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MORE ON YET ANOTHER IDEAL VERSION OF THE
BOUNDING NUMBER

ADAM KWELA

Abstract. This is a continuation of the paper [J. Symb. Log. 87 (2022), 1065-1092]. For an ideal Z on
o we denote Dz = {f € 0 : f'[{n}] € Tforeveryn € w} and write f <7 gif {n € w : f(n) >
g(n)} € T, where f. g € 0.

We study the cardinal numbers b(>7 N(Dz x Dz)) describing the smallest sizes of subsets of Dz
that are unbounded from below with respect to <z.

In particular, we examine the relationships of b(>z N(Dz x Dz)) with the dominating number 2. We
show that, consistently, b(>z N(Dz x Dz)) > 0 for some ideal Z, however b(>7 N(Dz x Dz)) <2
for all analytic ideals Z. Moreover, we give example of a Borel ideal with b(>7 N(Dz x Dz)) = add(M).

§1. Introduction. Let Z be an ideal on w. For f. g € w® write f <z g if {n €
o : f(n)>g(n)} €Z. Moreover, denote Dr={f cw®: f'[{n}] € T for every
new}. Let b(>7 N(Dz x Dz)) (for simplicity denoted also by b(Z)) be the smallest
size of a set in Dz not bounded from below with respect to the order <7 by any
member of Dz:

b(Z) = min{|F|: F € Dz A =(3yep, Vsierg <z f}.

The cardinal b(Z) in the case of maximal ideals has been deeply studied by Canjar
in 1980s in the context of smallest sizes of cofinal and coinitial subsets in ultrapowers
®® /U ordered by <z, where U = Z* (see [11-13]). In the case of Borel ideals, we
have extensively examined b(Z) in [17].

This research is partially motivated by the study of ideal-QN-spaces. A topological
space X is a QN-space if it does not distinguish pointwise and quasi-normal
convergence of sequences of real-valued continuous functions defined on X. The
research on QN-spaces was initiated by Bukovsky, Rectaw and Repicky in [9], who
proved that the smallest size of non-QN-space is equal to the bounding number b.
Studies of QN-spaces have been continued in papers [5, 6, 8-10, 28, 29, 33, 37]. Ideal
variants of QN-spaces were introduced in [14] and studied in [7, 26, 30, 31, 34, 36].
For a given ideal Z. the cardinal number b(Z) characterizes the smallest size of a
space which is not ZQN (see [30]).

The paper is organized as follows.
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2 ADAM KWELA

In Section 2 we collect basics about ideals on w and some known facts about
the cardinal numbers b(Z). In particular, we recall a very useful combinatorial
characterization of b(Z) from [17], which we use almost exclusively in the rest of the
paper.

In the remaining part of the paper we answer two natural questions concerning
b(2).

The first question is about possible values of b(Z) for Borel ideals: in [17] it is
shown that there are XY ideals Z with b(Z) = R, provable in ZFC [17. Corollary 7.3
and Theorem 7.4] as well as X3 ideals Z with b(Z) = b provable in ZFC [17,
Example 5.15]. However, it was unknown whether X; and b in the above can be
replaced by other cardinals. In Section 3 we study b(Z) in the case of ideals with
topological representation (such ideals were introduced by Sabok and Zapletal
in [32]) obtaining a I ideal with b(Z) = add(M) provable in ZFC.

The second question concerns comparison of b(Z) with the dominating number .
In general, N; < b(Z) < ¢, for every ideal Z [17, Theorem 4.2]. Moreover, the upper
bound can be improved to b(Z) < b in the case of l'[g ideals Z ([17, Corollary 6.9]; in
fact, as shown in [17, Theorem 6.8]. this holds even for a larger class of all so-called
co-analytic weak P-ideals). On the other hand, Canjar proved in [12, 11-13] that
under 0 = ¢ there is always a maximal ideal Z with b(Z) = cf(d) and that in the
model obtained by adding 4 Cohen reals to a model of GCH, b(Z) can be equal
to any regular cardinal between X; and 4 = 0. for some maximal ideal Z. However,
it was unknown if it is consistent to have an ideal Z with b(Z) > 0. We show that
the answer is affirmative (Section 4), however b(Z) < ? for every analytic ideal Z
(Section 5). The latter result uses ideas developed by Debs and Saint Raymond
in [15], providing a new method of proving statements about analytic ideals.

§2. Preliminaries. By @ we denote the set of all natural numbers. We identify a
natural number n with the set {0, 1, ....n — 1}. Wewrite A C* Bif 4 \ B is finite. For
aset A and a finite or infinite cardinal number x, we write [A]* = {B C 4 : |B| = k}
and [A]<F = {B C 4 : |B| < k}. Moreover, by cf(x) we denote the cofinality of «.

