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Pricing Two Heterogeneous Trees
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Abstract

We consider a Lucas-type exchange economy with two heterogeneous stocks (trees) and
a representative investor with constant relative risk aversion. The dividend process for one
stock follows a geometric Brownian motion with constant and known parameters. The ex-
pected dividend growth rate for the other tree is stochastic and in general unobservable,
although there may be a signal from which the investor can learn about its current value.
We find that the equilibrium quantities in our model significantly depend on the informa-
tion structure and on the level of risk aversion. While an observable stochastic drift mainly
makes the economy more risky, a latent expected growth rate process with learning signif-
icantly changes the equilibrium price-dividend ratios, price reactions to dividend and drift
innovations, expected returns, volatilities, correlations, and differences between the stocks.
These effects are the more pronounced the more risk averse the representative investor.

I. Introduction and Motivation

The paper by Cochrane, Longstaff, and Santa-Clara (CLS) (2008) was the
first to demonstrate that in an economy with more than one tree, the equilibrium
outcome can be fundamentally different from that of a single-tree economy, even
in the simple case when the two dividend processes are represented by indepen-
dent geometric Brownian motions. With the exception of the special case when
one tree has a risk-free dividend stream, they assume two structurally identical
trees, which differ at most with respect to the parameters of the dividend process.
In reality, however, trees (i.e., stocks) may differ with respect to many charac-
teristics, like market capitalization or book-to-market value of equity, which then
also have an impact on expected returns and volatilities. These patterns have been
documented empirically (e.g., in Fama and French (1992), (1993), (1996)) and
justified theoretically (e.g., in Gomes, Kogan, and Zhang (2003), Gala (20006)).

*Branger, nicole.branger @ wiwi.uni-muenster.de, Finance Center Miinster, Westfélische Wilhelms-
Universitit Miinster, Universititsstr. 14-16, 48143 Miinster, Germany; Schlag, schlag@finance.uni-
frankfurt.de, and Wu, wu_lue @hotmail.com, Goethe University, House of Finance, Griineburgplatz 1,
60323 Frankfurt am Main, Germany. Earlier versions of this paper were presented at the 2007 Annual
Meetings of the European Finance Association, the 2007 Annual Meetings of the German Finance
Association, the University of Konstanz, and Vanderbilt University. We thank the conference partici-
pants and discussants as well as Hendrik Bessembinder (the editor) and Francis Longstaff (associate
editor and referee) for many useful comments and suggestions.

1437

ssaud Aussanun abpuguied Aq auluo payslignd X8E0001 L0601ZZ005/£101°0L/B10"10p//:sdny


https://doi.org/10.1017/S002210901100038X

1438  Journal of Financial and Quantitative Analysis

Our paper generalizes the CLS (2008) approach in the direction of het-
erogeneity with respect to the fundamental characteristics of the assets in the
economy. We also work in a Lucas (1978) tree economy, but we assume that
the dividend drift is constant and known for one stock, while it is stochastic
for the other stock. Technically, the fundamental uncertainty about the dividend
growth rate of the 2nd “tree” is represented by an Ornstein-Uhlenbeck (OU)
process. Depending on the given scenario, investors can either observe this drift
or have to learn about it from the realized dividend process and a noisy signal.
Furthermore, in our theoretical analysis we consider the case of constant relative
risk aversion (CRRA) with a general level of risk aversion 7, while CLS restrict
their analysis to the case of a log investor (i.e., to v = 1). We find that a stochastic
drift, learning, and the risk aversion of the investor all have a substantial impact
on the equilibrium outcome and on the differences between the prices and price
dynamics of the two trees.

To motivate our setup, consider a situation where one tree (or, equivalently,
one stock) represents (an index of) “blue chip” firms, with strong analyst cover-
age and very little or no uncertainty concerning the dynamics of the dividends.
While future dividends of these firms are of course still uncertain, the parameters
determining their distribution are likely to be common knowledge. In contrast to
this, the dividend characteristics of what we call the “young firms” (with newly
issued shares or belonging to some new and innovative industry) will usually be
much more uncertain, and it therefore seems reasonable to assume that their ex-
pected dividend growth rates follow an autonomous stochastic process. The two
trees in our model thus stand for market segments (like those represented by the
Dow Jones Industrial Index vs. the NASDAQ 100) rather than just for two indi-
vidual firms. When we speak of the blue chip (B) and the young firm (Y) in the
following, it is with the implicit understanding that the two firms represent two
large sectors in the economy. We assume that the characteristics (not the relative
size) of the two pools of firms remain more or less constant over time. At the
individual firm level, which we do not explicitly consider here, young firms will
eventually become blue chips, and new firms will enter the market, while others
will disappear. As another potential application of our model, think of an interna-
tional context with mature versus emerging markets, where the characteristics of
the first are known, while there may be a significant amount of uncertainty about
the dynamics of the latter.

Our paper is not the only piece of current work that considers economies with
more than one tree. Martin (2011) generalizes the CLS (2008) setup to a basically
arbitrary number of trees. We will use his analytical approach to compute the
equilibrium and at the same time generalize it to the case with additional state
variables, in our setup the stochastic dividend growth rate. Like CLS, Parlour,
Stanton, and Walden (2009) work in an economy with two trees and assume that
one tree is risk free. Their main focus is on the fixed income market and the
long-term interest rate, while we are primarily interested in equity-like claims.
Buraschi, Trojani, and Vedolin (2009) consider an economy with two trees and
two heterogeneous investors with different beliefs. They focus on the impact of
disagreement on the equilibrium and on variance and correlation risk premia, but
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they do not consider differences between structurally different individual stocks
or market segments.

Our paper is also linked to the literature on asset allocation and asset pric-
ing under parameter uncertainty and learning. In their seminal paper, Kim and
Omberg (1996) consider a partial equilibrium portfolio optimization problem,
where the expected return of the risky asset is stochastic but is observable to the
investor. Brennan and Xia (2001) consider an equilibrium model, where the div-
idend drift follows the same type of dynamics as in our model, but there is only
one tree in the economy. Pastor and Veronesi (2009) provide an extensive survey
of the implications of learning in financial markets.

In terms of equilibrium quantities resulting from our model, we first look
at price-dividend (PD) ratios. In the benchmark case of CLS (2008), the PD ra-
tio of the smaller tree is greater than the PD ratio for the market as a whole.
The economic intuition behind this result is that the small tree becomes pre-
cious due to diversification needs of the representative investor. We find that un-
certainty in the dividend drift (with or without learning) makes the dependence
of the PD ratios on the dividend share of the blue chip firm more pronounced,
while the qualitative features remain more or less unchanged compared to the
CLS model. The exact form of uncertainty barely matters, so that with respect
to pure pricing, our model extension could be seen as just generating additional
uncertainty. With a myopic investor, that is, with an investor with logarithmic
utility (corresponding to a level of risk aversion  equal to 1), there is a dif-
ference between large and small trees, but not between blue chips and young
firms.

