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CONDITIONAL MOMENT
RESTRICTIONS IN CENSORED AND
TRUNCATED REGRESSION MODELS

WHITNEY K. NEWEY
Massachusetts Institute of Technology

Censored and truncated regression models with unknown distribution are impor-
tant in econometricsThis paper characterizes the class of all conditional moment
restrictions that lead ta/n-consistent estimators for these mod@lse semipara-
metric efficiency bound for each conditional moment restriction is deritrethe

case of a nonzero bound it is shown how an estimator can be constructed and that
an appropriately weighted version can attain the efficiency bolihdse estima-

tors also work when the disturbance is independent of the regre3$mpaper
discusses combining conditional moment restrictions for more efficient estima-
tion in this case

1. INTRODUCTION

Censored and truncated regression models are important for econometric data
with a limited dependent variabl&nlike regression models without censoring
or truncation consistency of maximum likelihood estimators depends on the
distributional specificationThis property has motivated a search for estimators
that are robust to distributional assumptionkis work includes Powel1984
1986a 19860, Newey (1987 1989, Lee (1992 1993, Honore and Powell
(1994, and others

In this paper we characterize the class of all conditional moment restrictions
that lead tovn-consistent estimators for censored and truncated regre¥en
derive the semiparametric efficiency bound for each conditional moment restric-
tion and show when it is nonzer&or the nonzero cases we describe how an
estimator can be constructed and show that an appropriately weighted version
can attain the semiparametric bound

Because independence of disturbance and regressors will imply any condi-
tional moment restrictigrall the estimators will work in the independence case
Here we discuss how to combine several moment restrictions in both censored
and truncated regression models

In relation to previous workthe semiparametric efficiency bounds for the
censored case generalize results of Newey and P@®@90 and for the trun-
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cated case are newlso, the censored regression estimators given here are
based on a conditional moment restriction described by Ne(@€89 that
generalizes the moment restriction of Powelb863a. Lee (1992 considers
construction ofvn-consistent estimators from a special case of these moment
conditions The truncated regression moment restriction is similar to that of
Newey (1987 and generalizes Le@993. Here we dispense with the symme-
try assumption imposed by Led992 1993. Also, we generalize previous
results by characterizing the entire class of useful moment conditidms
leads to estimators that have improved properties over those previously
proposed including asymptotic efficiency and ease of asymptotic variance
estimation

2. THE MODEL

It is convenient to describe the class of models we consider in terms of a latent
regressionLet m(e) be some scalar functiofhen a latent regression equation
with a conditional moment restriction can be described as

y'=XBote  E'[m(e)X]=0, (1)

whereX and B areK X 1 vectors of regressors and parameters Bihd | de-
notes the expectation in the latent regresskach such condition corresponds
to the location restrictiom (X) = 0 for w(X) solvingE*[m(e — n(X))|X] = 0.
For exampleif m(e) = & thene has conditional mean zerahereas ifm(e) =
1(e > 0) — 1(e < 0) thene has conditional median zer®ther specifications
of m(e) correspond to other location restrictios®me of which are less famil-
iar than the median and mean

Censored and truncated regression models are ones Wh&i¢) is only
partially observedFor censored regression

y = max{0,y*} (Censored regressian (2)
For truncated regression we have

(y* X) only observed iff* > 0 (Truncated regression 3)

These models are familiar in econometyiaad we focus on them to keep the
exposition relatively simpleOur results could be extended to other mogdels
including censored regression where the censoring point variesXthcen-
soring occurs above and also below

In the latent modelwhere(y*, X) is always observedt is well understood
how to use a conditional moment restriction to estim@¢e Equation(1) im-
plies that for any vector of function&(X) the unconditional moment re-
striction E*[A(X)m(y* — X’B)] = 0 will be satisfied a8 = B, (assuming
expectations exi&tThis moment condition could be used to form a generalized
method of moment§GMM ) estimator in the usual waydowever consistency
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of a GMM estimator requires th@ be the unique solution to the moment equa-
tion, which is difficult to show This identification problem motivates obtaining
B from minimizing a corresponding objective function that “integrates back from”
m(e). Itis often easier to show that such an objective function has a unique min-
imum. To this end let q(&) = f; m(u) du + C, whereC can be any constant
Also, let w(X) = 0 be a weight function that will be important for the effi-
ciency discussion that follow3hen the moment restrictida*[w(X)Xm(e)] =0

will be the first-order condition foE*[w(X)q(y* — X’8)] to have an extre-
mum (min or max atB,. Assume that the sign afi(e) is chosen so thai(X) =
IE*[M(e + a)|X]/dal,—0 = 0. ThenE*[w(X)d(X)XX'] will be positive semi-
definitg the necessary second-order conditionE6fw(X)q(y* — X’8)] to have

a minimum atBy. ThenE*[w(X)q(y* — X’8)] becomes a function whose min-
imization corresponds to the moment restrictli w(X)Xm(y* — X'8)] = 0.

The sample analog to the minimizer Bf [w(X)qg(y* — X'B)] is

B= afgﬁmin__Elw(Xi)Q(yi* = X/B). (4)

The identification condition for consistency of this estimator is that
E*[w(X)q(y* — X’8)] has a unique minimum &,, which is easier to show
than thatE*[w(X)Xm(y* — X’8)] = 0 has a unique solution

It turns out that in censored and truncated models an analogous approach
works for some conditional moment restrictions and that for the rest no
\/n-consistent estimator exist¥he nonexistence result will follow from the
form of the semiparametric efficiency bound for this modéiis bound is the
infimum of the information bounds foB for regular parametric submodels
(e.g., for the definition ofregular, see Newey1990. It can often be com-
puted by a projectianDefine the tangent sef to be the mean-square closure
of the set of all scores for parameters of the distributioripX) in paramet-
ric submodels passing through the truth and satisfyigand letS; denote
the score foB. Define the efficient score to be the residual from the mean-
square projection 08; on 7, assuming7 is linear If E[SS’] is singular then
no vn-consistentregular estimator existsvhereas ifE[SS’] is nonsingular
then its inverse provides a bound on the asymptotic variance of regular
vn-consistent estimatorglere we find thatS is zero except for certain cases
where the moment condition leads tova-consistent estimator analogous to
that in (4). We also find that the asymptotic variance of this estimator is equal
to the semiparametric bound wher(X) is chosen to have a certain form

3. CENSORED REGRESSION MODELS

For censored regression any moment condition wh&r® is constant for alk
small enough leads ta/n-consistent estimatioriThe fact thatm(e) is con-
stant below a certain value means that wikég is large enoughthe function
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Ficure 1. Censored regression moment condition

m(y — X’B) will have the same value at the censoyedgs the lateny, leading
to the conditional moment restriction being satisfied in the censored Eigta
ure 1 illustrates how this occurs

To be precisglet ¢ equal the supremum of all points wherge) is constant
below that pointi.e., € = sup{é: m(g) = m(g)Je = &}, where we takel =
—oo if the set is emptyThen

1X'B > —=€)m(y = X'B)
=1(=X'B < O{Uy=0m(=X'B) + L(y > 0)m(y — X'B)}
= 1(=X'B < O{Ly" =0)m(£) +1(y* > 0)m(y* — X'B)}
=1X'B>—O)m(y* = X'B), (5)

where the second and third equalities holdnbl-X'8) = m(£) = m(y — X’8)
for —=X’B = ¢ andy = 0 and byy = y* for y* > 0. Letting E[-] denote the
expectation in the censored datnd noting thaE[-] = E*[-], leads to the
conditional moment restriction

E[L(X'Bo > —O)m(y — X'Bo)|X]=1(v > —€)E*[m(e)[X] =0, (6)

wherev = X'B,.
As discussed in Section thtegrating back to an objective function can lead
to better identification conditiongo integrate backnote that for a scalas,

Lla>—€¢)m(y — a) = —dq(y — max{a,—{})/da, (7

except wherer = —¢. This means thaE[w(X)X-1(v > —€)m(y —v)] =0, as
implied by (6), is the first-order condition corresponding to minimizatiorBgt
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of E[w(X)q(y — max{X’'B,—¢})]. An estimator based on the sample analog of
this minimization is

n
B = argmin>, w(X;)q(y; — max{x/ 8, }), (8)
BEB =1

where B is the set of possible values f@r This estimator is the extension of
that of (4) to censored regression

Any functionm(e) that is constant below sonfecan be used in the construc-
tion of this type of estimator under the conditional moment restriction of equa-
tion (1). The censored regression quantile estimators of Po{&86a are a
prime examplewherem(e) = 1(e < 0) — a for some 0< « < 1. Then equa-
tion (1) holds if theath conditional quantile ot is zera Also, as long asX
includes a constanthe assumption that the quantile is zero can be replaced by
the assumption that the quantile is any constant without affecting the slopes
(coefficients of nonconstarX's).