2.1. Ideals and g-ideals. An ideal on a set X is a family Z C P(X) satisfying the
following properties:

(i) if 4, B€Zthen AUB € T;

(ii) if AC Band B € Tthen 4 € T;
(iii) Z contains all finite subsets of X;
(iv) X ¢ .
Note that, thanks to item (iii), | JZ = X—we will use this observation several times
in Section 5. A g-ideal on X is an ideal satisfying one additional property:

(v) if (4, :n € w) € I” then | J, ., An € T.
Note that, unlike most authors, in our paper every g-ideal on X already contains all
countable subsets of X and has to be a proper subset of P(X) (i.e., cannot be equal
to P(X)). In this paper, by an ideal we mean ideal on some countable set, while all
o-ideals will be subsets of P(2).

The ideal of all finite subsets of w is denoted by Fin. We say that an ideal Z on X
is maximal if T C J implies Z = 7, for every ideal 7 on X.

new
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MORE ON YET ANOTHER IDEAL VERSION OF THE BOUNDING NUMBER 3

If Z and J are ideals on X and 7Y, respectively, then we say that 7 and 7 are
isomorphic, if there is a bijection f : ¥ — X such that

Ael & fldleg

forevery 4 C X. It is easy to see that many properties of ideals are preserved under
isomorphisms of ideals.
For A C P(X) we write

I(A) = {B CX:BC* UA' for some A’ € [A]<w}.

If X ¢ Z(A), then Z(A) is an ideal, which we call the ideal generated by A. Note that
in this case Z(A) is the smallest ideal containing A.

By identifying subsets of a countable set X with their characteristic functions, we
can equip P (X ) with the topology of the Cantor space {0, 1}* and therefore assign
descriptive complexity to ideals on X. In particular, an ideal Z is analytic if Z is
analytic as a subset of the space {0, 1}¥.

By M (N') we denote the g-ideals of meager (null, respectively) subsets of 2. If
A C P(2”) and 2° cannot be covered by countably many members of A, then by
o A we denote the o-ideal generated by A, i.e.,

o A= B§2w:3<An>EAwB§ UAn}
new

For a o-ideal I on 2 let T be the family of all compact subsets of 2 belonging
to 1. We will say that I is generated by compact sets if I = 1. In particular, [2°]<,
M and o N (i.e.. the o-ideal on 2¢ generated by compact null subsets of 2¢) are
generated by compact sets.

2.2. Some cardinal invariants. In our paper we will need the following cardinal
invariants:

e the pseudointersection number:
p=min {|A]: A C (01 A (Fageraree [ Ao 7 0) A (Fsepop aea IS\ dl=0)};
e the additivity of the a-ideal of meager subsets of 2% is given by
aMM@:MﬂMMAQMAUA%ML

e the bounding number b, which is the smallest size of an <gj,-unbounded subset
of w?®, thatis,

b:min{|-7:|:}—gww/\_‘Gngwvfe]’f <Fin g}§

o the dominating number 0, which is the smallest size of a <gj,-dominating subset
of w®, that is,

D:min{|]—"| :Fgww/\vgew”’ er]-'g <Fin f},

o the ultrafilter number u, which is the smallest size of a family generating a
maximal ideal.
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4 ADAM KWELA

It is known that
N; <p<addM)<b<do<c

(see [6. Section 9.2]). Moreover, b < u < ¢, however both 9 <u and u < are
consistent (see [4]).

The cardinal add(M) is a particular case of a more general invariant: if [ is a
o-ideal on 2%, then

add(1) :min{|A\ LACIA|JAd 1}.
Note that add(/) > R;. Moreover, if I is generated by compact sets, then
add(7) :min{|A\ tA QT/\U.A¢ I}.

2.3. A characterization of b(Z). LetZ be an ideal on a set X. By P we will denote
the family of all sequences (4, : n € w) € [P(X)]® such that 4, € Z foralln € w
and 4, N Ay = Q whenever n # k. By Pz we will denote the family of all sequences
(A4, :n € w) € Prsuchthat | {4, :n € o} = X.

By [17, Theorem 3.10], the studied cardinal number b(Z) has a useful combina-
torial characterization, which we will use almost exclusively in the rest of the paper
without any reference:

6(Z) = min 3 €] : € C Pr AViuyeny Jummee | [4nJE | 22

new i<n

The following immediate observation will simplify some of our considerations.

REMARK 2.1. If (B, : n € w) is a partition of a set X (thatis | J,.,, B, = X and
B, N B, =0foralln # m) and (4, : i € w) is any sequence of subsets of X, then:

U(Ai\UBn>: U 8. nJ4

icw n<i new i<n

§3. Ideals with topological representation. In this section we will deal with ideals
having a topological representation in the sense of Sabok and Zapletal (see [32]).

