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An instance of the square packing problem consists of n squares with independently,
uniformly distributed side-lengths and independently, uniformly distributed locations on the
unit d-dimensional torus. A packing is a maximum family of pairwise disjoint squares. The
one-dimensional version of the problem is the classical random interval packing problem.
This paper deals with the asymptotic behaviour of packings as n tends to infinity while d = 2.
Coffman, Lueker, Spencer and Winkler recently proved that the average size of packing
is @(n?/(+1)), Using partitioning techniques, sub-additivity and concentration of measure
arguments, we show first that, after normalization by n?/3, the size of two-dimensional
square packings tends in probability toward a genuine limit y. Straightforward concentration
arguments show that large fluctuations of order n%? should have probability vanishing
exponentially fast with n*/3. Even though 7 remains unknown, using a change of measure
argument we show that this upper bound on tail probabilities is qualitatively correct.

1. Introduction

This note presents an average-case analysis of a combinatorial optimization problem
with a geometric flavour described by Coffman, Lueker, Spencer and Winkler in [4]. An
instance of the cube packing problem in the d-dimensional unit torus T,; = [0, 1]¢ consists
of a collection denoted by w of n (randomly selected) cubes in T,;. The torus is assumed
to be oriented. Each cube is obtained by randomly choosing the ‘lower left’ vertex x € T,
and a random side-length ¢ according to the uniform distribution in [0, 1]. Moreover,
the cube sides are required to be parallel to the coordinate axes: y belongs to the cube
defined by x and / if there exists z € [0,/]¢ such that y = x 4+ z where addition is taken
modulo 1. Henceforth, the collection will be called a sample. The quantity to be optimized
is the size of a sub-family of mutually disjoint cubes. With a slight abuse of language, we
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also call this number denoted by X¢(w), the independence number or packing number
of the sample (the term ‘packing’ is from [4]). As pointed out in [4], cubes cannot be
freely translated in T, This distinguishes this geometric packing problem from more
conventional packing problems.

The one-dimensional version of this problem is a cosmetic variant of the classical
random interval packing problem described in [8]. In the latter case, it is known that
n~'2X] converges in probability toward a finite limit (,/2/m) [7]. It is even known
that X! satisfies a central limit theorem and a large deviation principle [3]. But the
higher-dimensional versions of the cube packing problem differ significantly from the
one-dimensional version: the combinatorial problem is Np-hard as soon as d = 2 (see [4]
and references therein). Hence there is no hope of understanding the high-dimensional
packing problems by analysing the performance of a simple greedy algorithm as in [7, 3].
Nevertheless, it is shown by Coffman, Lueker, Spencer and Winkler in [4] that the order
of magnitude of IE[X?] is n#/(+D

Theorem 1.1 ([4]). The expectation of the maximum cardinality of a packing of n random
cubes in the d-dimensional torus Ty satisfies

E[XY] € O(n#).

While the proof of the upper bound relies on a simple covering argument, the lower
bound is established through the analysis of a constrained version of the problem.
Theorem 1.1 and the proof given in [4] leave open the existence of a limit for the
normalized expected independence number n=#@+D X4 as n tends to infinity, i.e., of a law
of large numbers. Paraphrasing M. Steele on the longest increasing subsequence [9], ‘one
cannot help but suspect that the ratio n=#/@*DIE[X¢] has a genuine limit’.

Proving the convergence of n=#@+DIE[X?] toward a finite limit actually suffices to prove
that n=¢/(#+D X4 converges in probability toward a fixed value. This follows from a basic
observation.

As a function of a sample w of n cubes (w,...,®,) in [0,1]%, Xﬁf(a)) is a configuration
function in the sense of Talagrand [10, Section 4]: let I = {1...n}, let the property
p((w;)ier) be satisfied if the cubes (w;);e; are pairwise disjoint. Then, if (w;)ie; satisfies p,
so does any subsequence of (w;)ics, with J = I. Xj(co) is thus the maximal cardinality of
a subsample of o that satisfies the hereditary property p.

As cubes are drawn independently, generic concentration of measure arguments for
configuration functions tell us that the typical deviations of X¢ should be at most of order
0(v/E[X]). Namely, applying results from [10, Section 4] or [2] (Theorem 4.1.1 in [10]
actually provides tail bounds for deviations around the median), we obtain the following.

