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ABSTRACT

The linear arithmetic fundamental lemma (AFL) is a conjectural identity of intersec-
tion numbers on Lubin—Tate deformation spaces and derivatives of orbital integrals.
It was introduced for elliptic orbits by Li, and Howard and Li. For elliptic orbits, the
relevant intersection problem is formulated for the basic isogeny class. In the present
article, we extend the conjecture to all orbits and all isogeny classes. Our main result
is a reduction of the non-basic cases of the AFL to the basic ones, which relies on
an analysis of the connected-étale sequence. Our results will be relevant in the global
setting, where also locally non-elliptic orbits may contribute in a non-trivial way.
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1. Introduction

The purpose of this article is to formulate a linear arithmetic fundamental lemma (AFL) con-
jecture also for non-basic isogeny classes. Our main result is a reduction of these non-basic cases
to the basic one. The context and relevance of these results are as follows.

In general, AFLs are certain identities of intersection numbers on moduli spaces of p-divisible
groups (Rapoport—Zink spaces or RZ spaces) and derivatives of orbital integrals. They are, in
particular, local statements, formulated over a p-adic local field. Their motivation is global, how-
ever; namely they arise from a relative trace formula comparison approach to certain intersection
problems of special cycles on Shimura varieties. We refer to the original paper of W. Zhang
[Zhal2b] or his surveys [Zhal2a, Zhal8| for an explanation of this global-to-local formalism.

There are currently two families of such conjectures. The first comes from the Gan—Gross—
Prasad setting of a diagonal embedding of unitary groups U(V) — U (V) x U(V @ 1). The original
conjecture in this context [Zhal2b] has been proved in work of W. Zhang [Zha21b], of W. Zhang
and the second author [Mih22, MZ24] and of Z. Zhang [Zha2la]. Several variants have been
formulated by Rapoport, Smithling and Zhang [RSZ20, RSZ18, RSZ17], Liu [Liu21], W. Zhang
[Zha22], and Z. Zhang [Zha21la]. In all these cases, the global situation is such that intersection
takes place in the basic locus. Correspondingly, all the cited works are concerned with basic RZ
spaces.

The second family arises from the unitary variant of the Guo—Jacquet restriction problem
[Guo96]. That is, the special cycles in question come from an embedding Ug (V) — Ur(V'), where
V' is a hermitian space for some field extension F'/Fj with an additional action of a quadratic
extension F/F. At inert places of F'/Fy, this leads to an AFL for basic unitary RZ spaces that
is the content of a forthcoming work by Leslie, Xiao and Zhang. At a split place v, however, it
leads to intersection problems on RZ spaces for all isogeny classes of dimension 1 and height 2n
strict p-divisible Op,-modules with O, -action. These are the non-basic linear AFLs from the
title of the paper. We mention that the phenomenon of non-basic intersection at split places
also occurs for unitary groups over central simple algebras and refer to [HM23] and [LM23] for
intersection number identities in such situations.

We now describe our results in some detail. They also pertain to the function field setting.
We do not exclude the prime 2.

Let E/F be an unramified quadratic extension of a non-archimedean local field F' with
uniformizer 7 € F. Denote by F' the completion of a maximal unramified extension of F and
fix an embedding F — F. Let X be a 1-dimensional, height 2n, not necessarily formal, strict
r-divisible Op-module over the residue field F of F' (cf. Definition 3.1). In addition, consider a
pair of embeddings

B=(B1,P2), PBi:E— End’(X).
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The 7-divisible Op-module X decomposes in an essentially unique way as X = X% x X! with X"
connected and X! étale. Since End®(X) = End’(X?) x End®(X!), giving a pair § is the same as
giving analogous pairs 3%, 3! for the two factors.

Consider now the RZ space M of strict m-divisible Op-modules with quasi-isogeny to X. It
is a formal scheme; abstractly,

M = 1T Spf Opfte, . . . s ton—1], (1.1)
Zx(G Ly (F)/GLy,1(OF))

where 2n! is the height of the étale factor X!'. There are two analogous RZ spaces Z;, Zo that
parametrize strict Opg-modules together with an Op-linear quasi-isogeny to (X, ;). Forgetting
about the Og-action defines closed immersions Z7, Zo — M that allow them to be viewed as
cycles in middle dimension. Assuming that (31, 82) is regular semi-simple (cf. Definition 2.1),
the centralizer of the image 1 (E) U B2(E) is an étale F-algebra L C End®(X) of degree n. Write
L=Tlje, L7 as product of fields, pick uniformizers 7; € LY and define I = [Lies 7T]Z C L*. Then
L* acts compatibly on Z1, Zo and M, and the quotient I'\(Z; N Z3) is artinian. We define

Int(8) := Lo, (Or\(z,n2))- (1.2)
To B one may also associate a matching pair (cf. Definition 2.6)
a=(ap,a3), o;:F xXF— M, (F),

which is unique up to conjugation. Given an element f € H = C[G L2, (Or)\GLay(F)/G L2, (OF)]
of the spherical Hecke algebra, one may define an orbital integral for the action by left and right
multiplication on GL,,(F X F') x GL,(F x F) on GLa,(F),

O(a, f,s), seC. (1.3)

This is an element of Clg}, ¢°], where gp is the residue cardinality of F'. Under our assumption
that « matches (3, the central value O(«, f,0) vanishes.

CONJECTURE 1.1 (Linear AFL). Assume « and 3 to be as above. Then there is an equality,
1 d

- O a, 1 , S ZInt .
log(qr) ds |, (@ 1gL,,(0r), 8) = It (5)

The basic case is precisely when X = X is connected. In this situation, the above conjecture
has (up to sign) already been formulated in work of the first author [Li22b] and in his joint
work with Howard [HL20]. In fact, [Li22b] gives a definition of Int(3, f) for every feH and
formulates Conjecture 1.1 in this generality, whereas [HL20] allows the cycles Z;, Zs to be defined
for two different quadratic extensions Ep, Ey/F (biquadratic setting). We work in the combined
generality throughout the paper and refer to Conjecture 3.10 for the general version.

Conjecture 1.1 is known when n=1 or 2. The more general version, Conjecture 3.10, is
known in all cases when n =1, cf. [Li22b, HL20]. It is currently only known for the unit function
f=1¢r,, (0 (but possibly £y 2 E2) when n =2, cf. [Li22a, Li25].

The following are our two main results.

THEOREM 1.2. Write 8= (3%, 1) for the two components of 3 with respect to X =X° x X!,
Then Conjecture 1.1 holds for 3 if and only if it holds for the connected component [3°.

COROLLARY 1.3. The AFL (Conjecture 1.1) holds for all isogeny classes X whose connected
component X has height < 4.

We formulate and prove these two results also in the biquadratic case and for general spherical
Hecke functions, cf. Theorem 3.12 and Corollary 3.13. In this generality, however, we have to
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assume the Guo—Jacquet fundamental lemma (FL), respectively, its biquadratic variant for the
whole spherical Hecke algebra; it is currently only known for the unit Hecke function and Fy = FEs,
see [Guo96].

The proof of Theorem 1.2 relies on the connected-étale sequence 0 — X° — X — X! — 0 of
the universal m-divisible Op-module X over M. It provides a fibration map

M — M° xgpr0, M' (1.4)

to the product of the RZ spaces for X° and X!. If Y? and Y'! denote their universal r-divisible
Op-modules, then M can be identified with the space of torsion extensions @1(1/1, Y iors.
This space is in bijection with the Hom-functor Hom(7T'(Y'!),Y?), where T(Y!) denotes the
Tate module. In this way, M is described as the total space of a m-divisible Op-module over
MO Xspf 0, M L. This description allows to relate intersections in the three spaces and we prove
the identity

Int(8) = [Res(Inv(8°), Inv(8")) |z O(B", 11, . (0r)) Int(8°). (1.5)

Here, Inv(8°), Inv(B8') € F[T] denote the invariants of 5% and B! as in Remark 2.2, Res(-,-)
denotes the resultant of two polynomials, and |- | denotes the normalized absolute value on F.
A similar identity can be shown for O(a, f, s), leading to the proof of Theorem 1.2. Again, we
carry out all these ideas in the biquadratic setting and for arbitrary f.

The structure of this article is as follows. In § 2, we recall necessary background on matching,
orbital integrals and the Guo—Jacquet FL. This is essentially taken from [HL20], our own addition
being a formulation of the analytic side of Theorem 1.2. In § 3, we define our intersection numbers
and formulate the AFL. §4 is devoted to the proof of Theorem 1.2, its heart being the fibration
argument for (1.4) in §4.3 and a linear algebra computation that produces the resultant factor in
(1.5). Finally, our Appendix A and Appendix B provide background material on correspondences
and the partial Satake transform.

2. The FL

This section recalls necessary background on matching, orbital integrals and the FL from [Guo96]
and [HL20].

2.1 Invariants
Fix a field F' and an integer n > 1. We consider two quadratic étale extensions E;/F and Ey/F
and write o1 and o9, respectively, for their non-trivial involutions over F. Let B=]] jed B be
the product of a finite family (B7);c of central simple F-algebras. We assume that the degree
[B7 : F] =dimp(B7)'/2 of each factor is even and that the total degree [B: F]=3"._,[B’: F] is
2n.

We write 3: (Ey, E2) — B for pairs (81 : By — B, ff2: E3 — B) of embeddings as F-algebras
into B. Giving a map f3; : E; — B is the same as giving a tuple of maps 3/ : E; — B’. Without

jeJ

further mention, we only consider maps 3/ that make BJ into a free E;-module. This additional
specification only matters if E; = F x F. In particular, pairs 3: (Eq, E3) — B are the same as
tuples of pairs 37 : (E1, Es) — BJ.

Let F3 C Eh ®p Es be the fixed ring under o1 ® 3. It is a quadratic étale F-algebra and we
denote by o3 : F3 — E3 its non-trivial F-involution. Given  as above, Howard and Li [HL20,
§2] define a canonical element sg € F3 @ B that centralizes $1(E1) and S2(Es). Their defini-
tion, which we do not need here, extends verbatim from central simple algebras to products of
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such; in fact, simply sg = (sgi);jecs. They showed in [HL20, Proposition 2.2.3] that the reduced
characteristic polynomial

charredp, g, p/E, (8p;T) = H charredp, g, p/E, (8pi; T) € E3[T
jed
is a square and make the following definition.
DEFINITION 2.1.
(1) The set of invariants of degree n is the set of monic degree n polynomials 6 € E3[T] that
satisfy the symmetry
(—1)"3(1 = T) = 03(3(T)). (2.1)
An invariant § is called regular semi-simple if for every map p: F3 — F, the polynomial
p(6) has n distinct non-zero roots.

(2) The invariant Inv(f) € Es[T] of a pair [ is the unique monic square root of
charredp, g, g/E, (sp; T). It satisfies (2.1) by [HL20, Proposition 2.3.3]. A pair 3 is called
regular semi-simple if its invariant is regular semi-simple.

Remark 2.2. If F1 = Fs, then E3= F x F. Fixing such an isomorphism, one may renormalize
the invariant by considering only the first component of Inv(8;T) € (F' x F)[T]. This was done
for the formulation of (1.5).

Note that Inv(8) =[], Inv(7) and that Inv(3) only depends on the B*-conjugation orbit
of 3. For regular semi-simple 5 and simple B, a converse holds as follows.

ProposITION 2.3 [HL20, Corollary 2.5.7]. Assume that B is a central simple F-algebra. Two
regular semi-simple pairs 3, 8" : (E1, F2) — B are B*-conjugate if and only if Inv(8) = Inv(3').

Remark 2.4. The converse direction of Proposition 2.3 does not hold for non-simple B. For
example, take B} = Fs = F x F and consider two regular semi-simple pairs 5%, 81 : (Ey, Es) —
Ms(F) with Inv(B8%) # Inv(5'). Then

(8% 8Y), (B, 8°): (Ev, Bn) — B:= Ma(F) x Ma(F)

are both regular semi-simple with invariant Inv(3°)Inv(3'). They are not B*-conjugate, however,
because 3° and 8! are not G Ly(F)-conjugate.

An immediate question is, given Fy, F5, B and a regular semi-simple invariant § as above,
whether or not there exists a pair §: (E1, F2) — B with Inv(8) = 6. This is partially answered
by the following universal construction.

ProposITION 2.5 [HL20, Proposition 2.5.6]. Given Ej, Es and a regular semi-simple invariant
0 € E3[T] of degree n, there exists an étale F-algebra Ls of degree n and a quaternion algebra
Bgs/Ls, together with a pair of embeddings Bs : (E1, E2) — Bs, that has the following properties.

(1) The image B51(E1) U Bs2(E2) generates Bs as F-algebra.

(2) The natural maps Ss;(E;) ®F Ls — Bs are injective and make B;;(E;) ®@p Ls into a
maximal commutative F-subalgebra of Bs.

(3) For every product B of central simple F'-algebras of total degree |B : F| = 2n, and for every
pair B : (F1, F2) — B of invariant §, there is a unique embedding of F-algebras v: Bs — B
such that =10 5. Conversely, if =10 5 for an embedding +: Bs — B of F-algebras,
then Inv(5) =4.
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Proof. Starting from (E4, Fs,d), the datum ;s : (Eq, E2) — By is constructed during the proof
of [HL20, Proposition 2.5.6]. (The algebra Bs is denoted by F (@1, ¢2) there.) It has properties
(1) and (2) by construction. Property (3) is stated in [HL20, Proposition 2.5.6] for simple B.
The statement for general B is obtained by the same proof. O

Thus, pairs 8 of invariant § for B are the same as F-algebra maps Bs — B. Implicit in
Proposition 2.5 is moreover the statement that the centralizer of a regular semi-simple pair
B is an étale F-algebra of degree n. Namely, it is isomorphic to the center Ls C Bs. By the
construction of By in [HL20], it may be described (up to isomorphism) by

Ls = (E3[T]/(8(T))™ ", (2.2)
where o3 is extended to E3[T] as o3(T)=1—-1T.