Let X be a separable metrizable space with a countable dense set D and / be a
o-ideal on X (recall that in our paper every o-ideal on X contains all singletons and
is a proper subset of P(X)). Following [32], we define an ideal on D by

J={ACD:cly(4) eI}

(here cly(A4) denotes the closure of the set 4 in the space X). We say that an ideal
has a topological representation if it is isomorphic to some J; as above. In such case,
we say that it is represented on X by 1.

Note that J; = J,7. since J; depends only on closed members of /. By
[27. Proposition 2.1], two ideals represented by the same o-ideal I, but defined
on different countable dense subsets of X, are isomorphic. Moreover, each ideal

with topological representation can be represented on the Cantor space 2 by a
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g-ideal generated by some family of compact nowhere dense sets [27, Corollary 1.3].
Finally, every analytic ideal with topological representation is l'[g, but not Zg
[27. Theorem 1.4].

The basic examples of ideals having topological representation are NWD = J,,
NULL = J,5 and CTBL = Jjpuj<o. First two of them were introduces by Farah
and Solecki in [16].

Before calculating the invariant b(Z) for ideals with topological representation,
we need to introduce two notions.

DEerINITION 3.1. For a g-ideal I on 2% we define

add’(I) = min {\A| s ACT AV, cqo aea Vaew A\ By # (2)} .

The coefficient add’(/) has been studied implicitly by Fremlin in [19.
Definition 22A] and by Kankaanpii in [21]. Note that add’(/) = add’(¢7). as
add’ (1) depends only on compact members of I.

PropoSITION 3.2. Let I be a a-ideal on 2% generated by some family of compact
sets. Then
N, < add’(I) < add([1).

ProoOF. To show that ®; < add’(7). fix any countable A C 1. Then A = {By:
n € w}. Consider now the sequence (B, :n € w) € I . Clearly. for each 4 € A
thereisn € w with 4 = B,.s0 A\ B, = (. Thus, ¥; < add’(1).

Now we show that add’(7) < add(7). Since I is generated by some family of
compact sets, we have

add(7) = min [ | 4] : AglAUAgél}
= min {[A]: ACTA[JA¢ 1}

:min{|A|: ACTAY o | JAN B, ;é(z)}

:mln{|.,4| AQT/\V<Bn>€7w HAE.AA\UBH #@}

n

Now it is easy to see that each family .A C T witnessing add(7) is also a witness for
add’(I). Hence, add’(I) < add(I). &

ProroSITION 3.3.

(a) add’ (M) = add(M);

(b) p < add’ (W) = add’ (6 N) < add(M);

(c) add'([2°]57) = &y,

ProOF. (a): The inequality add’(M) < add(M) follows from Proposition 3.2.
while add’ (M) > add(M) is [21. Lemma 3.5].

(b): Since add’ (1) depends only on compact members of 7, add’ (N) = add’ (e V).
From Proposition 3.2 and [3, Theorem 3.1] we get add'(¢N) < add(eN) =
add(M). while p < add’(N) is shown in [19, Theorem 22G].

(¢): It follows from Proposition 3.2 and the fact that add([2°]=®) = w;. =
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DErINITION 3.4. We say that a g-ideal 1 on 2% is invariant over basic sets if given
any s € 2<“ we have:

Ael & fi[d] €l

where f : 2% — V is given by f(x) = s7x and Vs = {x € 2¢ : x|Ih(s) = s} is
the basic clopen set associated to s (here lh(s) is the length of s).

PROPOSITION 3.5. The a-ideals M, N, a N and [2°]<? are invariant over basic sets.

ProoOF. In the case of [2°]<“, it suffices to observe that each f'; is a bijection (so
|4| = |fs[A]]). Since each f; is also a homeomorphism, M is invariant over basic
sets. Finally, since for each measurable 4 C 2“ the measure of f;[A4] is equal to the

measure of 4 multiplied by zlh_l(s) N, and ¢\ are invariant over basic sets. =

Finally, we are ready to calculate the invariants b(Z) in the case of ideals with
topological representation.

THEOREM 3.6. Let I be an invariant over basic sets a-ideal on 2“ generated by some
family of compact sets. Then

min{add’(7), b} < b(J;) < add'(I).
Moreover, if Jy is analytic, then
6(J7) = min{add’(1).b}.

ProOOE. The case of analytic ideals will follow from the general case. Indeed, each
analytic ideal with topological representation J; is l'[g (by [27. Theorem 1.4]). so
using [17, Corollary 6.9] we get b(J7) < b.

By [27, Proposition 2.1], without loss of generality we may assume that 7; is an
idealon D = {x € 2% : Jyey, Vi x(n) = 0}. Note that f,[D] = D N V,, where V;
and f; are as in Definition 3.4.

