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Poincaré duality for loop spaces

Kai Cieliebak, Nancy Hingston and Alexandru Oancea

ABSTRACT

We show that Rabinowitz Floer homology and cohomology carry the structure of
a graded Frobenius algebra for both closed and open strings. We prove a Poincaré
duality theorem between homology and cohomology that preserves this structure. This
lifts to a duality theorem between graded open—closed topological quantum field
theories (TQFTs). We use in a systematic way the formalism of Tate vector spaces.
Specializing to the case of cotangent bundles, we define Rabinowitz loop homology and
cohomology and explain from a unified perspective pairs of dual results that have been
observed over the years in the context of the search for closed geodesics. These concern
critical levels, relations to the based loop space, manifolds all of whose geodesics are
closed, Bott index iteration, and level potency. Moreover, the graded Frobenius algebra
structure gives meaning and proof to a relation conjectured by Sullivan between the
loop product and coproduct.

One Ring to rule them all, One Ring to find them,
One Ring to bring them all and in the darkness bind them.

1. Introduction

It has been understood since the ground-breaking work of Floer, Hofer, Viterbo, and others in the
1990s that the symplectic geometry of a cotangent bundle is intimately related to the topology
of the loop space of the underlying manifold. Building on classical results on loop spaces, this
relation has provided an important source of examples in symplectic geometry and has inspired
many developments on the symplectic side, see, e.g., [Vit99, Fuk06, CL09, AS06, AS10, Hin09,
Ginl10, Aboll, Abol2, AK18, She22]. This paper tells a story about how some open questions
concerning loop spaces lead to new results in symplectic geometry, which in turn serve to gain
new insights into loop space topology.

1.1 Puzzles in string topology

Loop spaces have played a prominent role in algebraic topology since its early days. For example,
the fact that a based loop space is an H-space makes its homology a commutative Hopf algebra,
a rigid algebraic structure which can be completely classified under some finiteness assump-
tions [Pon39, Hop41]. By contrast, the algebraic structure on the homology of a free loop space
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POINCARE DUALITY FOR LOOP SPACES

still remains a mystery (cf. [Sul07, §2.4]). In the case of an n-dimensional manifold M, Chas and
Sullivan in their seminal 1999 article [CS99] describe a collection of operations on the homology
of its free loop space A = AM, which became collectively known under the name string topology.
On the S'-equivariant homology H?2 1(A, Ap) relative to the subspace Ag C A of constant loops,
the string bracket and cobracket induce the structure of an involutive Lie bialgebra [CS04]. The
corresponding operations on non-equivariant homology are:

— the loop product = e on H,A defined in [CS99] (see also [Cha05, Laull, Iri18, HW23]); it
is graded commutative, associative, and unital of degree —n;

— the loop coproduct A on H,(A, Ag) defined in [Sul04, HW23], which recently came to promi-
nence in relation with simple homotopy invariance [Nae24, NS24, KP24, Wah24], or dually
the cohomology product ® on H*(A, Ag) studied in [GH09]; this is graded commutative and
associative of degree n — 1.1

In subsequent studies of these operations the following puzzles arose.

(a) Note that y is defined on all of A, and X only relative to the constant loops. Can we remove
this asymmetry and define both operations on a common domain?

(b) Heuristically, it looks as if ‘the cohomology product is the loop product on Morse cochains
on loop space’. Can this statement be given precise mathematical sense?

(¢) The cohomology product has the flavour of a ‘secondary product’, e.g., its degree is shifted
by 1 with respect to the loop product. Can ® indeed be constructed as a secondary product
derived from e?

(d) Assuming a positive answer to (a), what is the algebraic structure defined by p and A7 In
particular, do they satisfy the relation

AM=1p)A@1)+(pe1)(1eN) (1.1)

stated by Sullivan [Sul04]? Note that this is not a topological quantum field theory (TQFT)
type relation, but it rather resembles Drinfeld compatibility for Lie bialgebras.

(e) Many results concerning @ and ® arise in dual pairs. For example, the critical levels Cr (X)
for X € H, A and cr(z) for x € H*(A, Ag) defined in [GH09] satisfy the dual inequalities

Cr(XeY)<Cr(X)+Cr(Y), cr(z®y)>cr(z)+cr(y).

See §2 for more details on this and other pairs of dual results concerning relations to the
based loop space, manifolds all of whose geodesics are closed, Bott index iteration, and level
potency. Can each such dual pair be derived from one common result, with a unified proof, via
some kind of ‘Poincaré duality’?

It turns out that all the puzzles get resolved at once by introducing a new player into string
topology. This new player arises from symplectic geometry and our main results hold in the
more general setting of Rabinowitz Floer homology, as we describe next.

1.2 Poincaré duality for Rabinowitz Floer homology

Let V be a Liouville domain of dimension 2n, i.e. a compact connected manifold V' equipped
with a 1-form A such that d is symplectic and A|gy is a positive contact form (see [CO18] for
more background). We assume that 2¢; (V) =0 and the square of the canonical line bundle of
TV is trivialized, so that Floer chain complexes are canonically Z-graded by the Conley—Zehnder

!The loop product and cohomology product are also known as the Chas—Sullivan product and Goresky—Hingston
product, respectively.
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indices of periodic orbits (see Appendix A).2 We denote by?
RFH.(3V) = SH, (V)

the Rabinowitz Floer homology [CF09], or in the terminology of [CO18] the (V-shaped) symplec-
tic homology, of OV with respect to the filling V. It was proved in [CO18] that the pair-of-pants
product g (of degree —n) makes Rabinowitz Floer homology a Z-graded unital associative and
commutative algebra. Moreover, it is related to ordinary symplectic homology and cohomology
by a long exact sequence

—=SH*(V)-—==SH,(V) - RFH, (V)" SH*(V) — (1.2)
in which the map ¢ intertwines the pair-of-pants products. Our first result is as follows.

THEOREM 1.1 (Poincaré duality for Rabinowitz Floer homology). Rabinowitz Floer cohomology
RFH*(0V) carries a canonical secondary pair-of-pants product XY 7 of degree n — 1,* and there
is a canonical Poincaré duality isomorphism of unital algebras

PD:(RFH.(OV), u) — (REH'™*(dV), XV 7).

This isomorphism should be understood as generalizing Poincaré duality for the (canonically
oriented) closed manifold OV. The latter is realized in the zero energy sector, cf. §2.1.

1.3 Graded Frobenius algebra structure

It turns out that the algebraic structure is in fact much richer. To state this, we introduce the
degree shifted versions

RFH,(0V)=RFH,,(0V), RFH*(0V)=RFH*T"(0V).
We denote the coproducts dual to g, A” by gV, A.°

THEOREM 1.2 (Graded Frobenius algebra structure on Rabinowitz Floer homology). Degree
shifted Rabinowitz Floer homology and cohomology with field coefficients are commutative
cocommutative graded Frobenius algebras, and Poincaré duality yields an isomorphism of such
(bi)algebras

PD:(RFH,(8V), p, A\) — (RFH* 2"V ), AV, 7u").

Here, a graded Frobenius algebra is a graded Tate vector space A endowed with an associative
degree zero product p with unit 1, and a coassociative coproduct A with counit &, such that
the pairing p= (—1)*ley is symmetric and induces an isomorphism p: A — AV. Tate vector
spaces are a suitable class of topological vector spaces which accommodate the fact that, in
contrast to ordinary Frobenius algebras, Rabinowitz Floer homology is often infinite-dimensional.
See §§ 5.1-5.2 for the precise definitions and further discussion. The Poincaré duality isomorphism
is actually given by —p, so in this context it appears naturally as part of the algebraic structure.

2Everything remains true without this assumption if we replace Z-gradings by Z/2Z-gradings.