Proposition 1.2. The independence number of a random sample of n squares in T, satisfies,
for all positive t,

2
P{X; > E[XJ]+} < exp [_Z(IE[X;HW)}’

2
d i < =
P{X; <E[X;]—t} < exp [ 2]E[X;f]} .
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Configuration functions show up frequently in the average-case analysis of combinato-
rial optimization problems: the longest increasing subsequence in a random permutation
[10, 9], the independence number in a random graph [6, 10], and random interval packing
[8, 7]. Though laws of large numbers for configuration functions are easily deduced from
concentration inequalities provided that the normalized expectations do converge, the
situations where general concentration inequalities provide tight results are not fully un-
derstood. As concentration of measure arguments for configuration functions are known
to provide tight results for interval packings [3] but not for the longest increasing sub-
sequence [5], one naturally wonders whether this remains true for higher-dimensional
versions of the problem.

The purpose of this note is to prove the following theorems, which (partially) settle
those questions in the two-dimensional case. Henceforth, we assume d = 2 and drop the
exponent in X¢.

A . .
Theorem 1.3. Let E, = IE[X,] denote the expectation of the maximum number X, of
pairwise disjoint squares within n random squares in the two-dimensional torus. Then the
sequence (W>/*E,),—1.. converges toward a limit 7.

The following theorem suggests that the configuration function trick correctly describes
the tail behaviour of the square packing number.

Theorem 1.4. For all t > 0, the following hold:

. 1
hmlnfm logIP{Xn > n?3y(1 + t)} > —o0, (1.1)
. 1
lim inf o log P{X, <n*y(1—1)} > —o. (1.2)

The paper is organized as follows. In Section 2, Theorem 1.3 is proved. The proof
proceeds by showing that E, satisfies an approximate sub-additivity property (Lemma 2.2).
The proof of Lemma 2.2 outlines the fact that, up to some smaller terms, X, can be
considered as the sum of ®(n*/?) exchangeable random variables. This provides a hint for
a change of measure argument that enables us to prove Theorem 1.4 in Section 3.

2. Proof of Theorem 1.3

2.1. A sub-additivity property and its consequences
Let us first note the following almost trivial but useful fact.

Lemma 2.1. The sequence E, = [E[X,] is monotone and sub-additive:

E[X,] < E[X,;,] < E[X,] + E[X,] < E[X,] +n U

By Fekete’s lemma (see [9]), this implies that E,/n converges toward a limit. But naive
sub-additive arguments provide little help: as E, does not grow linearly with n, the limit
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is 0. In the case of the longest increasing subsequence, the analogue of Theorem 1.3 had
been established by Hammersley using an elegant embedding into a Poisson process that
scales at the right speed (see [9]). We are not aware of a comparable embedding in the
case of the cube packing problem. Nevertheless, the proof of Theorem 1.3 also consists
of bringing back sub-additive arguments.

The proof of Theorem 1.3 is almost immediate when the following lemma is established.

Lemma 2.2. There exist an integer my, a positive function g, with m=*3g(m) — 0 as m
tends toward infinity, such that, for all m = mgy, k = m,

The proof of Lemma 2.2 is postponed to the next section. Let us check that Theorem 1.3
is a consequence of Lemma 2.2.

Proof of Theorem 1.3. From [4, Theorem 1], there exist two positive constants y and v
such that limsup, n?/*E, = v and liminf, n?*E, = y. Proving Theorem 1.3 boils down
to proving that, for any e > 0, v <7y +e.

Let m be such that:

o m > my,
o m*g(m) < ye/2,
e mPE[X,] <y(1+¢€/2).

For each sufficiently large n, let k(n) be defined by
mk(n)® < n < m(k(n) + 1)°.
For all n such that k(n) > m, we have, by Lemma 2.2,

E[X,] < E [X,4mt1p] < (k(n) + 1) (E [X,u] + g(m)),

and hence
E[X,] _ (k(n) + 1)? E [X,,] + g(m)
n2/3 k(n)2 m2/3 :
Thus
. En
lim sup =5 S y(1+e). ]
n n-/-

2.2. Proof of Lemma 2.2
The proof of Lemma 2.2 relies on several technical results.

For any integer k, let G denote the grid defined on the two-dimensional torus by lines
with coordinates x =i/k for O <i<k and y =i/k for 0 <i<k.

