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Abstract

We prove the conjecture of Franceschini and Lorenzini [‘Fat points of Pn whose support is contained in a
linear proper subspace’, J. Pure and Appl. Algebra 160 (2001), 169–182] about the regularity index of fat
points of Pn whose support is contained in a linear proper subspace.
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1. Introduction

Let Pn be the n-dimensional projective space over K, a perfect field, and let {P1, . . . , Ps}
be a set of s distinct points in Pn. Denote by K[n] = K[X0, . . . , Xn] the homoge-
neous coordinate ring of Pn and let ℘1, . . . ,℘s be the defining homogeneous prime
ideals of points P1, . . . , Ps in K[n]. Let m1, . . . , ms be positive integers and let
X = {(P1, m1), . . . , (Ps, ms)} be the zero-scheme defined by the ideal I =

⋂s
i=1 ℘

mi
i . We

may view X as a set of fat points in Pn (we write X ⊂ Pn). Then, I is the defining ideal
of X in Pn.

The ring A = K[n]/I is the homogeneous coordinate ring of X. It is graded,
A = ⊕t≥0At. For each t, the tth graded part At is a finite dimensional K-vector space.
It is well known that the ring A has multiplicity

δ(A) =
s∑

i=1

(
mi + n − 1

n

)
,

and the function

HX(t) = dimK At

is called the Hilbert function of X (or of A). This function strictly increases until it
reaches the multiplicity δ(A) and stays constant thereafter. The number

r(X) = min{t | HX(t) = δ(A)}
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is called the regularity index of X (or of A). We also denote r(X) by r(A). It is difficult
to estimate r(X) (see [2, 3, 10]), so instead, one tries to find an upper bound for it (see
[1–5, 7–9]).

Put

σ(X) = r(X) + 1;

also denote σ(X) by σ(I) (see [6, page 171]).
Assume that X = {(P1, m1), . . . , (Ps, ms)} ⊂ Pn is a set of fat points whose support

is contained in a linear subspace of dimension r, say β. We may assume that β
is defined by Xr+1 = · · · = Xn = 0 and Pi = (ai0, . . . , air, 0, . . . , 0), i = 1, . . . , s. Put
PP

r

i = (ai0, . . . , air), i = 1, . . . , s. Then, XP
r
= {(PPr

1 , m1), . . . , (PP
r

s , ms)} is a set of
fat points in Pr and I0,Pr

= ℘m1
1 ∩ · · · ∩ ℘

ms
s ∩ K[X0, . . . , Xr] is the defining ideal of

XP
r ⊂ Pr (see Corollary 2.4). Franceschini and Lorenzini showed σ(I) ≥ σ(I0,Pr

) (see
[6, Theorem 4.1]). They conjectured that

σ(I) = σ(I0,Pr
),

but they have found neither a proof nor a counterexample (see [6, page 180, line 1]).
In this paper, we prove the above conjecture (see Theorem 3.3).

2. Preliminaries

For m > n, let ϕn,m : Pn → Pm be the map defined for any (a0, . . . , an) ∈ Pn by
ϕn,m(a0, . . . , an) = (a0, . . . , an, 0, . . . , 0).

Given a set of fat points X = {(P1, m1), . . . , (Ps, ms)} in Pn, put

ϕn,m(X) = {(ϕn,m(P1), m1), . . . , (ϕn,m(Ps), ms)},

which is a set of fat points in Pm. Denote by IX the defining ideal of X ⊂ Pn and denote
by Iϕn,m(X) the defining ideal of ϕn,m(X) ⊂ Pm.

From now on, denote by ℘i the defining prime ideal of Pi ∈ Pn and denote by qi the
defining prime ideal of ϕ(Pi) ∈ Pm. Then, IX =

⋂s
i=1 ℘

mi
i is the defining ideal of X and

Iϕn,m(X) =
⋂s

i=1 q
mi
i is the defining ideal of ϕn,m(X).

From [2, Lemma 3], we get the following result.