2.2 Matching

From now on, we let F' be a non-archimedean local field with normalized absolute value | - | and
assume E1, Es to be étale field extensions. Put Ey = F x F. Then the invariant Inv(a) of a pair
o= (Oz(), ag) : (Eo, Eg) — MQn(F) lies in Eg[T] as well.

DEFINITION 2.6. Two regular semi-simple pairs « : (Ep, E3) — Ma,(F) and 5 : (E, E2) — B are
said to match if Inv(a) = Inv(5).

Let § € E3[T] be regular semi-simple and of degree n. Let s : (Ep, E3) — As be the universal
datum for (Ep, E3, ) from Proposition 2.5 and let Ls = Cent(As). By part (2) of Proposition 2.5,
the Ls-algebra Ey ®p Ls = Ls X Ls embeds into As which implies A5 = Ms(Ls). In particular,
there exists an embedding ¢ : A5 — Mo, (F'). By Proposition 2.5(3), Inv(z 0 as) = 6. It follows that
for every regular semi-simple invariant § of degree n, there exists a pair «: (Ey, E3) — Mo, (F)
with Inv(a) =4. On the other hand, given E;, Fy, B and 4, there need not exist a pair [3:
(E1, Ey) — B with Inv(/) = 6. Definition 2.6 is asymmetric in this sense.

2.3 Orbital integrals for (Eq, E2)

The FL compares n-twisted orbital integrals of pairs (Fy, E3) — Ma, (F) with orbital integrals
of matching pairs (E7, E2) — Mo, (F'). In this section, we define the second kind. Throughout,
we denote by Agq:=O% the standard lattice and by H = C[GLay(Or)\GLan(F)/G L2n(OF)]
the spherical Hecke algebra.

DEFINITION 2.7. Let B: (E1, Ea) — M, (F) be regular semi-simple and write H; := Cent(E;)*.
Choose g; € G Loy, (F) such that g;Agq is Op,-stable. For f € H, define

OB, f) = F(gy by hags) dh dhs. (2.3)

/(le"ng)\(Hl XHQ)

Here we endow H; = GL,(E;) with the Haar measure such that Vol(GL,(Opg,)) =1. The
stabilizer H; N Hy is the group of units L*, where L = Cent(8(E1)UB(E2)) = Ls is an étale
F-algebra of degree n by Proposition 2.5. We endow it with the measure such that Vol(O;) =1.
Convergence of the integral follows from Lemma 2.8. The definition is then independent of the
chosen g;: Any second choice would come from H;g;G Lo, (OF) and f is bi-G Loy, (Op)-invariant.

LEMMA 2.8. The subset (Hy N Ha)\(H1 X Hz) C GLoy,(F) is closed. In particular, the integrand
in (2.3) has compact support.

390

https://doi.org/10.1112/S0010437X24007577 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X24007577

ON THE LINEAR AFL: THE NON-BASIC CASE

Proof. Set G = G Ly, (F). There is an isomorphism
G\(G/Hl XG/HQ)LHl\G/HQ, (gl,g2)>—>gflgg.

By Skolem—Noether, via (g1, g2) — (glﬁlgfl,ggﬁgggl), the source is in bijection with the G-
orbits of pairs (E1, E2) — Mo, (F'). By Proposition 2.3, the orbit of 5 agrees with the locus
where the invariant takes value Inv(3). It is, in particular, closed. Since the orbit of 5 maps
to HiHs in the target, it follows that (Hy N H2)\(Hy x Hs) C GLo,(F) is a closed subset as
claimed. ]

The orbital integral O(f, f) can also be understood as an f-weighted lattice count. Let
L(;) denote the Op,-stable lattices in F?". This set is stable under the L*-action because L*
centralizes §;(E;). Let g; € GLay,(F') be fixed as in Definition 2.7 and set K; = Stab(g;Astq) N H;.
Note that H; is isomorphic to GL, (F;) which acts transitively on the set of Op,-lattices in E}.
Thus, there is a bijection

I‘IZ/I{Z ;> ﬁ(ﬂz), hi — higz‘Astd- (2.4)

As f lies in the spherical Hecke algebra, the restriction f| g KT haKg, 1S constant for every
element (hi, hy) € Hy X Hy. Moreover, the volume of L*\(L* - (h1 K1 X hoK3)) is equal to

Vol(L* Mhy K1hy ' MhoKohy ')t = Vol(Stabr« (h1g1 Asia, hagahsia)) (2.5)

We introduce the following notation. Given two Op-lattices A1, Ay C F?", we write f(A1, Ag)
for the value of f at the relative position of A; and Ay. That is, f(A1, Ag) := f(k?l_lkg) where
the k; € GLoyp(F') are chosen with A; = kjAgq. In addition, choose a cocompact, free, discrete
subgroup I' C L*. Combining (2.4) and (2.5) with Definition 2.7, we obtain

OB, f)= > Vol(Staby« (A1, A2)) ™" f(A1, Ag)
(A1,A2)ELX\(L(B1) X L(B2))
= Vol(I'\L*) ! > f(A1, Ag). (2.6)

(A1, A2) €N\ (L(B1) X £(B2))

2.4 The n-twisted orbital integrals for (Ey, E3)

Let : B3 — {£1} be the character from local class field theory for the extension Ey ®p E/E3.
Our aim is to define certain n-twisted orbital integrals for regular semi-simple pairs « : (Ey, E3) —
Mo, (F'). We only consider spherical Hecke functions in this article. For these, the definition of
such integrals is only interesting when 7 restricts to the trivial character on OXS; cf. [HL20,
Proposition 3.2.7]. Thus, we assume from now on that F, ®p F2/F3 is unramified. Equivalently,
we assume that one out of E1, Fy is unramified over F'. This leaves us with the following two
cases.

(1) If Ey, Ey are both unramified over F, then F3=F X F and E)®p Es 2 E; x By is
unramified over Ej3.

(2) If precisely one out of Fj, Es is ramified over F, then Fj} @ Ey is a biquadratic field
extension of F' such that o1 ® o9 acts non-trivially on the residue field. It follows that
Es/F is ramified and E; ® F2/E3 unramified.

In particular, we see that in both cases 7 can be defined by n(z) = (—1)197:*95:] where the
index! is meant as Op-lattices in E3. We define 7 on GL,,(E3) by n(h) :=n(det k). Denote by

If A’ C A CV are Op-lattices in a finite-dimensional F-vector space V, then we set [A:A'] = log, |A/A| where
q=qr. For general A',ACV, we put [A: A']=[A:7"A’] — ndim(V) for n>>0.
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| - | the normalized absolute value on F. Recall that Ey = F x F'. We also define the character
|- |: GL,(Ey) — R,

det(a)
(@,0) = 1 e )
The definition of O(, f) in (2.3) required the choice of auxiliary elements g1, g2 € GLa,(F).
The situation for n-twisted orbital integrals is similar, but we need to be more careful to ensure
independence of such an auxiliary choice. Consider a regular semi-simple pair a: (Ey, E3) —
Mo, (F). We write £(a;) for the set of a;(Op,)-lattices in F2?". Any lattice Ag € L(ap) is of
the form AJ x Ay, where A C ag(1,0)F?" is an ag(Op x 0)-lattice and Ay C ap(0,1)F?" an
ap(0 x Op)-lattice. Since « is regular semi-simple, one can show (omitted) that the two natural
maps obtained from as,

ES QF (CMO(L 0) : F2n) — F2n7 E3 QF (040(0, 1) ’ F2n) - F2n

(2.7)

are bijective. In particular, given (Ag, As) € L(a) x L(a3), there are well-defined lattice indices
[Ag :OE3A3_], [Ag OESAE] €. (28)

DEFINITION 2.9. Let a: (Ey, E3) — Ma,(F) be regular semi-simple. Given (Ao, As) € L(ap) X
L(as3) and s € C, the transfer factor of (Ag, As) is defined by

Q(AO, AS, S) — (_1)[A30E3A0+] . (q[A3ZOE3A07]7[A32033A:”)8/2' (29)
This function has the transformation property
Q(ho[\o, h3A3, S) = ‘h0|577(h3)Q(A0, Ag, S), ho € Hy, hs € Hs. (2.10)
Choose go, g3 € GLoy,(F) such that g;Agq € L(a;). For f € H, define
O(a, f, s) := Q(goAsta, g3Asta) - / fg0 " by hags)|hol*n(hs) dho dhs.  (2.11)
(HoNH;3)\(Hox H3)

The integrand here is well-defined by [HL20, Lemma 3.2.3] which states that n and | - | are trivial
on HyN Hs. Moreover, the normalization of Haar measures in (2.11) is as in Definition 2.7 and
the same remarks on convergence apply. Identity (2.10) allows (2.11) to be rewritten as

O(a, f, ) :/ £(g5  hg *hags) QU hogoAsea, hsgsAsea) dho dhs. (2.12)
(H[)mHg)\(H[)XHg)

As f is spherical, f(gy 1ha 1h393) only depends on the lattices ggAgq and AgzAgq and not on

the precise choices of gg, g3. Using that H; acts transitively on L£(«;), we see that O(q, f, s) is

actually independent of gg and gs.

There is a lattice count formula for O(a, f, s) that is analogous to (2.6): let L denote the
centralizer of a and pick a cocompact subgroup I' C L* as before. Then (2.12) gives

O(e, f,5) = > Vol(Staby« (Ao, A3)) ™" f(Ao, A3)Q(Ao, As, 5)
(Ao, As) €L\ (L) x L(as))
=Vol(I'\L*)~! > f(Ao, A3)Q(Ag, Az, 5). (2.13)

(Ao, A3)ED\(L(ao)x L))

2.5 Fundamental lemma

Recall that we assumed from § 2.4 that at least one out of Ey, Fs is unramified over F'.
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CONJECTURE 2.10 (Guo—Jacquet FL). Assume that «: (Ey, E3) — Moy, (F') and §: (Ey, E2) —
My, (F) are regular semi-simple and matching. Let f € H be a spherical Hecke function. Then

O(a, f,0)=0(B, f). (2.14)

This has been conjectured by Guo and Jacquet [Guo96] for E; = E,. The biquadratic case
(E1 # E») has been conjectured by Howard and Li [HL20]. The following cases are known.

(1) For Ey = Ey both unramified and the unit Hecke function f=1¢z, (0,), the FL is the
main result of [Guo96].

(2) For general Eq, Fy and n =1, the conjecture is known for the full spherical Hecke algebra,
cf. [HL20].

(3) For general Ey, Ez and n =2, the conjecture is known for the unit element 1gz, (0.
which is due to the first author [Li25].

Remark 2.11. FL-type identities for the spherical Hecke algebra may sometimes be deduced
from the FL for the unit function, using global arguments, which goes back to Clozel [Clo90]
and Labesse [Lab90]. This idea was already mentioned in [Guo96] for the above FL conjecture,
but does not seem to have been brought to fruition yet.

2.6 Reduction formula

Assume that n=n" +n! and that the two regular semi-simple pairs
a:(Ey, E3) — Man(F'), B:(E1, Ba) — Ma,(F)

factor through Moo (F) X Ma,: (F). Denote their components by o, ol and 8%, 81, respectively.

Our aim is to relate the orbital integrals O(«, f, s) and O(f, f) with those for the Levi factors,

O(a/, f,s) and O(B7, f), respectively, j = 0, 1. This relation is due to Guo [Guo96] when F; = Fs.
We work with the following generators (as C-vector space) of H. For m € Z>(, write

F(m) = 1gers,, (0r), v(det(g))=m}- (2.15)
Given a tuple m = (ma, ..., m;) € Z%,, put
f(m) = f(ma) * f(ma) %= f(my). (2.16)
Concretely, f(m)(g) is the number of tuples of Op-lattices (A, ..., Ag) in F?" such that
GO =Ny CAL C---CA. =0, [A;:Aj_1] =m; for all 4. (2.17)

Also define [r]=1,¢1,,(0,) Which is invertible with inverse [ﬂ]*lzlﬂ_@L%(OF). By
Theorem B.3,

H= > C - [7]F * f(m). (2.18)
kezZ, r>0, m=(ma,....,m,)€ZL,

We remark that this is not a direct sum, meaning there are non-trivial relations among the
generators [r]* * f(m). We also mention that

O(a, [1]%x f,5) =O(a, f,5), OB, [x]*+ f) =0(B, f) (2.19)

for every f€H and k€Z. These identities are obtained from ([x]*x f)(g9) = f(7"*g)
and a variable substitution in the definitions of O(a, f,s) and O(B, f). Let H’ =
C[GL2,i (Op)\GLoyi (F)/GLoyi(OF)], for j=0,1, denote the spherical Hecke algebra of
G Loy, (F). There is a partial Satake transformation

S:H—H @cH!
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which is discussed in detail in (B.2) and Proposition B.7. It is described on the above generators?
by

S([n)" = f(m)) = > g I (a]R s f(m0) © (7] % f(mh)). (2:20)

mOo,m!€ZL,, m=m°+m!

Here, |m|:=>",_, m; denotes the sum of all coefficients. Taking the product of the orbital
integrals for o and o' and for 8° and !, respectively, defines orbital integrals

OLeVi((aO,al),f, 5)7 OLeVi((ﬁO,Bl),f'), fGHO ®CH1-
THEOREM 2.12. Given « and 3 as above, there are the following relations of orbital integrals

on GLyy,(F) and its Levi G Loy (F) X GLop: (F):

7l0 '711

Ol f,) = Discp,/plp * [Res(Inv(a?), Inv(ah) |- OMV((a% '), S(f). 5).

