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Abstract

It is shown how questions about ends of locally finite graphs can be reduced to
questions about trees. Several applications are given; for example, locally finite
connected graphs with infinitely many ends and automorphism groups that act
transitively on the ends are classified.

Introduction

In their book Groups Acting on Graphs, Dicks and Dunwoody developed powerful
techniques for forcing a group to act on a tree. One of their results is a method of
building a tree from a graph I' such that Aut (I") acts naturally on the tree. We call
a tree constructed in this way from a graph ' a structure tree of I'. The aim of this
paper is to show how this technique can be utilized to investigate connected graphs
with infinitely many ends. We will give four applications where we utilize the fact
that an end of a structure tree of I can be identified with an end of I'. The first of
these applications is to determine the kernel of the action of Aut (") on the set of ends
of I' when T is locally finite and transitive. The second application is to what we call
‘fixed-point theorems’. In [15] W. Woess asks for a classification of those connected
locally finite graphs with infinitely many ends which have the property that the
automorphism group acts transitively on the set of ends. The third application is to
find such a classification. In the fourth one we investigate the structure of the set of
ends.

In Section 1 we fix notation and state some general theorems needed in the sequel.
The next section contains a brief account of the necessary results and terminology we
need from [2]. In the third section we then state and prove the connections between
the ends of I and the structure trees of I'. The promised applications then follow in
Sections 4-7.

1. Notation and preliminaries

Let T denote an undirected connected graph. We use VT and ET to denote the set
of vertices and edges of T, respectively. We will use d(-—,—) to denote the distance
between two vertices of a graph. The graph T is said to be transitive if Aut (') acts
transitively on VT. Even if we are only working with undirected graphs it is useful
to think of the edges as having directions. Thus an edge e ET is represented by an
ordered pair of vertices; that is, e = (o(e), {(e)). We call o(e) the origin of e and {(e) the
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terminus of e. Because our graphs are undirected, if e = (o(e), {(e)) is in ET then the
edge e* = (i(e), o(e)) is also in ET. If s € VT then define

0s = {ee ET | exactly one of o(e) and t(e) is in s}.

The set Js is called the boundary of s.

Let #TI" denote the boolean ring generated by subsets s of VT with |0s| < co.
Indeed, because the intersection and symmetric difference of two such sets again have
finite boundary and 0s = Js* (where s* denotes the complement of s) for any s € VT
we see that

BT ={s< VI'||0s| < oo}.

Define 2, T" as the subring of #I' generated by those s = VT with |0s| < n. We say
that s is thin if s¢ #B,_, ', where n = [0s]. Clearly a thin set is connected.

A line in a graph is a sequence of distinet vertices {o};.; such that «, is adjacent
to ey, for all i. A half-line is a sequence of distinct vertices {«;}; . such that «; is
adjacent to a,,, for all 2. An end of a graph is defined as an equivalence class of half-
lines: we say that two half-lines L, and L, are in the same end if there is a third half-
line L, that contains infinitely many vertices of both L, and L,. Equivalently, we
could say that L, and L, are in different ends if and only if there is a finite subset
® < VT such that there are distinct connected components C, and C, of I'\® such that
C, contains infinitely many vertices of L, and C, contains infinitely many vertices of
L,. Yet another equivalent definition is to say that L, and L, are in the same end if
and only if there are infinitely many disjoint paths connecting vertices on L, to vertices
on L,. Following [5] we define the ‘thickness’, denoted by m,(¢), of an end € as
the maximum number of disjoint half-lines it contains. The following theorem
summarizes various results from [6].

THEOREM 1. Let T be a locally finite connected graph. Let ge Aut (T). Then either there
18 a finite subgraph ® invariant under g or we can find a line L and a natural number
n, such that g" induces a non-trivial translation on L. In the latter case the ends which
are determined by L are invariant under g. Let L* be a half-line contained in L such that
Lrg™ < L. Let D(g) denote the end of T that contains L*, and call 2(g) the ‘direction’ of g.
Then the following hold :

(i) 2(g) = 2(97") if and only if m\(2(g)) = o0;

(ii) of D(g) + D(g7") then m(2(g)) < 00 and m,(D(g)) = m,(D(g™))-

Definition 1. If ge Aut (I') does not leave any non-empty finite subgraph invariant
then we call g a translation. 1f, furthermore, g satisfies (ii) in the theorem above then
we say that g is hyperbolic.

