bn ∼= B, then there exists h : Bm → Bn, an isomorphism,

such that g ≥pr h ⊕ h–1.
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Figure 1. The e-th component of B. The function arrows for R and P are not shown
here. The solid arrows represent the function S, and the dashed arrows represent C.

For each x ∈ �, define g(〈0, x〉) to be the stage at which x enters W, and – 1 if no
such stage exists. For each e > 0 and each x ∈ �, also define g(〈e, x〉) to be the
stage at which pe–1(x) ↓. It is evident that g ≡T W .

An initial description of B: We adopt the pressing strategy from [26]; we construct B
so that each potential punctual structure in the same language is either g-punctually
isomorphic to B or not isomorphic at all. The language of our structure will consist
of four unary function symbols S,P,R, and C defined below. In the e-th component
of our structure, we will have elements which form a spine, given by be,i,0 for the
various j ∈ �, and a distinguished element, be,0,0 which is the root (illustrated in
Figure 1).

• For each element along the spine, be,i,0, the function C generates xe-cycles,
consisting of finitely many elements be,i,j , for each j < xe with the property
that C (be,i,xe–1) = be,i,0 and C (be,i,j) = be,i,j+1 for each j < xe – 1.

• The range of the map S consists only of elements along the spine. More
specifically, for each i and j < xe , S(be,i,j) = be,i+1,0.

• P is the identity map on all elements of the form be,i,j .
• Finally, R maps all elements within the e-th component to be,0,0, the root.

This ensures that in any potential copy of B, the roots of each component
must be enumerated quickly after any element within that same component is
enumerated.

To aid in the strategy for G and the various Qm,n, we shall keep the components
‘sufficiently’ different by keeping the cycle sizes of each component different.

The pressing strategy: Except for stages where we ‘switch’ (see strategy for R),
the structures B and B ′ will be enumerated in exactly the same way. In much the
same spirit as the original pressing argument, we want to ‘force’ the structures Be
to remain as substructures of B and B ′ at each stage. In general, the 2e-th and
(2e + 1)-st components of B will depend on the structures Bn for each n ≤ e. At
each stage of the construction, only one component is not closed: there is some
element in the component such that S is yet to be defined on that element.

For simplicity, first consider the 0-th component. Set the cycle size for the 0-th
component as 1. While waiting for B0 to enumerate elements, continue enumerating
the elements b0,i,0 of the spine of the 0-th component and defining C (b0,i,0) = b0,i,0.
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When some element is enumerated into B0, compute CmR(b) for each m ≤M1

(whereM1 ≥ 1 to be defined later).

• IfCR(b) ↓= R(b), then it means that the structureB0 has enumerated the root
of the 0-th component.

• If the least m > 0 for which CmR(b) ↓= R(b) is not 1, then B0 has revealed
some cycle size not yet enumerated into B. By never enumerating such a cycle
size into B, we may then guarantee that B0 
∼= B .

• If such an m > 0 does not exist, that is, CmR(b) ↓
= R(b) for each 0 < m ≤
M1, then we may intuitively think of this as the situation in which B0 has
revealed some ‘large’ cycle size. While we may not directly obtain that B0 
∼= B
in this case, by some careful arrangement of the cycle sizes of each subsequent
component, we may avoid the eventual size of the cycle of R(b).

Once one of the above is witnessed, we may then close the 0-th component by
defining S(b0,i,0) = b0,i,0, where i is the largest index such that b0,i,0 currently exists
in B. The idea here is that in the first case, we have successfully made B0 ‘copy’
our structure B, and hence may proceed to enumerating other components. In the
second and third cases, we continue enumerating the 0-th component until some
guarantee that B0 
∼= B is obtained before closing the 0-th component and starting
new components. In particular, there is either some element b ∈ B0 such that R(b)
has a different cycle size than anything enumerated into B thus far, or has cycle size
at leastM1.

Let e > 0 be given and suppose that Me has been defined with the property
there is at least one (non-zero) size xe < Me that is available. In addition, for each
n ≤ �e/2�, one of the following holds:

• For each e′ < e, the root of the e′-th component has been enumerated into Bn;
there is some b ∈ Bn such that the least m > 0 for which CmR(b) ↓= R(b) is
such that m = xe′ .

• There is some b ∈ Bn such that the least m > 0 for which CmR(b) ↓= R(b) is
such that m 
= xe′ for any e′ < e. Then such a size m must have been declared
unavailable, and we shall refer to such Bn as inactive.