The Winsorized mean estimator of L&&992 is another examplewhere
m(e) = —1(e < —c)c+ 1(—c = e =c)e + 1(e > c)c. Because this function
is continuousno density estimation is required for a consistent estimator of the
asymptotic variance

The moment condition of6) is critically dependent om(e) being constant
for all & small enoughWithout this propertyno vn-consistent estimator will
exist This result follows from the form of the semiparametric information bound
To derive that bound we impose the following conditidret gy denote the
probability distribution ofX andU denote Lebesgue measulote thatd(X) =
JE[m(e + a)| X]/da|y=0-

Assumption 3L. (g, X/) is independent and identically distributéidi.d.)
with distribution that is absolutely continuous with respecttx px. For px-
almost allX there isf,(¢|X) such thatf (| X) = [°_f,(u|X)duandE*[(1 +
[ X)L+ S f.(u|X)%/f(u| X)] du}] < oo, as a function ofr, E*[m(e + a)?| X]
is bounded in a neighborhood of evenandE*[m(&)?|X] > 0 with probabil-
ity ong Prob(v = —¢€) = 0, andE*[|| X 2d(X)%E*[m(g)?|X]] < co.

Let w*(X) = (E*[m(g)?|X])~1d(X). We will also impose Assumption A
of the Appendix on the parametric submodels

THEOREM 31. If Assumptions 3.1 and A.1 are satisfied then the efficient
score is

S=w(X)X-L(X'By> —€)m(y — X'Bo).
If E[SS’]is nonsingular theE[SS']) 1 is the semiparametric variance bound.

Because the efficient score is identically zero unléss finite, m(e) being
constant below some value is a necessary condition for existencaeduaa)
v/n-consistent estimatoThat is there will be novn-consistent estimator un-
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less3 from (8) is available Furthermoreas shown subsequentpr w(X) =
w*(X), the asymptotic variance @ will equal the boundin this sense there is
no additional information available to be used in estimatiorBgbther than
that used by3.

As examples consider the conditional median and mean zero. daste
zero conditional median casthe functionm(e) = 1(e¢ > 0) — 1(e < 0) is
constant below zerdeading to the efficient scoré = 2f (0| X)X-1(X'By >
0)m(y — X'Bp). In the conditional mean casthe functionm(e) = & is not
constant below any, and hence the efficient score is ze@onsequentlyno
\/n-consistent regular estimator will exist in this case

This result sidesteps the identification questionfgr Despite the lack of a
v/n-consistent estimatpit could be that3, is identified “at infinity,” by ap-
proximate satisfaction oE[m(y — X’Bo)|X] = 0 for large values ofX'S,.
Chamberlain1986 shows that this is possible for the sample selection model
and similar reasoning may apply here

To show+/n-consistent of3 it is useful to make additional assumptiohst

Q = E*[w(X)d(X)1(v > —€)XX'].

Assumption 2. E*[m(e + a)|X] = (=) 0 fora = (=) 0, andQ exists and
is nonsingularAlso, B, € interior(B), B is compactm(e) is bounded and con-
tinuous almost everywherandw(X) = 0 is bounded

This condition imposes a “single crossing” property f[m(s + «)|X]:
that its sign does not change on either sidexof 0. A simple sufficient con-
dition for single crossing is tham(e) is monotonic increasing.e., q(e) is con-
vex). Restricting attention to boundex(e) does not seem too stringebecause
its lower tail must be constant anywakhis restriction could be relaxed at the
expense of complicating the condition&/ith this condition in place we can
obtain a consistency and asymptotic normality result for the estimagok =
E[w(X)?L(v > —€)m(g)2XX'] andV = Q '=Q %

THEOREM 32. If Assumptions 3.1 and 3.2 are satisfied them(8 —
Bo) -5 N(0,V). Furthermore, if wX) = w*(X) = d(X)/E[m(g)2|X] then
V= (E[SS')™

This result also shows that the weighteeestimator would attain the semi-
parametric efficiency bound if the weight was equalw®(X). In this sense
there is no information lost from using an estimator like thatg)f

An asymptotic variance estimator is needed for large sample inference pro-
cedures based on Theorem2.3Here it is important to use a “heteroskedasticity
consistent” estimatpanalogous to that of Powe(lL984). This can be formed
in the usual way a9 130! for estimatorsQ and 2. An estimator ofS
is straightforward to construcas

$ =3 15 > —OwX)2m(y, — 5)2X X/ /n,
=1
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whered; = X/ 3. An estimator ofQ is more difficul; because it involves the
derivatived(X) = dE[m(e + a)|X]/da|,—o. If m(e) = f3m,(u)du + C for
somem,(&) that is continuous almost everywhere and a congtatiten

n
Q= 1(6; > —Ow(X)m.(y; — &)X X//n
i=1
will do. Otherwise d(X) will need to be approximatedhis may be done by a
numerical derivativeas in
n

Qs = 2 w(X)X; Xirﬁiﬁ/n,

i=1

>

is = d(y; — max{d; + 6,—¢€}) + q(y, — max{s; — 8,—€})
= 2q(y; — max{d;, —€})/8>
The following result shows consistency of the corresponding estimators

THEOREM 33. Suppose that Assumptions 3.1 and 3.2 are satisfied(df m
Jom (uydu + C and m(e) is continuous almost everywhere then
0130t B V. Also, if X= (L x"), E[w(X)|X|¢] < o, § — 0, and
nY4s — oo thenQ; 13051 5 V.

Imposing the sixth moment condition simplifies the proof of this resalk
though it could probably be weakenédso, it would be useful to have guide-
lines for the choice ob in practice but these are beyond the scope of this
paper

Although precise regularity conditions for feasible efficient estimation are
beyond the scope of this papéne construction of efficient estimators can be
described One approach involves estimating the optimal weight by nonpara-
metric regressignanalogously to Robinsof1987) and Newey and Powell
(1990. Let #;(X) be nonparametric weights satisfyiﬁﬁ‘zlﬁj (X)=1(eg., as
for a kernel estimator wherg (X) = K((X — X; )/h)/ S K((X = X;)/h) for a
kernel functiorK (-) and a bandwidtim). Then estimators of the optimal weights
arg for & =y, — 0,

n

W(X) = 2 7 (X)1(5; > —f)mg(éi)/i 7 (X)1(0; > —€)m(&)%  or
i=1

i=1
W(X) = En‘, 7 (X)1(0; > —f)&a/i 5 (X)L > —€)m()>
i=1 i=1

Thenw(X) could be used in place afi(X) in equation(8). Alternatively, a
one-step version of the estimator could be formed using an initial estinBator
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by constructingQ as eitherQ or Q; as given previously withw(X) replacing
w(X) and then

n

B=p-Q1 2 XiW(X;)1(d; > —€)m(&;)/n.

As long asv;(X) do not became too “peaked” 2 too fast(andé does not
shrink too fasl, these estimators should be asymptotically efficient

Another approach to efficient estimation is GMM based on a “rich” set of
unconditional moment restrictionanalogously to Chamberlaif1987) and
Newey (1993. Let A(X) be anr X 1 vector of functions ofX. Note that the
moment restriction& [A(X)1(v > —¢)m(e)] = 0 will hold. Let 3 be an initial
estimator and

i AX)AX) 1(0; > —€)m(&)¥n,

ACX)X{1(D; > —€)m_(&;)/n or

(@]
||
FM:

= i AX)X{L(D; > —€)Ajs/n.

Then a one-step GMM estimator is given by

f=f— (6016 En1 i AX)L(6; > —Om(z)/n.