This changes with a nonmyopic investor. Now there are also differences be-
tween the two types of stocks. The PD ratio of a small blue chip firm is more than
twice as high as the corresponding ratio for a small young firm. The economic in-
tuition is that the small blue chip is a “safe haven” for the investor due to its more
reliable dividend dynamics, so that her demand for this asset increases, and the
price goes up. From a technical perspective the small blue chip is affected by the
additional uncertainty via the stochastic discount factor (SDF), while the small
young firm is mainly affected via future cash flows. For v > 1, the former effect
is stronger than the latter, and the impact of drift uncertainty is more pronounced
for the small blue chip than for the small young firm.

The key to understanding the dynamic properties of our model is the sensitiv-
ities of asset prices with respect to the new source of risk, namely, the stochastic
expected dividend growth of the young firm. A higher drift of the Y-dividend
obviously has a cash flow impact on the price of this firm. At the same time, it
affects the SDF through future aggregate dividends, and this has an influence on
the prices of both types of firms. For the blue chip, a larger dividend drift of the
young firm leads to a smaller SDF and thus to a smaller price, so that its exposure
is negative. For the young firm, the SDF and the cash flow effect pull in different
directions. The small young firm is only affected via the cash flow channel, which
creates a uniformly positive exposure. For the large young firm, it depends on the
degree of risk aversion of the representative agent, which effect dominates. For
v =1, the cash flow effect and the SDF effect cancel each other, leaving a zero
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net exposure. In the case of a nonmyopic investor with v = 2, the cash flow effect
is dominated by the SDF effect, which results in a negative exposure.

With learning, that is, when the drift of the Y-dividend is no longer observ-
able, innovations in this dividend convey information about its drift, and the ex-
posure with respect to drift innovations becomes an exposure against innovations
in the signal and in the Y-dividend. For a myopic investor, the positive exposure
of the young firm to drift innovations adds to the already positive exposure with
respect to the Y-dividend. For the blue chip, on the other hand, the negative ex-
posure to drift innovations translates into a negative sensitivity with respect to
this dividend. With v = 2, the large young firm has a negative exposure to drift
innovations, which leads to a significantly lower sensitivity with respect to Y.

The impact of the information scenario on expected excess returns is largest
when the young firm dominates the economy. For the then small blue chip, we find
that the expected excess return decreases in the setup with learning, since it has a
negative exposure to priced Y-innovations. For v = 2, learning also significantly
lowers the exposure of the large young firm to priced Y-innovations, so that it
earns a significantly lower risk premium.

The 2nd characteristic of the asset price dynamics is volatility. Intuitively,
the introduction of a stochastic drift leads to larger overall volatility, since there
is additional uncertainty in the economy. When the representative investor has
log utility, learning reduces the volatility of the small blue chip (since uncertainty
dampens the reaction to news about the dividend drift in the economy via the
SDF), while it increases the volatility of the young firm (since it amplifies its
reaction to Y-innovations). For a nonmyopic investor, however, we may see the
opposite effect. When v = 2, learning actually reduces the volatility of a large
young firm significantly. Here the SDF effect dominates and leads to a smaller
exposure to Y- and signal innovations, so that additional uncertainty even damp-
ens the price reaction to news.

Beyond expected excess returns and volatilities, correlations are a key vari-
able of interest in a model with two trees. The equilibrium implications for return
correlations again depend on the level of risk aversion. For v = 1, a stochastic
drift induces a negative correlation between medium-sized trees, due to opposite
reactions of the two stocks to news about the drift of the Y-dividend. Learning
furthermore induces a negative correlation when the young firm is large, since in
this case the blue chip stock reacts negatively to Y-innovations. With v = 2, an
observable stochastic drift leads to a positive correlation between a large young
firm and a small blue chip, while learning again induces a pronounced negative
correlation.

In summary, economically significant differences between the two stocks
are not caused by a stochastic versus deterministic drift per se, but mainly by the
investor knowing one drift and having to learn about the other. Furthermore, the
introduction of a stochastic drift does not just make the economy more volatile
(i.e., it is structurally different from just increasing the volatility of the dividend
process of the young firm).

The remainder of the paper is organized as follows. In Section II we intro-
duce the model setup. The equilibrium asset pricing implications of our model are
discussed in Section III. Section I'V concludes.
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Il. The Model
A. True Model

We consider a continuous-time pure exchange Lucas (1978) economy.
Similar to what CLS (2008) call their “simple case,” we assume that there are
two independent trees. Each tree produces a stream of dividends in the form of
the single consumption good that is used as the numeraire. The dividends B; and
Y,, generated by the trees of the blue chip and the young firm, follow the stochastic
processes

dB
(1) ) = NBdt"'UBdWBt;
B, :
dy,
) 7’ = pydt+oydWy,.
t

The volatilities o, oy, and the expected dividend growth rate s of the B-tree are
constant. Different from CLS, we assume that the expected dividend growth rate
wy of the Y-tree is stochastic and follows an OU process, that is

3) duy; = /‘fu(ﬂY - NY,r)dt +0udW,,

with long-run mean iy and speed of mean reversion . The general economic
motivation for this setup has been given in the Introduction.

There are, of course, many ways to model an uncertain dividend growth
rate. The previous OU process simply represents the most common case in the
literature on asset pricing and asset allocation under parameter uncertainty (see,
e.g., Kim and Omberg (1996), Brennan and Xia (2001), and Pastor and Veronesi
(2009)).

In general the investor cannot observe py . In the different variants of our
model, the investor either has to infer it from observations of the dividend process
Y alone or from the dividend process and a signal s with dynamics
“4) % = pydt + o dW,.

t
This signal has the same drift as the Y-process and thus it also provides informa-
tion about the unobservable py ;.

We assume that Wg, Wy, W, and W, are mutually independent standard
Brownian motions. The dividend processes of the B-tree and Y-tree are indepen-
dent, and the signal noise W, contains no further information about the dividend
drift. The independence assumptions are made mainly for the purpose of conve-
nience and could easily be relaxed.

Equations (1)-(4) for the dynamics of the dividends and the signal constitute
what we will from now on call the frue model. As a benchmark we consider
the special case of a deterministic drift (where o,, = 0 and uy,; = fiy). For a
stochastic drift we distinguish between three scenarios that differ with respect to
the quality of the signal. With a perfect signal (i.e., a signal with zero noise),
the drift is observable. A signal with finite noise (i.e., o, € (0,00)) contains
some useful information on the drift, while a signal with infinite noise leaves the
investor with the dividend Y as the only source of information about py.
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B. The Investor

There is an infinitely lived representative investor with CRRA utility and
time preference rate p. Her lifetime utility is given by fo e P ((c =1)/
(1 —))dt fory # 1 and by [~ e™#"Inc, dt for y=1, where ¢; denotes consump-
tion at time ¢.! In equilibrium, this consumption has to be equal to the aggregate
dividend B + Y.

C. The Model as Perceived by the Investor

In the general case the investor has to make her consumption and invest-
ment decisions without observing py ;. This kind of problem with partially unob-
servable parameters has been studied in Detemple (1986), Dothan and Feldman
(1986), and Gennotte (1986). They show that the analysis can be separated into
a part related to filtering, in which the investor estimates the current value of the
state variable, and a part related to the investment decision, in which she decides
on her portfolio, based on the estimates from the st step.

The investor’s estimate for the unobservable state variable py ; is denoted by
Py, = IAE[/;Y’,U?,], where .7?, represents the investor’s information set. Note that
the expectation is calculated under the investor’s subjective probability measure.

