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Abstract

We prove the conjecture of Franceschini and Lorenzini [ ‘Fat points of P” whose support is contained in a
linear proper subspace’, J. Pure and Appl. Algebra 160 (2001), 169—182] about the regularity index of fat
points of P" whose support is contained in a linear proper subspace.
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1. Introduction

Let P" be the n-dimensional projective space over K, a perfect field, and let {Py, ..., P}
be a set of s distinct points in P". Denote by K[n] = K[Xo,...,X,] the homoge-
neous coordinate ring of P" and let ¢, ..., ¢, be the defining homogeneous prime
ideals of points Py,...,P; in K[n]. Let my,...,m; be positive integers and let
X ={(P1,m),...,(Py,my)} be the zero-scheme defined by the ideal 7 = N;_, g):” We
may view X as a set of fat points in P” (we write X C P"). Then, I is the defining ideal
of X in P”".

The ring A = K[n]/I is the homogeneous coordinate ring of X. It is graded,
A = ®0A;. For each ¢, the rth graded part A; is a finite dimensional K-vector space.
It is well known that the ring A has multiplicity

~N(m;+n—1
o0(A) = ,
(A) Zl( i )
and the function

Hx(t) = dimg A,

is called the Hilbert function of X (or of A). This function strictly increases until it
reaches the multiplicity 6(A) and stays constant thereafter. The number

r(X) = min{z | Hx(1) = 6(A)}
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is called the regularity index of X (or of A). We also denote r(X) by r(A). It is difficult
to estimate 7(X) (see [2, 3, 10]), so instead, one tries to find an upper bound for it (see
[1-5, 7-9)).

Put

ocX)=rX)+1;

also denote o(X) by o(I) (see [6, page 171]).

Assume that X = {(Py,my), ..., (Ps,ms)} C P" is a set of fat points whose support
is contained in a linear subspace of dimension r, say . We may assume that
is defined by X,+; =--- =X, =0 and P; = (ap,...,a;,0,...,0), i=1,...,5. Put
PY = (aj,...,ay), i=1,...,s. Then, X* ={(P],my),...,(P{ ,my)} is a set of
fat points in P" and I = 9" n--- N 9" N K[Xo, ..., X,] is the defining ideal of
X* ¢ P’ (see Corollary 2.4). Franceschini and Lorenzini showed o-(I) > o(I°F") (see
[6, Theorem 4.1]). They conjectured that

o) = o),

but they have found neither a proof nor a counterexample (see [6, page 180, line 1]).
In this paper, we prove the above conjecture (see Theorem 3.3).

2. Preliminaries

For m > n, let ¢, : P" — P™ be the map defined for any (ao,...,a,) € P" by

‘Pn,m(aO’- . 'aan) = (a07- -'aan909- . 70)
Given a set of fat points X = {(Py,my), ..., (P, my)} in P", put

Son,m(X) = {(Son,m(Pl)s mp),..., ((;Dn,m(Ps), my)},

which is a set of fat points in P"'. Denote by Iy the defining ideal of X C P" and denote
by I, .x) the defining ideal of ¢, ,,(X) C P".

From now on, denote by g; the defining prime ideal of P; € P" and denote by q; the
defining prime ideal of ¢(P;) € P". Then, Iy = _, g)lr,"" is the defining ideal of X and
Iy, ) = Niy a;" is the defining ideal of ¢, ,,(X).

From [2, Lemma 3], we get the following result.

LEMMA 2.1 [9, Lemma 2.2]. Let Py,..., P; be distinct points in P" and let my, . .., my
be positive integers. Put J = 9" 0 --- N "™ If o, = (Xy,...,X,), then

r(K[nl/( +9") < b

if and only if Xg*"M e J + ot for every monomial M of degree i in X,...,X,,
i=0,...,m;— 1.

We shall need the following observations.
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LEMMA 2.2. Let @pp41 i P — P! be the map defined by Onn+1(ao, . .., ap) =
(ag,...,a,,0) and let X = {(Py,m),...,(Pg,my)} be a set of fat points in P". Let a
be a nonnegative integer.