As long as the dimension @& (X) grows slowly enough with the sample size
and the elements oA(X) are chosen so that they can approximate in mean-
square any function aX, this estimator should be asymptotically efficient

4. TRUNCATED REGRESSION MODELS

For truncated regression the special characteristic that leads to a useful mo-
ment condition is tham(e) is zero for alle small enoughThat feature means
that for X'B large enoughm(y* — X'B8) = 0 asy* goes from 0 to—oo, so the
conditional distribution oim(y — X’8) will be the same in the truncated and
latent dataHence the conditional moment restricti@im(y — X'Bo)| X] =
will be satisfied forX'B, large enoughFigure 2 illustrates this condition

To be precisglet £ equal the supremum of all points whem&e) is zero
below that pointi.e., £ = sup{e: m(e) = Ole = &}, where we taket = —oo
if the set is empty For I1(X) = E*[1(y > 0)|X] note thatE[-|X] =
E*[1(y > 0)(-)|X]/11(X). Also, becausen(e) is zero belowt, m(y — v) =
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FIGURE 2. Truncated regression moment condition

fory=0and—-v = 4, so that 1y = 0)1(v > —4&)m(y — v) = 0. Then we
have

E[1(X'Bo > —4)m(y — X'Bg)| X]
=I(X)'E*[1(v > —4)1(y > O)m(y — v)| X]
= TI(X)E*[1(v > —£)m(e)| X] = I1(X) M1(v > —£)E*[m(s)|X]

=0. 9)
Integrating back to an objective function as was done in Section 3 leads to the
estimator
. n
B = arﬁgerginE wW(Xi)a(y; — max{X{ B, —4}). (10)

i=1

Any functionm(e) that is zero below somé can be used in the construction
of this type of estimatgrunder the conditional moment restriction of equation
(1). For examplea function similar to that of Newe{1987) would bem(e) =
1(e > 0) — y-1(e > ¢) for y > 1, ¢ > 0. Here the conditional moment restric-
tion is thatP*(e > 0|X) = yP*(e > c¢|X), whereP*(A) denotes the probabil-
ity of an eventA in the latent dataAnother example is Lee’61993 estimatoy
wherem(e) = 1(—c =< e = c)e. Here the restriction i€*[¢]| —c=e=c]=0.
This example is a special case of a class whme(e) is an odd function that is
zero above some value
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A new estimator can be obtained by choosmg@e) to be an odd function
where fore > 0, m(e) = 1(0 < & < c)[ce — £2]. In contrast to previous
examplesm(e) is continuous hereso that density estimation is not needed to
estimate the asymptotic variance @f This seems to be the first moment con-
dition estimator for the truncated regression model where nonparametric meth-
ods are not required for estimation of the asymptotic variance

The analysis of the properties of this estimator is analogous to those of the
censored regression case in Sectiorlf3n(e) is not zero below some value
then no+vn-consistent estimator will exisand the semiparametric efficiency
bound will correspond to the asymptotic variancefofor w(X) = w*(X) =
d(X)/E*[m(e)?|X]. The semiparametric efficiency bound is given in the fol-
lowing result

THEOREM 41. If Assumptions 3.1 and A.1 are satisfied and with probabil-
ity one the support of(| X) is R, then the efficient score is

S =w*(X)X-1(X'Bg > —k)M(y — X'Bo).
If E[SS’]is nonsingular theE[SS']) ! is the semiparametric variance bound.

Asymptotic normality will also hold under conditions similar to those in Sec-
tion 3. Here let

Q = E[w(X)1(v > —£)d(X)XX/TI(X)],
S = E[w(X)?1(v > —£)m(s)2XX'], V=Q '3Q°%

The following result gives asymptotic normality

THEOREM 42. If Assumptions 3.1 and 3.2 are satisfied and > 0) > 0
then Vn(B — Bo) N N(O,V). Furthermore, if wX) = w*(X) = d(X)/
E*[m(e)?|X] then V= (E[SS']) 1.

Here it should be noted tham(e) being zero below some value rules out
m(e) being monotonicso that other primitive conditions for the “single cross-
ing” identification condition of Assumption.3 must be foundOne such con-
dition is that the conditional distribution efgiven X is symmetrid(in ) around
zero with unimodal conditional density and thmate) is an odd function that is
nonnegative foe = 0. Then for some choice o€, —q(e) = — [y m(t)dt— C
will be proportional to a unimodal symmetric density functi@o that as in
Bierens(1981, Lemma 32.1), —E[q(e + «)|X] is proportional to a unimodal
density function as a function af. This unimodality property will imply that
E[m(e + a)|X] = —9{—E[q(e + a)|X]}/da is nonnegative fow = 0 and
will give the single crossing property of Assumptior2.3

A consistent estimator of the asymptotic variance can be formed in a way
analogous to that for censored regresslat 3, Q, andQ; be exactly as spec-

https://doi.org/10.1017/50266466601175018 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466601175018

CENSORED AND TRUNCATED REGRESSION 873

ified in Section 3 with4 replacing in the formulaeThe following result shows
consistency of the corresponding estimators

THEOREM 43. Suppose that Assumptions 3.1 and 3.2 are satisfied and
P*(y* > 0) > 0. If m(e) = [{m,(u) du + C and m(e) is continuous almost
everywhere the® 1301 % V. Also, if X= (1,x"), E[w(X)|X|¢] < oo,

8 — 0, and n¥45 — oo thenQ;130;1 2 V.

Feasible efficient estimators could be constructed by estimating the optimal
weight or by GMM in ways exactly as described in Sectiomn8h £ replacing
{. For brevity the details are omitted

5. INDEPENDENCE OF ¢ AND X

The sensitivity of the efficiency bound results to the form of conditional loca-
tion restriction is troublingFor instancefor censored regression the param-
eters can be/n-consistently estimated when the disturbance has conditional
median zero but not under conditional mean z&ome economic models do
imply specific location restrictionsuch as conditional mean restrictions in ra-
tional expectations model©ften thoughwe do not have strong a priori rea-
sons for choosing one location restriction over another

Things are different when the disturbance is independent of the regressors
In that case corresponding to each moment restriction should be a location
shift of ¢ that satisfies itConsequentlyif a constant is included in the regres-
sors any conditional moment restriction will be satisfied at the true slopes and
some constantncluding the ones that lead tdn-consistent estimation of cen-
sored or truncated regressioffthus any of the estimators will beyvn-
consistent for the slope coefficients in the independence case

To be specific consider any functiom(e) such that there is some with
E*[m(e — w)] = 0. Suppose thaX = (1, x’)" includes a constant and partition

B = (B4, 85)" conformably withX. Then forB1o= B1o+ x andBo = (B10, Bro)s
E*[m(y* — X'Bo)| X] = E*[m(e — w)|X]=E*[m(e — n)] = 0. (11)

So, a conditional moment restriction is satisfied in the latent d&tanse-
quently any of the estimators we have considered for the censored and trun-
cated regression models that arén-consistent under some conditional
moment restriction should bén-consistent under independenéer the slope
parameterg3,,. The estimator of the constant will also bfn-consistent for

the original constant pluga.

It should be emphasized that the conditional moment restrictidd iphde-
pends on independence and not on any other restriction on the distribution of
the disturbanceln particulay with independencehe symmetry assumption of
Lee (1993 is not needed for the estimation of a truncated regresaimough
symmetry is part of the primitive conditions for the single crossing property
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for truncated regression given in Sectiaritds not the fundamental identifica-
tion condition that leads t@l1) being satisfied

When e and X are independenthe asymptotic variance of the estimators
simplifies and the optimal weight/(X) is equal to oneBy independencenei-
ther d(X) nor E*[m(g)?|X] depends orX. Let d = dE*[m(e — u + a)]/
da|,—o ando? = E*[m(e — w)?]. Then for censored regressiofheorem 2

will hold with
V=d2s2M IAML  M=E[w(X)1(v> —€)XX'],
A = E[w(X)2L(v > —0)XX']. (12)

Furthermore by a standard resultsee the proof in the Appendix of Theo-
rem 51, which follows), V is minimized (in the positive semidefinite semi-
orden atw(X) = 1, where

V=d2¢%E[1lv> —OXX']™L

The components of this asymptotic variance can be estimated in a similar
way to that described in Section Bet

d= [é 10 > —O)m.(y;, — ﬁi)]/i 1o, > —1),
i-1 i-1
aa = En: 1(0; > _e)Aié/i 1(o; > —¢),
i-1 i—1
%= {i 1(0; > —€)m(y;, — lA}i)Z}/i 1(o; > —¢),
i-1 i-1

~

n -1
V5: 652&2<2 1(1}| > _€)X| X{/n) 5
i=1

n -1
V= 62&2<2 10, > — )X X{/n) , (13)
i=1

wherem(e) is assumed to be differentiable in the definitioncfThe estima-
tors V5 and V are the analog for the independence case of those given in
Section 3

For truncated regression an analogous simplification of the asymptotic vari-
ance occursHereE[m(e)?|X] = o%/TI(X), so the asymptotic variance will be

V=d22M 1AM} M = E[w(X)1(v > —€)XX/TI(X)],

A =E[wW(X)21(v > —€)XX/TI(X)]. (14)
Whenw(X) = 1 this expression simplifies to

V=d202%(E[1(v > —O)XX/TI(X)]) 7L

However unlike the censored regression model there is not a straightforward
way to estimate the components Wf Both d and o2 involve expectation
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from the latent dataAlso, the presence dfl (X) makes it difficult to estimate
E[1(v > —€)XX'/TI(X)]. Intuitively, the truncation induces dependence be-
tweene and X, so that one still has to use the “heteroskedasticity consistent”
estimator previously given

The following result makes this discussion precise

THEOREM 51. If Assumptions 3.1 and 3.2 are satisfied;(P* > 0) > 0
in the truncated caseg and X are independent, and % (1, x’)’ then
Vn(B — Bo) N N(O,V) for V in equation (12) for the censored case and
equation (14) for the truncated case. Also, in each case V is minimized at
w(X) = 1. In addition, in the censored case, if(g) is continuously differen-
tiable with bounded derivative thet -5 V, whereas i — 0 and n45 — oo
thenVs > V.

