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Censored and truncated regression models with unknown distribution are impor-
tant in econometrics+ This paper characterizes the class of all conditional moment
restrictions that lead to!n-consistent estimators for these models+ The semipara-
metric efficiency bound for each conditional moment restriction is derived+ In the
case of a nonzero bound it is shown how an estimator can be constructed and that
an appropriately weighted version can attain the efficiency bound+ These estima-
tors also work when the disturbance is independent of the regressors+ The paper
discusses combining conditional moment restrictions for more efficient estima-
tion in this case+

1. INTRODUCTION

Censored and truncated regression models are important for econometric data
with a limited dependent variable+ Unlike regression models without censoring
or truncation, consistency of maximum likelihood estimators depends on the
distributional specification+ This property has motivated a search for estimators
that are robust to distributional assumptions+ This work includes Powell~1984,
1986a, 1986b!, Newey ~1987, 1989!, Lee ~1992, 1993!, Honore and Powell
~1994!, and others+

In this paper we characterize the class of all conditional moment restrictions
that lead to!n-consistent estimators for censored and truncated regression+We
derive the semiparametric efficiency bound for each conditional moment restric-
tion and show when it is nonzero+ For the nonzero cases we describe how an
estimator can be constructed and show that an appropriately weighted version
can attain the semiparametric bound+

Because independence of disturbance and regressors will imply any condi-
tional moment restriction, all the estimators will work in the independence case+
Here we discuss how to combine several moment restrictions in both censored
and truncated regression models+

In relation to previous work, the semiparametric efficiency bounds for the
censored case generalize results of Newey and Powell~1990! and for the trun-
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cated case are new+ Also, the censored regression estimators given here are
based on a conditional moment restriction described by Newey~1989! that
generalizes the moment restriction of Powell~1986a!+ Lee ~1992! considers
construction of!n-consistent estimators from a special case of these moment
conditions+ The truncated regression moment restriction is similar to that of
Newey~1987! and generalizes Lee~1993!+ Here we dispense with the symme-
try assumption imposed by Lee~1992, 1993!+ Also, we generalize previous
results by characterizing the entire class of useful moment conditions+ This
leads to estimators that have improved properties over those previously
proposed, including asymptotic efficiency and ease of asymptotic variance
estimation+

2. THE MODEL

It is convenient to describe the class of models we consider in terms of a latent
regression+ Let m~«! be some scalar function+ Then a latent regression equation
with a conditional moment restriction can be described as

y* 5 X 'b0 1 «, E* @m~«!6X # 5 0, (1)

whereX andb areK 3 1 vectors of regressors and parameters andE* @{# de-
notes the expectation in the latent regression+ Each such condition corresponds
to the location restrictionm~X! 5 0 for m~X! solvingE* @m~« 2 m~X!!6X# 5 0+
For example, if m~«! 5 « then« has conditional mean zero, whereas ifm~«! 5
1~« . 0! 2 1~« , 0! then« has conditional median zero+ Other specifications
of m~«! correspond to other location restrictions, some of which are less famil-
iar than the median and mean+

Censored and truncated regression models are ones where~ y*,X ! is only
partially observed+ For censored regression,

y 5 max$0, y* % ~Censored regression!+ (2)

For truncated regression we have

~ y*,X ! only observed ify* . 0 ~Truncated regression!+ (3)

These models are familiar in econometrics, and we focus on them to keep the
exposition relatively simple+ Our results could be extended to other models,
including censored regression where the censoring point varies withX or cen-
soring occurs above and also below+

In the latent model, where~ y*,X ! is always observed, it is well understood
how to use a conditional moment restriction to estimateb0+ Equation~1! im-
plies that for any vector of functionsA~X ! the unconditional moment re-
striction E* @A~X !m~ y* 2 X 'b!# 5 0 will be satisfied atb 5 b0 ~assuming
expectations exist!+ This moment condition could be used to form a generalized
method of moments~GMM ! estimator in the usual way+ However, consistency
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of a GMM estimator requires thatb0 be the unique solution to the moment equa-
tion, which is difficult to show+ This identification problem motivates obtaining
Zb from minimizing a corresponding objective function that “integrates back from”

m~«!+ It is often easier to show that such an objective function has a unique min-
imum+ To this end, let q~«! 5 *0

« m~u! du 1 C, whereC can be any constant+
Also, let w~X ! $ 0 be a weight function that will be important for the effi-
ciency discussion that follows+ Then the moment restrictionE* @w~X!Xm~«!# 5 0
will be the first-order condition forE* @w~X !q~ y* 2 X 'b!# to have an extre-
mum~min or max! atb0+ Assume that the sign ofm~«! is chosen so thatd~X ! 5
]E* @m~« 1 a!6X #0]a6a50 $ 0+ ThenE* @w~X !d~X !XX'# will be positive semi-
definite, the necessary second-order condition forE* @w~X!q~y*2 X 'b!# to have
a minimum atb0+ ThenE* @w~X !q~ y*2 X 'b!# becomes a function whose min-
imization corresponds to the moment restrictionE* @w~X !Xm~ y* 2 X 'b!# 5 0+
The sample analog to the minimizer ofE* @w~X !q~ y* 2 X 'b!# is

Zb 5 argmin
b

(
i51

n

w~Xi !q~ yi
*2 Xi

'b!+ (4)

The identification condition for consistency of this estimator is that
E* @w~X !q~ y* 2 X 'b!# has a unique minimum atb0, which is easier to show
than thatE* @w~X !Xm~ y* 2 X 'b!# 5 0 has a unique solution+

It turns out that in censored and truncated models an analogous approach
works for some conditional moment restrictions and that for the rest no
!n-consistent estimator exists+ The nonexistence result will follow from the
form of the semiparametric efficiency bound for this model+ This bound is the
infimum of the information bounds forb for regular parametric submodels
~e+g+, for the definition of regular, see Newey, 1990!+ It can often be com-
puted by a projection+ Define the tangent setT to be the mean-square closure
of the set of all scores for parameters of the distribution of~«,X ! in paramet-
ric submodels passing through the truth and satisfying~1! and letSb denote
the score forb+ Define the efficient scoreS to be the residual from the mean-
square projection ofSb on T, assumingT is linear+ If E @SS '# is singular then
no !n-consistent, regular estimator exists, whereas ifE @SS '# is nonsingular
then its inverse provides a bound on the asymptotic variance of regular
!n-consistent estimators+ Here we find thatS is zero except for certain cases
where the moment condition leads to a!n-consistent estimator analogous to
that in ~4!+ We also find that the asymptotic variance of this estimator is equal
to the semiparametric bound whenw~X ! is chosen to have a certain form+

3. CENSORED REGRESSION MODELS

For censored regression any moment condition wherem~«! is constant for all«
small enough leads to!n-consistent estimation+ The fact thatm~«! is con-
stant below a certain value means that whenX 'b is large enough, the function
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m~ y 2 X 'b! will have the same value at the censoredy as the latenty, leading
to the conditional moment restriction being satisfied in the censored data+ Fig-
ure 1 illustrates how this occurs+

To be precise, let , equal the supremum of all points wherem~«! is constant
below that point, i+e+, , 5 sup$ S« :m~«! 5 m~ S«!∀« # S«%, where we take, 5
2` if the set is empty+ Then

1~X 'b . 2,!m~ y 2 X 'b!

5 1~2X 'b , ,!$1~ y 5 0!m~2X 'b! 1 1~ y . 0!m~ y 2 X 'b!%

5 1~2X 'b , ,!$1~ y* # 0!m~,! 1 1~ y* . 0!m~ y* 2 X 'b!%

5 1~X 'b . 2,!m~ y* 2 X 'b!, (5)

where the second and third equalities hold bym~2X 'b! 5 m~,! 5 m~ y 2 X 'b!
for 2X 'b # , andy # 0 and byy 5 y* for y* . 0+ Letting E @{# denote the
expectation in the censored data, and noting thatE @{# 5 E* @{# , leads to the
conditional moment restriction

E @1~X 'b0 . 2,!m~ y 2 X 'b0!6X # 5 1~v . 2,!E* @m~«!6X # 5 0, (6)

wherev 5 X 'b0+
As discussed in Section 2, integrating back to an objective function can lead

to better identification conditions+ To integrate back, note that for a scalara,

1~a . 2,!m~ y 2 a! 5 2dq~ y 2 max$a,2,%!0da, (7)

except wherea 5 2,+ This means thatE @w~X !X{1~v . 2,!m~ y 2 v!# 5 0, as
implied by ~6!, is the first-order condition corresponding to minimization atb0

Figure 1. Censored regression moment condition+
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of E @w~X !q~ y 2 max$X 'b,2,%!# + An estimator based on the sample analog of
this minimization is

Zb 5 argmin
b[B (

i51

n

w~Xi !q~ yi 2 max$Xi
'b,2,%!, (8)

whereB is the set of possible values forb+ This estimator is the extension of
that of ~4! to censored regression+

Any functionm~«! that is constant below some, can be used in the construc-
tion of this type of estimator under the conditional moment restriction of equa-
tion ~1!+ The censored regression quantile estimators of Powell~1986a! are a
prime example, wherem~«! 5 1~« , 0! 2 a for some 0, a , 1+ Then equa-
tion ~1! holds if theath conditional quantile of« is zero+ Also, as long asX
includes a constant, the assumption that the quantile is zero can be replaced by
the assumption that the quantile is any constant without affecting the slopes
~coefficients of nonconstantX’s!+