3By default we use coefficients in a commutative unital ring R.

*Given a graded module A the twist 7: A® A— A® A acts by 7(a®b) = (—1)!*!"lb @ a. We write the product
in the form AY7 in order to emphasize the operation AY, which is the dual of a coproduct. The appearance of
the twist 7 reflects the fact that, when represented as Y-graphs with ends on a circle as in [CO24a, §7], the
inputs of a product are numbered in the clockwise order, whereas the outputs of a coproduct are numbered in the
counterclockwise order. In Theorem 1.1 the cocommutativity of A implies the simple relation A7 = —A", which
is no longer true with Lagrangian boundary conditions as in Theorem 1.3.

SWhenever we deal with coproducts and/or Tate vector spaces, we use coefficients in a field k. See also the
discussion on the Kiinneth isomorphism at the beginning of §4.5.
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The appearance of such a structure on Rabinowitz Floer homology came as a surprise to
us. For example, as pointed out above, Sullivan’s relation (1.1) is not a relation in a graded
Frobenius algebra. We will discuss below how it emanates (in modified form) from Theorem 1.2
when passing to reduced loop homology.

1.4 Graded open—closed TQFT structure

The preceding results have analogues with Lagrangian boundary conditions. For this, let (V, \) be
a 2n-dimensional Liouville domain and L C V' an exact Lagrangian submanifold with Legendrian
boundary, i.e. a compact n-dimensional submanifold L C V' which is conical (with respect to
the Liouville vector field) near its boundary 0L C 9V such that A|z is exact and A s =0 (see
again [CO18]). We assume that L is oriented, Spin, and satisfies 2¢1(V, L) =0, and we endow it
with a Spin structure and a grading in the sense of Seidel [Sei00] with respect to the fixed grading
on V. This ensures that Floer moduli spaces carry a coherent orientation, and chain complexes
relative to L are canonically Z-graded by the Conley—Zehnder indices of Hamiltonian chords.
We refer to Seidel [Sei08b, 11i-j] and Chen and Zinger [CZ24] for a discussion of orientations of
moduli spaces of Floer discs in the context of Spin and Pin structures, and to Abouzaid [Abol2]
for a discussion of how orientations carry over to the situation where Floer homology is twisted
by a local system that is transgressed from the base (‘background class’), e.g., for cotangent
bundles the local system o determined by the second Stiefel-Whitney class, which is used in this
paper and discussed later on. See also Appendix A and footnote 2.
We denote by

RFH,(OL) = SH,(0L), RFH,(0L)=RFH,,,(0L)

the Rabinowitz Floer homology, or (V-shaped) symplectic homology, of 0L with respect to the
filling L defined in [CO18], and its degree shifted version.

Our next theorem states the existence of a graded open—closed TQF'T structure on Rabinowitz
Floer homology. A graded open—closed TQFT structure consists of two graded Frobenius algebras
(C, pey Ac) (the closed sector) and (A, pry, Aa) (the open sector) together with a closed-open
map ¢ : C' — A and an open—closed map ¢* : A — C satisfying suitable relations stated in §6.2. If
the dimensions are finite and all operations have even degrees this coincides with the description
of an open—closed TQFT by Lauda and Pfeiffer [LP08]. Rabinowitz Floer homology differs from
this classical set-up in two distinct ways: it is typically infinite-dimensional, and it is a graded
theory with product and coproduct of opposite parities in the closed sector. To deal with the
first aspect we introduce the formalism of Tate vector spaces, and to deal with the second aspect
we keep track of nontrivial signs in the relations.

THEOREM 1.3 (Graded open—closed TQFT structure on Rabinowitz Floer homology). The
graded Frobenius algebra structure on RFH,(0V') with field coefficients canonically extends
to a graded open—closed TQF'T structure on the pair

(RFH,(8V), RFH,(JL)),

with coproducts of degrees |[Ac|=1—2n and |Aa| =1 —n. The Poincaré duality isomorphisms
intertwine this structure with the corresponding structure on cohomology

(RFH'2"~*(9V), RFH'"""*(0L)).

To our knowledge, the notion of a graded open—closed TQFT has not been considered before
in the literature. This is somewhat surprising because, as explained in [CO24c], this structure
appears naturally on the cohomology rings (H*P, H*Q) of a closed oriented manifold P with
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closed oriented submanifold @@ C P. The graded open—closed TQFT in Theorem 1.3 extends the
one on the manifold pair 9L C OV under mild topological assumptions discussed in [CO24c].

TQFT-like structures have appeared earlier in symplectic topology: Schwarz has constructed
a Frobenius algebra structure on the Floer homology of a closed symplectic manifold [Sch95],
whereas Seidel [Sei08a] and Ritter [Rit13] have constructed a noncompact open—closed TQFT
structure on the symplectic homology and wrapped Floer homology of a Liouville domain
and an exact Lagrangian submanifold with Legendrian boundary. Note that the first case is
finite-dimensional, whereas the infinite-dimensional second case carries only part of the TQFT
operations. Theorem 1.3 provides a large class of infinite-dimensional examples carrying full
(graded) open—closed TQFT structures. We refer to the paper of Moore and Segal [MS06] for
a comprehensive list of references on open—closed TQFT structures outside of symplectic topol-
ogy. In particular, we consider it interesting to study our structure in relation with the work of
Costello [Cos07], Godin [God07], and Wahl and Westerland [WW16].

1.4.1 Application to loop spaces. Let now M be an n-dimensional closed connected man-
ifold M and g € M a basepoint. Its unit disk cotangent bundle D*M C T*M (with respect to
some Riemannian metric) with its canonical Liouville form is a Liouville domain with bound-
ary the unit sphere cotangent bundle S*M, and the fiber DjM C D*M is an exact Lagrangian
submanifold with Legendrian boundary S;M. Their symplectic homologies are related to the
homologies of the free loop space A =AM and the based loop space Q2 =Q,M by Viterbo’s
isomorphisms

SH,(D*M)= H,A\, SH,.,(D:M)=H.Q;

(see Theorems 7.1 and 7.2 for the precise statements and references). Here, the loop space
homologies need to be twisted by a suitable local system, see Appendix A.2. Specifically, as
in § A.2, let o be the local system on A determined by the second Stiefel-Whitney class, © the
orientation local system on M, and O = ev{jo its pullback to A under the evaluation map. Then
the Viterbo isomorphisms write SH,(D*M; o)~ H.(A;yO) and SH..,(D;M;olq)~ H.. In
the rest of this introduction we omit the local systems from the notation and we systematically
compute Hamiltonian Floer homology groups in D* M with local coefficients in ¢, and Lagrangian
Floer homology groups for D; M with local coefficients in o|q. Accordingly, our notation H,A
stands for H,(A;O). Note that O restricts to the trivial local system on , so that H,{ stands
for homology with constant coefficients.
We define the Rabinowitz loop homology and its degree shifted version by

H.\:=RFH,(5*M)=SH,(S*M), H,A=H,,A,
and the based Rabinowitz loop homology by®
H.Q:=RFH,,(S:M)=SH, ,(S;M).

Now the preceding theorems specialize to results on (based) Rabinowitz loop homology. For the
precise statement, note that the inclusion i:{ < A induces pushforward and shriek maps on
homology

i HQ— H A, iy HoppA— HQ.

THEOREM 1.4 (TQFT structure and Poincaré duality for loop spaces). The pair (IFLA, ﬁ*Q)
with field coefficients carries a canonical graded open—closed TQF'T structure whose closed—open

5We do not use the notation H,Q in order to stress that [, contains the Pontrjagin ring H.2, with its product
of degree zero. See Theorem 1.5 below.
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map H,A — H.Q extends the shriek map 1, and whose open—closed map 1, : ﬁ*+nQ — H.A
extends the pushforward map i,. The Poincaré duality isomorphisms intertwine this structure
with the corresponding structure on Rabinowitz loop cohomology (H'=2"=*A, H!="=*Q).

