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This paper considers parametric estimation problems with independent, identically
nonregularly distributed data. It focuses on rate efficiency, in the sense of maximal
possible convergence rates of stochastically bounded estimators, as an optimality
criterion, largely unexplored in parametric estimation. Under mild conditions, the
Hellinger metric, defined on the space of parametric probability measures, is shown
to be an essentially universally applicable tool to determine maximal possible con-
vergence rates. These rates are shown to be attainable in general classes of paramet-
ric estimation problems.

1. INTRODUCTION

A general aim in large-sample statistical inference is to construct estimators
that are efficient in the sense that they converge to the target of estimation at
the maximum possible rate, and minimize asymptotic dispersion at this rate.
Best convergence rates are an important concern in nonparametric estimation
problems, where they depend on the dimensionality of the data and the degree
of smoothness of the estimation target (e.g., Stone, 1980, 1982; Hall, 1989;
Donoho and Liu, 1991a,1991b).! In most regular parametric estimation prob-
lems, n~'/? is the best uniform convergence rate in a random sample of size
n, independent of the dimension of the data or the degree of smoothness of
the probability law beyond that required for regularity, and one can concentrate
on finding estimators that achieve the Cramér-Rao lower bound for the asymp-
totic covariance matrix. However, there are exceptions even in some textbook
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parametric models: The triangular density f(y;a, f) = Z(y_%, o <y<p,has
a best rate of (nlog(n))~'/? for a and a best rate of n~! for A, and the quadratic
density f(y;0) =3y(20 —y)/403,0 < y < 26, has a best rate of (nlog(n))~'/?
for 6.2

This paper characterizes optimal uniform convergence rates for nonregular
parametric estimation problems, utilizing the concepts of Hellinger distance
between probability densities and a Hellinger rate derived from this metric. Our
results provide a bridge between econometric textbook analysis of asymptotic
efficiency in parametric and semi-parametric estimation and the general treat-
ments of nonparametric convergence rates in the statistics literature. Nonregular
parametric estimation problems are not common in econometrics, but they have
been receiving increasing attention in the applied literature on auctions (Paarsch,
1992) and the literature on threshold regression models (Chan, 1993; Chan and
Tsay, 1998; Hansen, 2000; Seo and Linton, 2005). Hirano and Porter (2003)
consider efficient estimation in a class of nonregular models, whose limit experi-
ments are not locally asymptotically normal, but can be approximated by locally
shifted maximum likelihood estimators that achieve asymptotic efficiency; see
LeCam (1972, 1986). The econometric literature on efficiency bounds in semi-
parametric estimation include Cosslett (1987), Horowitz (1993), and Klein and
Spady (1993).

Our analysis draws upon an extensive literature on convergence rate bounds,
particularly methods used by Ibragimov and Has minskii (1981) for estimation
of location parameters and by Donoho and Liu (1991b) for nonparametric den-
sity estimation. We address four limitations of the Ibragimov and Has’minskii
analysis. First, we obtain convergence rates from properties of the parameter-
ized problem, rather than generic properties of parametric spaces of densities,
facilitating application. Second, we avoid a restrictive assumption that estimators
be integrable, so that our analysis encompasses locally asymptotically quadratic
(LAQ) problems that typically can only be shown to be stochastically bounded
(see LeCam, 1986; LeCam and Yang, 2000; Hajek, 1970). Third, we relax a
Holder assumption on the Hellinger distance to allow cases where the best con-
vergence rate is not necessarily a power of sample size (LeCam and Yang, 2000;
Prakasa Rao, 1968). Fourth, we are explicit about identification requirements.

A result closely related to this paper is due to Akahira (1991) and Akahira and
Takeuchi (1995). These authors show for the case of location parameters in gen-
eral nonregular models that a maximum bound on the convergence rate of para-
metric estimators can be deduced from the absolute variation metric, which in turn
can be bounded by functions of the Hellinger metric. Our paper can be viewed as
an extension of their results to a wider class of parametric estimation problems.
Another related result is the analysis of Hellinger distance as a metric for con-
vergence in the context of maximum likelihood (ML) estimation. Van de Geer
(1993, 2000) establishes rates of Hellinger consistency of ML estimators under
entropy conditions, drawing on the theory of empirical processes (Pollard, 1984,
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1989). Entropy-based rates of Hellinger consistency are not guaranteed to be best,
however, since entropy, as a measure of the complexity of the set of densities to
which the target density belongs, provides an upper bound on squared Hellinger
distance and, hence, not a sharp bound on the best possible rate.> Moreover, the
invoked entropy conditions embed a uniform envelope or dominance condition
on the set of densities. This excludes some interesting nonregular cases from the
analysis.

The analysis in this paper employs arguments based on the Hellinger distance.
The rate at which the distance between two parameter values converges to zero
such that the Hellinger distance of an i.i.d. sample is bounded away from zero
and one in the limit, henceforth referred to as the Hellinger rate, plays a cen-
tral role in this analysis. After reviewing the definition and main properties of
Hellinger distance in Section 2, Section 3 establishes the existence of unique
equivalence classes of Hellinger rates under mild conditions on the data gener-
ating process, and it gives necessary and sufficient conditions under which the
Hellinger rate does not depend on the parameter value to be estimated. Section 4
connects Hellinger rates to convergence rates in parametric estimation. It estab-
lishes that, in the sense of Stone (1980), any attainable rate converges no faster,
and no bounding rate converges less fast, than the Hellinger rate, and that, in
fact, the Hellinger rate constitutes a maximal bounding rate.* It also identifies
classes of parametric estimation problems in which estimators exist that achieve
this bound. Section 5 concludes.

2. HELLINGER DISTANCE: DEFINITION AND SOME PROPERTIES

Let (Y,B, ) be a real-valued, o -finite measure space with Borel o-field B and
Lebesgue measure x. Denote by {F(y;#),0 € ®} a parametric family of proba-
bility measures on B, where the parameter space ® is an open bounded subset of
Euclidean space. In what follows, the scalar case ® C R will be considered. Our
analysis of the scalar case will also apply when a target of estimation is scalar after
reparametrization of a vector parameter problem.> Suppose further that F(y;6)
is absolutely continuous with respect to Lebesgue measure, and f(y;8) is the
Radon-Nikodym derivative of F(y;0).

Let h2(0,60") = % fy (V0 —VF(y; 6/))2dy denote the squared Hellinger
distance of the parametric densities f(y; ) and f(y;0’),0,0' € ®. Let H>(6,6")
denote the squared Hellinger distance of the densities, evaluated at € and &',
respectively, of an i.i.d. sample {y;,i = 1,...,n}.

The Hellinger metric is of interest because it enjoys a number of convenient
properties.

1. Letp(8,6") = fy  f(y;0) f(y;0)dy denote the affinity between the den-
sities f(y;0) and f(y;0’); see Matusita (1955). Expanding the square in
the definition of Hellinger distance,

W 6,0y =1-p(0,0").
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2. Fori.i.d. data,

2
29 vt [ .. T vy — 1T £(ve- 0
0.0 =3 [ A( I17(i50) i]:[1f(yl,9)> dy1...dyy

Y1
=1- i 0 30" | dyy...dy,
/y1 /)( | § EACHINAE: )) yi...dy

i=1
=1-p@,0)" €0, 1].

Hence, the squared Hellinger distance for i.i.d. data involves a product of
affinities.

3. An identification condition that p (6,,6y) — 1 only if ,, — 6y implies that
the Hellinger distance is a metric on the space of root densities, and that
lim, H2(0,0") = 1for 0 #0'.7

4. Let ,, n = 1,2,--- be a decreasing sequence of positive scalars with
lim, 0, = 0. In a harmless abuse of terminology, ¢, will be called a con-
vergence rate. For example, o, = n~'/? is the convergence rate encoun-
tered in regular parametric estimation problems. If convergence rates o,
and o, satisfy liminf, o, 0, /0, > 0, we write o, = o, and say that g, is
at least as fast as o,. If 0, = 0,, and o, = o,/, then liminf, ;o 0, /0, >
(liminf,— oo 0 /0,) (liminf, o 0, /0,) > 0, implying o, = ;. Then, =
is a partial order on convergence rates. If g, = g, but not o,, = o,, we
write o, = o, and say that o, is faster than o,. We say that a convergence
rate o, is a speed limit on a family of convergence rates D if o, > g, for all
o, € D. We say o, is maximal if there exists no convergence rate o, > o,
that is also a speed limit for D.

The notion of rates of convergence employed in this paper builds on Stone
(1980). Let T, denote a sequence of estimators of § € ® that are functionals of an
i.i.d. sample of size n drawn from f(y;@).

DEFINITION. A convergence rate o, is attainable if there exists a sequence of
estimators T, whose deviations from the target 0, scaled by o, v are uniformly
stochastically bounded; i.e.,

lim lim sup sup Pg(an_1|Tn —60]> M)=0.

M— o0 n—006ec®

A convergence rate is bounding if for every sequence of estimators T,, deviations
from the target 6, scaled by an_l, fail to converge uniformly in probability to zero;
ie.,

lim lim sup sup Pg(an_llTn —60|> M) > 0.
M—0+ n—o00hec®

A convergence rate is optimal or best if it is both attainable and bounding. We
show later (in Lemma 6) that a bounding convergence rate is a speed limit on the
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family of attainable convergence rates, so that any attainable rate that achieves a
speed limit must be optimal, and the achieved speed limit must be maximal.