The Winsorized mean estimator of Lee~1992! is another example, where
m~«! 5 21~« , 2c!c 1 1~2c # « # c!« 1 1~« . c!c+ Because this function
is continuous, no density estimation is required for a consistent estimator of the
asymptotic variance+

The moment condition of~6! is critically dependent onm~«! being constant
for all « small enough+ Without this property, no!n-consistent estimator will
exist+ This result follows from the form of the semiparametric information bound+
To derive that bound we impose the following condition+ Let `X denote the
probability distribution ofX andU denote Lebesgue measure+ Note thatd~X ! 5
]E @m~« 1 a!6X #0]a6a50+

Assumption 3+1+ ~«i ,Xi
'! is independent and identically distributed~i+i+d+!

with distribution that is absolutely continuous with respect toU 3 `X+ For `X-
almost allX there isf«~« 6X ! such thatf ~« 6X ! 5 *2`

« f«~u6X ! du andE* @~1 1
7X72!$11 *@ f«~u6X!20f ~u6X!# du%# , `, as a function ofa, E* @m~« 1 a!26X#
is bounded in a neighborhood of everya andE* @m~«!26X # . 0 with probabil-
ity one, Prob~v 5 2,! 5 0, andE* @7X72d~X !20E* @m~«!26X ## , `+

Let w*~X ! 5 ~E* @m~«!26X # !21d~X !+ We will also impose Assumption A+1
of the Appendix on the parametric submodels+

THEOREM 3+1+ If Assumptions 3.1 and A.1 are satisfied then the efficient
score is

S 5 w*~X !X{1~X 'b0 . 2,!m~ y 2 X 'b0!+

If E @SS '# is nonsingular then~E @SS '#!21 is the semiparametric variance bound.

Because the efficient score is identically zero unless, is finite, m~«! being
constant below some value is a necessary condition for existence of a~regular!
!n-consistent estimator+ That is, there will be no!n-consistent estimator un-
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less Zb from ~8! is available+ Furthermore, as shown subsequently, for w~X ! 5
w*~X !, the asymptotic variance ofZb will equal the bound+ In this sense there is
no additional information available to be used in estimation ofb0 other than
that used by Zb+

As examples consider the conditional median and mean zero cases+ In the
zero conditional median case, the functionm~«! 5 1~« . 0! 2 1~« , 0! is
constant below zero, leading to the efficient scoreS 5 2f ~06X !X{1~X 'b0 .
0!m~ y 2 X 'b0!+ In the conditional mean case, the functionm~«! 5 « is not
constant below any,, and hence the efficient score is zero+ Consequently, no
!n-consistent regular estimator will exist in this case+

This result sidesteps the identification question forb0+ Despite the lack of a
!n-consistent estimator, it could be thatb0 is identified “at infinity,” by ap-
proximate satisfaction ofE @m~ y 2 X 'b0!6X # 5 0 for large values ofX 'b0+
Chamberlain~1986! shows that this is possible for the sample selection model,
and similar reasoning may apply here+

To show!n-consistent of Zb it is useful to make additional assumptions+ Let

Q 5 E* @w~X !d~X !1~v . 2,!XX' # +

Assumption 3+2+ E* @m~« 1 a!6X # $ ~#! 0 for a $ ~#! 0, andQ exists and
is nonsingular+ Also, b0 [ interior~B!, B is compact, m~«! is bounded and con-
tinuous almost everywhere, andw~X ! $ 0 is bounded+

This condition imposes a “single crossing” property forE* @m~« 1 a!6X #:
that its sign does not change on either side ofa 5 0+ A simple sufficient con-
dition for single crossing is thatm~«! is monotonic increasing~i+e+, q~«! is con-
vex!+ Restricting attention to boundedm~«! does not seem too stringent, because
its lower tail must be constant anyway+ This restriction could be relaxed at the
expense of complicating the conditions+ With this condition in place we can
obtain a consistency and asymptotic normality result for the estimator+ Let S 5
E @w~X !21~v . 2,!m~«!2XX'# andV 5 Q21SQ21+

THEOREM 3+2+ If Assumptions 3.1 and 3.2 are satisfied then!n~ Zb 2
b0! d

&& N~0,V !. Furthermore, if w~X ! 5 w*~X ! 5 d~X !0E @m~«!26X # then
V 5 ~E @SS '# !21.

This result also shows that the weightedm-estimator would attain the semi-
parametric efficiency bound if the weight was equal tow*~X !+ In this sense
there is no information lost from using an estimator like that of~8!+

An asymptotic variance estimator is needed for large sample inference pro-
cedures based on Theorem 3+2+ Here it is important to use a “heteroskedasticity
consistent” estimator, analogous to that of Powell~1984!+ This can be formed
in the usual way as ZQ21 ZS ZQ21 for estimators ZQ and ZS+ An estimator of ZS
is straightforward to construct, as

ZS 5 (
i51

n

1~ [vi . 2,!w~Xi !
2m~ yi 2 [vi !2Xi Xi

'0n,
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where [vi 5 Xi
' Zb+ An estimator ofQ is more difficult, because it involves the

derivatived~X ! 5 ]E @m~« 1 a!6X #0]a6a50+ If m~«! 5 *0
« m«~u! du 1 C for

somem«~«! that is continuous almost everywhere and a constantC then

ZQ 5 (
i51

n

1~ [vi . 2,!w~Xi !m«~ yi 2 [vi !Xi Xi
'0n

will do+ Otherwise, d~X ! will need to be approximated+ This may be done by a
numerical derivative, as in

ZQd 5 (
i51

n

w~Xi !Xi Xi
' ZDid 0n,

ZDid 5 q~ yi 2 max$ [vi 1 d,2,%! 1 q~ yi 2 max$ [vi 2 d,2,%!

2 2q~ yi 2 max$ [vi ,2,%!0d2+

The following result shows consistency of the corresponding estimators+

THEOREM 3+3+ Suppose that Assumptions 3.1 and 3.2 are satisfied. If m~«! 5
*0

« m«~u! du 1 C and m«~«! is continuous almost everywhere then
ZQ21 ZS ZQ21 p

&& V. Also, if X 5 ~1, x ' !', E @w~X !7X76# , `, d r 0, and
n104d r ` then ZQd

21 ZS ZQd
21 p

&& V.

Imposing the sixth moment condition simplifies the proof of this result, al-
though it could probably be weakened+ Also, it would be useful to have guide-
lines for the choice ord in practice, but these are beyond the scope of this
paper+

Although precise regularity conditions for feasible efficient estimation are
beyond the scope of this paper, the construction of efficient estimators can be
described+ One approach involves estimating the optimal weight by nonpara-
metric regression, analogously to Robinson~1987! and Newey and Powell
~1990!+ Let [nj ~X ! be nonparametric weights satisfying(i51

n [nj ~X ! 5 1 ~e+g+, as
for a kernel estimator where[nj ~X ! 5 K~~X 2 Xj !0h!0(i51

n K~~X 2 Xi !0h! for a
kernel functionK~{! and a bandwidthh!+ Then estimators of the optimal weights
are, for [«i 5 yi 2 [vi ,

[w~X ! 5 (
i51

n

[ni ~X !1~ [vi . 2,!m«~ [«i !Y(
i51

n

[ni ~X !1~ [vi . 2,!m~ [«i !
2, or

[w~X ! 5 (
i51

n

[ni ~X !1~ [vi . 2,! ZDidY(
i51

n

[ni ~X !1~ [vi . 2,!m~ [«i !
2+

Then [w~X ! could be used in place ofw~X ! in equation~8!+ Alternatively, a
one-step version of the estimator could be formed using an initial estimatorZb,
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by constructing EQ as either ZQ or ZQd as given previously with [w~X ! replacing
w~X ! and then

Db 5 Zb 2 EQ21 (
i51

n

Xi [w~Xi !1~ [vi . 2,!m~ [«i !0n+

As long asni ~X ! do not became too “peaked” atXi too fast~and d does not
shrink too fast!, these estimators should be asymptotically efficient+

Another approach to efficient estimation is GMM based on a “rich” set of
unconditional moment restrictions, analogously to Chamberlain~1987! and
Newey ~1993!+ Let A~X ! be anr 3 1 vector of functions ofX+ Note that the
moment restrictionsE @A~X !1~v . 2,!m~«!# 5 0 will hold+ Let Zb be an initial
estimator and

EV 5 (
i51

n

A~Xi !A~Xi !
'1~ [vi . 2,!m~ [«i !