It should be noted that Assumptionsli3and 32 simplify under indepen-
dence ofe, eg., for f(g) = f(g|X), requiring only E*[| X||?] and [[ f.(g)%

f(e)] de finite.

Because many estimators will be consistent for the slope coefficients under
independenceit is possible to choose from among a group of estimators the
most efficient one or to combine several different estimators for improved ef-
ficiency. These approaches were suggested by Po@B6a for censored re-
gression quantilesand they apply equally well to other moment conditions for
censored or truncated data

It turns out that neither of these methods makes efficient use of information
Intuitively, combining several restrictions generally leads to higher efficiency
than any of the individual ones and so dominates the highest efficiency from a
single restriction Furthermore because of heteroskedasticity induced by the
presence of the trimming indicatol(X'8 > —¢), combining several restric-
tions turns out to be more efficient than combining the estimators obtained from
the individual restrictionsOf course these methods might have better small
sample propertiedut as yet we do not knaw

To describe efficient estimation from multiple conditional moment restric-
tions let my(e), (j = 1,...,J3) beJ functions of a scalar argument afid(or £;
in the truncated cagde as given previously withn; replacingm. Reparameter-
ize so thaiB denotes the slope coefficients apda separate constant for each
m;. Suppose that there igo such that forX = (1,x')" ande =y — X'y,
E[m(e —y0)]=0,(j=1,...,). Letd = (B',y1,...,75)" and

p(2,0) = (L(y, +xX'B> —€)m(y — y1 —X'B),....1y; + X'B> —L;)
Xmy(y —v; = X'B))
(with 4; replacing¢; in the truncated cageThen

E[p(z6,)|x] = 0. (15)
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This vector of conditional moment restrictions can be used in GMM estima-
tion. For a conformable matrix functioA(x) andg(8) = > ; A(X; )p(Z,,O)/n
an estimator o), can be obtained by minimizing(8)'"Wg(8), whereW is some
positive semidefinite matrix

We focus here on the case with efficiehtx), which minimizes the asymp-
totic variance To obtain the efficienfA(x) we need to generalize the formula
of Chamberlain1987 to allow for Q(x) = E[ p(z,6) p(z,6p)’ | x] to be singu-
lar. Let G(x) = dE[ p(z,60)|x]/06],—,, and for any square matrig let B~ de-
note any generalized inversgatisfyingBB™B = B.

THEOREM 52. If there is Hx) such that Gx) = Q(x)F(x) and
E[F(x)Q(x)F(x)] exists and is nonsingular, then among allxA and W=
pIim(W) positive semidefinite where WE(x)G(x)] has full column rank, the
asymptotic variance of théGMM estimator is minimized at Ax) =
G(x)'Q(x)".

Dridi (1999 had previously derived a partial version of this result

To apply this result to censored and truncated regresg&om(x, ) be the
selection matrix such that(x,0)p(z 6) consists of those elements pfz,6)
with y; + x’B > —¢; (with £ instead of¢; in the truncated cageAlso, for & =
y — X'Bo let ® denote thel X J matrix with &y = E*[m(e — yjo)mk(e —
Yro)l, & = —9E*[m;(e — yjo + @)]/0at|4—0, D = (dy,...,d;)’, diag(D) denote
a diagonal matrix with the elements Bfdown the diagonakndl (x) = | (X, 6p).
Also, let M(x) = [Dx’,diag(D)]'[1 (x)®I (x)’] [ Dx’,diag(D)].

THEOREM &3. If ® and E*[ M(x)] are nonsingular then, for censored and
truncated regression, the variance minimizing choice @f)As

A*(x) = —[Dx’,diag(D)]'l (X)[1 (x)®I (x)"] 11 (x). (16)

An important feature of these optimal functions is that they consist of known
functions ofx and constant matrices and ®. This allows A*(x) to be esti-
mated without resorting to nonparametric methddsthe censored caseli-
rect estimation of the constants that appearAitix) is possible Let 6 be
some preliminary estimator of the parameité&isr examplethis estimator could
be constructed by obtaining from the estimator of equatiof8) (for some
m(e)) and for dq(s)/de = mi(e), ¥ = argmmYE, 16 (y; — max{x/ B +
v,—¥¢;}). Also, let d (or d,5) be as in equatior(13), with mJ replacmg

m, and Ietv. =xB, 1 = 1(71 + 0 > —€), iy = m(y, — %;), and
By = 2y 11y /= 1l and 1(x) = 1(x,0). Then an estimator of
A*(x) is

AX) = GX)'T(X) [T)DI(X)' ] H(x),  G(x)=T(x)T(X[D-x,diag(D)].
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A one-step efficient GMM and asymptotic variance estimator could then be
obtained as

—1 n n -1
G [2A<x G(xﬂ 3 Ax)p(2,0), vz(zmxi)é(xi)/n).
i=1 i

This estimator will be asymptotically equivalent to GMM with the efficient
A*(x), under regularity conditions like those already givEor brevity this re-
sult is omitted

In the truncated case direct estimationDbaind® is problematicas a result
of the heteroskedasticity induced by the truncatidbhis problem can be cir-
cumvented by noting that the(x) varies discretelyshifting as each (y;o +
X'Bo > —{;) changesConsequentlythe conditional moment restrictions will
be “spanned” by unconditional ones based on an exhaustive set of outcomes
for these “trimming” indicatorsleading to an efficient GMM estimator

To describe this estimatosuppose that can been ordered such that

Yi+10 T Rj+1 < ¥j0 T #; (j=1,...,3-1).
Let I; denote g X j identity matrix H; = [l;,0], and
9'(z,0) = U=yjs1— k1 =X'B >~y — £)(H; ® X)p(2,6)
(j=1,...,3-1),
9%(2,0) = L(X'B> —v; — £5)p(2.0) ® X,
9(z,0) = (g*(z,0),...,9°(2,0)')" 17)

The unconditional moment restrictidd[ g(z,6,)] = 0 is implied by equation
(15). A one-step efficient GMM estimator can be based on this restrickon
an initial estimatord like that given previouslyfwith #; replacingd;) let o; =

Xi B & =Yy — 0,
Qj = EQj(Ziaé)gj(ziaé)//n, Q:diag(ﬁl’---,ﬁﬂ’
i=1

I = L=V r1— 41 =0, > =9 — &),

M:

é.:

i 1 (M (& — Y1), M (& — %)) @ X X{/n,

i=1

G=[Gi,...,G}].

Alternatively whenmy(e) is not differentiableone could replacen.(& — )
by A,Ja in the construction of5, WhereAJ,,S is defined likeA;s with qj(s) =
Jo my(t) dt replacmg q(e) and #; replacing ¢. Noting that Q! =
dlag[Q1 ,...,Q71], a one-step eff|C|ent GMM estimator is
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~ AL A A

=6—- (GO 16) 160! E 9(z,0)/n, V=(GO1G)?

Under regularity conditions like those already giy#nis estimator will be as-
ymptotically normal For brevity we omit this resultalthough we do use the
asymptotic variance formula to give the following theorem

THEOREM 54. The asymptotic variance dfis the same as &MM esti-
mator based on moment function$(R) p(z, 6,).