The main result of the paper exploits the fact that in the i.i.d. case, the limit of
the squared Hellinger distance an (0, T,,) and uniform stochastic boundedness of
o, !|T;, — 6] can be related via the Cauchy-Schwartz inequality.

3. HELLINGER RATES
3.1. Theory

Having reviewed the Hellinger metric and its main properties, this section uses
this metric to define Hellinger rates. A sequence of lemmas illuminates conditions
under which Hellinger rates exist, form unique equivalence classes, and enjoy
certain uniformity and invariance properties.

We use the following definition of a Hellinger rate in the i.i.d. case.

DEFINITION. A positive, nonincreasing sequence 0, (6p) with lim,, 6,,(6p) =0
is called a Hellinger rate at 6y € ® if

0 < lim inf H2 (6o = 6, (60), 60) < limsup H> (8o = £, (00)60) < 1
n n
for some > 0.

An immediate consequence of this definition is that any positive scalar multiple
of a Hellinger rate is again a Hellinger rate. The following result provides a useful
characterization of Hellinger rates.

LEMMA 1. A nonincreasing sequence 0,(0p) with lim, d,(0y) = 0 is a
Hellinger rate at 6y € O if and only if

0 < lim infrh* Gy £ B, (60), 6o) < limsupnh>(@y =+ B, (60), o) < 0o
n n
for some > 0.

The proofs of this and all subsequent results are given in Appendix A.
In our analysis of the existence and properties of Hellinger rates, we employ
some additional definitions.

DEFINITION. A bimodulus of continuity of the squared Hellinger distance at
6 € O is a positive function A(0; 0) defined for 0 < < v, for some v > 0, coupled
with a scalar k € (0, 1), such that (5, 0) is increasing in é with lims_,o 4(5;0) =0
and

max{xi(|z];0), 2(c|z];0)} < h*(0 +7,6) < min{i(|z];0)/xc, A(I7|/xc; 0))

forall |[t] <v.
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DEFINITION. A bimodulus rate at 0 € © is a decreasing sequence 6,(0) im-
plicitly defined by nA(6,(0),60) = 1.

Remark. A bimodulus of continuity bounds the curvature of the Hellinger
distance above and below. It extends the conventional definition of modulus of
continuity, which gives an upper bound on curvature, and generalizes the bi-
Lipschitz property that characterizes isomorphisms of Lipschitz maps. If 42 is
locally quadratic, h>(8 + 7,0) = a(@)7> + o(z?) with a(d) > 0, then A(J;60) =
a(6)0? is a bimodulus. If the bimodulus satisfies 1(J;0) = C(8)0% with a > 0,
then A(J;6) is said to be of a a-Holder class at 6. In such power cases, the
bimodulus is proportional to the square of the inverse of the modulus of continuity
w(€)=sup{|| T(f(-;00)—=T(f(-;0)) |I: h(p,0) < €}, € > 0, of the functional T
over the class { f(-;0); 6 € ®} in the parametric case T (f(-; 8)) =0, as employed
in Donoho and Liu (1991a, 1991b).

The requirement in the definition of a bimodulus that 4%(6 + z,0) be bounded
by both scalar multiples of the function A(|z|;8) and by this function evalu-
ated at scalar multiples of its first argument is not restrictive for members of the
a-Holder class, where kA(|7|; @) and A(x|z|; &) are scalar multiples. However, it
restricts candidate bimodulus functions in cases where h%(0 + 7, 0) increases at
a very rapidly decreasing rate with |z| or a very slowly increasing rate with |z].
An example of the first case is the function A(|z|; #) = |log(|z|)|™%, @ > 0, which
approaches zero less rapidly than |z|# for any f > 0 as |z| — 0, and the con-
straint k A(|7];0) < h2(0 +1,0) is binding; and an example of the second case is
the function A(|z|; ) = exp(—a/|z]), @ > 0, which approaches zero more rapidly
than |z|# for any B > 0, and the constraint A(x|z|;0) < h2(0 +7,0) is binding.
An obvious case where A fails to have a bimodulus with the defined properties
is i2(0+17,0) = |7|* for r > 0 and h2(0 +7,0) = |7|*" for t < 0, with 0 <
o',a” < 1and a’ # a”. Another failure is h%(0 + 7,0) = exp(—a’/|z|) for 7 > 0
and h2(0 + 7,0) = exp(—a”/|z|) for T < 0 with a’ < a”, where the candidate
function A(|z];0) = exp(—a’/|z|) has A(|z|a’/a”;0) < h*(@ +1,0) < A(|7];0),
but fails to satisfy kA(|z|;0) < h*(@ + 7, 6) for any x > 0.

Given any function A(J;0) that has the properties of a bimodulus, the fam-
ily of uniform densities f(y;0) = Ly_1/2)1-1(101;0))2 <y <(1/2)(1—1q0}:00)2}/ (1 =
2(16]; 0))? for  in a neighborhood of 0 on which A(|0|;0) < 1 has Hellinger
distance h%(0,0) = A(|0];0). If these uniform densities are instead parame-

terized g(y;a) = 1{(_1/2)(1_a)<y<(1/2)(1_a)}/(1 —a) for |a] < 1, they have

Hellinger distance h%(a,0) = |a|. Hence, the Hellinger metric is sensitive to
the parametrization of a family of probability measures. In particular, if a
parametric family of probability measures {fgo(y;f) : 0 € ®} has a bimod-
ulus Ae(|z|;6p) at Gy, then the parameter transformation y = y (0 — &) =
sgn(@ —0p) 2o (10 — 0o |; 0p)'/? defined on I’ = y (@) yields a parametric family of
densities fr(y; )= fo(y; w(y)) with the quadratic bimodulus Ar(|z];0) = |z|?
aty =0.
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A useful class of parametric densities with bounds that translate into a bimod-
ulus for Hellinger distance is described in the following assumption.

Assumptions A0. f1/2(y;0 + 1) f1/2(y;6) has an expansion for A = {y :
f(y,0) > 0} and 7 in some interval (—v, v) of the form f1/2(y;0+17) f1/2(y;0)
= f(y:0)+qo(y,0,7) —qi1(y,0,7), where go(y,0,7) and g1 (y,0, ) are inte-
grable with [, go(y,0,7) dy =0 for all 7 and [, q1(y,6,7) dy = C(@)(|z|* +
o(|7|*)), with C(@) > 0 and a > 0.

If Assumption AQ holds, then A(d;0) = C(0)0* is a Holder-class bimodulus. If
the log density meets classical regularity conditions, as in Example 1 below, then
Assumption A0 is satisfied with bimodulus 4(6; 0) = C(8)6>.

To establish the existence of Hellinger rates, the Assumptions A1-A4 will be
maintained.

Assumptions Al. (Y,B, u) is a real-valued o -finite measure space with Borel
o-field B and Lebesgue measure 4, ® C R is an open bounded subset of Eu-
clidean space, {F (y;0) : 6 € ®} is a family of probability measures that are abso-
lutely continuous with respect to «, and f(y;#) is the Radon-Nikodym derivative

of F(y;0).

Assumptions A2. y;, for i = 1,...,n, is i.i.d. with probability measure
F(y;0),0 €0.

Assumptions A3 (Identification). For 6,,6) € ©, p(6,,6)) — 1 only if
9,, 4 90.

Assumptions A4. The squared Hellinger distance h2(6y,6) for {f(y;0),60 €
©} has bimodulus A(J; 8) at 8 € ©; i.e., there exist k € (0, 1) and v > 0, such that
A(9; 0) is finite and increasing in J with lims_,0 1(J; #) = 0, and

max{xA(7];0), A(x|z];0)} < B> (@ +7,0) < min{A(|z];0)/x, A(|z|/xc; 0)})
for all |7]| < v.
The following result establishes the existence of Hellinger rates.

LEMMA 2. Under Assumptions Al-A4 with bimodulus 1(5;60p), there exists,
for each 6y € O, a bimodulus rate 5, (6y) satisfying

1 —exp(—«) < liminf H> (8 = 6, (60), o) < limsup H> (8o = 6, (60), 6o)
n n
< 1—exp(~1/x),
so that 6,(0y) is also a Hellinger rate.

DEFINITION. Two Hellinger rates 8, and ), are rate equivalent, denoted 8], ~
o), if 8 =8, and &), = 9], i.e., each converges at least as fast as the other.

Since = is a partial order, rate equivalence is an equivalence relation.
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The following result establishes that Hellinger rates form unique equivalence
classes.

LEMMA 3. If Assumptions A1-A4 hold, 1'(5;60) and )" (;0y) are bimodu-
lus functions for h*@o + 7,6), and 0, (0o) and 8, (0o) are respective bimodu-
lus rates at 0y, then there exists a constant K > 1, independent of n, such that
1/K < X (3;60)/2"(0;00) < K forall 0 < d < v, and J,(0o) and ] (0o) are rate
equivalent, satisfying 1/K < 8,(00)/5,(6o) < K. Every Hellinger rate at Oy is
rate equivalent to a bimodulus rate at 6y, implying that the equivalence class of
rate-equivalent Hellinger rates at 0y is unique.

To determine the Hellinger rate, Hellinger distance and/or Hellinger affin-
ity need to be calculated. Hence, in order to characterize general properties of
Hellinger rates, it seems sensible to deduce them from further conditions on
Hellinger distance or affinity and to check in applications whether these condi-
tions are met. The following result provides a necessary and sufficient condition
on the bimodulus for the Hellinger rate to be uniform on ©.