• If Bn is not inactive, but there is some b ∈ Bn such that for each 0 < m ≤
Me, C

mR(b) ↓
= R(b), then we say that Bn is pending and call b the e – 1-
witness.

The intuition is that forBn which are inactive, we already have thatBn 
∼= B , while the
Bn which are active are those that we still have to monitor during the construction.
For those Bn which are pending, there is still some ‘mystery’ element b ∈ Bn not
revealed to be part of any component enumerated into B thus far. The idea is that
we do not want such an element to be able to mimic some component enumerated
into B at a later stage. In building the e-th component, we need to take into account
all such structures and ensure that we only enumerate cycles with sizes smaller than
R(b) for the various witnesses b.

Begin the e-th component by enumerating the elements be,i,0 and letting the cycle
sizes be xe : for each j < xe – 1, let C (be,i,j) = be,i,j+1 and C (be,i,xe–1) = be,i,0. We
shall only close the e-th component when, for each n ≤ �e/2�, where Bn is not
inactive, either Bn has enumerated the root of the e-th component, or if Bn has a
e-witness b. Recall that this means that for each 0 < m ≤Me+1 (sufficiently large, to
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be defined shortly), CmR(b) ↓
= R(b). As before, while waiting for these conditions
to be met, we continue extending the spine of the e-th component to keep B (and
B ′) punctual.

• IfBn was previously declared pending, then it has a (e – 1)-witness b. That is to
say,R(b) cannot possibly have cycle size xe < Me , since Bn has already shown
that CxeR(b) ↓
= R(b). Continue computing CmR(b) for the (e – 1)-witness
b. This process either produces someMe < m ≤Me+1 such that CmR(b) ↓=
R(b), or we find that for each 0 < m ≤Me+1, C

mR(b) ↓
= R(b). If the former
holds, then declare Bn to be inactive and declare the size m to be unavailable
(recall that this means that such a size is never enumerated after this stage).
Furthermore, note that m 
= xe′ for any e′ ≤ e; there are no cycles of size m in
B currently. If the latter holds, then observe that b is now a e-witness for Bn
(and trivially still a (e – 1)-witness for Bn). In summary, for each pending Bn,
it either remains pending, or becomes inactive.

• If Bn is neither inactive nor currently pending, then for each element b
enumerated into Bn, compute for each 0 < m ≤Me+1, C

mR(b). If for each
m ≤Me+1, C

mR(b) ↓
= R(b), then declare Bn to be pending with the e-
witness b. We may thus assume that there is some 0 < m ≤Me+1 for which
CmR(b) ↓= R(b). Let m be the least where this holds. If m 
= xe′ (or ye′ , to
be defined later) for any e′ ≤ e, then declare m to be unavailable, and Bn to be
inactive. For the same reasons as before, Bn cannot possibly be isomorphic to
B. Recursively suppose that the e′-th component for each e′ < e is finite. That
is, there are only finitely many elements b′ ∈ B such that R(b′) has cycle size
xe′ (or ye′) for some e′ < e. In particular, Bn must eventually enumerate some
element b for whichR(b) does not have cycle size xe′ for any e′ < e, otherwise,
we will again discover that Bn 
∼= B (and can declare Bn to be inactive). That
is, if Bn is not declared to be pending or inactive, then it must, in finite time,
enumerate an element b such that the least m > 0 for which CmR(b) ↓= R(b)
is exactly xe .

Evidently, after starting the e-th component in B, for each n ≤ �e/2�, within finite
time, each Bn must either reveal a e-witness, become inactive, or enumerate the
root of the e-th component. Once such a stage is reached, then we close the e-th
component by defining S(be,i,j) = be,i,0 for each j < xe and where i is the unique
index for whichS(be,i,j) has yet to be defined. Roughly speaking, since each structure
potentially only ‘blocks’ one size, and each component uses only one size, it is
not hard to see that as long as Me+1 > (e + 1) + (�e/2� + 1) + 1, we may always
successfully find xe+1 < Me that is available to be the cycle size of the (e + 1)-st
component. As shall be seen shortly there are some additional factors that contribute
to the definition ofMe , thus we momentarily delay giving a definition.