We start with b(7;) > min{add’ (). b}. Fix any x < min{add’(1). b}. We need to
show that & < b(J;). Let {(E% : n € w) : & < K} C P, be arbitrary. Since w - k <

add'(I) (by Proposition 3.2), there is (B, : n € w) € I such that for each n €
and a < & there exists f, (1) € @ with clw (ES) € By, ().

Since k < b, there exists g € w® such that f, <* g, for all @ < k. Without loss
of generality, we may assume that g is strictly increasing.

Let{g, : n € »} beanenumeration of D and define Co = (., (;(B: N D) U {qo}

and C, = (U< (1) (Bi N D) U{gn}) \ Uic, Gi- Then (C,, : n € w) € Py, . since

cho (C,) C cho U B U{q.} | = U B U{g.} €1

i<g(n+1) i<g(n+1)

Fix now o < . We need to show that ( J,,.,, (C,, N Ui<n Ef‘) € Jr.

Let ko €  be such that f,(m) < g(m), for every m > k,. Observe that for each
m > k, we get

Ep Ccho(Eg)ND CBrynD< | B.ADC | G,
n<g(m) n<m-1
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and consequently:

ExnlJlanUE | cERn Ci=0.

new i<n n>m

since (E¥ :n € w) € 73},. Hence,

n

UlcnUe: g<UEg,>m UlanUe))c U e

new i<n mew new i<n m<kq

Now we move to b(.7;) < add’(I). Let A C I be the family of cardinality add’ ()
such that for each (B, :n € ) € I one can find 4 € Awith 4\ B, # 0. for all n.

Without loss of generality we may assume that clyo (4 N D) = A foreach 4 € A.
Indeed, given 4 € A, fix any countable E C A such thatcly» (E) = A (thisis possible
as A is a closed subset of 2¢) and enumerate E = {¢; : i € w}. Foreach i € w find
asequence (x;; : j € w) € [D N Ble;. %)]“’ converging to e; (here B(e;, %) denotes
the open ball in 2% of radius 2]7 centered at ¢;). By defining 4 = 4 U {x;j1i.j € o}
we get a closed set such that A= clho (/f N D). Moreover, as A C AA, the family
{ﬁ : A € A} satisfies the same property as .A. Thus, we will assume from now on
that clyo (A N D) = A, forevery A € A.

Fix any bijection / : @ — 2= and define E; = f},,)[4 N D] for each n € w and
A € A. Observe that

cho (E;') = clyo (f 1[4 N DY) C fimlehe (AN D) = fyolA] € 1.

since f(,) 18 @ homeomorphism and [ is invariant over basic sets. Hence, each
E; belongs to J;. We claim that the family {(£ : n € w) : 4 € A} C Py, where

Ef = EA\U,., E/ foralln € w and 4 € A, witnesses b(J;) < add’(I).

Fix any partition (B, : n € w) € Py, of D.

Note that given any n € w. we have V) N U,, b (B;) € U, che(B;) € 1.
Since [ is invariant over basic sets and f,) is a bijection, the set f,;(ln)[Vh(,,) N

U<, ¢l (B;)] belongs to 1. Hence, there is A € A such that
AN\ (fh(ln) |:Vh(n) N UClzm (B,):|> #0
i<n

for all n € w. To finish the proof. we will show that B =, ., (Bn NUi<n E,f‘) is

dense in 2 (hence, clyo (B) =2” ¢ I and B ¢ J;).
Fix any s € 2<®. We need to find an element of B belonging to V. Since

cho(AND)\ [ Ve | cho(B)| =4\ [/ |Vin | oo (Bi)| | #0.

i<h=1(s) i<h=1(s)
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and /7! [VS N Uit (s) Clao (B,-)] is closed (as f; is a homeomorphism), we can find
xs € (AND)\ (f;' [VsN Ui<1rl(s) B,—]). Then, using Remark 2.1, we get

raevin (g, U s)enn U (20U s

i<h=1(s) J<h1(s) i<h=1(s)

cvin U [E\UB | cVins.
J<h(s) i<j
This finishes the proof. -

Next result gives some bounds for three well-known ideals having topological
representation: NWD = Jy. NULL = J_ 5. and CTBL = Jjy0<o.

COROLLARY 3.7.

(a) 6(NWD) = add(M).

(b) p < B(NULL) < add(M).
(¢) B(CTBL) = X;.

Proor. Follows from Theorem 3.6, Proposition 3.3 and the fact that 8} <
add(M) < b (by [2, Theorem 3.11]). =

We end this section with calculation of b(Z) for one more well-known ideal defined
on the rationals.