’ILO "'Ll

O(8, f) = |Discg, /- Discp, jplp * [Res(Inv(8°), Inv(8Y))[ - O((8°, 8Y), S(f)). (2.21)
Here, we have used the notation |x|p := \NmE3/F(:E)\;/2 for elements = € E3.

Remark 2.13. The resultant Res(Inv(a?), Inv(al)) lies in E5. Namely, a being regular semi-
simple in particular means that Inv(a) = Inv(a®)Inv(a?!) is separable, which implies that Inv(a’)
and Inv(a!) have no common zeros. The same applies to all other analogous resultant terms in
this article.

Proof of Theorem 2.12. These are [Guo96, Propositions 2.1 and 2.2] when E; = E3. We give a
proof for the general case in §4. O

2.7 Vanishing order

We now combine the reduction formula with the following vanishing statement.

PropPoOSITION 2.14 [HL20, Proposition 3.3.3]. Assume that «:(Ey, E3) — Mo, (F) is regular
semi-simple and matches to a pair §:(E1, E2) — B, where B is a central division algebra of
degree 2n over F. Then

O(a, f,0)=0.

This relies on a functional equation for the orbital integral that relates O(q, f,s) with
O(a, f, —s), we refer to [HL20].

DEFINITION 2.15. Let 6 be a regular semi-simple invariant and let Ss: (F1, E2) — Bs be the

universal datum from Proposition 2.5. Denote the center by Ls C Bs, write Ls =[] jed L for its
factorization into fields and let B7/L7 be the corresponding factor of Bs. We define the order of
0 as

ord(d) :=|{j € J | B/ is a division algebra}|. (2.22)

LEMMA 2.16. Let L/F be a field extension of degree d and let C/L be a quaternion algebra.
There exists a central division algebra D/F of degree [D : F| = 2d together with an embedding
C — D if and only if C is non-split.

Proof. Clearly, C is non-split if there exists an embedding C'— D as stated. The converse direc-
tion is obtained as follows. We denote the Hasse invariant of a central simple algebra D/F by

*In Appendix B, the notation for f(m) is Ty or Tgr,, m, see (B.4).
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Ha(D) € Q/Z. Recall that D — Ha(D) defines an isomorphism Br(F) = Q/Z. Also recall that
for every field extension L/F, the identity Ha(L ® p D) =[L: F|-Ha(D) holds. In particular,
[Dra83, Theorem 9.12 (c)| implies that for every central division algebra D/F and for every
field extension L/F such that [L: F]|[D: F], there exists an embedding L — D as F-algebras.
In this situation, [Dra83, Corollary 9.1] shows that Ha(Centp(L))=[L: F]-Ha(D). Thus, if
[D: F|=2[L: F], then there exists an embedding L — D and Centp(L) is a quaternion division
algebra over L which is isomorphic to C' if C' is non-split. 0

COROLLARY 2.17. Let a: (Ey, E3) — Ma,(F') be a regular semi-simple pair. Then
ords—oO(a, f, s) > ord(Inv(«)).
Proof. Let 6 =Inv(«) and let Bs: (E7, E2) — Bs be the universal datum for (Ey, Ea,d). Write

Ls=1lies L7 and Bs = [Lies BJ as before. Let § = [Lies 87 be the corresponding factorization of
§, see (2.2), and note that B/ = Bs;. By Lemma 2.16, B embeds into a central division algebra
of degree 2[L7 : F] if it is a division algebra. Then Proposition 2.14 states that O(a?, f7) =0 for
every spherical Hecke function f7 on G Ly (F') and every pair ol : (Ey, E3) — G L. (F) of
invariant 6. Combining this observation with the product formula Theorem 2.12 and performing
induction on |J|, we obtain the corollary. O
Let gr be the residue cardinality of F'. We next consider the normalized first derivative
1 d
J00rb(a, f)i= ———— O(a, f,s). 2.23

@ )= fogtary s 0@ 59 (223
COROLLARY 2.18. Assume that «: (Ey, E3) — Ma, (F) is regular semi-simple and that f € H is

such that
O(a, f,0) =0, 0Orb(a, f)#0. (2.24)

Then ord(Inv(c)) = 1. In particular, there are uniquely determined n°, n' with n=n° +n! such
that o matches a pair 3: (E1, E2) — Dyjono X Maop (F). Here, Dy denotes the central division
algebra of Hasse invariant \ over F.

Proof. Set ord(a) =ord(Inv(«)). Corollary 2.17 provides ord(«) <1 and we are required to
exclude the case ord(a) =0. This relies on the functional equation [HL20, Proposition 3.2.8],
saying

O(Oé, f7 S) = €(C¥, S)O(Oé, f7 _3) (225)
for a factor e(a, s) € +|F |3, that only depends on «. The proof of [HL20, Proposition 3.3.3], com-

bined with Theorem 2.12 and Lemma 2.16, shows that the sign of e(a, s) is (—1)°'4(®), Assume
it were positive, say €(a, s) = ¢>. Taking the derivative (d/ds)|s—o of (2.25), we obtain that

log(gr) 00rb(e, f) =1log(qr)O(a, f) —log(gr) O0rb(c, f).

This is impossible under our assumptions (2.24). Thus, necessarily ord(a) = 1. The existence of

(n% n') and of the pair 3 is now evident from Lemma 2.16: take n® = [L/ : F] and n' =n — n°,

where jo € J is the unique index in (2.22) such that B’ is division. O

3. The AFL

3.1 Quadratic cycles

Let F', Fh and FEy as well as n>1 be as before. In particular, F; and Es are quadratic étale
field extensions of F' of which at least one is unramified. Denote by F'/F the completion of a
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maximal unramified extension and by [ its residue field. Let E be a composite of F, E; and E»,
and fix embeddings Fq, Fo — F.

DEFINITION 3.1. Let S be an O j-scheme such that m € Og is locally nilpotent.

(1) Assume F is p-adic. A strict m-divisible Op-module over S is a pair (X, ¢) consisting of a
p-divisible group X over S and a strict action ¢: Op — End(X). The latter means «(a) =a
on Lie(X).

(2) Assume F =F () is a local function field. A strict 7-divisible Op-module over S is a
m-divisible group® (X, ¢) over S (for F) in the sense of [HS19, Definition 7.1] that is strict,
meaning that ¢(a) = a on Lie(X).

The theories of these two types of objects are completely parallel, at least to the extent
required by this article. We also remark that the objects in part (2) are equivalent to minuscule
local Op-shtuka, cf. [HS19, Theorem 8.3].

Let X/F be a strict w-divisible Op-module of height 2n and dimension 1 and consider a pair
of embeddings

B:(E1, Ey) — End’(X).

Considering its identity component and maximal étale quotient, X decomposes in a unique way
as a product X =X° x X! with X° connected and X' étale. The heights of X° and X' are even
because of the existence of 3 and we write ht(X") = 2n? and ht(X!) = 2n!. Then

End(X) = OD X Mgnl(OF),

where D/F denotes a central division algebra of Hasse invariant 1/2n°. The datum of 3 is, thus,
equivalent to that of two pairs

B°:(Ey, By) - End*(XY), p':(Ey, By) — End’(Xh).

LEMMA 3.2. Assume that (3 is regular semi-simple. Then ord(Inv(8)) = 1. Conversely, for every
regular semi-simple invariant § with ord(d) =1, there is a unique pair (X, ) as above up to
isogeny such that Inv(f) =4.

Proof. Write Ls =[] L’ and Bs =[] B’ as in Definition 2.15. As we showed during the proof of
Corollary 2.18, there exists an F-algebra embedding Bs — D jopo X Mau: (F') if and only if there
is a unique index jo with B’ a division algebra and [L’° : ] =n®. The pairs (2n°,2n!) with
n® 4+ n! =n on the other hand are in bijection with the possible isogeny classes of X (Dieudonné—
Manin classification). Finally, any embedding of Bs into D; 5,0 X M2y (F) has to be a product
of two embeddings

B — Dy oo, H B) —5 Mo (F)
J#Jo
and, hence, all such embeddings are conjugate by Skolem and Noether. This proves the
uniqueness up to isogeny. O

Remark 3.3. An analogous uniqueness statement holds for local Shimura data of EL type for
inner forms of G Ly (F'), see [LM23, Proposition 4.5]. It would be interesting to know if there is
a more group-theoretic explanation for this phenomenon.

3These are called m-divisible local Anderson modules in [FIS19]. Our terminology is chosen for uniformity with
the p-adic case.
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Let M — Spf O denote the RZ space of X, that is

M(S) = {(X, p) (3.1)

X/S a strict m-divisible Op-module
p:SxgX—=S X SpecF X a quasi-isogeny '
Here, S:=TF ®o, S denotes the special fiber of S. Analogously define, for i =1, 2,

X/S a strict m-divisible Op,-module (3.2)
p:S x5 X =S Xgpeer (X, ;) an Op,-linear quasi-isogeny ‘ '

Z(ﬁi)(s):{(X7p)

The above spaces are well-known to be formally of finite type and formally smooth over Spf O .
The relative dimension of M is 2n — 1, that of the Z(;) is n — 1. Moreover, the reduced sub-
schemes M,eq and Z(;)req are O-dimensional. The forgetful maps Z(1), Z(f2) — M are closed
immersions and allow the Z(/3;) to be viewed as cycles on M.

3.2 Hecke correspondences

Throughout this article, we work with a non-standard definition of integral models of Hecke oper-
ators that is derived from our non-standard presentation (2.18) of the Hecke algebra. Therefore,
we begin with some general remarks on Hecke correspondences that justify this approach and
provide the comparison with the definitions in [Li22b] and [HL20].

Write Z¢(M) for the group of cycles on M of codimension ¢, similarly for M xgyr0, M. By
correspondence on M we mean an element of

Corr(M) :={z € Z*"1(M xspt0, M)|p1,p2: Supp(z) — M both finite}. (3.3)

Correspondences form a ring through convolution and act on Z*(M); we refer to Appendix A
for these definitions and their properties.

Recall that H denotes the spherical Hecke algebra of G Lo, (F') with respect to GLa,(Op).
Given an indicator function 1, € M, there is a definition of Hecke correspondence [R(1,)] €
Corr(M). It is uniquely characterized by the requirement that its generic fiber parametrizes pairs
((X1, p1), (X2, p2)) such that py'p;: X1 — Xy is of type p. The general definition of [R(f)], f €
‘H, is obtained by linear extension. Given cycles z1, zo on M that are of complementary dimension
and such that Supp[R(f)] N (Supp 21 Xspt 0,, SUpp 22) is artinian, there is an intersection number
(21, [R(f)] * z2). In this way, the Hecke action on cycles on M and the resulting intersection
numbers are defined unambiguously.

An explicit construction of [R(f)] in terms of formal scheme models R(f)— M x M is
given in [Li22b, §6.2] or [RSZ21, §4.3], it relies on the notion of Drinfeld level structure. By
Proposition A.8, the Hecke action [R(f)]: Z*(M)— Z*(M) is then expressed as

[R(f)] % 2 =p1a[R(f) xarxns 23 ' (2))].

(The bracket notation indicates passage to the cycle.) Assume, furthermore, that Z;, Zo C M are
closed formal subschemes of pure complementary dimension, both defined by regular sequences,
and such that R(f) N (Z1 Xspfo,, Z2) is artinian. The mentioned models R(f) are even regular,
so Corollary A.10 implies

([Z1], [R(f)] * [Z2]) = L0, (OR(f) sy ni (21 % 25) ) - (3.4)

This provides the promised link of the intersection numbers from [Li22b, Li25] (given by the
right-hand side) with the canonical ones on the left-hand side. We now come to our defini-
tion of Hecke correspondences, which, by the above arguments, lead to the same intersection
numbers.
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DEFINITION 3.4.
(1) Given m >0, denote by (p1, p2) : R(m) — M xgpro, M the functor

(th)EM(S), }

o . (3.5)
@ an Op-linear isogeny of height m

Rm)(5) = { (X0 % X1.9)|
The map to M xgpro, M is given by

(Xo 5 X1, p) — (X0, po ), (X1,p)).

It is a closed immersion that identifies R(m) with the locus of those pairs
((Xo0,p0), (X1,p1)) such that the quasi-isogeny pflpO:XoﬁXl is an isogeny of

degree m.
(2) For a tuple m = (mq,...,m,) € Z>q, we define
R(m):=R(m1) x R(mg2) x -+ x R(m,)
p2,M,p: p2,M,p1 p2,M,p1

by composition. In other words, R(m) represents the functor

Each X; a m-divisible strict Op-module,
R(m)(S) =} (Xo B X153 -5 X,.p) | (X, p) € M(S),
w; an Op-linear isogeny of height m;
(3.6)
We often write (X, p) for such chains of isogenies. The map to M xgpro, M takes the
chain (X,, p) to ((Xo,po@ro0---0¢1), (X, p))-

(3) For k € Z, multiplication in the framing defines an automorphism
(7] M — M, (X,p)— (X, 7%p).
Taking its graph, we view [7]¥: M — M xgps 0, M as correspondence.

PROPOSITION 3.5. For any m=(my,...,m;) € Z>o, the formal scheme R(m) is Cohen-
Macaulay and the two projection maps p1, p2 : R(m) — M finite flat. In particular, Definition 3.4
provides a model for the Hecke correspondence:
(7" x  R(m)]=[R([x]* * f(m))] in Corr(M).
p2,M,p1

Proof. First consider the case r =1 and the first projection p; : R(m) — M. Let (X, p) € M(S5).
The fiber of p; over (X, p) is the set of Op-linear isogenies X — Y of height m to strict w-divisible
Op-modules Y, up to isomorphism in Y. Considering the occurring kernels, this set is in bijection
with certain finite locally free subgroups H C X that we now describe.