20n,

EG 5 2(
i51

n

A~Xi !Xi
'1~ [vi . 2,!m«~ [«i !0n or

EG 5 2(
i51

n

A~Xi !Xi
'1~ [vi . 2,! ZDid 0n+

Then a one-step GMM estimator is given by

Db 5 Zb 2 ~ EG' EV21 EG!21 EG' EV21 (
i51

n

A~Xi !1~ [vi . 2,!m~ [«i !0n+

As long as the dimension ofA~X ! grows slowly enough with the sample size
and the elements ofA~X ! are chosen so that they can approximate in mean-
square any function ofX, this estimator should be asymptotically efficient+

4. TRUNCATED REGRESSION MODELS

For truncated regression the special characteristic that leads to a useful mo-
ment condition is thatm~«! is zero for all« small enough+ That feature means
that for X 'b large enough, m~ y* 2 X 'b! 5 0 asy* goes from 0 to2`, so the
conditional distribution ofm~ y 2 X 'b! will be the same in the truncated and
latent data+ Hence the conditional moment restrictionE @m~ y 2 X 'b0!6X # 5 0
will be satisfied forX 'b0 large enough+ Figure 2 illustrates this condition+

To be precise, let k equal the supremum of all points wherem~«! is zero
below that point; i+e+, k 5 sup$ S« :m~«! 5 0∀« # S«%, where we takek 5 2`
if the set is empty+ For P~X ! 5 E* @1~ y . 0!6X # note that E @{6X # 5
E* @1~ y . 0!~{!6X #0P~X !+ Also, becausem~«! is zero belowk, m~ y 2 v! 5 0
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for y # 0 and2v # k, so that 1~ y # 0!1~v . 2k!m~ y 2 v! 5 0+ Then we
have

E @1~X 'b0 . 2k!m~ y 2 X 'b0!6X #

5 P~X !21E* @1~v . 2k!1~ y . 0!m~ y 2 v!6X #

5 P~X !21E* @1~v . 2k!m~«!6X # 5 P~X !211~v . 2k!E* @m~«!6X #

5 0+ (9)

Integrating back to an objective function as was done in Section 3 leads to the
estimator

Zb 5 argmin
b[B (

i51

n

w~Xi !q~ yi 2 max$Xi
'b,2k%!+ (10)

Any functionm~«! that is zero below somek can be used in the construction
of this type of estimator, under the conditional moment restriction of equation
~1!+ For example, a function similar to that of Newey~1987! would bem~«! 5
1~« . 0! 2 g{1~« . c! for g . 1, c . 0+ Here the conditional moment restric-
tion is thatP*~« . 06X ! 5 gP*~« . c6X !, whereP*~A! denotes the probabil-
ity of an eventA in the latent data+ Another example is Lee’s~1993! estimator,
wherem~«! 5 1~2c # « # c!«+ Here the restriction isE* @«62 c # « # c# 5 0+
This example is a special case of a class wherem~«! is an odd function that is
zero above some valuec+

Figure 2. Truncated regression moment condition+
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A new estimator can be obtained by choosingm~«! to be an odd function
where for « . 0, m~«! 5 1~0 , « , c!@c« 2 «2# + In contrast to previous
examples, m~«! is continuous here, so that density estimation is not needed to
estimate the asymptotic variance ofb+ This seems to be the first moment con-
dition estimator for the truncated regression model where nonparametric meth-
ods are not required for estimation of the asymptotic variance+

The analysis of the properties of this estimator is analogous to those of the
censored regression case in Section 3+ If m~«! is not zero below some value
then no!n-consistent estimator will exist, and the semiparametric efficiency
bound will correspond to the asymptotic variance ofZb for w~X ! 5 w*~X ! 5
d~X !0E *@m~«!26X # + The semiparametric efficiency bound is given in the fol-
lowing result+

THEOREM 4+1+ If Assumptions 3.1 and A.1 are satisfied and with probabil-
ity one the support of f~« 6X ! is R, then the efficient score is

S 5 w*~X !X{1~X 'b0 . 2k!m~ y 2 X 'b0!+

If E @SS '# is nonsingular then~E @SS '#!21 is the semiparametric variance bound.

Asymptotic normality will also hold under conditions similar to those in Sec-
tion 3+ Here let

Q 5 E @w~X !1~v . 2k!d~X !XX'0P~X !# ,

S 5 E @w~X !21~v . 2k!m~«!2XX' # , V 5 Q21SQ21+

The following result gives asymptotic normality+

THEOREM 4+2+ If Assumptions 3.1 and 3.2 are satisfied and P*~ y . 0! . 0
then !n~ Zb 2 b0! d

&& N~0,V !. Furthermore, if w~X ! 5 w*~X ! 5 d~X !0
E* @m~«!26X # then V5 ~E @SS '# !21.

Here it should be noted thatm~«! being zero below some value rules out
m~«! being monotonic, so that other primitive conditions for the “single cross-
ing” identification condition of Assumption 3+2 must be found+ One such con-
dition is that the conditional distribution of« givenX is symmetric~in «! around
zero with unimodal conditional density and thatm~«! is an odd function that is
nonnegative for« $ 0+ Then, for some choice ofC, 2q~«! 5 2*0

« m~t ! dt 2 C
will be proportional to a unimodal symmetric density function, so that as in
Bierens~1981, Lemma 3+2+1!, 2E @q~« 1 a!6X # is proportional to a unimodal
density function as a function ofa+ This unimodality property will imply that
E @m~« 1 a!6X # 5 2]$2E @q~« 1 a!6X #%0]a is nonnegative fora $ 0 and
will give the single crossing property of Assumption 3+2+

A consistent estimator of the asymptotic variance can be formed in a way
analogous to that for censored regression+ Let ZS, ZQ, and ZQd be exactly as spec-

872 WHITNEY K. NEWEY

https://doi.org/10.1017/S0266466601175018 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466601175018


ified in Section 3 withk replacing, in the formulae+ The following result shows
consistency of the corresponding estimators+

THEOREM 4+3+ Suppose that Assumptions 3.1 and 3.2 are satisfied and
P*~ y* . 0! . 0. If m~«! 5 *0

« m«~u! du 1 C and m«~«! is continuous almost

everywhere then ZQ21 ZS ZQ21 p
&& V. Also, if X5 ~1, x '!', E @w~X !7X76# , `,

d r 0, and n104d r ` then ZQd
21 ZS ZQd

21 p
&& V.

Feasible efficient estimators could be constructed by estimating the optimal
weight or by GMM in ways exactly as described in Section 3, with k replacing
,+ For brevity the details are omitted+

5. INDEPENDENCE OF « AND X

The sensitivity of the efficiency bound results to the form of conditional loca-
tion restriction is troubling+ For instance, for censored regression the param-
eters can be!n-consistently estimated when the disturbance has conditional
median zero but not under conditional mean zero+ Some economic models do
imply specific location restrictions, such as conditional mean restrictions in ra-
tional expectations models+ Often though, we do not have strong a priori rea-
sons for choosing one location restriction over another+

Things are different when the disturbance is independent of the regressors+
In that case, corresponding to each moment restriction should be a location
shift of « that satisfies it+ Consequently, if a constant is included in the regres-
sors, any conditional moment restriction will be satisfied at the true slopes and
some constant, including the ones that lead to!n-consistent estimation of cen-
sored or truncated regression+ Thus, any of the estimators will be!n-
consistent for the slope coefficients in the independence case+

To be specific, consider any functionm~«! such that there is somem with
E* @m~« 2 m!# 5 0+ Suppose thatX 5 ~1, x '!' includes a constant and partition
b 5 ~b1,b2

' !' conformably withX+ Then for Db105 b101 m and Db0 5 ~ Db10,b20
' !',

E* @m~ y* 2 X ' Db0!6X # 5 E* @m~« 2 m!6X # 5 E* @m~« 2 m!# 5 0+ (11)

So, a conditional moment restriction is satisfied in the latent data+ Conse-
quently, any of the estimators we have considered for the censored and trun-
cated regression models that are!n-consistent under some conditional
moment restriction should be!n-consistent under independence, for the slope
parametersb20+ The estimator of the constant will also be!n-consistent for
the original constant plusm+

It should be emphasized that the conditional moment restriction in~11! de-
pends on independence and not on any other restriction on the distribution of
the disturbance+ In particular, with independence, the symmetry assumption of
Lee ~1993! is not needed for the estimation of a truncated regression+ Although
symmetry is part of the primitive conditions for the single crossing property
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for truncated regression given in Section 4, it is not the fundamental identifica-
tion condition that leads to~11! being satisfied+

When « and X are independent, the asymptotic variance of the estimators
simplifies and the optimal weightw~X ! is equal to one+ By independence, nei-
ther d~X ! nor E* @m~«!26X # depends onX+ Let d 5 ]E* @m~« 2 m 1 a!#0
]a6a50 ands2 5 E* @m~« 2 m!2# + Then for censored regression, Theorem 3+2
will hold with

V 5 d22s2M21LM21, M 5 E @w~X !1~v . 2,!XX' # ,

L 5 E @w~X !21~v . 2,!XX' # + (12)

Furthermore, by a standard result~see the proof in the Appendix of Theo-
rem 5+1, which follows!, V is minimized ~in the positive semidefinite semi-
order! at w~X ! 5 1, where

V 5 d22s2~E @1~v . 2,!XX' # !21+

The components of this asymptotic variance can be estimated in a similar
way to that described in Section 3+ Let

Zd 5 F(
i51

n

1~ [vi . 2,!m«~ yi 2 [vi !GY(
i51

n

1~ [vi . 2,!,

Zdd 5 (
i51

n

1~ [vi . 2,! ZDidY(
i51

n

1~ [vi . 2,!,

[s2 5 F(
i51

n

1~ [vi . 2,!m~ yi 2 [vi !2GY(
i51

n

1~ [vi . 2,!,

ZVd 5 Zdd
22 [s2S(

i51

n

1~ [vi . 2,!Xi Xi
'0nD21

,

ZV 5 Zd22 [s2S(
i51

n

1~ [vi . 2,!Xi Xi
' 0nD21

, (13)

wherem~«! is assumed to be differentiable in the definition ofZd+ The estima-
tors ZVd and ZV are the analog for the independence case of those given in
Section 3+

For truncated regression an analogous simplification of the asymptotic vari-
ance occurs+ HereE @m~«!26X # 5 s20P~X !, so the asymptotic variance will be

V 5 d22s2M21LM21, M 5 E @w~X !1~v . 2,!XX'0P~X !# ,

L 5 E @w~X !21~v . 2,!XX'0P~X !# + (14)

Whenw~X ! 5 1 this expression simplifies to

V 5 d22s2~E @1~v . 2,!XX'0P~X !# !21+

However, unlike the censored regression model there is not a straightforward
way to estimate the components ofV+ Both d and s 2 involve expectation
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from the latent data+ Also, the presence ofP~X ! makes it difficult to estimate
E @1~v . 2,!XX'0P~X !# + Intuitively, the truncation induces dependence be-
tween« andX, so that one still has to use the “heteroskedasticity consistent”
estimator previously given+

The following result makes this discussion precise+

THEOREM 5+1+ If Assumptions 3.1 and 3.2 are satisfied, P*~ y* . 0! . 0
in the truncated case,« and X are independent, and X5 ~1, x ' !' then
!n~ Zb 2 Db0! d

&& N~0,V ! for V in equation (12) for the censored case and
equation (14) for the truncated case. Also, in each case V is minimized at
w~X ! 5 1. In addition, in the censored case, if m~«! is continuously differen-
tiable with bounded derivative thenZV p

&& V, whereas ifd r 0 and n104d r `
then ZVd

p
&& V.