A partial version of the open—closed graded Frobenius algebra structure on Rabinowitz
loop homology has been defined from an algebraic perspective at chain level by Rivera and
Wang [RW19] using Tate—Hochschild cohomology of a differential graded symmetric Frobenius
algebra. We expect a full equivalence between the geometric and the algebraic perspective.
See [NRW23, NW19] for more details in the algebraic direction, and [Leg23] for relevant work
at chain level on the symplectic side.

1.4.2 Reduced loop homology and splitting. We restrict to coeflicients in a field k and
assume that the manifold M is k-orientable. In view of Viterbo’s isomorphism, the long exact
sequence (1.2) becomes

— >H *AN—>HA—*>HAN—">H A —>. (1.3)

It was shown in [CFO10] that the map ¢ lives only in degree zero, where it is given by multi-
plication with the Euler characteristic x(M) of M. Therefore, the reduced loop homology and
cohomology groups

H.A :=cokere, H'A :=ker g,

differ from H,A and H*A only by x(M) times the point class (and not at all if x(M)=0).
Since ¢ is a ring map, the loop product ;= e descends to a product i on H,A. Replacing loop
homology and cohomology by their reduced counterpart turns the long exact sequence (1.3) into
the short exact sequence

0 HA—>HA—">H "A—>0. (1.4)

In the based loop case, the corresponding map € vanishes for degree reasons and we obtain a
short exact sequence

0 HOQ—>HOQ—"> " —0. (1.5)

To formulate the next theorem, we denote the Pontrjagin product (of degree 0) on H,.Q by
e, and the based cohomology product (of degree n — 1) on H*(€2, q) (relative to the constant
loop ¢ at the basepoint) by ®g.

THEOREM 1.5 (Splitting [CO24a, CHO23, CO22]).

(a) For k-orientable M of dimension n >3 the short exact sequence (1.4) admits a splitting
(which is canonical if Hy(M)=0)

OA=HAaH A, (1.6)

such that the product on H,A restricts to the loop product fi on the subring H,A, and
to an extension ® of the cohomology product on the subring (not containing the unit)

H A
(b) The short exact sequence (1.5) admits a splitting (which is canonical for n > 2)
HQ=HQ&H""*Q, (1.7)
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such that the product on H,.Q restricts to the Pontrjagin product on the subring H,(),
and to an extension ®gq of the based cohomology product on the subring (not containing
the unit) H'="=*Q.

(¢c) The cohomologies H*A and H*Q admit similar splittings such that the Poincaré duality
isomorphisms from Theorem 1.4 simply flip the two factors in the splittings.

The statement is seen to hold in the case n =1 by direct inspection (see § 8.2). We also expect
item (a) to hold for n =2, but this case is not covered by the method from [CO22].

On the level of modules, these splittings recover the computations of H.A in [CFO10] and of
H.Qin [Mer14]. One can heuristically understand these splittings by thinking of the generators
of the Floer complex that computes ]ﬁI*A, which are of three kinds: positively parametrized closed
Reeb orbits on S* M, constants in S* M, and negatively parametrized closed Reeb orbits on S* M.
These in turn respectively correspond to nonconstant closed geodesics, to one homological copy
of M and one cohomological copy of M bound together as a copy of S*M, and to nonconstant
closed geodesics ‘traversed backwards’, which we also interpret as cohomological data. A more
formal perspective is that of the so-called Drinfel’d double construction: in the closed string
case, e.g., it is proved in [CO22] that, if dim M >3 and H" 1(M) =0, reduced loop homology
B=H,A carries the structure of a commutative cocommutative infinitesimal bialgebra.
Identifying reduced loop cohomology with BY, the bialgebra structure on B induces canoni-
cally a Frobenius algebra structure on the direct sum B @ BY, and this structure is isomorphic
to H,. A [CO24a, LO24]. It is worth noting that the algebra structure on B @ B has mixed terms
that multiply nontrivially the two factors (these mixed terms are already visible in the explicit
computations from §8). The Splitting Theorem therefore expresses the fact that Rabinowitz
loop homology is the Drinfel’d double of reduced loop homology. A similar statement holds for
based loop homology.

The extended product ® on H A can have nontrivial contributions involving classes of con-
stant loops. This happens, for example, for the loop spaces of odd-dimensional spheres discussed
in §8.

1.5 Puzzles resolved

Now we can resolve the puzzles above.

Puzzle (a) is resolved in two ways. The first one is given by Theorem 1.5: the loop product
1= e descends and the loop coproduct A extends to reduced loop homology H.A. Here, H,A
is the unique space with this property: we need to mod out at least x(M) times the point class
for the coproduct to extend, and we cannot mod out more for the product still to descend. A
drawback of this solution is the non-canonicity of the extension A. A more satisfactory solution
is given by Theorem 1.2 (applied to S*M), which provides canonical extensions of p and A to
H.A.

Puzzle (b) is resolved by Theorem 1.5: the loop product has a canonical extension from H,A
(Morse homology on A) to a product on HA=H.A @ﬁl_*A whose restriction to the second

summand H ‘A (Morse cohomology of A) is the extended cohomology product.

Puzzle (c) is resolved by the proof of Theorem 1.1, which constructs the extended cohomology
product XY as a secondary product derived from a vanishing primary product.

Puzzle (d) proved the most tricky one. If H"~1(M) =0, then the extension A of the loop

coproduct to reduced loop homology is canonical and the pair (fi, ) satisfies Sullivan’s relation
(see [CO22]). In general (e.g., for M = S! in §8), however, the extensions are non-canonical and
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Sullivan’s relation involves an extra term arising from the unit 7
M=1p)A)+(Ee1) (1N - (A ) (1® A 1). (1.8)

This failure of Sullivan’s relation led to the discovery of the graded Frobenius algebra structure
on Rabinowitz Floer homology (Theorem 1.2), from which the generalized Sullivan relation (1.8)
derives algebraically. So, contrarily to its appearance, Sullivan’s relation (in its generalized form)
does arise from a TQFT after all!

Puzzle (e) is resolved as follows. According to Theorem 1.1 (applied to S* M ) the loop product
e and the cohomology product ® have natural extensions to products ® and ® on Rabinowitz
loop homology H,A and its dual H *A, respectively, and these extensions are related by the
Poincaré duality isomorphism. Using this, we extend in §2 each pair of results for e and ® to a
pair of results for ® and & which is related via Poincaré duality. In particular, the result for ®
implies the classical results for ¢ and ®. While the latter had topological proofs, the result for
e will be proved in each case by symplectic methods.

1.6 Structure of the paper and relation to other papers

This is the ‘master ring’ of a series on Poincaré duality for loop spaces. Here, we introduce
Rabinowitz loop homology, establish its basic properties (Poincaré duality, graded Frobenius
algebra structure, open—closed TQFT structure) in the context of Liouville domains, and discuss
its implications for the study of loop spaces. It is related to the other papers [CHO23, CO24c,
C0O24a, CO24b, CO22] as follows.

Theorems 1.1, 1.2 and 1.3 on Rabinowitz Floer homology are proved in §3-§6 of this paper.
Theorem 1.4 is proved in §7, using as an input the results in [CHO23]| relating various con-
structions of secondary coproducts. The Splitting Theorem 1.5 is proved in [CO22] in the more
general context of certain Weinstein domains. Paper [CO24a] recasts some results of this paper
in a more general framework of algebraic structures on cones; it is used as an input for [CHO23]
and [CO22]. Papers [CO24c| and [CO24b] develop the theory of graded Frobenius algebras and
open—closed TQFTs in the context of linearly topologized vector spaces.