In the p-adic setting, H has to be Op-stable, of order ¢}, and such that Op acts on X/H
strictly, meaning «(a) = a in End(Lie(X/H)). Varying S and (X, p), this description shows that
p1 is relatively representable in projective schemes.

In the function field setting, we still consider Op-stable H of order ¢j. We also need to make
sure that X/H is again a m-divisible Op-module, however. This is the case if and only if each
truncation (X/H)[x"], r >0, is balanced as F,,-module scheme. (Being balanced is a condition
on the primitive elements in the Hopf algebra of the group scheme, cf. [Pogl7, Definition 5.13].
This property is equivalent to being a strict Fo-module scheme, cf. [HS19, Remark 5.3]. It is
required for the truncations of a w-divisible O p-module by definition, cf. [HS19, Definition 7.1].)
We are given that all X [r"] are balanced. Then all (X/H)[x"] are balanced if and only if H is
balanced, because this property is well-behaved in exact sequences. The condition for a finite
locally free group scheme to be balanced is open and closed on the base, cf. [Pogl7, Remark 5.17].
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Finally, we impose that the Op-action on X/H is strict. In this way, we have again shown that
p1 is relatively representable in projective schemes.

Now consider the special fiber SpecF x s R(m)— SpecF. It is of dimension 0 because a
1-dimensional 7-divisible Op-module over F has at most finitely many subgroups of order g.
Thus, p; is finite and we obtain dim R(m) < dim M.

The map R(m) — M xgpro, M is a closed immersion and M xgpr0, M is regular. We claim
that R(m) is locally defined by at most 2n — 1 equations. Let X; =p}(X) be the pullback of
the universal m-divisible Op-module from the ith component, ¢ =1, 2. Write R(m) =V (I) for an
ideal sheaf I and consider the Hodge filtrations of Xi[y(r2) and Xaly 12y as well as the following
map on (Op-linear) Grothendieck—-Messing crystals coming from ¢.

0 4>F1 4>DX1 (V(Iz)) —>Lie(X1\v(12)) —0
lDw(V(P» (3.7)
0—— F; —> Dx, (V(I?)) — Lie(Xa|y(f2)) —=0

Note that I/I? C Oy (s2) is defined by the condition that it is the minimal ideal J C Oy sz
such that the universal quasi-isogeny p,'p; : Xily(r2) = Xaly(s2) is an isogeny mod J. (Here,
(X1, p1, X2, p2) denotes the universal point over M xgpro, M.) By Grothendieck-Messing the-
ory, I/I? equals the ideal defined by the condition that the composite map Fy — Lie(Xaly(r2))
in (3.7) vanishes. The source is a vector bundle of rank 2n — 1, the target a line bundle. Thus,
R(m) is locally defined by 2n — 1 equations as claimed. In particular, also dim R(m) > dim M
everywhere, so R(m) is pure of dimension 2n. It follows from the smoothness of M that R(m)
is Cohen—Macaulay.

The flatness of both p; and ps is now deduced from ‘miracle flatness’: a local homomorphism
R — S of noetherian local rings with R regular and S Cohen—Macaulay is flat if and only if its
fiber dimension is constant, see [Stal8, 00R4].

The obtained properties now extend to general r: the composition of finite flat correspon-
dences is finite flat, so both p1,p2: R(mq,...,m,) — M are finite flat. Being finite flat over a
regular local ring implies Cohen—Macaulay.

Finally, the identity [[7]* x,, prp, B(m)] = [R([7]¥ % f(m))] is clear for generic fibers. Since
R(m) is flat over M, it is also flat over O, so the identity extends to cycles on M. O

3.3 Intersection numbers

DEFINITION 3.6. For m = (my,...,m,) € Z>o and [ as before, we define I(/3, m) by the following
Cartesian diagram.

I(B? ’/TL) - 2(62) XSpf Oy Z(Bl)

N

R(m) M Xspf Oy M

LEMMA 3.7. Assume that 3 is regular semi-simple. Then I(f, m) is a (possibly infinite) union
of artinian schemes.

Proof. This follows a posteriori from the length computations in [Li22b, HL20]. We give an
alternative a priori argument. Let Spf A C I(3, f) be an affine closed formal subscheme, given by

“We refer to [HS19, Theorem 9.8] for the fact that the deformation theory of m-divisible Op-modules in equal
characteristic is the same as that in the p-adic setting.
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some chain (X,, p) € R(m)(Spf A). Then X := X, algebraizes to a strict m-divisible Op-module
X over Spec A that comes with a pair of embeddings

(p~"Bup, (pr -+ 01) ' Balpor -+ ¢1)) : (Op,, Op,) — End’(X). (3.9)

The intersection of its image with End(X) generates an order in a quaternion algebra B over an
étale F-algebra L of degree n because § is regular semi-simple, see Proposition 2.5. Moreover,
B % My(L) because B embeds into End’(X). Our task is to show that p algebraizes, i.e. that
(X, p) € R(m)(Spec A).

It is well-known that p-divisible groups in characteristic 0 are étale. The analogous statement
holds in the function field setting. Namely let X /S be a strict w-divisible Op-module. The three
properties X being m*°-torsion, 7 € OF and «(7) = 7 in End(Lie(X)) imply Lie(X) = 0. The only
strict 7-divisible Op-module of height 2n over a geometric point with 7 # 0 is, thus, (F/Og)*"
(up to isomorphism). Its endomorphism ring is M, (OF) and there is no possibility for a pair of
invariant Inv(3) as in (3.9). Thus, A has to be 7*-torsion, k> 0.

Concerning Op-fields with m = 0, the geometric isogeny class of X is the only one of height 2n
and dimension 1 that admits a pair of embeddings of invariant Inv(3), see Lemma 3.2. Thus, all
fibers of X are of the same geometric isogeny class. In particular, the connected component of
identity X is again a strict m-divisible Op-module, cf. [Mes72, Proposition 11.4.9] (p-adic case)
and [HS19, Proposition 10.16] (function field case).

Let A— R be a local homomorphism to the ring of integers in a complete, algebraically
closed, non-archimedean field K. Denote its residue field by k. We use index notation Xg, Xg,
X, etc. to denote base changes to R, K, k, etc. The map

End(XR) — End(XK) = OD

is injective, so the reduction map

X M2n1 (OF)

1/2n0

End(Xz) — End(X},)

is a bijection. If we manage to find an isogeny 7: Xp — Xg, then the composition (p7~1)7:
Xr— Xp is a (Spec R)-valued point of M that agrees with the given Spf R-valued one. But
any morphism from Spec R to M factors through one of the closed points of M because M is a
disjoint union of formal spectra of complete local rings. Since R was arbitrary, this implies the
statement of the lemma.
Since R is perfect, we may write Xg = X% X X}% and construct 7 component-wise
TO:X%—>XO, T :X}%—>X}%.

Both X}, and X} are isomorphic to (F/ OF)Z"1 and we take 7! as any isomorphism. For 7°,
we consider X9 2 Spf R[t] as a formal group. (See [HS19, Corollary 10.12] for the equivalence
of formal Op-modules and connected strict 7-divisible Op-modules.) Since special and generic
fiber of X% are both of height 2n°, and since K is algebraically closed, we may normalize the
coordinate such that multiplication by m € Op is expressed by

[x](t) = 14"

The power series describing addition and the Op-action all commute with [r](¢) and now have
coefficients in the finite field F 420 In other words, X% comes via base change from F and is,
thus, isomorphic to X%. O

Let L:= L(3) C End’(X) denote the centralizer of £1(FE;) U fa(Es). Its units L* act on all
objects in (3.8) by transport of structure along p.
LEMMA 3.8. Assume that [ is regular semi-simple. Then the quotient L*\my(I(3,m)) is finite.
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Proof. Since I(8, m)(F) =mo(I(8,m)), this is purely a statement about F-points. Given a 7-
divisible group X over I, we write X = X% x X! for its decomposition into connected and étale
part. Then every F-point (X, p) € M (F) is (in a unique way) a product (X% x X!, o x p!), where
p¥: X0 5 X0 and pl: X! — X! are two quasi-isogenies. Moreover, giving an isogeny ¢; : X;_1 —
X; of height m; is the same as giving a pair of isogenies

SO? : Xzo—l — Xzo> ()011 :Xil—l — le
with ht(¢?) + ht(p}) = m;. In this way, we obtain

m(B,m) =[]  mo((8%m") x mo(1(8',m")) (3.10)

mO+ml=m

where m? m! e 7% . Moreover, the centralizer is a product L= L% x L' and its units act
diagonally on the right of (3.10). This reduces us to the two cases of X being connected or
étale.

If X is connected, then mo(M) = Z via (X, p) — ht(p). The element 7 € F'* acts through trans-
lation by 2n, proving the statement in this case. If X is étale, then mo(M) = G Loy (F')/G L2y (OF)
and the argument is the same as for the convergence of (2.3). O

In fact, [R(f)] is invariant under the diagonal action of Aut’(X) on M xspro, M for every f.
Lemmas 3.7 and 3.8 imply that Supp[R(f)] Xy (Z(B2) x Z(B1)) is artinian and finite modulo
L* whenever 3 is regular semi-simple.

DEFINITION 3.9. Let 3 be regular semi-simple. Endow L = L(8)* with the measure such that
w(Of)=1. Let I' C L* be a cocompact subgroup that acts freely on mo(M). For f e H, define
the intersection number

It (B, f) == p(L\L*) " T\[R(S)], T\(Z(B2) x Z(51)))
- > p(Stab(z)) " ([R(f)]as (Z(B2) x Z(B1))z).  (3.11)

z€L>\mo (Supp[R(f)]x (Z(B2) X Z(81)))

The intersection of the first expression is taken on I'\(M x M). The intersections of the second
happen on the connected component . More concretely, write f=3"._; ;- [7]5 % f(m®) for
some finite index set I. (Recall that the f(m®)) were defined in (2.16).) Then, by Proposition 3.5
and Corollary A.10,

Int(8, f) =Y _ A Int(3,m™),
el
where the summands on the right-hand side are defined by
Int(ﬁa m) = 'U’(F\LX)_lgOE (OF\I(ﬁ,m))
=Y u(Stab(@) Mo, (Orsm)- (3.12)
xe€L*\mo(I(B,m))
Here, we have also used the following analog of (2.19):

Int(B, f)=Int(3, [x]* « f), feH, kel (3.13)

Namely, [7]¥ + R(f) is defined by composing R(f) with the graph of the automorphism 7% :

M — M, (X, p)— (X,77%p), and this automorphism maps Z(3;) to itself.
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3.4 The AFL
Recall that Fyg=F x F, and that F3 C 'y ® F» is the fixed ring under o1 ® o2. Recall further
that
1 d
J0rb(a, f) = ——— O(a, f,s) (3.14)

~ log(gr) ds|,_
denotes the normalized first derivative. By Corollary 2.18 and Lemma 3.2, the following
conjecture concerns precisely those invariants § with ord(d) = 1.

CONJECTURE 3.10. Let a: (Eg, E3) — Moy, (F') be a regular semi-simple pair of embeddings that
matches to a pair 8: (E1, E2) — End®(X). Then, for any f € H, there is an equality

90rb(a, f)=Int(B, f).

Remark 3.11.

(1) In case X =XV is connected, this is the conjecture of Howard and the first author [HL20]
(respectively, the first author [Li22b] if Ej = F5). Note that the original conjecture in
[Li22b] is slightly different, however, because it does not take into account connected
components. This is remedied with the definition in (3.12). The difference is not yet
visible for n =1 or n =2 because in these cases L™ acts transitively on m(I(S, f)). It is,
unfortunately, quite challenging to verify an explicit example for n =3 that shows that
Int(B, f) is the correct definition. We offer a slightly different identity in Example 3.14
that provides some evidence, however. We also remark that our definition of Int(3, f) is
the one that comes naturally from a global intersection problem.

(2) The case n=1 of Conjecture 3.10 is proved in [HL20, Li22b]. The case of n=2 and f =
lgr,(0p) 18 shown in [Li22a] (for By = E») and the forthcoming work [Li25] (for £y # E3).

(3) Assume Ej = Fy = F is unramified over F. Given any pair 3, one may write o = 1"

for some p € D*. Assume that |m|Z vp(y) modulo 2. Then R(m) N (Z(B2) x Z(B1)) = 0.
One can also show (omitted) that the orbital integral then vanishes identically, O(«, f, s) =
0. In particular, Conjecture 3.10 holds in that case.

It is enough to know Conjecture 3.10 for a C-basis of H. Our main result to this end is the
following analogue of the analytic reduction formula Theorem 2.12.

THEOREM 3.12. For every m € Z%,,, the following identity holds:

Int(8, m) = [Discg, /p - Disc, /plp * [Res(Inv(%), Inv(8Y))| "

S g g (80, m®)0(8Y, f(m)). (3.15)
m=m°+m?!

for elements x € Ej3.

|1/2

Here, we have used the notation |z|p :=|Nmg, /p(z)|p
Comparing this with (2.21), we obtain the following corollary.

COROLLARY 3.13. Assume that the FL (Conjecture 2.10) holds. Then the AFL
(Conjecture 3.10) holds in all cases if it holds in all basic cases, meaning in all cases where
X =X is connected.

More precisely, the AFL then holds for some X, some f(m) and some 3 if it holds for 8° and
every f(mY) with 0 <m®<m.