We will write &T for the set of ends of I'. If e€ £T" and there is ge Aut (I') such that
€ = ZD(g) then we call ¢ a direction of I'. The set of directions of I is denoted by 2T
Furthermore, let 8T (respectively,  2T') be the set of those ends (directions) that
have finite thickness.

If se BT then we say that an end ¢ of T" belongs to s if s contains one half-line
in €. We see that if € belongs to s then L N s contains a half-line for every half-line L
in €. By slight abuse of notation we will write e€s if ¢ belongs to s.

We will also have occasion to refer to theorem 1 in [7]. Here is a version of that
theorem which has been slightly rephrased to suit our needs better; a short proof can
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be found in [11]. Because we restrict ourselves to locally finite graphs we get a
stronger conclusion than in the original theorem.

THEOREM 2. Assume that T is a locally finite connected graph and s is an infinite
connected element of BT such that s* is also infinite. If a group G acts transitively on T
then G contains a hyperbolic element g such that 2(g)€s and D(g~*) € s*.

Let G be a group acting on a set Q. We can make G into a topological group by
taking as a basis of neighbourhoods around the identity the pointwise stabilizers of
finite subsets of Q. Another way to phrase this is to say that we endow Q with the
discrete topology and let G have the topology of pointwise convergence. This
topology is called the permutation group topology on G. For the purpose of this
paper we only need to know that if ¢ is acting on a locally finite graph I' then the
setwise stabilizer in @ of a finite subgraph in I" is compact. For a proof of this and
further information about this topology the reader is referred to W. Woess’ survey
paper [15].

2. Structure trees

In [3] and [2] a very powerful technique for building trees from graphs is
developed. The aim of this section is to give a description of this machinery, and to
establish the notation needed to make it work.

Let Q be some non-empty set and let 22(Q) denote the power set of Q. We say that
E < 2(Q) is nested if for every e,fe £ one of

enf, enf* e*nf, e*nf*
isempty (ie.eSf,eSf* e*= forfce).

If £ is nested and for all a, #€ Q the number of elements of £ containing a but not
[ is finite then we say that £ is a tree set. An element o € Q can be treated as a function

E—7,, where Z, denotes the integers modulo 2. This function, denoted by «| £, is

defined by Ui
iface

x| Be) Zz{o ifade

where ee £. Then E is a tree set if and only if it is nested and for all a, €Q the
functions «|E and F|E agree almost everywhere. We say that a tree set K is
undirected if e* € £ whenever e€ E. Clearly if E is a tree set then £ U {e*|e€ E} is also
a tree set, so that every tree set is a subset of an undirected tree set.

Let T be an undirected tree. If ¢, fe E7T' then define e < f to hold if and only if there

is an edge path e=¢e....e,=f

such that f(e;_,) = o(e;) and ¢,_, # e} for all i = 1,...,n. One shows easily that this
relation is a partial order. It is also clear that * acts on ET as an order-reversing
involution.

THEOREM 3 ([2], corollary II-1-10). Suppose that E is a partially ordered set with an
order-reversing involution *. Furthermore, suppose that for all e,fe E exactly one of
e<f, e=f, e>f e<f* e=f* e>f*
holds and that there are only finitely many ge E such that e < g < f. Then there is an

undirected tree T': such that E is isomorphic (as a partially ordered set with an involution)
to ET. Also, ET must satisfy the above conditions for any undirected tree T.

9 PSP 111
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If E satisfies the conditions in the theorem then we use T(Z) to denote the
associated tree. It can be verified rather easily that an undirected tree set satisfies the
conditions in the above theorem. Thus if £ is an undirected tree set then there is an
undirected tree 7":= T'(E) such that ¥ can be identified with ET' in a natural way.
Then inclusion in £ corresponds to the relation < defined above on ET and taking
complements in E corresponds to the operation *, as defined on ET. We also see that
if some group @ acts on Q such that ¥ is invariant under G then there is a natural
action of Gon 7.

Definition 2. Let T be a tree. If e ET then we say that e points towards ae V7' if
d(ee, 0(e)) > d(a, t(e)). If e VT then let a| & denote the function from ET to Z, that
takes the value 1 on those edges that point towards o and the value 0 on those edges
that do not point towards o.

Let £ be an undirected tree set. Consider functions ¢:E—>Z, that satisfy the
following conditions:

(i) there is a point a€Q such that ¢ and a|E agree almost everywhere;

(i1) if e, fe £ such that e N f = J then ¢(e) §(f) = 0.

