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EXACT AND SUPERLATIVE PRICE
AND QUANTITY INDICATORS
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The traditional economic approach to index number theory is based on a ratio of cost
functions. Diewert defined superlative price and quantity indices as observable indices
that were exact for a ratio of unit cost functions or for a ratio of linearly homogeneous
utility functions. The present paper looks for counterparts to his results in the difference
context, for both flexible homothetic and flexible nonhomothetic preferences. The Bennet
indicators of price and quantity change turn out to be superlative for the nonhomothetic
case. The underlying preferences are of the translation-homothetic form discussed by
Balk, Chambers, Dickenson, Fire, and Grosskopf.
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1. INTRODUCTION

Traditional index number theory adopts a theoretical framework based on a ratio
concept. In this approach, the ratio of the value aggregate between two periods
is decomposed into the product of a price index and a quantity index. The price
index, a function of the price and quantity data pertaining to the two periods under
consideration, is interpreted as the ratio of the current price of the aggregate to
the aggregate price in the base period. The quantity index, another function of the
price and quantity data pertaining to the two periods, is interpreted as the ratio of
the current-period quantity aggregate to the base-period quantity aggregate. In the
economic approach to index number theory, it is assumed that the consumer has
preferences over the individual quantities in the aggregate that can be represented
by a utility function that has a dual cost function. This cost function is used to
define the consumer’s family of Koniis (1939) price indices or true cost of living
indices and the consumer’s family of Allen (1949) quantity indices.

If the consumer’s preferences are homothetic (so that they can be represented by
a linearly homogeneous utility function), then the family of Koniis price indices
collapses to a ratio of unit cost functions and the family of Allen quantity indices
collapses to a ratio of utility functions, where these functions are evaluated for the
data of, say, period 1 in the numerator and the data of period 0 in the denominator. If
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preferences are homothetic, then Koniis and Byushgens (1926), Afriat (1972), and
Pollak (1983) showed that certain numerical index number formulae were exactly
equal to the underlying theoretical economic indices, provided that the consumer’s
utility function or dual unit-cost function had certain functional forms. Diewert
(1976) took this theory of exact indices one step further and looked for indices
that were exact for flexible functional forms, for either the linearly homogeneous
utility function or the dual unit-cost function, and he called such indices that were
exact for flexible functional forms superlative. However, empirically, it has been
shown that consumer preferences are generally not homothetic, and hence the
relevance of Diewert’s concept of a superlative index is somewhat doubtful, at
least in the consumer context. But Diewert (1976, p. 122) did implicitly develop
a stronger concept for a superlative index in the context of general nonhomoth-
etic preferences. We will formalize his idea in the present paper in Section 2,
where we will define strongly superlative indices. Section 2 will also review the
standard definitions for exact and superlative indices in the case of homothetic
preferences.

In Section 3, we switch from the traditional economic approach to index num-
ber theory, which is based on ratios, to an economic approach pioneered by
Hicks (1942, 1943, 1945-1946), which is based on differences. In the traditional
approach to index number theory, a value ratio is decomposed into the product of
a price index and a quantity index, whereas in the difference approach, a value
difference is decomposed into the sum of a price indicator (which is a measure of
aggregate price change) and a quantity indicator (which is a measure of aggregate
quantity change). The difference analogue to a theoretical Koniis price index is a
Hicksian price variation and the difference analogue to an Allen quantity index is a
Hicksian quantity variation, such as the equivalent or compensating variation. For
normal index number theory, the theoretical Koniis and Allen indices are defined
using ratios of cost functions, but in the difference approach to index number the-
ory, the theoretical price and quantity variation functions are defined in terms of
differences of cost functions. In the difference approach, the counterparts to price
and quantity index number formulae are price and quantity indicator functions.'
Both index number formulae and indicator functions are known functions of the
price and quantity data pertaining to the two periods under consideration. In
Section 3, we provide a definition for an exact price or quantity indicator function.

In Sections 4 and 5, we develop further the difference approach to index number
theory. In Section 4, we define a given price or quantity indicator function to be
superlative if it is exactly equal to a corresponding theoretical price or quantity
variation under the assumption that the consumer has homothetic preferences that
are represented by a flexible linearly homogeneous utility function or which are
dual to a flexible unit cost function. We draw on the theory of superlative price
and quantity indices to exhibit many superlative indicator functions. The theory
that we develop in Section 4 for the case of homothetic preferences turns out to
be a variant of the theory of superlative indicators developed earlier by Diewert
(2005).
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In Section 5, we define a given price or quantity indicator function to be strongly
superlative if it is exactly equal to a corresponding theoretical price or quantity
variation, under the assumption that the consumer has (general) preferences that
are dual to a flexible cost function that is subject to money-metric utility scaling.
The term money-metric utility scaling is due to Samuelson (1974) and is simply
a convenient way of cardinalizing a utility function. It proves to be much more
difficult to find strongly superlative price or quantity indicator functions, but in
Section 5, we show that the Bennet (1920) indicator functions are strongly su-
perlative. Our results require that the consumer’s preferences be represented by
a certain translation-homothetic cost function that is a variant of the normalized
quadratic cost function introduced by Diewert and Wales (1987, 1988a, 1988b).
The flexibility of this functional form is shown in Appendix A. Our work draws
on the earlier work on translation-homothetic preferences (or linear parallel pref-
erences) of Blackorby et al. (1978), Dickinson (1980), Chambers and Fire (1998),
Chambers (2001; 111), and Balk et al. (2004).

The practical usefulness of the difference approach to the measurement of
price and quantity change is illustrated at the end of Section 5, where we show
that under certain conditions, including the assumption that each household faces
the same prices in each period, it is possible to measure the arithmetic average
of the economy’s sum of the individual household equivalent and compensating
variations exactly using only aggregate data, because this aggregate measure of
welfare change is exactly equal to the Bennet quantity indicator using aggregate
quantity data. In other words, the difference approach to the measurement of
aggregate price and quantity change has better aggregation properties than the
traditional ratio approach.

In Section 6, we provide an economic interpretation for each term in the sum of
terms that make up the Bennet price and quantity indicators. The decomposition
results developed here are analogues of similar results obtained by Diewert and
Morrison (1986) and Kohli (1990) in the traditional approach to index number
theory.

In Section 7, we illustrate the use of the difference approach to measure aggre-
gate Japanese consumption and we contrast the traditional ratio approach to the
measurement of real consumption with our difference approach.

Section 8 concludes.

2. EXACT AND SUPERLATIVE PRICE AND QUANTITY INDICES

In preparation for the difference approach to aggregate price and quantity measure-
ment, in this section, we review the standard ratio approach to the measurement of
price and quantity change. We define exact price and quantity indices and present
two definitions for a superlative price index. In the following sections, we will
attempt to adapt these standard index number theory concepts to the difference
context.
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The starting point for the economic approach to index number theory is the
consumer’s cost or expenditure function C. Thus, suppose that the consumer has
preferences that are defined by the utility function f(q) over all nonnegative N-
dimensional quantity vectors q = [q1, ..., gy] = Ox.2 In addition, suppose that
fis a nonnegative, increasing,3 continuous, and quasiconcave function over the
nonnegative orthant 2 = {q:q > Oy}. Now suppose that the consumer faces
the positive vector of commodity prices p >0y and suppose that the consumer
wishes to attain the utility level u belonging to the range of f as cheaply as possible.
Then the consumer will solve the following cost-minimization problem and the
consumer’s cost function, C(u, p), will be the minimum cost of achieving the
target utility level u:

C(u,p)quin{Fqif(Q)zu;qz()N}- @

It can be shown* that C(u, p) will have the following properties: (i) C(u, p) is
jointly continuous in u, p for p> 0y and u € U, where U is the range of f and
is a nonnegative function over this domain of definition; (ii) C (u, p) is increasing
in u for each fixed p; and (iii) C(u, p) is a nondecreasing, linearly homogeneous,
and concave function of p for each u € U.> Conversely, if a cost function is given
and satisfies the above properties, then the utility function f that is dual to C can
be recovered as follows.® For u € U and q > Oy, define the function F (1, q) as
follows:

F(u, q)zmgx{c(u, p):p-q=<1;p>0y}. (2)

Now solve the equation
F(u,q =1 3

for u* and this solution u* will equal f(q).

The utility function f(q) and the dual cost function C(u, p) are used i to
define the consumer’s family of Koniis (1939) true—cost of living indices, Py (p° -
p', £(q)), where p° and p' are the vectors of positive commodity prices that
the consumer faces in period 0 and 1, respectively, and u = f(q) is a positive
reference level of utility:

Pe@’-p', f(@) = C(f(@,p")/C(f(@),p"). )

Thus for each reference quantity vector q that gives rise to a positive utility level,
u = f(q) > 0, the consumer’s aggregate price index for that reference level of
utility is the ratio of C(u, p') to C (u, p°).

The consumer’s utility and cost functions can be used to define the consumer’s
family of Allen (1949) quantity indices, Qa(q" - q', p), where q° and q' are
the observed consumption vectors that the consumer chose in periods 0 and 1
respectively and p > Oy is a strictly positive vector of reference prices:

04(d’, q'. p) =C(f (@), P)/C(f ("), p). 5)
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The meaning of (5) is that if the consumer faces the reference price vector p, then
his or her period-7 utility, f(q’), is set equal to the minimum cost of achieving
this utility level using the reference prices p, C(f(q’), p), for t = 0, 1 and the
consumer’s quantity index is set equal to the ratio C(f(q'), p)/C(f(q%), p).
Samuelson (1974) called this type of cardinalization of utility money-metric
utility.” However, note that different choices of p will generate different cardi-
nalizations of utility and different Allen quantity indices.

It is useful to specialize the above definitions for price and quantity indices for
the case where the consumer’s preferences are homothetic® or neoclassical. We
say that a utility function is neoclassical if it satisfies the following properties over
the positive orthant: (i) fis a positive function; thatis, f(q) > 0if q > Oy; (ii) fis
positively linearly homogeneous; thatis, f(Aq) = Af(q) forallA > Oandq > Oy;
and (iii) f is concave; that is, for 0 < A < 1, q0 > 0y and q1 > 0y, we have
Fq®+ A =1q") = 1f (") + (1 —=1) f(q"). It turns out that a concave function
defined over the positive orthant is also continuous over this domain of definition.
Furthermore, f defined over the positive orthant has a continuous extension to the
nonnegative orthant,” and this extended f will also satisfy properties (ii) and (iii)
above. The extended f(q) will also be nondecreasing in its variables q over the
nonnegative orthant.'”

If the consumer’s preferences are neoclassical, then it turns out that the corre-
sponding cost function defined by (1) above has the following representation:

Cu, p) = c(p)u, (6)

where c(p) = C(1, p) is the consumer’s unit cost function. It also turns out that
the unit cost function, c(p), is also a neoclassical function; that is, it is a positive,
nondecreasing, continuous, concave, and linearly homogeneous function of p over
the positive orthant. Finally, the consumer’s utility function f can be recovered from
a knowledge of the unit cost function as follows:!! for q > Oy,

fl@ = 1/m§x{c(p):p~q= I;p > Oy} )

The assumption that the consumer has neoclassical (or homothetic) preferences
greatly simplifies index number theory. Under the assumption of neoclassical
preferences, for each reference q such that f(q) is positive, we have!?

Px@°’, p'. f(@) =C(f(q. p")/C(f(q), p°) usingdefinition (4)
=c(p") f(@/c(p”) f(q) using (6)
=c(p")/c(p"). ®)

Thus under the assumption of neoclassical preferences, the Koniis price index is
equal to the unit cost ratio, c(p') /c(p), and is independent of the reference utility
level.
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Similarly, under the assumption of neoclassical preferences, for each positive
reference price vector p, we have

04(q% q',p) =C(f(q"), p)/C(f(@"), p) usingdefinition (5)
=c(P)f(q")/c(p) f(q°) using (6)
= f(q")/f@". )

Thus under the assumption of neoclassical preferences, the Allen quantity index
is equal to the utility ratio, f(q')/f(q"), and is independent of the reference price
vector p.

Now suppose that the consumer has homothetic preferences (which we represent
by a neoclassical utility function f(q) or the dual unit cost function c(p)) and he
or she faces prices p' > 0y in period # and minimizes the cost of achieving the
utility level u' in period ¢ for r = 0, 1. Let ¢ be the consumer’s observed quantity
vector for period 7, so that u’ = f(q") fort = 0, 1. Then the consumer’s observed
period-f cost, p’ - ¢, can be written as follows:

p - q =C(f(qd),p)=cP)f(q); t=01. (10)

Under these assumptions, the consumer’s ratio of period-1 expenditures to period-0
expenditures satisfies the following equations:

P a'/p’ @ =lc@)f(@)l/lc@’)f(@")] using (10)
= [c(p")/c@)ILf(@")/f(q")]
= P’ p', f@)0a". d', p)
for arbitrary reference ¢ and p using (8) and (9). (11)

Thus under the assumption of homothetic preferences and cost-minimizing
behavior on the part of the consumer for the two periods under consideration, the
consumer’s observed expenditure ratio is equal to the product of the Koniis price
index for arbitrary reference vector ¢ and the Allen quantity index for arbitrary
reference vector p.

Note that in general, without knowledge of the consumer’s preferences, the
Koniis price index and the Allen quantity index are not directly observable; that is,
they are theoretical indices as opposed to the practical bilateral price and quantity
formulae, say P(p°, p', q°, q") and Q(p°, p', q°, q'), which are known functions
of the observed consumer data pertaining to the two periods being compared. We
assume that the bilateral index number formulaec P and Q satisfy the following
product test for all strictly positive price and quantity vectors:'3

pd'/p’-¢"=Pp’%p. ", ¢"Hop’ p'. ¢’ q"). (12)

Diewert (1976, p. 117) defined a quantity index Q(p°, p', q°, q') to be exact for a
neoclassical utility function fif under the assumption that the consumer minimizes
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the cost of achieving the utility level u’ = f(q') in period ¢ for t = 0, 1, we have
o’ p'.d’.q") = f(@")/f@"; 13)

that is, the quantity index Q(p°, p', q°, q') is exactly equal to the utility ratio,
which in turn is equal to the theoretical Allen quantity index under the assumption
of neoclassical preferences.'* Under the same assumption of cost-minimizing
behavior and assuming that the preferences of the consumer can be represented
by the dual unit cost function c(p), Diewert (1976, p. 134) defined a price index
P’ p', q°, q") to be exact for c(p) if we have

P’ p'.q°, q") =cp")/c®”); (14)

that is, the price index P (p°, p', q°, q') is exactly equal to the ratio of unit costs,
which in turn is equal to the theoretical Koniis price index under the assumption
of neoclassical preferences.