LEMMA 4. Suppose Assumptions AI-A4 hold. A necessary and sufficient con-
dition (H) for a Hellinger rate to be uniform on @ is

0 < lim inf A(5;0)/4(6;0") < limsup A(5;0)/A(5;0") < 0o forany 6,0’ € ©.
00 60

This result covers many cases of interest, in particular the case of location and
scale parameters, as the following Corollary to Lemma 4 establishes, but also
certain cases of shape parameters, as illustrated in the next section.

COROLLARY 1. Suppose Assumptions AI-A4 and condition H hold, and (i)
0 is a location parameter, or (ii) exp(0) is a scale parameter. Then, the Hellinger
rate does not depend on the value of 6.

Remark. Notice that a Holder continuity assumption on the Hellinger distance,
as in Ibragimov and Has’minskii (1981), of the form

h*0,0+|7]) <E[K(y)]|z|? for some B > 0
yields
p0.0+I7]) > 1 —E[K (p)]Izl’,

establishing, by the argument of Lemma 1, that n~/# is a lower bound on the
Hellinger rate, but not that this bound is achieved uniformly. Thus, the Holder
continuity assumption is not nested by Lemma 4.

The final result in this section shows that the Hellinger rate is invariant under
transformations of the random variable that do not depend on the parameter of
interest.
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LEMMA 5. Suppose that AI-A4 hold. Consider an increasing differentiable
transformation Z = g(Y) of the random variable Y that does not depend on 0. Let
Dy (0,(0)) and Dz(5,(0)) denote the Hellinger rate equivalence classes based
on the random variables Y and Z, respectively. Then, Dy (6,(0)) = Dz(5,(0))
forall 6.

3.2. Examples

Example 1 (Regular Case)

Suppose for each @ € ® and for all y, £1/2(y;0) is twice continuously differen-
tiable in some neighborhood of 7 = (0. Then a Taylor’s expansion gives

20 4+10)f12(3:0) = £(3:0) +45(5,0)t — g7 (y,0)7> + R(1,0,7),

where

P
q5(y,0) = 25/ :0)/2,
2

d 2 )
qf(y,9)=<602f(y;0)> /8f(y;9)—692f(y;9)/4, and

R(y,0,7) = (g} (y,0") —q;(y,0))77,
with #’ a point on the line segment between 6 and 6 + 7. Assume that there is an in-
tegrable function g(y,#) > 0 that dominates %f(y; 8", (%f(y; N2/ f(v;6),
and a%zzf(y;@’) for " in a neighborhood of @; that g(y,6) - o(z?) dominates
R(y,0',7) in a neighborhood of 6 and of z = 0; and that [¢](y,0)dy =
2
E [ £(y:0)/f(y:0)]” /8=C(6) > 0. Then, [R(y,0,7)| < [ g(y,0)dy- o(z?).
. 5 2
Defining qo(y,0,7) = 5/(y;0)t/2 + Z5:f(y;0)/4 and qi(y,0,7) =
(2 £ (3:0))7c2/8f(y:0)+R(y,0,7), one then has [ ¢1(,0, 7)dy = C(0)(z2+
0(7?)), so that Assumption AQ is satisfied and C(#)z? is a bimodulus. Lemmas
1 and 2 then imply that §, = n~!/? is a bimodulus and Hellinger convergence
rate, so that all limit points of H,% (6 £0,p,0) are contained in the interior of the
unit interval for 0 < f < oco. This can also be established directly. Integrating the
Taylor’s expansion term by term, %0 + 7,0) = C(0)(z? + o(z?)). Then, for S,
any bounded sequence with limit 3,
HZ O+ 0,0, 0) = 1 = (1= h* (0 + 5,0, 0))"
= 1=(1=CO)(f7+n-o(;/m)/n)"
— 1—exp(—=C(6)4?).

Remark. In this regular case, maximum likelihood estimators are locally

asymptotically normal (LAN) and achieve the Hellinger rate 6, = n~'/2. This

is a special case of locally asymptotically quadratic (LAQ) problems treated in
Proposition 2 below.
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Example 2 (Nonregular cases)

Consider the generalized gamma density

g@a,B,y)=2""Lexp(="/7)B/y /P T(0/B), z,a,B,7,> 0.

This density has moments E[Z¥] = y */AT ((a +k)/p)/ T'(a./ ), for k > —a.. Now
form the bilateral generalized gamma density about a location parameter &,

f(y;0,a,8,y)=g(y—00a,8,7)/2
=1y —01*"exp(=ly —01%/)B/2y “/PT (a/ p).

This density has E[(Y — )] = 0 for k odd, and E[(Y — 0)*] = y*/#T ((a +
k)/B)/ T (a/p) for k even. The square root of this density is in the same class
of functions,

F(3:0,0,8,9) =Cf(y:0, (@+1)/2,8,27)
=C'ly—0]“"D2exp(—|y—01%/2y),

where C = p1/22@+D/285 1287 ((q +1)/28)/ T (a/p)"/? and C' = [B/2y*/F
I'(a/f)]1'/?. The bilateral generalized gamma includes various cases where con-
ventional regularity conditions leading to /n-LAN behavior of maximum likeli-
hood estimators of the location parameter € are violated. We confine attention to
the nonregular cases (1) & < 1 and £ < 1, in which the density has a pole at y =6,
and (2) « =1 and f < 1, in which it has a cusp at y = §. Lemma 4 implies that
Hellinger rates in these cases do not depend on the value of 8. Table 1 summarizes
the results from an analysis of this example; detailed calculations are provided in
Appendix B.2.8

Example 3 (Shape parameters)

Suppose z ~ u[—1/2,1/2]. Consider the transformation v (z, 1) = |z|*sgn(z),
parameterized by A € (0,1), and let y = y(z,1/2). Then, f(y;14) = Aly|*~!

TABLE 1. Nonregular bilateral generalized
gamma density

o s Bimodulus Hellinger rate
a<l1 any 06%) n~l/a
a=1 pB< % 0(92ﬁ+1) n—l/(Zﬁ—H)
a=1 f=z O0(0log®))) (nlogm)=!/
a=1 f>3 0(6?%) n~1/2
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with support [—(1/2)%,(1/2)*]. For small |z|, the Hellinger affinity in this

example is
/)1
p(/M+IrI)=/ A2y DR oy 2|y GHIE=D 2 gy
—(1/2)1/*
VI1+HEL e
o1+ N2 '

Hence, the squared Hellinger distance of an i.i.d. sample is

5 1 1\"
H; </1,/1+n)=1—p</1,/1+n)
/1+% 1\ /22 1\ /24
=1—<> —>1—<2> e (0, 1),

g 2

as n — oo. In this nonregular example, there is no need to bound the Hellinger
distance to establish its convergence to an interior limit for the uniform Hellinger
rate of 1/n. This example is just a special case of a bilateral generalized gamma,
for which @ = 1 (the parameter of interest in this example) and f =0, y =1,
and @ = 0. Note that this is an instance of a multiparameter problem in which the
Hellinger rates differ across parameters.

Another example involving a shape parameter is the density f(y;0) = (1 —
y/0)~1/2 /20, for 0 < y < 6. The corresponding log likelihood ratio does not have
an LAQ expansion.” It can be shown that the bimodulus is A(J;0) = 0(5'/?),
so that the Hellinger rate is n~2. An estimator of @ that attains this rate is the
maximal order statistic y(y).

4. MAXIMAL UNIFORM CONVERGENCE RATES

This section establishes that, under Assumptions A1-A4 on the data generating
process, Hellinger rates are maximal bounding convergence rates.

To provide some intuition for the arguments provided in this section, an illus-
trative example, summarized in Appendix B.3, may be useful. It suggests that if
an estimator 7, attains the Hellinger rate 6, (i.e., J, l(T,, —0) is stochastically
bounded), then the random Hellinger distance an(Tn ,0) has a nondegenerate dis-
tribution on [0, 1]. This contrasts with the case of an estimator 7, that converges
at a rate o, = d,, which induces a degenerate limiting distribution of H2(T}.,0),
placing all probability mass at 1. The main result of this section, in Proposition 1,
establishes that the Hellinger rate is a maximal speed limit when Assump-
tions A1-A4 hold and the Hellinger rate is uniform on ®. Then, an estimator that
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attains the Hellinger rate uniformly is rate-efficient, and in the terminology of
Stone (1980) it achieves an optimal or best convergence rate.

The following lemma establishes that bounding rates, defined in Section 2, are
speed limits on attainable rates, and it gives a criterion for best rates. Given this
result, a useful approach to obtaining rate-efficient estimators is to find a maximal
bounding convergence rate and look for estimators that attain this rate.

LEMMA 6. If 6, is an attainable convergence rate, and o, is a bounding con-
vergence rate, then o, = o,. Hence, bounding convergence rates are speed limits
for attainable rates, and a convergence rate o, that is both attainable and bound-
ing is best in the sense that there is no faster attainable rate and o, is a maximal
speed limit.

The uniformity in ® of the conditions for attainable and bounding conver-
gence rates is essential. There exist nonuniform “superconvergent” estimators,
a variant on Hodges’ superefficient estimators. Suppose a sequence of estima-
tors 7, attains a uniform maximal bounding rate o,. Given 6y € ® and a con-
vergence rate o, that is faster than o,, define a second sequence of estimators
T, =(0,/on)Ty+ (1 —0)/0,)0 if |T, — 60| <o, and T, = T, otherwise. At 8,
(T, —6v) /0, = (T, — 0p)/on, which is stochastically bounded, so that 7, achieves
the superconvergent rate o,; i.e., (T, —6)/0, = (I, — 6p)/0, is stochastically
bounded.