The investor knows the structure and the parameters of the true model and
updates her beliefs in a Bayesian way. We assume that her priors are normal with
mean iy o and variance ap. The dynamics for the estimated drift follow from
standard filtering theory as discussed in Liptser and Shiryaev (2001). For the vari-
ance, we use the steady state variance from the very beginning. Implicitly, we
thus assume an infinitely long horizon of past observations, so that the variance
has already converged toward its long-run value.

The dynamics of the dividends and the estimated drift from the investor’s
perspective are

dB
5) ?’ = pupdt+opdWp,,
t
dy, - ~
(6) 7t = Hy,dt+oydWy,,
t
(7) dﬁy’[ = KH (ﬂy — ﬁY,t)dt + Uu’ydﬁly’[ + U,u,,udﬁ/u,t + Uu’sd‘//‘\/s’[.

Here, Wg, Wy, W and W are independent Wiener processes under the investor’s
subjective measure. Since she knows both the drift and the volatility of the divi-
dend process B, W is observable. Now, Wy, W and W are the Wiener processes
inferred by the investor from the dynamics of the dividend Y, the drift uy (if the
drift is observed), and the signal s (if there is a signal with finite positive noise).

Ipavlova and Rigobon (2007) consider a setting with separable utility function u(cp ,cy,) =
Incp; +Incy,,, where ¢;, (i € {B, Y}) denotes the consumption of units of output produced by tree
i. Beber, Breedon, and Buraschi (2010) also use a separable utility function in a study on currency
option markets. This setup allows us to analyze the “exchange rate” between the consumption goods
produced by the two trees, while the focus of our analysis is on the differences between prices of the
two trees producing the same consumption good.
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For a deterministic drift, the model simplifies to the dynamics of the two
dividends with a deterministic py. For a stochastic drift, the three information
scenarios differ with respect to the volatilities in the dynamics of iy .

With a perfect signal (i.e., a signal with zero noise) the drift is observable
(but still stochastic, of course), so that obviously fiy, = My > since the estimate
will coincide with the true process. This implies 0, ,, = 0, and 0, , = 0, s = 0.
Furthermore, Wy = Wy and VAVu =W,.

For a signal with finite noise it follows from standard filtering theory that

1 1
2 2
Ki+on | —5+— | — K
\/u “(0)2, o2 s

Ty = 11 ’
“(5+2)
oup = 0,
\/ni+ai ((712+012> — Ky
_ y s _ Oy
Ous — 1 1 = o"u’yoi'
(%)

The Wiener process Wu vanishes from equation (7) in the description of the
model, since the investor does not observe the true drift py.

Finally, for a signal with infinite noise, the only source of information about
Wy is the process of Y itself. In this case

2
2 4 K
oy Ko+ =5 —Ku |
oy

s = 0.

5

Oppu = 0, Opu

Now, both the Wiener processes VAVH and VAVS vanish from equation (7), since the
investor cannot observe py, and the signal does not contain any information about
it. These results can be derived from the previous set of equations by considering
the limit oy — oo. The case of “no signal” is thus equivalent to a signal with
infinite variance (or, equivalently, zero precision).

In summary, there are four economic setups that we will compare with re-
spect to their asset pricing implications in the next section. They differ only with
respect to the dynamics of fiy,. A deterministic dividend drift of the young firm
is treated in CLS (2008) for v = 1 and in Martin (2011) for general CRRA pref-
erences. These results will provide the benchmark against which we measure the
impact of the randomness of the dividend drift as well as the relevance of the
different information setups.

D. Asset Pricing

In equilibrium, the representative investor has to consume the aggregate
dividend stream B + Y. The SDF ¢, for a CRRA investor is thus given as
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&=e (B, +Y:)/(Bo+Yy)) 7. The price Pp; = pp(B;, Y1, liv 1, ) of an asset
with dividend stream D is

~ | B+ Y\ ~
pD(BhYtaMY,tat) = E [/f e pls=1) <B,+Yt> DS ds|]:,] .

Note that the expectation is computed under the representative investor’s subjec-
tive probability measure.

We will consider the pricing of the blue chip (D = By), the young firm
(Ds = Y;), and the market portfolio (D = B; + Y;). The prices of the two single
stocks are given in the next proposition, and the price of the market portfolio is
equal to their sum.

Proposition 1. For o = (ap,ay), the price P, of an asset with continuous
dividends Dy = BJ* Y is given by

Pa = By (70300 4 0300)
x/ MO0 B ()

o
> / e—pteA(agfg7iv,o¢y7%+iv,t)+C(agf%fiv,ayf%+iv,t)p,y)0dtdv’
0

where by = In By, yo = In ¥y,. The functions A, C, and F are given in Appendix A.

The proof of the proposition, which extends the result of Martin (2011) to a model
with state variables, is also given in Appendix A.

From the SDF we can determine the risk-free rate and the market prices of
risk. The risk-free rate is given by

roo= p+y(aps+(1—2)hyr,) —0.5v(1 +7) (zoz+ (1 — z)’03) ,

where z; = B;/(B; + Y;) denotes the dividend share of the blue chip. The form of
the risk-free rate is well known (see, e.g., CLS (2008)). The only difference to the
standard case is that the drift of aggregate consumption is replaced by its estimate.

The market prices of risk for the dividend innovations are g = yz,0p and
0y = v(1 — z)oy. They depend on the dividend share of the respective trees
(i.e., on the contribution of the dividend risk of the single trees to the overall
consumption risk). The market prices of signal risk and drift risk are O, since these
risk factors do not have a direct impact on local consumption uncertainty. Note
that the market prices of risk are given under the investor’s subjective probability
measure.

[ll. Asset Pricing Results

A. Parameters

Table 1 lists the values for the parameters and state variables, which are
similar to those used in CLS (2008). Both dividend streams have the same local
risk (i.e., op = oy) and the same average drift (i.e., ug = fiy). Since they only
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TABLE 1
Values for Parameters and State Variables

Table 1 gives the parameters and initial values of state variables used in the numerical analysis of our model. The parameter
values are similar to those used in CLS (2008).

Panel A. Parameters for Dividend and Signal Processes, and Investor’s Preference

Expected dividend growth rate of the B-tree B 0.02
Long-run mean of expected dividend growth rate of the Y-tree m 0.02
Volatility of dividend growth rate of the B-tree oB 0.15
Volatility of dividend growth rate of the Y-tree oy 0.15
Volatility in the mean reversion process of iy, t o 0.05
Mean reversion speed in the process of uy,t Ky 0.20
Volatility of the signal process os 0.05
Subjective discount rate P 0.10

Panel B. State Variables

Total dividend Di =Bt + Yt 1
Dividend shares 2zt [0,1]
Expected dividend growth rate of the Y-tree Y.t 0.02

differ with respect to the drift being constant or stochastic, all differences between
the equilibrium stock price characteristics are exclusively driven by differences in
the stochastic nature of the dividend processes.

In terms of information quality, a perfect signal and an infinitely noisy signal
represent the two extreme scenarios, while the existence of a signal with finite
noise is the intermediate case. The level of signal noise in our analysis is chosen
somewhat arbitrarily, but it seems safe to assume monotonicity in the sense that
the outcome of the model will approach the cases of infinite noise (useless signal)
for oy — oo and of a perfect signal for oy — 0.