One potential problem with this estimator is that the asymptotic distribution
approximation may be popas a result of the large number of moment restric-
tions The mutual orthogonality of thg!(z,8) vector may mitigate that prob-
lem, but there still seem to be many moment restrictiohs estimator that
used more of the structure éf (x) in its construction might have better prop-
erties The development of such an estimator is left to future work

An interesting question concerns the efficiency of these estimators relative
to the variance bound derived by Cossl€t987) for the censored case and
Bickel, Klaasen Ritov, and Wellner(1993 for the truncated casén Newey
and Chipty(2000 it is shown that when enough censored regression quantiles
or enough truncated moments in the truncated ,caseecombined the asymp-
totic variance of3 and¥; approaches the semiparametric bauimdthis sense
the type of estimator developed here uses all of the information available in
censored or truncated regression with independent disturbance and regressors

REFERENCES

Bickel, PJ, C.A.1 Klaasen Y. Ritoy, & JA. Wellner (1993 Efficient and Adaptive Estimation for
Semiparametric Model8altimore Johns Hopkins Press

Bierens H.J (1981) Robust Methods and Asymptotic Theory in Nonlinear Economehti®s. York:
Springer-Verlag

Chamberlain G. (1986 Asymptotic efficiency in semiparametric models with censorihgurnal
of Econometric82, 189-218

ChamberlainG. (1987 Asymptotic efficiency in estimation with conditional moment restrictions
Journal of Econometric84, 305—-334

Cosslett S.R. (1987 Efficiency bounds for distribution-free estimators of the binary choice and
censored regression modeconometriceb5, 559-585

Dridi, R. (1999 Simulated asymptotic least squarBsper presented at Econometric Study Group
Bristol, 1999

Honore B.E. & J.L. Powell (1994 Pairwise difference estimators of censored and truncated regres-
sion modelsJournal of Econometric64, 241-278

Ibragimoy I.A. & R.Z. Hasminskii(1981) Statistical Estimation: Asymptotic Theoryew York:
Springer-Verlag

Lee M.J (1992 Winsorized mean estimator for censored regresskconometric Theor,
368-382

Lee M.J (1993 Quadratic mode regressiodournal of Econometric§7, 1-19

Newey W.K. (1987 Interval Moment Estimation of the Truncated Regression Moligineo.
Paper presented at the summer meeting of the Econometric Sdxgekeley

https://doi.org/10.1017/50266466601175018 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466601175018

CENSORED AND TRUNCATED REGRESSION 879

Newey W.K. (1989 An introduction to semiparametric efficiency boundsinals d’Economie et
de Statistiquel 3, 1-47.

Newey W.K. (1990 Semiparametric efficiency boundburnal of Applied Econometrics 99-135

Newey W.K. (199]) Efficient estimation of tobit models under conditional symmelnyW. Bar-
nett J Powell & G. Tauchen(eds), Semiparametric and Nonparametric Methods in Statistics
and EconometricsCambridge Cambridge University Press

Newey W.K. (1993 Efficient estimation of models with conditional moment restrictiomsG.S.
Maddala C.R. Raq & H.D. Vinod (eds), Handbook of Statisticsvol. 11. Amsterdam
North-Holland

Newey W.K. & T. Chipty (2000 Efficient Semiparametric Estimation via Moment Restrictions
Preprint Massachusetts Institute of Technology

Newey W.K. & D. McFadden(1994 Large sample estimation and hypothesis testindR. Engle
& D. McFadden(eds), Handbook of Econometricsvol. 4, pp. 2113-2245 Amsterdam
North-Holland

Newey W.K. & J.L. Powell (1990 Efficient estimation of linear and type | censored regression
models under conditional quantile restrictioBconometric Theory, 295-317

Powell JL. (1984 Least absolute deviation estimation for the censored regression njodehal
of Econometric®5, 303-325

Powell JL. (19863 Censored regression quantildsurnal of Econometric82, 143-155

Powell JL. (1986h Symmetrically trimmed least squares estimation for tobit modet®nomet-
rica 54, 1435-1460

Robinson P. (1987 Asymptotically efficient estimation in the presence of heteroskedasticity of
unknown form Econometricab5, 875-891

Van der VaartA. & J. Wellner (1996 Weak Convergence and Empirical Procesddew York:
Springer-Verlag

APPENDIX

Throughout the Appendi& will denote a generic constant that may be different in dif-
ferent usesThe following assumption is useful in the proofs of the semiparametric in-
formation bounds

Assumption A.1. Parametric submodels correspond to latent densiitiesX|n) =
f(e|X,n)f(X|n) such thatf(e|X,n1)f(X|n,) is smooth in(ni,ns), f(e|X,n9) =
f(e]|X), and for almost allX, f(g|X,n) is a density fore that is smooth inp and with
Im(e)?f(g]|X,n) de bounded in a neighborhood @f. Also, in the truncated caséor
0= (B',m"), Proh(y > 0) > 0 for 6.

The proof of Theorem .2 will make use of the following lemmalet s(g, X) =
f.(e|X)/f(¢|X) be the conditional location score for the densif|X) and S; =
—X-{1(y > 0)s(e, X) + L(y = 0)E[s(e, X)|y = 0, X]} be the score fog in the cen-
sored case

LEMMA A .1. If Assumptions 3.1 and A.1 are satisfied tHgn = —€()S; € 7.

Proof. By Lemma A5 of Newey and Powel|1990 it follows that the tangent set of
the latent model i * = {6 = 6(e,X):E[8] = 0, E[m(g)8|X] = 0, E[]8]?] < oo}.
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Also, by Lemma A2 of Newey and Powell1990, for C(8) = E[d]y, x], it follows that
the tangent set of the observed data is the mean-square closure of {fi&$eb € 7}.
Consider any > €. Then forv =—¢, m(¢) is nonconstant oft-oo, —v], because-v =
€ > (. LetL = {e = —v}. Then forv = —¢, Var(m(e)|L, X) > 0, and henceA(X) =
E[1(L)(1, m(e))'(1,m(g))| X] is nonsingularFor M > 0 letD(X) = 0 if P(L|X) =0
and otherwise

D(X) = E[1(e > —v)(L, m(e))s(e, X)[ XTAX) ™,
Iy = LIDX)] = M)-1v = —0),
= —-X-1y-{1(e > —v)s(e, X) = D(X)1(e = —v)(L, m(&))'}.
Note that
E[T(1, m(e)[X]
= —X-1y-E[{l(e > —v)s(e, X) = D(X)1(e = —v)(L, m(e))' H(L m(e))| X]
=0,

where the last equality follows by the definition Bf(X). Also, f has second moments
by Assumption 31, so thatt = C(f) € 7. Furthermore

t=—X-1u{1(y > 0)s(e, X) = 1y = 0)D(X) E[(L, m(e))" |y, X ]}

—X-1w{1(y > 0)s(e, X) = 1(y = 0E[1(e > —v)s(e, X)[X]/P(L|X)}
= _XlM{l(y > 0)5(85 X) + 1(y: O)E[S(87 X)| L’ X]} = 1M 569

where the second equality follows byyL= 0)E[(1, m(e))’|y, X] being equal to the
first column of A(X) divided by P(L|X). It follows that E[|[1(v = —E)SB_— t)%] =
E[ISs1?1(ID(X)[ > M)1(v = —€)] = 0 asM — oo. Therefore 1(v = —{)S; € T.
Finally, because Pralp = —¢) = 0, 1(£ < v = €) — 0 almost surely ag — ¢, so by
the dominated convergence theoredf|1(v = —€)S; — L(v = —(?)SBHZ] =E[1(¢ <
v=—0)]S]?] > 0ast — ¢ |

Proof of Theorem 3.1. Let
8(g,X) = —X-1(v > —1)-{s(e, X) + w*(X)m(e)}. (A1)

By Assumption 3L this random variable has finite mean-squ@g Lemma 72 of Ibragi-
mov and Hasminski(1981) and E[m(e + «)?|X] bounded on a neighborhood of
a =0, E[m(e + a)|X] = fm(e)f(e — a|X) de is differentiable ina at « = 0 and
d(X) = 9dE[m(e + a)|X]/da = —E[m(e)s(e, X)|X]. Then byE[s(e, X)|X] =0,

E[8(e, X)|X] = —X1(v > —€){E[s(&, X)| X] + w*(X)E[m(e)| X]} = O,

E[m(g)8(e, X)|X] = —X1(v > —O){E[m(e)s(g, X)| X] + w*(X)E(m(e)2| X ]}

-0 (A.2)
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Therefore C(6) = 1(v > —¢)S; — S € 7. Then by linearity of 7and Lemma AL,
Sg—8=C(6)+1v=-0OSETie,S=S — tfort €7 Furthermoreby (1), for
any (e, X) satisfyingE[8(e, X)|X] =0, E[8(e, X)m(g)|X] = 0,

E[S'C(8)] = E[S'E[8(e, X)|y, X]] = E[E[S'8(e, X) |y, X]]
= E[w*(X)X'1(v > —€)m(8)8 (s, X)]
= E[w*(X)X'1(v > —€)E[m(£)8 (s, X)|X]] = 0,

where the third equality follows by equati@h). Then becausel is the mean-square of
objects of the fornC(6), it follows thatS is orthogonal to the tangent s&@herefore S

is the residual from the mean-square projectiogpbn the tangent set and hence is the
efficient score n

The following lemma is useful for the proofs of Theoremg and 42.