In § 2 we prove several applications of Poincaré duality: in § 2.2 we generalize results in [GH09]
concerning the behaviour of critical levels with respect to products. In §2.3 we derive the Hopf-
Freudenthal-Gysin formulas in [GH09] from the graded open—closed TQFT structure. In §2.4
we give a new proof of a result of Tamanoi [Tam10] on the loop product with the point class and
compute it for various examples. In § 2.5 we use a theorem of Uebele to describe the Rabinowitz
loop homology ring of manifolds all of whose geodesics are closed. This is applied in upcoming
joint work with Shelukhin (see §2.6 for a summary) to answer the question of string point invert-
ibility of constant rank one symmetric spaces, which is related to resonances and a conjecture
of Viterbo concerning spectral norms. In §2.7 we prove a duality theorem between index and
index—+nullity for closed geodesics as a consequence of an iteration formula due to Liu and Long.
As an application, we show in §2.8 that two sufficient conditions for the existence of infinitely
many geodesics have generalizations related by Poincaré duality; the generalized statements are
related to the Conley conjecture and will be pursued in forthcoming work.

2. Applications of Poincaré duality in string topology

We give evidence for Poincaré duality that was collected over the years by the second author
(and got this project started). In each case, we present a pair of theorems valid in the classical
setting of homology/cohomology of the free or based loop space. We then present an extension
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of that pair of theorems to I;T* and H* and we explain that, on the one hand, the extended
statements are related via Poincaré duality and, on the other hand, the classical statements
are implied by the extended statements. In all cases, the extended statements have symplectic
proofs.

2.1 Length filtration

In this preparatory section we discuss the compatibility of our algebraic structures with suitable
length filtrations. Let us fix a Riemannian metric on M and denote by A< C AS® C A the
subspaces of loops of length < a respectively < a. For a < b we set

Hia’b)A — H*(A<b, A§a>7 H;a,b)A — H*(A<b, ASa)'

These groups form a double filtration in the sense that we have canonical maps Hia’b)A—>
Hia YIA for a <a' and b < b with the obvious properties, and similarly on cohomology.

THEOREM 2.1 (Filtered Poincaré duality for free loop spaces). A choice of Riemannian metric
on M induces double filtrations Hia’b)A on H,A and H(*a b)A on H*A which are compatible with

— the products on homology and cohomology in the sense that
W ﬁia,b)A & ﬁia/,b/)A N ﬁimax{a+b/7a/+b}7b+b/)/\,
Vo, Iy 77* 77 .
AT H(a,b)A ® H(a/,b’)A - H(a+a’,min{a+b’,a’+b})A7
— Poincaré duality in the sense that it induces isomorphisms

pPD(@b) :flia’b)A = fl(l__b*_ )A;

— the Splitting Theorem 1.5 in the sense that

BEeDN=H NS H o)A

—a

Remark 2.2. In the context of loop homology and loop cohomology, a statement analogous to
Theorem 2.1(a) was proved and plays a key role in [GH09]. Statements (b) and (c¢) in Theorem 2.1
give meaning to the fact that the homological and cohomological analogues of (a) are dual to
each other.

For £ >0 smaller than the length of the shortest closed geodesic on M the long exact
sequence (1.2) becomes (by [CO18] and Poincaré duality on M) as

. H(_—*s A B - e A D) W H(l—_:s)A’ ..

S

. H**(M; O) Ule] an*(M) P an*(S*M) P Hlf*(M; (9) C..
where the bottom row is the Gysin sequence of the sphere bundle p: S*M — M with Euler class
[e] and o is the orientation local system on M. The products on Hi_a’e)A and Hi_e’e)A translate
into the cup products on H"~*(M) and H™*(S* M) for which p* is a ring map. Poincaré duality
becomes

77 (—¢€,€) pPD(=9) 77 —*+1
BN HF A

lg

Hopn1(S*M)

1R
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where the bottom horizontal arrow is the classical Poincaré duality isomorphism. This sup-
ports our previous claim that the Poincaré duality, Theorem 1.1, should be seen as generalizing
Poincaré duality for S*M (which is always an orientable manifold), and not as generalizing
Poincaré duality on M itself.

All the results in this subsection have obvious counterparts for the based loop space 2.

2.2 Critical levels

The length filtrations of the previous subsection yield an increasing filtration on H,A by
H{YA = H,(A<9),
and a decreasing filtration on H*A by
H{, oy A= H* (A, A=),
DEFINITION 2.3 (Critical levels).
(1) For a homology class X € H,A denote
Cr(X)=inf{a € R| X € im (H YA — H,A)}.

In other words, Cr (X) is the infimum of the values of a such that X is represented by a
cycle contained in A<%, i.e. X is supported in A<%,

(2) For a cohomology class x € H*A denote
Cr (z) =sup{a €R |z €im (H(, ., )A = H"A)}.

In other words, Cr (z) is the supremum of the values of a such that x is represented by a
cochain that vanishes on all chains contained in AS?, i.e. z is supported in A~¢.

THEOREM 2.4 (Goresky and Hingston [GHO09]).
(1) For any two homology classes X,Y € H,A we have
Cr(XeY)<Cr(X)+Cr(Y).
(2) For any two cohomology classes x,y € H*(A, Ag) we have
Cr(z®y)>Cr(z)+Cr(y).

We now consider an extension of the previous theorem to the setting of H « and H*. Recall
from Theorem 2.1 that our choice of Riemannian metric determines an increasing filtration
ﬁifoo'a)A on ﬁ*A, and a decreasing filtration H(*a C>O)A on H*A. The following definition is
analogous to Definition 2.3 above. 7

DEFINITION 2.5.
(1) For a homology class X € H.A denote
Cr(X)=inf{a € R| X € im (A YA — H,A)}.
(2) For a cohomology class # € H*A denote
Cr(z)=sup{a€R|z€im (fl(*a’oo)A — H*A)}.
Recall that we denote the product on H.A by ® and the product on H*A by ®. The following

extension of Theorem 2.4 is now an immediate consequence of the compatibility of these products
with the filtrations in Theorem 2.1.
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THEOREM 2.6.
(1) For any two homology classes X,Y € H,A we have
Cr (XeY)<Cr(X)+Cr(Y).
(2) For any two cohomology classes z,y € H*A we have
Cr (z®y) > Cr (z) + Cr (y).

Note that each of the statements (1) and (2) is a consequence of the other one via the filtered
Poincaré duality Theorem 2.1. Moreover, the Splitting Theorem 1.5 ensures that, except in the
homological range {0, ...,n}, Theorem 2.4 is a consequence of either of the statements (1) or
(2) in Theorem 2.6.

2.3 Hopf-Freudenthal-Gysin formulas

We refer the reader to the historical note” for an explanation of our terminology.

Here, we discuss the relations between the product structures on the free loop space A and on
the based loop space 2 =Q M. We denote the Pontrjagin product (of degree 0) on H,Q by eq,
and the based cohomology product (of degree n — 1) on H*(€2, ¢) (relative to the constant loop ¢
at the basepoint) by ®gq. Recall that the inclusion i : Q < A induces pushforward /pullback maps
is: HQ — H,A and i* : H*A — H*(), as well as shriek maps (induced by intersection with the
codimension n submanifold Q C A) 4, : H.A — H,_,Q and it H*Q — H*TmA.