Proposition 1 below relates Hellinger rates to maximal bounding rates. It uses
the following auxiliary result, which uses the Cauchy-Schwartz inequality to
bound the squared Hellinger distance.

LEMMA 7. Suppose Assumptions A1-A3 hold. Let 0, € ©, and B, € @, -, B.
Then, the squared Hellinger distance for i.i.d. data satisfies

2 1 172 12\ 2
H(00,0) = 5 (P(Bus0)'? = P(B,:0)'2) ",

where P(By;0) = an [T7_, f(yi;0)dy;, and analogously for P(B,;0y).

PROPOSITION 1. Suppose Assumptions A1-A4 and condition H hold so that
the Hellinger rate o, is uniform. Then, o, is a bounding rate and a maximal speed
limit on attainable rates, satisfying o, = o, = a,; for each attainable rate o,, and
each bounding rate o). For every 6 € © and some f > 0, liminf,_, o an(Q +
pon,0) > 0 for every attainable rate o, while limsup,,_, -, an(ﬁ +0,8,0) <1
for every bounding rate o,

Comment. The proposition implies that the Hellinger rate constitutes a
minimum speed for bounding rates, as well as a speed limit on attainable
rates. Thus, an estimator that achieves the Hellinger rate is rate-efficient. It
also establishes a necessary condition for convergence rates o, to be attainable.
One interpretation that can be given to this condition is by its contrapositive:
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At a rate J, faster than the Hellinger rate d,, liminf, an @,0+p 5,1) =0 for
some S > 0, and hence Proposition 1 leads to the conclusion that no uni-
formly 5,,_ L_stochastically bounded estimator can exist. Hence, Proposition 1
implies that the Hellinger rate is an upper bound on attainable rates under
Assumptions A1-A4 and condition H. This bound may or may not be tight,
depending on whether an estimator exists that attains this bound. In light of the
construction of Hellinger rates by means of the bimodulus, rate-efficient esti-
mators have (T, —6)/A~"(1/n;6p) asymptotically stochastically bounded and
nondegenerate. Note that the bimodulus is proportional to the square of the in-
verse of the modulus of continuity w(e; 8y) = sup{|d — 6| : h(6p,0) < €}, € > 0,
ie.,

Mo(e;600);00) = Ce?,  or  1(J;00) = C(o~"(5;600))?,

where C is a positive constant. In fact, all rate derivations in this paper can be
obtained by substituting C (™' (9;6p))%. Donoho and Liu (1991a) show that,
for linear functionals T over a convex class {f(:;6);0 € ®}, the implied rate
w(n™1/?) is attainable under quite general conditions.!® The remainder of this
section illustrates attainability in some other cases.

Example 2 (continued)

Prakasa Rao (1968) shows that, for a = 1 and 0 < f < 1/2, the maximum like-
lihood estimator for the location parameter 6 converges at the (inverse) Hellinger
rate n'/(1+26); j e. the Hellinger rate forms a tight bound on attainable rates in this
case.

Remark. Akahira (1991) and Akahira and Takeuchi (1995) provide a related
result for the special case of location parameter families. For y = (yi,..., y»)/,
they use the absolute variation metric (L' norm)!!

d,(0.0') = /} £ (y:0) = £(y:0)]dy,

and show that, if a J,; I consistent estimator exists, then, for each @ € ® and every
€ > 0, there exists a positive number 7y such that, for any 7 > fo,

lim inf d,(0,0 —15,) >2—e.
n— o0

Akahira and Takeuchi (1995, Lem. 3.5.1) show that, for any 6,6’ € ©,

2H;(0,0') < dy(0,0') <24/2H2(0,0),

which implies that

1 1
00.0) < H}(0.0) < 5d,0.0).
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Hence, convergence in the Hellinger metric is equivalent to convergence in the
absolute variation metric.

Proposition 1 applies in particular to parametric families that are locally asymp-
totically quadratic (LAQ), in the sense of LeCam (1986) and LeCam and Yang
(2000).

DEFINITION. The family of densities { f(y;6),0 € ®}, ® open and bounded,
is locally asymptotically quadratic (LAQ) at 6y € ® at a rate J, > 0 satisfying
on — 0, if for any M > 0, the log likelihood ratio A, 6y + dnt, 6p) satisfies

1
sup An(«90+5nr,eo>—5ns,1(«90)r+Eaﬁmeo)tz =0,(1),
[t|<M

where 9, S,(00) is stochastically bounded and nondegenerate (i.e., it does not
converge in probability to a constant), and 5,%Kn(90) is asymptotically al-
most surely positive definite (i.e., given € > 0, there exists k > 0 such that
liminf,— 0 P(1/k < 52K, (00) < x;60) > 1 —e).

A LAQ family is locally asymptotically normal (LAN) if, in addition, J, =
n~=12,6,8,(6) is asymptotically normal, and 55 K, (6p) converges in probability
to a constant. The regular case given in Example 1 above is LAN. Appendix B.1
shows that the triangular and quadratic densities given in the introduction are
LAQ, but not LAN. The bilateral generalized gamma family in Example 2 with
o. < 1 fails to be LAQ.

The next proposition establishes for a family that is LAQ at a uniform Hellinger
rate that approximate maximum likelihood estimators attain this rate, and gives
conditions under which an estimator obtained in one step from an initially consis-
tent estimator attains this rate.

PROPOSITION 2. Assume Al-A4 and condition H, so that the Hellinger rate
Oy is uniform. Assume for each 0y € O that the log likelihood ratio is LAQ at the
rate 6,. Then:

(1) The infeasible estimator 0,0 = 6o+ K,,(90) ™' S, (o) achieves the Hellinger
rate.

(2) Assume the property (M) that 6,,, is a sequence of approximate max-
imum likelihood estimators satisfying P (supge(a N (0,0,n) > yn;é?o) <
Cn, Where vy, is a positive sequence satisfying y, — 0, and &, is a positive
sequence satisfying 2> | {n < 400. Then, Oy, converges almost surely to
6o and is asymptotically equivalent to 6y, i.e., (5,,‘1 (Oum — Ono) = 0p (1), s0
that 0, attains the Hellinger rate.

(3) Assume the property (S) that 62K, (0) satisfies a stochastic Holder condi-
tion in a neighborhood of each 6y € @ that bounds the error in the LAQ
approximation to the log likelihood ratio; i.e., given € > 0, there exist a
neighborhood ©®' of 6y and scalars M > 0 and v > 0 such that
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lim inf P (|1<,1(9) — Kn(0)| < 072MI0—0')Y forall 0,0’ e @/;90)
n o0

> 1—e¢,
and

lim inf P (’A 0,0) = $,(0) (O —0') + K, (0')(0 —0')? /2]

< OTEMIO—0' 1Y forall 0,0’ @’;90) > 1—e

Assume that there exists an initially consistent estimator 6y, for 6y that
attains a convergence rate J,, satisfying o, ! (5;)”"’ =o0(1). Then, the one-
step estimator 0,2 = Op1 + K, (041) 7 S (041) achieves the Hellinger rate,
and is asymptotically equivalent to Oyy.

Comment. If a maximum likelihood estimator is achieved at a finite log like-
lihood ratio almost surely for a family of densities with the LAQ property, then
property (M) in Proposition 2(2) holds for this estimator. More generally, if the log
likelihood function has a finite supremum almost surely, then (M) admits estima-
tors that come within y,, of achieving this supremum. Proposition 2(2) continues
to hold if the log likelihood has an infinite supremum, but 6,,, can be selected
so that with probability one, eventually A, (6y,,600) > —y, — 0. The Holder
property (S) in Proposition 2(3) implies that 5,%Kn (0) is stochastically equicon-
tinuous in a neighborhood of 6. The assumption 6, ! (9/,)!+¥ — 0 is satisfied, for
example, if J, = n~12 and d, = (nlog(n))~'/2, as in the case of the a param-
eter in the triangular density and the quadratic density given in the introduction.
Appendix B.1 shows that these densities are LAQ, and satisfy the conditions of
Proposition 2(3), so that there exist one-step estimators for these families that
achieve the Hellinger rate.

5. CONCLUSIONS

This paper considers rate efficiency in parametric estimation as a criterion to judge
the quality of estimators, next to other efficiency criteria, such as, e.g., the Cramér
Rao bound, within a given class of estimators converging at a specific rate, e.g.,
J/n. It addresses the question of what convergence rates parametric estimators can
attain in parametric estimation problems with i.i.d. data. The Hellinger metric is
proposed as a very convenient tool to identify the Hellinger rate as an upper bound
on attainable rates and thereby as a benchmark or gold standard for rate efficiency.
The paper also identifies classes of parametric estimation problems in which this
bound is tight, i.e., in which the Hellinger rate is the maximal attainable rate.
This work deals only with scalar parameters of interest, or with parameter
vectors whose components converge at the same rate. Future work might deal
with cases like Examples 2 and 3, in which different components of a parameter

https://doi.org/10.1017/50266466609100063 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466609100063

484 WALTER BECKERT AND DANIEL L. McFADDEN

vector converge at different rates, and the rates of convergence of one depend
on the other; and with the case of dependent data, where convergence rates may
depend on the value of the parameter of interest.!?