It should be noted that Assumptions 3+1 and 3+2 simplify under indepen-
dence of«, e+g+, for f ~«! 5 f ~« 6X !, requiring only E* @7X72# and *@ f«~«!20
f ~«!# d« finite+

Because many estimators will be consistent for the slope coefficients under
independence, it is possible to choose from among a group of estimators the
most efficient one or to combine several different estimators for improved ef-
ficiency+ These approaches were suggested by Powell~1986a! for censored re-
gression quantiles, and they apply equally well to other moment conditions for
censored or truncated data+

It turns out that neither of these methods makes efficient use of information+
Intuitively, combining several restrictions generally leads to higher efficiency
than any of the individual ones and so dominates the highest efficiency from a
single restriction+ Furthermore, because of heteroskedasticity induced by the
presence of the trimming indicator 1~X 'b . 2,!, combining several restric-
tions turns out to be more efficient than combining the estimators obtained from
the individual restrictions+ Of course, these methods might have better small
sample properties, but as yet we do not know+

To describe efficient estimation from multiple conditional moment restric-
tions, let mj ~«!, ~ j 5 1, + + + , J! beJ functions of a scalar argument and,j ~or kj

in the truncated case! be as given previously withmj replacingm+ Reparameter-
ize so thatb denotes the slope coefficients andgj a separate constant for each
mj + Suppose that there isgj 0 such that forX 5 ~1, x ' !' and « 5 y 2 x 'b0,
E @m~« 2 gj 0!# 5 0, ~ j 5 1, + + + , J!+ Let u 5 ~b ',g1, + + + ,gJ!' and

r~z,u! 5 ~1~g1 1 x 'b . 2,1!m1~ y 2 g1 2 x 'b!, + + + ,1~gJ 1 x 'b . 2,J !

3 mJ~ y 2 gJ 2 x 'b!!'

~with kj replacing,j in the truncated case!+ Then

E @ r~z,u0!6x# 5 0+ (15)
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This vector of conditional moment restrictions can be used in GMM estima-
tion+ For a conformable matrix functionA~x! and [g~u! 5 (i51

n A~xi !r~zi ,u!0n,
an estimator ofu0 can be obtained by minimizing[g~u!' ZW [g~u!, where ZW is some
positive semidefinite matrix+

We focus here on the case with efficientA~x!, which minimizes the asymp-
totic variance+ To obtain the efficientA~x! we need to generalize the formula
of Chamberlain~1987! to allow for V~x! 5 E @ r~z,u0!r~z,u0!' 6x# to be singu-
lar+ Let G~x! 5 ]E @ r~z,u!6x#0]u6u5u0

and for any square matrixB let B2 de-
note any generalized inverse, satisfyingBB2B 5 B+

THEOREM 5+2+ If there is F~x! such that G~x! 5 V~x!F ~x! and
E @F~x!'V~x!F~x!# exists and is nonsingular, then among all A~x! and W5
plim~ ZW! positive semidefinite where WE@A~x!G~x!# has full column rank, the
asymptotic variance of theGMM estimator is minimized at A*~x! 5
G~x!'V~x!2.

Dridi ~1999! had previously derived a partial version of this result+
To apply this result to censored and truncated regression, let I ~x,u! be the

selection matrix such thatI ~x,u!r~z,u! consists of those elements ofr~z,u!
with gj 1 x 'b . 2,j ~with kj instead of,j in the truncated case!+ Also, for « 5
y 2 x 'b0 let F denote theJ 3 J matrix with Fjk 5 E* @mj ~« 2 gj 0!mk~« 2
gk0!# , dj 5 2]E* @mj ~« 2 gj 0 1 a!#0]a6a50, D 5 ~d1, + + + ,dJ!', diag~D! denote
a diagonal matrix with the elements ofD down the diagonal, andI ~x! 5 I ~x,u0!+
Also, let M~x! 5 @Dx ',diag~D!# ' @I ~x!FI ~x!'#21@Dx ',diag~D!# +

THEOREM 5+3+ If F and E* @M~x!# are nonsingular then, for censored and
truncated regression, the variance minimizing choice of A~x! is

A*~x! 5 2@Dx ',diag~D!# 'I ~x!@I ~x!FI ~x!' #21I ~x!+ (16)

An important feature of these optimal functions is that they consist of known
functions ofx and constant matricesd and F+ This allowsA*~x! to be esti-
mated without resorting to nonparametric methods+ In the censored case, di-
rect estimation of the constants that appear inA*~x! is possible+ Let Zu be
some preliminary estimator of the parameters+ For example, this estimator could
be constructed by obtainingZb from the estimator of equation~8! ~for some
m~«!! and, for dqj ~«!0d« 5 mj ~«!, [gj 5 argming (i51

n qj ~ yi 2 max$xi
' Zb 1

g,2,j %!+ Also, let Zdj ~or Zdjd! be as in equation~13!, with mj replacing
m, and let [vi 5 xi

' Zb, Z1ji 5 1~ [gj 1 [vi . 2,j !, [mji 5 mj ~ yi 2 [gj 2 [vi !, and
ZFjk 5 (i51

n Z1ji Z1ki [mji [mki 0(i51
n Z1ji Z1ki and ZI ~x! 5 I ~x, Zu!+ Then an estimator of

A*~x! is

ZA~x! 5 ZG~x!' ZI ~x!' @ ZI ~x! ZF ZI ~x!' #21 ZI ~x!, ZG~x! 5 ZI ~x!' ZI ~x!@ ZD{x ',diag~ ZD!# +
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A one-step efficient GMM and asymptotic variance estimator could then be
obtained as

Du 5 Zu 2 F(
i51

n

ZA~xi ! ZG~xi !G21

(
i51

n

ZA~xi !r~zi , Zu!, ZV 5S(
i51

n

ZA~xi ! ZG~xi !0nD21

+

This estimator will be asymptotically equivalent to GMM with the efficient
A*~x!, under regularity conditions like those already given+ For brevity this re-
sult is omitted+

In the truncated case direct estimation ofD andF is problematic, as a result
of the heteroskedasticity induced by the truncation+ This problem can be cir-
cumvented by noting that theV~x! varies discretely, shifting as each 1~gj 0 1
x 'b0 . 2,j ! changes+ Consequently, the conditional moment restrictions will
be “spanned” by unconditional ones based on an exhaustive set of outcomes
for these “trimming” indicators, leading to an efficient GMM estimator+

To describe this estimator, suppose thatj can been ordered such that

gj11,0 1 kj11 , gj,0 1 kj ~ j 5 1, + + + , J 2 1!+

Let Ij denote aj 3 j identity matrix, Hj 5 @Ij ,0# , and

g j ~z,u! 5 1~2gj11 2 kj11 $ x 'b . 2gj 2 kj !~Hj J X !r~z,u!

~ j 5 1, + + + , J 2 1!,

gJ~z,u! 5 1~x 'b . 2gj 2 kJ !r~z,u! J X,

g~z,u! 5 ~g1~z,u!', + + + , gJ~z,u!' !'+ (17)

The unconditional moment restrictionE @g~z,u0!# 5 0 is implied by equation
~15!+ A one-step efficient GMM estimator can be based on this restriction+ For
an initial estimator Zu like that given previously~with kj replacing,j ! let [vi 5
xi
' Zb, [«i 5 yi 2 [vi ,

ZVj 5 (
i51

n

gj ~zi , Zu!gj ~zi , Zu!'0n, ZV 5 diag~ ZV1, + + + , ZVJ !,

D1ji 5 1~2 [gj112kj11 $ [vi . 2 [gj 2 kj !,

ZGj 5 2(
i51

n

D1ji ~m1«~ [«i 2 [g1!, + + + ,mj«~ [«i 2 [gj !!
' J Xi Xi

'0n,

ZG 5 @ ZG1
' , + + + , ZGJ

' # '+

Alternatively, whenmj ~«! is not differentiable, one could replacemj«~ [«i 2 [gj !
by ZDijd in the construction of ZG, where ZDjid is defined likeDid with qj ~«! 5
*0

« mj ~t ! dt replacing q~«! and kj replacing ,+ Noting that ZV21 5
diag@ ZV1

21, + + + , ZVJ
21# , a one-step efficient GMM estimator is
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Du 5 Zu 2 ~ ZG' ZV21 ZG!21 ZG' ZV21 (
i51

n

g~zi , Zu!0n, ZV 5 ~ ZG' ZV21 ZG!21+

Under regularity conditions like those already given, this estimator will be as-
ymptotically normal+ For brevity, we omit this result, although we do use the
asymptotic variance formula to give the following theorem+

THEOREM 5+4+ The asymptotic variance ofDu is the same as aGMM esti-
mator based on moment functions A*~x!r~z,u0! .