The strategy for G: The idea here is to use the image of the root of each component
under a given isomorphism from B to B ′ to encode the values of g. However, since
each component depends on a growing number of punctual structures, there cannot
be a primitive recursive way to list the indices of the roots of each component. To
overcome this, we shall dedicate the components with index 2e to encode a stage
large enough such that B has closed the (2e + 2)-nd component, and necessarily
also closed the (2e + 1)-st component. Roughly speaking, to obtain the indices of
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Figure 2. Switching in the e-th component. The arrows represent the function P.

be′,0,0 for each e′ ≤ 2e, compute the given isomorphism on b0,0,0, obtaining the index
of b2,0,0, and repeating till we obtain the index of b2e,0,0. Observe that this process is
primitive recursive in the given isomorphism. The elements b2e+1,0,0 will be used to
encode the value of g.

We say that a component is ready if the following holds:

• If the component is the 2e-th component and the (2e + 2)-nd component has
closed in the structure B (and thus also B ′).

• If the component is the (2〈0, x〉 + 1)-st component and x has entered W.
• If the component is the (2〈e + 1, x〉 + 1)-st component and pe(x) has

converged.

Suppose that all components in B andB ′ are currently closed. For the component
with the lowest index, say e, that is ready, we perform the switch as follows. Enumerate
an exact duplicate of the e-th component into B, containing the elements de,i,j for
each i, j where be,i,j is currently an element in the e-th component. In particular,
the collection of all the be,i,j are indistinguishable from the collection of de,i,j up to
isomorphism. Do the same in B ′. Note that by convention, each of these de,i,j , and
also d ′e,i,j ∈ B ′ has indices larger than the current stage number. Thus, we would
like to ‘force’ any isomorphism from B → B ′ to map the elements from the original
component in B to the duplicated component in B ′. To achieve this, we enumerate
a tail to join the original e-th component with the duplicate e-th component (see
Figure 2).

Since the duplicate and original e-th component are identical up to isomorphism,
we have the freedom to attach the tail differently in B and B ′ as shown in the figure
while maintaining B ∼= B ′. Evidently, te,0,0 and te,1,0 should be distinguishable up to
isomorphism in order to ensure that isomorphisms from B to B ′ has to map be,0,0
to d ′e,0,0 (with large index) in B ′. The tail will consist of elements labelled te,i,j (in B)
and the maps S,P,R,C are defined on them as follows:

• Let e′ be the largest index for which the e′-th component currently exists in B.
Pick a size 0 < ye < Me′+1 different from any cycle size in B thus far which
is still available (we shall argue later that such sizes must exist by choosing a
sufficiently largeMe′+1). All cycles of elements in the tail shall have size ye .
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• As shown in the figure define in B,P(te,0,0) = be,0,0,P(te,1,0) = de,0,0, and define
inB ′,P(t′e,0,0) = d ′e,0,0, andP(t′e,1,0) = b′e,0,0. For the rest of the elements in the
tail, P is again the identity map. This will be the only place in which B and B ′

‘locally’ differ.
• R of any element of the tail maps to te,0,0 in B and t′e,0,0 in B ′.
• For any j < ye , and any i, define S(te,i,j) = te,i+1,0, while waiting for the tail

to close.

Observe that whenever any element t of the tail is enumerated into Bn, the elements
R(t) and SR(t) should also be enumerated ‘quickly’ into Bn. In addition, the tail
also ‘joins’ up in primitive recursive (in Bn) time to the original and duplicated
e-th component. In much the same way as before, we apply the pressing strategy
to ensure that either Bn 
∼= B (declared inactive or pending), or Bn enumerates the
tail. In addition, by choice of ye , ye is strictly smaller than the eventual cycle sizes
for R(b) of any e′-witness b of Bn where n ≤ �e′/2�, and different from any size
declared unavailable thus far. Once the copies of te,0,0 have been enumerated in each
Bn for each n ≤ �e/2�, we close the tail in the same way as before: for the unique i
on which S(te,i,0) is yet to be defined, let S(te,i,j) = te,i,0 for each j < ye .

We now explain how the various Me may be chosen. Recall that each structure
potentially only declares one size to be unavailable, and the original components use
only exactly one size each. Similarly, each tail uses also only exactly one size. Thus,
by picking Me+1 to be larger than the sum of the total number of potential tails,
e + 1, the number of components, e + 1, and the number of structures, �e/2� + 1, it
is guaranteed that there must always be available sizes as required. More specifically,
pickMe+1 = 4(e + 1) > 2(e + 1) + (�e/2� + 1) + 1.