NOTES

1. For example, Stone (1980) establishes that the best rate in terms of minimizing mean integrated
squared error for estimation in a sample of size n of a positive density of dimension m that is contin-
uously differentiable of degree k > 0 with k-th derivative Lipschitz is n®*+1)/(2k+m+2)

2. These densities have the regularity properties that they are positive and differentiable to all
orders on the interior of their support, but their log likelihoods behave badly at the boundaries of
the support. They are shown in Appendix B to be locally asymptotically quadratic, but not locally
asymptotically normal, and to admit estimators that attain the best rates. That demonstration illustrates
the value of being able to first determine the best rate for a problem, and then to use this rate to test
whether the problem is locally asymptotically quadratic.

3. See, for example, Van de Geer (2000), ex. 7.4.6., and Birgé and Massart (1993).

4. See the following section for a formal definition of attainable, bounding and maximal bounding
rate.

5. Our scalar analysis extends directly to the vector case when all parameters converge at the same
rate. In the case with different rates for each vector component, our analysis applies to a linear com-
bination of a vector of parameters, with a rate determined by the least rapidly converging component.

6. Akahira and Takeuchi (1991) define an information measure based on Hellinger affinity,
1,(0,0") = —8logp(0,0’)". This measure is interpreted as the information between the product
measures of the i.i.d. sample, parameterized by @ and &', respectively.

7. The nonnegativity, symmetry, and reflexivity properties of this metric are obvious, identity of
indiscernibles follows from the identification condition, and the triangle inequality is the same as in
the case of the L2 norm. A continuity condition that 6, — 6 implies p(0,,60) — 1 is not needed for
the metric property of Hellinger distance, but will figure later in linking the Hellinger distance to rates
of convergence. The affinity is related to the sample log-likelihood ratio

o f(is0)
Ay (0,0)) =1 =
@0y =log (,l;ll f()’i;90)>

by

. 1 n
p©,6)" =/6Xp (51\:1(9,90)) 1 7 iz 6o) dy;
i=1

=E {exp (%An(a,ﬂo))}

1
2> exp <§KS” o, 90)) 5

where K S, (0,6y) = EA,(0,6p) is the Kullback-Leibler separator, frequently used as a measure
of divergence between densities. Then, H,%(é’n,&o) =1—=p(r,00)" < 1—exp (%KS,,(Hn,OO)).
If liminf, KS,(6,,00) > —oo, then p(6,,6p) — 1, implying by the identification
condition that 8, — 6, but not necessarily that H,%(H,,,@O) — 0. However, lim, K S, (6,,6p) =0
implies limy, H,%(@,,,é’o) = 0. The condition p(,,6p) — 1 does not necessarily imply
liminf, K S, (6,,6y) > —oc.
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8. In cases where the bimodulus does not exist, e.g., the generalized bilateral gamma with different
parameters on either side of #, one can carry out analyses with the respective one-sided bounding
functions and, with careful attention regarding uniformity, determine the relevant rate as the minimum
of the two resulting rates. In this case, estimators converging at this rate will be stochastically bounded
on one side of its support, but not on the other.

9. Here, as in Example 2 with a < 1, the second-order term in the expansion of the log likelihood
ratio is negative, rather than positive as required by the LAQ definition.

10. Donoho and Liu (1991a) also treat some nonlinear cases: estimating the rate of decay and the
mode of a density, and robust nonparametric regression.

11. See also Hoeffding and Wolfowitz (1958) for a discussion of the properties of this metric.

12. A textbook example is, for instance, the case of the parameter of an autoregressive process of
order 1. In this case, estimators of the autoregressive parameter converge at rates that depend on the
true value of this parameter that governs the data generating process.
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APPENDIX A: Proofs

A.l. Proof of Lemma 1. We use the elementary analytic result that for any real sequence
On,

exp(—limsupay) = limigf(l —ap/n)" <limsup(l —ay,/n)" =exp(— limilr}fan).
n n

Defining o, = nh2(0y + B, (0p), 0p), one has

Hy; (0o % Boa(00), 00) = 1 — p (00 % B (00), 00)" = 1— (1 —an /n)".
Then, J,, () is a Hellinger rate at 6 if and only if

0< limiQfH,%(QO =+ f6n(8p), 0y) = exp(—lim sgpnhz(ﬁo =+ f6n(8y),60)),

and

1> limsup Hy (0 £ fon (00), 60) = exp(—liminfrh® () = B0 (60), 60),
n

proving the result. |

A.2. Proof of Lemma 2. The rate d; () solves the equation n(J, (6y); 6y) = 1. Then
limy, 0, (6p) = 0, implying 6, (6p) < v and 6, = 6y £ 3, (6p) € O for n sufficiently large.
From the definition of a bimodulus at 6y, x1(J, (6p); bp) < "2, 0p) < 2(0n(0p); 0p)/x,
and hence

[1 =14 (00); 00) /xn]" < [1—h*On,00)1" < [1 —xn(3,(00); 6p)1".

Taking the limit in n of this expression using the analytic result in the proof of Lemma 1
implies that the limit points of H,% (0,00) =1 —[1 —h2(6,,00)]" are bracketed by 1 —
exp(—«) and 1 —exp(—1/x). |
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A.3. Proof of Lemma 3. The bimodulus rates J),(0p) and J), (6y) satisfy nd’(d),;0p) =
n2"(8)];6p) = 1 for the bimodulus functions 2" and ”. The bimodulus inequalities imply
A (8] (60); 0p) < A" () (Bp); 6p) = 1/n = 1'(6),(60); 6p), and hence x’3), (By) < J},(6p)-
Similarly, one has 2" (x”8},(6p); 8p) < 4'(6,(60); 0p) = 1/n = 1"(9}/(6p); 6p), implying
k"3,(0p) < 8] (6p). Therefore, k' < &,(89)/5)(0p) < 1/k”. Then, &,(6y) and &) (6p)
are rate equivalent. The bimodulus inequalities also imply x’1’(J;60) < A”(6;00)/x"”
and k" 1" (5;00) < ' (5;00)/x’, so that k'x” < 1'(5;00)/2"(5;0p) < 1/x'x”. So, K =
1/x'x" > 1.

If, at 6y, J),(0p) is a Hellinger rate, and 6,(6y) is the bimodulus rate for a bi-
modulus 4(J;8p), then for some f > 0, ni(xBd,(00);0) < nh*Gy % B, (0);0) <
ni(B6),(0y)/x;0p). Then, Lemma 1 implies that there are positive constants & and y such
that the inequalities ni(xB),(0p); 6y) < y and nA(B5,(0p)/x;6y) > a hold for n suffi-
ciently large. Then, there exist scale factors ¢, 7 > 0, such that nA(¢xf9,,(0p); 6p) < 1 =
n2.(0n(00); o), implying 6y, (6o) < dn(60)/¢xp, and nA(dn(6o); o) = 1 = nA(npdy, 6o)/
x;6p), implying &),(6) > dn(69)x/nB- Then, &), (6y) and J,(6y) are rate equivalent, and
the bimodulus rate for any bimodulus defines a unique equivalence class. |

A.4. Proof of Lemma 4. From Lemma 1, J, is a uniform Hellinger rate if and only if,
for some > O and any 6 € O,

0<a@®) = limilr}fnhz(ej:ﬂén,e) < limsupnh?(@ £ BS,,0) = y (6) < co.
n

The bimodulus at @ satisfies kni(d;0) < nh2(6 +0,0) < ni(;0)/k. If 6, is a uniform
Hellinger rate, then, forany 6 € ©, ka(0) < ni(fd,;0) <y (0)/x. Hence, Icza(ﬂ)/y ) <
A(PBon:0)/1( B3 0") < y (0)/x*a(0), implying (H).

Alternately, if (H) holds, and d;, (@) is the bimodulus rate at &, and hence by Lemma 3 a
Hellinger rate, one has

(a0 /7 0))xni(Bn(0);0) < kni(Bdn(0);0")
< nh>(0' £ B5,(6),0")
<ni(B5,(0);0")/x
< (7 (0)/k*a(0)ni(B5(9): 0)/x.

Then, by Lemma 2, 6, () is a Hellinger rate (with common f) for all 8’ € ©. |

A.5. Proof of Corollary 1. Case (i) follows from the transformation y’ =y — 8,
yielding

pO+6.0)= [ 112 (r=0-0 112y =0)dy= [ 112/ =012y = p(@,0).
Case (ii) follows from the transformation y’ = y exp(—6), yielding
p(O+0.0) = / S (yexp(=0 — ) /2 (yexp(—0)) dyexp(=0 — 3/2)

=exp(=3/2) [ £ exp(=a) £ 120
= (5,0). n
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A.6. Proof of Lemma 5. Since fy(y;0) = fz(g(y);0)g’(y), where g’(y) denotes the
derivative of g(y),

pr@+0.0)= [ £12(:0+0) 1/ (:0)dy
= [ F20(3):0 40 £2(8(»:0)8' (1) dy

= [ £2@0+0) 200

=pz(0+93,0).