One potential problem with this estimator is that the asymptotic distribution
approximation may be poor, as a result of the large number of moment restric-
tions+ The mutual orthogonality of theg j ~z,u! vector may mitigate that prob-
lem, but there still seem to be many moment restrictions+ An estimator that
used more of the structure ofA*~x! in its construction might have better prop-
erties+ The development of such an estimator is left to future work+

An interesting question concerns the efficiency of these estimators relative
to the variance bound derived by Cosslett~1987! for the censored case and
Bickel, Klaasen, Ritov, and Wellner~1993! for the truncated case+ In Newey
and Chipty~2000! it is shown that when enough censored regression quantiles,
or enough truncated moments in the truncated case, are combined the asymp-
totic variance of Db and Jgj approaches the semiparametric bound+ In this sense
the type of estimator developed here uses all of the information available in
censored or truncated regression with independent disturbance and regressors+
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APPENDIX

Throughout the AppendixC will denote a generic constant that may be different in dif-
ferent uses+ The following assumption is useful in the proofs of the semiparametric in-
formation bounds+

Assumption A.1. Parametric submodels correspond to latent densitiesf ~«,X6h! 5
f ~« 6X,h! f ~X6h! such that f ~« 6X,h1! f ~X6h2! is smooth in ~h1

' ,h2
' !', f ~« 6X,h0! 5

f ~« 6X !, and for almost allX, f ~« 6X,h! is a density for« that is smooth inh and with
*m~«!2f ~« 6X,h! d« bounded in a neighborhood ofh0+ Also, in the truncated case, for
u 5 ~b ',h '!', Probu~ y . 0! . 0 for u+

The proof of Theorem 3+1 will make use of the following lemma+ Let s~«,X ! 5
f«~« 6X !0f ~« 6X ! be the conditional location score for the densityf ~« 6X ! and Sb 5
2X{$1~ y . 0!s~«,X ! 1 1~ y 5 0!E @s~«,X !6y 5 0,X #% be the score forb in the cen-
sored case+

LEMMA A +1+ If Assumptions 3.1 and A.1 are satisfied then1~v # 2,!Sb [ T .

Proof. By Lemma A+5 of Newey and Powell~1990! it follows that the tangent set of
the latent model isT * 5 $d 5 d~«,X ! :E @d# 5 0, E @m~«!d6X # 5 0, E @7d72# , `%+
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Also, by Lemma A+2 of Newey and Powell~1990!, for C~d! 5 E @d6y, x# , it follows that
the tangent set of the observed data is the mean-square closure of the set$C~d! : d [ T %+
Consider any N, . ,+ Then forv #2 N,, m~«! is nonconstant on~2`,2v# , because2v$
N, . ,+ Let L 5 $« # 2v%+ Then forv $ 2,, Var~m~«!6L,X ! . 0, and henceA~X ! 5

E @1~L!~1,m~«!!'~1,m~«!!6X # is nonsingular+ For M . 0 let D~X ! 5 0 if P~L6X ! 5 0
and otherwise

D~X ! 5 E @1~« . 2v!~1,m~«!!s~«,X !6X #A~X !21,

1M 5 1~7D~X !7# M !{1~v# 2 N,!,

*t 5 2X{1M{$1~« . 2v!s~«,X ! 2 D~X !1~« # 2v!~1,m~«!!' %+

Note that

E @ *t~1,m~«!!6X #

5 2X{1M{E @$1~« . 2v!s~«,X ! 2 D~X !1~« # 2v!~1,m~«!!' %~1,m~«!!6X #

5 0,

where the last equality follows by the definition ofD~X !+ Also, *t has second moments
by Assumption 3+1, so thatt 5 C~ *t ! [ T+ Furthermore,

t 5 2X{1M $1~ y . 0!s~«,X ! 2 1~ y 5 0!D~x!E @~1,m~«!!' 6 y,X #%

5 2X{1M $1~ y . 0!s~«,X ! 2 1~ y 5 0!E @1~« . 2v!s~«,X !6X #0P~L6X !%

5 2X{1M $1~ y . 0!s~«,X ! 1 1~ y 5 0!E @s~«,X !6L,X #% 5 1M Sb ,

where the second equality follows by 1~ y 5 0!E @~1,m~«!!' 6y,X # being equal to the
first column of A~X ! divided by P~L6X !+ It follows that E @71~v # 2 N,!Sb 2 t 72# 5
E @7Sb721~7D~X !7 . M !1~v # 2 N,!# r 0 asM r `+ Therefore, 1~v # 2 N,!Sb [ T+
Finally, because Prob~v 5 2,! 5 0, 1~, , v # N,! r 0 almost surely asN, r ,, so by
the dominated convergence theorem, E @71~v # 2,!Sb 2 1~v # 2 N,!Sb72# 5 E @1~, ,
v # 2 N,!7Sb7 2# r 0 as N, r ,+ n

Proof of Theorem 3.1. Let

d~«,X ! [ 2X{1~v . 2,!{$s~«,X ! 1 w*~X !m~«!%+ (A.1)

By Assumption 3+1 this random variable has finite mean-square+ By Lemma 7+2 of Ibragi-
mov and Hasminskii~1981! and E @m~« 1 a!26X # bounded on a neighborhood of
a 5 0, E @m~« 1 a!6X # 5 *m~«! f ~« 2 a6X ! d« is differentiable ina at a 5 0 and
d~X ! 5 ]E @m~« 1 a!6X #0]a 5 2E @m~«!s~«,X !6X # + Then byE @s~«,X !6X # 5 0,

E @d~«,X !6X # 5 2X1~v . 2,!$E @s~«,X !6X # 1 w*~X !E @m~«!6X #% 5 0,

E @m~«!d~«,X !6X # 5 2X1~v . 2 N,!$E @m~«!s~«,X !6X # 1 w*~X !E~m~«!2 6X #%

5 0+ (A.2)

880 WHITNEY K. NEWEY

https://doi.org/10.1017/S0266466601175018 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466601175018


Therefore, C~d! 5 1~v . 2,!Sb 2 S [ T+ Then, by linearity of T and Lemma A+1,
Sb 2 S 5 C~d! 1 1~v# 2,!Sb [ T; i+e+, S 5 Sb 2 t for t [ T+ Furthermore, by ~1!, for
any d~«,X ! satisfyingE @d~«,X !6X # 5 0, E @d~«,X !m~«!6X # 5 0,

E @S 'C~d!# 5 E @S 'E @d~«,X !6y,X ## 5 E @E @S 'd~«,X !6y,X ##

5 E @w*~X !X '1~v . 2,!m~«!d~«,X !#

5 E @w*~X !X '1~v . 2,!E @m~«!d~«,X !6X ## 5 0,

where the third equality follows by equation~5!+ Then, becauseT is the mean-square of
objects of the formC~d!, it follows thatS is orthogonal to the tangent set+ Therefore, S
is the residual from the mean-square projection ofSb on the tangent set and hence is the
efficient score+ n

The following lemma is useful for the proofs of Theorems 3+2 and 4+2+

LEMMA A +2+ Consider an estimatorZb 5 argminb[B (i51
n q~zi ,b!+ If (i) Zb p

&& b0 [
interior~B!; (ii) there is b~z! with 6q~z, Db! 2 q~z,b!6 # b~z!7 Db 2 b7 and E@b~z!2# ,
` ; (iii) there is U~z! with E@U~z!# 5 0 and E@U~z!U~z!'# nonsingular such that with
probability one,@q~z,b! 2 q~z,b0! 2 U~z!'~b 2 b0!#07b 2 b07r 0 asb r b0; (iv) for
Sq~b! 5 E @q~zi ,b!# there is Q nonsingular with Sq~b! 5 Sq~b0! 1 ~b 2 b0!'Q~b 2

b0!02 1 o~7b 2 b072!; then!n~ Zb 2 b0! d
&& N~0,Q21E @U~z!U~z!'#Q21! .

Proof of Lemma A.2. By ~ii ! and the triangle inequality,

r ~z,b! 5 6@q~z,b! 2 q~z,b0! 2 U~z!'~b 2 b0!#07b 2 b076# b~z! 1 7U~z!7+

Then by~iii ! and the dominated convergence theorem, E @r ~z,b!2# r 0 asb r b0+ The
conclusion then follows by Example 3+2+22 of Van der Vaart and Wellner~1996!+ n

Proof of Theorem 3.2. Consider Ir 5 min$2X 'b,,% # , and r 5 min$2v,,% # ,+
Note that for« # ,, q~«! is linear in«+ Then fory* # 0, y*2 max$X 'b,2,% 5 y*1 Ir #
,, so that

q~ y 2 max$X 'b,2,%! 2 q~ y 2 max$v,2,%!

2 @q~ y* 2 max$X 'b,2,%! 2 q~ y* 2 max$v,2,%!#

5 1~ y* , 0!$q~ Ir ! 2 q~r ! 2 @q~ y* 1 Ir ! 2 q~ y* 1 r !#%

5 1~ y* , 0!$q~ Ir 2 r 2 @ y* 1 Ir 2 ~ y* 1 r !# !% 5 1~ y* , 0!q~0!+ (A.3)

Then, because none ofq~ y* 2 max$v,2,%!, q~ y 2 max$v,2,%!, 1~ y* , 0!q~0!, and
q~«! depend onb, and adding terms to the objective function that do not depend onb
does not change the minimum, it follows that for z 5 ~ y*,X !,

Zb 5 argminb[B ZQ~b!, ZQ~b! 5 (
i51

n

q~zi ,b!0n,

q~z,b! 5 w~X !@q~ y* 2 max$X 'b,2,%! 2 q~«!# + (A.4)
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Note thatq~z,b! is continuous inb+ Also, q~«! and max$v,2,% are Lipschitz in« and
v, respectively, so that

6q~z,b!6 # Cw~X !6v 2 max$X 'b,2,%6# Cw~X !7X7~7b71 7b07!