Suppose the index number pair P (p°, p', q°, q') and Q(p°, p'. q°. q') satisfy
the product test (12) and either P is exact for c(p) or Q is exact for f(q).'> Then
Diewert (1976) defined P and Q to be superlative indices if either ¢ or f could
provide a second-order approximation to an arbitrary twice continuously differ-
entiable neoclassical unit cost function ¢*(p) or to an arbitrary twice continuously
differentiable neoclassical utility function f*(q).'® Thus the advantage of superla-
tive price and quantity indices is that they can generate reasonably accurate price
and quantity aggregates without econometric estimation of preferences, which
becomes difficult or impossible as the number of commodities in the aggregate
increases.

Examples of superlative price index formulae!” are the Fisher (1922) ideal
price index Pg and the Térnqvist (1936, 1937)-Theil (1967) index Pr, defined as

follows:
Pe’.p'. ¢’ d)=1p' - q"/p° - ¢°1'*[p" - ¢'/p° - ¢'1'° 15)
N
In Prp®.p'. q°. ") =) i [s)+5,]In[p,/ph]. (16)

n=1
where the period-¢ expenditure share for commodity 7 is defined as 5!, = p!q! /p"-
q forn=1,...,Nandt =0, 1.

This completes our summary of the existing theory of superlative indices in the
case of homothetic preferences. Unfortunately, if the consumer’s preferences are
homothetic, then all income elasticities of demand are equal to unity, but Engel’s
Law and other econometric evidence strongly suggest that income elasticities
are not equal to one, and hence consumer preferences are not homothetic. Thus
although the theory of exact and superlative indices may be very useful when
we wish to construct subaggregate prices and quantities, it seems that superlative
indices may not be appropriate when we wish to construct overall aggregate con-
sumer price and quantity indices. Thus, we need to determine whether we can find
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indices that are exact for more general nonhomothetic preferences. Fortunately,
this can be done.

Suppose the consumer has general preferences defined by the utility function
f(g), and the general cost function C (i, p) is dual to f. As usual, let p’ and g’ be the
observed price and quantity data pertaining to period ¢ and define the period-f level
of utility u' = f(q') forz = 0, 1. We assume that the consumer is minimizing the
cost of achieving the utility level u' in period ¢, so we have

P q =C(f(d)p) t=0L a7)

Under the above assumptions, we say that the bilateral price index number formula,
PP’ p', q° q"), is exact for the cost function C if there exists a u* such that u*
is between u° and u!, so that

eitheru® <u* <u' or u' <u*<u® and (18)

P, p'.q" q") =Ccw*, pHy/Cw, p) = Pe(p’ p', u®). (19)

Thus P is an exact index number formula if under the assumption of cost-
minimizing behavior, P(p°, p', q°, q') is exactly equal to the Koniis theoretical
price index Pg (pO, pl, u*), where u* is an intermediate reference level of utility.
The requirement that the reference level of utility be between the period-0 and -1
utility levels (or possibly equal to one of these levels) is a natural one: we do
not want the reference utility level to be too far from the two levels actually
experienced by the consumer during the two periods under consideration.

Initially, we define P to be a strongly superlative index number formula if it
is exact according to the definition immediately above and in addition, the cost
function C(u, p) for which P is exact can approximate an arbitrary cost function
to the second order.

Diewert (1976, p. 122) showed that the Tornqvist-Theil index Py defined by
(16) is exact for a general translog cost function where the reference level of
utility u* is equal to [u%u']"/?, the square root of the product of the period-0
and -1 utility levels. Because the general translog cost function is a fully flexible
functional form, this shows that Pz is a strongly superlative price index.

Because the scaling of utility is arbitrary up to an increasing transformation
of an initial representation of the utility function, we will find it convenient to
impose money-metric utility scaling on the underlying utility function f and its
dual cost function C. Thus, let p* > 0y be an arbitrary positive price vector. We
will assume that the consumer’s utility is scaled so that the dual cost function
C satisfies the following equation:'®

C(u,p*)=u forallu € U (20)

Thus our final definition for a strongly superlative index number formula P is that
it is exact according to the above definitions (18) and (19) and in addition, the cost
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function C (u, p) for which P is exact can approximate an arbitrary cost function
that satisfies the money-metric utility scaling property (20) to the second order.

An analogous definition of exactness can be made for a quantity index. Thus we
say that the bilateral quantity index number formula, Q(p°, p', q°, q'), is exact
for the cost function C if there exists a reference price vector p* = [pf, ..., py]
such that p* is between p® and p', so that

either p° < p* < plorp! < pr <p? forn=1,...,Nand (21)

o0’ p'.q".d")=C(f(@").p)/C(f(@").p") = 0a(¢’. 4", p"). (22

Thus Q is an exact index number formula if under the assumption of cost-
minimizing behavior, Q(p°, p', q°, q!) is exactly equal to the Allen theoretical
quantity index Qa(q’,q', p*), where p* is a vector of intermediate reference
prices. The requirement that the reference price vector p* be between the period-0
and -1 price vectors that the consumer faced (or possibly equal to one of these two
vectors) is again a natural one: we do not want the money-metric cardinalizing
vector of reference prices to be too far from the two price vectors actually faced
by the consumer during the two periods under consideration.

Finally, we define Q to be a strongly superlative index number formula if it
is exact according to the definition immediately above and in addition, the cost
function C (u, p) that is dual to the utility function f can approximate an arbitrary
cost function that has the money-metric utility scaling property (20) to the second
order.

The above material summarizes the theory of exact and superlative indices,
which is based on decompositions of the value ratio into price and quan-
tity components that multiply together. In the following section, we will re-
view and extend the companion theory that is based on decompositions of the
value difference into a sum of a price change component and a quantity change
component.

3. VALUE DIFFERENCES, VARIATIONS, AND INDICATORS OF PRICE
AND QUANTITY CHANGE

Assume that the consumer’s cost function, C (u, p), satisfies Conditions I and the
dual utility function is f(q) as usual. Throughout this section, we will assume that
p’ and q' are the observed price and quantity data pertaining to period z, and we
define the consumer’s period-¢ observed level of utility u’ = f(q’) fort = 0, 1.
We assume that the consumer is minimizing the cost of achieving the utility level
u' in period ¢ so that conditions (17) hold; that is, we have p’ - ¢’ = C(f(q"), p")
for t+ = 0, 1. Our task in the present section is to decompose the consumer’s
observed value change over the two periods under consideration, p' - q' —p° - ¢°,
into the sum of two terms, one of which is the part of the value change that is
due to price change and the other due to quantity change. This is the difference
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approach to explaining a change in a value aggregate, as opposed to the usual
ratio approach used in index number theory."”

The difference counterpart to the Allen (1949) quantity index explained in the
previous section is the following Hicks—Samuelson quantity variation Qs: for each
strictly positive reference price vector p > 0y, define Qs(q’, q', p) as follows:*°

0s5(q% q'.p) = C(f(@").p) — C(f(q"), p). (23)

Just as the Allen quantity index Q(q°, q', p) defined by (5) was an entire family
of indices (one for each reference price vector p), so too is the family of quan-
tity variations, Qgs. Two special cases of (23) are of particular importance, the
equivalent and compensating variations, Qg and Qc, defined as follows:2!

0:(@’. q", p°) = 0s(q’. q', p°) = C(f(d"),p") — C(f (@), p"); (24

0c(@’, q',p") = 0s(q",q', p") = C(f(@"), p") — C(f(d”),p"). (25

Thus the equivalent variation uses the period-0 price vector p° as the reference
price vector, whereas the compensating variation uses the period-1 price vector p'
as the reference price vector.

Generalizing Hicks (1939, pp. 40—41; 1946, pp. 331-332), we will define a
family of Hicksian price variation functions Py(p°,p', f(q)) as follows. For
each nonnegative reference quantity vector ¢, define

Pa@’, p', f(@) = C(f (@), p") — C(f (@), p"). (26)

Just as the Koniis price index, Px(p° - p', f(q)), defined by (4) was an entire
family of indices (one for each reference quantity vector or reference utility level
u = f(q)), so too is the family of Hicksian price variations. Two special cases
of (26) are of particular importance, the Laspeyres and Paasche price variation
functions, Py, and Pyp, defined as follows:22

P’ p', £(@”) = Pu’, p', (@) = C(f (@), pH—-C(f @), p°); > (27)

Par(p°, p", £(@")) = Pa@°, p', f(d") = C(f(d"), p")—C(f(q"),p").* (28)

Thus the Laspeyres price variation uses the period-0 quantity vector q° as the
reference quantity vector, whereas the Paasche price variation uses the period-1
quantity vector q' as the reference quantity vector.

Let M° = p° - q° be the consumer’s nominal income or expenditure on the
N commodities in period 0. Then Py (p°, p', £(q°)) is the amount of nominal
income that must be added to the period-0 income M in order to allow the
consumer, facing period-1 prices p', to achieve the same utility level as was
achieved in period 0, which is u® = f(q°). Similarly, let M' = p' - q' be the
consumer’s nominal income in period 1. Then Pyp(p°, p', f(q')) is the amount
of nominal income that must be subtracted from the period-1 income M in order
to allow the consumer, facing period-0 prices p°, to achieve the same utility level
as was achieved in period 1, whichis u! = f(q").
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Note that the equivalent quantity variation defined by (24) matches up with
the Paasche price variation defined by (28) to provide an exact decomposition of
the value change going from period O to 1; that is, using these definitions and
assumptions (17), it can be seen that

p' g —-p’ - q" =C(fd)pH)-Ccif@)p)
= 05(q’. q', p°) + Pur(@°, p', f(q"). (29)

Similarly, the compensating quantity variation defined by (25) matches up with the
Laspeyres price variation defined by (27) to provide another exact decomposition
of the value change going from period O to 1:

p'-q' —p’-q" =C(f@).pH - C(f@”,p"
= 0c(q’. q', p") + P (P, p'., £(q")). (30)

A problem with the quantity variations defined by (24) and (25) and the price
variations defined by (27) and (28) is that they asymmetrically single out a ref-
erence price or quantity vector that pertains to a single period. Because both
measures are equally valid, if a single measure of price or quantity change is
required, then for some purposes, it may be useful to take an arithmetic average
of the equivalent and compensating variations defined by (24) and (25) [denote
the resulting average quantity variation as Qa(q’, q', p°, p')] and to take an
arithmetic average of the price variations defined by (27) and (28) [denote the
resulting average price variation as Pya(p°, p', q°, @")]. It can be seen that these
average price and quantity variations will also provide an additive decomposition
of the value change; that is, we have}

p g —-p’-q" =C(fd).pH)-Cf@).p")
= 0aq’, q", p°, p") + Pua @’ ', £ (@), F(@")). (3D

The price and quantity variations defined above in general cannot be evaluated
using observed price and quantity data pertaining to the two periods under con-
sideration. Thus we now turn our attention to the problem of finding observable
approximations to the above theoretical variation functions.

Looking at definition (24) for the equivalent variation, it can be seen that the
term C(f(q"), p°) is equal to period-0 expenditure on the N commodities, p° - q°,
and hence this term is observable. The remaining term, C(f(q'), p%), is not
observable, but we can use Shephard’s (1953, 11) lemma to obtain the following
first-order approximation to this term:

C(f(@h,p”) = C(f@)p)+VvCfgh, ph).p° —p'l
=C(f(q"),p") +q' - [p° — p'] using Shephard's lemma
=p - q'+p° - q' —p'-q' using(17)forr =1
=p’-q" 32)
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Using (17) for t = 0, (32), and definition (24), we obtain the following first-
order approximation to the equivalent variation:

0@’ q',p") ~p”-q' —p°-¢
=p’-lq' —q’]
= VL(pO’ pla qov q1)7 (33)
where the observable Laspeyres indicator of quantity change, Vi (p°, p', ¢, q),
is defined as p° - [q' — q"],the inner product of the base-period prices p° and
the quantity change vector q' — q°. In a similar fashion, it can be shown that a
first-order approximation to the term C(f(q%), p') is p' - b® and so a first-order
approximation to the compensating variation Qc(q°, q!, p!) defined by (25) is?
0cq’.q',p") ~p'-q' —p'-¢
=p'-Iq' — ¢
= Ve’ p". ¢, q"), (34)

where the observable Paasche indicator of quantity change, Vo(p°, p', ¢°, q'), is
defined as p' - [q' — q"], the inner product of the current-period prices p' and the
quantity change vector q' — q°.

Note that Vi, and Vp are the difference counterparts to the ordinary Laspeyres
and Paasche quantity indices, Oy, and Qp, defined as follows:

oL@’ p'.q".qa)=p"-q'/p’-¢" 0r@°.p'. ¢". ) =p' -d'/p' - ¢°. (35)
We now turn our attention to the problem of finding observable approximations
for the Laspeyres and Paasche price variation functions defined by (27) and (28)

above. An observable first-order approximation to the term C(f(q°), p!) in (27)
is

C(f(@").p") ~C(f(q").p") + V,C(f (). p") - [p' — p’]
=C(f(q*),p") +q° - [p' —p°] using Shephard’s lemma
=p°-q"+p'-q"—p°-q° using (17)fort =0
=p'-q" (36)

Using (17) fort = 0, (36) and definition (27), we obtain the following first-order
approximation to the Laspeyres price variation:

P’ p', f(@") ~p'-q°—p°-¢°
=q" [p' —p°]
=np".p'.q¢. q) 37

where the observable Laspeyres indicator of price change, I (p°, p', q°, q'), is
defined as q° - [p' — p°], the inner product of the base-period quantity vector q°
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With the price change vector, p1 — po. In a similar fashion, it can be shown that a
first-order approximation to the term C(f(q"), p°) is p° - q! and so a first-order
approximation to the Paasche price variation Pyp(p®, p', f(q")) defined by (28)
is

Pwe@’.p', (@) ~p'-q' —p°-¢'
=q'-[p' —p"]
=L@"p'.q" . q") 38)

where the observable Paasche indicator of price change, Ip(p°, p', q°, q'), is
defined as q' - [p! — p°], the inner product of the current-period quantity vector
q' with the price change vector, p' — p°.2°

Note that I; and Ip>’ are the difference counterparts to the ordinary Laspeyres
and Paasche price indices, P, and Pp, defined as follows:

P pd’ d) =p' - d°/p° - q% P, p', %, d) =p' - ¢! /p° - q'. (39)

In the usual approach to index number theory, it proves to be useful to take the
geometric average of the Laspeyres and Paasche price indices, leading to the Fisher
price index Pr defined by (15), because the Fisher index has very good properties
from the viewpoint of the test or axiomatic approach to index number theory; see
Diewert (1992b) and Balk (1995). However, in the axiomatic approach®® to price
and quantity measurement in the difference context, it proves to be better to take
the arithmetic average of the Paasche and Laspeyres indicators. This leads to the
Bennet (1920) indicators of price and quantity change, defined as follows:

IB(pOa p17 qov ql) = I/ZIL(pO’ p15 q07 ql) + 1/2lp(p05 plv q()’ ql)
=1plq" +4q']- [p' — P°L: (40)

e’ p'. 4% q) =L@’ p'.q% d) + 1A%’ p'. q". q")
=150p° +p'1-[d' — q"I. 41)

Note that Hicks (1942, p. 134; 1945-1946, p. 73) obtained the Bennet quantity
indicator Vg as an approximation to the arithmetic average of the equivalent and
compensating variations, and he also identified Vg as a generalization to many
markets of Marshall’s consumer surplus concept.