THEOREM 2.7 (Goresky and Hingston [GHO09]).
(a) For all A, Be€ H,A and C € H,Q) we have
Z|(A.B) :i!A.Q Z'!B7

(Z*C) o A :Z*(C [ 19) ZIA)
(b) For all a,be H*(A, Ag) and c € H*(Q2, q¢) we have
i"(a®b)=1i"a®qi*b,

(i'e)®a=i(c®dqi*a).
The above theorgm extends to H « and H* as follows. We denote the products on fAI*A by ®
(of degree —n), on H,Q by eq (of degree 0), on H*A by & (of degree n — 1), and on H*Q by ®a
(of degree n —1). The graded open—closed TQFT structures on (H.A, H.Q) and (H*A, H*Q)

" Historical note. The name ‘Gysin formulas’ seems to have been coined by Fulton in his book on intersection
theory [Ful84] in connection with the geometric interpretation of shriek maps in fibered set-ups. Gradually, this
name came to designate a variety of algebraic relations involving shriek maps. The ones that we prove in this
section should more appropriately be called ‘Hopf-Freudenthal formulas’. The situation is clearly summarized in
the Introduction of [CKO09] (but the reference to Hopf’s paper is wrong). Hopf [Hop30] first defined a ‘reverse’
(umkehr) homomorphism in singular homology associated with a map between manifolds of the same dimension,
and Freudenthal [Fre37] made the connection to Poincaré duality and henceforth extended the definition to maps
between manifolds of any dimension. In particular, Hopf [Hop30, (4)] and Freudenthal [Fre37, (V)] proved the
finite-dimensional analogues of the second formulas in Theorem 2.7(1) and (2) below. While these also appear
in the later, and unique, paper of Gysin [Gys42, (11.1)], the new contribution of that paper is to construct the
‘Gysin long exact sequence’ associated with a sphere bundle and its salient point is a geometric interpretation of
an umkehr map in a fibered context. This long exact sequence happens to play an important role in our paper.
The umkehr homomorphisms of Hopf-Freudenthal are also referred to notationally as ‘shriek’ maps.

3150

https://doi.org/10.1112/S0010437X25102819 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X25102819

POINCARE DUALITY FOR LOOP SPACES

- -

zipper cozipper

FIGURE 1. The zipper and the cozipper.

from Theorem 1.3 include in particular operations
i HA—H,_,Q, i:H*Q— HT"A,
i H.Q— HA, i H*A— H*Q.
Here, %, is the closed—open map defined by the zipper, 2. is the open—closed map defined by the
cozipper, and i!, 1" are their algebraic duals. See Figure 1.
THEOREM 2.8.
(a) For all A,B¢€ H,A and C € H,Q we have
t(AeB)=1Aeq 4B,

(1.C) 0 A=14,(Coqi1A).
(b) For all a,be H*A and c € H*Q we have
i(a®b)=1"a®q 1D,

(i')®a=i'(c®qita).

Proof. Part (a) is an immediate consequence of the graded open—closed TQFT structure on
(H.A, H.Q) from Theorem 1.4: the first relation says that the zipper is an algebra map, which
is condition (3) in Definition 6.1, and the second relation says that the cozipper intertwines
the canonical right module structures, which is derived from the axioms of a graded open—
closed TQFT in [CO24c, Lemma 6.6]. See Figure 2 for picture proofs. Similarly, part (b) is a
consequence of the graded open—closed TQFT structure on (H*A, H*Q). ]

According to Theorem 1.4, statements (a) and (b) in Theorem 2.8 imply one another via
Poincaré duality. Theorem 2.8 implies Theorem 2.7 via the inclusions in Theorem 1.4 and their
based loop counterparts, using the fact that the maps 1, z'!, 14,1 agree on H, and H* with the
topological shriek and pushforward/pullback maps, see §6.3.

2.4 Loop product with the point class

In the following discussion we assume that M is oriented and we use Z-coefficients. The long
exact sequence (1.2) and the fact that ¢ is a ring map imply that im ¢ = ker ¢ is an ideal. By the
description of the map ¢ in the Introduction we have ime = Zy(M)[q], where [¢] € HoA is the
class of the constant loop at the basepoint g € M. Since the loop product with [g¢] is given by
the composition

Hopnh -5 H.Q -5 HA,

we recover the following result of Tamanoi.
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Y

iW(AeB)=1AeqiB

XN
-

e @j@

¢

(14C) @ A = i, (C og i A)

FiGure 2. TQFT proof of the Hopf-Freudenthal-Gysin formulas.

COROLLARY 2.9 (Tamanoi [Tam10]). If x(M) #0, then Zx(M)[q] is an ideal in the ring H,A.
Thus x(M)i.iva= x(M)[g] ®a is an integer multiple of x(M)[q] € HoA for each a € H,A, in
particular it vanishes whenever deg a # n or a lives in a nontrivial path component of A.

The corollary is derived in [Tam10] from a partial TQFT structure on H,A. Note that we
always have the nontrivial product [¢] e [M] = [q].

Ezample 2.10. In this example we use Z-coefficients and the computations of the (degree shifted)
loop homology rings in [CJY04].

(a) For M =CP™ we have
H,ACP" = A[w] ® Z[c, s]/{c" T, (n + 1)c"s, we™),

with |w| = —1, |¢| = =2 and |s| = 2n. The point class is [¢] = ¢", the Euler characteristic is
(n+41), and we see that Z - (n+ 1)c" is an ideal. Note that Z - ¢" is not an ideal.

(b) For M = S™ with n even we have
H.AS™ = A[b] ® Z[a, s]/(a?, ab, 2as),

with |a| = —n, |b| = —1 and |s| = 2n — 2. The point class is [¢] = a, the Euler characteristic
is 2, and we see that Z - 2a is an ideal. Note that Z - a is not an ideal.
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(¢) For M =S™ with n >3 odd we have
H,AS™ = Ala] ® Z]u] = H,.(S™) ® H.QS™,

with |a] = —n and |u| =n — 1. The point class is [¢] = a and the Euler characteristic is 0.
It follows that, in the composition

Ala] ® Z[u] = Zu] = Ala] © Zul,
the first map is the canonical projection and the second one multiplication with a, so the
map 4.1 is the projection (with infinite-dimensional image)
H, . .(S")® H,QS" — aH,QS" = H.QS™.
(d) Let M =G be a compact Lie group. Then the Euler characteristic is zero, since there

always exists a nowhere vanishing left-invariant vector field. To compute the image of the
map 7.4 note that we have AG =2 G x QUG, so the Kiinneth formula gives an injection

H.G® H.QG — HAG.

It follows that in the composition H, 1. AG L> H.QG Z—> H,AG the first map is surjective
(with right inverse a — [G] ® a) and the second one is the canonical inclusion, so the map
ix1) is the composition (with infinite-dimensional image)

H, . AG > [M]® H.QG — H,QG — H,AG.

2.5 Manifolds all of whose geodesics are closed

Manifolds all of whose geodesics are simple and closed of the same primitive length have a long
history of study, see [Bes78]. In [GH09] it was observed that the loop and cohomology products
have special properties on such manifolds.

THEOREM 2.11 (Goresky and Hingston [GHO09]). Let M be a closed Riemannian n-manifold all
of whose geodesics are simple (i.e. without self-intersections) and closed of the same primitive
length. Let \ denote their Morse index and set b:=n — 1+ A.

(a) Let © € Hyp,—142A be the homology class of the cycle determined by all simple closed
geodesics. Then the loop product with © defines an injective map

O H*(A, Ao) — H*er(A, AQ)
(b) Let we H*A, Ag) be the Morse cohomology class determined by one simple closed
geodesic. Then the cohomology product with w defines an injective map
®w: H*(A, Ao) — H* (A, Ag).

A common generalization of this pair of results arises from the following special case of a
theorem of P. Uebele on Rabinowitz Floer homology.