# Cw~X !7X7,

6q~z, Db! 2 q~z,b!6 # Cw~X !7X77 Db 2 b7+ (A.5)

It follows by a standard uniform law of large numbers thatOQ~ b! 5 E @q~z, b!#
exists and is continuous inb and that supb[B6 ZQ~b! 2 OQ~b!6

p
&& 0+ Because Zb 5

argminb[B ZQ~b!, consistency will follow from the standard argument ifOQ~b! is uniquely
minimized atb0+ By the definition ofq~{!, q~ y* 2 Ja! 2 q~ y* 2 a! 5 *y*2a

y*2 Ja m~u! du+
By m~«! bounded, 6@q~ y* 2 Ja! 2 q~ y* 2 a!#0~ Ja 2 a!6 # C, and by the fundamental
theorem of calculus andm~«! continuous almost everywhere, as Ja r a, @q~ y* 2 Ja! 2
q~ y* 2 a!#0~ Ja 2 a! r m~ y* 2 a! almost surely+ Therefore, by the dominated con-
vergence theorem, E @q~ y* 2 Ja! 2 q~ y* 2 a!6X #0~ Ja 2 a! 5 *@*y*2a

y*2 Ja m~u! du0
~ Ja 2 a!# f ~ y* 6X ! dy* r E @m~ y* 2 a!6X # + It follows that Sq~a,X ! 5 E @q~ y* 2 a! 2
q~«!6X # is differentiable ina with derivativeE @m~ y* 2 a!6X # + Then, by Assumption
3+2, Iq~a,X ! is increasing ina for a $ v, decreasing ina for a # v, having a global
minimum ata 5 v+ Furthermore, Sq~max$a,2,%,X ! also has a global minimum ata 5
v, because Sq~a,X ! is increasing ina for a $ v+ Therefore,

E @q~z,b!6X # 5 w~X ! Sq~max$X 'b,2,%,X ! $ w~X ! Sq~max$v,2,%,X !

5 E @q~z,b0!6X # + (A.6)

Now, for any b Þ b0 consider the eventA 5 $w~X ! . 0, v . 2,, d~X ! . 0, and
X 'b Þ v%+ Assumption 3+2 implies that ford 5 b 2 b0 Þ 0, E @w~X !d~X !1~v . 2,! 3
~v 2 X 'b!2# 5 d 'Qd . 0, to that Prob~A! . 0+ Also, it follows from the proof of
Theorem 3+1 thatE @m~ y* 2 a!6X # is differentiable ata 5 v with derivative2d~X !, so
that d~X ! 5 ]2 Sq~a,X !0]a26a5v+ When d~X ! . 0, Sq~a,X ! will have a unique local
minimum ata 5 v, which is a unique global minimum by the previous argument+When
A occurs, max$X 'b,2,% Þ v 5 max$v,2,%, so that

E @q~z,b!6X # 5 w~X ! Sq~max$X 'b,2,%,X ! . w~X ! Sq~max$v,2,%,X ! 5 E @q~z,b0!6X # +

Then by Prob~A! . 0, OQ~ b! 5 E @q~z, b!# 5 P~A!E @q~z, b!6A# 1 P~Ac! 3
E @q~z,b!6Ac# 5 P~A!E @E @q~z,b!6X #6A# 1 P~Ac!E @E @q~z,b!6X #6Ac# . P~A! 3
E @E @q~z,b0!6X #6A# 1 P~Ac!E @E @q~z,b0!6X #6Ac# 5 OQ~b0!+ Thus, the OQ~b0! has a
unique minimum atb0, giving Zb p

&& b+
We have now shown that condition~i! of Lemma A+1 holds+ Condition~ii ! follows by

~A+5!+ Now, for condition ~iii !, let A 5 $~ y*,X !: v Þ 2, andq~«! is continuously dif-
ferentiable aty*2 max$v,2,%% and note Prob~A! 5 1 by m~«! continuous almost every-
where and Prob~v5 2,! 5 0+ OnA, max$X 'b,2,% is linear inb in a neighborhood of
b0 with derivative 1~v . 2,!X at b0+ Also, on A, q~ y 2 a! is continuously differen-
tiable ata 5 max$v,2,% with derivative2m~ y 2 a!+ Then by the chain rule, on A,
q~ y 2 max$X 'b,2,%! is differentiable with derivative2m~ y 2 max$v,2,%! 3
1~v . 2,!X 5 21~v . 2,!m~«!X 5 U~z!+ BecauseE @U~z!# 5 E @E @U~z!6X ## 5
2E @1~v . 2,!E @m~«!6X #X # 5 0 andE @U~z!U~z!'# 5 S, condition ~iii ! of Lemma
A+1 is satisfied+
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For condition~iv!, note that as shown previouslySq~a,X ! is differentiable with deriv-
ative 2E @m~ y* 2 a!6X # 5 2E @m~« 1 v 2 a!6X # + Also, it follows as in the proof of
Theorem 3+1 thatE @m~« 1 v 2 a!6X # is differentiable ina with

]E @m~« 1 v2 a!6X #0]a 5Em~« 1 v! f«~« 1 a6X ! d« 5Em~« 1 v2 a! f«~« 6X ! d«

5 E @m~« 1 v2 a!s~« 6X !6X # ,

where s~« 6X ! 5 f«~« 6X !0f ~« 6X !+ Becausem~«! is continuous almost everywhere, it
follows that]E @m~« 1 v 2 a!6X #0]a is continuous, so that Sq~a,X ! is twice continu-
ously differentiable and

Sqaa~a,X ! # Ca~X !, a~X ! 5 E @6s~« 6X !66X # +

For notational convenience, let b 5 2,, Iv 5 X 'b, Ir 5 max$ Iv,b%, r 5 max$v,b%, and
suppress the* on y*+ Then a second order mean-value expansion gives

E @q~z,b! 2 q~z,b0!6X # 5 w~X !@ Sq~ Ir,X ! 2 Sq~r,X !#

5 w~X !@ Sqa~r,X !~ Ir 2 r ! 1 Sqaa~ Sr,X !~ Ir 2 r !202# , (A.7)

where Sr lies between Ir andr+ Now, note that

Ir 2 r 5 1~ Iv . b!1~v . b!~ Iv2 v! 1 1~ Iv . b!1~v# b!~ Iv2 b!

1 1~ Iv# b!1~v . b!~b 2 v!

5 1~v . b!~ Iv2 v! 1 1~ Iv . b!1~v# b!~ Iv2 b! 1 1~ Iv# b!1~v . b!~b 2 Iv!+

Also, 1~v . b! Sqa~r,X ! 5 1~v . b! Sqa~v,X ! 5 21~v . b!E @m~«!6X # 5 0, so that for Sv
betweenb andv,

6 Sqa~r,X !~ Ir 2 r !6 5 6 Sqa~b,X !1~ Iv . b!1~v# b!~ Iv2 b!6

# 6 Iqaa~ Iv,X !61~ Iv . b!1~v# b!6 Iv2 b66b 2 v6

# Ca~X !1~ Iv . b!1~v# b!6 Iv2 v62

# Ca~X !1~ Iv . b!1~v# b!7X727b 2 b072+

By Prob~v 5 b! 5 0, 1~ Iv . b!1~v # b! r 0 w+p+l+ as b r b0, so by the dominated
convergence theorem and existence ofE @a~X !7X72# ~as implied by Assumption 3+1!,
E @a~X !1~ Iv . b!1~v # b!7X72# r 0+ Therefore, it follows that asb r b0,

E @w~X !6 Sqa~r,X !~ Ir 2 r !6# # CE@a~X !1~ Iv . b!1~v# b!7X72#7b 2 b072

5 o~7b 2 b072!+ (A.8)

By similar reasoning,

E @w~X !6 Sqaa~ Sr,X !1~ Iv . b!1~v# b!~ Iv2 b!2 6# 5 o~7b 2 b072!, (A.9)

E @w~X !6 Sqaa~ Sr,X !1~ Iv # b!1~v . b!~b 2 Iv!2 6# 5 o~7b 2 b072!+ (A.10)
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Also, asb r b0, Sqaa~ Sr,X ! r d~X !, so by the dominated convergence theorem,

E @w~X ! Sqaa~ Sr,X !1~v . b!~ Iv2 v!2#

5 ~b 2 b0!'E @w~X ! Sqaa~ Sr,X !1~v . b!XX' # ~b 2 b0!