(i) Iff €, then f(Xo.....X,,0) € 9.
(ll) Iff S I<Pn.n+1(X)’ then f(X(), o X, O) € Ix.

PROOF. (i) For each P; = (ajo, ..., a;) € P", there are linear forms [y, ..., 1, € K[n]
such that @; = (ji,....Li) C K[n]. Then, @uu1(P) = (@, ..., 0) € P! and
aj = Ui, .o i, Xne1) € K[n + 11,

We argue by induction on a. If f € q; = ([j1, ..., [jn, Xus1), then

f= Z ifi + Xnt1fur1
i=1
with f; e K[n+1],i=1,...,n+ 1. We have
FXos s X 0) = > LKoo, Xi) Ko, X, 0) € 9.
i=1

Thus, item (i) is true with a = 1. We assume that item (i) is true fora — 1. If f € qj‘.‘,
then f can be written

f=) ghi

M=~

i=1

with some d €N, g;€q; and h; € qj’.“l, i=1,...,d. By the previous result,
8i(Xo, ..., X,,0) € p;. Moreover, by the inductive assumption, 7;(Xo, ..., X,,0) € goj‘?‘l.
Therefore,

d
f(XOa o ’Xn’ 0) = Z gi(X07 o 7Xn’ O)hi(XOa o ,X,,, 0) € Qja
i=1

() If fel,,,. x),then f € q;."’,j =1,...,s. From item (i), f(Xo,...,X,,0) € 50;1!
j=1,...,s. This implies

s
f(XOa"'9Xn’0)€m8{);lj:IX- O
Jj=1

COROLLARY 2.3. Let @41 : P — P! be the map defined by ¢,ns1(ag, ..., a,) =
(ag,...,a,,0) and let X = {(Py,my), ..., (Py,my)} be a set of fat points in P". Let a be
a nonnegative integer. Then:

(i) ¢ = NKlnl;

(11) IX = I‘Pn<n+1(X) N K[l’l]
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PROOF. (i) It is clear that go}? C qj‘.‘ N K[n]. For g € qj? N K[n], since g € qj‘.’,

8= Z hiki,

d
i=1

where d €N, h; € g; and k; € qj‘.“l, i=1,...,d. By Lemma 2.2(i), it follows that
hi(Xo, ..., X,,0) € p; and k(Xo,...,X,,0) € 5{)}”7‘1, i=1,...,d. Since g€ qj‘.‘ N K[n],
we have g = g(Xo, ..., X,, 0). Therefore,

d
8= &Ko, X0, 0) = > hi(Xo, - X, Oi(Xo, ..., X, 0) € .
i=1

(ii) Forj = 1,...,s, by using item (i), g)]mf = q]r."j N K[n]. This implies

Iy = ﬁ@;’y = ﬁq;nj ﬂK[”] =1g, .0 ﬂK[n]- O
j=1 Jj=1

COROLLARY 2.4. Let X = {(Py,my),...,(Ps,mg)} CP" be a set of fat points whose
support is contained in a linear proper subspace of dimension r. Assume that
P; = (ay,...,a;,0,...,0), i=1,...,s. Put P]?’ = (aj9,...,a;r), i=1,...,s, and put
XE =P, my),...,(PY,my)). Then,

ﬁ o () KIr]
i=1

is the defining ideal I=r of the set of fat points X* C P".
PROOF. Consider the map ¢, , : P* — P" defined by
¢ralao, ...,a;) = (ao,...,a,0,...,0).
We have
XY =X, Ay ey = Ix =01 0N,

We prove the corollary by induction on n—r. Consider ¢, : P" — P! and
X* ¢ P". From Corollary 2.3(ii),

Iy =1, 00 ) KL

Consider ¢,,1,, : P"*! = P" and ¢,,1(X*") ¢ P"*!. By the inductive assumption,

Lo x7y = Lpyrntrran (67 ﬂ Klr+1].
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We have ¢, = ¢r+10 © @rr+1- SO
I =1y, x7) ﬂ Klr] = Uy, (o067 ﬂ K[r+1]) ﬂ Klr]