Call the set of all such functions V.

Let 7' be an undirected tree. We construct a new directed tree 7% from 7' in the
following way : the set of vertices of 7% is the union of V7 and the set {{¢, e*}| e ET},
and the set of edges of 7% is the set {e?|e€ ET}, where e®:= ({e,e*},t(e)). We can
identify ET and ET® in a natural way, in particular the vertices of 7% can be thought
of as functions £ > Z,. If x € VT and a = {e, e*} then a | E agrees on E\{e, e*} with the
funections given by the endpoints of e, but takes the value zero on both e and e*.
Informally, 7% is a kind of barycentric division of 7'

THEOREM 4 ([2], theorem II:1-5). Let £ = P(Q) be an undirected tree set and let
T = T(E). Suppose V is as above and let p € V. Then there is a vertex a€ VI such that
¢=cl|E.

Let us now again consider general graphs.

Definition 3. If E € 2(VT) is an undirected tree set, invariant under Aut (I'), then
we call the tree T(E) a structure tree of T'.

TueoreM 5 ([2], theorem I1-2-20). Let T be a connected infinite graph and let G
be a subgroup of Aut(l’). There is a chain of G-tnvariant undirected tree sets
E, c E,c ... in P(VT) such that all elements in K, are thin and E,, generates %B,T" for
all n.

The condition that £, generates 4,I" implies that if there is an se %,T" separating
two vertices (edges, ends) then there is an element e€ E, that separates them also.
This will be very useful in what follows, as will the following lemma also.

LeMMa 1 ([2], lemma II-2:5). If «a,Be VD' then every descending chain in
{ee B, |ace} is finite and every chain in {ec K, |ace, f¢e} is finite.

3. Ends and structure trees

In this section I' will denote some connected graph.
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LevMA 2. Let T:= T(E) be some structure tree (undirected) of T and let € be an end
of T. Then there is an unique end in T' that corresponds to € in a natural way.

Proof. Let L ={a,,a,,...} be some half-line in ¢ and e¢;e £ be the edge («;, a;,,).
Then ¢, > e, > e, O ..., s0, by Lemma 1, 1, ¢; = . Clearly we can find a half-line
L that contains at least one vertex from infinitely many of the sets e;. Assume that
L” and L” are two such half-lines. Find ¢, such that e, contains vertices f; and f; from
L’ and L”, respectively. Because ¢, is connected we can find a path F, in ¢; connecting
B, to B;. Then we find ¢, such that P, N e; = J. Take vertices #, and g7 from L’ and
L”, respectively, that are in e; . We let P, denote a path in e; connecting £, and 8.
Then we go on to find a number i, such that P, N ¢;, = ¢J and so on. The paths F,
P,, ... form an infinite family of disjoint paths connecting L" to L”, thus L” and L” are
in the same end. It follows that all half-lines L such that infinitely many of the sets
e; contain vertices from L are in the same end. This end is then the only end that is
contained in e, for all s. |

A similar argument can be found in §4 in [14]. On the other hand it does not follow
that every end in I' corresponds in this way to an end in a structure tree 7', but we
have the following lemma.

LeMMA 3. Let € be an end of T and let T = T(&) be a structure tree of T'. Then there
18 either a vertex in T or an end in T that corresponds to €.

Proof. Assume that no end of T corresponds to €, that is to say that there is no
infinite strictly descending chain in E such that all the elements in the chain contain

€. Define ¢|E.E—~ 2, by
1 ifeee,

el () 2={0 ifede.

First of all it is clear that if e, fe £ and e N f = (& then (¢| £(e)) (¢| E(f)) = 0. In order
to prove our lemma we have to show that if ae VT then a| and ¢|E are almost
equal. Let
A={eckE|e|E(e) =1 and a|E(e) = 0}.
Because £ is nested, for all ¢, fe 4 one of
e<f, f<e e*<f [f<e¥

holds. But, because e€f and e¢ e*, we can exclude the last possibility and the second
to last one can also be excluded because axee* but a¢f Thus 4 is a chain. By
assumption A cannot contain an infinite strictly descending chain and an infinite
strictly ascending chain would contradict Lemma 1. Hence 4 must be finite. The
elements of the set
{ecE|ec|E(e) =0and a|E(e) = 1}

are just the complements of the elements in 4. Therefore x| £ and ¢| £ agree almost
everywhere. By Theorem 4 there is a vertex in 7% that corresponds to ¢|E. If that
vertex was not in V7T then there would be a set e€e K such that

e|E(e) = ¢| E(e*) = 0;
but this is clearly out of the question. I

Now we can ask whether one can recognize those vertices in a structure tree that
correspond to ends in I The next lemma contains a complete answer to this
question.