B. Valuation

We first discuss the valuation results for the two individual trees and the mar-
ket portfolio. Figure 1 shows the PD ratios for the market portfolio and the two in-
dividual trees for all four information scenarios. The left column gives the results
for a log investor with v = 1, and the right column gives the results for v = 2.

1. Myopic Investor (v = 1)

For the case of a log investor, the PD ratio of the market portfolio is constant
at p~! = 10 in all information scenarios. It thus neither depends on whether the
drift is stochastic or deterministic nor (in the 1st case) on the quality of the signal.

The PD ratios of the individual trees, however, vary with the dividend share
z of the blue chip. They are (nearly) symmetric as functions of z (i.e., the PD
ratio of the young firm for a certain value of z is the same as the PD ratio of
the B-tree at 1 — z). As CLS (2008) point out, the dependence of the PD ratio
on the dividend share of the tree can be explained by diversification arguments.
With equal characteristics of the two trees, the investor would ideally put 50% of
his wealth into each tree. For a small tree, the resulting large demand leads to a
higher price and a lower expected rate of return, while for a large tree, the price
decreases and the expected rate of return increases.

For a small tree, the relative deviation between the initial demand of 50%
and the size of the tree exceeds the deviation for a large tree. In other words, for
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FIGURE 1
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Price-Dividend Ratios

Figure 1 shows the price-dividend (PD) ratios of the market and of the two trees as a function of z, the dividend share of the
B-tree (blue chip). We consider the benchmark case of a deterministic drift (solid gray line) and the case of a stochastic
drift of the Y-dividend with a signal with zero noise (solid black line), finite positive noise (dotted line), and infinite noise
(dashed line). The left column gives the results for v = 1, and the right column shows the results for v = 2. The parameters
are given in Table 1.
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a large tree with a dividend share of 0.9, the optimal demand for diversification
purposes of 0.5 accounts for roughly 55% of the given size. For the small tree
with a dividend share of 0.1, this ratio of initial demand to given supply is equal
to 500%. Consequently the adjustment in the PD ratio is much larger for a small
tree than for a large tree.

Uncertainty in the dividend drift of the Y-tree makes the dependence of the
PD ratios of the individual trees on the dividend share more pronounced compared
to the case of a constant py. It increases the PD ratio of the small trees signifi-
cantly. To get the intuition, note that the stochastic drift of the Y-dividend can
have an impact on the prices of the two trees via the SDF and via the future cash
flows. For a small blue chip the stochastic drift of the large young firm leads to
significant additional uncertainty in the SDF, which in turn implies a higher price
for the small B-tree (see Pastor and Veronesi (2009)). When the Y-tree is small,
this impact of the SDF is much less pronounced, and the higher PD ratio is caused
by the uncertainty in future cash flows. For the market portfolio these two effects
exactly offset each other for v = 1, since the product of the SDF and the future
cash flow is equal to e #'(By + Yy) and thus independent of B, and Y,. Finally,
with a constant PD ratio for the market and a larger PD ratio for the smaller of the
two trees, the PD ratio for the larger tree has to decrease.

2. Nonmyopic Investor (y = 2)

For v = 2, the dependence of the PD ratios of the single stocks on the div-
idend share becomes more pronounced compared to the log case, reflecting the
investor’s increased desire to diversify. Furthermore, when the drift of the young
firm is stochastic, the two trees are no longer symmetric with respect to their PD
ratios as functions of z, but there are large differences, especially for small trees.
The PD ratio of a small B-tree is more than twice as high as the PD ratio of a small
young firm. For a nonmyopic investor, the different characteristics of the dividend
trees thus drive a wedge between the pricing of small blue chips and small young
firms.

Her higher risk aversion makes the investor more concerned about future
uncertainty in aggregate consumption than the log investor. The small blue chip
becomes a sort of “safe haven” for her, where she is protected against the large
amount of additional uncertainty arising from fluctuations in py. This increases
the demand for the blue chip and thus its PD ratio. The small young firm lacks
these insurance characteristics and is therefore relatively cheaper than a com-
parably small B-tree. Stated differently, the impact of uncertainty in aggregate
consumption via the SDF (for the small blue chip) is larger than the impact of
uncertainty in the future cash flows (for the small young firm).

The larger aversion of the investor to changes in future aggregate consump-
tion also changes the PD ratio of the market compared to the case v = 1. For all
information scenarios, it now depends on the dividend share z. In the case of a
deterministic drift, the market PD ratio is smallest when the two trees have equal
size and aggregate consumption risk is lowest. A stochastic drift mainly increases
the PD ratio of the market when the blue chip is small (i.e., when the additional
uncertainty affects a large part of the economy). The SDF effect and the cash flow
effect still work in opposite directions, but they no longer offset each other. Now
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the SDF dominates due to the higher risk aversion, and the PD ratio of the market
increases.

While a stochastic (instead of a deterministic) drift has a significant impact,
the exact structure of the uncertainty associated with uy does not matter much.
For either value of 7y the PD ratio graphs for the cases of a perfect signal, a signal
with finite noise, and a signal with infinite noise almost perfectly coincide. An
econometrician thus would not be able to infer the quality of the signal reliably
by just observing PD ratios.

The properties of PD ratios can be regarded as “static” results of the model.
In the following sections we will turn our attention toward the “dynamic” proper-
ties (i.e., toward returns and their (cross-) moments). A necessary first step in this
direction is the analysis of the risk exposure of prices and returns with respect to
the fundamental risk factors in the model.

C. Risk Exposures

The fundamental sources of risk are the three Brownian motions driving the
dividend processes of the two trees and the dynamics of the signal s or the drift
Ly, respectively. The sensitivity of asset i (i = B,Y, M) with respect to a risk
factor is formally defined as the relative price change caused by a 1-unit shock to
this factor. The relative price change can be written as the sum of terms in dr and
the innovations in the Brownian motions Wg, Wy, W,,, W,, each multiplied by a
volatility coefficient o; ; (j =B, Y, i, 5):

(8) P = ...dt+ O',‘,BdWBJ + O',‘,ydWy,l + O','#dWM,l + O'i,_ydWS,l.
L

The sensitivities are thus given by the coefficients o; ;, which depend on the par-
tial derivatives of the asset prices with respect to B, Y, s, and py. They coincide
under the true and the subjective measure. Details on their computation are given
in Appendix B. To assess the degree of “excess” volatility in our model, we com-
pare these exposures to the corresponding sensitivities og and oy of the dividends
BandY.

A stochastic drift and a less than perfect signal lead to an exposure of the
estimate fiy, to signal risk and to innovations in the Y-dividend. This learning
from observations on Y will be one of the main drivers of our asset pricing results
presented next.