LEMMA 2.1 [9, Lemma 2.2]. Let P1, . . . , Ps be distinct points in Pn and let m1, . . . , ms
be positive integers. Put J = ℘m1

1 ∩ · · · ∩ ℘
ms−1
s−1 . If ℘s = (X1, . . . , Xn), then

r(K[n]/(J + ℘ms
s )) ≤ b

if and only if Xb−i
0 M ∈ J + ℘i+1

s for every monomial M of degree i in X1, . . . , Xn,
i = 0, . . . , ms − 1.

We shall need the following observations.

https://doi.org/10.1017/S0004972725100142 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972725100142


92 P. V. Thien [3]

LEMMA 2.2. Let ϕn,n+1 : Pn → Pn+1 be the map defined by ϕn,n+1(a0, . . . , an) =
(a0, . . . , an, 0) and let X = {(P1, m1), . . . , (Ps, ms)} be a set of fat points in Pn. Let a
be a nonnegative integer.

(i) If f ∈ qaj , then f (X0, . . . , Xn, 0) ∈ ℘a
j .

(ii) If f ∈ Iϕn,n+1(X), then f (X0, . . . , Xn, 0) ∈ IX.

PROOF. (i) For each Pj = (aj0, . . . , ajn) ∈ Pn, there are linear forms lj1, . . . , ljn ∈ K[n]
such that ℘j = (lj1, . . . , ljn) ⊂ K[n]. Then, ϕn,n+1(Pj) = (aj0, . . . , ajn, 0) ∈ Pn+1 and
qj = (lj1, . . . , ljn, Xn+1) ⊂ K[n + 1].

We argue by induction on a. If f ∈ qj = (lj1, . . . , ljn, Xn+1), then

f =
n∑

i=1

lji fi + Xn+1 fn+1

with fi ∈ K[n + 1], i = 1, . . . , n + 1. We have

f (X0, . . . , Xn, 0) =
n∑

i=1

lji(X0, . . . , Xn) fi(X0, . . . , Xn, 0) ∈ ℘j.

Thus, item (i) is true with a = 1. We assume that item (i) is true for a − 1. If f ∈ qaj ,
then f can be written

f =
d∑

i=1

gihi

with some d ∈ N, gi ∈ qj and hi ∈ qa−1
j , i = 1, . . . , d. By the previous result,

gi(X0, . . . , Xn, 0) ∈ ℘j. Moreover, by the inductive assumption, hi(X0, . . . , Xn, 0) ∈ ℘a−1
j .

Therefore,

f (X0, . . . , Xn, 0) =
d∑

i=1

gi(X0, . . . , Xn, 0)hi(X0, . . . , Xn, 0) ∈ ℘a
j .

(ii) If f ∈ Iϕn,n+1(X), then f ∈ qmj

j , j = 1, . . . , s. From item (i), f (X0, . . . , Xn, 0) ∈ ℘mj

j ,
j = 1, . . . , s. This implies

f (X0, . . . , Xn, 0) ∈
s⋂

j=1

℘
mj

j = IX . �

COROLLARY 2.3. Let ϕn,n+1 : Pn → Pn+1 be the map defined by ϕn,n+1(a0, . . . , an) =
(a0, . . . , an, 0) and let X = {(P1, m1), . . . , (Ps, ms)} be a set of fat points in Pn. Let a be
a nonnegative integer. Then:

(i) ℘a
j = q

a
j ∩ K[n];

(ii) IX = Iϕn,n+1(X) ∩ K[n].
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PROOF. (i) It is clear that ℘a
j ⊂ q

a
j ∩ K[n]. For g ∈ qaj ∩ K[n], since g ∈ qaj ,

g =
d∑

i=1

hiki,

where d ∈ N, hi ∈ qj and ki ∈ qa−1
j , i = 1, . . . , d. By Lemma 2.2(i), it follows that

hi(X0, . . . , Xn, 0) ∈ ℘j and ki(X0, . . . , Xn, 0) ∈ ℘a−1
j , i = 1, . . . , d. Since g ∈ qaj ∩ K[n],

we have g = g(X0, . . . , Xn, 0). Therefore,

g = g(X0, . . . , Xn, 0) =
d∑

i=1

hi(X0, . . . , Xn, 0)ki(X0, . . . , Xn, 0) ∈ ℘a
j .