9-2
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LeEMMA 4. Let T be a locally finite connected graph, and let T = T(E) be a structure tree
(undirected) of T'. Define ¢:VI' - VT';a>a|E. If a € VT has infinite valency or ¢~ (c)
is tnfinite then there is an end € in I' such that e€|E = a. Furthermore, if ae VT
corresponds to an end € then ¢~'(a) is infinite or a has infinite valency.

Proof. Suppose that e VT has infinite valency. Let C be a component of T'\{a}. If
e is an edge in C pointing away from « then we know that e points towards the
elements of ¢(e). Thus every component of 7'\{«a} contains some elements of Im ¢.

If ae VT has infinite valency then we take an element S, from ¢~*(C) for each
component C of T'\{a}. Let A be a minimal spanning tree in I for all the vertices f.
By Konig’s Lemma we can find a half-line L in A. Denote by ¢ the end of I that L
belongs to. If e is a connected element of T which contains all but finitely many of
the vertices f. then e must contain €. This is because Je is finite and thus e* N A will
also be finite. If e€  points away from a then e contains at most one of the vertices
fc and thus cannot contain e. On the other hand, if e points towards « then e must
contain €. But now we have that «, as a function of £, is equal to €| £.

If 7Y («) is infinite then we let A be a spanning tree of ¢ () and the result follows
by the same argument.

Assume that ae VT and a|E = ¢| £ for some end ¢ of T'. Suppose that « has finite
valency and that ¢ () is finite. Take a half-line L that belongs to the end ¢. The
conditions imply that infinitely many of the vertices in L must be mapped by ¢ to
some component C of T\{a}. If e is the edge in 7" that has « as its origin and points
towards C then e must contain € but e points away from «. Thus ¢|E(e) =1 but
a|E(e) = 0, which contradicts the assumption that «|E = ¢|E. |

In the following corollary we collect together the information we can now
deduce about connections between actions of elements of Aut(I') on I' and on
structure trees of I'.

CoROLLARY 1. Let T be a connected locally finite graph and T =T(E) be some
structure tree of T'.

(i) If ge Aut (') acts like a translation on T then g acts like a translation on T' and
m,(D(g)) < .

(ii) If ge Aut (I') is a translation then either g acts as a translation on T or there is a
unique vertex of T fixed by g and that vertex has infinite valency.

(iii) If ge Aut (') 2s a translation and m,(2(g)) < oo then there is an undirected tree
set K, such that g acts as a translation on T(E ).

Proof. (i) Let L be the line in 7" that is invariant under g. Suppose that e is an edge
in L. Then Jde has an infinite orbit under ¢, and therefore g cannot fix any non-empty
finite subgraph. There are two ends of T" that are invariant under ¢, so there are also
two ends of I' invariant under g, which means that m,(2(g)) < .

(ii) If D(g) does not appear as an end in T then there is a unique vertex a in 7' that
corresponds to €. Clearly « is fixed by ¢; and a@ must have infinite valency, because
otherwise some power of g would fix an edge of 7" which is impossible.

(iii) Assume 2(g) + D(g7'). Then there is s€ BT such that 2(g)es but D(g ) ¢s.
We can then find a tree set K, (by Theorem 5) that contains an element e that
separates 2(g) and 2(g7"). Clearly g acts on T(E,) as a translation. |
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4. The action on the ends

Let I be a connected locally finite graph. We say that ge Aut (I') is bounded if there
is a natural number k such that d(a, ag) < k for all e e T'. The bounded automorphisms
of I form a subgroup B(I') of Aut (T).

THEOREM 6. Assume that T is connected, locally finite and transitive and, furthermore,
that T has infinitely many ends. Then the kernel K of the action of Aut (I") on &T is the
group B(T").

Proof. First we will show that B(I') < K. Take ge B(I"). Assume that there is an end
€€ &T such that ¢ + ¢g. Then we can find a finite subgraph @ of T" such that ¢ and eg
belong to different components of M\®. Let L, be a half-line in €. Then L, ¢ is in eg.
We can assume that both L, N ® and L,g N ® are empty. All paths connecting
vertices in L, to vertices in L, ¢ must go through ®. Because I is locally finite we have
a contradiction.