5 ~b 2 b0!'Q~b 2 b0! 1 o~7b 2 b072!+ (A.11)

Taking expectations of~A +7! and applying the triangle inequality to~A +8!–~A +11!
then gives condition~iv!+ The first conclusion then follows from the conclusion to
Lemma A+1+ The second follows upon noting that ifw~X ! 5 w*~X !, Q 5 E @$d~X !0
E @m~«!26X # %d~X !1~v . 2,!XX' # 5 E @SS ' # and S 5 E @$d~X !0E @m~«!26X # %2 3
E @m~«!26X #1~v . 2,!XX'# 5 E @SS '# + n

Proof of Theorem 3.3. Note that ifm~«! is differentiable then by Assumptions 3+1
and 3+2, 1~X 'b . 2,!w~X!2m~ y 2 X 'b!2XX' and 1~X 'b . 2,!w~X!m«~ y 2 X 'b!XX'

are continuous atb0 with probability one and dominated by functions with finite expec-
tation+ Consistency of ZQ and ZS then follows by Lemma 4+3 of Newey and McFadden
~1994!+ In the other case, let Q~z, b! 5 w~X !XX' @q~ y 2 max$X 'b,2,%! 2 q~ y 2
max$v,2,%!# , so that fore1 5 ~1,0, + + + ,0!' the first unit vector,

ZQd 5 (
i51

n

@Q~zi , Zb 1 e1d! 1 Q~zi , Zb 2 e1d! 2 2Q~zi , Zb!#0~d2n!+

Note that by~A+5!, 7Q~z, Db! 2 Q~z,b!7 # Cw~X !7X737 Db 2 b7 andE @w~X !27X76# ,
`+ Then by 2+7+11 of Van der Vaart and Wellner~1996!, for any D r 0 and Db,b in a
small enough neighborhood ofb0, for EQ~b! 5 E @Q~zi ,b!# ,

sup
7 Db2b7#D

**n2102 (
i51

n

$Q~zi , Db! 2 Q~zi ,b! 2 @ EQ~ Db! 2 EQ~b!#%** p
&& 0+

It follows by n102d2 r ` that

EQd 5 @ EQ~ Zb 1 e1d! 1 EQ~ Zb 2 e1d! 2 2 ZQ~ Zb!#0d2 5 ZQ 1 op~1!+ (A.12)

Furthermore, it follows by ~A+3! and the associated discussion that we can take

ZQ~b! 5 E @XX'q~z,b!# 5 E @w~X !XX' Sq~max$X 'b,2,%,X !#

for q~z,b! as defined in~A+2!+ Let EQjk~b! 5 E @Xj Xkq~z,b!# + It follows by the expan-
sion in ~A+7! that for Ir andr as defined there,

EQjk~b! 2 EQjk~b0! 5 E @w~X !Xj Xk$ Sqa~r,X !~ Ir 2 r ! 1 Sqaa~ Sr,X !~ Ir 2 r !202%# +

Noting that E @w~X !a~X !7X74# # CE@w~X !a~X !27X72# 1 CE@w~X !7X76# #
CE@s~« 6X !27X72# 1 C is finite by Assumption 3+1, it follows similarly to the proof of
~iv! for Lemma A+2 that forMjk 5 E @w~X !d~X !1~v . 2,!Xj XkXX'#02,

EQjk~b! 2 EQjk~b0! 5 ~b 2 b0!'Mjk~b 2 b0! 1 o~7b 2 b072!+
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Therefore, for [g 5 Zb 2 b0, and noting that7 [g 1 e1d72 5 Op~d2!,

@ EQjk~ Zb 1 e1d! 1 EQjk~ Zb 2 e1d! 2 2 EQjk~ Zb!#0d2

5 @~ [g 1 e1d!'Mjk~ [g 1 e1d! 1 ~ [g 2 e1d!'Mjk~ [g 2 e1d! 2 2 [g 'Mjk [g#0d2 1 op~1!

5 2e1
'Mjk e1 1 op~1! 5 E @w~X !d~X !1~v . 2,!Xj Xk# 1 op~1! 5 Qjk 1 op~1!+

The conclusion then follows by~A+12!+ n

For the truncated case andT5 $ y* : y* . 0%, note thatE @{# 5 E* @{6T # 5 E* @1~T !~{!#0
P*~T ! and E @{6X # 5 E* @{6T,X # 5 E* @1~T !~{!6X #0E* @1~T !6X # + For d [ T *, where
T * is the latent tangent set specified in the proof of Lemma A+1, let C~d! be the trans-
formation from the latent to the observed data given byC~d! 5 d 2 E* @d6T # 5 d 2
E @d# + By Lemma B+2 of Newey ~1991!, the tangent set for the observed data is the
mean-square closure of$C~d! : d [ T * %+ Also, the score forb is 2Xs~«,X ! 1
E @Xs~«,X !# + The following lemmas will be used in the proof of Theorem 4+1+

LEMMA A +3+ If E @d~X !# 5 0 and E@d~X !2# , ` thend~X ! [ T .

Proof. By the distribution ofX unrestricted in the latent data, any d *~X ! with
E* @d *~X !# 5 0 andE* @d *~X !2# finite is an element ofT *+ Consider anyd~X ! satisfy-
ing the conditions of the lemma and letdM~X ! 5 1~6d~X !6 # M !d~X !+ Thend~X ! is
bounded and so has finite second moment+ HencedM

* ~X ! 5 dM~X ! 2 E* @dM~X !# [ T *+
Also, note thatC~dM

* ! 5 dM~X ! 2 E @dM~X !# converges in mean-square tod~X ! 2
E @d~X !# 5 d~X ! by d~X ! having finite mean-square+ Therefore, d~X ! is in the mean-
square closure ofC~T *!+ n

LEMMA A +4+ If Assumptions 3.1 and A.1 are satisfied then21~v # 2k!Xs~«,X ! 1
E @1~v # 2k!Xs~«,X !# [ T .

Proof. Let T c 5 $ y* # 0! and define Is~«,X ! 5 1~T !$s~«,X ! 2 E* @s~«,X !6T,X #%+
Note thatE6 Is~«,X !6X # 5 E* @ Is~«,X !6T,X # 5 0+ Also, E* @7X72 Is~«,X !2# 5 P*~T ! 3
E @7X72 Is~«,X !2# 5 P*~T !E @7X72E @ Is~«,X !26X ## 5 P*~T !E @7X72Var~s~«,X !6X !# #
P*~T !E @7X72E @s~«,X!26X## 5 P*~T !E @7X72s~«,X!2# # E* @7X72s~«,X!2# , `+ Con-
sider Nk . k and the case whereNk # 2v+ By the definition ofk, m~«! will be nonzero
on « , 2v+ Therefore, E* @1~T c!m~«!2 6X # . 0+ Let A~X ! 5 E* @~1~T !,1~T c! 3
m~«!!'~1,m~«!!6X # + Note that byE* @m~«!6X # 5 0, we haveE* @1~T c!m~«!6X # 5
2E* @1~T !m~«!6X # , and hence

Det~A~X !! 5 E* @1~T c!m~«!2 6X #E* @1~T !6X # 2 E* @1~T c!m~«!6X #E* @1~T !m~«!6X #

5 E* @1~T c!m~«!2 6X #E* @1~T !6X # 1 E* @1~T c!m~«!6X # 2 . 0

~v# 2 Nk!+

Let D~X ! 5 1~v # 2 Nk!E* @ Is~«,X !~1,m~«!!6X #A~X !21, M be some positive constant,
and

Dd~«,X ! 5 2X{1~v# 2 Nk!{1~7D~X !7# M !{@ Is~«,X ! 2 D~X !~1~T !,1~T c!m~«!!' # +

By the definition ofD~X !, it follows thatE* @ Dd~1,m~«!!6X # 5 0+ Also, E* @ Dd ' Dd# , ` by
E* @m~«!27X72# , ` andE* @7X72 Is~«,X !2# , `+ By Lemma A+5 of Newey and Pow-
ell ~1990!, Dd is in the tangent setT * for the latent model+ Note also that 1~T c! is zero in
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the observed data and that 1~T ! 2 E* @1~T !6T # 5 0 in the observed data, so that
C~~1~T !,1~T c!m~«!!! 5 0+ Also, C~ Is~«, x!! 5 Is~«,X !+ Therefore,

C~ Dd! 5 1~v# 2 Nk!{1~7D~X !7# M !{~2X Is~«,X !!+

It then follows as in the proof of Lemma A+1 that 1~v # 2k!@2X Is~«,X !# [ T+ Further-
more, by Lemma A+3,

1~v # 2k!XE* @s~«,X !6T,X # 2 E @1~v# 2k!XE* @s~«,X !6T,X ##

5 1~v# 2k!XE* @s~«,X !6T,X # 2 E @1~v# 2k!Xs~«,X !# [ T+
Then linearity ofT and subtraction give the conclusion+ n

Proof of Theorem 4.1. Let d~«,X ! be as defined in~A+1! with k replacing,+ As
shown in the proof of Theorem 3+1, E* @d~«,X !~1,m~«!!6X # 5 0 andE* @7d~«,X !72# ,
`, so thatC~d! [ T+ Note that bym~«! zero for« # k, 1~v . 2k!m~«! 5 1~T !1~v .
2k!m~«!, so thatC~X{1~v . 2k!{w*~X !m~«!! 5 S+ Therefore,

C~d! 5 21~v . 2k!Xs~«,X ! 1 E @1~v . 2k!Xs~«,X !# 2 S [ T+
By Lemma A+4, linearity of T, and summing it then follows thatSb 2 S [ T, i+e+, S 5
Sb 2 t, t [ T+ Also, note thatE* @1~T !S6X# 5 X3 w*~X!E* @1~T !1~v . 2k!m~«!6X# 5
X 3 w*~X !E* @1~v . 2k!m~3!6X # 5 X1~v . 2k!E* @m~«!6X # 5 0+ Therefore, for any
d satisfyingE* @d~«,X !m~«!6X # 5 0+

E @S 'C~d!# 5 E* @1~T !S '$d~«, x! 2 E* @d~«,X !6T #%#0P*~T !