In particular, the AFL holds whenever ht(X°) = 2. It holds for the unit function f = 1GL,. (0r)
if ht(XY) = 4.
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Proof. We show the more precise, second statement. Assume that X = X% x X! is of height 2n =
2n% + 2n!. Consider a pair 8= (8% B'): (E1, E2) — Daono X Moy (F), and some m € ZZ,. Let
a®: (Ey, E3) — Mapo(F) match 8% and let o' : (Ey, E3) — Moy (F) match 8. In particular, their
direct sum

a=(a’ al): (Ey, E3) — My, (F)
matches 3. Set 87 :=Inv(a?) =Inv(5’) in the following. In addition, define

n0.nl

© = |Discp, /r - Discp, /plp © |Res(6°, I

and note that this expression equals

[Dises, /rlp * [Res(6, 6]
Namely, taking £y to be unramified, Discg, /p is trivial and

Discg,/r =Discp, g, 5, /5, = DiSCE 0, 5,/E, = Discg,/F,
where the outer identities follow from the unramifiedness of F;/F and where the middle one
follows from F| ®p F3= F1 Qp Es. Now we apply Theorem 2.12. Substituting the concrete
expression for the partial Satake transformation S(f(m)) from (2.20), taking the derivative
at s =0, and applying the vanishing of O(a?, f(mP)) for every m® € ZZ, (see Proposition 2.14),
this theorem states that -

d0rb(a, f(m))=©- 37 ¢ g0 (al, f(m)O(’, fm). (3.16)
m=m0+m!

On the other hand, Theorem 3.12 states that
(B, m) =0 3 I (80 m0)0(8Y, f(mb). (3.17)

m=m0+m!
The FL (Conjecture 2.10), which we assumed to hold, states that O(al, f(m!)) equals
O(BY, f(m1)) for all m!. Furthermore, our assumption also is that dOrb(a?; f(m?)) = Int(5°, m°)
for all occurring m®. Comparing (3.16) and (3.17) then shows that dOrb(a, f(m)) = Int(3, m)

as was to be shown. The last statement of the corollary follows from the known cases of the AFL
in Remark 3.11. O

The proof of Theorem 3.12 is given in the next section. Here, we conclude with the promised
example on connected component counts.

Ezample 3.14. Assume that X = X? is connected and that E = F; = E, is unramified over F. Let
L/F be an unramified field extension of degree n and choose an embedding L — D = End’(X).
Write B = Centp(L) for its centralizer and let f: (E, E) — B be a pair of embeddings of F-
algebras whose image generates B over F. This situation can only exist if n is odd because
E ®p L then embeds into B by Proposition 2.5(2) and, hence, has to be a field. Denote by
Z =70y, B) €M the closed formal subscheme of (X, p) such that

p'OLp, p 'B1(OR)p, p 'B2(0g)p all CEnd(X).

Let I'=7%. (Note that 7 is also a uniformizer for L.) Then T'\Z(Oy, ) has 2n connected
components that correspond to the 2n possible characters of Op, (g)r, acting on the Lie algebra.
Imposing compatible Kottwitz conditions for the two Og-actions leaves us with only n connected
components. Each is isomorphic to the intersection I'\I(8 ®idz, 1gz,(0,)) that occurs in the
formulation of the linear AFL for G Ly 1. Thus,

Lo, (Or\z) =nInt(B®@idr, 1gL,(0.))-
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Let «: (Ey, E3) — M, (F) match 3. The centralizer of « is isomorphic to L. In (2.13), we may
sum only over the sets
L(Or[a]) € L(aw), L(Orfas]) € L(as)

of lattices A that are also Op-stable to obtain a rational function in ¢°,

0(Orla], 16L,,(0r): 5)
= > Vol(Stabyx (Ag, Ag)) 18(Ag, A3)Q(Ag, As, s), (3.18)
(Ao,As)ELX\(L(Op o)) x £(Or [axs]))
with §(Ag, A3) =1 if Ag= A3 and 0 otherwise. Then
O(Orlal, 1gL,,(0r):8) =O(a®idr, 1lgr,0.), $)
o0rb(OLlal, 1g1,,(0x)) =1 00rb(a®idL, 1gr,0,)),
where the factor n stems from the difference in normalization by gr or g7, = ¢j. In this way, we

have recovered the AFL conjecture over L for n =2 and the unit Hecke function, but only with
the right convention for connected component counting.

(3.19)

4. Reduction to elliptic invariant

The purpose of this section is to prove the reduction formulas Theorems 2.12 and 3.12. The next
three sections reduce this to a degree computation that is accomplished in §4.4.

4.1 Fibration of lattice sets
Let V=V9@® V! be a direct sum decomposition of V = F?" with V0= F2n" and V120’
Denote by p’ : V — V7 the two projection maps. The fundamental observation is that there is a
bijection of Op-lattices X CV and triples
{(XO, X1 s) X0cvY XtcV!both QF—lattices,} .
s: X' - VY/XY any Op-linear map

It is given by
X (X=X NV XUi=ph(X), sx:=[X' - X 25 v0/X7)), (4.1)
where t: X! — X is any choice of splitting for p'. The inverse is given by
(X0, X1 5)— X0+ {(3(zh), ), =t e X1},

where 5: X! — VY is any lift of 5. The bijection moreover satisfies the following two functoriality
properties.

(1) Assume X CY. Then clearly X°CY? and X! CY!. We claim that also the following
diagram commutes.

X! y!
Sxi lsy (4'2)
VO/XO VO/YO

Namely (5x(z'),z!)€ X lying in Y means that there is y° € Y such that sx(z!)=
Sy (z1) + yo. Conversely, if for two lattices X and Y one has X7 C Y7 and also that (4.2)
commutes, then X CY.
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(2) Let ¢ =(¢% ¢! € End(V?) x End(V!) C End(V) be an endomorphism. Then X is (-stable
if and only if each X7 is (/-stable and (Y o s =s0(!.

4.2 Application to orbital integrals

Consider a regular semi-simple pair «: (Ey, E3) = M2, (F). Let B be the quaternion algebra
generated by the image of o, denote by L = Cent(B) its center. Assume that L =L% x L! is a
product with eigenspace decomposition V =V?@ V1. Given a tuple m= (my,...,m;) € Y/
define -

Xo CV an Og,-lattice, X, CV an Op,-lattice,
L(a,m)= ¢ (Xo, X1,...,X;) | X; CV an Op-lattice fori=1,...,7 — 1, . (4.3)
Xi—l Q Xz of index m;
Note that this definition matches (2.17). The above discussion provides a map
L(a,m) —> H L(a®,m°) x L(at, mb)
mOm'€ZL,, m=mO+m! (4.4)
(Xo, .., Xp)— (X0, ..., X0, (X3,..., X ).
We use the shorter notation X,, X2 and X! in the following. Let IV ¢ L?* be a subgroup with
I x OF; =2 L%* and put I' =" x I'* C L*. Then (4.4) is I'-equivariant. Using (2.13) and the
description of f(m) in (2.17), we obtain

Oa, [rFx f(m),s)= > QX Xo,s). (4.5)
X\ L(a,m)
The same results give
O(a®, [7)"  f(m®), 5)O(a, [n]* % f(m?), )
- S (XY, X0, 5)Q(XL, XL, 5). (4.6)
(X9, XHeTNL(a®,mO)xT'\L(at,m')

Observe now that the transfer factor from (2.9) is multiplicative: if Xo > (X, X2) in (4.4), then
Q(XTﬂXOaS):Q(X£7X878> Q(XA,X&,S) (47)

By the explicit description of the partial Satake transform (2.20), the reduction formula
Theorem 2.12 (for Ey and E3) is now reduced to the following proposition.

PROPOSITION 4.1. Fach fiber of (4.4) over L£(a®,m%) x L(a!, m') has

n0.nt

IDiscp, /p| * | Res (Inv(a®), Inv(al))[ ! - g Im " ml (4.8)
many elements. In other words, given any pair (X, X}) € L(a®, m°) x L(al, m'), there are (4.8)
many tuples (Yo, - . . , ) of Op-linear maps v; : X} — V°/X? that fit into a commutative diagram

X4 X1 . X!

’YO\L vli %-l (4.9)

VXY VO XY VX

and such that o is Og,-linear, and such that v, is Op,-linear.

Given a regular semi-simple pair 3 : (Fy, Fy) — Ma, (F) there is a completely analogous defini-
tion of a lattice set L(3, m). If 8 factors through Ma,o(F) X Mo, (F), all the above considerations
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apply to provide a fibration
c,m)— [ £8°m°) x£(s',mh). (4.10)
m=m®+m!
In this way, Theorem 2.12 (for E; and E3) reduces to the following statement.
PROPOSITION 4.2. Each fiber of (4.10) over £(3°,m") x L(8, m!) has

n0.nl

Disc, /- Discp, /p|p * | Res (Inv(B%), Inv(81)) [ - g™ ™71+ Im' (4.11)

many elements. In other words, given any pair (X0, X}) € £(5% m®) x L(B', m'), there are
(4.11) many tuples (Yo, . . ., ) of Op-linear maps ~; : X} — V°/X? that fit into a commutative
diagram

X3 Xi . X}

“’J, %i Vl (4.12)

VO/X) —=VOX}) - ——= VX

and such that 7y is Og,-linear, and such that -, is Og, -linear.

4.3 Fibration of RZ spaces

Our aim is to adapt the previous arguments to strict w-divisible Op-modules. We begin with
some general observations about the connected-étale sequence. Let S be a scheme such that
7 € Og is locally nilpotent. Assume that X /S has fiberwise constant étale rank. Then, by [Mes72,
Proposition 11.4.9] and [HS19, Proposition 10.16], respectively, it is an extension

0—X0' 5 x X590

of its maximal étale quotient by its identity component. We view w-divisible Op-modules as
sheaves for the fpgc-topology in the following. Then the maximal étale quotient X' has the
canonical presentation

0—T—V-—X'—0, (4.13)
where

T:=TX':=lim X'[7"] and V:=VX':=TX'[r7!]

n>0

denote the Tate module and rational Tate module of X!, respectively. The natural map V — X!
in (4.13) is defined by

7. .., @9, L1, Tg) —> Ty, where (..., xo, 1, 10) €ETXL.

Applying Hom(—, X°) and taking into account that multiplication by 7 is an automorphism of
V while Hom(T, X°) is torsion, we obtain an exact sequence

0 — Hom(T, X°) — Ext} (X', X°) — Ext!(V, X9). (4.14)
The leftmost term here is torsion, the rightmost term torsion-free, so
Hom(T, X") = Ext' (X', X)torsion-
By definition, an extension

0— X' —>X—xt—0
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here is torsion if and only if there exists an integer N > 1 and the following commutative diagram.
0— X' —X'p X! —= X1 ——0

l l (4.15)

0 X0 X X! 0

PROPOSITION 4.3.
(1) An extension 0 — X° — X — X' — 0 is torsion if and only if there exists an isogeny ¢ :
X—->X's XL
(2) Assume ¢°: X0 =YY and ¢!: X1 — Y1 are two homomorphisms with Y1 étale. Assume
furthermore that we are given two torsion extensions

0—X' 35X -—5X'" 50 and 0—Y°—Y —Y!'—0.

Then there exists a (necessarily unique) map ¢ : X — Y that restricts to po and extends
1 if and only if the following diagram commutes.

rx' Iyt
4k
X0 yo

Proof.

(1) The two m-divisible Op-modules in the middle column of (4.15) have the same height and

the kernel of the middle vertical arrow of (4.15) identifies with X![7™V], is hence finite
locally free. This shows the ‘only if’ assertion.
For the converse, we observe that any homomorphism ¢: X — X" @ X! provides two
homomorphisms ¢ = ¢|yo : X? — XY and ¢! = (¢ mod X°): X1 — X! If ker(y) is finite
locally free, then also the intersection ker(¢") = ker(y) N X has this property because it
is open and closed in ker(y). Thus, ¢ is an isogeny. Then ker(p!) =ker()/ ker(¢?) is
also finite locally free, so ¢! is an isogeny. Let 1° and ¢! be such that ¢! =7 and
0% = N for some N > 0. Then the class of X in Ext! is annihilated by 72.

(2) The connecting homomorphism in (4.14) has the description that X is constructed from
amap sy :TX!— X% as X =(X°@ VX!)/TX!. The claim is then obvious. O

Apply these considerations now to (X, p), the universal pair over M. Let
0—X' X X' —0 (4.16)

be its connected-étale sequence and let S — M be a point. Both X? and X! inherit a strict
Op-action and p provides a pair of quasi-isogenies

p02§X5X0—>§XSpeC]FXO, p1:§><5X1—>§><SpeCFX1 (4.17)

over the special fiber S=TF ®o, S. It follows that S xg X is isogeneous to S xg (X% x X1)
and hence X is isogeneous to X0 x X'. The extension class S xj; X is thus torsion by
Proposition 4.3(1) and comes from a map TX*' — XY.

Let Mxo and Mx: denote the RZ spaces for the two indicated strict m-divisible Op-modules.
Denote by (Y, p°) and (Y'!, p!) the universal points of Myo and My, respectively. By abuse of
notation, we continue to write (Y7, p/) in place of P; (Y7, p’) for their pullbacks to Myxo x Mx:.
The Hom-functor Hom(7Y?!, Y?) is then itself a strict m-divisible Op-module. (In fact, since
Mo x M1 is a union of formal spectra of strict complete local rings, it is isomorphic to (Y0)2""))
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Thus, we obtain a map
Myx — Hom(TY?, Y?)

0 0 11 . (4.18)
(X, p)— (X7, p”), (X7, p"), extension class of X).