Let e,e #T be an infinite and co-infinite set such that the set

E ={e, Aut (T'), e Aut (I")}

is a tree set. Put 7= T(E). Then Aut (I') is transitive on the edges of 7', and (as
pointed out in [3]) this fact together with the transitivity of I' ensures that 7" has no
leaves (i.e. there are no vertices of valency one). Take A€ K. Suppose & does not act
trivially on 7. We must then either have that k moves an end of 7', which (by Lemma
2) would mean that A moves an end of T, or 7" has only two ends and % acts like a
translation on 7. But by Corollary 1 the latter would imply that k acts like a
translation on I' and a translation fixes at most two ends. Thus K acts trivially on
T. For ecE, set

0,6 ={aeVI'|aé¢ebut ais adjacent to a vertex in e}.

Because I' is transitive we have that every vertex in T is contained in J, ¢ for some
ec K. The sets d, ¢ are all invariant under Aut (I') and all have the same diameter (the
diameter of a set is the supremum of the distances between its elements). It follows
that for all A€ K and ae VI" we have

d(a, xh) < diam (4, ¢,) < 0.
Thus K < B(T). |

In fact we have proved more: B(TI') is a subcartesian product of isomorphic finite
groups (given by the action of B(T") on its orbits). In particular this gives us:

CoRrOLLARY 2 ([4], theorem 5). The group B(T) is locally finite.

5. Fized-point theorems

Throughout this section I' is a locally finite, connected graph and H will be a
subgroup of Aut (T'). Consider the following properties:

(@) There is a non-empty finite subgraph of I that is invariant under H.

(b) There is an end of T fixed by H.

(¢} There is a pair of ends of I" that is invariant under H.

The first ‘fixed-point theorem’ was the following.
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ProrposiTiON 1 ([12], proposition 3-4). Let T be a tree and H a group acting on T'. If
H contains no translations then either (a) or (b) holds.

This result has been generalized to locally finite graphs by W. Woess[13].

Prorosition 2 ([13], proposition 1). Suppose that H < Aut (T) contains no hyperbolic
elements. Then (a) or (b) holds and, furthermore, if (b) holds then there is a unique end
fixed by H.

We also have the following theorem (cf. [10]), which gives a kind of ‘Tits
alternative’ for groups acting on trees.

THEOREM 7. Let T be a tree and H < Aut (7). If H satisfies none of (a), (b), (c) then
H contains a free group on two generators.

Now we are able to use the results in Section 4 to prove the following generalization
of this theorem.

THEOREM 8. Let T be a connected, locally finite graph and H < Aut (T). If H satisfies
none of (a), (b), (c) then H contains a free group on two generators.

Proof. By Proposition 2 we can assume that H contains a hyperbolic element g.
Let 7' := T(E) be a structure tree of I' such that g acts as a translation on 7'. Because
we have this element g acting as a translation on 7' it is impossible that the action
of H on T satisfies (a). If (b) or (c) were to hold for the action of H on T then they
would also hold for the action of H on I, because the ends of 7' correspond to ends
of T'. Thus none of (a), (b), (c) holds for the action of H on 7. Therefore, by Theorem
7, H contains a free group on two generators. |

H. A. Jung also has a proof of this theorem which works for a wider class of graphs.
For example, his proof works for all countable graphs. By using arguments similar
to the ones in the proof of the above theorem one is able to deduce the following
theorem of W. Woess from the corresponding result for trees. W. Woess, in his paper
[13], does indeed suggest that this should be possible.

TueoreEM 9 ([13], theorem 1). Let H < Aut (T"). If H acts amenably on T’ then one of
(a)7 (b)a (C) kOldS.

6. End-transitive graphs

We say that a graph I is end-transitive if Aut (I') acts transitively on the ends of
I". The aim of this section is to classify the connected locally finite end-transitive
graphs that have infinitely many ends. This is an answer to problem 2 in [15].