Let m be an integer. In this subsection, the following relation between n,m and k is
assumed: n = mk>.

Let us agree on the following conventions.

e Let Y,(w) denote the cardinality of the largest packing consisting of squares from w of
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side-length smaller than
5 & /ot = M

\3/55

e Let Z,(w) denote the cardinality of the largest packing of squares from w that do not
intersect Gy.

intersecting the grid Gy.

As squares in a packing are non-overlapping and as their surface should not exceed 1,
the maximal number of squares with side-length larger than m!/%k~! in a packing is less
than k*m~!/3. Hence we have

Zy(0) < Xp(@) < Yo(0) + Zy(w) + Km ™. (2.1)

The following lemma is immediate.

Lemma 2.3. Let X3, Y3 and Z,: be defined as above. Then
E [ka3] <IE [Ymk3] +E [ka3] + kzm_1/3- ]

We will first determine an upper bound on Y,,;s. A packing consisting of squares from
w of side-length smaller than ¢ intersecting the grid G; defines a packing consisting of
squares from w of side-length smaller than ¢ intersecting a meridian x = i/k or a parallel
y = j/k for each possible value of i and j. A packing of squares intersecting a given
parallel defines a packing of intervals on the unit circle. This interval packing on the unit
circle might contain an interval containing the point with zero longitude; if we exclude
this interval from the packing, we define an interval packing on the unit interval.

Let T,(w) denote the cardinality of the largest packing consisting of squares from w
with:

e side-length smaller than 6,
e intersecting the line x = 0, and not containing the point (0, 0).

All lines play the same role; hence
E[Y,] <2KE[T,; +1]. (2.2)

As T, is the size of a packing of intervals, it can be analysed by the very same techniques
that were used for the original random interval packing problem [7, 3].

Lemma 2.4. Let k > m and let T3 denote the maximum number of disjoint squares with
side-length less than m'/°k=" intersecting the line x = O without containing the point (0,0)
among mk® random squares on the unit torus:

E[T,s] < 4m'k.

The proof of Lemma 2.4 proceeds in two steps: we first define a Poisson process on the
plane in the style of [7] and then show that IE[T,,:] is well approximated by a functional
of this Poisson process. Then we upper-bound the expectation of this functional.
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Proof. The random interval packing problem we are facing differs from the original
random interval packing problem in the following ways: the number of intervals to be
considered is random, being binomially distributed with parameters n and 62/2 — 63/3
(the corrective term is due to the fact that we exclude small squares containing 0,0); the
probability distribution of the length of the random intervals differs from the original
model described in [8].

In other words, the probability that a square with side-length s hits the line x =0 is s.
The probability that a random square has side-length smaller than s < ¢ conditionally on
the fact that it has side-length less than ¢ and that it hits the line x = 0, is s>/57.

The Poisson embedding technique described in [7] still performs a flawless job. Recall
that n = mk?, and consider the non-homogeneous Poisson process on [0, 1]> with the
following intensity:

Ax,y) =

A | ny—x), for y—90<x<y,
0, otherwise,

where we still have 6 = m!/%k~1.

A realization of this process is a random collection ¢ of points. The number of points
in ¢ belonging to some region 4 < [0, 1]? is distributed according to the Poisson law with
parameter [, A(x,y)dxdy and the number of points in ¢ falling into two disjoint regions
are independent. A point (x,y) in ¢ with 0 < y — x < ¢ defines an interval [x, y] with
length y — x < 0. Let Po denote the law of the Poisson process. Let T,(a) denote the
maximum cardinality of an interval packing on the unit interval induced by g.

If the number M(o) of points falling in the region 0 < y — x < § equals the number
N(w) of squares in w with side-length less than ¢ hitting the line x = 0 and not containing
the point (0,0), the maximum cardinality T,(c) of an interval packing on [0, 1] induced
by ¢ and the maximal cardinality T,(w) of a square packing among the small squares
hitting the line x = 0 and avoiding (0,0) on the torus are identically distributed.

Note that, if

F(/) = E[Ty(w) | N(w) = /] = E[T,(0) | M(o) = /],
then, by coupling,
DF(/) 2 |F(/ +1)—F(/)| < 1.