It can be verified that the Laspeyres, Paasche, and Bennet price and quantity
indicators can be used to obtain the following exact decompositions of the value
change in the aggregate over the two periods under consideration:

p'qd —p’-q"=0n0"p".q¢ q")+ V@’ p'.q" q"); 42)
P g —p’ " =@’ .’ ) + v’ p'. 4" q'); (43)
p'qd —p’-q" =50 p.q" d)+vs®’. p'.q" q"). (44)
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We conclude this section by defining indicator counterparts to our index number
definitions of exactness in the case of nonhomothetic preferences. As usual, we
assume that the consumer minimizes cost in periods 0 and 1, so that the consumer
has a utility function f(q) that satisfies the usual regularity Conditions I and has
a dual cost function C(u, p) such that equations (17) are satisfied. Recall that
the price index number formula P (p°, p', q°, q') was defined to be exact for the
cost function C if conditions (18) and (19) were satisfied. The price indicator
counterpart to this definition is as follows: 7 (p°, p', q°, q') is exact for the cost
function C if there exists a u* such that u* is between u® = f(q") andu' = f(q"),
so that

eitheru’ <u* <u' or u' <u*<u’ and 45)

1@".p'.¢", q") = Cw*,p") — Cw" . p") = Pu(@’. 0" u").  (46)
Thus 1(p°, p', q°, q') is exact for the preferences that are dual to C(u,p) if
under the assumption of cost-minimizing behavior on the part of the consumer,
I(p°, p'. q° q') is exactly equal to the theoretical Hicksian price variation func-
tion Py (p®, p', u*) defined by (26) for a reference utility level u* that is between
the period-0 and -1 utility levels attained by the consumer.

Recall that the quantity index number formula Q(p°, p', q°, q') was defined
to be exact for the cost function C if conditions (21) and (22) were satisfied. The
quantity indicator counterpart to this definition is as follows: V (p°, p', q°, q")
is exact for the cost function C if there exists a reference price vector p* =
[p%, ..., pi]such that p* is between p® and p!, so that

either pgfp;ffp; or p,llfpjfpff forn=1,..., N and 47)

ve'.p'.q".a) = C(f@).p) - C(f(@).p") = 0s(q’.q".p").  (48)
Thus V(p°, p', q°, q') is exact for the preferences that are dual to C(u, p) if
under the assumption of cost-minimizing behavior on the part of the consumer,
V(p° p'. q°, q') is exactly equal to the theoretical Hicks—Samuelson quantity
variation function Qs(q°, q', p*) defined by (23) for a reference price vector p’
that is between the period-0 and -1 price vectors faced by the consumer.

In the following section, we will assume that the consumer has homothetic
preferences and we will attempt to find price and quantity indicators that are
exact and superlative in this case. In Section 5, we will drop the assumption of
homothetic preferences and we will attempt to find superlative indicators in this
more general context.

4. SUPERLATIVE PRICE AND QUANTITY INDICATORS IN THE CASE OF
HOMOTHETIC PREFERENCES

We now suppose that the consumer’s utility function f(q) is neoclassical and the
dual unit cost function is c(p). Under these conditions, using (6), we have

C(f(@,p) =cP) f(@. (49)
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Thus the family of Hicks—Samuelson quantity variations Qg defined by (23) and
the family of Hicksian price variations Py defined by (26) have the following
structures under the assumption of neoclassical preferences:

0s(q’,q",p) =C(f(@").p)— C(f@).p) =[f@") — f@)]cp); (50)

Pa@’, p', f(@) = C(f(q), p") — C(f(q), p°) = [c(p") — c(P)]f(q). (51)

It turns out that if we choose the vector of reference prices p in (50) to be equal to
p° orp', then we can find exact quantity indicator functions V (p°, p', q°, q') andif
we choose the reference quantity vector qin (51) to be equal to q° or q', then we can
find exact price indicator functions 7 (p°, p', q°, q'), by drawing on exact index
number theory in the case of homothetic preferences. Thus, let P(p°, p', q°, q')
and Q(p°, p', q°, q") be an exact pair of price and quantity indices; that is, they
satisfy (12), (13), and (14) in Section 2. Now let the reference price vector p in
(50) above equal the period-O price vector p’. Then Qs(q°, q', p°) becomes
the equivalent variation Qr(q’, q', p®) and thus (50) becomes the following
equation:

0e(q’.q".p°) =1r@") - f(@)lc@’)
=[{f@")/f (@)} —11c®’) f(q")
= [Q(po, pl, qo, q') — l]pO . q0 using (13) and (10) for r =0
=Ve@’.p'. ¢’ . q". (52)

Thus the observable function of the data, Vg (pO, pl, qo, ql), defined to be equal
to [Q(P°, p',q° q") — 11p° - q°, is exactly equal to the equivalent variation,
QE(qO, ql, pO), and hence is an exact quantity indicator function. If, in addi-
tion, Q is exact for a flexible neoclassical utility function f, then we say that the
corresponding Vg (p°, p', q°, q') is a superlative quantity indicator.

Now let the reference price vector p in (50) above equal the period-1 price vector,
p'. Then Qs(q’, q', p') becomes the compensating variation Qc(q°, q', p') and
thus (50) becomes the following equation:

0c(q’. q'.p") =" — f(@")lc®p)
=[1—{f(@")/f@)Nlc®")f(q"
=11-0p%p". q° q") " Ip' - q' using (13) and (10) for r = 1
= Ve’ p'. q’. ¢"). (53)

Thus the observable function of the data, Vco(p°, p', q°, q'), is exactly equal
to the compensation variation, Qc(q°, q', p°), and hence is an exact quantity
indicator function. If, in addition, Q is exact for a flexible neoclassical utility
function f, then we say that the corresponding Ve (p°, p', q°, q') is a superlative
quantity indicator.
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Thus each superlative quantity index function, Q (p°, p', q°, q'), generates two
superlative quantity indicator functions, Vg (p°, p', q°, q'), defined in (52), which
is exact for the theoretical equivalent variation, and V¢ (p°, p', q°, q'), defined in
(53), which is exact for the theoretical compensating variation. Because there are
an infinite number of superlative quantity indices,?® there are an infinite number
of superlative quantity indicators.

The above analysis can be repeated with some modifications in order to
find superlative price indicator functions. Thus, again, let P(p°, p', q°, q') and
o’ p', q°, q') be an exact pair of price and quantity indices. Now let the
reference quantity vector q in (51) above equal the period-0 quantity vector, q°.
Then Py(p°, p', f£(q°)) becomes the Laspeyres price variation Py (p°, p', £(q°))
defined by (27) and thus (51) becomes the following equation:

P, p", £(q”) =[c(@") — (@)1 f(q")
= [e@")/c@”} — 11c@’) £(q°)
=[P®°%p'. q". q")—11p°- q° using (14) and (10) for ¢ = 0
=L@’ p' d’ q). (54)

Thus the observable function of the data, Iy (p°, p', q°, q'), defined to be equal
to [P(p°, p', q°, q") — 11p° - q°, is exactly equal to the Laspeyres price variation,
Pur(p°, p', £(q")), and hence is an exact price indicator function. If, in addition,
P is exact for a flexible unit cost function c, then we say that Iy (p°, p', q°, q') is
a superlative price indicator.

Now let the reference quantity vector q in (51) above equal the period-1
quantity vector, q'. Then Py(p°, p', f(q')) becomes the Paasche price variation
PHp(pO, p'.f (ql)) and thus (51) becomes the following equation:

Pap(@’.p'. f(q") =T[c(p") — c@HIf(q")
=[1 = {c(P’)/c@"H}ec®") f(q")
=[1-P@p’p'.d q)'p"q
using (14) and (10) for ¢ =1
= I’ p'. q". ¢"). (55)

Thus the observable function of the data, Iyp(p°, p', q°, q'), defined to be equal
to[1—=P@°, p', q°% q)~"Ip' - q', is exactly equal to the Paasche price variation,
Pup (po, pl, f (q1 )), and hence is an exact price indicator function. If, in addition,
P is exact for a flexible unit cost function ¢, then we say that Iyp(p°, p', q°, q')
is a superlative price indicator. Again, because there are many superlative price
index functions P(p°, p', q°, q'), there will be many superlative price indicator
functions.?”
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There is one more detail to be settled in this analysis of superlative price
and quantity indicator functions that are generated by traditional index number
formulae: we want the sum of the price indicator and quantity indicator to be
exactly equal to the value difference. Thus suppose that we are given bilateral index
number formulae P and Q that satisfy the product test (12) and we use these indices
to define the quantity indicators Vg(p°, p', q°, q') by (52) and Ve (p°, p', ¢°, q')
by (53) and the price indicators Iy (p°, p', q°, q') by (54) and Iyp(p°, p', ¢°, q')
by (55). Then, using (12), it can be shown that numerically, the following equations
will hold:

p'-q'—p°-q" = e’ p'. ¢’ ") + Ve(@°, p'. ¢’. q'); (56)

P d —p’ q" =1, p'.q".qd)+ Ve’ p'.q". ¢"). (57)

Thus the equivalent variation indicator Vg(p°, p', q°, q') generated by Q needs
to be matched up with the Paasche price variation indicator Iyp(p°, p', q°, q')
generated by P and the compensating variation indicator Vc(p°, p', q°, q') gen-
erated by QO needs to be matched up with the Laspeyres price variation indicator
Iu.(P°, p', q°, q') generated by P in order for the value difference to equal the
sum of a price and a quantity indicator.

This completes our discussion of superlative indicators when the consumer’s
preferences are homothetic. In the following section, we address the much more
difficult task of finding superlative indicators in the nonhomothetic case.

5. STRONGLY SUPERLATIVE PRICE AND QUANTITY INDICATORS

The holy grail of applied welfare economics is to obtain a quantity variation
indicator that is exact for fully flexible preferences. To our knowledge, no one
has yet succeeded in this quest.>' In this section, we will show that the Bennet
quantity indicator is exact for fully flexible preferences, subject to the money-
metric cardinalization of utility defined by (20), except that normalized prices
that are adjusted for general inflation between the two periods must be used in
place of the original prices facing the consumer. Because our focus is on quantity
variations, this scaling of prices does not seem to be too serious a drawback of our
suggested indicator of quantity change.

We now distinguish the original (unscaled) price vector P' = [P/, ..., Py]>
0y that the consumer faces in period 7 for t = 0, 1 from the scaled or normalized
price vector p’, which is proportional to P’ and will be defined shortly. As in
previous sections, the consumer’s observed quantity vector in period ¢ is q" for
t =0, 1. Let the consumer’s utility function f(q) satisfy Conditions II (which are
the usual nonhomothetic assumptions plus the assumption of money-metric utility
scaling (20) for some strictly positive reference prince vector P* >> 0y ) and let the
corresponding dual cost function be C(u, P). We assume that the consumer’s cost
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function has the following translation-homothetic normalized quadratic functional
form,3? which is a special case of translation-homothetic preferences:>>

Cu,P)=b-P+1sp(x-P)"'P-BP+c-Pu, (58)

where « > 0Oy, b and ¢ are N-dimensional parameter vectors, and B is a pa-
rameter matrix. These parameter vectors and this parameter matrix satisfy the
following restrictions, where P* >0y is the reference vector that appears in
(20), the definition for C to satisfy money-metric utility scaling at the reference

prices P*:
B = BTsothatBis symmetric and B is negative semidefinite; (59)
BP* = 0y; (60)
b-P"=0; and (61)
c- P =1. (62)

Using the techniques in Diewert and Wales (1987), it can be shown that (59)
implies that the C defined by (58) is globally concave. In Appendix A, we show
that this functional form is flexible in the class of preferences satisfying the money-
metric utility-scaling restrictions in (20) for any predetermined parameter vector
o > Oy; that is, given any & > 0y, we can find vectors b and ¢ and a matrix
of parameters B such that the restrictions (59)—(62) are satisfied and the resulting
C defined by (58) is flexible at the arbitrary point (u*, P*). However, in general,
this flexible functional form may not satisfy Conditions II for all # > 0 and all
P> 0y. In Appendix A, we will define the region of prices and utility levels
where the functional form satisfies the required regularity conditions for a cost
function.

Assuming that the consumer’s preferences can be represented by the cost func-
tion defined by (58)—(62) for the two periods under consideration, and assuming
cost-minimizing behavior on the part of the consumer, the following equations
will hold:

P .q =C(f(q),P)=b P
+1h(x- PP -BP +¢-P f(q'); t=0,1. (63)

Using Shephard’s lemma, the consumer’s observed period-# demand vector q' is
equal to the following expression:

q =VeC(f(q),P)
=b+ (x-P) 'BP —1hp(ac- PY?P -BP' e +c f(q); t=0,1. (64)

If there is a great deal of general inflation between periods O and 1, then the
compensating variation will be much larger than the equivalent variation simply
due to this general inflation, and an average of these two variations will be difficult
to interpret due to the change in the scale of prices. To eliminate the effects of
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general inflation between the two periods being compared, it will be useful to scale
the prices in each period by a fixed basket price index of the form « - P, where
o = [oy,...,ay] > Oy is a nonnegative, nonzero vector of price weights.34
Thus, the price-weighting vector o« having been chosen, the period- real prices
that the consumer faces, p’, are defined as follows:

p’=P/x-P’ p'=P/x-P. (65)
Note that these real price vectors will satisfy the following restrictions:
a-p=a-P/a-P=1;, t=0,1. (66)

Divide both sides of equation (63) by « - P and using definitions (65), the resulting
equations become

p-qd =C(f(@),p)=b-p'+14pp'-Bp' +c-p'f(q); r=0,1. (67

Similarly, substituting equations (65) and (66) into equations (64) leads to the
following equations relating the consumer’s period-7 quantity vectors q' to the
real price vectors p’:

q =VeC(f(q).p)=b+Bp' —1ip' -Bp'a+cf(q); r=0,1. (68)

With the above preliminaries out of the way, we are ready to state our
first proposition, which relates the Bennet quantity indicator defined earlier by
@1, Vs’ p'.q% q") = 14[p° + p'l - [q' — q°], to the theoretical equiva-
lent and compensating variations defined by (24) and (25), Qt(q’. q',p°) =
C(f(@H, pH—C(f(@"),p") and Oc(q’, ¢', p") = C(f(q"), p)—C(f(q"). p"),
where we are using the scaled real price vectors p’ defined by (65) as reference
price vectors in place of the original nominal price vectors P’.