Here, we view Hom(T'Y!, Y?) as a sheaf on Mxo x Mx: and (X7, p7) denotes the image point in
My;. Proposition 4.3 proves the following proposition.

PROPOSITION 4.4. The map (4.18) is an isomorphism. It moreover has the following functoriality
property. Given ¢ =(¢°, ¢') € End®(X%) x End®(X'), the closed formal subscheme Z(¢) C Mx
where p~'(p is a homomorphism agrees with the subfunctor of (-linear homomorphisms in

(2(C%) % 2(¢N) X (o x ) Hom(TYH, Y0). (4.19)
Here, an S-valued point of (4.19) is called (-linear if
()1 oh=hoT((p")'¢tph).
Consider now a regular semi-simple pair J:(FE;, Fo) — End®(X), write (7 :(Ey, Fy) —
End®(X7), j =0, 1 for its components. Then we have the three intersections I(3,m), I(5°, m°)

and I(B',m!) that result from (3.8) applied to X, X° and X!, respectively. The above
considerations provide a map

m:1(8,m)— [ 1(8°m xI1(8",m")
m=mO+m? (4.20)

PROPOSITION 4.5. The map (4.20) is finite locally free. Its degree over I(3°, m°) x I(8%, mt)
equals

n0.nt

[Discg, ¢ Discr,plp * | Res (Inv(8%), Inv(81) [ - g Im* o im

'l

(4.21)

The proof is given in the next section. Here we note the following description of I(53,m),
which is provided by Proposition 4.3 and Proposition 4.4. Namely

1(8,m) C [ [ Homo,, (1Y}, V)1,
i=0

1 I(B0mO)xI(B",m*)

=mO04m

is the subfunctor of those tuples (v; : TY;' — Y,%)7_, such that the diagram

7

%J/ ’Yli ’le (4'22)
Y(]O P1i Y10 b2 P Yr()

commutes, such that yg is Op,-linear, and such that ~, is Op,-linear.

4.4 Degree computation

In this section we prove Propositions 4.1, 4.2 and 4.5 in parallel, the arguments being the
same for all three cases. Our main interest lies in the RZ space intersection, so we use the
terminology of m-divisible Op-modules. Fix a pair 8: (F1, E2) — End’(X), a tuple m € ZZ , and
a decomposition m =m° +m!. Let Y € I(8Y, m!)(S) and Y? € I(8%, m®)(S) be two fixed S-
valued points where S is local artinian with residue field F. Our aim is to compute the fiber
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over (YO, V}) of
1(8,m)— [ I(8°m®) xI1(8",m"). (4.23)
m=mO+m?!

The group Y,' only comes in via its Tate module, so we introduce the notation T, :=TY,! and
put Y, =Y.

For the proofs in the analytic settings, one considers instead a pair «: (Ey, E3) — M, (F)
(respectively, 3: (E1, Fa) — Ma,(F)) that preserves a decomposition V =V°?@ V1. Fix lattice
chains A, € £(a®,m°) and T, € L(a!, m'), (respectively, A, € L(3°,m°) and T, € L(B, m')).

Taking S =SpeclF, the datum A, is equivalent to that of a chain Y, :=As®0, (F/OF) of

étale m-divisible Op-modules of type (a’,m®) (respectively, (8%, m?)). Similarly, T, is the

chain of Tate modules of T, ®0p, (F/Op). In this way, all arguments about m-divisible Op-
modules in the following apply literally and provide the proofs of Propositions 4.1 and 4.2.
We only formulate the case of (Ei, E3), however, leaving it to the reader to substitute for
(Ey, E3).
Consider the following m-divisible Op-modules over S,
H;,=Homop,.(T;,Y;), 1=0,...,m,
Z or(Ti Yi), 1= (4.24)
Ci=Homp, (T;-1,Y;), i=1,...,r,
as well as
HS— = HOIHOE2 (To, Y()), HO_ = H0m0E2-conj (T(), }/0), (4 25)
Hj :I—IOInOE1 (TT7YT’)7 H; :HomOEl-conj(TmK")' .

Here, we used the notation
Homo, <cony (To, Yo) = { : Ty = Yo | f(at) = a% f(t) ¥ a € Og,}
in the first line and an analogous notation in the second. We now define a homomorphism
2
—Ry Iy r r
¢ = P H—H o CioHS (4.26)
R, L, | ©=0 i=1
2
such that ker(®) precisely describes the tuples (vyo,...,7r) in (4.9), (4.12) and (4.22). The
components R; and L; are the composition to the right and left in each square,
Ri:H,_1—C;, ~r—[Yie1—=Y|oy, i=1,...,r (4.27)
Li:H;—C;, vyr—~vyolli.1—T), i=1,...,r ’

The condition L;(y;) — R;i(vi—1) = 0 precisely expresses commutativity of the following square.
Tin—1;
wl lm
Yi 1 —Y;

The kernels of py : Hy— Hy and p; : H, — H_, on the other hand, should precisely be the
Ogp,-linear (respectively, O, -linear) elements. Pick elements (; such that Og, = Op[(;]. Define

py :Ho— Hy,  fr—[t— f(Gt) = Gf()],

p; :H,— H_ , f+— [t,_> f(¢it) — C1f(t)] (4.28)
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It is easily checked that p, and p; have image in H; and H
example,

-, respectively, as claimed. For

pr (F)(Cit) = F(¢Ft) — G f(Git)
= (G + ¢ f(Gt) = QT f(E) — Gf(cit)
D(Gt) = G f )]
C1 P () @)

This concludes the definition of (4.26).

LEMMA 4.6. Let E/F be an étale quadratic extension and T an Og-lattice. Let Y be a 7-
divisible group with Og-action, write O = Op|[(]. Then Homo,(T,Y) is again a m-divisible
Op-module and equals the kernel of

p:Homo, (T,Y) — Homo,-conj(T, YY), fr—[t— f((t) = Cf(L)].
In particular, the following sequence is exact,

0 — Homo, (T, Y) - Homo, (T, Y) -2 Homo, conj(T, Y) — 0. (4.29)

Proof. Choosing a basis of T, it suffices to consider T'=Op. Then both Homgp,(Og,Y) and
Homo,,-conj(OE, Y') are isomorphic to Y by the map f +— f(1). The choice of ¢ also allows us to
identify

Homo, (Op, Y)2Y?, f— (f(1), £(Q)).

In these coordinates, p is given by p(y1,y2) =y2 — Cy1. Its kernel is isomorphic to Y via
(y1,Cy1) — y1 and, hence, a m-divisible Op-module as claimed. Then the cokernel of ¢ is a 7-
divisible Op-module and has the same height as Homo,-conj(7,Y"), so maps isomorphically
onto it. Ul

In particular, ker(®) precisely describes the fiber of (4.23). The maps R; and L; are isogenies,
so we have quasi-isogenies L;lRi : H; 1 --» H; that allow to define a quasi-homomorphism

pr=p L,'R, LY R, y---L7'Ry: Hy - H, .
LEMMA 4.7. The homomorphism ® is an isogeny if and only if the quasi-homomorphism
<?12_> :Hy--» Hy & H;
Py

is a quasi-isogeny. If both are quasi-isogenies, then their degrees are related by

deg(®) = deg< > Hdeg (4.30)

Proof. We may multiply ® from the left by a quasi-isogeny of degree 1 in the following way:

Iy Py P2
I, "R Ly —h L
o R B R, L.
—pj Lrl I% _Rr Lr r—1 7Lr_11R
I pl— pl r T
n "R L.
410

https://doi.org/10.1112/S0010437X24007577 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X24007577

ON THE LINEAR AFL: THE NON-BASIC CASE

Iterating this operation leaves us with

Py
Py
—Ry Ly
—-R, L,
The degree of the diagonal here is the right-hand side of (4.30) and the claim follows. O

We now shift our attention to the framing object. The link with Lemma 4.7 will be given at
the end of the section. Write

N=NX), N°=NX", N'=NEx!

for the isocrystals of the respective Op-modules. These are F-vector spaces of dimensions 2n,
2n0 and 2n!, respectively. In addition, put

P = N(Homop, (TX!,X%) =Hom(N!, N?)
which has F-dimension 4n°n!. Define the following subspaces of P, each of half that dimension,

P =Hompg, (N, N°), P =Hompg, conj(N*, N?),

4.31)
P =Hompg, (N, N%), P, =Homg, conj(N*, NY). (
We also consider the projection maps to Pii, fori=1,2,

g P— P, fr=[te f(Gt) = G f()]-
The given points (YZ, p3, ©l) € I(879, m7)(S) define lattices in the above F-vector spaces. Let
M (—) denote the integral Dieudonné module functor over the special point of S. Set

MY = N(p?)(M(Y,)),  M3=N(pp)(M(Yy)),

M= N(p)(M(YY), ML= N(ph) (ML) (4.33)

T

Then M) C N° and M{ C N! are Op,-stable, whereas MY and Mj are Op,-stable. We note for
later use that there is an inclusion MY C M? of index |m°| because of the chain of isogenies

v Syl By 0

that satisfies p =pl ol o---0p}. In the same way, Mi C M| with index |m!|.
Passing to Hom-spaces, these lattices provide Dieudonné lattices in P and the Pii,

A= HOHIOF (Milv Mzo>7

Af =Homo, (M}, M), (4.34)

A; =Homo,, _conj(M;', My).
Just like in (4.29), the projections from (4.32) restrict to surjections qii A — Aii. Let us adopt
the following notion. Given two O p-lattices or Op-lattices A and A’, we write f: A --» A’ for
homomorphisms f: A[r~1] — A/[7 1] together with the datum of the two lattices. We call such
morphisms quasi-homomorphisms. We call a quasi-homomorphism f a quasi-isogeny if the map
f:A[r~'] — AN'[x1] is bijective. In this case, we define the degree of f by deg(f) = ¢!/,
For example, A; and Ao are both lattices in the F-vector space P. The inclusion maps define a
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quasi-isogeny Ao --+ Ay with
deg(Az --» Ay) = gl
_ q[Mf:Mg} dim z (NY)—[M}:M;] dimz (N°)
_ q2n1|m“|72n°\m1|_ (4.35)
PROPOSITION 4.8. Assume that [ is regular semi-simple. Then the quasi-homomorphism
(g1 495 ) : Ao ——> A7 X A

is a quasi-isogeny of degree

n0.nt 0‘

[Discp, /- Discp, /plp * | Res (Tnv(8%), Inv(8Y)[p" - g 1=, (4.36)

Here, we have used the notation |z|r := |[Nmg, /p (x)\},/z for elements x € Ej.
We first prove two lemmas.

LEMMA 4.9. If one of the six maps appearing below is a quasi-isogeny, then all of them are. In
this case, the degrees of
(g1 ,q3 ) : A1 --+ AT X A5,
B L N B ) (4.37)
9 ‘AT ‘AT -2 Ay and ¢ |A; tAy -2 A
all agree. Similarly, the degrees of
(g1 ,q5 ) : Aa ——» AT X A5, (4:38)
0 a1 A3 -2 Ay and gl |5z Ay - A '
all agree.

Proof. We prove the claim for the first triple of maps. Consider the exact sequence from (4.29)
to obtain the following commutative diagram.

(Note that g; : Ay — A; is surjective even if Fy/F is ramified; the argument is as for the map p
in (4.29).) The claim follows from this diagram for the two maps (g, , g ) and g, |4+ in (4.37).
Consider now any quasi-isogeny z € End%(X") that Galois commutes with both E; and E5 in the
sense that 2(; = (7' z for both i =1, 2. (Such elements always exist; a specific choice is given by the
element z from [HL20, (2.4.2)]. It Galois commutes with both E; by [HL20, Proposition 2.4.2] and
is invertible because 3° is regular semi-simple. The latter implies t in [HL20, Proposition 2.4.2]
to be invertible by definition, then [HL20, Proposition 2.4.1] implies z invertible.) The element
z intertwines g, | Ay and gy | A- in the sense that the following diagram commutes.

Af === AT
[ [
| lgf
\
_  fr—zof
Ay —=-—== > A;_
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Since z is a quasi-isogeny and since the horizontal maps have the same degree, this proves
the claimed shared properties of the first triple. The case of the second triple is the same by
symmetry. Moreover, A; and Ay are lattices in the same isocrystal, so the first three maps are
quasi-isogenies if and only if the second triple is. O

LEMMA 4.10. The endomorphism qfqz_\A;r : AT — A is a quasi-isogeny of degree
IDiscp, /p - Discg,/p|z" ™ | Res (Inv(8°), Inv(8")) |7,

Proof. For any f € Af, we have 89(x)o f = foB}(z) for every z € E1. From the definition in
(4.32) we obtain that

0 (g5 () = (foBa(C2) — B3(C2) o f) oB1 (1)
definition of g3 (f) in (4.32)
= BY(¢T) 0 (B(¢5?) o f = f o Ba(C5?))
cquals g5 (f), see (4.41)

= fow(p') —w(B’) o f (4.39)

with the two elements

w(B%) = (B3(¢2) 0 BY(C1) + B i“)Oﬂél)( 2°): (4.40)
2

w(B') = (B3(¢2) 0 BL(C1) + BL(CTH) © B3((52))-

We have also used the simple observation

foGi—Gof=¢ of—fog (4.41)
for all maps f, which results from fotr(¢;) =tr(¢;) o f. The elements w(8°) and w(B!) are
precisely the elements w for the two pairs 8 and g from [HL20, (2.4.1)]. They have the
property that each of them is both Op, - and Og,-linear, i.e. w(3?) centralizes 3%, see [HL20,
Proposition 2.4.2]. Note that End}, (X!) = M, (E}), also write D = End}, (X°). Thus, we may
view

w(BO)ED, w(ﬁl)EMrJ(El)

and qfq2_|A1+ =w(BH®1l—-12w(B°) € M,:(F1)®g, D. We recall a basic fact about the
resultant. Assume we are given A € M,, (k) and B € M,,(k) where k is any field. Then

det [A®1—1® B: Myxm(k) — Mpxm(k), fr— Af — fB]=Res(Py4, Pp),

where P4 and Pp denote the characteristic polynomials of A and B. (This identity is clear
if A and B are diagonalizable. The general case follows from a Zariski density argument and
by passing to the algebraic closure of k.) Put differently, the determinant of A®1—-1® B €
M, (k) @k My, (k), viewed as (nm x nm)-matrix is Res(P4, Pg). Since determinants may be com-
puted after scalar extension, these considerations also apply to central simple algebras and we
obtain

deg(q) ¢ [x+) = N1y, 0y, (w(B") @1 = 1@ w(8°)[5,
= |Res(charred (w(8°)), charred(w(ﬂl)))@l,

1

— [Res(charred (w(8°)), charred(w(8%)))?| 5. (4.42)

It is shown in [HL20, Proposition 2.4.1] that the two characteristic polynomials here are related to
the invariants of 8% and 3! by a linear transformation. More precisely, one has w(3") = dsp: + ¢
in B3 ®@p Moy (F) and in E3 ®F Dy /o0, respectively, where ¢, d € Ej3, are the following two
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elements,

c=—(QOG +G ®¢0), d=(Q - (G -G?)