5 E* @1~T !S 'd~«, x!#0P*~T !

5 E* @E* @S 'd~«, x!6X ##0P*~T !

5 E* @X1~v . 2k!E* @m~«!d~«,X !6X ##0P*~T ! 5 0,

where the third equality follows by 1~T !S 5 S in the latent model+ Then, becauseT is
the mean-square closure of objects of the formC~d!, it follows thatS is orthogonal to
the tangent set+ n

Proof of Theorem 4.2. Let q~z,b! 5 w~X !@q~ y 2 max$X 'b,2k%! 2 q~«!# + It fol-
lows as in the proof of Theorem 3+1 that for ally ~positive or negative!,

6q~z,b!6 # Cw~X !7X7, 6q~z, Db! 2 q~z,b!6# Cw~X !7X77 Db 2 b7+

It follows thatE* @1~T c!6q~z,b!6# # CE* @1~T c!w~X !7X7# is finite+ Also, becauseq~«!
is constant for« # k and2max$X 'b,2k%! # k, we have 1~T c!q~y 2 max$X 'b,2,%! 5
1~T c!q~k!+ Therefore,

E @q~z,b!# 5 E* @1~T !q~z,b!#0P*~T !

5 E* @q~z,b!#0P*~T ! 2 E* @1~T c!q~z,b!#0P*~T !

5 E* @q~z,b!#0P*~T ! 2 E* @1~T c!w~X !$q~k! 2 q~«!%#0P*~T !+

That is, E @q~z,b!# 5 C1E* @q~z,b!# 1 C2 for constantsC1 . 0 andC2+ It follows that
the maximum ofE @q~z,b!# will coincide with the maximum ofE* @q~z,b!# , which has
a unique maximum atb0, as shown in the proof of Theorem 3+1+ Furthermore, because
q~«! is constant belowk, it is also linear belowk, and soE* @q~z,b!# inherits all the
propertiesE @q~z,b!# has in the censored case+ In particular, E @q~z,b!# 5 E @q~z,b0!# 1
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~b 2 b0!'Q~b 2 b0!02 1 o~7b 2 b072!, as in the proof of Theorem 3+1+ Thus, condi-
tions ~i!, ~ii !, and ~iv! of Lemma A+2 are satisfied+ Condition ~iii ! of Lemma A+2 also
follows as in the proof of Theorem 3+1, so that the conclusion follows from the conclu-
sion of Lemma A+2+ n

Proof of Theorem 4.3. This follows by extending the results for the censored case
to the truncated case analogously to the proof of Theorem 4+2+ n

Proof of Theorem 5.1. By ~11! the conditional moment restriction is satisfied in the
latent data atb 5 Db0, so that!n~ Zb 2 Db0! d

&& N~0,Q21SQ21! by the conclusion of
Theorem 3+2 and 4+2+ Also, by independence, d 5 d~X ! andE* @m~« 2 m!26X # 5 s2, so
that in the censored caseQ 5 d{M andS 5 s2L+ In the truncated case

Q 5 E @w~X !1~v . 2k!d~X !XX'0P~x!# 5 d{M,

S 5 E @w~X !21~v . 2k!E* @m~«!2 6X #XX'0P~x!# 5 s2L,

so that the first conclusion also holds+ For the second conclusion, note that forY 5
w~X !1~v . 2,!X andU 5 1~v . 2,!X, in the censored case,

M21LM21 2 ~E @1~v . 2,!XX' # !21

5 ~E @YU' # !21E @YY' # ~E @UY ' # !21 2 ~E @UU ' # !21

5 ~E @YU' # !21$E @YY' # 2 E @YU' # ~E @UU ' # !21E @UY ' #%~E @UY ' # !21,

that is positive semidefinite by the matrix in the angle brackets being positive semi-
definite+ In the censored case the same result holds withE @{# replaced byE @~{!0P~X !# +

For the third conclusion, note that similarly to the proof of Theorem 3+3, [a 5

(i51
n 1~ [vi . 2,!0n

p
&& E @1~v . 2,!# 5 a, whereas [a{ Zd ~ [a{ Zdd! is the upper left ele-

ment of ZQ~ ZQd! anda{d the upper left element ofQ+ Then [a{ Zd p
&& a{d and [a{ Zdd r a{d

follow as in the proof of Theorem 3+3, except that here the sixth moments ofX are not
needed to exist by virtue of only requiring convergence of the upper left element ofZQd+

n

Proof of Theorem 5.2. We consider first the case wherex is constant+ Let A
satisfy the conditions of the theorem, so thatWAG has full column rank+ By W posi-
tive semidefinite, G'A'WAG is nonsingular+ For r 5 r~z,00! let Y 5 G'A'WAr and
U 5 G'V2r+ Note thatE @YU'# 5 G'A'WAVV2G 5 G'A'WAVV2VF 5 G'A'WAG+
Also note thatE @UU '# 5 G'V2VV2G 5 F 'VV2VV2VF 5 F 'VF is nonsingular+ Fur-
thermore, the asymptotic variance of a GMM estimator based onA* 5 G'V2 will be
invariant toW ~which has the same dimension asu! and will be equal to~E @UU '# !21+
Therefore, the difference of asymptotic variances for a GMM estimator withA and
W and that withA* is ~G'A'WAG!21G'A'WAVAWAG~G'A'WAG! 2 ~G'V2G!21 5
~E @UY '# !21E @YY'# ~E @YU'# !21 2 ~E @UU '# !21, which is positive semidefinite by the
proof of Theorem 5+1+

Now consider the general case and, for notational convenience, suppress thex argu-
ments+ For the moment letY 5 Ar andU 5 F 'r+ Then there exist a random vectorX
with nonsingular variance and a matrixB with full column rank such thatY5 BX+ Note
that

E @AG# 5 E @AVF# 5 E @YU' # 5 BE@XU ' # 5 BE@XX' #B'B~B'B!21~E @XX' # !21E @XU ' #

5 E @AVA' #B~B'B!21~E @XX' # !21E @XU ' # +
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Therefore, E @AG# is in the range ofE @AVA'# + It follows then from the preceding proof
that the variance minimizing choice ofW is ~E @AVA'# !2 and the corresponding as-
ymptotic variance is$E @G'A' # ~E @AVA' # !2E @AG# %21+ Now let U 5 F 'r and Y 5
E @G'A'# ~E @AVA'# !2Ar 5 E @F 'VA'# ~E @AVA'# !2Ar+ ThenE @YY'# 5 E @YU'# , so that
the difference of the asymptotic variances is

$E @G'AP# ~E @AVA' # !2E @AG#%21 2 ~E @G'V2G# !21

5 $E @F 'VA' # ~E @AVA' # !2E @AVF#%21 2 ~E @F 'VV2VF# !21

5 ~E @YY' # !21 2 ~E @UU ' # !21

5 ~E @YU' # !21$E @YY' # 2 E @YU' # ~E @UU ' # !21E @UY ' #%~E @YU' # !21+

The conclusion then follows as in the proof of Theorem 5+1+ n

Proof of Theorem 5.3. It follows similarly to equation ~12! that V~x! 5
I ~x!'I ~x!FI ~x!'I ~x! andG~x! 5 2I ~x!'I ~x!@D{x ',diag~D!# + In the truncated caseG~x!
andV~x! are the same divided byP~x!+ By F nonsingular, I ~x!FI ~x!' is also+ It fol-
lows that

I ~x!@D{x ',diag~D!# 5 I ~x!FI ~x!'I ~x!F~x!,

F~x! 5 I ~x!' @I ~x!FI ~x!' #21 @Dx ',diag~D!# +

Thus, G~x! 5 V~x!F~x!+ Then the conditions of Theorem 5+2 are satisfied+ Also, be-
causeI ~x! I ~x!' is an identity matrix, a generalized inverse ofV~x! is V~x!2 5
I ~x!' @I ~x!FI ~x!'#21I ~x! in the censored case and this quantity multiplied byP~x! in
the truncated case+ ThenG~x!'V~x!2 is equal to the expression in the statement of the
result+ n

Proof of Theorem 5.4. From the definition ofg~z,u! it follows that there is a matrix
K~x,u! such thatg~z,u! 5 K~x,u!r~z,u!+ Therefore, any GMM estimator based on
g~z,u! is also a GMM estimator based onr~z,u! and hence is no more efficient than
the one withA*~x!+ Let N be a neighborhood ofu0 such thatgj11 1 kj11 , gj21 1
kj21 for all u [ N+ Let Ij denote aj 3 j identity matrix+ Note that in the event2gj11 2
kj11 $ x 'b . 2gj 2 kj , I ~x,u! 5 @Ij ,0# andgk~z,u! 5 0 for all k Þ j+ Then for the
constant matrixHj 5 @Ij ,0# , in the same event,

A*~x!r~z,u! 5 @Dx ',diag~D!# 'Hj
'~Hj FHj

'!21Hj r~z,u! 5 Bj gj ~z,u!,

Bj 5 F D 'Hj
'~Hj FHj

'!21Hj J @0, I #

diag~D!Hj
'~Hj FHj

'!21Hj ~1,0!G +
Because for each of these intervals at most one ofg j ~z,u! is zero, it follows that for
u [ N, A*~x!r~z,u! 5 (j51

J Bj g
j ~z,u! 5 Bg~z,u!, for B 5 @B1, + + + ,BJ# + It follows that

the estimator withA~x! 5 A*~x! is a GMM estimator and hence is no more efficient
than the best GMM estimator+ n
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