=1y, x7") ﬂ K[r] = m o ﬂ K[r). O
i=1

3. Proof of the conjecture of Franceschini and Lorenzini

Let ¢, : P* — P™ be the map defined by ¢, ,(ao,...,a,) = (ag,...,a,,0,...,0)
and let X = {(Py,my), ..., (Ps, my)} be a set of fat points in P”. In this section, we prove
that

r(K[nl/Ix) = r(K[ml/1,,,.x))

(Theorem 3.3). From this result, we prove the conjecture of Franceschini and Lorenzini
which is an extension of [6, Theorem 4.1]. To prove Theorem 3.3, we need the
following results.

PROPOSITION 3.1. Let X = {(Py,my),...,(Ps,my)} be a set of fat points in P" and
let oppe1 P — P! be the map defined by Cnn+1(ao, ..., ay) = (ap, . .., a,,0). Put
Y ={(P1,m),...,(Ps_1,mg_1)}. Then,

r(K[nl/(Iy + 95")) = r(K[n + 11/, ,..v) + 95*))-
PROOF. We have Iy = N} ¢/ and I, ., ry= NZ{ a/". Put Py=(1,0,...,0). Then,
Ps = Xi,... ’Xn) C K[n], Qpn,n+1(Ps) = (L 0,... ’0) e prt! and s = (Xla cos Xn, Xna1) C
K[n+1].
Step 1: r(K[nl/Uy + ¢*)) < r(K[n+ 11/(,,,. ) + 05*)). We will show that if
r(K[nl/(Iy + 95")) > t, then r(K[n + 11/(,,,.,v) + a5*)) > . In fact, if

r(K[n]/(Iy + 9{") > t,

then by Lemma 2.1, there is a monomial M = Xf' X cp+ et ey =1,
i€{0,...,mg— 1}, such that

XM g Iy + it (3.1
If XM el,, v+ ait!, then there are f € I, (v) and g € oi*! such that
XoM=f+g.

Since f € I, (v), we have f(Xo, ..., Xy, 0) € Iy by Lemma 2.2(ii). Since g € qi*!, we
have g(Xo, ..., X,,0) € pi*! by Lemma 2.2(i). Since X, 'M € K[n],

X5M = fXo,.... X0 0) + (X, ... X, 0) € Iy + 9",

N
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which is in contradiction with (3.1). So, X;'M ¢ I,,, . (y) + ai*'. By Lemma 2.1,
r(K[n+11/Uy,,. vy + a5*)) > t.

Step 2: r(K[nl/(Iy + 95*)) = r(K[n + 11/(,,,.,cv) + 05)). If
r(Kln + 11/, . ) + a5*)) > 1,

then by Lemma 2.1, there is a monomial M=Xfl X;J:ll Cl+ 4 Cpe1 =1,
i€{0,...,m;— 1}, such that

XG'M & Lgy, + 00 (32)

From Corollary 2.3(i), 9! = /*! N K[n]. By Corollary 2.3(ii), Iy = I,,.,v) N K[n].
Therefore,

IY + p§+l - I‘pn,n+1(Y) + qlY+] ° (3'3)

Consider the monomial N = X" --- X;". If X;'N € Iy + i, then

X XN € Iy + ot (3.4)

n+1 s

From (3.3) and (3.4), X;'M = X! XN € I, vy + qi*', which is in contradiction

n+1’

with (3.2). So, X;'N ¢ Iy + ¢i*'. Then, by Lemma 2.1,

s
r(K[nl/(y + 95)) > 1.
The proof of Proposition 3.1 is now complete. |

PROPOSITION 3.2. Let X ={(Py,my),...,(Py,mg)} be a set of fat points in P",
where s > 2 and my > my > -+- > my. Let @pny1 : P — P! be the map defined by
‘Pn,nH(a(h ceey an) = (a(b ceey an90)' Thenx

r(K[nl/Ix) = r(K[n + 11/1,,,.,(x))-

PROOF. We prove the proposition by induction on s. If s = 1, then X = {(Py,my)},
Iy = 9" CK[n] and @,,1(X) = {(@uns1(P1).m))}, Iy, x) = q)" CK[n+1]. By
[3, Corollary 2.3], r(K[n]/9|") = m; — 1 and r(K[n+ 1]/q]") = m; — 1. Hence, the
proposition is true for s = 1.