(These a priori lie in Ey ® p Eo but are clearly o1 ® oo-invariant.) It follows that if py, ..., s €
F are the eigenvalues of Inv(5?) with respect to a homomorphism p:E3 — F, then duj +
¢, ..., duy: + c are the eigenvalues of charred(w(3%)) with respect to p. The resultant term in
(4.42) is thus equal to

(G = €7 (G2 = ¢52)™ ™ Res(Tv(5°), Tnv(8")* . (4.43)
Since [§; — (' |F = ‘DiSCEi/F’};/z, the lemma is proved. O

Proof of Proposition 4.8. Lemmas 4.9 and 4.10 already show that (g7 ,q5 ) : Ag --» A7 X A isa
quasi-isogeny. From Lemma 4.9, we obtain that

deg (4,45 ) : Ao --> AT x A7)
=deg(A2 -+ A1) deg (g7, g5 ) s A1~ A7 x Ay)deg ((g1,d5) 1 Ao ——> A} X Ay)
=deg(Ag --» A1) deg(qy : AT --+ Ay) deg(q) : A5 --» A)
=deg(Az --» A1) deg(q; g5 : AT --+ A]). (4.44)
Substituting (4.35) and Lemma 4.10, this means that deg((q; , gy ) : A2 -+ A] x A5 )? equals

[Discp, p - Discp, e l7" ™ | Res (Inv(8°), Inv(81))| 57 - g 1= im (4.45)

Y
Taking the square root proves Proposition 4.8. Ul

Proof of Propositions 4.1, 4.2 and 4.5 and Theorems 2.12 and 3.12. We take up the setting of
Lemma 4.7. Recall that this lemma concerned the quasi-homomorphism

(g?_) : Hom(Tp, Yp) --» Homo,, —conj(T0, Yo) X Homo,, —conj(Tr, Yor). (4.46)
1

Composing with the quasi-isogenies p8, p(l), p% and p}, and applying the Dieudonné module func-
tor M (—) over the special fiber, (4.46) is sent to (¢; , g3 ) : A2 --» A] x A5 . Thus, Proposition 4.8
shows that (4.46) is a quasi-isogeny and that its degree is given by (4.36). Then Lemma 4.7 states
that ® is an isogeny. Clearly,

|

[ des(L:) = g**"'™
=1

Combining (4.30) with (4.36), we obtain

deg(®) = |Discp, /- Disc, /r|p 2 | Res (Inv(B°), Inv ()| - g Im HFnim

|

(4.47)
This finishes the proof of all our results. O

Appendix A. Local intersection theory

This appendix provides some background on intersection theory on regular local formal schemes.
Its first aim is to give a precise definition of cycles, correspondences and the action of the
latter on the former. Its second aim is to isolate some cases in which intersection numbers may
be computed as lengths. These allow us to work with our non-standard definition of Hecke
correspondences in §§3 and 4 of the paper.
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The most important input in the following is Serre’s vanishing conjecture, Theorem A.4,
which is due (independently) to Roberts [Rob85] and Gillet and Soulé [GS85]. In fact, we present
the theory of cycles (in our context) as a special case of [GS85], which thus becomes our main
reference. None of the statements that follow is new.

A.1 Cycle intersection

Let M = Spf A be the formal spectrum of a regular complete local ring of dimension n. We write
M(©) for the set of integral closed formal subschemes Z C M of codimension ¢. These are the
same as integral closed subschemes of Spec A and we write nz € Spec A for the generic point of
Z. Denote by

Z°(M):= P z-17] (A.1)
ZeM©
the group of cycles of codimension ¢. The next definition is the standard way of defining cycles

from coherent sheaves: take the maximal dimensional irreducible components of its support with
appropriate multiplicities.

DEFINITION A.1.
(1) For a finite-type A-module E with codim Supp(E) > ¢, we define
> la,, (Ey,) - [Z] € Z°(M). (A.2)
ZeM()
Here, ¢ is our notation for the length of an artinian module, whereas A,,, and E,, denote
the localizations at ny.

(2) Given a bounded complex of finite-type A-modules E®, we write Supp(E®):=

Uiez Supp(H*(E*)). If codim Supp(E®) > ¢, we define
(B*)e o= ST (1) [H(BY)]° € 2(M). (A.3)

1€EZ

In fact, every such complex E*® is quasi-isomorphic to a perfect complex because A is regular.
(A complex is perfect if it is bounded and if all its terms are finite free.) For Y C Spec A closed,
let K (M) denote the K-group of perfect complexes acyclic outside Y, cf. [GS85, § 1]. Let K{(Y)
denote the K-group of coherent sheaves with support on Y. We write (E*®) (respectively, (EF))

for the class of a perfect complex (respectively, coherent sheaf) in these K-groups. Then, by
[GS85, Lemma 1.9],

Ké” <M> = Ksm,
ZGZ
It is clear that (A.3) descends to a map K{(Y) — Z(M) whenever codimY > ¢ and that (A.2)

then comes from composition with (A.4). There is an associative, commutative cup product
U: KY (M) x KZ(M) — KX (M),
L
(B), (B3)— (Bt G0, E3).
Every cycle z € Z¢(M) may be viewed as an element of K{,(Supp z) by linear extension from
the map M > Z+— O,. Applying the cup product and composing with the cycle map of

Definition A.1 provides an associative, commutative intersection product of cycles whenever
intersections are non-degenerate.

(A.5)
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DEFINITION A.2. Given Z; € M (1) and Zy € M(¢2) such that codim(Z; N Z3) > ¢1 + ¢2, put
L c1tca
[Zl] . [Zg] = [Ozl RO OZQ:| e zZate (M) (A.G)

This is feasible because, as mentioned before, the Oz, are quasi-isomorphic to perfect com-
plexes. Write (Z (M) x Z(M))proper for the set of those pairs (21, z2) with codim(Supp(z1) N
Supp(z2)) > ¢1 + ¢2. Then (A.6) extends linearly to a map

(2(M) x Z%(M))proper — 27 (M).
Remark A.3. Formula (A.6) may be written more concretely as
% Any C1+C2
1Z1) - [Za) = ) D (=1)ta,, (Tor; "*(Oz,,,Ozm,)) - [Z] € ZH2(M). (A7)
ZeM(e1+en) i>0

THEOREM A.4 (Serre’s vanishing conjecture [GS85, Theorem 5.4]). Let E} and ES be two
perfect complexes of A-modules with codim Supp(E?}) + codim Supp(E3) > n=dim A. Then

|52 éEg}n —0.

COROLLARY A.5. Let E} and E3 be two perfect complexes of A-modules with codim Supp(E;) >
¢;. Further, assume codim(Supp(E}) N Supp(E3)) > c1 + c2. Then

(A.8)

L c1tc2
[B1] - (B3] = | E? @0, F3]

Proof. The left-hand side of (A.8) is defined by viewing [E}]* and [E3]|® as elements of
K, (Supp(E?)) by linear extension of the map M(©) 5 Z s 0. In K} (Supp(E¢)) we may write
[E7]" = (E7) + &

for some coherent sheaf ¢; with codim Supp ¢; > ¢;. Applying Theorem A.4 to the localizations
A,, for Z € M(©1F¢2) we obtain

} citca

L c1tca
} = 0. O

L . . L citc2
{51 ®o,, £ = [E1 Q0O 52} = {61 P, €2

A.2 Correspondences

Let W denote a complete discrete valuation ring. Assume from now on that M is local, formally of
finite type, and formally smooth of relative dimension n — 1 over Spf W. We define an intersection
number as follows.

DEFINITION A.6. The degree deg: Z"(M)—Z is defined as deg(Oz) = fy (Oz). Composing
with the intersection product (A.6) defines the intersection number of properly intersecting
cycles,

()1 (Z9(M) x Z"(M))proper — Z, (21, 22) = deg(z1 - 22). (A.9)

The formal smoothness provides that M xgpey M is again regular and of dimension 2n — 1.
Consider the following diagram.

M xgprw M 2> M
p1i

M
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There is a pullback of cycles
p5: Z6(M) — Z(M xsprw M), [Z]— [py(Z)]-
There is also a pushforward of cycle whose support is finite (via p;) over M,
1t Z5(M Xsprw M)p,-ginite — 2 (M), [Z]— deg(Z = p1(Z))[p1(2)].
These considerations similarly apply to the various projection maps
Pij i M Xgprw M Xgprw M — M Xgpew M.
DEFINITION A.7.

(1) Denote by Corr(M) C Z"Y(M xgprw M) all those elements whose support is finite over
M via both p; and ps. Define the bilinear map

% : Corr(M) x Corr(M) — Corr(M),
(C1, C2) — C1 % Oz :=p13,4(p12(C1) - p23(C2))-
Note that the intersection Supp pjs(C1) N Supp p35(C2) is finite over M (via both p; and
ps3) and, hence, has the expected codimension.
(2) Define the bilinear map
Corr(M) x Z°(M) — Z°(M),
(C,2)— Cx z:=p1 .(C - p5(2)).
Again, the occurring intersection is of the expected codimension and finite over M (via
both p; and ps.)

(A.10)

(A.11)

Let R be a formal scheme, let p1, p2: R — M be two finite maps and assume that R is pure
of dimension n. Then also (p1,p2) : R— M Xgprw M is finite and R defines the correspondence
[R] := [OR]" .

PrROPOSITION A.8.
(1) Definitions (A.10) and (A.11) make Corr(M) into a ring and Z°(M) into a left Corr(M)-
module.
(2) Moreover, if Cy =[Ry] and Cy=[Ry] for finite maps R; — M Xgprw M from purely
n-dimensional formal schemes R;, then simply

Cl * 02 = [Rl X py,M,py Rg]. (A.12)
(3) Similarly, if C € Corr(M) has the form C = [R| and z =[Z] € Z°(M), then
Cxz=p1 R Xp, m Z]. (A.13)

Proof. Statement (1) claims associativity of (A.10) and (A.11). Using the projection formula
[GS85, (1.7.2)], this reduces to associativity of the cycle intersection for
P12C1 - p23Ca - p34Cs  and  ploCi - pysCa - pa2
on M* and M3, respectively, where C;¢c Corr(M) and z¢€ Z¢(M). For example, the first
expression may be rewritten as
P1ax(P1201 - po3Ca - P34C3) = P13,4P124,+ (D124 (P12C1) - P23 C2 - p34C3)

= P13,+(P12C1 - P124, (P33C2 - 34C3))

= P13,+(P12C1 - pa3(Ca + C3))

= Cl * (CQ * Cg)
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We omit further details.
Now let Ry, Ry — M xgprw M be as in statement (2). By definition, of the two sides in
(A.12), we need to see the equality

:| 2n—2

L 2n—2
P13« Ople (Ry) QOnrwvr s Op;; (R2) :p13,*[OR1 Qps, Owr, pi ORz] " (A14)

In fact, we claim this before applying pi3 . and we show the slightly stronger statement that all
higher Tor-terms on the left-hand side of (A.14) have support in codimension > 2n — 1. To see
this, replace both Og, by perfect complexes £} on M Xgpryw M. Then there is an isomorphism
of the following kind, which may be checked term by term,

(B @w A) @Agw Aoy A (A@w E3) = (BT Qpy Ap; E3).

The maps pj, p5: A — A®w A are flat, so the E? provide flat resolutions of Og, as A-modules.
Thus, we find that

L L
Opf;Rl QOnswnr s Op;31R2 = Ok, Ops,Onp3 Ok, (A15)

However, A is an integral domain, so the various projection maps Ri, Ro — M are generically
flat. Thus, the higher Tor-terms on the right-hand side of (A.15) have support in dimension
< dim M as claimed, proving part (2). The proof of part (3) is identical and omitted. O

We finally recall that intersection numbers may often be computed as lengths. This relies on
the following fact about Cohen—Macaulay rings.

LEMMA A.9 ([Stal8, Tag 02JN]). Let R be a Cohen—Macaulay noetherian local ring. A sequence
of elements x1, ..., x, € R is regular if and only if dim(R/(z1,...,x,)) =dim(R) — r.
COROLLARY A.10.