THEOREM 2.12 (Uebele [Uebl9]). Consider a Liouville domain V such that 0V is connected
and the Reeb flow on 0V is T-periodic. (Here, T' is the minimal common period, but there can
be Reeb orbits of smaller periods.) Assume 2¢1 (V') =0 and we are given a trivialization of the
square of the canonical line bundle such that:

— all closed Reeb orbits on dV have Conley—Zehnder index >3 — n;
— given s € SH,,4,(0V) the class corresponding to the maximum on the Bott manifold of Reeb
orbits of period T', we have b > 0.

Then b is even and the following hold with coefficients in a field k.
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(a) The class s is invertible and makes Rabinowitz Floer homology SH.(OV) a free and
finitely generated module over the ring of Laurent polynomials k|[s, s™1].

(b) This module is (not necessarily freely) generated by classes that can be expressed as linear
combinations of Reeb orbits of period at most T'.

(¢c) SH,.(0V) and SH,(V') are finitely generated as k-algebras.

Remark 2.13. In [Ueb19] the result is stated with Zo-coefficients, without reference to a trivial-
ization of the square of the canonical line bundle and under the additional hypothesis 7 (0V) = 0.
The hypothesis 71 (0V) =0 was imposed in order to have well-defined Conley-Zehnder indices
independently of the choice of trivialization. The extension to k-coefficients is straightforward
using coherent orientations in Floer theory. The restriction to field coefficients is essential because
the proof uses the fact that k[s, s71] is a principal ideal domain.

COROLLARY 2.14. Let M be a closed n-dimensional Riemannian manifold all of whose geodesics
are closed of (noﬁ necessarily primitive) length ¢. Suppose that all closed geodesics have index
>3 —n. Let s € Hy, 1A be the class of a principal closed geodesic, corresponding to the maximum
on the Bott manifold of Reeb orbits of period £. Then b is even and the following hold with
coefficients in a field k:

(a) the class s is invertible and makes Rabinowitz loop homology H,A a free and finitely
generated module over the ring of Laurent polynomials k[s, s7!];

(b) this module is (not necessarily freely) generated by classes that can be expressed as linear
combinations of closed geodesics of length at most ¢;

(c) in the splitting f—LA =H,A @Fli*/\, the summand H,A inherits the structure of a free

and finitely generated k[s]-module, and H'~*A inherits the structure of a free and finitely
generated k[s~1]-module;

(d) ﬁ*A, H.A and H' A are finitely generated as k-algebras.

Remark 2.15. Although the splitting HA=H,A @Fl_*A is in general not canonical, the
statement and proof of the corollary should be understood as being valid for any splitting. Indeed,
two splittings differ only in the 0-energy sector of constant loops, which is finite-dimensional.

Remark 2.16. As shown by the explicit calculations from Example 2.17 below, one outstanding
application of Uebele’s theorem is that for manifolds with periodic geodesic flow either of the
loop products, homological or cohomological, can be derived from the other one.

Proof of Corollary 2.14. We apply Theorem 2.12 to the unit disk cotangent bundle V = D* M.
Note that 2¢;(D*M) =0 and the square of the canonical line bundle carries a canonical trivial-
ization determined by its canonical structure of Lagrangian fibration. In this trivialization the
Conley—Zehnder index equals the Morse index, see also Appendix A.1, and all closed geodesics
have Conley—Zehnder index (= Morse index) >3 —n by assumption (this is automatic if n >3
because the Morse index is > 0, and excludes the case n = 1, hence S* M is necessarily connected).
Moreover, b=n — 14+ XA >0, where A >3 —n is the Morse index of a principal closed geodesic.
So the hypotheses of Theorem 2.12 are satisfied, and parts (a) and (b) follow immediately.

Let o be the orientation local system on M. For part (c), we refer to the Gysin sequence (2.1)
and consider the induced splitting

—1—x

H' *(S*M)=H"""(M)aH (M;0), (2.2)

on the constant loops, where the first summand H~ (M) ~ H,(M;0) is contained in H,A and
the second one in H' A. Denote by Hio’g]A C H,A the subspace generated by the positively
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traversed Reeb orbits of period (or action) in (0, ¢]. We claim that H A is the k[s]-submodule
of H,A generated by the k-vector space

Vo=H' (M) H A

To see this we use that, by construction of the splitting, the summand H,A is generated by
the positively traversed Reeb orbits and the constant orbits generating Fn_*(M ), while H'Ais
generated by the negatively traversed Reeb orbits and the constant orbits generating H (M;0).
In particular, s € H,A. Since H,A C fI*A is a subring, this proves the inclusion k[s]V, C HA.
For the converse inclusion, we use an argument from [Ueb19]. By Theorem 2.12(b), the k-vector
space H,A is generated by elements of the form s¥a with k € Z and a € H,EO’Z]A. If s*a € H,A,
then by action reasons we must have k > —1. If k > 0, then s*a € k[s]HiO’@A Ckls|Vi. If k=—1,
then s¥a must belong to the constant part Fni*(M ) C Vi and the claim is proved. R
By the claim, H,A is finitely generated as a k[s]-submodule. It is torsion free because H,A
is torsion free as a k[s, s7']-module. Since k[s] is a principal ideal domain, it follows that the
k[s]-module H,A is free. This proves the assertion on H,A. An analogous argument gives the
assertion on Fl_*A, which is the k[s~!]-submodule of H.A generated by the k-vector space
Vi=H N0 H " (Mo).
Part (d) is an immediate consequence of part (c). O
Corollary 2.14 requires neither that the geodesics have the same primitive length, nor that
they are simple. In order to describe the algebra structure in examples, suppose now that all
geodesics are closed with the same primitive length ¢. Then the spaces V, and V* in the proof of

Corollary 2.14 can be replaced by H,, . (M;0)es H' =" *(M;0) and sV H,, . (M;0)aH "~ (M;0),
respectively, and we extract from the proof the following statements.

— The ks, s~!]-module H.A is (not necessarily freely) generated by
H*(S*M) = H,.(M;0)eHT " *(M;0).
— The k|[s]-submodule H, A is (not necessarily freely) generated by
Vi = Hpoo(M;0)@s T =" (M:0).
— The k[s~!]-submodule H " As (not necessarily freely) generated by
V*i= s H o (M;0)@H ™™ (M;0).
Let us introduce the degree shifted algebra

A =HopA=HonASH A,

graded by the shifted degree |y| = CZ(y) —n. Then the product has degree zero and is graded
commutative, and the class s above has degree

|sl=b=n—1+X>0
where X is the Morse index of a principal closed geodesic.

Ezample 2.17 (Spheres). For the loop space of S™ the loop product and the cohomology product
have been computed in [CJY04, GHO09], respectively. Corollary 2.14 provides a simple way to
derive one product from the other in the case n > 3. For this, note first that in this case each
closed geodesic has index at least A=n—1>3 —n, so Corollary 2.14 is applicable with the
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generator s of shifted degree
|s|]=n—14+A=2n-—2.
Now we distinguish two cases.

The case n >3 odd. In this case the k[s, s~!]-module H,AS™ is generated by the graded vector
space

H™=*(S*S™) =span, {1, a, b, ab}
in degrees
|11=0, lJa|=-n, |b|=1-n, |abl=1-2n

where 1, a generate the first summand and b, ab the second one in the splitting (2.2). For degree
reasons there can be no nontrivial relations involving different powers of s in span, {1, a, b, ab} ®x
k[s, s71] and we conclude that

H,AS™ = span, {1, a, b, ab} @i k[s, s,
as a k[s, s~!]-module. The preceding discussion then gives
H,AS" =span, {1, a,u,au} Qk k[s], w:=sb, |ul=n—1,
as a k[s]-module, and
H'~2"~*AS"™ = s 'span {1, a, u, au} @k k[s 1],

as a k[s~!]-module. Here, the reduced (co)homologies are the same because x(S™) = 0. To deter-
mine the ring structure we use an input from [CJY04] (see also Example 2.10 above), where it
is shown that the ring structure on H,AS™ has only one additional relation u? = s, hence

H,AS" =Kk[a, u]/(a®) = Ala, u],
as a k-algebra. Since any relation in H,AS™ gives rise under multiplication by a large negative
power of s to a relation in H,AS™ and wvice versa, it follows that
H,AS™ = Ala, u, u™ "]
as a k-algebra. This in turn implies that
H' 2" *AS" = u~'Ala, u™]

1 1

as a k-algebra. Since the classes ©u™, u~"a correspond to the constant loops, the cohomology

relative to the constant loops becomes
H 2" (AS™, AgS™) = u *Ala, u™']
as a k-algebra, in accordance with [GH09).