LEMMA A .2. Consider an estimatgf = argmirbEBE{‘:lq(zi,B). If (i) B LN Bo €
interior (B); (ii) there is b(z) with |q(z, 8) — q(z,B)| = b(2)| 8 — 8] and E[b(2)?] <
oo; (iii) there is U(z) with E[U(2)] = 0 and E[U(2)U(z)’] nonsingular such that with
probability one[d(z, B) — d(z,Bo) — U(2)'(B — Bo)l/IB = Boll = 0asp — Bo; (iv) for
a(B) = Ela(z,B)] there is Q nonsingular wittg(8) = q(Bo) + (B — Bo)'Q(B —
Bo)/2 + o(|B — Bol?); thenn (B — Bo) -5 N(0,Q*E[U(2)U(2)']QY).

Proof of Lemma A.2. By (ii) and the triangle inequality
r(z,B) = [ld(z,B) —d(z,Bo) = U(2)'(B = Bo)l/I B — Boll =b(2) + [U(2)].

Then by(iii ) and the dominated convergence thear&ifr (z, 8)2] — 0 asB — Bo. The
conclusion then follows by Example2322 of Van der Vaart and Wellng¢i996. H

Proof of Theorem 3.2. Considerr = min{—X’B,{} = ¢ andr = min{—v, €} = ¢.
Note that fore = ¢, q(e) is linear ine. Then fory* = 0, y* — max{X'B,— €} =y* +r =
€, so that

a(y — max{X'g,—€}) — q(y — max{v, —€})
—[a(y” — max{X'8,—{}) — q(y" — max{v,—{})]
= 1y <0){a(r) —q(r) = [a(y" + ) —aly* + )]}
=1y  <Of{a(r—r—[y*+r—(y"+ D} =1y <04q(0). (A3)

Then because none af(y* — max{v,—€}), q(y — max{v,—¢€}), 1(y* < 0)q(0), and
g(e) depend orB, and adding terms to the objective function that do not depend on
does not change the minimuiit follows that forz = (y* X),

B = argminez Q(B).  Q(B) =3 a(z.B)/n,

a(z,B) = w(X)[a(y” — max{X'B,—€}) — q(e)]. (A.4)

https://doi.org/10.1017/50266466601175018 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466601175018

882 WHITNEY K. NEWEY

Note thatq(z, 8) is continuous in3. Also, q(e) and maxv,—{} are Lipschitz ine and
v, respectivelyso that

la(z, ) = Cw(X)[v — max{X'B,—€}| = Cw(X)| X[[(B] + | Bol)
= Cw(X)[I X[,
la(z,B) —a(z )| = Cw(X)IX[I 8 = Bl (A.5)

It follows by a standard uniform law of Iarge numbers tr@(,@) E[q(z, ,8)]
exists and is continuous i and that supEB|Q(B) - Q(B)] 50 BecauseB =
argmlrbeBQ(B), consistency will follow from the standard argumean,B) is uniquely
minimized atBq. By the definition ofq(-), q(y* — &) — q(y* — a) = fy “m(u) du.
By m(e) bounded |[q(y* — &) — q(y* — a)]/(&@ — a)| = C, and by the fundamental
theorem of calculus aneh(e) continuous almost everywherasa — «, [q(y* — @) —
qly” — a)]/(@ — a) - m(y* — ) almost surely Therefore by the dominated con-
vergence theoremE[q(y* — &) — q(y* — a)|X]/(@ — «) = J[J2%_Fm(u) dw/
(@ — )] f(y*|X)dy* —» E[m(y* — a)|X]. It follows thatq(a, X) = fq(y —a) —
g(e)|X] is differentiable ina with derivativeE[m(y* — «)|X]. Then by Assumption
3.2, §(a, X) is increasing inax for « = v, decreasing inx for @ = v, having a global
minimum ata = v. Furthermoreg(max{«a, —{}, X) also has a global minimum at =
v, becausdj(a, X) is increasing inx for « = v. Therefore

Ela(z B)IX] = w(X)a(max{X'B,— €}, X) = w(X)q(max{v, =€}, X)
= E[q(z Bo)|X]. (A.6)

Now, for any 8 # B, consider the eventd = {w(X) > 0, v > —¢, d(X) > 0, and
X'B # v}. Assumption R implies that ford = 8 — Bo # 0, E[w(X)d(X)1(v > —€) X
(v — X'B)?] = §'Q5 > 0, to that Prolg.A) > 0. Also, it follows from the proof of
Theorem 3L thatE[m(y* — «)| X] is differentiable atv = v with derivative—d(X), so
that d(X) = 02q(a, X)/da?|,—,. Whend(X) > 0, q(a, X) will have a unique local
minimum ata = v, which is a unique global minimum by the previous argumgviten
A occurs max{X'B,—€} # v = max{v,— €}, so that

E[q(z B)|X] = w(X)q(max{X'B,— £}, X) > w(X)q(max{v,— €}, X) = E[q(z, Bo)| X].

Then by ProbA) > 0, Q(B) = E[a(z,8)] = P(AE[a(z,B)|A] + P(A°) X
Ela(z,B)|A°] = P(AE[E[q(z, B)|X]|A] + P(A®)E[E[a(z,B)|X]|A°] > P(A) X
E[E[a(z Bo)IX]|A] + P(A°)E[E[q(z Bo)|X]|A®] = Q(Bo). Thus the Q(Bo) has a
unique minimum ago, giving 8 = B.

We have now shown that conditidi) of Lemma A1 holds Condition(ii) follows by
(A.5). Now, for condition (iii), let A = {(y* X): v # —¢ andq(e) is continuously dif-
ferentiable ay* — max{v, —€}} and note ProbA) = 1 by m(e) continuous almost every-
where and Profp = —¢) = 0. On A, max{X’B,—¢} is linear inB in a neighborhood of
Bo with derivative 1v > —¢€)X at Bo. Also, on A, q(y — «) is continuously differen-
tiable atae = max{v,—{} with derivative —m(y — «). Then by the chain ruleon A,
gy — max{X'B,—¢}) is differentiable with derivative—m(y — max{v,—¢}) X
v > =X = —1(v > —€)m(e)X = U(2). BecauseE[U(2)] = E[E[U(2)|X]] =
—E[1(v > —€)E[m(g)|X]X] = 0 andE[U(2)U(2)’'] = =, condition (iii) of Lemma
A.lis satisfied
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For condition(iv), note that as shown previousiy«, X) is differentiable with deriv-
ative —E[m(y* — a)|X] = —E[m(e + v — a)|X]. Also, it follows as in the proof of
Theorem 3L thatE[m(e + v — a)|X] is differentiable ina with

JE[M(e +v — a)|X]/da = fm(e +u)f (e + a|X)de = fm(a +v—a)f.(g|X)de

=E[m(e + v — a)s(e|X)| X],

wheres(g|X) = f.(g|X)/f(e|X). Becausem(e) is continuous almost everywheri
follows thatoE[m(e + v — a)|X]/da is continuousso thatq(«, X) is twice continu-
ously differentiable and

Oua(a, X) = Ca(X),  a(X) = E[[s(e]X)[|X].

For notational conveniencéet b = —¢€, & = X'B, r = max{s, b}, r = max{v, b}, and
suppress thé ony* Then a second order mean-value expansion gives

Ela(z B) — a(z Bo) | X] = w(X)[a(f, X) — G(r, X)]
= W(X)[Gu(r, X)(F = 1) + Gua (F, X)(F = 1)72], (A7)
wherer lies betweert andr. Now, note that
f—r=10>blv>b)(®—v)+1s>bllv=b)(s—Db
+1@=b)l(v>hb)(b—v)
=1v>b)(@—v)+ 17 >b)1lv=b)([®—b) +1(# =b)1l(v>b)(b—d).

Also, 1(v > b)q,(r, X) = 1(v > b)g.(v, X) = —1(v > b)E[m(e)|X] = 0, so that fors
betweenb anduv,

10 (r, X)(F = )| =[G, (b, X)1(& > b)1(v = b) (7 — b)|
= 0o (5, X)|1(5 > b)1(v = b) |5 — b||b — v
= Ca(X)1( > b)1(v =b)|s —v|?
= Ca(X)1(& > b)1(v = b)[ X[?| B = Bol*

By Prob(v = b) =0, 1(0 > b)1(v = b) —» 0 w.p.l. asB — By, so by the dominated
convergence theorem and existenceEga(X)| X||?] (as implied by Assumption.B),
E[a(X)1(# > b)1(v = b)|X|?] — 0. Therefore it follows that asg — So,

E[w(X)[ 0, (r,X)(r — )] = CE[a(X)1(5 > b)1(v = )| X|?]I 8 — Bol?