The strategy for Qm,n: If m = n, then the requirement is trivially satisfied by the
identity map. We consider, without loss of generality, the case where m < n. The
main challenge is in recovering the stage at which both the original and duplicate
components are enumerated into both Bm and Bn. Evidently, if we do not wait
till such a stage, any attempt at defining an isomorphism may fail; there is no
way of knowing if the original component in Bm maps to the original or duplicate
component in Bn.

Recall that the amount of time B spends enumerating the e-th component depends
on the structures Bk for each k ≤ �e/2�. Since each of these structures are punctual,
and g primitive recursively computes every primitive recursive function (g(〈e +
1, x〉) is the stage at which pe(x) converges), then we should be able to recover the
stages at which each component in B closes. In much the same vein, we may also
recover the stage at which the tail is fully enumerated into B and similarly, each Bk .
(This will be verified formally later.) Thus, we may obtain stages large enough at
which Bm and Bn have completed enumerating the full ‘local’ structure, allowing us
to define the isomorphism in the obvious way.

Construction: At each stage of the construction, there will be exactly one
component, or tail of a component which is not closed in B and B ′; there is exactly
one pair e, i , such that S(be,i,0) and S(b′e,i,0) have yet to be defined. Recall thatMe
is defined as 4e for each e and that an element b of Bn is an e-witness if for each
0 < m ≤Me+1, CmR(b) ↓
= R(b). We also say that Bn is pending if there is some
e-witness for Bn.
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During stage s, let e be the least such that one of the following holds:

(i) All components and their tails currently in B are closed, and be,0,0 has yet to
be enumerated into B.

(ii) The e-th component is not closed in B.
(iii) All components and their tails currently in B are closed, and the e-th

component is ready.
(iv) The tail of the e-th component is not closed in B.

Case (i): If (i) holds, then recursively assume that for each n ≤ �(e – 1)/2�,
if Bn has been declared pending, then it has a (e – 1)-witness. Let
0 < xe < Me+1 be the least size which is currently available. Use xe
as the cycle size for the e-th component and declare it unavailable
(it will not be used for any other component or tail). Begin the e-th
component in both B and B ′, enumerating be,0,0 and b′e,0,0 with cycle
sizes xe , respectively. Leave S(be,0,j) and S(b′e,0,j) undefined for each
j < xe .

Case (ii): If (ii) holds, then let i be the largest index such that S(be,i,0) has yet to
be defined. For each n ≤ �e/2�, where Bn is not inactive, check if the
following holds:
• If Bn is pending, then b has a e-witness.
• If Bn is not pending, then it has enumerated some element b such

that the least m > 0 for which CmR(b) ↓= R(b) is exactly xe .
If the above is true for all Bn which are not inactive, then close the

e-th component by definingS(be,i,j) = be,i,0 in B andS(b′e,i,j) = b′e,i,0 in
B ′ for each j < xe . If the above fails for some n ≤ �e/2�, then continue
extending the e-th component by enumerating be,i+1,0 with cycle size
xe and defining S(be,i,j) = be,i+1,0. Also continue computing CmR(b)
for each b ∈ Bn and each m ≤Me+1. As discussed previously one of
the following must happen:
• Bn enumerates the root of the e-th component: Bn enumerates an

element R(b) and the least m > 0 for which CmR(b) ↓= R(b) is
exactly xe .

• Some e-witness for Bn is found, then we may declare Bn pending
(if it was not previously pending) and proceed to the next required
action.

• CmR(b) ↓= R(b) for some 0 < m ≤Me+1 but m 
= xe . There can
only possibly be finitely many such b found in Bn such that m = xe′
or ye′ for some e′ < e, after which Bn will be declared inactive. The
only other possibility is that Bn enumerates some b for which the
least 0 < m ≤Me+1 where CmR(b) ↓= R(b) is different from all
xe′ and ye′ for e′ < e. If such a b is found, then declare m to be
unavailable, and Bn to be inactive.
That is, we eventually close the e-th component, and when we do,

all currently pending Bn have a e-witness.
Case (iii): If (iii) holds, then let e′ be the largest such that be′,0,0 has been

enumerated into B. Pick ye < Me′+1 to be the least size that is available
and subsequently declare it unavailable (this ensures that ye is different
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from all earlier cycles and all future cycles in different components
or tails). Perform the switch for the e-th component by enumerating
te,0,0, te,1,0, the duplicate e-th component, and their counterparts into
B and B ′, respectively. Let the cycle size of te,0,0 and te,1,0 be ye . For
each j < ye , define S(te,0,j) = te,1,0 and leave S(te,1,j). As discussed
in the strategy for G, define for each i < 2, P(te,i,0) = de,i,0 in B, and
P(t′e,i,0) = d ′e,1–i,0 in B ′.