Then, the Hellinger distance at € + ¢ and @ is invariant under differentiable one-to-one
transformations of the random variable, and consequently the Hellinger rates are also
invariant. |

A.7. Proof of Lemma 6. By the definitions of attainable and bounding rates, given
€ > 0, there exist n’, M, and M’, positive such that for n > n’,

sup Py(o, [Ty =0 > M) <e and sup Pg(a,;_llTn —0]> M) >e.
0e® 0e®

But the first condition implies supgeg P (o, Ty — 0] > Moy, /o)) < € for n > n’, and
hence Mo, /o), > M, implying 6, /o), > M'/M. [ ]

A.8. Proof of Lemma 7. For B, € ®i§n Band 6, € O,

2
1 n n
Hz&)hg:* i;gn_ l‘;@ dyy...dyn
7 (0n,0) 2/y1 /yn< 1f(y ) l_l;llf(y )) yi...dy

i=

2
1 n n
2 /s ( [17Cis0n) - Hf(yi;0)> dyy...dy,

i=1 i=1

1 1 L
- EPen(Bn)+5Pa(Bn)—A?n T1 7 Oi:00F (i 0)dyy ..dyn.

i=1

By the Cauchy-Schwartz inequality,

/B T/ Gis00) f(izO)dyy ...dyn

n | i=1

n 1/2 n 1/2
SVB Hf()’i§'9n)d)’i:| M Hf()’i§'9)d}’£|

nij=1 nij=1

= P(By;00)"/*P(By;0)'/2.
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Hence,
1 1
H, (00.0) 2 5 P(BuiOn) + 3 P(Bu:0) = P(Bu:0n)' > P(Br:0)' /2

1 2
=5 (PBu:00)' 2 = P(B1:0)'?) u

A.9. Proof of Proposition 1. The sequence of sample spaces with their respective
product o -fields that contain events such as B,y = {y, € Y": an_l |Tn(y,) — 0| < M},
where y,, = (1, ..., yn), are all embedded in the infinite product space ¥ °° with its prod-

uct o -field Bo, the o-field generated by all cylinders of the form YN x ®;en’ Cr, where
N’ is a finite subset of the positive integers, N” is its complement, and C; € B. By the
Kolmogorov extension theorem, there is a unique probability P(-;60) on Y that extends
all the sample probabilities Pj, (-;8); i.e., rewrite

Buy @) ={ye Y™ o, T(y,) —0| < M},
where y = (y1,2,---), and
Pa({y, € Y" 10, "T0(y,) =01 < M;0) = P(B,(0);0).

For ¢, an attainable rate, given 0 < € < 1/3, there exists a sequence of estimators 7, ('y,,)
and a constant M > 0 such that foralln > ng and all § € O,

P(B,y(0);60) > 1—e.
Define 6,4+ =0 +20,M and 6,— =0 —20,, M. Then,
Bum (@) ={yeY™®:-M <o, (T, (y,)—0) < M}
={yeY®:=3M <o, (Tn(y,) —Ont) < =M} S Y\ Byps (Ony)
={yeY®: M <o, (Tu(y,) —On=) <3M} S Y™\ Byps (On).
Then, P(B,p(0);6n+) < € and P(B,p(0);6,—) < €, implying

P(Byp(0);0)—P(Bup(0);0n4) > 1—=2€ > ¢,
P(Bpp10);0) — P(Bppr(0);0,—) > 1 —2¢ > €.

Therefore, by Lemma 7, for all n > ng and all § € O,
2
H2O0+20,M;0) > (P (Buyy (0):0)'/2 = P (B 0); 001)"/?)
2
> min ((p+6)1/2—171/2) >¢€/6,
O0<p<e
2
HR 0 =203 M;0) = (P (B 0):0)'/ = P (B (0):60-)'?)
2
> min ((p+e)1/2—p1/2) > €/6.
O0<p<e
From the bimodulus inequalities, this implies
€/6 < HX(0 +20,M,0) = 1—p(6 +20,M,0)"

=1—(1=h?>O=+20,M,0))"
<1—(1-nAQoyM,0)/xn)".

https://doi.org/10.1017/50266466609100063 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466609100063

490 WALTER BECKERT AND DANIEL L. McFADDEN

Therefore,
€/6 < lirIlnH,%(H:I:ZUnM,G) <1 —exp(—limigfni(ZanM,G)/K),

implying that liminf, nA(2c,M,0) > 0 for all § € ©. Since the Hellinger rates J, ~
&, for rate equivalent bimodulus rates &), satisfying ni(d),0) =1, o, < d), implies
liminf, nh2(0 + 206;,M,0) = 0 by Lemmas 1 and 3. This implies that liminf,
nA(2o,,M,0) = 0 for all # € ®. Hence, 6, = J), ~ oy, i.e., o, = I, and the Hellinger
rate is a speed limit on attainable rates.

Since every bounding rate g, is declining at least as rapidly as any attainable rate, d, =
o, and, hence, limsup,, H2(6 + 0, M,0) < 1. By the definition of Hellinger rate,

lim hrn 1nf supp(e 0+, M)" =
M—0+

and therefore

lim lim sup supH @,0+ouM)=
M—0+ n—oo ¢

Then, the above arguments imply that

lim lim nfs P(B 0);0)= lim lim inf supP(B 0);6
i lim, Tuf sup (Bupm 0):0) = lim lim inf up (Bum (0);6n+)

= lim lim 1nf supP(BnM(H) On—).
M—0+ n—

Since, as M > 0 tends to zero, liminf, supy P (B s (f); 0) is nonincreasing, while, on
the other hand, liminf, supy P (B, 37 (0); 0n+) and liminf, supy P (B, 37 (0); 6»—) are non-
decreasing, the last set of equalities implies that

0< lim lim 1nf supP(BnM(Q) 0) < 1.
M—0+ n—

Hence, dy, is itself a bounding rate. It is also attainable and, therefore, a maximal bounding
rate. | |

A. 10. Proof of Proposition 2.

(1) The LAQ conditions that d;, S, () is stochastically bounded and nondegener-
ate and that 5% K (8y) is asymptotically almost surely positive definite imply by
construction that for any € > 0, J, 1(8,10 —6p) is bracketed by the stochastically
bounded expressions J, Sy, (6p)/x and J, S, (0p)x with probability at least 1 — ¢,
and is therefore stochastically bounded.

(2) By the Borel-Cantelli Lemma, the conditions P (supge@ An(0,6um) > n;60)
{nand 32 | ¢ < +oc imply that, with probability one, eventually A, (Gnm , 6p)

—yn. In this event,
1 1
exp (—AH(H,HO))‘ > exp (_*)’n) -1,
2 H:Hnm 2

=<
=

P Onm,00)" =E
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and Assumption A3 implies that with probability one, 6y, converges to 6. In this
event, the LAQ expansion implies

Yn = —Ap (Hnm 5 (911()) =—An (enm 5 (90) +An (Hnos 90)
_ 1 _
= =081 (00)0;, " Oum — O,0) + 55,%1{,1 (00)0; % Onm — 0p)?

1 —
=590 Kn(00)3,% 00 = 60)° +0p (1)

— 1 B
= —06,51(00)5;, " Oum — Op0) + 55’31(” 00)572 Onm —0n0)?
+02Kn (00)35 2 (0n0 — 00) Onm —0n0) + 0p (1)
1 g—
= 2 9nKn(00)9 Oum —00)” +0p(1).

Given € > 0, there exists a constant ¥ > 1 such that (ﬁKn (6p) > 1/x, implying that
072 Oum — 00)? < K(yn +0p(1)), with probability at least 1 — e. Then, it follows
that 3, ! (Om — On0) = 0p(1).

(3) Let € > 0, the neighborhood @’ of 6, and the scalars M > 0 and w > 0 be given
as in assumption (S). Then, for 6,0’ € @', one has with probability at least 1 — 2e,

1
An(0.0') = $,(0)(0 =0') = S Kn (0)(©0 — 0 +a10,2M10 -0V,
and

1
An0',0) = $2(0) (0" —0) = 5 Kn (0)(© —0") 4025, 2 M0 —0'PHY

for some a1, ay € [—1, 1]. Adding these expressions for § # 0’ and using the Holder
condition that K, (0) = K, (0") 4+ a36,>M|0 —0'|¥ for some a3 € [—1, 1] yields
() 2(0) = $,(0") = Kn(0') (O —0') + agd, 2 M0 — 0| TV
= K (0O +Kn ()1 S,(0") —0) + 0452 M0 — ')V
for some a4 € [—5/2,5/2]. Taking 6 = 0,9 and 0’ = 6 in (%) yields
On S (On0) = aad M15; ' G0 —00)I' Y = 0p (1),
since d,, 10,0 — 6p) is stochastically bounded by result (1) and 8, — 0. Next,
taking 0 = 0,9 and 6’ = 0, in (x) yields
Sn S ©n0) = 03 Kn (051)3; " @1 + Kn 021) ™" Sn 1) — 6n0)
40y Mo O 'Y

= SaKn(031)3 ' Oz~ On0)+ 048y (01) Y MIG) ™ G0 — ).