=0([8 = Bol®). (A.8)
By similar reasoning
E[W(X)|Guq (7, X)1(5 > b)1(v = b) (& — b)*|] = o B — Bol®), (A.9)
E[W(X)| 0o (1, X)1(0 = D) 1(v > D) (b = 2)?[] = o(l B = Bol?). (A.10)
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Als0, as — Bo, Gua(T, X) = d(X), s0 by the dominated convergence thearem
E[W(X)Gua(F, X)1(v > b) (3 — v)?]

= (B = Bo)'E[W(X) 0o (T, X) L(v > D) XX" (B = Bo)

= (B = Bo)'Q(B — Bo) + ol B = Bol®). (A.11)

Taking expectations ofA.7) and applying the triangle inequality tGA.8)—(A.11)
then gives condition(iv). The first conclusion then follows from the conclusion to
Lemma A1l. The second follows upon noting thatwf(X) = w*(X), Q = E[{d(X)/
E[m(e)?|X]}d(X)1(v > —€)XX'] = E[SS’] and 3 = E[{d(X)/E[m(g)?|X]}? X
E[m(e)2|X]1l(v > —€)XX'] = E[SS']. u

Proof of Theorem 3.3. Note that ifm(e) is differentiable then by Assumptions13
and 32, 1(X’B > —£)w(X)2m(y — X’'8)2XX" and I(X'8 > —)w(X)m,(y — X'B)XX’
are continuous g8y with probability one and dominated by functions with finite expec-
tation Consistency ofQ and 3 then follows by Lemma 8 of Newey and McFadden
(1994. In the other caselet Q(z,8) = W(X)XX'[q(y — max{X'B,—€}) — q(y —
max{v,—€})], so that fore; = (1,0,...,0)’ the first unit vector

Q= 2[Q(z,+e8) +Q(z,5 ~ &) ~ 2Q(z;, A)1/(57n).

Note that by(A.5), [Q(z,8) — Q(z,B)| = Cw(X)| X|®| B — B| andE[w(X)?| X|°] <
co. Then by 27.11 of Van der Vaart and Wellng1996), for any A — 0 andg, B in a
small enough neighborhood g%, for Q(B) = E[Q(z, 8)],

e n-? E{Q(zi,ﬁ) - Q(z,8) —[Q(B) - Q(B)]}‘ 0.
It follows by n¥2§2 — o that
Q; =[Q(B + &.8) + Q(B — ,8) — 2Q(B)1/8% = Q + 0,(1). (A.12)

Furthermoreit follows by (A.3) and the associated discussion that we can take
Q(B) = E[XX'q(z,B)] = E[w(X)XX'q(max{X'8,—{}, X)]

for q(z B) as defined inA.2). Let Q,—k(/j’) = E[X;X«q(z B)]. It follows by the expan-
sion in(A.7) that for andr as defined there

Qi(B) = Qi(Bo) = E[W(X)X; X, {0, (r, X)(F = 1) + G, (F, X)(F = 1)%/2}].

Noting that E[w(X)a(X)|X[*] = CE[w(X)a(X)?|X|2] + CE[w(X)|X|®] =
CE[s(g]|X)?| X|?] + C s finite by Assumption 3, it follows similarly to the proof of
(iv) for Lemma A2 that forMj, = E[w(X)d(X)1(v > —€)X; Xk XX']/2,

ij(ﬁ) - ij(ﬁo) = (B — Bo)'My(B — Bo) + o(| B — Bol?).
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Thereforg for ¥ = 8 — Bo, and noting thaty + e8> = O,(62),
[Qu(B + &:8) + Qu(B — e18) — 2Qu(B)1/6”
=[(7 + €.6) M (7 + €.6) + (¥ — €.8) My (7 — &, 6) — Zf”Mjk'JA/]/52 + 0,(1)
= 2¢,Myee, + 0,(1) = E[w(X)d(X)1(v > —€)X; X, ] + 0,(1) = Qi + 0,(1).
The conclusion then follows bgA.12). u

For the truncated case aiid= {y*:y* > 0}, note thatE[- ] = E*[-|T] = E*[1(T)(-)]/
P*(T) andE[-|X] = E*[-|T,X] = E*[L(T)(-)| X]/E*[1(T)|X]. For 6 € T* where
7T * is the latent tangent set specified in the proof of LemmB fet C(8) be the trans-
formation from the latent to the observed data given(l§§) = 6 — E*[§|T] =6 —
E[8]. By Lemma B2 of Newey(199J), the tangent set for the observed data is the
mean-square closure dt(8):6 € T*}. Also, the score forB is —Xs(g, X) +
E[Xs(e, X)]. The following lemmas will be used in the proof of Theoreri.4

LEMMA A .3. If E[5(X)] = 0 and E[§(X)?] < o thens(X) € T.

Proof. By the distribution ofX unrestricted in the latent datany §*(X) with
E*[6*(X)] = 0 andE*[8*(X)?] finite is an element of *. Consider anys (X) satisfy-
ing the conditions of the lemma and & (X) = 1(|6(X)| = M)8(X). Thend(X) is
bounded and so has finite second mometgnces;,(X) = du(X) — E*[du(X)] € T*
Also, note thatC(5y;) = dm(X) — E[6u(X)] converges in mean-square &§X) —
E[8(X)] = 8(X) by 8§(X) having finite mean-squar&herefore §(X) is in the mean-
square closure of (7 *). u

LEMMA A .4. If Assumptions 3.1 and A.1 are satisfied theb(v = —£)Xs(g, X) +
E[1l(v = —£)Xs(e, X)] € 7.

Proof. Let T¢ = {y* = 0) and defines(e, X) = 1(T){s(e, X) — E*[s(e, X)|T, X]}.
Note thatE|s(e, X)|X] = E*[8(e, X)|T, X] = 0. Also, E*[|| X]|28(¢, X)2] = P*(T) X
E[IX]%s8(e, X)?] = P*(T)E[|X|*E[8(s, X)?| X]] = P*(T)E[|X|*Var(s(e, X)|X)] =
P*(T)E[IX|*E[s(e, X)?|X]] = P*(T)E[| X|*s(e, X)?] = E*[| X|*s(e, X)?] < 0. Con-
sider4 > £ and the case where = —v. By the definition of£, m(¢) will be nonzero
on & < —u. Therefore E*[1(T¢)m(g)?|X] > 0. Let A(X) = E*[(L(T),1(T®) X
m(e))’ (1, m(g))|X]. Note that byE*[m(g)|X] = 0, we haveE*[1(T¢)m(e)|X] =
—E*[1(T)m(e)|X], and hence

Det(A(X)) = E*[L(T®)m(e)*| X]E*[1(T)|X] — E*[L(T)m(e) [ X]E*[1(T)m(e)| X]
= E*[1(T®)m(e)?|X]E*[1(T)[X] + E*[L(T¢)m(e)| X]* > 0
(v=—4).

Let D(X) = 1(v = —&)E*[5(g, X)(1, m(g))| X]A(X)~% M be some positive constant
and

5(8,X) = =X-1(v = —4)-1(ID(X)]| = M)-[8(, X) = D(X)(L(T),1(T*)m(e))'].

By the definition ofD (X), it follows thatE*[5(1, m(&))| X] = 0. Also, E*[§'8] < co by
E*[m(e)?| X|?] < oo andE*[|| X|?3(e, X)?] < co. By Lemma A5 of Newey and Pow-
ell (1990, § is in the tangent sef * for the latent modelNote also that (T ) is zero in
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the observed data and thatTl) — E*[1(T)|T] = 0 in the observed dataso that
C(L(T),L(T)m(e))) = 0. Also, C(5(e, X)) = 8(&, X). Therefore

C(8) =1v=—4)-1(|D(X)| = M)-(—X5(g, X)).

It then follows as in the proof of Lemma.Athat I(v = —£)[—X3(e, X)] € 7. Further-
more by Lemma A3,

1v = —£)XE*[s(e, X)|T,X] — E[1(v = —£)XE*[s(e, X)|T, X]]
=1(v = —£)XE*[s(e, X)|T,X] — E[1(v = —&)Xs(g,X)] € T
Then linearity of7 and subtraction give the conclusion n

Proof of Theorem 4.1. Let §(e, X) be as defined ifA.1) with £ replacingf. As
shown in the proof of TheoremB E*[8(g, X)(1, m(g))|X] = 0 andE*[|8 (e, X)|?] <
oo, so thatC(8) € 7. Note that bym(e) zero fore = 4, 1(v > —&)m(e) = L(T)1(v >
—4)m(e), so thatC(X-1(v > —4£)-w*(X)m(g)) = S. Therefore

C(6) = —1(v > —4)Xs(&,X) + E[L(v > —4&)Xs(e,X)] - S € T.