Recall that the Monge—Wasserstein distance between two probability distributions over
the integers IP and @ is

sup  (Ep[F] —Eg[F]).

F:sup, |DF(n)|<1
Hence,

|Ep,[T.] — Epo[T.]|

<

> E[T, | N(w) = /] x (P,{N(w) =/} —Po{M(c) = /})
/

< sup  (Ep, [G(N(®))] —Ep, [G(N(0))]).
G:sup, |DG(1)<1
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Hence the difference between the expectations of T,(w) under IP, and of T,(¢) under Po
is upper-bounded by the Monge—Wasserstein distance between the laws of N(-) and M(-)
under those two probability laws.

Under IP,, N(w) is binomially distributed with parameter n = mk® and success prob-
ability 62/2 — 6°/3 = 1m'3k=> — im'/%k=3 and, under Po, M(c) follows a Poisson law
with parameter n(62/2 — §°/3). By standard results in Poisson approximation [1], the
Monge—Wasserstein distance for the binomial with parameters n and p, and the Poisson
distribution with parameter np, is upper-bounded by 2p \/@ Hence

IE]Pn [Tn] - IEPO [Tn] < mk_3/2.

We will now upper-bound [Ep,[T,]. Let us observe as in [3, 7] that T,(c) is distributed
as the first-passage time of a random walk.

A sequence of random points (x;, y;) satisfying y; — 0 < x; < y;, and y; < x;41 with
maximum cardinality can be determined by the greedy algorithm described in [7].

The input of the greedy algorithm is a list of couples (x;, yi)i<i<s satisfying y; — 9 <
x; < y;, and without loss of generality we may assume that the sequence has been sorted
so that y; < y;4 for all i < /. Starting from an empty list ., index i = 0, and threshold
h = 0, the algorithm repeats the following loop: find the smallest index j,i < j </ such
that x; > h, add (x;, y;) to the list £, update h by assigning y; to h and i by assigning j
to i. The algorithm terminates when no such j can be found.

Because of the definition of the Poisson process, the sequence of second coordinates
y; that are picked by the greedy algorithm is a random walk with drift. As the Poisson
process could be extended to x > 1, T, (o) can be analysed as the first-passage time of a
random walk with drift though the boundary y = 1. Let us call (W;);>o the sequence of
the positions of this random walk.

Such a first-passage time satisfies a law of large numbers and a central limit theorem
(see [3] for applications to the original random intervals packing).

The probability that a step Wiy — W; in the random walk exceeds u is the probability
that no point of the Poisson process falls in a region with intensity

M3
ng if 0<u<y,

5u 83
n<2—3> for u>9.

This probability equals

3
exp (—n“6> if 0<u<o, (2.3)

2 3
exp (—n ((Szu — Z)) for u>94. (2.4)
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Asd = ”'J%, the expected step size is thus lower-bounded by

5 W3 1 s2u o3
/0 exp (—n6) du +/5 exp <—n (2 — 3)> du
n13 w3
= / exp (—n) du
0 6

> exp(—1/6)n~1/3.
Now consider the coupled random walk (W;);>o with steps
A
=W =W —W)AL

The sequence W/ —i[E[W| — W{] is a centred martingale. Let v denote the stopping time

1

min{i : W/ > 1}, by a straightforward coupling:
E[T,(0)] < E[z].
Then, by the optional sampling theorem,
0 =T [W,—<E[W| — W],
while W/ < 2, which implies
E[t] < 2exp(1/6)n'/3.
Hence,
E[T, ()] < 2exp(1/6)km" + mk=>/2,

which is smaller than 4km!/? for k = m. O

Plugging Lemma 2.4 into equation (2.2),
E[Y,,:] < 9m'/3k>. (2.5)

Let us now define X, (w) as the maximal cardinality of a packing of squares from w that
do not intersect the parallel y = 0 and the meridian x = 0. Then X (w) may be regarded
as a the maximal cardinality of a packing on the unit square rather than on the unit torus.

Before analysing Z,,:, let us point out the following relationship between X,, and X’,.

Lemma 2.5. Assuming n = mk> and k > m, then

E[X,] < E[X,] < E[X,] +9n.