Before we can state our theorem we need some additional notation. Let G be a
group acting on some set Q, and let a€ Q. The orbits of G, on Q are called suborbits.
The suborbit SG, corresponds in a natural way to the orbit (a, £) G in Q x Q. In the
case of transitive groups this gives us a 1-1 correspondence between the G,-orbits, for
some fixed a€Q, and the G-orbits on Q x Q. Orbits of G on Q x Q are called orbitals.
We call a graph A a poly-orbital graph of Q if VA is a union of G-orbits on Q and EA
is a union of orbitals (tacitly we exclude graphs where all the edges are of the form
(t, )

Let T be a tree. There is a natural bipartition of 7. Define Aut* (7") as the subgroup
of Aut (7') that stabilizes the blocks of this bipartition. We say that 7" is semi-regular
if the vertices in each of the blocks of that bipartition all have the same valency.
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TrEOREM 10. Let T' be a connected locally finite graph with infinitely many ends.
Suppose that T is end-transitive. Then either there is an Aut (I')-congruence m with finite
classes such that T'/m is isomorphic to a connected component of a poly-orbital graph
arising from the action of Aut* (T) on VT, where T is a semi-regular tree, or there is a
non-emply finite subset of VI invariant under Aut (I'). In particular, if there is no non-
empty Aut (D)-invariant finite set of vertices then Aut (') acts with finitely many orbits
on VT.

First we need to prove two lemmas. Let us fix some notation. Set ¢ := Aut (I"). If
Aut (T') contains no hyperbolic elements then by Proposition 2 there is a non-empty
finite Aut (T')-invariant subset of VT. We may thus assume that Aut (') contains a
hyperbolic element. Let e, € #T be a thin element, both infinite and co-infinite, such
that £ = {e, Aut (T'), ey Aut (I')} is a tree set. Put 7':= T'(F). We can assume that some
element of Aut (T") acts like a translation on 7. We clearly have a 1-1 correspondence
between the ends of 7" and the ends of I', and G acts transitively on &7". We have a
map

¢Vl -=VT;, aralk.

The fibres of ¢ give us a G-congruence 7 on VT.
Lemwma 5. The fibres of ¢ are finite and T is locally finite.

Proof. This is an easy application of Lemma 4. Because no vertex in 7' corresponds
to an end of I then for all vertices a in 7" we know that « has finite valency and ¢™(a)
is finite. |

Consider the graph I'/n. Define P:T'—>TI'/7n to be the natural projection. Clearly
there is a 1-1 correspondence between the ends of I" and the ends of I'/7. Because G
has at most two orbits on the vertices of 7' we see that ¢ has at most two orbits on
the vertices of I'/n. Because the m-classes are finite, this in turn implies that G has
only finitely many orbits on VT. One can also note that the set EP :={eP|e€E} is a
tree set and that T(EP) = T(E). From now on we are only interested in the graph ' /7
and to simplify the exposition we will be replacing I" with I'/7 and G will be any
closed end-transitive subgroup of Aut (I'). (We cannot be sure that EP is invariant
under Aut (I'/7r) but the projection of Aut(I') on Aut(I'/7) is end-transitive and
closed.) The reader will easily convince himself that this makes no difference in what
follows. It is thus possible to assume that ¢ is injective. We will be identifying
vertices in I' with their ¢-images in 7'.

The next lemma is based on proposition 1 in [9]. For completeness a full proof of
the lemma will be included.

Lemma 6. The stabilizer of a vertex a€ VT acts transitively on the ends of T

From now on most of the action will take place inside 7. We will represent the set
of ends as the set of half-lines that originate at «. We can define a metric ¢ on &7 by

the formula
t(Ly,Ly) =27F,

where L, and L, are two half-lines starting at « and k£ = [L, N L,|]— 1. One easily sees
that &7 with this metric is a complete metric space.

Proof of Lemma 6. We first prove that the orbits of G, on &7 are all closed. Let A
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be an orbit of ¢, on £T. Assume that {§,},.y is a sequence in A that converges to an
end 6. Now find a sequence {g,;};. such that &, = 8,¢,. Because I is a locally finite
graph, G, is compact in the permutation group topology induced on G, by the action
on I'. Thus there is a convergent subsequence {g,j}jeN, which converges to some
element g in G,. But this subsequence must also converge to g in the permutation
group topology induced by the action on 7. Thus we see that §, ¢ = 8. Therefore A
is closed.

Above we showed that &7 is a complete metric space, and so it is also a Baire
space. Let {g;},.n be a complete set of coset representatives for @, in G. Suppose that
A is a G, orbit on &T. Then &7 = U, _, Ag,. By Baire’s Theorem at least one of the
sets Ag; (therefore all) must have non-empty interior. Because A is a I, orbit we can
conclude that A is open. Thus all G, orbits on &T are open.