Recall that CONV is the ideal on Q N [0. 1] generated by sequences in Q N [0, 1]
that are convergent in [0, 1]. This is a £} ideal contained in NWD, NULL, and
CTBL (see [20, Section 3.4]).

PROPOSITION 3.8. b(CONV) = X;.

PrOOF. By [18, Proposition 4.1], b(Z) > N, for every ideal Z, so we only need to
show that b(Z) < N;.

Fix any family {4$ : n € w, & < X;} € CONV such that:

e cach 4§ is a sequence in Q N[0, 1] convergent in [0, 1];

e lim A% # lim AP forall (a.n). (B.m) € X| x  such that (a. n) # (B, m):

e AY N AS = 0 for all &« < X} and n,m € w such that n # m.

We will show that this family witnesses b(CONV) < X;.

Let (B, : n € w) € Pcony. Since |, ., clp.1;(B,) is countable, there is o < N;
such that lim 45, ¢ (U, .., cl.11(By). for all m € w. In particular, 4%, N B, is finite
foralln.m € w.

Suppose to the contrary that B = J,, (B,, N U,.Sn A?‘) €Z, i.e. there are
sequences Dy, ..., D,, € QN [0, 1] convergent in [0, 1] and such that B C* | J. ., D;.
Find j € w such that lim A% # lim D; for all i < m. Observe that:

ANUBi=asnB. B4t ]| B

n<j n>j n>j i<n

i<m
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Now, since A? N Un</ B, is finite, we get A;Y C* B C* U,<,, Di- Thus, thereisi < m
with A% N D; infinite. This contradicts lim 4% # lim D; and finishes the proof.

§4. An ideal with b(Z) > 0. In this section we will show that, consistently, there
is an ideal Z with b(Z) > 0. It will follow from the following more general result.

LeMMmA 4.1. If k < cf(c) <u=c=c", then there exists an ideal T such that
b(Z) > k.

Proor. Without loss of generality we may assume that & is infinite (as for finite
& this is trivial). Recall that for A C P(w) we write

I(A) = HB Cw:BC* UA’ for some A’ € [A]<“’}.

In particular, Z(A) is an ideal if and only if @ ¢ Z(A).

Since |P(w)"*?| = ¢* = ¢, we can fix an enumeration {/, : @ < ¢} of P(w)"*®
such that for each 1 € P(w)"*” and o < ¢ there is a < f < ¢ with iy = h.

We will recursively define a sequence {Z, : a < ¢} of subsets of P(w) such that
foreach a < ¢:

(i) Z, is an ideal;

(ii) Z, is generated by at most |« - k| sets;

(iii) if f < @, then Ty C Z,:

(iv) if ho[k x @] = {ha(p.n) 1y < k.n € 0} C J;_, Ls. then there is (B, :n €

w) € Pz, such that ., (Bn NU;<p ha(y. l)) €1,. forally < k.

Assume that o < ¢ and Zg, for all f < o, are already defined. Observe that
Ty = Us<q Zs is an ideal (as a union of an increasing sequence of ideals) generated
by at most | - (o - k)| = |a - k| sets (since & is infinite). Hence, if 4, (y.n) ¢ Z, for
some (y,7) € k X o, then just put Z, = 7., and observe that 7, is as needed.

Assume now that /i,[x x ] C Z,. Recursively define a sequence (C, : n € w)
of subsets of @ such that C, ¢ Z(Z, U {C; : j < n}) and Z(Z, U{C; : j < n}) is
an ideal. This is possible as | - (@ - k) 4 1| < ¢ = u guarantees that Z(Z, U {C; :
Jj < n}) is not maximal. Next, for each n € w put B, = ({n} U C,) \ U,., B; and
note that (B, : n € ) is a partition of w and B, ¢ Z(Z, U {B;:j<n}) = Z(Zy U
{C; : j < n}). for each n. Moreover, Z(Z, U {By : k € w}) is an ideal, as otherwise
we would have

wEI(faU{Bk:kEa)}): UI(faU{Bk:k<n}): UI(faU{Ck:k<n}),

new new

which contradicts the fact that o ¢ Z(Z, U {Cy : k < n}) for each n.
Define

To=ZI|Z,U{B,:ncw}U U BnﬁUha(y,i) 1y <K

new i<n

Obviously, items (iii) and (iv) are satisfied. What is more, item (ii) is also satisfied
as |a -k + w + k| = |a - k|. Thus, we only need to check that w ¢ Z,,.
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Assume to the contrary that w € Z,. Then there are k., m € w, yo. ..., ym < k and
A € T, such that

w=Adu{JBulJ U |BnUhaly;. 1)

Jj<k j<m \n€w i<n

However, since (B, : n € w) is a partition of w, we have

B, =B, Nw=2B,nN AUUBjUU U BnmUha(Vjai)

Jj<k Jj<m \necw i<n

c AU Uhalyo1) € 2

J<mi<k

which contradicts By ¢ Z(Z, U{B, : j < k}). Thus, » ¢ Z,.