Proof. The first inequality is obvious. The second comes from the ancient results on
random interval packings. X, and X, differ at most by twice the cardinality of a packing of
random intervals on [0, 1]. First observe that such a packing contains at most j/ﬁ intervals
with length greater than n~!/3. We may then upper-bound the expected cardinality of a
packing of intervals of length smaller than n~'/3 on the parallel y = 0 or the meridian
x = 0, by the very same approach that was used in the proof of the preceding lemma. []
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Henceforth, we will use the following notation.

e For any i,j in {0,...,k — 1}, let R;; denote the region i/k < x < (i+ 1)/k and
Jjlk<y<({+1)/k

e Let N;j(w) denote the number of squares in w with side-length less than 1/k whose
lower left corner is in region R ;.

e Let N;; denote the number of squares in o that fit into region R;;.

e Let V;;(w) denote the cardinality of a maximum packing among the N} ; squares fitting
into region R;;.

Remember that
m

g:
and that Nj; (resp. N; ;) has variance smaller than m (resp. m/3).

E[N,]=m E[N]]=

Remark. Conditionally on N;; =1, V;; is distributed like X].
Lemma 2.6. [E[Z,;:] < K*(E[X,] + \/m).

Proof. Z,,; is the sum of k? exchangeable random variables Vi ;. Now,

E[V;j] = Ey, [E[Vi | Ni; =1]]
< Ey, [ELX;, + (Ni; —m)*]]
<

E[X,] + /m,
where the last inequality follows from Cauchy—Schwarz inequality. The lemma follows
from the first inequality in Lemma 2.5. Ul

We may now prove Lemma 2.2. Indeed, the lemma follows from Lemma 2.3, inequality
(2.5) and Lemma 2.6, choosing g(m) = \/m + 10m'/? + 1. O

3. Proof of Theorem 1.4

The proof of Theorem 1.3 highlights the fact that, for n = mk® with large values of k,
X, is well approximated by the sum of k> exchangeable and actually weakly dependent
random variables. This suggests that the typical fluctuations of X,,: should be of order
k and thus that, in this respect at least, the square packing problem is much closer to the
interval packing problem than to the longest increasing subsequence problem.

We may build changes of measure that will be sufficient to prove Theorem 1.4. We
customize the pattern of proof usually adopted to prove large deviation lower bounds:
for a given t > 0 construct a sequence of alternate probability distributions @, for X,
such that the relative entropy,

K@, | P,) 2 Eq [log dQ"},

dp,
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is of order n?/3, and such that
Q,{|Xy — Ey| > ytn*3} — 1.
The argument proceeds according to the following folklore lemma.
Lemma 3.1. Let P, and Q, denote a sequence of probability measures on the same space

such that, for each n, Q, is absolutely continuous with respect to IP,. Let A, denote a
sequence of events such that Q,{A,} —, 1. Letting f(n) be defined by

f(n) = K(Q, | Py),
then, if lim, f(n) = 40,
liglﬂ;}fﬁ loglP,{A} > —1.

Proof. Elementary properties of relative entropy imply

K@, | P) > Q,{4,}log ‘giji QA log %m
a1
g Q”{A"} log (?lg::(%jni B E’
and thus
Qn{An} 2

) loglP,{A4,} = —1— Tk

The lemma follows by taking n to infinity and taking advantage of lim,_., ®@,{4,} = 1.[J

This approach is made easy by the following observations. X, is bracketed by two
quantities Z, and Z, + Y, + n*>/m. Both Z, and Y, are configuration functions in the
sense described in Section 1. Hence, by Proposition 1.2, if @, is still a product measure,
Z, and Y, are again concentrated around their mean. Hereafter, we will be careful to
define our alternative measures @, as product measures. Squares will still be selected
independently. But the distributions of side-lengths will be twisted according to the goal
we are looking for. Remember that squares with side-lengths larger than n='/3 contribute
only marginally to large packings and hence to X,. To induce a large deviation of Z, from
above, we will twist the distribution of side-lengths, slightly favouring small squares. On
the other hand, to induce a large deviation from below of Z, and Y, we will discriminate
against small squares.