Let ge G be a translation along some line L in 7. Because G acts transitively on the
undirected edges of T we can assume that xe L. Say L = {a,;};,.; with o, = a. Let ¢,
be the end represented by {«};., and ¢, be the end represented by {e;},,. For fe VI'
define E(f) as the set of ends that are represented by half-lines that go through .
These sets form a basis for the topology on &7'. Because ¢, G, and €, G, are open we
can find a number j such that E(a,) S ¢, G, and E(a_;) S €, G,. Now we see by using
the translation g that G, must act transitively on the points that are adjacent to
a in TI and that ¢, must act transitively on E(a,). Hence @G, acts transitively on
&T.

For simplicity let us assume that G acts transitively on I'; the case where G has two
orbits on I' is similar. Let « be a vertex in I". Let C,(a) denote the set of vertices in
T that are at distance ¢ (in T') from . The real point of the last lemma is that it
implies that G, acts transitively on C,(a) for all 5. Let @ be the set of vertices in I" that
are adjacent to a in I'. Let ¥ be the union of all the orbitals («, 8) Aut*(T) and
(B, o) Aut™(7") where fe®. We see now that ET"' = F and thus we have proved the
theorem.

Remark 1. Conversely, one can note that the connected components of the poly-
orbital graphs one gets from semi-regular trees are all end-transitive.

Remark 2. A graph I is said to be distance-transitive if for all vertices a, f,y, 8 with
d(a, f) = d(y, ) we can find g€ Aut (T') such that ag = y and fg = 4. Clearly a locally
finite regular tree is distance-transitive. We get another example of a distance-
transitive graph by taking a locally finite semi-regular tree 7', and looking at the
orbital graph we get by saying that two vertices are adjacent if and only if their
distance in 7' is 2; the connected components of this orbital graph are distance-
transitive. Macpherson[8] has proved that every connected locally finite infinite
distance-transitive graph is of one of the above types. A simplified version of
Macpherson’s argument can be found in chapter 11, §3 in [2]. With very little addition
the preceding argument will also give a proof of Macpherson’s theorem.

7. D-relations

In the study of infinite permutation groups certain types of relations seem to occur
naturally. These types of relations have been axiomatized and investigated by
Adeleke and Neumann[1]. We are interested in what they call D-relations: these
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arise naturally on the set of ends of sufficiently homogeneous ‘tree-like’ structures. It
would take us too far afield to describe precisely what these ‘tree-like’ structures are.
The remarkable thing about these D-relations is that a set carrying a D-relation can
be represented as the set of ends of a ‘tree-like’ structure. A quaternary relation D
on a set Q is a D-relation if it satisfies the following conditions:

Di. If D(a, B;v,6) then D(B,a;vy,d) and D(y,d;«, B).

D2. If D(«, B;7,8) then =~ D(a,y; B, 90).

D3. If D(«, B;7,9) then D(a, f;7,€) or D(e,¢;7y,0).

D4. If «, B,y are all distinct then there is de (Q\{a, B, §}) such that D(a, ;7. B)-

A quaternary relation D defined on the ends of a tree T by D(a, #;7, ) if and only
i the lines having ends a, 8 and 7, § respectively do not intersect will automatically
satisfy D1, D2, D3. If, for instance, our tree 7' is transitive then this relation satisfies
also D4. If we could define a D-relation on a subset of ends of a graph I" then the
results of Adeleke and Neumann would imply that this subset of ends of T' could be
represented as a set of ends of a tree. This would give us another way to construct
a tree from the graph I

Assume that £ € 47 is an undirected tree set. Define a quaternary relation Dy on
&T as follows: Dg(c, B;v,6) if and only if there is an element e€ K with &, fee and
v,8€e*.

PROPOSITION 3. The relation Dy defined above satisfies D1, D2, D3.

Proof. D1. This follows straight from the definition.

D2. Assume that D(a,f;7y,d) holds and we have ecE such that «, f€e and
y,8€e*. Suppose that D(«,y;p,d) holds and is witnessed by some element feE.
Then we have

ace N f, feenf* wyee*nf and dee* N f*

But this is impossible, because E is a tree set and therefore one of the intersections
above must be empty. Hence ~D(a,y; 8, ).

D3. Assume that D(a, 8;7y, ) holds and is witnessed by some ec E. Let ¢ be some
end of T'. Clearly, either ece or ece*. If ece then D(a,e;v,0) and if ece* then
D(a, B;v,€) holds. |

If we restrict this relation D, to those ends of I' that actually appear as ends of
T(E) then we see that D agrees with the relation D, as defined above on the ends of
a tree.