Once the recursive construction of {Z,, : o < ¢} iscompleted, defineZ = J,_ Za.
Clearly, 7 is an ideal (by items (i) and (iii)). To finish the proof we need to show
that b(Z) > «. Fix any {(E} : n € ®) : y < k} C Pz. Then for each (y.n) € &k x w
thereis f(y.n) < csuchthat E; € Ty, ). Denote f = sup{f(y.n) : (y.n) € k x w}.
Since |k X w| = k < cf(c), we get that B < c¢. Thus, we can find f < a < ¢ with
ho(y.n) = Ej, for all (y.n) € k x w. By item (iii), Ao X @] C s, Zs. Using

item (iv) for o we get (B, : n € w) € Pz, C Pz such that | J,.,, (B,, NUi<n Ef) €
T, C T, for all y < k. Therefore, b(Z) > « and the proof is completed. o

THEOREM 4.2. If d <cf(c) <u=c=1c", then there exists an ideal T with
b(Z) > 0. In particular, it is consistent that there exists an ideal I such that b(Z) > 0.

ProoOFr. The first part follows directly from Lemma 4.1.

We will show that the assumptions 9 < cf(c) <u=c¢=¢" are consistent
(specifically, that they hold in the generic extension obtained by adding X, random
reals to the model of GCH).

Suppose that GCH is satisfied in the ground model V. Let

M(R;) = {C C 2% : C isaclosed set of positive measure}

(ordered by the inclusion modulo null sets) be a forcing which adds R, random reals
(here we consider the product measure on 282). Let G denote a M (X,)-generic filter.
It is known that 9 =% and u=c¢ =X, in V[G] (see. e.g.. [4. p. 474]). so
0 < cf(¢) = u = c. It remains to show that ¢ = ¢° in V[G].
Denote k = |[M(X;)|, A=R; and § = x*. Since GCH holds in ¥V, we have
N, = 2% and consequently

ko= [ M(R)[ = [[Ro] NN = R0 = (%)M = 2% =y,
and

6 =N = ()R =R,
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Hence, «. 4.0 are infinite cardinals. As M (X,) is cec, using [25, Lemma IV.3.11 at
p- 267] we obtain in V' [G] the inequality 2* < ¢ which yields:

=% =22 =2 =2 <s=N,=c.

Since ¢ < ¢°, we obtain ¢ = ¢°, and the proof is finished. -

§5. Dominating number and analytic ideals. In this section we show that b(Z) < ?
for every analytic ideal Z. We will apply ideas developed by Katétov in [22-24] and by
Debs and Saint Raymond in [15]. We start with recalling several technical notions.

If 7 and J are ideals on X and Y, respectively, then we say that Zis below J in
the Katétov order (in short: T <y J). if there is a function f : ¥ — X such that
f71[A4] € J forevery A € T. If we can find a bijection with the above property, then
we say that J contains an isomorphic copy of T and write Z C 7.

If {X; : 1 € T}is afamily of sets, then ), X; = {(r.x) : 1 € T.x € X, } is its
disjoint sum. The vertical section of aset 4 C ), ., X; at a point ¢ € T is defined
by A,y ={x € X, : (1.x) € A}.

Let Z be an ideal on a countable set T and {Z, : t € T} be a family of ideals.
Following [22], we define the ideal

7-Y1, :{AgZ(UL):{z €T: A, ¢ T} T}

teT teT

In particular, if 7 is some ideal on S and Z, = J for all t € T, then we denote

IQJ=T-Y L={ACTxS:{teT:4,¢J} eI}
teT

Following [23, 24], let {Fin® : | < a < w,} be the family of ideals given by

Fin, ifa =1,
Fin® = { Fin ® Fin®, ifa=p+1.
To =Y poo Fin’. if o is a limit ordinal,

where Z, is the ideal on the ordinal o generated by the family {f: f < a} (in
particular, Z,, = Fin).
Finally, for ideals Z, J and K we define

b(Z.7.K) =min { |€] : £ € P AVuyer, Ipnee | [N JE | ¢T

new i<n

(the above is an equivalent form of the coefficient defined in [35]—the equivalence
is shown in [17, Proposition 3.9]). Note that b(Z,Z,Z) = b(Z). Moreover, it is easy
to see that if K C K'. then b(Z, J.K) > b(Z. J.K’) (see [17, Proposition 3.8]).

We are ready to prove some lemmas, which will imply that b(Z) < o for every
analytic ideal Z.
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LEMMA 5.1. If1 < o < o isanordinal, Fin®*™' Z T, but Fin® C T, then b(Z) < .