By Lemma A4, linearity of 7, and summing it then follows th&; - S € 7, i.e, S =
S; — t,t € 7. Also, note thatE*[1(T)S|X] = X X w*(X)E*[1(T)1(v > —4)m(e)|X] =
XX W*(X)E*[1(v > —£)m(3)|X] = X1(v > —4)E*[m(g)|X] = 0. Therefore for any
o satisfyingE*[5 (e, X)m(e)| X] = 0.
E[S'C(8)] = E*[L(T)S{8(e,x) — E*[8(e, X)[TI}/P*(T)
=E*[L(T)S'8(e,X)]/P*(T)
= E*[E*[S'8(e, x)|X]]/P*(T)
=E*[X1(v > —£)E*[m(e)d (e, X)|X]]/P*(T) =0,

where the third equality follows by(T)S = S in the latent modelThen because7 is
the mean-square closure of objects of the faitd), it follows thatS is orthogonal to
the tangent set |

Proof of Theorem 4.2. Let q(z,8) = w(X)[q(y — max{X’'B,—£}) — q(e)]. It fol-
lows as in the proof of TheoremBthat for ally (positive or negativg

la(z Bl = Cw)IXI,  la(z B) —a(z B)l = Cw(X)IX]]B - Bl

It follows thatE*[1(T°)|q(z, B)|] = CE*[L(T®)w(X)| X|] is finite. Also, becausey(s)
is constant foe = £ and —max{X'B,—£}) = £, we have 1T°)q(y — max{X'B,—{}) =
1(T°)q(4). Therefore
Ela(z,B)] = E*[L(T)a(z,B)I/P*(T)

=E*[a(z,B)]/P*(T) — E*[L(T®)a(z B)]/P*(T)

= E*"[q(z B)]I/P*(T) — E*[L(T)w(X){q(£) — q(&)}]/P*(T).
That is E[q(z, B)] = CL:E*[q(z B)] + C, for constantsC; > 0 andC,. It follows that
the maximum ofE[q(z, B)] will coincide with the maximum oE*[q(z B)], which has
a unique maximum g8g, as shown in the proof of Theoreml13 Furthermorebecause

g(e) is constant below, it is also linear belowk, and soE*[q(z, 8)] inherits all the
propertiesE[q(z, 8)] has in the censored case particular E[q(z, 8)] = E[q(z, Bo)] +
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(B — Bo)'Q(B — Bo)/2 + o(| B — Bol?), as in the proof of Theorem.B Thus condi-
tions (i), (ii), and (iv) of Lemma A2 are satisfiedCondition (iii) of Lemma A2 also
follows as in the proof of Theorem B so that the conclusion follows from the conclu-
sion of Lemma A2. u

Proof of Theorem 4.3. This follows by extending the results for the censored case
to the truncated case analogously to the proof of Theor@n 4 u

Proof of Theorem 5.1. By (11) the conditional moment restriction is satisfied in the
latent data a8 = Bo, so thatvn(B — Bo) -5 N(0,Q13Q 1) by the conclusion of
Theorem R and 42. Also, by independencel = d(X) andE*[m(e — w)?|X] = o2 so
that in the censored casg= d-M and3 = o ?A. In the truncated case

Q = E[w(X)1(v > —£)d(X)XX/II(x)] = d-M,
3 = E[w(X)21(v > —&)E*[m(e)?| X]XX/TI(X)] = o 2A,

so that the first conclusion also holdsor the second conclusipmote that forY =
w(X)1(v > —¢€)X andU = 1(v > —¢)X, in the censored case

M~AM 1 — (E[1(v > —€)XX'])?
= (E[YU'DE[YY](E[UY'])* = (E[UU'])*
= (E[YU' ) HE[YY'] - E[YU'J(E[UU'])*E[UY']}(E[UY']) "},

that is positive semidefinite by the matrix in the angle brackets being positive semi-
definite In the censored case the same result holds &([th replaced bye[(-)/T1(X)].

For the third conclusionnote that similarly to the proof of Theorem33 & =
SPL1b; > —€)/n 2 E[1(v > —€)] = «, whereasa-d (&-ds) is the upper left ele-
ment ofQ(Q5) anda -d the upper left element &. Thena-d 2 «-d anda-ds — a-d
follow as in the proof of Theorem.3, except that here the sixth momentsXofire not
needed to exist by virtue of only requiring convergence of the upper left eleméht of

|

Proof of Theorem 5.2. We consider first the case wherseis constant Let A
satisfy the conditions of the theoremo thatWAG has full column rankBy W posi-
tive semidefinite G’A'WAG is nonsingularFor p = p(z,0y) let Y = G’A'WAp and
U = G'Q7p. Note thatE[YU'] = G'AWAQQ~G = G'AWAQLQOF = G'AWAG
Also note thaE[UU '] = G’'Q~ Q0 G = F'QO0~ Q0 OF = F’QF is nonsingularFur-
thermore the asymptotic variance of a GMM estimator basedAén= G'Q~ will be
invariant toW (which has the same dimension @sand will be equal tqdE[UU'])" %
Therefore the difference of asymptotic variances for a GMM estimator witland
W and that withA* is (G’AWAG)G’AWAQLAWAGG'AWAG) — (G'Q"G)™* =
(E[UY'DE[YY'](E[YU'])t — (E[UU']D) L which is positive semidefinite by the
proof of Theorem 5.

Now consider the general case afmt notational convenien¢esuppress the argu-
ments For the moment leY = Ap andU = F’p. Then there exist a random vectsr
with nonsingular variance and a mat&xwith full column rank such tha¥ = BX. Note
that

E[AG] = E[AQF] = E[YU'] = BE[XU’] = BE[XX']B'B(B'B)"}(E[XX'])*E[XU’]
= E[AQA']B(B'B) L(E[XX']) *E[XU"].
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Therefore E[AG] is in the range oE[AQA']. It follows then from the preceding proof
that the variance minimizing choice &% is (E[AQA’])~ and the corresponding as-
ymptotic variance iSiE[G'A’](E[AQA']) E[AG]} % Now letU = F’p andY =
E[G'A](E[AQA ])"Ap = E[F'QA'](E[AQA'])"Ap. ThenE[YY'] = E[YU’], so that
the difference of the asymptotic variances is

{E[G'AP](E[AQA]) E[AG]} 1 - (E[G'Q G])?
={E[F'QA ](E[AQA']) E[AQF]} 1 — (E[F'QQ QF]) !
= (E[YY' Dt —(E[UU']D™
= (E[YU'DME[YY'] - E[YU J(E[UU'])*E[UY'JHE[YU' )
The conclusion then follows as in the proof of Theorerh 5 |

Proof of Theorem 5.3.1t follows similarly to equation(12) that Q(x) =
1(x)'T(x)®I(x)'l (x) andG(x) = —1(x)'l (x)[D-x’,diag(D)]. In the truncated cagg(x)
and Q(x) are the same divided by (x). By ® nonsingularl (x)®I (x)’ is alsa It fol-
lows that

I (x)[D-x’,diag(D)] = 1 (x)®I (x)'l (X)F(x),
F(x) =1(x)'[1(x)®I (x)'] *[Dx’diag(D)].

Thus G(x) = Q(x)F(x). Then the conditions of TheoremZare satisfiedAlso, be-
causel (x)1 (x)" is an identity matrix a generalized inverse af(x) is Q(x)~ =
I(x)'[1(x)@I(x)'] 1 (x) in the censored case and this quantity multipliedIbyk) in
the truncated cas@henG(x)'Q2(x)~ is equal to the expression in the statement of the
result n

Proof of Theorem 5.4. From the definition ofy(z, 6) it follows that there is a matrix
K(x,0) such thatg(z,0) = K(x,0)p(z60). Therefore any GMM estimator based on
g(z,0) is also a GMM estimator based qr(z,6) and hence is no more efficient than
the one withA*(x). Let A" be a neighborhood dfy such thatyj 1 + 4.1 < yj—1 +
k;_y for all 6 € N. Let|; denote g X j identity matrix Note that in the eventy;,, —
ki1 = X'B > —y — 4, 1(x,0) =[1;,0] andgk(z 6) = 0 for all k # j. Then for the
constant matrixt; = [1;,0], in the same event

A*(x)p(z,0) = [Dx’,diag(D)]"H; (H, ®H/) *H; p(z,0) = B; g;(z,0),
D'H/(H;®H/)™*H, ® [0,1]
% | diag(D)H;(H, oH) H,(L0) |
Because for each of these intervals at most ongi¢z, 0) is zerq it follows that for
0 €N, A (X)p(z,0) = =;_,B,9'(z,0) = By(z0), for B =[By,..., B;]. It follows that

the estimator withA(x) = A*(x) is a GMM estimator and hence is no more efficient
than the best GMM estimator |
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