PROPOSITION 1. Let the consumer’s observed period-t data be (P', q') and
suppose that the consumer minimizes the cost of achieving the period-t utility
level for each period t = 0, 1. Let « > Oy be a given vector of price weights
that are used to construct the period-t real price vectors, p' = P'/x - P! for
t =0, 1. Suppose a consumer has preferences f (q) that are dual to the translation-
homothetic normalized quadratic cost function C (u, P) defined by (58)—(62), and
define u' = f(q") fort = 0, 1. Then the Bennet quantity indicator defined by (41)
using the real prices defined by (65) is exactly equal to the arithmetic average of
the equivalent and compensating variations defined by (24) and (25) using the real
price vectors as reference prices rather than the original nominal price vectors;
that is, we have

Ve’ p', d’, q") = 10:(d’, q', p°) + 11 0c(d’, q', p"). (69)
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Proof.

2ve(@”. p'. ¢*. q)
= [p0 + pl] . [q' — qO] using definition (41)
=p’-q' - C(f@).p) +C(f(@).p)—p'-q" using (67)
=p’ [b+Bp' —1pp' - Bp'a+cfg)] - C(f(@"), p")
+C(f(@),p) —p'-b+Bp° —15p" - Bp'a+cf(q”)] using (68)
=p°-b+p°-Bp' —1p' -Bp' +p° - cf(q") — C(f(q").p")
+C(f(g".p") —[p'-b+p"-Bp” — 1/p°-Bp’
+p'-¢f(q")] using (66)
=[p”-b+14p"-Bp’ +p° - cf(q)] - C(f(q").p%)
+C(f(@),p) —[p' -b+1sp"-Bp' +p'-cf(@”)] using (59)
=C(f(@), p") = C(f (@), p") + C(f (@), p) — C(f(@"),p") using (67)
= 0e(q’. q'. p°) + Qc(q’. q', p') usingdefinitions (24) and (25), (70)
which is equivalent to (69). |

COROLLARY 1. Under the conditions of the above proposition, the following
equality holds:

e’ p',q’, q") = C(f(q"), Lp’ +p'D) — C(f(°), 'Ap° +p'])
= 0s(q°, q", 1Ap° +p'D). (71)

Proof. From (70), we have the following equality:
2vs(p°.p'. ¢, q")
=C(f(q").p") — C(f(@").p") + C(f(g").p") — C(f(q").p")
=p"-clf (@) — f@)]+p'clf(@)— f(@")] usingdefinition (67)
=[p°+p'l-clf(@) - f(@")]
=C(f(@").p"+p") —C(f (@), p" +p". (72)

where the last equality follows adding and subtracting terms and using definition
(67) for C. Using the linear homogeneity property of C (u, p) in p, it can be seen
that (72) implies (71). |

The equality (71) shows that the Bennet quantity indicator, Vs (p°, p', q°, q1),
is a strongly superlative indicator, because it is exact for the theoretical quantity
variation, Qs(q’, q', 15p° + 15p'), using reference prices that are between p° and
p', namely the arithmetic average reference prices !5p® + 1/5p’.
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There is a counterpart to Proposition 1 for the Bennet price indicator. Proposi-
tion 2 relates the Bennet price indicator defined earlier by (40), Is (p°, p'. q°, q') =
154[q°+q']-[p' —p°], to the theoretical Laspeyres and Paasche price variation func-
tions defined by (27) and (28), PuL(p’, p'. f(q")) = C(f(q"), p") - C(f ("), p*)
and Pap(p®, p', (@) = C(f(q"). p") — C(f(q"), p°), where again we use the
scaled real price vectors p’ defined by (65) as reference price vectors in place of
the original nominal price vectors P".

PROPOSITION 2. Under the hypotheses listed in Proposition 1, the Bennet
price indicator defined by (40) using the real prices defined by (65) is exactly
equal to the arithmetic average of the Laspeyres and Paasche price variations
defined by (27) and (28) using the real price vectors as reference prices rather
than the original nominal price vectors, that is, we have

Le%p'.q° q") =1L P’ p', F(@) + P’ p'. F(@").  (73)

Proof.3s

2I5(%, p'. q°. ") = [q" + q']- [p' —p°] using definition (40)
=p' - q"—C(f(@").p") +C(f(q").p") —p°-q' using(67)
=p'-[b+Bp’ — 1pp’-Bp’a +cf(q")] - C(f(q"),p")
+C(f(q").p") —p" - [b+Bp' —1sp' -Bp'a +cf(q')] using (68)
=p'-b+p'-Bp’—1mp° Bp’+p'-cf(q") - C(f(q"). p")
+C(f(q").p")
—[p°-b+p”-Bp' —1p' -Bp' +p°-cf(q")] using (66)
=[p'-b+14p'-Bp' +p' - cf(q)]—C(f(q).p")
+C(f(g").p") —[p"-b+14p” - Bp’ +p° - cf(q")] using (59)
C(f(q").p") —C(f(@").p") +C(f(@").p") — C(f(q").p’) using(67)
= Pu(p’. p". £(¢°) + Par(@’. p'. f(q")) usingdefinitions (27) and (28),
(74)
which is equivalent to (73). |

COROLLARY 2. Under the conditions of the above proposition, the following

equality holds:
E%p',d’ q") =Clhrf@”) + L), pY) — CUAf(Q)
+14£(@@"), p") = Pu@’, p'. 12f (@) + 1 f(@"). (75)
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Proof. From (74), we have the following equality:

2I.p°.p'. q". ¢') = C(f(@"). p") — C(f (). p") + C(f(q"). p)

—C(f(@),p")=I[p' -b+14p'-Bp' +p'-cf(@)]—[p’ b
+1/p° - Bp’ +p° - ef ()] + [p' -b+5p' - Bp' +p' - cf(qh)]
—[p°-b+1:p° - Bp’ +p’-cf(@)] using(58)

=2[p' -b+15p" - Bp' +p'-clp{f (@) + f(@)H}]
—2[p' b+ 1/p' - Bp'
+p'-elp{f(@") + f(qH}] rearranging terms

=2C(Af Q")+ 21 (@), p") —2C0Af (")
+ 1/2f(q'), po) using definition (58)

=2Pu(p’.p'. '2f(@°) +4f(q") usingdefinition (26), (76)

which is equivalent to (75). |

The equality (75) shows that the Bennet price indicator, Iz(p°, p', q°, q'), is a
strongly superlative indicator, because it is exact for the theoretical Hicksian price
variation, Py(p°, p', 1ou® 4 1/u'), using the arithmetic average of the period 0
and 1 utility levels, 4° and u!, as the reference utility level.

Bennet (1920) showed that the sum of the Bennet price and quantity indicators,
Iz(p°, p'. q°, q') plus Vs (p°, p'. q°, q"), is numerically equal to the value differ-
ence, p' - q' — p° - q°; recall (44) above. The above two propositions show that
the Bennet indicators have strong economic interpretations if we use real prices
instead of nominal prices when calculating these indicators; that is, they are both
strongly superlative indices.*®

Another advantage of the Bennet quantity indicator is that it has a nice
aggregation-over-households property. Thus let o« > 0y, and suppose that there
are H households in the economy and household / has normalized quadratic
translation-homothetic preferences f"(q) that are dual to the following cost func-
tionC"forh=1,..., H:

C"w",Py=b" P+ 1h(ax-P)"'P.-B"P+c" - Pul, (77)

where b, ¢, and B" satisfy the restrictions (59)-(62) forh =1, ..., H. Let qh’
be household /4’s observed consumption vector for period ¢ and let household &
face the price vector P in period t for h = 1,..., H and r = 0, 1. Define the
vector of real prices that household 4 faces in period ¢, ph’ , as follows:

p=P"/x-P", t=0,1;h=1,..., H. (78)

Now make the hypotheses in Proposition 1 for each household and we find that
the sum over households of the Bennet quantity indicators Vg (p"°, p"', q"°, ¢"")
for each household # is equal to the average of the sum of the household &
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equivalent and compensating variations, Qg(qho, q"', p") and Qf‘:(qho, q", p");
that is, using Proposition 1, we have

H

H
> Ve p" q ") =) hp" +pM1 - [d" — )
h=1 h=1

H H
1hYy0rd, q" p") + 14 0L, "', p")

h=1 h=1

H
= Z Qg(qho, q"', 15p"™ + p"'])  using Corollary 1, (79)
h=1

where for h = 1,..., H, Q4[q", q"', 15[p"* + p"'1] is the Hicks—Samuelson
theoretical quantity variation for household % using the vector of average real
prices facing household / for the two periods under consideration, 1/4p"® 4 15p”!,
as the reference price vector. Thus if individual household price and quantity data
are available, the sum of these theoretical quantity variations can be calculated as
the sum of the observable Bennet quantity indicators.

If in addition, each household faces the same vector of prices p° in period 0 and
p! in period 1, then (79) simplifies as follows:

Vva@.p'. 4% q") = 14" +p'1 14" —q"]

H H
=15y 01", q", p)+15)_ 0L q", p")

h=1 h=1

0L(q", q"', 141" + p'D), (80)

I
M=

>
Il

1

where the aggregate period-7 quantity vectors q' are defined as the sums of the
individual household quantity vectors:

H
q"; q'
2

H
q > M. 81)
h=1

Thus under the assumptions of Proposition 1 and the assumption that each
household faces the same prices in each period, the aggregate Bennet indicator
of quantity change, Vz(p°, p', q°, q'), defined by the first line in (80), is exactly
equal to the arithmetic average of the sum of the individual household equivalent
variations, Z,IL ! Qg(qho, th, po), plus the sum of the individual compensating
variations, 3 7, Q%(q"°, q"', p°). Under these hypotheses, the aggregate Bennet
indicator of quantity change is also exactly equal to the sum over households
of the Hicks—Samuelson theoretical quantity variations using the vector of av-
erage real prices facing household % for the two periods under consideration,
Yt 8@ ¢ alp° + p'D.T

https://doi.org/10.1017/5136510050909018X Published online by Cambridge University Press


https://doi.org/10.1017/S136510050909018X

358 W. ERWIN DIEWERT AND HIDEYUKI MIZOBUCHI

6. THE DECOMPOSITION PROPERTIES OF THE BENNET INDICATORS

In the context of production, Diewert and Morrison (1986) and Kohli (1990, 1991)
developed a methodology for exact decomposition of various Tornqvist indices
into explanatory factors for each price or quantity change using the assumption
of a translog technology.®® It would be useful if we could provide a similar
decomposition result for the Bennet indicators, but we are not able to accomplish
this task. However, Diewert and Morrison (1986, pp. 674-676) developed an
average of first-order approximations methodology that gave results very similar to
those for their translog methodology,*® and so we will use this second approach to
provide an economic interpretation for each separate term in the Bennet indicators.

In this section, we will not make any specific parametric assumptions; we will
assume only that the consumer’s cost function C(u, P) satisfies Conditions I and,
in addition, C(u, P) and the dual f(q) are once differentiable in a neighborhood
around the observed period-7 real price and quantity vectors, p’ = P’ /o - P' and
q’, and around the observed period-z utility levels, u’ = f(q’), fort = 0, 1. Hence
the following equations will be satisfied by the data under the assumption that the
consumer minimizes costs in each period:

p-qd =C(f(d),p); =01 (82)
q =VeC(f(q),P)=V,C(f(q).p"); t=0,1 (83)

The first set of equalities in (83) follow from Shephard’s lemma and the second
set follow from the proportionality of the real prices p’ to the corresponding
nominal prices P’ and the linear homogeneity of the cost function C(u, P) in
the components of P, so that the partial derivative functions dC (u, P)/0P, are
homogeneous of degree 0 in their price variables.

Define the nth partial Bennet price and quantity indicators, I,( pg, pi, q,?, qi)
and Vn(pg, p;, q,?, q,}), as follows:

Iea (P2 pral.ay) = 4[ad +a, [Pt — P2 n=1,....N; (84

Veu(Pos P @0+ 40) = '2[P) + Pullds —ad]: =1.....N. (85)

Note that the above partial indicators using real prices sum up to the overall
Bennet indicators using real prices; that is, we have

N

1z p'. ", q) =) Is.(p). P 40 @) (86)
n=1
N

Vs@’.p'.q’.q) =) _ Veu(p). p). ). ). (87)

n=I

We will relate the above observable partial indicators to theoretical partial
indicators: for each n, define the Laspeyres and Paasche partial price variations,
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ar, and ap,, as follows:*°

a, =C(f@, pd ... P ph Plrs o PY) — C(F @0, P°);
n=1,...,N; (88

aps = C(f(@). ) — C(f@). Plseeos Phys Do Pairs -+ PN
n=1,...,N. (89)

Thus, the nth partial price Laspeyres variation, «p,, is the difference in real
expenditure that would result if the standard of living of the consumer were held
constant at the period-0 utility level, u° = f(q"), and all real prices were also
held constant at their period-0 levels, except that we allowed the nth real price
to increase from the period-0 level, p?, to the period-1 level, p!. The nth partial
price Paasche variation, ap,, has a similar interpretation except that the reference
utility level is held constant at the period-1 level, u! = f(q'), and all real prices
are held constant at their period-1 levels and as before, we allow the nth real price
to increase from the period-0 level, pg, to the period-1 level, p}.