1. Myopic Investor (y = 1)

With a log investor the price of the market portfolio is a constant multiple of
the current aggregate dividend. Consequently, the sensitivities to dividend inno-
vations are a linear function of the dividend share z, as shown in Figure 2. They
are 0 when the dividend share of the respective tree is 0, and they increase to the
dividend volatility when the relative share of the tree goes to 1. The value of the
market as a whole is not sensitive to signal innovations, since the log investor
does not take future changes of the investment opportunity set (reflected in the
stochastic drift for Y) into account.
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FIGURE 2
Sensitivities of Prices with Respect to Risk Factors (y = 1)

Figure 2 shows the sensitivity of the market portfolio (left column), the blue chip (middle column), and the young firm (right
column) to shocks in the dividend of the blue chip (upper row), in the dividend of the young firm (middle row), and in the
signal, respectively, drift (lower row) as a function of the dividend share z of the blue chip. We consider the benchmark
case of a deterministic drift (solid gray line) and the case of a stochastic drift of the Y-dividend with a signal with zero noise
(solid black line), finite positive noise (dotted line), and infinite noise (dashed line). The risk aversion ~ is set to 1. The
parameters are given in Table 1.
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The sensitivities of the individual asset prices with respect to the risk factors
exhibit much more interesting patterns than those for the market as a whole. The
sensitivity of the B-tree with respect to its own dividend innovations is, of course,
always positive, but below the volatility of the dividend when it accounts for less
than 80% of the total economy. For z below 0.8, the PD ratio of the B-tree is
decreasing in z, so that the price increase will always be less than the dividend in-
crease. The situation reverts for very large values of z, resulting in a price increase
exceeding the B-innovation, which is also an effect pointed out by CLS (2008) for
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the case of deterministic dividend drifts. While a stochastic dividend drift leads
to a more pronounced dependence of the sensitivity on the dividend share z, the
information quality hardly matters.

This changes completely when we look at the sensitivities of the B-stock
with respect to the dividends of the young firm. Now the sign and size of the price
reaction crucially depend on whether the representative investor can observe (the
random or deterministic value of ) uy or not. It is thus not the pure randomness
of py that generates interesting asset pricing implications in our model, but the
combination of this stochastic dividend drift with learning.

For an observable (deterministic or stochastic) drift py, the impact of a shock
to Y on the price of the B-tree is positive across almost the whole range of z. An
increase in Y generally makes the B-tree more “precious” as a hedging device,
since the riskier Y-tree becomes relatively larger. The price effect naturally be-
comes weaker when B represents a larger share of the overall economy (i.e., when
z increases).

When py is not observable, a positive shock to Y has a 2nd effect in that
it also leads to an upward revision of the investor’s estimate of future values of
wy. This makes it more likely that dividends generated by the Y-tree and thus
(everything else unchanged) also aggregate consumption will be higher in the
future, making the B-tree with its unchanged cash flow structure less attractive.
The induced negative price reaction is stronger the lower the precision of the
signal, and thus the more the investor depends on the realized Y-dividend for her
inference about py. The absolute size of the price reaction is largest for a small
B-tree (i.e., when the drift py affects a large part of the overall economy).

A similar story is behind the price reaction of the B-tree to signal innovations
(for a signal with finite or zero noise). A positive shock indicates higher future
growth rates for Y and leads to a lower price of the blue chip. The price reaction is
larger in absolute terms the higher the precision of the signal and the smaller the
B-tree. Taken together, the price of the blue chip reacts not only to innovations in
its own dividend, but also to innovations in the estimated or observed drift (i.e., it
reacts to innovations in both the Y-dividend and the signal).

The results for the sensitivity of the Y-tree with respect to innovations in the
two dividend processes and the signal can be interpreted along the same lines as
those for the blue chip. Again, learning induces an additional exposure to dividend
innovations in Y and an exposure to signal or drift innovations. In general, we
observe a strong tendency toward symmetry between the two trees for the case

v=1.

2. Nonmyopic Investor (y = 2)

The sensitivities for the case v = 2 are shown in Figure 3. The important is-
sue in this section is the impact of the investor’s risk aversion on the sensitivities
of the asset prices with respect to the risk factors. For the market portfolio, the dif-
ferences compared to the log investor case are qualitatively most pronounced for
the sensitivity with respect to signal shocks and shocks in the Y-tree that convey
information about the dividend growth rate.

Different from the log case, future changes in the investment opportunity
(i.e., in py or liy) now have an impact on the market. A larger dividend drift
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FIGURE 3
Sensitivities of Prices with Respect to Risk Factors (y = 2)

Figure 3 shows the sensitivity of the market portfolio (left column), the blue chip (middle column), and the young firm (right
column) to shocks in the dividend of the blue chip (upper row), in the dividend of the young firm (middle row), and in the
signal, respectively, drift (lower row) as a function of the dividend share z of the blue chip. We consider the benchmark
case of a deterministic drift (solid gray line) and the case of a stochastic drift of the Y-dividend with a signal with zero noise
(solid black line), finite positive noise (dotted line), and infinite noise (dashed line). The risk aversion ~ is set to 2. The
parameters are given in Table 1.
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implies higher future cash flows (which would lead to a higher price) and a
decrease in the SDF (which would lead to a lower price). While these two ef-
fects exactly offset each other for the log investor, the SDF effect dominates for
v = 2, and the price of the market portfolio falls due to positive news about the
dividend drift. The impact of the signal is larger the higher the precision of the
signal and larger the dividend share of the Y-tree.

When the signal is noisy, the negative reaction to positive news about the drift
also induces a negative reaction of the investor to Y-innovations, since these also
contain information about puy. The exposure of the market portfolio to
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Y-innovations is thus smaller in the case of learning than in an economy with
an observable drift. The reduction in the exposure is again largest when the div-
idend share of Y is large (i.e., when future aggregate consumption depends on Y
the most).

For the individual stocks, a higher risk aversion changes the sensitivities of
the blue chip quantitatively, but not qualitatively. The most interesting result in
comparison to the case of v = 1 is the reaction of the price of the young firm to
innovations in the (estimated or observed) drift of the Y-tree, which changes sign
depending on z. When the young firm dominates the economy, a positive shock
to the estimated drift indicates a significant increase in future consumption op-
portunities. This leads to falling asset prices due to the SDF effect, which again
dominates the cash flow effect. A small young firm, on the other hand, exhibits
virtually no impact on aggregate wealth or consumption (and thus also no impact
on the SDF), so that higher expected future dividends for the Y-tree make its price
go up due to the cash flow effect. As a consequence, the sensitivity with respect
to signal shocks is negative for small values of z and positive for large values of z.
Furthermore, the sensitivity with respect to innovations in Y is reduced for small
values of z and increased for large values of z when the investor learns from div-
idend innovations (i.e., when the signal has finite or infinite noise). This implies
an underreaction to dividend news for large young firms and an overreaction for
small young firms. These results again emphasize the relevance of the informa-
tion scenario and the level of risk aversion for the equilibrium reaction of prices
to fundamentals.

D. Expected Excess Returns, Volatilities, and Correlations

1. Expected Excess Returns

The expected excess return of a traded asset is equal to the sum of the prod-
ucts of the exposures to the risk factors in the economy (the coefficients o; ; in
equation (8)) and the respective market prices of risk given in Section II.D:

i = oigbp+oiyby+0i,0,+0i0, = oipyzop+oiyy(l —z)oy,
since 0, = 6, = 0. Figure 4 shows the expected excess returns of the three
assets.