(1) Let Zy,Z3 C M be closed formal subschemes. Assume that Z; is Cohen—Macaulay and
that Z, is defined by a regular sequence. Assume further that codim Z; 4+ codim Zs =n
and that Z1 N Zy is artinian. Then

([21]; [22]) = tw (Oz,nz,)-

(2) Assume that R is Cohen—Macaulay of pure dimension n and that pi,p2: R— M are
two finite maps. Let Z1, Zs C M be closed formal subschemes that are defined by regu-
lar sequences and such that codim Z; + codim Zy = n. Assume further that R X M xsps wM
(Z1 Xgptw Z2) Is artinian. Then

([Z1], [R] * [Z2]) = bw (R X M xgpe v (Z1 XSptw Z2))-
Proof.

(1) This is standard. Assume Zy=V(z1,...,z.) for a regular sequence zi,...,x.. By
Lemma A.10 and our dimension assumptions, x1|z,, . .., Z.|z, define a regular sequence on
7. Resolving O, by the Koszul complex of (z1, . . . , 1) shows that Tor® (O, 0,) =0
for i >0. Thus, Oz, nz, represents Oy, ®”@M Oz,. By Corollary A.5, lyw(Oznz,) then
agrees with ([Z1], [Z2]).

(2) By the projection formula [GS85, (1.7.2)] or by Proposition A.8,
([21], [R] * [Z2]) = deg([R] - p1[Z1] - pa[Z2)).
Corollary A.5 provides the first equality in

n

L
p?[zl] p;[Zﬂ = Opfl(Zl) ®OM><M Opgl(ZQ) = [Zl XSpf W ZQ

]n
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The second equality follows because p; '(Z;) and p; '(Zs) are Tor-independent. Now we
may apply statement (1) for the formal scheme M Xxgpeyw M, finishing the proof. O

Appendix B. Partial Satake transformation for GL,,

B.1 Partial Satake transformation
Let G=GL, and let P= LU C G be a parabolic with Levi factor L and unipotent radical U.
Let &1, be the modular character of P, meaning it is the character such that d(lul=') = 61(1) du
for ue U, l € L and every left Haar measure du on U. Up to conjugacy, the situation is that of
a standard parabolic: let ne = (n1,...,n%) be a partition of n and let P,, be the block upper
triangular matrices with block size given by ne. Let L,, be the Levi of block-diagonal matrices
and let U,, be the unipotent radical. For I = (i1, l2, ..., ;) € Ly, with l; € GL,,,(F), the modular
character is given by
k
61, () = [ I det gt (B.1)
i=1
The C-coefficient (partial) Satake transformation is the following map of spherical Hecke algebras

5 C[G(Or)\G(F)/G(Or)] — CILOP\L(F)/L(Op))
FrsSE SH) =)} / £(t) du,

U(F)

(B.2)

where du is the Haar measure normalized by U(OpF).

LEMMA B.1. The partial Satake transformation (B.2) is a map of C-algebras.

S[f *g](l 3/ /G(F ) g(y) dy du

is invariant under y — yk for k € G(Op). The Iwasawa decomposition provides a P-equivariant
isomorphism

Proof. The integral

P(F)/P(Op) = G(F)/G(OF).
The measure on the two spaces here is given by the left invariant Haar measure dl du on P = LU.
Therefore,

S[f *gl(1) =615 1)2 6L, (12) é/ / / Fuy M5 M) g(laus) du dug dly.
U(F) JU(F)
Applying the change of variables u+— l_1l2u2l2 lu, we conclude that
S[f *g)(1) = / ( )(w;lz)i / £l ) du - 81, (1n) / 9(12U2)dU2>d12=(5[f]*5[9])(5)
L(F U U

S[f]??;ll) Slgl(l2)
as desired. ]

We next specialize to the usual Satake transformation, which is the case of the parti-
tion of n as 1+1+---4+1. We write T for the diagonal torus and U for the unipotent
radical, now consisting of upper triangular unipotent matrices. Since T is abelian, we have

T(Op)\T(F)/T(Op)=T(F)/T(OF).
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Denote by z;: T — {0, 1} the characteristic function of the subset

X X X X X
Opx---0Opx 705 XOp---x0pCT.
—~—
ith component

Then each x; is invertible in C[T'(F')/T(OF)] and there is the explicit description

C[T(F)/T(OF)] =Claf,. .., ay]. (B.3)

n

The monomial z}* --- 2" on the right-hand side is simply the characteristic function of the

subset 71O X T 08 X -+ - X 1™ O

Put Matiextffo(()p) :=Mat, xn(Or) N GLy,(F). Let W = N(T)/T be the Weyl group. For any
two Op-modules A7 and Ay, we write Ay %AQ to denote a (not necessarily strict) inclusion
A1 - Ag with ’AQ/Al’ :qk, where q= |OF/7TOF’

DEFINITION B.2. For any 0 <k <mn, respectively, for 0 <k, define the following functions on
G(F):

1 if nO% C gO% C OF;
n—k k

Sk(g) = Ti(g) = {

0 otherwise,

1 if gO% C O%;
FRTE (B.4)
0 otherwise.

For any —n <k <0 and for k <0, put Si(g):=S_(¢g7!) and Ty(g) := T_r(g~!), respectively.
In particular, S,,, Sg and S_,, are the characteristic functions of 7G(OF), G(Of) and 7~ 'G(OF),
respectively. For example, (S_,, % f)(g) = f(7g) for every Hecke function f.

Our first result in this appendix is the following theorem.
THEOREM B.3. Let G*) be the preimage of7rkOf7 under the map det : Mat,, xn(Or) — O and
let

H®) = C[G(Or)\G® /G(OF)], H:= é HF), (B.5)
k=0

The following statements hold.

(1) The Satake transformation defines an isomorphism from H®*) to the vector space of
degree k homogeneous symmetric polynomials, and consequently from H to the algebra
of symmetric polynomials

S:H® =, Clzy, ..., x,|Voiddee=k. 5.9y = Clzy, ..., z,)"V 7 (B.6)

(2) Either of the sets {S;}o<i<n or {T;}o<i<n generates H as a C-algebra.
(3) Either of the sets {S_p,}U{Sito<i<n or {S_n}U{Tito<i<n generates
CIG(Or)\G(F)/G(OF)] as a C-algebra.
Note that part (3) follows immediately from part (2). The proof of parts (1) and (2) is given
in the next few subappendices and will be complete after Appendix B.5. Part (1) is actually

well-known and may be found in more general form in [Gro98], but we include a proof for
convenience. We begin here with the observation that it is sufficient to prove surjectivity in (1).

LEMMA B.4. Assume S maps H surjectively onto Clxy,...,z,]"V =4 Then S:H =
Clxy, ..., 2,)"W=4 is bijective.
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Proof. Since det(g-U)=det(g), we have S(H®)cC Clxy,...,x,]%=F for any integer k. By
counting double cosets via the Cartan decomposition,

#(GOp)\G® /GOp)) =#{k1 <ko < - <kp:ki+ko+ - +kp=k}
=dim Clzy, ... ,xn]wzid’deg:k,
we conclude that the C-vector spaces H(¥) and C[z1, . . . , 2,]V=149¢8=F are of the same dimension

and the lemma follows. O

B.2 Satake transformation in terms of orbital integrals

In this subappendix we prove the inclusion
S(H) C Clay, ..., x, V=4 (B.7)

Let U,—1:=U and inductively define U;_; := [U;, U;] as the derived subgroup, meaning the
minimal normal subgroup such that U;/U;_1 is abelian. Explicitly,

Ui ={(aij)nxn :arr =1 and app4; =0 for j <0 and for 0 < j <n —i}.
Then
Ui/Ui—1 2 {(a114n—i» @224n—iy - - - Qi) } = FP
and for any t = diag(tq,...,t,) € T, the map
U—U; u—t tutu™?

induces linear transformations on U;/U;_1 with eigenvalues {t,;ltk;_i'_n_i — 1}1<k<;. Assume that
the t; are pairwise different. Then, denoting by du the Haar measure on U, this implies that

n—1 ¢

_ _ _ —n-l _1
At uta ) = T T 1ts tern—i — Up-du=|dett|p = -op(t)" 2 ] |t —t;lrdu
i=1 k=1 1<i<j<n

1
Note that the product of |t; —t;|r for 1 <i< j <n is equal to |Disc(char;)|} where char; is the
characteristic polynomial det(A -id — ¢) of ¢, and where Disc denotes the discriminant. We have

SUAI(t) = or()* / S utu ) d( utu)

U(F)
/ f(utu™) du.
U(F)

Since GL,,(F) = GL,(Or)U(F)T(F) by the Iwasawa decomposition and since f is GL,(Op)-
invariant, the occurring orbital integral is

/ flutu™) du = / f(hth™1) dh.
U(F) GL.(F)/T(F)

This expression only depends on ¢ up to conjugation. Therefore, the Satake transformation is
Weyl-invariant as claimed in (B.7).

—1

=] det 7§|1;n2 |Disc(char;)

djm.-‘

B.3 Satake transformation of minuscule Hecke functions

We next determine the images S[Sy]. Write V,, = F™ and let V,, D V,,_1 D --- D V= {0} be the
unique U-invariant filtration such that V;/V;_1 &2 F. For any t=diag(t,ts,...,t,) and any
u € U, the linear transformation tu : V;, — V,, induces scaling by ¢; on V;/V;_1. Therefore, Or2
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tuO’k D m - OF% implies that t; € Ox Um - Of. This shows that

SSl= Y Cr-]]a
Ic{1,..,n} iel
#I=k
for some constants Cj. The polynomial on the right-hand side is W-invariant by (B.7), so the
constants C7 are actually independent of 1.
Now we determine Cy,,_41,... ). Consider the element ¢ = diag(1,1,...,1,7,...,7) and note

kn—k2

that Sy (tu) =1 if and only if u € U(Op). Therefore, S[Si|(t) = 5T(t)% =¢q 2z whichimplies that

S[Sk] = qmng Z H T

Ic{1,...n} iel
#I=Fk

is (a non-zero scalar multiple of) an elementary symmetric polynomial. It is well-known that
these generate C[z1, ..., z,]" =14, so

S(H)=Clzy, ..., x,)V7
At this point, we have shown part (2) of Theorem B.3 for the set {Si}o<i<n-

B.4 Generating symmetric polynomials

The next result provides an alternative generating set for the algebra of symmetric polynomials.

Define
n
SE(T1, .0 X)) = Z 1_[:1:Z and by, (z1,...,2y,) = Z H:E;n (B.8)
Ic{1,2,...,n} i€l m=my—+--+my i=1
#I:k mlv--wmnzo
It was already stated and used that {sj}o<r<p is a set of generators of C[xzy, ... ,xn]W:id.
PROPOSITION B.5. The set {by(x1,...,zn)}o<k<n generates Clxy, ... , 2,)"W=4 as a C-algebra.

Proof. Note that by = sg = 1. We claim that, for all k> 1,
k

> (=1)bis—; =0. (B.9)

i=0
To prove this, consider the polynomial expansion

n n
[[(X —2)=> (-1)isix™
i=1 i=0
and that of its reciprocal

n

H(X - Jii)_l = i biX_i_n.
=0

i=1
The claim follows by multiplying these two equations together. The proposition now follows by
induction from the identities s, = — Zle(—l)ibisk_i, k>1. O

B.5 Satake transformation of T,,,
ProprosiTiON B.6. We have

m(n—1)

S[Tnl=q¢ 2 bn(z1,...,2n).
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Proof. Consider a tuple me = (mq,...,my) of integers m; >0 and put |me|=mq+---
Let

t=diag(z™, 7™, ..., 7" ) eT, u=(aij)i<ij<n€U.
We have

det(tu) = det(t) = 7™l

Note that u € U implies that a;; =0 if j <7 and a; =1 for 1 <7 <n. We have

n n

T, (tu) du=1_.x (7Im]) /1 (T ags) dag;
/U(F) (1) du =1 (=) T] T] [ 1057 a) d

i=1j=i+1

~(n—i)

n
= Lm0 (Wlm.l) ) H |
i=1

Therefore, if |me| =m, then

n n n

g H |7rm¢ —(n—i) _ H |7Tm'i

=1 =1 =1

1—-n

2
9

1—n
2 = ‘ﬂ'm|

which implies

n
1-n ) m(n—1)
S[Tm]:|ﬂ-m| 2 Z szr“:q 2 bm(x].v"'7:’cn)7

m=mi+--+m, i=1

where by, is the polynomial from (B.8).

+ My,.

O]

Combining Proposition B.6 with Proposition B.5 and the bijectivity of the Satake transfor-
mation proves that {T,,}o<m<n is a set of generators for . The proof of Theorem B.3 is now

complete.

B.6 Partial Satake transformation of T,

We finally come to the second result of this appendix, namely an explicit formula for the partial
Satake transformation of T,,. Suppose the partition in question is n=n; +ns and put g=
(91, 92) € L=GLy, (F) x GLy, (F'). To avoid confusion, we write Tqr,, ,, for the function T, on

GLn(F).

ProrosiTiON B.7. For any integer m > 0, we have

mingt+maon
S[TaL, m| = Z ¢ “Taw,, m WTGL,, m,-
Proof. For any

I, u
- ( n Im) € Uty (F),
we have

(gl, gg) S Matnlxnl (OF) X MathXm (OF),
TGanm(g : u) = 1 Aaad glu e Ma't’VZl XMNo (OF)7 a'nd
det g1 - det go € 7O
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Therefore, for any g = (g1, g2) € Maty, xn, (OF) X Maty, xn, (Op) with det g; - det go € 7O, we

find
|det(g1)] - u
S(Tm)(g)zfl‘/ IMat,,, v, (0r) (91 - w) du=[det(g1)|p * - |det(g2)|p
[det(ga)l7 /Moty (F)
as desired. O
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