It is possible to adapt the first-order approximation methods used to derive the
approximations (36) and (38) in the present context. Thus first-order approxima-
tions to the unobservable terms in (88) and (89) can be obtained as follows: for

n=1,...,N, wehave
C(f@). P Paot P Pt - PY)
~ C(f@").p") + [BC(f(@"). p°)/3pal[py — 11]
=C(fq",p") + qr?[p}l — pg] using Shephard’s lemma (83); (90)

C(f(ql)’ p}a ceey p;},—la p23 p:;-i,-lv ey p]l\/)
~ C(f(@),p") +9C(f(@"), p")/opal[P) — p,]
=C(f(q"),p") +4q.[p) — p,] using Shephard’slemma (83). 91)

Substituting (90) and (91) into (88) and (89) leads to the following observable

first-order approximations, ay,, and ap,, to the Laspeyres and Paasche partial price

variations, o, and ap,:*!

aLn%qS[p;—pg]EaLn; n=1,...,N; 92)

apn%qi[p,i—pg]zapn; n=1,...,N. 93)

Thus using definitions (84) for the Bennet partial price indicators,
I, ( pg, pl, q,?, g.)), it can be seen that they are exactly equal to the arithmetic
average of the Laspeyres and Paasche partial price indicators, 14ay , + ! 2ap,, which
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in turn approximate the average of theoretical Laspeyres and Paasche partial price
variations, 1oy, + lhap,, to the first order; that is, we have

PROPOSITION 3.

I, (P27 P,l,y 6],?, 6],1) = ]/2aLn + 1/ZCan ~ ]/ZaLn + l/ZaPn;
n=1,....N. (94)

The above results are nonparametric; that is, the approximations given by (92)—
(94) are first-order Taylor series approximations that are valid no matter what (once
differentiable) preferences the consumer holds. However, if we assume that the
consumer has preferences that can be represented by the translation-homothetic
normalized quadratic cost function C(u, P) defined by (58)—(62), then we can
obtain an exact expression for the gap between the Bennet partial indicator on the
left-hand side of (94) and the average of the theoretical partial variations on the
right-hand side of (94); that is, we can obtain the following expression for the bias
BBP, in the nth Bennet partial price indicator:

I (P2, pr g0, qr) = 'hotrn + 'pop, + BBP,; n=1,...,N; (95)

BBP, = —')a,[p”-Bp° + p' - Bp'l[p, — )], (96)

where «,, is the nth component in the weighting vector « that is used to form real
prices. Because Z,]Ll a,pl, = 1fort =0, 1, it can be seen that

N
Z BBP, = 0, 97)
n=1

so that the bias terms in the Bennet partial indicators Ig, (p?, pl, ¢°, g!) sum to
zero.*? Let P* be the money-metric utility scaling vector that appears in (60)—(62)
and define its real counterpart by p* = P*/P* - «. If p° is proportional to p’, then
p° - Bp® is equal to 0, and if p' is proportional to p’, then p' - Bp' is equal to 0.
under these conditions, it can be seen that all of the bias terms BBP,, will be equal
to O as well. Hence, if pO and p1 are close to each other, then we can choose the
reference price vector p° to be close to p® and p' and the bias terms will all be
close to 0.

Finding economic interpretations for the Bennet partial quantity indicators,
Vi ( pg, p,ll, q,? , q,}), is more difficult. For each n, we first define the theoretical
Laspeyres and Paasche partial quantity variations, B, and Bp,, as follows:

o= C(F(al a1 a) gl - %) 8) — CCF@. D)
n=1,...,N; (98)

ﬂPn = C(f(ql), pl) - C(f(qll7 L) q,t_],q,?’ qu,_Ha e aq}\l)v pl)’
n=1.....N. (99)
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Thus the nth partial quantity Laspeyres variation, fi,, is the difference in
real expenditure that would result if the real prices of the consumer were
held constant at their period-0 levels p° and all quantities were also held con-
stant at their period-0 levels, except that we allowed the nth quantity to in-
crease from the period-O level, q,?, to the period-1 level, g,.. The nth partial
quantity Paasche variation, Bp,, has a similar interpretation except that the
reference prices are held constant at their period-1 levels p' and all quanti-
ties are also held constant at their period-1 levels, except that we allow the
nth quantity to increase from the period-O level, ¢, to the period-1 level,
-

To obtain observable first-order approximations to the theoretical quantity vari-
ations defined by (98) and (99), it is first necessary to develop some prelim-
inary material. Define the function h’(q) for q’s in a neighborhood of ¢ as
follows:

h'(q@)=C(f(@,p); =01 (100)

Under our assumptions, 4’ (q) is once differentiable at ¢’ and we can calculate
the vector of first-order partial derivatives as follows:

Vgh' (@) = [8C[f(q"), p'l/du] - Vo f(@); t=0,1. (101)

Under our assumptions, q’ solves the cost minimization problem defined
by C(f(q"),p") for r = 0,1, and because f(q) is differentiable at q’, there
exists a nonnegative Lagrange multiplier A’ such that the following first-
order necessary conditions for the period-f cost minimization problem are
satisfied:*’

p=AVef@); =01 (102)
But Samuelson (1947) showed that the period-t Lagrange multiplier A’ that

appears in (102) is also equal to the period-f marginal cost around the equilibrium
point, so that we have

A =aC(f(q), p)/du; t=0,1. (103)

Substituting (102) and (103) into (101) gives us the following simple expression
for the derivatives of the function h’(q) defined by (100):

[0C(f(@),p")/dulVef(q) = Vgh'(d) =p"s t=0,1 (104)

Equations (104) seem to have been first derived by Balk (1989; 166), so we
can call these relationships Balk’s lemma. With the above preliminary mate-
rial out of the way, we can now proceed to the task of finding first-order ap-
proximations to the theoretical partial quantity variations B, and Bp, defined
by (98) and (99). Thus a first-order approximation to the unobservable term
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C(f(q(l),...,q,?_l,qll,qgﬂ, ...,qg,),po) in (98) is

C(f(q?,...,q,?_l,q,l,,qgﬂ, ....,qg,),po) n=1,...,N
~ C(f(q"),p") +[0h°(q")/3g,1[q, — 7] using (100) forz =0
=C(f(@"),p") + p’[g) — q°] using (104)fort = 0. (105)

Similarly, a first-order approximation to the unobservable term C(f (qll, R
qrt_lv q,(,)y q,1+11 cet q]]\l)v pl) ln (99) IS

C(f(als--+dn-1-90-dns1>---»qx)sP') n=1,...,N
~ C(f(q").p") +[9h'(q")/0g41[q, —q,] using (100) fors =1
= C(f@),p") + pala, —4,] using (104 forr = 1. (106)

Substituting (105) and (106) into (98) and (99) leads to the following observable
first-order approximations, by, and bp, to the Laspeyres and Paasche partial
quantity variations, By, and Bp,:*

Bin ~ plla, —at] =bu; n=1,...,N; (107)

ﬂpn%p;[q;—qr?]szn; n=1,...,N. (108)

Thus using definitions (85) for the Bennet partial quantity indicators,
Vi ( pﬂ, pl, q,? ,q,), it can be seen that they are exactly equal to the arithmetic
averages of the Laspeyres and Paasche partial quantity indicators, 14by,, + 14bp,,
which in turn approximate the averages of the theoretical Laspeyres and Paasche
partial price variations, 158, + !/28py, to the first order; that is, we have

PROPOSITION 4.

VB (P,?a p;is qr?’ qi) = l/QbLn + 1/Zan ~ ]/2,8Ln + ]/2/3Pn;
n=1.....N. (109

This completes our theoretical discussion of the properties of the Bennet in-
dicators. In the following section, we illustrate the use of these indicators for a
Japanese data set.

7. THE BENNET INDICATORS USING JAPANESE DATA

In this section, we apply our methodology to Japanese consumption data. These
data were constructed from the Japanese national accounts for twelve classes
of expenditure for the period 1980-2006. The prices for each commodity class
were normalized to equal one in 1980; see Tables B.1 and B.2 in Appendix B
for a listing of the data. We chose food and nonalcoholic beverages to be our
numeraire commodity.* Aggregate expenditures evaluated in terms of real prices
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TABLE 1. Real expenditure differences and Bennet indicators, 1981—

2006

Year Difference Bennet quantity indicator Bennet price indicator
1981 2,657.4 1,966.8 690.7
1982 8,980.9 6,252.6 2,728.3
1983 3,191.4 4,054.7 —863.3
1984 2,352.7 3,456.0 —1,103.2
1985 6,652.0 6,002.3 649.7
1986 6,622.4 4,996.6 1,625.7
1987 9,040.9 6,538.3 2,502.6
1988 8,122.2 7,847.4 274.8
1989 8,089.1 8,398.1 —309.0
1990 5,992.3 8,497.3 —2,505.0
1991 1,489.5 52759 —3,786.4
1992 6,674.9 4,586.8 2,088.1
1993 2,324.7 2,438.6 —113.9
1994 5,214.8 5,253.6 —38.8
1995 6,675.9 3,224.2 3,451.7
1996 4,329.8 5,314.7 —984.9
1997 1,297.4 1,683.8 —386.3
1998 —4,934.2 —2,125.0 —2,809.2
1999 1,424.7 1,188.5 236.3
2000 4,120.6 1,851.2 2,269.3
2001 3,656.7 3,969.5 —312.8
2002 1,932.1 2,188.8 —256.7
2003 43 1,433.0 —1,428.7
2004 480.4 3,708.4 —3,228.0
2005 4,579.9 3,944.9 635.1
2006 3,953.4 6,167.5 —2214.1

are 127,753 billion yen in 1980 and 232,679 in 2006. Therefore, household expen-
ditures evaluated in real prices increased by 104,927 billion yen over the past 27
years. We calculate Bennet indicators of quantity changes and real price changes
to decompose the expenditure difference for every year. Table 1 lists value the
real expenditure differences and the Bennet indicators for the period 1981-2006.
Table 2 lists their annual averages. It tells us that the effects of real price changes
are much smaller than the effects of quantity changes. However, the impact of real
price changes has been significant for the last decade.

Our focus is on real consumption, which measures the overall utility or volume
of aggregate consumption. Real consumption can be computed either through
the traditional ratio approach to quantity indices or by the difference approach
outlined in this paper. However, if we use the ratio approach, the choice of specific
index number formula could matter for the value of real consumption. Therefore,
we use the difference approach as well as alternative index number formulae to
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TABLE 2. Annual averages of real expenditure differences and
Bennet indicators

Real expenditure Bennet quantity Bennet price
Year difference indicator indicator
1980-2006 4,035.6 4,158.3 —122.6
1981-1990 6,170.1 5,801.0 369.1
1991-2000 2,861.8 2,869.2 —7.4
2001-2006 2,434.5 3,568.7 —1,134.2

evaluate the performance of the difference approach relative to that of the ratio
approach.

Real consumption coincides with the corresponding nominal value at the refer-
ence year. Setting 1980 to be the reference year, we calculate different versions
of real consumption for all years, using the ratio approach and the difference
approach. Fixed base and chained quantity indices were computed using the
Laspeyres, Paasche, Fisher, and Tornqvist-Theil formulae.*® The results are listed
in Table 3. The last column of Table 3 lists the corresponding Bennet estimate
of total consumption. The first entry in this column is simply the 1980 measure
of Japanese total consumption expenditures divided by the price of food, that is,
the first entry in the second column of the table. The next entry, in the Bennet
column, just adds the Bennet measure of quantity change or volume change Vjp
defined by (41) above, where the real price vectors and quantity vectors pertaining
to the years 1980 and 1981 are used in the formula. The 1982 entry in the Bennet
column is just the 1981 entry plus the Bennet measure of quantity change going
from 1981 to 1982, and so on.

Looking at Table 3, it can be seen that all of the index number estimates of
real Japanese consumption are very close to each other, with the exception of the
fixed-base Laspeyres and Paasche estimates. This lack of correspondence is normal
because these indices are known to differ from their superlative counterparts when
a fixed base is used. The superlative chained indices are particularly close to each
other. But how do these chained superlative indices compare to the corresponding
Bennet estimates of real consumption listed in the last column of Table 3? It can
be seen that the Bennet measures are always equal to or greater than their chained
superlative counterparts, but the differences are not very large: on average, the
Bennet estimate exceeds its chained Fisher counterpart by 0.74% per year, with a
maximum deviation of 1.1%.

What are we to conclude from these results? For the Japanese data, it seems
that a standard superlative index number approach to measuring aggregate real
consumption will be fairly close to the results generated by the theoretically prefer-
able Bennet approach, which has better aggregation over consumer properties and
is consistent with nonhomothetic preferences. However, there seem to be small
but significant differences between the Bennet estimates and those generated by
chained superlative indices.
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TABLE 3. Comparison of Japanese real consumption, 1980-2006

Ratio approach

Fixed base index Chained index Difference

Total approach
expenditures Implicit Implicit I

deflated by Laspeyres Paasche Fisher Tornqvist Tornqvist Laspeyres Paasche Fisher Tornqvist Tornqvist Bennet

the price quantity quantity quantity quantity quantity quantity quantity quantity quantity quantity quantity