A comparison of the two upper graphs for the market risk premium, that is,
the expected excess return on the market portfolio, 2);, shows that our model
can develop its full flexibility when the investor is not restricted to be myopic.
While for v = 1 all four curves for the different information scenarios coincide,
there are significant differences between the cases with and without learning for
~v = 2. It hardly matters whether py is deterministic or stochastic but perfectly
observable, since the two curves for {2, as a function of z basically coincide. The
two cases with imperfect information about 1y, however, generate values for {2,
which can be as low as  of the value for the perfect information case. The main
point is again that, with a noisy signal, the investor learns about py from dividend
innovations also. As shown in Section III.C, this reduces the positive exposure to
priced innovations in the young firm significantly and increases the exposure to
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FIGURE 4
Expected Excess Returns

Figure 4 shows the expected excess return of the market and of the two trees as a function of z, the dividend share of the
B-tree (blue chip). We consider the benchmark case of a deterministic drift (solid gray line) and the case of a stochastic
drift of the Y-dividend with a signal with zero noise (solid black line), finite positive noise (dotted line), and infinite noise
(dashed line). The left column gives the results for v = 1, and the right column shows the results for v = 2. The parameters
are given in Table 1.
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nonpriced signal innovations in absolute terms. As a consequence, the market risk
premium decreases. The negative effect is stronger the less precise the signal. It
is also stronger the larger the dividend share of the young firm and, consequently,
the more important the stochastic drift for aggregate consumption.

For the expected excess returns on the individual stocks, the information
structure already matters for the log investor as soon as the investor has to learn
about the drift from a noisy signal. While the expected excess return is increasing
from O for a small tree to some positive value for a large tree for an observable
drift, the expected excess return on the small blue chip becomes negative in the
case of learning. This drop can be attributed to the negative exposure of a small
blue chip to priced innovations in the Y dividend.

The impact of the information scenario is again much more pronounced for
~ = 2. For a small blue chip, the expected excess return can be significantly pos-
itive (for a perfect signal) or negative (for a noisy signal), which is due to the
positive or negative exposure to innovations in Y. The expected excess return of a
large young firm differs for similar reasons across the information scenarios.

2. Volatilities and Correlations

Figure 5 presents equilibrium return volatilities. These follow from the
quadratic variation of the return and are computed as

©) b6 = Jolpralytal, ol

For v = 1 the volatility of the market return is lowest for z = 0.5 (for the
reasons discussed previously) and equal to the dividend volatilities of 0.15 for
z=0and z = 1, when the economy just consists of either of the two trees.

None of these properties carry over to the case v = 2. When the young firm
dominates, the return volatility of the market can be as low as / of the individual
dividend volatility and up to 60% higher. When the drift is observable but stochas-
tic, the additional risk due to variations in uy leads to a much higher volatil-
ity of the market for small z. Learning, on the other hand, reduces the volatility
of the market return. As shown in Section III.C, a less precise signal leads to a
less negative reaction to signal innovations and also to a less positive reaction to
Y-innovations. This reduction in sensitivities in absolute terms reduces the return
volatility. The effect is stronger the larger the young firm and the less precise the
signal. In the extreme case of a signal with infinite noise and a dividend share of
the young firm close to 1, the volatility of the market drops to ' of the volatility
for a deterministic drift.

This decrease in market volatility may seem counterintuitive at first sight.
After all, the economy is dominated by the riskier asset, the investor faces a higher
informational uncertainty (since there is not even a signal about py), and she is
more risk averse. However, the higher informational uncertainty makes it harder
for the investor to identify the true source of the innovation in the Y-dividend
(higher py or “just” a higher dividend realization), and this dampens the price
reaction.

For the individual trees, the return volatilities depend on the information
scenario even in the case of a myopic investor. They are larger with a stochastic
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FIGURE 5
Return Volatilities

Figure 5 shows the return volatilities of the market and of the two trees as a function of z, the dividend share of the B-tree
(blue chip). We consider the benchmark case of a deterministic drift (solid gray line) and the case of a stochastic drift of
the Y-dividend with a signal with zero noise (solid black line), finite positive noise (dotted line), and infinite noise (dashed
line). The left column gives the results for v = 1, and the right column shows the results for v = 2. The parameters are
given in Table 1.
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observable drift than with a deterministic drift. The additional uncertainty in the
SDF and in future cash flows increases the volatility of the small blue chip and
the small young firm. Learning from a noisy signal now has opposite effects on
the two stocks. For the small blue chip, the reaction to signal innovations and
innovations in Y is smaller in absolute terms than in the case of an observable
drift, which in turns leads to lower volatility. For the young firm, on the other
hand, learning from the Y-dividend leads to an overreaction to changes in the
Y-dividend and thus to larger volatility.

For v = 2, the overall pattern of volatilities is the same for the B stock. The
behavior of the volatilities of the Y-stock, however, changes significantly when
the young firm dominates the economy. If the dividend drift is observable, the
large negative exposure to drift innovations causes a high volatility of the large
young firm. As for the market portfolio, signal noise then reduces the exposure to
both dividend and signal innovations in absolute terms, leading to smaller volatil-
ity, which can decrease to just ’ of the volatility in the deterministic case.

Finally, we take a look at return correlations in Figure 6. They follow from
the quadratic covariation between two relative price changes and the volatilities:

0iBOjB+0iy0;y + 0ip0ju+ 0is0;s
®i9;

When interpreting correlations in our model, it is important to keep in mind that
they are generated endogenously, since the fundamentals for the two trees (i.e.,
their dividend processes) are uncorrelated.

For the young firm, the correlation with the market is mainly driven by the
dividend share and goes from 1 if the young firm dominates the economy to O if
its dividend share is close to 0. The precision of the signal and the risk aversion
of the investor only exhibit a small impact. The correlation between the market
return and the return on the blue chip is 1 if the blue chip dominates, but it differs
significantly between the information scenarios when the blue chip is small. While
it goes to O for a deterministic drift, it is significantly negative if the investor has
to learn about the drift mainly from the Y-innovations. These innovations induce
a negative price reaction of the small blue chip and a (still) positive reaction of
the large young firm, also causing the market portfolio to appreciate in value.
With increasing information quality, the correlation goes up again, since now both
the small blue chip and the large young firm show negative reactions to signal
innovations.

The return correlation between the two trees, pp y, is very sensitive to the
information structure and the relative risk aversion, which again emphasizes the
importance and the explanatory power of learning in equilibrium asset pricing,
especially when it comes to the dynamic properties of the model. If the drift is
deterministic, the return correlation goes to O if one asset dominates the economy
and is positive for dividend shares in between, since the assets have an exposure to
shocks in the dividend of the other asset and thus in the size of the market. In the
case of the log investor and for a signal with zero noise, the opposite reaction of
the two stocks to innovations in the observed drift leads to a negative correlation
between the individual assets. For an investor with v = 2, the exposure of the
large Y stock to drift innovations becomes significantly negative, so that now both

Pij =
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FIGURE 6
Return Correlations

Figure 6 shows the return correlations between the market and the two trees as a function of z, the dividend share of the
B-tree (blue chip). We consider the benchmark case of a deterministic drift (solid gray line) and the case of a stochastic
drift of the Y-dividend with a signal with zero noise (solid black line), finite positive noise (dotted line), and infinite noise
(dashed line). The left column gives the results for v = 1, and the right column shows the results for v = 2. The parameters
are given in Table 1.
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stocks react in the same direction to signal innovations, which leads to a positive
correlation. If the drift is no longer observable, the investor has to learn about
it from observing the dividend innovations in Y, too. This results in a negative
exposure of the blue small chip to innovations in the young firm and thus lowers
the correlation significantly.