(ii) For j = 1, . . . , s, by using item (i), ℘mj

j = q
mj

j ∩ K[n]. This implies

IX =

s⋂
j=1

℘
mj

j =

s⋂
j=1

q
mj

j

⋂
K[n] = Iϕn,n+1(X)

⋂
K[n]. �

COROLLARY 2.4. Let X = {(P1, m1), . . . , (Ps, ms)} ⊂ Pn be a set of fat points whose
support is contained in a linear proper subspace of dimension r. Assume that
Pi = (ai0, . . . , air, 0, . . . , 0), i = 1, . . . , s. Put PP

r

i = (ai0, . . . , air), i = 1, . . . , s, and put
XP

r
= {(PPr

1 , m1), . . . , (PP
r

s , ms)}. Then,

s⋂
i=1

℘mi
i

⋂
K[r]

is the defining ideal IXPr of the set of fat points XP
r ⊂ Pr.

PROOF. Consider the map ϕr,n : Pr → Pn defined by

ϕr,n(a0, . . . , ar) = (a0, . . . , ar, 0, . . . , 0).

We have

ϕr,n(XP
r
) = X, Iϕr,n(XPr ) = IX = ℘

m1
1 ∩ · · · ∩ ℘

ms
s .

We prove the corollary by induction on n − r. Consider ϕr,r+1 : Pr → Pr+1 and
XP

r ⊂ Pr. From Corollary 2.3(ii),

IXPr = Iϕr,r+1(XPr )

⋂
K[r].

Consider ϕr+1,n : Pr+1 → Pn and ϕr,r+1(XP
r
) ⊂ Pr+1. By the inductive assumption,

Iϕr,r+1(XPr ) = Iϕr+1,n(ϕr,r+1(XPr ))

⋂
K[r + 1].

https://doi.org/10.1017/S0004972725100142 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972725100142


94 P. V. Thien [5]

We have ϕr,n = ϕr+1,n ◦ ϕr,r+1. So

IXPr = Iϕr,r+1(XPr )

⋂
K[r] = (Iϕr+1,n(ϕr,r+1(XPr ))

⋂
K[r + 1])

⋂
K[r]

= Iϕr,n(XPr )

⋂
K[r] =

s⋂
i=1

℘mi
i

⋂
K[r]. �

3. Proof of the conjecture of Franceschini and Lorenzini

Let ϕn,m : Pn → Pm be the map defined by ϕn,m(a0, . . . , an) = (a0, . . . , an, 0, . . . , 0)
and let X = {(P1, m1), . . . , (Ps, ms)} be a set of fat points in Pn. In this section, we prove
that

r(K[n]/IX) = r(K[m]/Iϕn,m(X))

(Theorem 3.3). From this result, we prove the conjecture of Franceschini and Lorenzini
which is an extension of [6, Theorem 4.1]. To prove Theorem 3.3, we need the
following results.

PROPOSITION 3.1. Let X = {(P1, m1), . . . , (Ps, ms)} be a set of fat points in Pn and
let ϕn,n+1 : Pn → Pn+1 be the map defined by ϕn,n+1(a0, . . . , an) = (a0, . . . , an, 0). Put
Y = {(P1, m1), . . . , (Ps−1, ms−1)}. Then,

r(K[n]/(IY + ℘
ms
s )) = r(K[n + 1]/(Iϕn,n+1(Y) + q

ms
s )).

PROOF. We have IY =
⋂s−1

i=1 ℘
mi
i and Iϕn,n+1(Y) =

⋂s−1
i=1 q

mi
i . Put Ps = (1, 0, . . . , 0). Then,

℘s = (X1, . . . , Xn) ⊂ K[n], ϕn,n+1(Ps)= (1, 0, . . . , 0) ∈ Pn+1 and qs = (X1, . . . , Xn, Xn+1) ⊂
K[n + 1].
Step 1: r(K[n]/(IY + ℘

ms
s )) ≤ r(K[n + 1]/(Iϕn,n+1(Y) + q

ms
s )). We will show that if

r(K[n]/(IY + ℘
ms
s )) > t, then r(K[n + 1]/(Iϕn,n+1(Y) + q

ms
s )) > t. In fact, if

r(K[n]/(IY + ℘
ms
s )) > t,

then by Lemma 2.1, there is a monomial M = Xc1
1 · · ·X

cn
n , c1 + · · · + cn = i,

i ∈ {0, . . . , ms − 1}, such that

Xt−i
0 M � IY + ℘

i+1
s . (3.1)

If Xt−i
0 M ∈ Iϕn,n+1(Y) + q

i+1
s , then there are f ∈ Iϕn,n+1(Y) and g ∈ qi+1

s such that

Xt−i
0 M = f + g.