Year of food index index index index index index index index index index indicator
1980 1,27,752.7 1,27,7527  1,27,752.7  1,27,7527  1,27,752.7  1,27,752.6  1,27,752.7  1,27,7527  1,27,752.7  1,27,77527  1,27,752.7  1,27,752.7
1981 1,30,410.1 1,29,723.2 1,29,705.2 1,29,714.2 1,29,714.5 1,29,713.9 1,29,723.2 1,29,705.2 1,29,714.2 1,29,714.5 1,29,714.1 1,29,719.5
1982 1,39,391.1 1,359422  1,35,820.7 1,35881.4 1358850 1,35881.6  1,35909.6 1358306 1,35870.1 1,35,871.1 1,35,870.4  1,35,972.1
1983 1,42,582.5 1,39,930.0  1,39,7239  1,39.,826.9  1,39,829.8  1,39,825.8  1,39,8004  1,39,778.2  1,39,834.3  1,39.8353  1,39,834.5  1,40,026.9
1984 1,44,935.2 1,43,397.3 1,43,032.0 1,43,214.5 1,43,216.7 1,43,211.8 1,43,312.0 1,43,160.8 1,43,236.4 1,43,237.4 1,43,236.6 1,43,482.8
1985 1,51,587.2 1,49,4447 1489132  149,178.7  149,179.0 149,173.5 1,49,2463  149,063.8  149,155.0 149,156.0 1,49,1552  1,49485.1
1986 1,58,209.6 1,543162  1,53,786.8  1,54,051.3  1,54,058.6  1,54,0489  1,54,151.3  1,53,940.0  1,54,045.6  1,54,047.0  1,54,045.8  1,54,481.7
1987 1,67,250.5 1,60,639.7  1,60,067.6  1,60,353.4  1,60,365.5  1,60,354.8 1,60,4744  1,60,251.2  1,60,362.8  1,60,364.3 1,60,363.1 1,61,020.0
1988 1,75,372.7 1,68,160.1 1,67,493.2  1,67,826.3  1,67,841.9  1,67,8289  1,68,006.2 1,67,7556 1,67,880.8  1,67,882.7 1,67,881.1 1,68,867.4
1989 1,83,461.8 1,76,183.0  1,75,390.8  1,75,786.5  1,75,810.7  1,75,789.5  1,76,072.5 1,75,781.1 1,75926.7  1,75,928.8  1,75927.1 1,77,265.5
1990 1,89,454.1 1,84,481.0 1,83,247.0 1,83,863.0 1,83,9352  1,83,864.1 1,84,306.9  1,83,951.3  1,84,129.0 1,84,1322  1,84,129.5  1,85,762.8
1991 1,90,943.7 1,89,7453  1,88,051.9  1,88,896.7  1,88939.3  1.88,886.0 1,89,504.2 1.89,110.7 1,89,307.3 1,89,310.6  1,89,307.8  1,91,038.7
1992 1,97,618.6 1,94,323.3 1,92,481.4  1,93,400.1 1,93,406.1 1,93,384.4  1,94,039.0  1,93,622.0  1,93,8304  1,93,833.8  1,93,830.9  1,95,625.6
1993 1,99,943.2 1,96,770.9  1,94,760.7  1,95,763.2  1,95,728.0  1,95,727.1 1,96,436.0  1,96,010.0  1,96,222.9  1,96,226.7  1,96,223.3 1,98,064.1
1994 2,05,158.0 2,02,159.1 1,99,719.7  2,00,935.7  2,00,849.2  2,00,882.8  2,01,593.5 2,01,1652  2,01,379.3 2,01,383.0 2,01,379.6  2,03,317.7
1995 2,11,834.0 2,05423.2  2,02,857.5  2,04,136.3  2,04,059.7  2,04,090.2  2,04,745.7  2,04290.4  2,04,5179  2,04,521.8 2,04,5182  2,06,541.9
1996 2,16,163.8 2,10,890.5  2,07,390.9  2,09,133.4  2,09,019.5  2,09,049.0 2,09921.7  2,09,399.4  2,09,660.4  2,09,665.1  2,09,6604  2,11,856.6
1997 2,17,461.2 2,129455  2,08,639.4  2,10,781.4  2,10,627.0  2,10,645.4  2,11,585.7  2,11,004.4  2,11,2948  2,11,298.6  2,11,2945  2,13,540.4
1998 2,12,527.0 2,10,785.1  2,06,006.4  2,08,382.1  2,08,221.2  2,08,186.7  2,09,497.1 2,08,936.5  2,09.216.6  2,09,219.0  2,09,216.1 2,11,415.4
1999 2,13,951.7 2,12,406.8  2,06,864.1  2,09,617.1  2,09,381.3  2,09366.7  2,10,687.9  2,10,084.2  2,10,385.9  2,10,386.6  2,10,385.3  2,12,603.8
2000 2,18,072.3 2,14,655.4  2,08,394.7  2,11,501.9  2,11,186.4  2,11,2059  2,12,530.9  2,11,863.0  2,12,196.7  2,12,196.6  2,12,1959  2,14,455.0
2001 2,21,729.0 2,19,1247  2,11,575.8  2,15317.2  2,14,843.1 2,14905.3  2,16449.2  2,15,674.6  2,16,061.6  2,16061.0  2,16,060.5  2,18,424.6
2002 2,23,661.1 2,21,564.5  2,13242.1  2,17,363.5  2,16,757.6  2,169103  2,18,589.8  2,17,802.2  2,18,195.6  2,18,1945  2,18,1946  2,20,613.4
2003 2,23,665.4 2,23,647.4  2,13901.5  2,18,720.2  2,18,000.7  2,18,186.1  2,20,041.5  2,19,154.9 = 2,19,597.8  2,19,596.3 = 2,19,596.3 = 2,22,046.3
2004 2,24,145.8 2282744  2,16,3954 2222555  221,340.7  2,21,579.9  223,7756  2,227753.6 2232640 2232618 2232618 2257548
2005 2,28,725.7 2,33,194.6  2,19,0249 2259987 2247843  2,25,100.2  227,751.1  2,26,625.5 227,187.6  2,27,1845  227,1847  2,29,699.6
2006 2,32,679.2 241,317.8 2234614 2322180  230,683.0 2309720 234,019.0 232,6654 233,341.2 2333362 2333365 2358672
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8. CONCLUSIONS

This paper has established satisfactory difference theory counterparts to the
standard results on exact and superlative indices in the ratio approach to the
aggregation-over-commodities problem. The counterpart to a superlative index
number formula is a superlative indicator formula. We found that the Bennet
indicators of price and quantity change were (strongly) superlative and thus we
recommend their use in practical applications of cost-benefit analysis when ex
post variations must be calculated.

In Section 7, we found that, somewhat surprisingly, the results using the Bennet
indicator of quantity change are rather close to the quantity aggregates generated
by a superlative quantity index. This is somewhat reassuring in that the ratio and
difference approaches to economic aggregation seem to give more or less the same
answer, at least for our Japanese data set.

Finally, we mention one strong advantage of the difference approach over the
ratio approach: the ratio approach fails if the quantity aggregate has a value
equal to zero in the base period, whereas the difference approach is unaffected
by this complication. This observation is important if labor supply enters the
consumer’s utility function (negatively rather than positively) because in this case,
zero- or negative-value aggregates can readily occur. Although we did not formally
model this situation, we are confident that our techniques can be generalized to
cover it.

NOTES

1. This indicator terminology was introduced by Diewert (1992a, 2005).

2. Notation: q > 0y means each component of q is nonnegative; q > 0 means each component
of q is positive; and q > 0y means q > Oy but q # Oy, where O denotes an N-dimensional vector of
zeros. Also, p - q denotes the inner product of the vectors p and q; thatis, p-q=p'q=Y_ f:’:lp,, Q-

3. Thus, if ¢>>>q' > Oy, then f(q?) > f(q).

4. See Diewert (1993, p. 124).

5. Call these conditions on the cost function Conditions I.

6. See Diewert (1974, p. 119; 1993, p. 129) for the details and for references to various duality
theorems.

7. The basic idea can be traced back to Hicks (1942).

8. Preferences are homothetic if the consumer’s utility function can be written as G[ f(q)] where
f1is neoclassical and G is a continuous increasing function of one variable. Note that the homothetic
preferences G[ f(q)] can be represented by the neoclassical utility function f. Thus, at times, in what
follows, we will sometimes refer to neoclassical preferences as homothetic preferences. The concept
of homotheticity is due to Shephard (1953).

9. See Fenchel (1953, p. 78) or Rockafellar (1970, p. 85).

10. See Diewert (1974, p. 111).

11. This is a version of the Samuelson (1953)-Shephard (1953) duality theorem; see also Diewert
(1974; 110-112) and Samuelson and Swamy (1974.

12. See Shephard (1953, 1970), Pollak (1983), and Samuelson and Swamy (1974). Shephard, in
particular, realized the importance of the homotheticity assumption in conjunction with separability
assumptions in justifying the existence of subindices of the overall cost-of-living index.

13. This is Fisher’s (1922) weak factor-reversal test.
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14. Diewert (1976) gave many examples of exact index number formulae, drawing on the earlier
work of Koniis and Byushgens (1926), Pollak (1983), and Afriat (1972).

15. Of course, if P is exact for ¢, P and Q satisfy (12), and f'is dual to ¢, then Q is exact for f (and
vice versa).

16. Blackorby and Diewert (1979) showed that if c is a differentiable flexible functional form and
has a differentiable dual f(q), then fis also flexible in the class of neoclassical utility functions and
vice versa.

17. See Diewert (1976) for the details.

18. If the cost function C (u, p) satisfies Conditions I and, in addition, satisfies the money-metric
utility scaling conditions (20), then we will say that C satisfies Conditions II.

19. Hicks (1942) seems to have been the first to explore the similarities between the two approaches.

20. Samuelson (1974) recognized that C(f(q), p) is a valid cardinalization of utility for any
reference price vector p and thus (23) is a valid cardinal measure of the utility difference between
periods 0 and 1. Hicks, on the other hand, only considered the special cases (24) and (25) defined
below.

21. Henderson (1941, p. 120) introduced these variations in the N = 2 case and Hicks (1942)
introduced them in the general case, although his exposition is difficult to follow. The term compen-
sating variation is due to Henderson (1941, p. 118) and the term equivalent variation is due to Hicks
(1942, p. 128). Hicks (1939, pp. 40—41) initially defined the compensating variation as a measure of
price change: “As we have seen, the best way of looking at consumer’s surplus is to regard it as a
means of expressing, in terms of money income, the gain which accrues to the consumer as a result
of a fall in price. Or better, it is the compensating variation in income, whose loss would just offset
the fall in price and leave the consumer no better off than before.” However, later, Hicks (1942, pp.
127-128), following Henderson (1941, p. 120), defined (geometrically) the compensating variation as
Cu',p" - C @O, p') and the equivalent variation as Cu', po) —Cc@O, pO), which are measures of
welfare (or quantity) change.

22. In the index number literature, C(u°, p')/Cu°, p°) is known as the Laspeyres Koniis (1939,
p. 17) true cost of living index or price index and C(u', p')/C(u', p°) is known as the Paasche
Koniis theoretical price index; see Pollak (1983). It can be seen that (27) and (28) are the difference
counterparts to these ratio-type indices.

23. Hicks (194546, p. 68) called this measure the “price compensating variation” and distinguished
this measure from a quantity compensating variation, which he did not define in a very clear manner.
Hicks also considered price and quantity variations in Hicks (1943).

24. Hicks (1945-1946, p. 69) called this measure the “price equivalent variation.”

25. The first-order approximations (33) and (34) were obtained by Hicks (1942, pp. 127-134); see
also Diewert (1992a, p. 568).

26. The first-order approximations (37) and (38) were obtained by Hicks (1945-1946, pp. 72-73;
1946, p. 331).

27. Hicks (1942, p. 128; 1945-46, p. 71) called I}, and Ip the Laspeyres and Paasche variations,
but we will reserve the term ‘“variation” for the (unobservable) theoretical measures of price and
quantity change defined by (23) for changes in quantities and by (26) for changes in prices. We will
follow Diewert (1992a, 556; 2005, p. 313) and use the term “indicator” to denote a given function
of the price and quantity data pertaining to the two periods under consideration, so that the term
indicator becomes the difference theory counterpart to an index number formula in the ratio approach
to the measurement of price and quantity change. Because P and Q usually denote price and quantity
indices, a different notation is needed to denote price and quantity indicators. Using / to denote a price
indicator and V to denote a quantity (or volume) indicator follows the conventions used by Diewert
(2005). Note that national income accountants use the term “volume index” to denote a quantity
index.

28. See Diewert (2005) and Balk (2007) on the axiomatic approach to measures of price and
quantity change using differences.

29. See Diewert (1976).
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30. Diewert (2005, pp. 333-337) also defined superlative price and quantity indicators in the case
where consumer preferences were homothetic. Diewert’s (2005, p. 336) superlative economic indicator
of price change was defined as Ie(p, p', q°, q') = 12lu(p°, p'. ¢°, ¢") + Vo lue (%, p'. ¢°. q1),
where Iy, and Igp are defined by the third equations in (54) and (55), respectively, where the index
number formula P(p°, p', q°, q') is superlative. Thus our present definition of a superlative price
or quantity indicator is a variation of Diewert’s earlier definition. It should be noted that Fox (2006)
generalized Diewert’s (2005) bilateral approach to multilateral comparisons.

31. Recent attempts by Weitzman (1988) and Diewert (1992a) ended up making homotheticity
assumptions or, in the case of Diewert’s (1992a) Theorems 2 and 4, unrealistic assumptions relating
the parameters of preferences to utility levels were made. Chambers and Fére (1998) and Chambers
(2001) also came close, but their preference classes fell short of being fully flexible; Chambers (2001,
p- 111) explained the problem with his class of preferences. Diewert (1976, pp. 123—-124) had a
fully flexible result, but his result was exact for a Malmquist (1953) quantity index, which is not an
exact result for a quantity variation, and moreover, the Malmquist index does not have the convenient
aggregation properties that a Hicks—Samuelson quantity variation possesses.

32. Diewert and Wales (1987, 1988a, 1988b) introduced the normalized quadratic cost function,
which can be defined as C(u,P) = b - P + [h(x- P)~'P - BP + ¢ - P]u, where b, ¢, and B satisfy
(59)—(62), and they showed that this functional form was flexible in the class of cost functions that
satisfy the money-metric utility scaling restrictions (20) for any predetermined parameter vector oc- Oy .
The advantage of this functional form is that it contains a flexible unit cost function as a special case
(just set b = 0x). However, because preferences are generally nonhomothetic, this advantage is not
necessarily a huge one.

33. Chambers and Fire (1998, p. 640) and Chambers (2001, p. 111) introduced the term
“translation-homothetic preferences,” studied these preferences in some detail and noted their im-
portance for the measurement of welfare change; see also Balk et al. (2004). Blackorby et al. (1978,
p- 348) introduced this class of preferences and Dickinson (1980, p. 1713) referred to this class of
preferences as linear parallel preferences. Dickinson (1980, pp. 1715-1717) exhibited several examples
of this class of preferences that were flexible.

34. A reasonable standard choice for the weighting vector ac is & = q°/P° - ¢°. For this choice
of v, the vector of period-f normalized prices, p’ = P’ /P’ - v, can be interpreted as a period-t vector
of real prices using a fixed-base Laspeyres price index to do the deflation of nominal prices. Diewert
(2005, pp. 340-341) commented on the general inflation problem as follows: “The above quotation
alerts us to a potential problem with our treatment of value changes; namely, if there is a great change in
the general purchasing power of money between the two periods being compared, then our indicators
of volume change may be ‘excessively’ heavily weighted by the prices of the period that has the
highest general price level. Put another way, the units that quantities are measured in do not require
any comparisons with other quantities but the dollar price of a quantity is the valuation of a unit of
a commodity relative to a numeraire commodity, money. Thus the indicators of price change that we
have discussed in this paper encompass both general changes in the purchasing power of money as
well as changes in inflation adjusted prices. Thus if there is high inflation between periods 0 and
1 and quantities have increased, then the use of symmetric in prices and quantities indicators (like
the Bennet and Montgomery indicators) will shift some of the inflationary increase in values over to
the indicator of volume change.” Diewert (2005, p. 341) suggested deflating the prices of the second
period by a general index of inflation going from period 0 to 1, whereas our solution is more specific
in that we choose a Laspeyres-type index to do the deflation. Diewert (1992a, p. 566) discussed other
normalizations that have been used historically by various authors to construct suitable real prices for
use in the measurement of welfare change by volume or quantity indicators.