IV. Conclusion

In this paper, we have studied an economy with two different stocks. While
the dividend of one stock, the “blue chip,” follows a geometric Brownian motion
with known parameters, the dividend of the other stock, the “young firm,” follows
a diffusion process with a stochastic drift. The information structure is given by a
signal with zero, finite, or infinite noise. We study the equilibrium in this economy
for a CRRA investor, where we consider both a myopic investor and an investor
with a higher risk aversion.

The existence of two assets instead of one induces spillover effects and an
exposure of the prices to risk factors that have an impact on the dividends of the
other tree only. While this basic diversification effect has been known since the
CLS (2008) paper, we show that both the information structure and the represen-
tative investor’s risk aversion have a significant impact on the equilibrium price
processes. In particular, the endogenous dynamics of the individual stock prices
and the market portfolio are far richer than the exogenously specified dividend
processes.

Compared to CLS (2008), an observable stochastic drift leads to higher risk
in the economy. If the representative investor is more risk averse than the log
investor, the PD ratio of the small blue chip (the “safe haven”) increases signif-
icantly, with values of almost 3 times those observed in the CLS model. Fur-
thermore, the return correlation between the different assets in the economy can
change sign, depending on the risk aversion of the representative investor. For a
nonmyopic investor, positive news about its drift can lead to positive or negative
price changes for the young firm, depending on its relative size in the economy.

The introduction of a stochastic drift for one of the trees means much more
than just augmenting the model by one further state variable, which becomes es-
pecially clear when we look at the impact of learning on asset return volatilities.
Here one may be in a situation where the economy is dominated by the young
firm, which is structurally riskier than the blue chip, and where the investor can-
not observe a signal to learn about the dividend drift, and nevertheless, market
return volatility decreases. The fundamental driver for this type of result in our
model is the two opposing forces linked to news about the stochastic drift of the
young firm. As long as this drift is not perfectly observable, dividend innovations
for this tree will not automatically imply a higher price for the young firm (due to
the “cash flow effect”), since they also represent news about higher future aggre-
gate consumption, which makes the two trees, and consequently also the market
portfolio, less valuable (the SDF effect).

Further research could focus on more general utility functions. For example,
it would be interesting to study the equilibrium in an economy with two trees
when the investors have Epstein-Zin utility and thus a preference for early or late
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resolution of uncertainty. It might also be worthwhile to look at the impact of fur-
ther state variables, like stochastic dividend volatility, on the equilibrium results.
In light of the literature on the differential pricing of options on individual stocks
and options on stock market indices (see, e.g., Driessen, Maenhout, and Vilkov
(2009)), it would also be of interest to study the pricing of derivative contracts.

Appendix A. Proof of Proposition 1

The proof of the proposition is based on Martin (2011). We follow his notation and
assume that the asset to be priced pays a continuous dividend D, = B;"? Y;*". Setting ap = 1
and ay = 0 gives the blue chip, while cuy = 0 and ay = 1 gives the young firm. The choice
ap = 0 and ary = O results in a consol bond.

The general pricing formula for this asset is

L (Bi+Y)T?
P - pt (’7’30‘8 YO dt
: E[/o C Brr)o ]

where we determine the price at time ¢ = O for ease of notation. With the definitions

b, = InB, b = InB —InBy,
vy = InY, y = InY,—InY,

the general pricing formula becomes

oo eaBE, +ayyr
(B() + Y())’Y / eip[E -7 - N7 dt
0 (gb0+bt + e}'()*?r)

Pa
Bty

The calculation of the expectation involves a double integral, where the joint density of
the future dividends follows by Fourier inversion, giving rise to another double integral.
The objective of the following calculations is mainly to reduce the number of (numerical)
integrations.

Martin (2011) shows that the PD ratio is>

Po _ —0.5(v—bo) . ,0.5(0—b0) )"
BO‘BYQY = e +e
0 0
oo e y_. Yo
></ e”’(.VU*bU)FA/(v)/ e*ﬂtef\(aﬂf7*”’701/*7“\’,[)
—o0 0

Clap—2L —iv,ay—L+iv,t Ayt
X e ( 27 Fiv) dtdv,

where the function F, is given by

1 I'(0.5y+v)[(0.5y — iv)
— % .
2 I'(v)

The functions A and C characterize the Fourier transform of the dividends:

2 yp In Br+vy In'Y; vp In Bi+vy In Y+A y , T—1)+C(vg,vy,T—1) i
E |:e‘B THY T|E:| — lBhyInY (vg,vy, T—1)+C(vp,vy, )#y,:,

2See the proof of his Proposition 1. Our formula is more general, since we allow for a state
variable. This does not hinder the application of the formula derived by Martin (2011), since the main
assumption needed is that the model is affine.
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where we assume, different from Martin (2011), who relies on a Levy process, that there
is a state variable, in our case fiy ;.

To get the solution for A and C, we denote the Fourier transform by f(B;, Y:,
Ly, t, T). Feynman-Kac gives that f has to meet the partial differential equation (PDE)

ﬁ +fBB/,LB +fy/:sz +fﬁliu(ﬂy — ﬁy,,) + O.Sﬁg}gO’éB2 + O.Sfyyo'lz/Yz
+0.5faa (O’fb’y + O'zw,. + Ufw) +fraovouyY = 0,
where we have omitted the arguments for ease of notation. The usual affine guess for f is
f(Bt Yt l//\/Yt t T) _ eVB In By+vy In Y +A(vg vy, T—1)+C(vg,vy,T—1) iy ;
) ) Iy By M
Plugging the resulting partial derivatives into the PDE and simplifying gives
—AT — CTZZY,I + vpup + Vyﬁy + CI{H([]Y — ﬁy,[) + O.SVB(VB — 1)0’12;
+0.50y(vy = )0} +05C" (07, + 0 + 01 ) + 90 Covo,, = 0.

This equation has to hold for all fiy,,. We thus get two ordinary differential equations for A
and C:

A = vpug+ Crkyfiy +0.5vp(vg — 1)og +0.5vy (vy — 1)y
+0.5C (Uiy + ai,# + crfm) +vyCoyo,.y,
Cr = vy—Cky.
The solution is
v —kpT
C(r) = é(l—e iz ),
A(r) = (VB/LB +0.5v5(vs — 1)o% +0.5vy (vy — 1)a§) T

+ (Kpfiy + vyoyopy) / C(u)du+0.5 (ai,(v +on,+ afm)
0

X / C(u)*du,
0

where the two integrals over C can be calculated in closed form.