But 8, S, (0n0) = 0p (1), 351 (3,) 1+ — 0 by assumption, and

1) ™ 00— 0n 1)1 < 16)) ™ O = 00) 1+ 1)~ 01 —00) = 0, (1),

since (5;1)_1 (6,1 —0p) is stochastically bounded by assumption, and |(5;,)_1 o0 —
) < 19, 1 (60 — Bp)|, which is stochastically bounded by result (1). Then,
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with probability at least 1 — 2¢, all terms in the expression above other than
02 Kn(01)97 102 — O0) are o0p(1). Further, (9,)71(@,1 —6p) = 0p(1), and
the Holder condition on 5,211(” (@) implies that with probability at least 1 —e,
5,%1(,1 (@) > 1/2x > 0. Hence, with probability at least 1 — 3¢, 5;1(9112 —0,0) =
0p(1). Since € can be made as small as one pleases, this proves that 6, and 6,0
are asymptotically equivalent. |

APPENDIX B: Miscellaneous Minor Results

B.1. Details on the Triangular and Quadratic Densities.
(i) Triangular Density

Let y(1) and y(,) denote the extreme value statistics from an i.i.d. sample of size n. Then,
forc > 0,

Pr()’(l) > 0t+Cn_1/2) = (I—F(a—{—cn_]/z;a,ﬂ))n = (1_ Cj>n

n(f—a)?
e (-
\Te-0?)
n 2n
Pr(y(n) <b—cn_l) = F(b—cn_l;a,ﬁ) = (l—m)

2¢
~on(-52;)

so the parameters a and £ can be estimated by y(qy and y(y), respectively, at the respective

rates n~ /2 and n= L.
The Hellinger distance between f(y;a, f) and f(y;a’, f’) witha’ < o and g/ > B is

p
hz(a,ﬁ,a’,ﬁ’)=1—/a FGra V2 (yial, ) 2dy

2 A 12 1/2
:1——/ (y—a) / (y—da') / dy.
(B=a)(Bp' —0a') Ja
When o = o, this simplifies to #2(B, 8’) = (B’ — B)/(B’ — @). The sample Hellinger
distance between 4 and g/ = S+ cn~! then satisfies

n
B —a—cn!
B —a

— l—exp(c/(f —a)) € (0, 1).
1

This establishes that the estimator y(y) for £ is rate optimal atrate n™".

Assume for the following that £ is known. When 8 = ', let A=a —a’ > 0 and a” =
(a +a’)/2. Then, a = a” + A /2, and &’ = a” — A /2. Using the inequalities 1 —z <
(l—z)l/2 <l—z/2for0<z<1,

Hz(ﬁ,ﬁ+cn_1) =1- (
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2 B
1—h*(a,0) = m/{x (y—a)!2(y—a")1/2ay

_; p N2 A2 1/2
- (ﬁ—a’/)z—A2/4/¢x ((y—a") A“/4)"“dy
2 B
= G aza ), 0= AT A =Py

for some y (y) € (3,1). But2 [#(y—a")dy = (f—a")* — A? /4. Hence, h? is bracketed

by

e | L a2 8(—ady = —— 2 (os(p—a")—log(A/2)
(B—a"?— 224 H(f—a" Az

and

2

2 B 2A
[ A2 —a s = g loa(p ) ~loa(A /).

(B—a")?—A2/4
Then, the bimodulus function A(a’ 4+ A, a’) = AZ[log(A)|/4(8 — a”)? satisfies

1
Zi(a/ +A,0)<h @ +A,a') <4i(a’ + A, d)

for A sufficiently small. The rate 6, = 4(8 — a’)(2nlog(n))~1/2 satisfies
ni(a’ +9,,a’) =1+ (loglogn)/(logn)+ O(1/(logn)) — 1,

and (n log(n))_% is therefore a Hellinger rate.

The limiting distribution of the estimator o.(1) = y(y) of & induces an exponential asymp-
totic distribution of the statistic 7(1) = n 1/2 (a(1y — @), which has a density given by
2t exp(—tz/(ﬁ —a)2)/(,8 —a)z, with moments IE[T(]‘I)] =(p —a)kF(k/2+ 1). It does not
attain the best rate. In comparison, the maximum likelihood estimator (MLE) for « is the

s A n 1 _ 2 _ . _
s.olutlon onML‘E of zi;.l (yi—&MLE /ﬁ’—&MLQ) =0. The MLE .does not.satlsfy conven
tional regularity conditions. A Taylor’s expansion of the log-likelihood ratio A, (a + 9, a)

gives

An(@+6,a) = Sp(a)d— %Kn ()02 + 0(6%),

where Sy (@) = S/ [2/(f —a) = 1/(y; — )] and Ky (@) = S7_[1/(yi —a)* =2/(8 ~
a)z]. One has E[S;, («)] = 0, but the expectations of S, (on)2 and K, (o) do not exist. There-
fore, n=1/28,, () is not stochastically bounded, and the triangular density does not belong
to the LAN family. However, the MLE attains the best rate d, = (n log(n))_l/ 2 To see
this,

(1) Let M,; > 0 and note that
P(yi—a>M;" fori=1,...,n)=P(yqy—a> M
=[1= M )/n(f =)’
- exp(—lirIlnnMn_z/(ﬁ—a)2).
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Then, the probability of the event y(;) —a > M”_l goes to one if n M, 25 0as
n— oo.

(@) LetZ=1,_, 1, /(y=a). Then,

E[Z]=2(~a~M;H/(f~a)?,
E[2] = 2[log( —a) +log(Mn))/(f ~a)*.
Then, Chebyshev’s inequality implies

dl
= 2[log( B — a) +log(My)1/€>(f — a)* log(n).

This is uniformly small for € large if log(M,)/log(n) is bounded.

(3) E1/(y — @)l —E[Z]=2M, ' /(B —a)*. Then, 3, X_ (BI1/(y — )] —E[Z]) =

1
21, M, /( f — a)?. This remains bounded if (n/log(rn))2 M;; ! remains bounded.
Together, (1)—(3) imply 6, S, (o) stochastically bounded. Collecting the require-
1

ments, nMn_2 — 0,log(M;;)/1log(n) bounded, and (n/log(n))2 Mn_1 bounded. All
are satisfied if My, = n'/2(log(n))? , for any y > 0.
The next steps obtain the properties of K, (a). The M, need not be the same as
above, but the first condition nM;; 2 — 0 must still hold.

@) LetW=1_ _\-1/(y —a)2. Then,

on >, (Zi —ElZ;])

i=1

> e) < norE[Z%)/é?

E[W] = E[Z?] = 2[log($ — &) +log(Mu)1/(f — a)?,
and
E[W2 =2[1/(f —a)* + M21/(f — ).

Again by Chebyshev’s inequality,

'

and this is uniformly small for € large if M,% / n(log(n))2 remains bounded.
(5) If nd2log(My) is bounded, then 62 _ E[W] is bounded, and d23" . W; con-

i=1
verges in probability to lim, né,zl log(My). This is sufficient to establish that

5%1(,, (a) converges in probability to this limit. To assure that the limit points of

02 Y (W; —E[W;])

i=1

> e) < nbﬁE[Wz]/ez,

()',%K,, (a) are positive and finite, one then needs né‘,% log(M;) to have a positive
finite limit.

Collecting requirements, n M, 250, M,% / n(log(n))2 bounded, and né% log(M},) with
a positive finite limit. All are satisfied if M,, = nl/2 (log(n))? if y < 1. Then, it suffices for
the proof to take M, = (nlog(n))l/ 2 throughout.

. {y_a>Mn_1}/(y - a)3, one has

E {%} 4B =)+ Mal/(f =)
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Then, n~1/262nE[0W /0a] = (log(n))? ~! when M, = n'/?(log(n))” . It follows that,
starting from a consistent estimator of a that converges atann™ 172 rate, e.g., ¥(1), the argu-
ment of Proposition 2, part (3), applies to establish that the one-step estimator is asymptoti-
cally equivalent to the infeasible one-step estimator and attains the best rate (nlog(n))~ 172,
The analysis above that assumed f known continues to hold if £ is unknown and one plugs
in its estimator yy), since f is estimated as a higher rate than a.

(ii) Quadratic Density

For the quadratic density f(y;0) =3y(20 —y)/ 403,0 < y < 20, the affinity between
f(y;1)and f(y;140), ford > 0,is

2
p(1+6,1)=/0 Gy /41403 (2420 - y)2—y) /2 dy
2
:/0 Gy/4(1+8)2) (46— y+8)2+5—y—)2dy
= /0 2(3y/4<1+5)3/2><2+6—y)<1—62/(2+5—y)2)1/2dy

2 2
- /O Gy/4(1+8)¥2)@+6—y)dy—y & /0 Gy/4(1+8)32))Q@+6—y)dy
for some y e€[1/2,1],
= (3/4(1+6)3/*)((2+6)2—8/3)

2
_y52/0 (3/4(1+5)3/2)(_1+(2+5)/(2+5_y))dy

=(1+36/2)/(1+6)>/?
—76%(3/4(1+6)*/?) (=2 = (24 0)10g(6) + 2+ &) log(2+ 9))
= (1-30/2+7"6")((1+30/2) +70*((3/2) log(6) + 3/2+ 0 (9)))
forsome 7y’ e[5/16,15/4],
=1-95%/4+ 76> =3y 5%/2+3y 5% 10g(5)/2+ 0(5°)
=14 0(5*log(¥)) + 0(5%),

and the Hellinger distance 21+, 1) = 0(s? log(0)). The convergence rate J, =
(nlog(n)~1/2 satisfies

nh*(146,,1) = 0 ((log(n))_l (—%log(n) —%loglog(n)))

0 (% + (loglog(n))/log(n)>

— const.,

80 d, is the Hellinger rate.
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The log likelihood is

L =nlog(3/4) —3nlog(@) + i (log(y;) +10g(20 — y;)).

i=1
The first-order condition for a MLE 6, is

n n

0= (2/(200 = yi)=3/6n) = Y, (3yi —46n)/ (200 — ).
i=1 i=1

Then, the MLE solves iteratively,

On = (3/4) 2 Y(i)wni/ Z Wni,

n
i=1 i=1

where w;,; =1/(20, — y(;))- The log likelihood is continuous and bounded above for 6 >
¥(n)/2, and approaches —oo as 6 —> y(;;)/2. Then, the MLE exists.

The following steps, mimicking those for the triangular density, establish that the
quadratic family is LAQ.