ProoF. If a = 1 then this is true by [17, Theorems 4.2(4) and 4.2(9)].

Let now 1 < a < w; be any ordinal. We need to standardize the notation so that
we will be able to proceed with the proof for both successor and limit ordinals «.

If @« = p + lisasuccessor ordinal, put y = w and write 5 = f foralld < y. Note
that Fin® = Fin® Fin’ =7, - 3", _ Fin/.

On the other hand. if « is a limit ordinal. put y = o and write fi5 = J foralld < y.
Note that Fin® = Z, - > 5_, Fin’ =T, - > o<y Fin/s .

Now we can proceed with the proof not caring if « is a successor or a limit ordinal.

Foreacho < y let Fin/ (w) be any isomorphic copy of Fin® on w. Then Fin® and
J=1I-3, Fin® (w) are isomorphic, so J C Z. Thus, without loss of generality
we may assume that Z is an ideal on y x w such that J C Z (this can be done by
considering the ideal {f[A4]: A € T} 2 J, instead of Z, where f is the bijection
witnessing J C Z).

We will show that b(Z,Z, 7) < 0. This will finish the proof as b(Z) < b(Z.Z, J)
(by J € T).

Fix a strictly increasing sequence (y; : i € w) € y® converging to y (in the order
topology) such that o = 0. Let { /4 : @ <0} C ®® be a <pj,-dominating family.
Without loss of generality we may assume that each f, is strictly increasing
and satisfies f4(0) = 0. Define 45 = (7, (s1) \ Vfu(n) X @ for all o <?d and
n€w. Then {{4Y ' ncw):a<d} C 7/55. We claim that this family witnesses
b(Z.ZT.J) <.

Fix any (B, : n € w) € Pz. There are two possibilities.

Assume first that there is X ¢ Z such that (X N B,) ) € Fin® (w), foralln €
andd < y.Ford < yletm; € wbesuchthaty ) <6 <7 ri(ms+1) (ile. {0} xw C
4j,.). Observe that

(u (Al@\uBn))w S (a0 U B

i€w n<i n<mg ©)
=w \ U (Bn)((S)
n<mg
2 X\ |J (X nBy)e).
n<mg
Define Y5 = U, ., (X N Bu)s) € Fin® (w)and ¥ = Us<, {0} x Y5 € J C Z.Then
we have

I%X\YQU<A?\UBH)QU B,n|J4?

icw n<i new i<n

(the last inclusion follows from Remark 2.1).
Assume now that if X' C y x o satisfies (X N B,)(5) € Fin® (w) forall n € w and

8 < y then X € Z. Recall that the ideal Fin ® J (which is isomorphic to Fin®'!)
has three kinds of generators:

https://doi.org/10.1017/js1.2024.70 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2024.70

MORE ON YET ANOTHER IDEAL VERSION OF THE BOUNDING NUMBER 13

o sets of the form {n} x y x w, for n € w (generators of the first type);
o sets of the form J,c,{n} x VYe(n) X . for g € 0® (generators of the second

1ype):
esets GCwxyxw such that G,z € Fin% (w), for all (n.d) e w xy
(generators of the third type).
Consider the function 4 :y x @ — @ X y X w defined by the formula 4(J, j) =
(n(d.).0. ). where n(d. j) € w is given by (J. j) € B, ;). Observe that:
e if G = {n} x y x w is a generator of he first type. then 4 '[G] C B, € Z. for
every n € m;
eif G Cw xy xw is a generator of the third type. then (A '[G]N B,,)((g) C
Gus) € Fin® (o). for all (n.d) € w x y, so h"\[G] € T by our assumption.
On the other hand, Fin®"!' £x Z (by Fin®*! Z Z and [1. Example 4.1]), so there has

to be a generator of the second type, G = [, ¢, {1} X y¢(n) X @ for some g € ©®,
such that

new

z g h71 [G] - U (Bn N (yg(n) X C())) .

new

Find o < d withg <* f, andlet m € w be such that g(n) < f,(n) foralln > m.

Note that
Ul U4 | 2 U BinGram x o)
new i<n new
2 | Bun Qg x @) 20 '[GI\ | Ba ¢ T
n>m n<m
(as U, <,, Bx € T). This finishes the proof. 4

LemMA 5.2. For each 1 < o< w; there is a family {As: f € ”} C Fin®
satisfying:

o for every A € Fin® there is [ € w® with A C A:

o Ay C Ay whenever f < g (i.e.. f(n) < g(n) foralln € w).