Appendix B. Sensitivities with Respect to the Risk Factors

The price P, of an asset with continuous dividends D, = B**Y*" is given by p« (B,
Y:, liy,:). The dynamics of the price follow from Ito’s lemma and are given by

apa(Br,Yt,ﬁY,t)

dpa(B:, Y1, i = (...)dt+ dB
pa(BuYuin) = () ot ap,
8pa(Bt7 Yt,ﬁYt) 6pa(Bt7 Yt:ﬁYt) ~
=~ dY; + = == dly,.
oY, t B Ky ¢
Plugging in the dynamics of the dividends and the estimated drift gives
~ Opa(B:, Yi, 11
dpa (B, Y fiv.) = (...)dt+ W opdWs,
1
apa(B,,Y,,ﬁy,) 8[704(3[,)’;,;7)/;) y
: + = : | AW,
8Y, gy alle,t Op,y Yo
Opa (B, Y1, [ ~ Opa(B1, Y, 10 .
+ Pa( 1y I‘nuyyf) Uu,uqu,t+ Pa( ty t7/~“/,f) Uu,dex,r»

aﬁy,x aﬁ}’,t
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The volatilities of the prices are thus

o = 1 _ % 6Pa(3r, Yt,MY,t) o,
Pa (B, Yy, fiv,) OB,
1 apa(Bh Y, ﬁy,z) Opa (B,, Y:, ﬁ)/’,)
oy - m oy + m sy | o
Pa(Br, Y, fiy,) oY, Ofiy
1 Opa (Bty Y, ﬁY,r)
ai, = — X < O
g Pa (Bt7 Yi, MY,r) Oty s il
Ois = ! % 8pa(B”AY”“y”) Tpis-
Pa (Bt, Yi, HY,t) Oty s

It remains to determine the partial derivatives. We define u = yo — bo. The partial derivative
with respect to the current dividend of the B-tree is

8pa 8Da ( —0.5u 0 5u>’Y /Oo ivu
—_— = Tte F
98, 5B, e e L ey (v)

Rl ¥ o v L -~
% / e—pteA(aB— 5 —iv,ay— > +lv,[)+C(aB—7—zv,ay— 2+lv’t)uy’0dtd\/
0
_ v-1 . Ou
+ Doy (e 0.5u +eO.5u) (—O.Se 05t L 0.5 eOASM)

OBy
X / ML (v)

— o0

oo
></ e*pteA(agf%fiv,ayf%+iv,r)+C(a37%*iv,ayf%ﬂv,t)ﬁy,()dtdv
0
Y [ . Ou
—0.5 0.5 .
+ D, (e “te “) / e iv—F(v)
—oo 0By
) 4 . .. y RPN
></’ e*pteA(ozijflv,ayf7+lv,t)+C(oz3777w,ayf7+lv,t),u,yy0dtdv
0

8Da Pa . 5 eO'Su o 670.514 u
OBy Dy 2 €051 4 ¢—0:5u Pa 9B,

L2 el
+Dg (670'5" + e0'5”> / " ivF(v)
y /oo o Pt A (en—F —iviay—Fiv)+Cag—F —iv.ay—F+iv1)fiv0 gi gy Ou .
0 9By
Simplifying gives
% = p_a aDa + 1 e0-5“ — 670'5u p_‘)‘ + (670'5u + eO.Su)’Y
0Bo Do, OBy 2 N5t e 05 D,
=~ ou
X ivE(v,t)dv | Do =,
[ wetina) oo g
where
E'(v7 t) — eiqupY (V) /oo e—pteA(a’?_%_""’O‘Y_:zl*'iv’t)"'c(aﬂ_:zl_"V’C‘V—:zz””v’)ﬁ}’,()dt_
0
In the same way, we get
9pa — Pa 9Da leo'su —e Do (e—o.Su + eO.Su)’Y
8YO D, 8Y0 2 e0-5u 4 o—0.5u D,

< Ou
X / ivE (v, z)dv) Daa—yo.

— o0
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The partial derivative with respect to the estimated drift is

apa —0.5u 0.5u ,Y/oo vu

— = Dg (e e ) e "F. (v

a‘uy,o - ’Y( )
></0 C(ag—%—iv,ay—%+iv,l)

% e—pteA(ag— % —iv,ay — %+iv,r)

— Xy —Xyivit)
XeC(aR 5 —iv,ay 2+”’t)'uy’0dldv.

Like the prices, the partial derivatives have to be calculated numerically.

References

Beber, A.; F. Breedon; and A. Buraschi. “Differences in Beliefs and Currency Risk Premia.” Journal
of Financial Economics, 98 (2010), 415-438.

Brennan, M. J., and Y. Xia. “Stock Price Volatility and Equity Premium.” Journal of Monetary
Economics, 47 (2001), 249-283.

Buraschi, A.; F. Trojani; and A. Vedolin. “When Uncertainty Blows in the Orchard: Comovement and
Equilibrium Volatility Risk Premia.” Working Paper, Imperial College (2009).

Cochrane, J. H.; F. A. Longstaff; and P. Santa-Clara. “Two Trees.” Review of Financial Studies, 21
(2008), 347-385.

Detemple, J. B. “Asset Pricing in a Production Economy with Incomplete Information.” Journal of
Finance, 41 (1986), 383-391.

Dothan, M. U., and D. Feldman. “Equilibrium Interest Rates and Multiperiod Bonds in a Partially
Observable Economy.” Journal of Finance, 41 (1986), 369-382.

Driessen, J.; P. Maenhout; and G. Vilkov. “The Price of Correlation Risk: Evidence from Equity
Options.” Journal of Finance, 64 (2009), 1377-1406.

Fama, E. F,, and K. R. French. “The Cross-Section of Expected Stock Returns.” Journal of Finance,
47 (1992), 427-465.

Fama, E. F., and K. R. French. “Common Risk Factors in the Returns on Stocks and Bonds.” Journal
of Financial Economics, 33 (1993), 3-56.

Fama, E. F,, and K. R. French. “Multifactor Explanations of Asset Pricing Anomalies.” Journal of
Finance, 51 (1996), 55-84.

Gala, V. D. “Investment and Returns.” Working Paper, University of Chicago (2006).

Gennotte, G. “Optimal Portfolio Choice under Incomplete Information.” Journal of Finance, 41
(1986), 733-746.

Gomes, J.; L. Kogan; and L. Zhang. “Equilibrium Cross-Section of Returns.” Journal of Political
Economy, 111 (2003), 693-732.

Kim, T. S., and E. Omberg. “Dynamic Nonmyopic Portfolio Behavior.” Review of Financial Studies,
9 (1996), 141-161.

Liptser, R. S., and A. N. Shiryaev. Statistics of Random Processes II. Applications. Berlin, Germany:
Springer Verlag (2001).

Lucas, R. E. Jr. “Asset Prices in an Exchange Economy.” Econometrica, 46 (1978), 1429-1445.

Martin, I. “The Lucas Orchard.” Working Paper, Stanford University (2011).

Parlour, C.; R. Stanton; and J. Walden. “The Term Structure in an Exchange Economy with Two
Trees.” Working Paper, University of California Berkeley (2009).

Pastor, L., and P. Veronesi. “Learning in Financial Markets.” Annual Review of Financial Economics,
1(2009), 361-381.

Pavlova, A., and R. Rigobon. “Asset Prices and Exchange Rates.” Review of Financial Studies, 20
(2007), 1139-1181.

ssaud Aussanun abpuguied Aq auluo payslignd X8E0001 L0601ZZ005/£101°0L/B10"10p//:sdny


https://doi.org/10.1017/S002210901100038X