2
Define S, (0) = £ An(0,00) = (2/(20 = yi) =3/0) and K, (0) = =55 An (0, 60) =
1

S [4/(20 — y;)* — 3/62). Furthermore, define M, = (nlog(n))?2, as well as S;(0) =
37 (2/(max{20 — yi, My ') = 3/6) and K;(0) = 3} (4/(max{20 — y;, M7 '})? —
3/62). In parallel with the triangular density case, P (26 — Yoy > My 1y 5 exp(—clim,
nM;2) = 0. Then, S,(0) and K, (0) have the needed LAQ properties if Sx(0) and K5 (0)
do. But in a neighborhood of 26, the density f(y;#) behaves like the term 3(20 — y)/ 262,
which except for scale is the triangular density. Then, the calculations for that density
establish that J, S;(0) is stochastically bounded and 5,% K () converges in probability to
a positive definite limit.

B.2. Calculations for Example 2. Consider the squared Hellinger distance between
f(3;0,a,p,y)and f(y;@,a,B,y) for small, positive 8, defined as

| [+oo
h2(9,0) = 5/_00 n(y;0)*dy,

where

n(v;0) = fY2(y:0,0,8,7) = F1/2(3:0,a,8,7)
=" (Iy= 01D exp(=Iy = 01F /29) = [y~ D 2 exp(=1y1F 129))
=R(y;0)+S(y;0),

and
R(y;0) =" (1y =012 =131 @=D/2) exp(—Iy/F /27),

S(3:0) = C'ly =011/ (exp(=ly =017 127) —exp(=Iy1¥/29)) .
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Note that R(y; ) drops out if & = 1 (case (2)). Notice also that, in this case,

2

1%(0,0) x 62 ey, f(y:6 (y;0 d
, 3 o9 108 f (¥ 0, B,7) f(¥;0,0,8,7)dy
00 0

+0o0

—0? /_ PP ey /) dy
+0o0

o<02/ 2111/ exp(—12]) dz,
—00

which is proportional to a gamma function and converges if f > % Therefore, in case (2)

the Hellinger rate is n~Y2 when p> % Hereafter, we therefore concentrate on cases for
which £ < 1.

Since 5(y; )2 is symmetric about 62, the decomposition #2(,0) =2(A+ B+ C + D)
holds, with

A= [ awi0?ay,
—00
) )
B=/_l n(y;0)~dy,
0 2
c=[ n(xord. and
-0)2

0/2 5
D=/0 n(y:0)2dy.

Note that C > D. It is straightforward to show that A = 0(02) in all cases. We will derive
lower and upper bounds on B as well as a lower bound on D and an upper bound on C. In
doing so, we will show that in case (1), the contribution due to R(y; ) dominates, in the
sense of exhibiting the fastest convergence to zero when 6 approaches zero, while in case
(2), the contribution of S(y; @) dominates. Note also that, since R(y;8) and S(y;0) are
both negative on (—o0, /2] when a < 1, the cross terms that emerge when completing the
square can be ignored in the derivation of the lower bounds in this case.
We will employ the inequalities

(c=Dla%/c=b*1 < (a—b)?> <2@*+b%) fore> 1,
Oxly =017 < |y =1y =017 <Ox|y| "' fory <0<6andx > 0.
(The first inequality comes from 0 < (c™V2q - cl/zb)2 = (a —b)2 —[(1- l/c)a2 -

(c—1)b?] and from 2(a® +b%) — (a —b)? = (a +b)? > 0. The remaining inequality comes
from the theorem of the mean for convex functions.)
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In case (1), the contribution of R(y;#) to the lower bound on D is

/2
|

6/2 a—1 a=172
| RGPy = P (=072 1) [ [y =0 =131y

> (P exp (~10/21 /7 ) (e~ 1)/06/2 (1191 e =1y 01~y

1
= (€ exp(—10/217 /7 ) (= Do - [27% e 427 ~1].

Fora < 1and ¢ < 1/(2% — 1), the term in square brackets is positive, so that fg /2 R(y;0)?
dy = 0(6%). The contribution of S(y;#) to the lower bound on D is

6/2 0/2 2
| s0ray= [Ty =01 (exp—1y — 01 /27) —exp(-1yt 27)) "y
0/2
x [0y =01 (/29 Ly = 0P exp—Iyt [ ) dy

6/2
> (B/27)%6%exp (—|9/2|ﬂ/y)/0 ly —01%+28=3 gy
o< (B/27 0% exp (=10/21F /7 ) 0°+2F 210 + 25 —2|
= (B/27)exp (1021 /7 ) 0"+ Jla+2p— 2.

Note that in case (2), this term is 0(02ﬁ+1) if # < 1/2, and approaches a term of order
0 (62 log(#)) when f tends to 1/2. In case (1), this term converges to zero at a slower rate
than the contribution due to R(y; 6).

Turning to term C, C < 2[98/2 R(y;0)2dy +2fg9/2 S(y;6)%dy. The contribution of
R(y;0) to the upper bound is

0 2 2
R(y:0)2dy < (C' 2/ _p|@=0/2 _ 1 @=1/2]" 4
/_m (y;0)7dy < (C') o [Iy | [yl ] y

0

<2 [ Jv=or e a
"y

x 0%,

The contribution of S(y; &) to the upper bound on C is
[0 stiopar=[" € Ply=o" (expioly =01 /20)—exp(-1y1F 2n)) s
-0 —-0/2
0
X0 [, =01 eyl fyas

0
<o [ -0t
—6/2

x< 0“2 jla +28-2).
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Again, this term is 0(6%F+1y it B < 1/2, and approaches a term of order O (6%1og(0))
when S tends to 1/2. Also, in case (1), this term converges to zero at a slower rate than the
contribution due to R(y;8).

Finally, with regard to term B, B < 2f__19/2 R(y;0)? dy+2f__19/25(y; )2 dy. Toward
an upper bound, the contribution of R(y; ) is

6/2 —6/2
/ 1 R(y;0)%dy < (C'(1—a)/2)%6? /_ 1 Iy[*~3dy

= (C'(1-)/2)%0*10/2)* > - 11/(2~a)
= 0(0%).

The contribution of S(y;#) is
—0/2 —0/2 2
[ s a= [Py =01 (exp(—ly =01 20) —exp(=1y1F 120)) "y
-0/2
x0? [ 1y =01 exp-lyi ) dy

"y
<0%exp (<0217 ) [ 1= 01t Pay

028 1g +28 - 2.

Lower bounds can be derived in an analogous fashion, as above,
—0/2 2 N2
/1 R(y;0)dy > (C")*exp(—=1/y)(c = 1O* [27% /c+27% — 1] = 0(6%),
—0/2 2 2 283 2
[ s0i02dy 2 0% exp=1/y) [ =072y =01ty 0"+ a4 25 -2

The same comments apply as above: The contributions due to S(y;#) are 0(:92'8 +1) if
p < 1/2, and approach terms of order 0(192 log(#)) when S tends to 1/2. Also, in case (1),
these contributions converge to zero at a slower rate than the contributions due to R(y;8).

The bimodulus rates follow immediately from the respective bimodulus functions and,
by Lemma 3, are equivalent to the Hellinger rates reported in Table 1. For the case a =1,
L= %, the bimodulus function 4(8, 0) is proportional to 62| log(9)|, so that the rate d, ~
(nlog(n))~1/2 satisfies n1(d,,0) = 1+ (loglog(n))/(log(n)) + O(1/(log(n))) — 1, and
(n log(n))_l/ 2 is therefore the Hellinger rate in this case.

B.3. An Illustrative Example of Maximal Uniform Convergence Rates. Consider
the location parameter example y; ~ i.i.d. u[f — %,0 + %]. As in Corollary 1(1), p(7) =
pO,0+|t|)=p©@,0 +|t]) forany 6,0’ € ® and 7 € R. It is easy to show that p(|z|) =
1—|z|, and so H,%(0,6’—|— |z]) =1— (1 —|z|)" for all 4. Then, J, = %

Consider two estimators for 6 in this example: (i) O = %( Y1y +Y@))s where Y1) (¥(n))

denotes the minimum (maximum) of the sample {y;,i = 1,...,n}; and (ii) 8, = y,. It is
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well known (cp., e.g., David, 1970) that

N 1
O Sy
= 1
var(Oy) = E’

ie., 0, converges at the Hellinger rate n, while &, converges at the slower rate /n. without
loss of generality, let @ = 0.
Let € € (0, 1). Then,

Pr(H2(0,|7]) > 1—€) =Pr(1 —(1—|z|)" > 1 —€) =Pr(jz| > 1 —€'/™).

Note that 1 —el/" = —log(e)ea/”% — 0, as n — oo for € € (0, 1) and some a € (0, 1).

Consider the estimator 8,,. Its asymptotic distribution is /6, $ N(0,1/12). Hence,

Ve /"1
V12

where ®(-) denotes the cumulative distribution function of a standard normally distributed
random variable.
Next, consider 6y,. For any € € (0, 1), by Chebyshev’s inequality

Pr(|¢§n|>1—el/”)~2(13< >—>2c1>(0)=1 asn — oo,

Pr(|f,] > 1 —€'/1) < [2(n+1)(n+2)(1—61/")2 -

n2 1
N f 0,1
2(” + 1)(n +2) €2a/n (lOg(E))2 orsome o € ( B )

Lt
2(log(e))?

This limit can be made as small as desired by letting € approach zero.

asn — Oo0.
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