The case n > 3 even. If k has characteristic 2 the (co)homology rings are exactly as in the case n
odd. Suppose now that k has characteristic # 2. Then the k[s, s~!]-module H,AS™ is generated
by the graded vector space

H™*(S8*S™) =span, {1, c},
in degrees
[1]=0, |c|=1-2n

where 1 generates the first summand and ¢ the second one in the splitting (2.2). Again there
can be no nontrivial relations and we conclude that

H,AS™ = span, {1, ¢} @i k[s, s '],
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as a k[s, s~ 1]-module,
H.AS"™ =span, {1, b} @k k[s], b:=sc, [b]=-1,

as a k[s]-module, and
H "AST = s 'span, {1, b} @ k[s '],
as a k[s~!]-module. Note that the non-reduced loop space homology
HLAS" = (spany {1, b} @ kls]) @ ka, |a| = —n,

is not free as a k[s]-module because sa =0. The ring structure is again determined in [CJY04]
(see Example 2.10 above), where it is shown that

H,AS™ =kla, b, s]/(a?, ab, b*, 2sa),

as a k-algebra. (Here, the factor 2 can be dropped because it is invertible in k, but the homology
as written also gives the correct answer for k replaced by Z.) From this we again deduce the
k-algebras

H,AS™ =kb, s, s~/ (b*) = Alb, s, s 1],

HAS"=Alb,s], H " "AS"=s"'Al]b, s,

H!=27=%(AS™, AgS™) = s 2A[b, 571,

the last one in accordance with [GH09]. Here, we use the notation A[b, s, s7!] to designate the
free commutative algebra with generators b, s, s~!, with b of odd degree and s of even degree,
and similarly for A[b, s] and A[b, s71].

2.6 String point invertibility and resonances for CROSS

Example 2.17 can be generalized to all compact rank one symmetric spaces
(CROSS), i.e. the projective spaces RP", CP", HP", and the Cayley plane CaP?. This
is carried out in forthcoming joint work with E. Shelukhin where we compute for each CROSS
the Rabinowitz loop homology ring together with its BV operator, and thus by restriction the
BV algebra structures on its loop homology and loop cohomology. Moreover, we apply these
computations to the following two questions.

2.6.1 String point invertibility. Consider a closed manifold M and denote by {-,-}
the Chas—Sullivan loop bracket on H,A.® For any given class a € H,A, consider the operator
P,:H,(M)— Hyjdeg a—n+1(M) defined by

P,=ev,o{- a}oi,,
with 4 : M < A the inclusion of constant loops, and ev: A — M the evaluation. We call M string

point invertible if there exists a coefficient field k such that M is k-orientable, and a collection
of classes aq,...,ayny € H,A such that

[M] =Py 00 Py ([pt]).

This property was introduced by Shelukhin [She22], who used it to prove the following conjecture
of Viterbo in the case of string point invertible manifolds: The spectral norm of the pair consisting
of the zero-section inside T*M and its image under a Hamiltonian diffeomorphism supported

8This is defined by {4, B} = (—1)*IA(AB) — (-1)*/(AA)B — AAB, with A the BV-operator on H,A = H. 4, A.
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in the unit disc bundle is uniformly bounded. Shelukhin proved that spheres are string point
invertible, and also that string point invertibility is preserved under taking products. Generalizing
this, we will prove the following.

THEOREM 2.18.

(a) Let M be a CROSS modelled on CP%, HP?, or CaP? (set d =2 in this last case). Then
M is string point invertible if and only if the Euler characteristic x(M)=d+ 1 is prime
(with coefficient field k=7/(d+ 1)Z).

(b) Let M be a CROSS modelled on RP™, n > 3. Then M is not string point invertible with
7./ 2-coefficients.

2.6.2 Resonances. Consider a closed Riemannian manifold M and fix a coefficient ring R.
We associate with (co)homology classes X € Hy(AM), x € H*(AM) their degrees deg(X) =k,
deg(z) =k and critical levels Cr (X), Cr (x) as defined in §2.2. We say that M is resonant with
R-coefficients if there exists a constant & > 0 such that

deg(X)—a@Cr(X) and deg(z)—aCr(z),

are uniformly bounded for all X € H,(AM; R) and x € H*(AM; R). This property is introduced
in [HR13] and its implications for indices and lengths of closed geodesics are discussed. Moreover,
it is proved in [HR13] that spheres of dimension at least 3 are resonant with field coefficients.
Generalizing this, we will prove the following.

THEOREM 2.19. The string point invertible CROSS from the statement of Theorem 2.18(a) are
resonant with coefficients in the field Z/(d + 1)Z.

2.7 Index growth

Consider the following result on the index growth of an iterated closed geodesic.

THEOREM 2.20 (Goresky and Hingston [GHO09, Proposition 6.1]). Let v be a closed geodesic
with index A and (transverse) nullity v on a manifold of dimension n. Let A\, and v,, denote
the index and nullity of the m-fold iterate 4. Then v, <2(n —1) and

A = mA| < (m —1)(n—1), (2.3)
IAm + Vm —mA+v)| < (m—1)(n—1). (2.4)

These inequalities follow from standard properties of the Bott function S' — Z determined
by the linearization of the geodesic flow along -, see [Bot56, GH09]. In the context of the present
paper, we wish to explain that (2.3) and (2.4) are dual statements. We proceed as in the previous
sections: first generalize each of these inequalities to a symplectic setting, then prove a duality
theorem for the generalized statements.

The linearization of the geodesic flow along  determines a path in Sp(2(n — 1)) starting
at Id, canonically defined up to conjugation. Based on Bott [Bot56], Long [Lon02] developed
an index iteration theory for general paths of symplectic matrices, not necessarily obtained as
linearizations of geodesic flows. To any path P :[0, 1] = Sp(2/V) such that P(0) =1d is assigned
its Bott—-Long index

i(P) € Z.

See [Lon02, Definitions 5.2.7 and 5.4.1]. (In the notation of Long [Lon02] we have i(P) =i, (P).)
This is defined to be the Conley—Zehnder index of the concatenation P#P(1)¢, where £ is a
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‘minus curve’, i.e. a path of the form {t+— exp(tJS) : t €[0,¢]} with S a symmetric negative
definite matrix and ¢ > 0 small.” The nullity of such a path is

v(P)=v(P(1)) =dimker(P(1) —Id).

The key property that is of interest to us regarding the Bott-Long index is that, if P=P,:
[0,1] — Sp(2(n — 1)) is the linearized transverse geodesic flow along a given geodesic 7, then
i(Py) equals the Morse index of +, cf. [Lon02, Theorem 7.3.4] and [Bot56, Theorem A]. Similarly,
v(Py) equals the nullity of v (in the transverse direction).

To formulate the iteration inequalities for the Bott—Long index, define P™ : [0, m] — Sp(2N)
by

P™(t)=P(t—j)P(1)’, j<t<(j+1), j=0,...,m—1.