35. Our technique of proof is closely related to the techniques used by Balk et al. (2004, pp.
160-161), but our functional form assumptions are different and they did not establish a flexibility
result for the class of functional forms that they used in their proofs.

36. Diewert (2005) and Balk (2007) indicated that the Bennet indicators had excellent axiomatic
properties as well. Thus the Bennet indicators seem to be the difference counterparts to the Fisher
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indices in normal ratio index number theory, because the Fisher indices also have strong economic and
axiomatic properties.

37. This result is analogous to Chambers’s (2001, p. 114) exact result for an aggregate normalized
Bennet quantity indicator in the context of Chambers’s benefit function framework.

38. Diewert (2002) also developed some decomposition results for the Fisher indices, but these
results lack the simplicity of the Tornqvist decomposition results.

39. See Morrison and Diewert (1990) and Diewert and Lawrence (2006).

40. These variations are difference counterparts to the partial indices defined in Diewert and
Morrison (1986) and Kohli (1990).

41. Using simple feasibility arguments for the cost-minimization problems defined by the left-hand
sides of (90) and (91), it can be shown that a;,, > a1, and ap, < ap,, so that the Laspeyres partial
price indicators ay, are generally biased upward for the true partial Laspeyres price indices o1, and
the Paasche partial price indicators ap, aregenerally biased downward for the true partial Paasche price
indices apy; that is, these partial price indicators will generally have some substitution bias, which will
tend to cancel out when we take their averages.

42. This must be the case for Proposition 2 to hold.

43. Strictly speaking, we require that q' 3> 0y to ensure that conditions (102) are satisfied, and
later we will also require that marginal cost be positive so that dC(f(q"), p’)/0u > O fort =0, 1.

44. Using simple feasibility arguments for the cost-minimization problems defined by the left-
hand sides of (102) and (103), it can be shown that by, > Br, and bp, < Bp,, so that the Laspeyres
partial quantity indicators by, are generally biased upward for the true partial Laspeyres quantity
indices B, and the Paasche partial quantity indicators bp, are generally biased downward for the true
partial Paasche quantity indices Bp,; that is, these partial quantity indicators will generally have some
substitution bias, which will tend to cancel out when we take their averages.

45. This choice of deflator means that we used the weighting vector @ = (1,0, ...,0)T.

46. Two versions of the Tornqvist-Theil were computed for fixed-base and chained indices:
one constructed the price index first, using the usual formula (and then the quantity index was
defined by dividing real expenditures by this direct price index), and the other was constructed
by directly comparing a share-weighted average of log quantity changes and exponentiating. These
two quantity indices are superlative, as is the Fisher index; see Diewert (1976) for the formula
details.

47. This turns out to be the minimal number of parameters required for a functional form to be
flexible in the class of cost functions satisfying Conditions II; hence this flexible functional form is
also parsimonious.

48. This is a special case of the class of cost functions studied by Lau and Tamura (1972).

49. This indifference curve can be extended to cover higher levels of q in the obvious way.

50. The utility level u does not have to be nonnegative in this example. If we allow negative utility
levels, then the dual preferences f(q) are well defined for all q > Oy ; that is, if we restrict ourselves
to u > 0, then we will not be able to define the consumer’s preferences in the little triangle that is
below the # = 0 indifference curve intersected with the nonnegative quadrant.
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APPENDIX A: ON THE FLEXIBILITY OF THE
TRANSLATION-HOMOTHETIC NORMALIZED
QUADRATIC COST FUNCTION

Let P*>> 0y be an arbitrary predetermined reference price vector and let @ > 0Oy be a
predetermined weighting vector. Define the translation-homothetic normalized quadratic
cost function, C (u, P), by (58), where the two parameter vectors b and ¢ and the parameter
matrix B satisfy the restrictions (59)—(62). The restrictions (61) and (62) imply that the
b and ¢ vectors each have only N — 1 independent parameters, b, and c,, respectively,
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whereas the restrictions (59) and (60) imply that the N x N matrix B = [b,,,] has only
N (N —1)/2 independent parameters b,,,,. Thus this functional formhas 2N —2+N (N —1)/2
independent parameters in all.*’ In this Appendix, we will show that this C (u, P) is flexible
in the class of cost functions satisfying Conditions II over a region of utility levels u and
price vectors P.

Let C*(u, P) be an arbitrary cost function satisfying Conditions II and suppose that it
is twice continuously differentiable at u* > 0 and P* > 0y. We assume that it satisfies
money-metric utility scaling at the reference prices P*, so that

C*u,P*)=u forall u>0. (A1)

In order for C (u, P) defined by (58)—(62) to be flexible at (u*, P*), the following equa-
tions need to be satisfied for some choice of b, ¢, and B:

C*(u*,P*) = C(u*,P*) = u* using (58)—(62); (A2)
VeC*(u*, P*) = VpC(u*, P*) = b +cu* using (58)—(62); (A3)
aC*(w*,P*)/ou = 0C(u*,P*)/ou = 1 using (58) and (62); (A4)

VapCH(u*, P*) = Vi C(u*, P*) = (a - P*)"'B  using (58)—(60); (A.5)
32C*(u*, P*)/du® = 3*C(u*, P*)/ou* =0 using (58); (A.6)

Vi, C*(u*, P*) = V3, C(u*,P*) = ¢ using (58). (A7)
VC*u*, P*) = VELC ", P*) =c'. (A.8)

The number of equations in (A.2)—(A.8)is 1 + N + 1 + N2+ 1+ N + N. However,
Young’s theorem on the equality of second-order partial derivatives implies that there are
only N(N + 1)/2 independent equations in (A.5) instead of N2, and the N equations in
(A.8) are implied by the N equations in (A.7). This leaves 342N 4 N (N + 1)/2 equations
to be satisfied. However, both C*(u, P) and C (u, P) are positively linearly homogeneous
in the prices P. Hence Euler’s theorem on homogeneous functions implies the following
three sets of further restrictions on the derivatives of C* and C:

C*(u*,P*) =P VpC*(u*, P*); C(u*, P*) = P* - VpC(u*, P*); (A9)
VipCH(u*, PP = Oy; VECu*, PHP* = Oy; (A.10)
P* - V3, C ", P*) = aC* (u*, P*) /du; P* - V3, C(u*, P*) = 3C(u*, P*)/ou. (A.11)

Thus there are 1 + N + 1 further equations which can be dropped which leaves 1 + 2N +
N(N — 1)/2 equations to be satisfied.

Finally, C* satisfies (A.1) and C satisfies (20) in the main text; that is, both C and C*
satisfy money-metric utility scaling at the reference prices P*. Differentiation of (A.1) and
(20) gives us the following additional three restrictions on the levels and derivatives of C
and C*:

uw=C*"w*,P*)=P" - VpC*"(u*, P*); u" =Cu*,P*) =P*- VpC(u*,P*) using (A.9);

(A.12)
AC*(u*, P*)/ou = 1; 9C (u*, P*) /du = 1; (A.13)
2C* (u*, P*)/ou’ = 0; 3°C (u*, P*)/ou’ = 0. (A.14)
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Thus we will require that C have at least 2N — 2+ N (N — 1)/2 free parameters so that this
number of independent equations can be satisfied. Using the above material, it can be seen
that we will satisfy all of the equations (A.2)—(A.8) if we can find b, ¢, and B that satisfy
equations (A.3), (A.5), and (A.7), where the chosen b, ¢, and B must satisfy the restrictions
(59)—(62). This can readily be done. Use equations (A.5) to define B as follows:

B = o P*- Va,C*(u*, PY). (A.15)

Because o > Oy and P* >0y, o - P* is greater than 0. Because C*(u, P) is concave in
P, V3,C*(u*, P¥) is a negative semidefinite symmetric matrix and hence so is B. Because
C*(u, P) is linearly homogeneous in P, (A.10) holds and so V3,C*(u*, P*)P* = 0. Thus
the B defined by (A.15) satisfies the restrictions (59) and (60). Now use equations (A.7) to
define c:

c=V3,C*u*, P). (A.16)

(A.11) and (A.13) imply that the ¢ defined by (A.16) satisfies the restrictions (62) in the
main text. Now define u” using (A.2):

u* = C*(u*, PY). (A.17)
Finally, define b using (A.3) and definitions (A.16) and (A.17):
b= VpC*u*, P*) — VﬁuC*(u*, PHC*(u*, P*). (A.18)

We need to verify that the b defined by (A.18) satisfies the restriction (61) in the main
text. Using definition (A.18), we have

P -b =P [VpC*"(u*, P*) — VﬁuC*(u*, PYC*(u*, P*)]
=C*w*,P") — [0C*(u*,P*)/0u]C*(u*, P*)] using (A.9)and (A.11)
=C*"w",P") — 1C*(u*,P*) using(A.13)
=0. (A.19)
Thus the parameter vector b defined by (A.18) does indeed satisfy the restriction (61),
and this completes our proof of the flexibility of the translation-homothetic normalized
quadratic functional form.
Suppose C(u, P) is defined by (58), where B, b, and c satisfy the restrictions (59)—(62).

The region of prices and utility levels where C satisfies the appropriate regularity conditions
for a cost function are the set of P and u that satisfy the following inequalities:

u>0;P>0y; (A.20)
VpCu,P) =b + (x-P)"'BP — (e - P) 2P - BPax + cu > Oy; (A.21)
0C(u,P)/ou=c-P>0. (A.22)

We will illustrate what the preferences dual to the normalized quadratic translation-
homothetic cost function look like for the case of two commodities. For all of the examples
defined below, we choose the price-weighting vector «, which is used to form real prices,
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FIGURE A.1. Leontief translation-homothetic preferences with no inferior goods.

as ' = [ay, ap] = [1, 0] and the reference price vector for money-metric utility scaling
P* to be P*T = [ P, Py]=[1, 1]. For Example 1, define the parameters in (58) as follows:

T_ 1 11 T — _ p_ | b _|00
b =1[b,b]l=[-1,1];¢ —[cl,cz]_[l/Z,l/Z],B—|:b12 bzz]_[OO]' (A.23)

The preferences corresponding to this functional form are graphed in Figure A.1. It can
be seen that the regular region of utility levels and price vectors for this cost function is
u > 2 and P > 0Oy. The dual direct utility function is defined only over the set of quantity
vectors such that g; > 0 and g, > 2. Note that all of the indifference curves are simply
parallel shifts of a base Leontief or L-shaped indifference curve that goes through the point
b = [—1, 1]. The consumer’s income expansion path or Engel curve is the dashed line that
passes through (0, 2) and has slope ¢, /c; = 1. Note also thatb-P* = (—=1)(1)+(1)(1) = 0.
Any point q = [q;, ¢»] that lies along the dashed line through b and the origin will have the
property that q - P* will equal 0, and so as we vary b along this dashed line and vary the ¢
vector, we will be able to approximate an arbitrary Engel curve locally using this functional
form.*® Finally, to illustrate money-metric utility scaling, shift the dashed line through the
point b and the origin (0, 0) in a parallel fashion until it is just tangent to an indifference
curve. We have drawn two of these parallel budget lines that are tangent to the u = 2 and
u = 3 indifference curves. The distance of these lines from the origin serves to cardinalize
utility.

Now consider Example 2 and define the parameters in (58) as follows:

by b -1 1
bT:[bl,bZ]E[—l,l];cTz[cl,cz]z[l/2,1/2];B=[b:; bZ]E[l _1].

(A.24)
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FIGURE A.2. Translation-homothetic preferences with no inferior goods.

The preferences that correspond to this functional form are graphed in Figure A.2. The
dashed line through the point b and the origin is the set of ¢; and ¢, that satisfy the equation

Pfq + PSg, = Pby + P;b, = 0. (A.25)

Note that the base indifference curve (which corresponds to the zero utility level u = 0)
is tangent to this budget line defined by (A.26) and the higher-utility indifference curves
are simply parallel shifts of this base indifference curve. It can be shown that the points
(0,2 — 32y and (1/2, 0) are on the base indifference curve. It can also be shown that as
P,/ P, tends to zero, the upper limiting point on the base indifference curve tends to the
point (—3/2,2),% and as P,/ P, tends to plus infinity, the lower limiting point on the base
indifference curve tends to (oo, —00). As was the case with the Figure A.1 preferences, the
consumer’s income expansion path or Engel curve is the dashed line that passes through
(0, 2) and has slope c;/c; = 1. Again, to illustrate money-metric utility scaling, shift the
dashed line through the point b and the origin (0, 0) in a parallel fashion until it is just
tangent to an indifference curve; we have drawn two of these parallel budget lines that
are tangent to the u = 2 and u = 3 indifference curves. The distance of these lines from
the origin serves to cardinalize utility. Thus, for example, all of the points on the u = 2
indifference curve are assigned the utility level 2, whereas all of the points on the u = 3
indifference curve are assigned the utility level 3.

The regular region of prices and utility levels is more difficult to describe in a
succinct fashion. Basically, given #*° and P> 0y, use Shephard’s lemma to generate
q = VpC(u, P), and check whether this q is nonnegative. If so, then the given u and P
belong to the regular region. In our example, the vector ¢ had positive components, so the
regularity condition 9C (u, P)/du = ¢ - P > 0 will automatically be satisfied.

Note that the vector ¢ is equal to VﬁPC (u, P), which in turn is equal to the vector
of derivatives of the consumer’s Hicksian demand functions, q(u, P) = VpC(u, P), with
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respect to an increase in utility # and thus indicates how the household’s consumption
changes as utility increases. If dg, (1, P)/du = 3*C(u,P)/dP,0u is negative, then we say
that commodity 7 is an inferior commodity at u, P. Although it is easy to show that not all
commodities can be inferior at a particular point, there is nothing to prevent one or more
commodities from being inferior. Hence if the consumer’s preferences are represented by
a translation-homothetic normalized quadratic cost function in a neighborhood of a point
where the consumer has one or more inferior commodities, then the parameter vector ¢
will have one or more negative components. This means that there will exist positive price
vectors P such that ¢-P is negative and hence C (u, P) defined by (58) cannot be regular
at these price vectors. Fortunately, it is possible to show that the cost function defined
by (58) can still be locally regular and provide a valid representation of a consumer’s
nonhomothetic preferences in a neighborhood of a point (u, P), where C (u, P) satisfies the
required regularity conditions for a cost function locally.