Since f ∈ Iϕn,n+1(Y), we have f (X0, . . . , Xn, 0) ∈ IY by Lemma 2.2(ii). Since g ∈ qi+1
s , we

have g(X0, . . . , Xn, 0) ∈ ℘i+1
s by Lemma 2.2(i). Since Xt−i

0 M ∈ K[n],

Xt−i
0 M = f (X0, . . . , Xn, 0) + g(X0, . . . , Xn, 0) ∈ IY + ℘

i+1
s ,
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which is in contradiction with (3.1). So, Xt−i
0 M � Iϕn,n+1(Y) + q

i+1
s . By Lemma 2.1,

r(K[n + 1]/(Iϕn,n+1(Y) + q
ms
s )) > t.

Step 2: r(K[n]/(IY + ℘
ms
s )) ≥ r(K[n + 1]/(Iϕn,n+1(Y) + q

ms
s )). If

r(K[n + 1]/(Iϕn,n+1(Y) + q
ms
s )) > t,

then by Lemma 2.1, there is a monomial M = Xc1
1 · · ·X

cn+1
n+1 , c1 + · · · + cn+1 = i,

i ∈ {0, . . . , ms − 1}, such that

Xt−i
0 M � Iϕn,n+1(Y) + q

i+1
s . (3.2)

From Corollary 2.3(i), ℘i+1
s = qi+1

s ∩ K[n]. By Corollary 2.3(ii), IY = Iϕn,n+1(Y) ∩ K[n].
Therefore,

IY + ℘
i+1
s ⊂ Iϕn,n+1(Y) + q

i+1
s . (3.3)

Consider the monomial N = Xc1
1 · · ·X

cn
n . If Xt−i

0 N ∈ IY + ℘
i+1
s , then

Xcn+1
n+1 Xt−i

0 N ∈ IY + ℘
i+1
s . (3.4)

From (3.3) and (3.4), Xt−i
0 M = Xcn+1

n+1 , Xt−i
0 N ∈ Iϕn,n+1(Y) + q

i+1
s , which is in contradiction

with (3.2). So, Xt−i
0 N � IY + ℘

i+1
s . Then, by Lemma 2.1,

r(K[n]/(IY + ℘
ms
s )) > t.

The proof of Proposition 3.1 is now complete. �

PROPOSITION 3.2. Let X = {(P1, m1), . . . , (Ps, ms)} be a set of fat points in Pn,
where s ≥ 2 and m1 ≥ m2 ≥ · · · ≥ ms. Let ϕn,n+1 : Pn → Pn+1 be the map defined by
ϕn,n+1(a0, . . . , an) = (a0, . . . , an, 0). Then,

r(K[n]/IX) = r(K[n + 1]/Iϕn,n+1(X)).

PROOF. We prove the proposition by induction on s. If s = 1, then X = {(P1, m1)},
IX = ℘

m1
1 ⊂ K[n] and ϕn,n+1(X) = {(ϕn,n+1(P1), m1)}, Iϕn,n+1(X) = q

m1
1 ⊂ K[n + 1]. By

[3, Corollary 2.3], r(K[n]/℘m1
1 ) = m1 − 1 and r(K[n + 1]/qm1

1 ) = m1 − 1. Hence, the
proposition is true for s = 1.

With s ≥ 2, we suppose that the proposition is true for s − 1. Put

Y = {(P1, m1), . . . , (Ps−1, ms−1)}.

Then, IY =
⋂s−1

i=1 ℘
mi
i , IX = IY ∩ ℘ms

s , Iϕn,n+1(Y) =
⋂s−1

i=1 q
mi
i and Iϕn,n+1(X) = Iϕn,n+1(Y) ∩ qms

s .
By [2, Lemma 1],

r(K[n]/IX) = max{ms − 1, r(K[n]/IY ), r(K[n]/(IY + ℘
ms
s ))}
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and

r(K[n + 1]/Iϕn,n+1(X)) = max{ms − 1, r(K[n + 1]/Iϕn,n+1(Y)), r(K[n + 1]/(Iϕn,n+1(Y) + q
ms
s ))}.