With s > 2, we suppose that the proposition is true for s — 1. Put

Y = {(Pl’ml)s .. 's(PS—l’mS—l)}'

Then, Iy = NZ{ 91" Ix = Iy N 95, Iy, = N2 4 and Iy, 00 = Tg,,m) N ai™
By [2, Lemma 1],

r(K[nl/Ix) = max{m; — 1, r(K[nl/Iy), r(K[nl/(Iy + 9§*))}
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and
r(K[n+ 11/1,,,.,00) = max{m, — 1, /(K[n + 11/1,,...cv)), r(K[n + 11/, ., (v) + a5}

By [2, Corollary 2], r(K[n]/Ix) > m; +my —1 and r(K[n + 1]/190”%1()0) >my +
my — 1. Thus,

r(K[nl/Ix) = max{r(K[nl/Iy), r(K[nl/(Iy + ("))}

and
r(Kn + 11/1,,,.,00) = max{r(K[n + 11/1y,,.,r), r(K[n + 11/, ..y + 9}
From the inductive assumption,
r(K[nl/Iy) = r(K[n + 11/1,,,.,v)),

and from Proposition 3.1,

r(Knl/(Iy + 93)) = r(Kln + 11/, v) + a5)).
Therefore, r(K[n]/Ix) = r(K[n + 11/1,, . x)) as desired. |

THEOREM 3.3. Let X = {(Py,my),...,(Ps,my)} be a set of fat points in P", where s > 2
andm) > my 2 -+ > my. Let @, : P — P™ be the map defined by ¢, m(ao, . .., a,) =
(ag,...,a,,0,...,0). Then,

r(K[nl/Ix) = r(K[m]/I,,,.x))-

PROOF. We prove the theorem by induction on m — n. Consider ¢, ,+1 : P* — P! and
X c P". From Proposition 3.2,

r(K[nl/Ix) = r(K[n + 11/1,,,.,x))-
Consider @1, : P"*! — P" and ¢,,,,,1(X) € P"*!. By the inductive assumption,
r(Kn+ 1/1y,,.00) = r(KIml/ L., ,0.000)-
Since Yam = @pe1m © Pun+1s
r(K[nl/Ix) = r(K[n + 11/1,,,,,00) = r(K[ml/1,,,, .(onnacxp) = r(KIml/1,, . x)). O
The following result is the conjecture of Franceschini and Lorenzini (see
[6, page 180, line 1]); it is an extension of [6, Theorem 4.1].

THEOREM 3.4. Let X ={(Py,my),...,(Py,mg)} CP" be a set of fat points whose
support is contained in a linear subspace of dimension r, where s > 2 and m; > m, >
-+ > my. Assume that P; = (ay,...,a;,0,...,0),i=1,...,s. PutP]l.pr = (ajo, - - - » Air),
i=1...5 X" ={P mp),.... Y mp}, [ = N, 9", I =INK[r] and o(X) =
r(X) + 1. Also denote o(X) by o (I). Then,

oIy = o (D).
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PROOF. Consider the map ¢,,:P" — P" defined by (ao,...,a,) — (ao,...,ar

0,...

,0). From Theorem 3.3,

r(K[r]/IXIP’) = r(K[l’l]/I r,n(X]Pr))'

However, ¢, ,(X*') = X and I, () = Ix, s0

r(K[rl/Iyer) = r(K[n]/Ix),

that is, 7(X* ) = r(X). This implies

(X" = o (X).

We see that [ = (!, ¢/ is the defining ideal Iy of X ¢ P" and I°¥ = N, 9" N K[r]
is the defining ideal Iz of X* < P (see Corollary 2.4). Therefore,

(1> = o (D). O
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