We conclude this section by considering an example where the second commodity is
inferior. For simplicity, we consider again the case of Leontief preferences. Thus, for
Example 3, define the parameters in (58) as follows:

00
oo

(A.26)

b! = [by, b1 =[—1,11; ¢ = [c1, o] = [4/3, —1/3];B = [b“ b”}
b12 b22

The preferences corresponding to this functional form are graphed in Figure A.3. Theu = 0
indifference curve is the L-shaped curve that has its corner at the point A, which is the
point (q1, q2) = (—1,1) = (b1, by) = b. As usual, the point b lies on the line P* - q = 0
and the dashed line segment AQ is part of this line. The dashed line segments ending in
D, F, H, and C are all parallel to the line segment AQ. The consumer’s Engel curve at
the reference prices PT = [P, P;] = [1, 1] is the intersection of the line segment AC
with the nonnegative orthant, which is the line segment BC. The first regular point on this
line segment is the point B, which corresponds to the point (q;, g2) = (0, 3/4), and the
corresponding money-metric utility level is u = 3 /4. L-shaped indifference curves that are
translations of the base indifference curve corresponding to u = 0 have been drawn for the
utility levels u = 3/4,u = 1,u = 2, and u = 3. However, it can be seen that there is a
problem with these indifference curves: they cross each other! Geometrically, it is easy to
solve this problem: for the u = 3/4 indifference curve, replace the lower line segment BK
with the line segment BE, where the point E on this line segment must be strictly between
the points D and C. Similarly, replace the bottom part of the # = 1 indifference curve that
passes through M with the line segment that ends at the point G, where this line segment is
parallel to the line segment BE, replace the bottom part of the u = 2 indifference curve that
passes through N by the line segment that ends at the point I, where this line segment is
also parallel to the line segment BE, and so on. The resulting system of indifference curves
no longer cross and are well-behaved. Algebraically, we need to restrict the prices P; and
P; so that the restrictions (A.22), ¢ - P > 0, are satisfied. Under assumptions (A.26), (A.22)
becomes the following restriction on prices:

Py < 4P;. (A.27)

To satisty the restrictions (A.21), we require the following restrictions on u:
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FIGURE A.3. Leontief translation-homothetic preferences with an inferior good.

Y<u <3, (A.28)

The inequalities (A.27) and (A.28) define the regular region for the Example 3 preferences.

For more information on how local information on a cost function can be
used to form local approximations to utility functions, see Blackorby and Diewert
(1979).

Viewing this last example, it can be seen that when there are inferior goods, the regular
region may not be very large; that is, our suggested functional form will not be able
to provide an adequate global approximation to arbitrary preferences. However, with all
of the examples, it can be seen that if relative prices do not change too much and the
utility levels in the two periods being compared are fairly close, translation-homothetic
normalized quadratic preferences will be able to provide a good local approximation to
arbitrary preferences. On the other hand, if relative prices differ markedly and/or utility
levels differ considerably, then the approximation may not be very close. But having results
that are exact for second-order approximations to arbitrary preferences is better than having
results that are exact for only first-order approximations!

APPENDIX B: THE JAPANESE
CONSUMPTION DATA

We use the household consumption data in the Japanese national accounts. Household
consumption is classified into twelve categories; (1) food and nonalcoholic beverages;
(2) alcoholic beverages and tobacco; (3) clothing and footwear; (4) housing, electricity,
gas, and water supply; (5) furnishings, household equipment, and household services; (6)
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health; (7) transport; (8) communication; (9) recreation and culture; (10) education; (11)
restaurants and hotels; (12) miscellaneous goods and services.

Expenditure series for each category are provided at current prices and constant prices
in the national accounts. For the years 1980-2003, current and constant yen series for
the twelve consumption goods are found in the Annual Report on National Accounts of
2005; see the Economic and Social Research Institute (2005); Part 1 Flows; 5. Supporting
Tables; (13) Composition of Final Consumption Expenditure of Households classified by
Purpose; Calendar Year, in billions of yen. The constant yen series are at the market prices
of 1995. For the years 1996-2006, current and constant yen series for the 12 consumption
goods are found in the Annual Report on National Accounts of 2008; see the Economic
and Social Research Institute (2007). The constant yen series are at the market prices of
2000. We link the current and constant yen series of these two reports to construct current
and constant prices for the twelve goods categories for the period 1980-2006. For the years
1996-2006, we use current and constant yen series taken from the Annual Report on the
National Accounts of 2008. We interpolate these series backward using the growth rate of
current and constant yen series taken from the Annual Report on the National Accounts of
2005. The price of each good is implicitly derived from the current and constant yen series.
We normalize all the prices so that prices in 1980 are one and adjust the corresponding
quantity series to preserve values. We regard the constant yen series as the quantity series.
We list the resulting price and quantity series for 1980-2006 in Tables B.1 and B.2,
respectively.

https://doi.org/10.1017/5136510050909018X Published online by Cambridge University Press


https://doi.org/10.1017/S136510050909018X

ssald Aussaniun abpuquied Ag auluo paysiiand X8L06060500159€ LS/ L0L 01L/Bi0"10p//:sdny

TABLE B.1. Prices of consumption goods

Furnishings,
Housing, household
electricity, equipment
Food and Alcoholic Clothing gas and and Miscellaneous
nonalcoholic beverages and water household Commun-  Recreation Restaurants goods and
Year beverages and tobacco  footwear supply services Health Transport ication and culture  Education and hotels services
1980 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000
1981 1.04162 1.07216 1.03888 1.05957 1.02152 1.02092 1.04887 1.04322 1.06233 1.07679 1.05108 1.03687
1982 1.04697 1.08538 1.06201 1.10067 1.02653 1.04762 1.12421 1.03614 1.07852 1.14704 1.08435 1.05841
1983 1.07685 1.13687 1.08312 1.13579 1.02254 1.05256 1.12714 1.03037 1.10095 1.20658 1.11704 1.07842
1984 1.11502 1.21343 1.10829 1.16822 1.03326 1.06930 1.14733 1.01435 1.13302 1.26061 1.14997 1.10152
1985 1.12865 1.22243 1.13071 1.19664 1.03306 1.10449 1.16704 1.00670 1.17007 1.31554 1.17421 1.09722
1986 1.12573 1.26110 1.15100 1.20559 1.04714 1.13071 1.15367 1.00081 1.18575 1.36529 1.20012 1.09963
1987 1.11440 1.27879 1.16626 1.22047 1.04753 1.15577 1.16040 1.00150 1.18393 1.41058 1.21627 1.10285
1988 1.11997 1.27435 1.17891 1.23856 1.04888 1.15943 1.16186 0.98687 1.18153 1.45914 1.23302 1.10879
1989 1.14457 1.27041 1.22581 1.26618 1.05149 1.17543 1.17658 0.99035 1.20139 1.51821 1.28285 1.12579
1990 1.18888 1.28750 1.28017 1.30016 1.05341 1.19413 1.18787 0.97857 1.23202 1.60228 1.32780 1.14023
1991 1.24622 1.30227 1.33633 1.33486 1.06092 1.19979 1.21371 0.95705 1.26447 1.66855 1.37310 1.15870
1992 1.25307 1.30740 1.37554 1.36658 1.06566 1.24310 1.22328 0.93804 1.29031 1.73603 1.40949 1.17392
1993 1.26774 1.30678 1.37512 1.39606 1.05435 1.26089 1.23661 0.91270 1.29919 1.80541 1.43427 1.18747
1994 1.27496 1.32120 1.36187 1.42254 1.02534 1.27442 1.23729 0.88941 1.28709 1.86929 1.44748 1.20909
1995 1.25026 1.32541 1.35712 1.44468 1.00444 1.28208 1.22791 0.92536 1.25411 1.92655 1.44297 1.21485
1996 1.25226 1.32096 1.36823 1.46079 0.97937 1.29761 1.21633 0.88694 1.19769 1.97597 1.44650 1.22327
1997 1.27192 1.33666 1.39597 1.50130 0.97486 1.31024 1.22771 0.86328 1.18973 2.01820 1.48891 1.23723
1998 1.29105 1.34005 1.41566 1.51774 0.95657 1.30974 1.21124 0.82059 1.17403 2.05449 1.49427 1.24117
1999 1.28641 1.38709 1.41436 1.50993 0.94419 1.29259 1.21288 0.79750 1.15311 2.08789 1.49443 1.25487
2000 1.26024 1.38261 1.40445 1.50566 0.90247 1.28611 1.22926 0.77160 1.11376 2.12104 1.48423 1.25409
2001 1.24679 1.37807 1.38329 1.49958 0.85999 1.28711 1.23033 0.73706 1.04903 2.13690 1.47162 1.27311
2002 1.23008 1.37027 1.35960 1.48518 0.81462 1.27004 1.21938 0.73040 1.00066 2.16401 1.46972 1.26947
2003 1.22405 1.39253 1.34381 1.47242 0.77259 1.26163 1.22346 0.73076 0.94145 2.18028 1.47433 1.26684
2004 1.23003 1.41678 1.34030 1.45903 0.72654 1.24966 1.23720 0.72653 0.88308 2.19088 1.48340 1.26366
2005 1.21146 1.41617 1.34573 1.44856 0.69341 1.24689 1.26614 0.69996 0.81847 2.21460 1.48515 1.26429
2006 1.21304 1.43922 1.35569 1.44506 0.66537 1.23537 1.28849 0.68186 0.75676 2.21964 1.49338 1.26790
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TABLE B.2. Quantities of consumption goods

Furnishings,
Housing, household
electricity, equipment
Food and Alcoholic Clothing gas and and Miscellaneous

nonalcoholic beverages and water household Commun-  Recreation Restaurants goods and
Year beverages and tobacco  footwear supply services Health  Transport ication and culture  Education and hotels services
1980 27,979.8 5,406.9 10,906.6 22,524 6,773.2 5,243.7 12,836.1 1,337.6 9,851.1 2,899 9,279.5 12,715.1
1981 28,510.8 5,253 10,648.9 23,231.6 6,794 5,989.5 12,830.9 1,519.3 9,993.3 2,900.1 9,029.5 13,022.1
1982 29,430.6 5,447.7 11,260.5 23,815.8 7,622 6,779.4 12,7013 1,793.1 10,970.9 2,871 9,412.9 13,836.9
1983 29,734.4 5,486.4 11,390.7 24,4934 8,262 7,002.9 13,329.4 2,013.9 11,506.7 2,895.2 9,432.9 14,382.1
1984 29,726.9 5,152.7 11,562.3 25417.8 8,863.7 7,072.5 13,368.6 2,252.5 12,186 2,890.3 9,751.7 15,152.2
1985 30,525.2 5,111.2 11,698.3 26,347.2 9,722.7 7,448.2 13,454.1 2,418 12,879.5 2,865.2 10,264.9 16,710.1
1986 30,637.9 5,078.4 12,083.5 26,918.3 9,555 7,117.5 14,553.8 2,512.3 14,328.7 2,933.2 10,415.1 18,182.5
1987 30,901.4 5,153.8 12,567 27,922.6 9,930.5 7,009.9 15,752.4 2,534.7 15,707.7 2,987.1 10,705 19,467.8
1988 31,245.2 5,296.6 12,889.7 29,059 10,414.3 6,843 17,832.4 2,631.9 17,404.3 3,065 11,013.4 20,465.4
1989 31,361 5,580.8 13,143 30,659.8 10,639.8 6,614.8  20,079.2 2,690.6 19,274.4 3,167 11,027.1 21,9454
1990 31,661.6 5,936.2 13,194.3 32,219.9 11,520.2 6,523.1  21,872.1 2,820.6 22,051.8 3,178.2 10,896.8 22,606.2
1991 31,936.4 6,075.1 13,347.7 33,795.6 12,338.9 6,547.8  22,633.1 3,095.2 22,331.2 3,231.9 11,266.2 23,146.1
1992 32,724.6 6,207.7 12,904.5 35,358.9 12,584.2 6,392.3  23,059.4 3,321.5 22,187.6 3,259 12,007.8 24,315.8
1993 32,801.6 6,247.8 12,806.9 36,709.1 12,854.6 6,338.2 23,1708 3,956.9 22,198.2 3,263.7 12,463.3 23,959.9
1994 33,203.4 6,511.2 12,8235 37,792 13,528 6,643.4  23,599.9 4,324 22,050.8 3,199.5 13,140.9 25,3424
1995 34,143.8 6,710.4 13,395.8 38,563.1 14,169.2 6,587.9  23,772.7 4,586.7 22,544.2 3,134.6 13,191.4 24,623.6
1996 34,131.8 6,762.4 13,509.2 39,533.8 14,231.2 6,566.5  24,697.8 5,685.3 23,595.5 3,101.3 13,681.5 25,3943
1997 33,560.4 6,729.2 12,286.8 40,206.5 14,178.9 6911.9 24,8884 6,564 25,154 3,054.5 13,693 25,717.9
1998 34,1173 7,017.8 11,293.5 40,810.9 13,574.4 7,132.6 22911 7,283.1 24,820.6 2,960.5 13,794.4 25,069.1
1999 34,389.4 6,973 9,924.6 41,648.9 13,579.8 7,798.1 23,125.4 8,342.6 25,104 2,901.3 13,873.5 24,746.1
2000 34,508.9 6,952.9 9,027.5 42,669.4 13,236 8,045.9 23,3674 8,946.8 27,752.1 2,852 13,658 23,638.4
2001 34,920.3 7,002.2 8,662.9 43,505.4 13,498.9 8424.1  23,786.1 9,856.6 29,575.4 2,836 14,079.2 22,971.7
2002 35,0323 7,064.9 7,988.3 44,344.6 13,301.9 8,677 23,854.9 10,529.2 30,515.1 2,812.5 14,169.5 23,2742
2003 34,544.8 6,660.2 7,662.5 45,170.2 13,587.1 9,231.2 23,633 11,030.7 32,334.1 2,773.9 14,009.1 23,010.8
2004 34,388.1 6,540 7,383.2 46,038.6 14,163.5 9,202.4  23,726.1 11,584.3 34,894.6 2,829 14,029.6 23,494.8
2005 33,583.9 6,277.2 7,347.2 47,045.9 14,945.4 9,563.4  23,990.4 12,139.4 36,975.4 2,801.8 14,2435 24,281.1
2006 33,424 6,098.5 7,582.7 48,066.7 15,915.5 9,6442  24,167.1 12,878.3 41,188.1 2,783.1 14,401.1 25,168.5
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