By [2, Corollary 2], r(K[n]/IX) ≥ m1 + m2 − 1 and r(K[n + 1]/Iϕn,n+1(X)) ≥ m1 +

m2 − 1. Thus,

r(K[n]/IX) = max{r(K[n]/IY ), r(K[n]/(IY + ℘
ms
s ))}

and

r(K[n + 1]/Iϕn,n+1(X)) = max{r(K[n + 1]/Iϕn,n+1(Y)), r(K[n + 1]/(Iϕn,n+1(Y) + q
ms
s ))}.

From the inductive assumption,

r(K[n]/IY ) = r(K[n + 1]/Iϕn,n+1(Y)),

and from Proposition 3.1,

r(K[n]/(IY + ℘
ms
s )) = r(K[n + 1]/(Iϕn,n+1(Y) + q

ms
s )).

Therefore, r(K[n]/IX) = r(K[n + 1]/Iϕn,n+1(X)) as desired. �

THEOREM 3.3. Let X = {(P1, m1), . . . , (Ps, ms)} be a set of fat points in Pn, where s ≥ 2
and m1 ≥ m2 ≥ · · · ≥ ms. Let ϕn,m : Pn → Pm be the map defined by ϕn,m(a0, . . . , an) =
(a0, . . . , an, 0, . . . , 0). Then,

r(K[n]/IX) = r(K[m]/Iϕn,m(X)).

PROOF. We prove the theorem by induction on m − n. Consider ϕn,n+1 : Pn → Pn+1 and
X ⊂ Pn. From Proposition 3.2,

r(K[n]/IX) = r(K[n + 1]/Iϕn,n+1(X)).

Consider ϕn+1,m : Pn+1 → Pm and ϕn,n+1(X) ⊂ Pn+1. By the inductive assumption,

r(K[n + 1]/Iϕn,n+1(X)) = r(K[m]/Iϕn+1,m(ϕn,n+1(X))).

Since ϕn,m = ϕn+1,m ◦ ϕn,n+1,

r(K[n]/IX) = r(K[n + 1]/Iϕn,n+1(X)) = r(K[m]/Iϕn+1,m(ϕn,n+1(X))) = r(K[m]/Iϕn,m(X)). �

The following result is the conjecture of Franceschini and Lorenzini (see
[6, page 180, line 1]); it is an extension of [6, Theorem 4.1].

THEOREM 3.4. Let X = {(P1, m1), . . . , (Ps, ms)} ⊂ Pn be a set of fat points whose
support is contained in a linear subspace of dimension r, where s ≥ 2 and m1 ≥ m2 ≥
· · · ≥ ms. Assume that Pi = (ai0, . . . , air, 0, . . . , 0), i = 1, . . . , s. Put PP

r

i = (ai0, . . . , air),
i = 1, . . . , s, XP

r
= {(PPr

1 , m1), . . . , (PP
r

s , ms)}, I =
⋂s

i=1 ℘
mi
i , I0,Pr

= I ∩ K[r] and σ(X) =
r(X) + 1. Also denote σ(X) by σ(I). Then,

σ(I0,Pr
) = σ(I).
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PROOF. Consider the map ϕr,n : Pr → Pn defined by (a0, . . . , ar) 
→ (a0, . . . , ar,
0, . . . , 0). From Theorem 3.3,

r(K[r]/IXPr ) = r(K[n]/Iϕr,n(XPr )).

However, ϕr,n(XP
r
) = X and Iϕr,n(XPr ) = IX , so

r(K[r]/IXPr ) = r(K[n]/IX),

that is, r(XP
r
) = r(X). This implies

σ(XP
r
) = σ(X).

We see that I =
⋂s

i=1 ℘
mi
i is the defining ideal IX of X ⊂ Pn and I0,Pr

=
⋂s

i=1 ℘
mi
i ∩ K[r]

is the defining ideal IXPr of XP
r ⊂ Pr (see Corollary 2.4). Therefore,

σ(I0,Pr
) = σ(I). �
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