Now let {£,} be a chain of undirected tree sets as described in Theorem 5. Define
E,=UE,. We then get a tower of relations Dy = Dg, < ..., with Dy = UDE".

PROPOSITION 4. Assume that T is locally finite and transitive. Then the restriction of
Dy to FDT is a D-relation.

Proof. The only thing we need to check is condition D4 : the others follow straight
from the previous proposition. Let a,f,ye Z 9T be distinct. We need to find
8e FDT\{a, f, v} such that there is a set ¢, € E, containing y and & but neither « nor .
Because y e # 2T, we have a translation g such that @(g) = y. Find ee E,, such that
yeeand D(g~") ¢ e. Then there is a natural number j such that «, f¢eg’. Set ¢, = eg’.
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It is clear that ¢; must contain some end 6, of I' different from y; whereupon we
find fe Pe, such that d ef but y¢f. Now we apply Theorem 2 which tells us that
there is a hyperbolic element % of Aut (I") such that 2(g)ef. Put § .= %(g). Because
def and none of a,f,y is in f we have that § is not equal to any of «, 4,y and

D(a, B;7, 6)-

CoroLLARY 3. Let I be locally finite and transitive. If Aut (') is transitive on the ends
of T' then Dy is a D-relation.

Proof. Theorem 2 above gives us that FZTI' is not empty. Therefore 6T =
FYT.

In the proof of the above proposition the only time we require the transitivity of
I" is when we apply Theorem 2. Woess points out in [13] that the conclusion of Jung’s
theorem holds if we only assume that for every vertex « and every infinite element
e of BT we can find an element g € Aut (I") such that ag€e. The above proposition and
the corollary also hold if we replace transitivity by this weaker condition.

This work is part of the author’s D.Phil. thesis written at Oxford University under
the supervision of Peter M. Neumann and the author wants to thank him for many
helpful suggestions. He also wants to thank Norbert Seifter and Wolfgang Woess for
some useful information, and to express his gratitude for financial support received
under the ORS and FCO award schemes.

Note added in proof. Since completing this paper the author has learnt that A. Nevo
has also proved results similar to the ones in Section 6. His paper is due to appear

in Israel J. Math.
REFERENCES

[1] S. A. ApELEKE and P. M. NEumMANN. Semilinearly ordered sets, betweenness relations and
their automorphism groups. In preparation.
[2] W. Dicks and M. J. Duxwoopy. Groups Acting on Graphs (Cambridge University Press,
1989).
[3] M. J. Dunwoony. Cutting up graphs. Combinatorica 2 (1982), 15-23.
[4] C. D. GopbsiL, W. IMRIcH, N. SEIFTER, M. E. WaTkins and W. WoEss. A note on bounded
automorphisms of infinite graphs. Graphs Combin. 5 (1989), 333-338.
[5] R. Haris. Uber die Maximalzahl fremder unendlicher Wege in Graphen. Math. Nachr. 30
(1965), 119-127.
[6] R. Harin. Automorphisms and endomorphisms of infinite locally finite graphs. 4bh. Math.
Sem. Univ. Hamburg 39 (1973), 251-283.
[7] H. A. JuNc. A note on fragments of infinite graphs. Combinatorica 1 (1981), 285-288.
[8] H. D. MacpHERsSON. Infinite distance transitive graphs of finite valency. Combinatorica 2
(1982), 63-69.
[9] C. NEBB1a. Groups of isometries of a tree and the Kunze-Stein phenomenon. Pacific J. Math.
133 (1988), 141-149.
[10] C. NEBBIA. Amenability and Kunze—Stein property for groups acting on a tree. Pacific .J.
Math. 135 (1988), 371-380.
[11] P. M. Soarpr and W. WoEss. Amenability, unimodularity, and the spectral radius of random
walks on infinite graphs. Math. Z. 205 (1990), 471-486.
[12] J. T1rs. Sur le groupe des automorphismes d’un arbre. In Essays on Topology and Related
Topics. (Mémoires dédiés a G. de Rham) (Springer-Verlag, 1970), pp. 188-211.
[13] W. WoEss. Amenable group actions on infinite graphs. Math. Ann. 284 (1989), 251-265.
[14] W. Woess. Boundaries of random walks on graphs and groups with infinitely many ends.
Israel J. Math. 68 (1989), 271-301.
[15] W. Wogss. Topological groups and infinite graphs. Ann. Discrete Math., to appear.

https://doi.org/10.1017/50305004100075344 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004100075344