Proor. We will show it inductively.
This is clear for o = 2 as witnessed by the family:

() xw) Ul Jiy x f): f € w‘”} C Fin%.
i€w
Fix now any partition (C, : n € ) of w into infinite sets and for each n let
h, : w — C, be the increasing enumeration of C,.
Assume that for some 1 < o < w; we have the needed family {4, : f € ©“} C
Fin®. We need to find the required family for a + 1. Given f € w®, define

By = (£(0) x | JFin*) U | J{n} x Ao,

new

Again it is clear that {B, : /' € 0”} C Fin®" is as needed.
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Finally, assume that 1 < o < w is a limit ordinal and for each f < o we have the
required family {A/; cfew?} C Fin®. Find a bijection g : @ — a and a strictly
increasing sequence (f; : i € @) converging to « (in the order topology). For each
f € w®, define

B = Z UFinﬁ U (U{g(n)} X A_’;(:}Zn> )

ﬂ<ﬂf(0) new
Once more it is clear that {B, : f € w®} C Fin® is as needed. =

LemMa 5.3. If a < w is a limit ordinal, Fin® £ I, but Fin/ C Z for all p < a,
then b(Z) < 0.

Proor. Find an increasing sequence (f; : i € w) converging to « (in the order
topology). Since Fin’ C 7 for all f < «, we can assume that Z is an ideal on w and
Fin/ (w) C T for all i, where Fin/i (w) is some copy of Fin® on w. For each i € w
let {B’f . f € w®} C Fin% () be the family from Lemma 5.2.

Fix*any partition (C, : n € w) of w into infinite sets and foreachnlet s, : ® — C,
be the increasing enumeration of C,,. Let { f, : & < 0} C w® be a <pj,-dominating
family of strictly increasing functions and recursively define A7 = B}, \ U, 47
foralla <vandn € w.Then {{4% :n € w):a <0} C ﬁzasFinﬁi(a)) C Zforalli.
We will show that {42 : n € w,a < 0} witnesses b(Z) <.

Fix any (B, :n € w) € Pz and consider the function % : w — a x @ defined
by h(i) = (fs.i). where n € o is given by i € B,. Since Z, — 3, Fin® (w) is
isomorphic to Fin® and Fin® £x 7 (by Fin® Z Z and [1, Example 4.1]), there
8 Y €Zo -2 40 Fin’(w) such that A '[Y] ¢ Z. Actually, for each f < o either
B} xw]l=0ecT(fp+#piforallicw)orh![{B} xw]C B, cTforsome
n € o (if B = B,). Hence, the set

X =hn'! [U {{5} X YY) € Finé(a))}],

does not belong to Z, while h[X] C A[h ' [Y]]C Y € T, — > p<a Fin’ (). Observe
that X N B, C (h[X])4,) € Fin’ foralln € w.

Then for each n there is g, € ©” such that X N B, C By . Define g € ®” by
g1 C,=guoh,'.Finda < dwithg <* f,andletm € wbesuchthatg(i) < f,(i)
whenever i > m. Let k € w be maximal such that C, Nm # (). Observe that for
n > k and any j € w we have

(faoh)(j) = falha(j)) = g(hu(j)) = gu(j).

Hence, X N B, C B; C BY

ol C U<, 4%, whenever n > k. Thus,

Ul 2U B4 |2 JxnBy) ¢z

new i<n n>k i<n n>k

asZFX = XNB,)and U, By €. o

new(
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THEOREM 5.4. If there is a < wy such that Fin® Z T, then b(T) < 0.

PrOOF. Leta < w; be minimal such that Fin® [Z 7. If « is a successor ordinal, use
Lemma 5.1. On the other hand, if « is a limit ordinal, we can apply Lemma 5.3. -

Recall that for an ideal Z on X we write Z* = {4 C X : X \ 4 € Z} and call it
the dual filter of T.

COROLLARY 5.5. If T is Borel-separated from I* (i.e., there is a Borel set S C 2%
such that T C S and TN S = 0), then b(Z) <. In particular, b(Z) < 0 for every
analytic ideal T.

ProOF. We claim that there is @ < w; such that Fin® [Z Z. Indeed, by [l5,
Theorems 3.2 and 6.5 and Lemma 7.2], if Fin®* C Z, then Z is not A‘l’ m—separated
from Z*. Thus, the assumption that Fin® C Z, for all @ < w;. would contradict the
fact that 7 is Borel-separated from Z*. Now it suffices to apply Theorem 5.4.

For each analytic ideal, its dual filter is also analytic (by [15, Section 1.1]), so
they can be Borel-separated (by the Lusin separation theorem). This proves the
“In particular” part. -

Actually, we do not know whether Corollary 5.5 can be strengthened by replacing
0 with b. In particular, we do not know the answer to the following problem.

PROBLEM 1. Does there consistently exist an analytic ideal T with b(Z) > b?
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