Proof of Theorem 1.4, inequality (1.1). Assume for a moment that n = mk> where m is
fixed and large and k may vary. Recall the notation of Section 2.2: Z,,: is a sum of k?
exchangeable random variables, denoted by V;; with 0 <i <k and 0 < j <k, where V;;
denotes the largest packing of disjoint squares included in region R;; = {(x,y) : i/k <
x < (i+1)/k and j/k <y < (j+1)/k}. N;; denotes the number of squares with lower left
corner in the region and side-length smaller than 1/k (those squares may not fit entirely
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into the region R;;). Remember:
E[Vi|N;=¢]=E[X/].

The construction of the alternate measure @, follows from the preceding observations.
Under @Q,, squares are still placed at random uniformly on the torus but the probability
density of side-length is now g(s):

gs)=(14u) for s<

g(s) = (l_kﬁ1> for s>

where u is tuned according to the amount of deviation we want to induce on E[X,]. ©Q,
is still a product probability distribution, and Z,,: remains a configuration function. This
implies that, under @Q,, Z,,: is concentrated around its mean value. Under Q,, N;; is a
binomial random variable with parameters n = mk® and (1 + u)/(k?); it is centred around
m(1 4 u) instead of m.

Finally, observe that, conditionally on the value of N, the distributions of V;; under
@, and P, are identical, and thus

>

El e

>

Ep,[Vij | Nijl = Eg,[Vi; | Nijl (3.1)

Let € be such that 0 < e < 1/9, and let m be sufficiently large that the twisting parameter
u can be chosen in such a way that

Eq, [N17'] = (1 4+ 01+ e, [N}[]. (3.2)

Furthermore, let m be sufficiently large that, for [ >/, EX m/2,

(172 Ep, [X)] — 7| < ve, (33)
and so that
1
ve/** > 9/ and /o> 4log —. (3.4)
€

Furthermore, by Janson’s inequality (see [1]), for all # € [0, 1],
Er, |N77'] > fn(1 =) By (N1 > m(1 =)}
> [m(1 —m]*” (1 —exp (—=m [ + (1 —n) log(1 —n)]). (3:5)

Hence we may choose m sufficiently large that
E N2/3 1 2/3
p, | NIT| (1 + ) = m?, (3.6)
Note that Janson’s inequality also implies

Q. {N11 < 4o} <exp(—£o/4). (3.7)
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Under those choices,

Eq,[Z,] = K*Eg,[V1.]
I Eq, [Eg, [Vi1 | Ni1]]

K*Eg, [Er, [V11 | Nia]]

[
kz]EQn ZIE]P/ [X;] ﬂNl.lf‘|
L/=1

E

=

Ve

KEq, zw: Ep, [X, —9/] ﬂNHx]

L/=(y

> k’Eq, i Dvymr (70— )2 = 9%)]

L/=(y

(©) I
= kz]EQ,, 1]Nl,1>/0 (1= 2€)Ni/13}
> 151 = 26) (1 +0)(1 + Se)Ep, [N}}'] — B, IV} 1,1

= (L+ 01+ epk’m™?,

where (a) follows from remark (3.1), (b) follows from the definition of X (see Remark
page 121), (c) follows from Lemma 2.5, (d) follows from Theorem 1.3 and assumption
(3.3), (e) follows from assumption (3.4), (f) follows from (3.2) and finally (g) follows from
(3.7), (3.6) and from assumption (3.4).

Now let h(x, y) A xlog(x/y) + (1 — x)log[(1 — x)/(1 — y)]; then

1 I1+u 1
EKQu [Py = k()
e w1+ w0 log(1 + 1) — ]

Now, recalling Proposition 1.2 and the fact that @, is defined as a product measure,
combining the lower bound on Eg [Z,] and Lemma 3.1, we get that, for n = mk3, m
satisfying assumptions (3.3) and (3.4), for e < 1/9,

1
liminf - log P{ X, > (1 +t)(1 +¢e/2)pk>m*?} = —m[(1 + u)log(l +u) —u]. (3.8)
>0

Now, for sufficiently large n, let k(n) again be defined by
mk(n)® <n < m(k(n)+ 1)°.
Then

]P,,{Xl > (14 t)yn2/3}

n

= IPmk(n)3 {vak(n)3 > (1 + t)ym2/3(k(n) + 1)2}

2
= IPmk(m)3 {)(mk(n)3 > (1 + t) (1 + k(1n)> ym2/3(k(n))2}a
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and hence, by using the limiting inequality (3.8), we get
lim inf # logP{X, > (1 +t)yn*?} = —m'3[(1 + u)log(1 + u) — u).
This establishes inequality (1.1) in Theorem 1.4. ]

Let us now look at deviations from below; the proof of inequality (1.2) proceeds in
essentially the same way.