Case (iv): If (iv) holds, then let i be the largest such that S(te,i,0) is currently
undefined. Just as in Case (ii), we only close the tail when for each
n ≤ �e/2�, where Bn is not inactive, the following holds:
• If Bn is pending, then b has a e′-witness, where e′ is currently the

largest for which be′,0,0 exists in B.
• Bn has enumerated some element b such that the least m > 0 for

which CmR(b) ↓= R(b) is exactly ye .
For the same reasons as before, we eventually close the e-th tail, and

when we do, all currently pending Bn have a e′-witness.

Verification: We first show that B and B ′ are punctual structures. The functions
P,R, and C are all defined immediately whenever some element is enumerated into
B or B ′. The only function which is delayed is S when we do not want to close the
e-th component or tail yet. However, the delay lasts only for a single stage as seen
in Cases (ii) and (iv) of the construction: for the elements be,i,j or te,i,j for which S
is undefined at the end of stage s, the e-th component or tail either closes at stage
s + 1, or a new element be,i+1,0 or te,i+1,0 is enumerated to serve as the S-image.
Thus, B and B ′ are punctual.

Now we show that if Bn is ever declared inactive or pending, then Bn 
∼= B . If Bn
is declared inactive at some stage, then one of the following must hold:

• There are distinct b0, b1, ... , bN and some xe such that for each i ≤ N , the least
m > 0 for which CmR(bi ) = R(bi ) is exactly xe and N is strictly larger than
the total number of elements in the closed e-th component in B. Since each
component has a distinct cycle size, and also different from all potential and
existing tails, Bn cannot possibly be isomorphic to B.

• There is some element b ∈ Bn such that the leastm > 0 for which CmR(b) ↓=
R(b) is different from the size of any cycle currently in B. From Case (ii) of the
construction, if such a b is found, we must have defined m to be unavailable,
and thus never enumerate any cycle of the same size into B.

In other words, if Bn is ever declared inactive, then it must be that Bn 
∼= B . We may
thus suppose that Bn is never declared inactive and hence stays pending forever.
From the construction, a structure Bn is first declared pending if for some e, an
e-witness for Bn is found. The claim now is that this e-witness b for Bn eventually
becomes an e′-witness for all e′.

Inductively assume that b is an e′-witness. That is, for each 0 < m ≤Me′+1,
CmR(b) ↓
= R(b). From Case (ii) of the construction, the (e′ + 1)-st component is
only closed after any pending structure has obtained an (e′ + 1)-witness. It remains
to show that b must become an (e′ + 1)-witness. Since xe′+1 < Me′+1 and b is an
e′-witness, then the cycle size of R(b) (in Bn) cannot possibly mimic that of any
cycle in the (e′ + 1)-st component of B. If there is some 0 < m ≤Me′+2 for which
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CmR(b) ↓= R(b), then the least m > 0 where this holds is necessarily larger than
Me′+1 and thus bigger than any cycle size shown in B thus far. In particular, m
would then be declared as unavailable and Bn would become inactive. That is, it
must be thatCmR(b) ↓
= R(b) for each 0 < m ≤Me′+2, and thus, b must also be an
(e′ + 1)-witness. Therefore, Bn cannot possibly be isomorphic to B as Bn contains
an infinite component.
Qm,n is satisfied: If m = n, then the identity map is obviously a punctual

isomorphism. Without loss of generality, we may assume thatm < n. By the premise
of the requirement, Bm ∼= Bn ∼= B , and thus, it suffices to produce an isomorphism
on each component. In particular, we need only compute a stage at which Bm and
Bn has fully enumerated both the original and duplicate components together with
the tail.

We claim that given g and e, it is primitive recursive to find the stage at which the
e-th component closes in B and B ′, and thus the total number of elements within
the e-th component. Recall that the e-th component in B and B ′ closes exactly when
there is some b ∈ Bk for each k ≤ �e/2� such that one of the following holds (see
Case (ii) of the construction):

(i) The least 0 < l ≤Me+1 for which C lR(b) ↓= R(b) is exactly xe (the cycle
size of the e-th component).

(ii) The least 0 < l ≤Me+1 for which C lR(b) ↓
= R(b) is different from xe′ and
ye′ if they exist, for each e′ ≤ e. (Bn will then be declared inactive.)