Proof of Theorem 1.4, inequality (1.2). Using Lemma 2.3, it is enough to prove that, for

sufficiently large m and k, under a suitable product measure @Q,,
Eg,: [Vl < e, [Yyo] < nym?i,
Eg . [Zs] < (1—t— 3n)ym?>3k>.

'mk3 [

Under @, the density of side-lengths is now

g(s)=(1—u) for s<

>

| = | =

u
= —_— =
2(s) (l—i—k_l) for s>

There exists a probability space defined on pairs of samples (w,®’) of n random squares,
such that w is distributed according to P, and ' is distributed according to @Q,, and
where, for each index i in {1...n}, w; and w] have the same lower left corner, and where
the side-length of w; is always smaller than the side-length of w!. Any packing in w is
thus a packing in w’. This coupling shows that
]EQm,\s (Vo] < ]E]Pm,(s [Vl
If m is sufficiently large,
Im'32 < ym*312,
and
12m= 3 < pypkm?3,
Hence by Lemma 2.3, inequality (2.5), for sufficiently large m, k,
]EQ” [ka3] < ]EQ,, [ka3] + 2’17)7’12/31(2-
The auxiliary quantity /o now satisfies
Lo <m(l —u)/2, (3.9)
and hence
Q. {N11 <o} <exp(—£o/4). (3.10)

We again assume that m, and hence 7, is sufficiently large that assumptions (3.3) and
(3.4) are satisfied as well as

Eq, [N > 1~ (m(1 = w)**, (3.11)
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and

foexp(—/o/4) < 1 + (240)*3. (3.12)

Let us further assume that the twisting parameter u is now chosen so that
Eq, [Ni1'] < (1 - 1)(1 — 3¢)Ep, [N}}'] (3.13)
Let us now check that [Eq, [Z,] is small enough.
Eq,[Z,] = K*Eg,[V1.]

@ k*Eq, [Ep,[V11 | Ni1l]

b
LS > Ep,[X/] ﬂNH_/]
/=1

A

/=1

d)
< KEg, |[Tn,,>/ (V(l +e)N 2/3> + Iny<o N1, 1}

©
< K’Eg,

[Er
|
< k*Eq, lZ]E]p/[X/ﬂNH /]
|
{

+2eN;/]
@) 2/3
< K3(1+26)(1 = 3e)(1 — ) Ep, [N}7]

®
< (1—0)(1 — epk’m??,

where (a) follows from observation (3.1), (b) follows from the definition of X}, (c) follows
from Lemma 2.5, (d) follows from assumptions (3.9) and (3.3), (e) follows from assumptions
(3.10) and (3.11) since they imply Eq, [Ny,1Tx,, <] < Zoexp(—/o/4) < yeEq, [N}], ()
follows from assumption (3.13), and (g) follows from Jensen’s inequality. One may choose
esothat (1 —t)(1—¢)<1—1t—3n.

The proof is again completed by observing that as @, is still a product measure, Z, is
still concentrated around its expected value and that the relative entropy between @Q, and
IP, is again of order k*m = m!'/3n?/3. O

4. Conclusion

The two results presented in this note call for some comments. The ingredients used in
the derivation, partitioning, sub-additivity, and concentration of measure have been used
to investigate the behaviour of the Euclidean travelling salesman (see [9] and references
therein). It is quite plausible that the cube packing problem satisfies an analogue of the
Beardwood, Halton and Hammersley theorem, in other words that n=#“@+D x4 converges
toward a genuine limit y; for each d > 1. But we are not aware of an analogue of the space-
filling curve argument to give a proof that would work for all dimensions. The argument
we have in mind would instead rely on a (tedious) induction on dimension. Second,
establishing limit laws for the square packing problem seems as hard as establishing
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a central limit theorem for the travelling salesman. But, while partitioning and space-
filling curve arguments do not seem to provide lower bounds on tail probabilities for the
travelling salesman, partitioning provides such lower bounds for square packings.
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