(iii) For all 0 < l ≤Me+1, C lR(b) ↓
= R(b). (b is a e-witness for Bn.)

Since g primitive recursively computes all primitive recursive functions, and Bk is
punctual, we may assume that we have access to the versions of S,P,R, and C in
each Bk . In particular, using g, we apply the following procedure:

• First compute the stage at which B and B ′ closes the 0-th component, or
equivalently, the stage at which some b ∈ B0 is found satisfying one of (i), (ii),
or (iii) for e = 0. This is clearly primitive recursive in g, as we may use g to
compute the actions of the versions of the maps R,C of B0, and we need only
check if CR(b) ↓= R(b) for the first b enumerated into B0. In fact, g provides
the stage at which CR(b) ↓, and at such a stage, we must have closed the 0-th
component. In particular, the number of elements in the 0-th component is
primitive recursive in g and 0.

• Suppose recursively that the number of elements in the original e′-th
components of B and B ′ for all e′ < e may be computed primitive recursively
in g and e′. Since each Bk is punctual, we may compute using g, the settling
time of each of the functions of Bk on the first N many elements of Bk , where
N is the total number of elements in the first e many original components of
B and B ′. After the delay given by this settling time, it is evident that Bk must
have enumerated some element b that is not part of any of the e′-th component
for any e′ < e. By further computing the settling time (using g) for Cm+1R(b)
on such a b, we may then obtain the stage at which some b ∈ Bk is discovered
to satisfy one of (i), (ii), or (iii). Repeating this for each k ≤ �e/2� allows us to
then obtain the stage at which the e-th component is closed in B and B ′. Thus,
such a stage can be computed primitive recursively in g and e.
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By applying a similar argument, we may further obtain primitive recursively, using
g and e, a stage at which the copy of the e-th component in Bk is closed or that Bk
has been declared inactive or pending for each k ≤ �e/2�. Similarly, it is primitive
recursive in g and the stage, say se , at which te,0,0 is enumerated into B to compute
the stage at which the e-th tail is closed in B.

We now show that se may be obtained primitive recursively using g and e. If e
is even, then recall that the e-th component becomes ready at the stage at which
the (e + 2)-nd component closes. Applying the fact above allows us to conclude
that this can be computed primitive recursively using g and e. If e is odd, then
the e-th component becomes ready at the stage given by g((e – 1)/2). Once the
stage at which a component becomes ready is obtained, we need only further
compute the stages at which any component of smaller index completes switching,
or equivalently, the stages at which the tails of smaller index close. This is clearly
primitive recursive in g and the stage at which the e-th component becomes ready.
In conclusion, given g and e, we may primitive recursively compute a stage large
enough such thatBk for any k ≤ �e/2� has enumerated every element of the original
and duplicate e-th components, and also the e-th tail. Applying this for every
e ≥ 2n + 2 allows us to conclude that g may compute an isomorphism between
Bm and Bn for each component with index e ≥ 2n + 2. Since each component and
tail is finite, we may non-uniformly fix the isomorphism between Bm and Bn for the
components with index < 2n + 2. Thus, g ≥pr h ⊕ h–1 for some h : Bm → Bn an
isomorphism.

Computing g(x): Let f : B → B ′ be an isomorphism. To show that G is satisfied,
we compute g(x) for a given x as follows. For each e ≤ x, compute f(b2e,0,0). Since
the tail is rigid, f must map t2e,0,0 in B to t′2e,0,0 in B ′. In particular, f(b2e,0,0) =
fP(t2e,0,0) = Pf(t2e,0,0) = P(t′2e,0,0) = d ′2e,0,0. From Case (iii) of the construction,
d ′2e,0,0 is enumerated into B ′ only at a stage after the 2e-th component is ready; this
is a stage at least as large as the stage where the (2e + 2)-nd component is closed in B.
Thus,f(b2e,0,0) provides a stage larger than the index of b2e+2,0,0 and necessarily also
b2e+1,0,0. Taking e = x, we may thus obtain the index of b2x+1,0,0 primitive recursively
in f. For similar reasons as before, f(b2x+1,0,0) = fP(t2x+1,0,0) = Pf(t2x+1,0,0) =
P(t′2x+1,0,0) = d ′2x+1,0,0 which must have index larger than the value of g(x). By
enumerating W or computing the appropriate primitive recursive function up to
the index of d ′2x+1,0,0 allows us to recover the exact value of g(x). Theorem 4.2 is
proved. 
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