If P=P,:[0,1] = Sp(2(n — 1)) is the linearized transverse geodesic flow along a given geodesic
v, then P™ is the linearized transverse geodesic flow along the mth iterate y™.

The following generalization of Theorem 2.20 is just a reformulation of a result by Liu and
Long. It specializes to Theorem 2.20 if P = P, is the linearized transverse geodesic flow along
some geodesic 7.

THEOREM 2.21 (Liu and Long [LL00]). Let P:[0,1] — Sp(2N) be a continuous path with
P(0) =1d. Then for all m > 1 we have
|i(P™) —mi(P)| < (m—1)N, (2.5)
[A(P™) +v(P™)) =m(i(P) + v(P))] < (m = 1)N. (2.6)
Proof. According to [LL00, Theorem 1.2] (see also [Lon02, Theorem 10.1.3]), the following
inequalities hold for all m > 1:
m(i(P)+v(P)— N)+ N —v(P)
<i(P™)
<m(i(P)+N)—N — (v(P™)—v(P)).
Theorem 2.21 follows directly from these using the additional obvious inequalities 2N > v(P™) >
v(P) > 0. For example, the second inequality implies

i(P™)—mi(P)<(m—1)N — (v(P™)—v(P))<(m—1)N. O
Remark 2.22. The proof of Theorem 2.21 ultimately relies on properties of the Bott function
determined by the path P.
The key definition for the duality statement is the following.

DEFINITION 2.23. Given a path P: [0, 1] — Sp(2N) with P(0) = 1Id, the reverse path P:[0,1] —
Sp(2N) is defined by

P(t)=P(1—-t)P(1)"t, telo,1].

Note that P(0) =Id. The motivation for the definition is the following. Consider a 1-periodic
compactly supported Hamiltonian H :R/Z x R*Y — R and denote ¢;, t €R the flow of the
Hamiltonian vector field X%, ¢t € R/Z, which solves the equation %cpt = X% oy, with initial
condition ¢y =1d. The 1-periodicity of the Hamiltonian implies ¢y 0 1 = @1 0 @y = 144 for all

9As an example, we have i(P =1d) = —N.
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t € R. The reverse flow @, = ¢_; satisfies the equation @, o ¢1 = ¢1_+, and its linearization satis-
fies the equation dp, =dp;_; o dcpl_l. Thus, reversing the time direction for a Hamiltonian flow
corresponds at the linearized level to reversal of the path as in Definition 2.23.

PROPOSITION 2.24. Given a path P:[0,1] — Sp(2N) with P(0) =1d, the index of the reverse
path P is

i(P) = —i(P) — v(P). (2.7)

This proposition is proved in Appendix B. Using it, we can state and prove our duality
theorem for the index.

THEOREM 2.25 (Duality for the index). Let P:[0,1] — Sp(2N) be a path with P(0)=1d and
P be the reverse path.

(i) The index inequality (2.5) for P is equivalent to the index+nullity inequality (2.6) for E
(ii) The index+nullity inequality (2.6) for P is equivalent to the index inequality (2.5) for P.

Proof. Since taking the reverse of a path is an involutive operation, assertions (i) and (ii) are
equivalent. To prove (ii) we use Proposition 2.24 and the equality P" =Pm to get

mi(P) — (m —1)N <i(P") <mi(P) + (m — 1)N
< m(—i(P)—v(P))— (m—-1)N < —i(P™)—v(P™)<m(—i(P)—v(P))+(m—-1)N
s m(i(P) 4+ v(P)) + (m —1)N >i(P™) + v(P™) > m(i(P) + v(P)) — (m — 1)N., O

Remark 2.26. To the best of our knowledge, Theorem 2.25 has not appeared in the literature
before. We interpret it as an explanation for the fact that, in various contexts related to the
problem of the existence and multiplicity of closed geodesics, the index and the index-+nullity
play a ‘dual’ role, see § 2.8 below. Note that, given a path P: [0, 1] — Sp(2N), P(0) =1d which is
the linearization of the geodesic flow along a closed geodesics, the path P is not the linearization
of the geodesic flow along the same geodesic traversed backwards. Thus, the duality between

index and index-+nullity is not of a Riemannian nature, but rather of a symplectic nature.

2.8 Level potency

Given a nonconstant closed geodesic ¢ of length L, denote Sc=S'-¢cC A its saturation with
respect to the circle action and define its local level homology/cohomology
H.(Sc)= lim H, (ANU,A<INU), H*(Sc)= lim H*(ANU,A~*NU)
UDSec UDSc
where U is an open set in A containing Sc. Here, and in the rest of this subsection, we use
rational coefficients.

For a closed orientable Riemannian n-manifold M, consider the following ensemble of dual
results, essentially contained in [Hin93, Hin97, GH09].

THEOREM 2.27. Any of the following conditions implies the existence of infinitely many closed
geodesics on M.

(al) There exists a nonzero class x € H*(A, Ag) such that Cr (z™)=mCr (z) for all m>1 (we
say that x is level potent).

(a2) There exists an isolated closed geodesic ¢ and x € H*(Sc) such that ™ € H*(Sc™) is
nonzero for all m > 1.
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(a3) There exists an isolated closed geodesic c of index \ such that H*(Sc) # 0 and
index(c™) >mA+ (m—1)(n—1) for all m>1.

(bl) There exists a nonzero class X € H,A such that Cr (X™)=mCr (X) for all m>1 (we say
that X is level potent).

(b2) There exists an isolated closed geodesic ¢ and X € H,(Sc) such that X™ € H,(Sc™) is
nonzero for all m > 1.

(b3) There exists an isolated closed geodesic c of index \ and nullity v such that Hyy,4+1(S¢) #0
and

(index+nullity)(c™) <m(A+v)—(m—1)(n—1) for all m > 1.

We defer the proof of this theorem to Appendix C. Note that, by Theorem 2.20, part (a3)
corresponds to the fastest possible growth of the index, while part (b3) corresponds to the slowest
possible growth of the index + nullity under iteration.

Our goal is to generalize (al-3) and (b1-3) to statements on Rabinowitz loop homology that
are related by Poincaré duality. For this, consider S* M with its canonical contact form a. By a
generalized closed Reeb orbit v we mean a closed Reeb orbit (i.e. the lift of a closed geodesic on
M) or its backward parametrization. Recall that, together with the constants on S*M, after a
Morse perturbation these are the generators of Rabinowitz Floer homology SH,(S*M) = H <A

Let v be a generalized closed Reeb orbit of action fv a=L#0 and Sy=S"'.7 its satura-

tion. By local level Rabinowitz homology/cohomology, denoted ﬁ*(Sv) and I:T*(Sy), we mean
symplectic homology/cohomology of S*M localized near the isolated set S7 in the following
sense: we choose a Hamiltonian H as in the definition of SH,.(S*M) with negative slope —pu
and positive slope 7 such that L € (—pu, 7), and consider local Floer (co)homology of the isolated
fixed point set which corresponds to Sv in the convex region of H. This is a mild variation
on McLean’s definition of local symplectic homology in [McL12]. In case « is the lift of a non-
constant closed geodesic ¢, the Viterbo isomorphism (see [Vit96, AS10, CHO23| and references
therein) specializes to isomorphisms which intertwine the product structures

H.(Sv)~H,(Sc), H*(S7)~H*(Sc). (2.8)

PROPOSITION 2.28. For i=1,2,3 the following conditions (Ai) and (Bi) are equivalent under
the Poincaré duality isomorphism, and either of them is equivalent to the conditions (ai) and
(bi) in Theorem 2.27.

(A1) There exists x € H*A such that Cr (™) =mCr (z) for all m > 1.

(A2) There exists an isolated generalized closed Reeb orbit v and x € H*(Sv) such that
x™ e H*(S~y™) is nonzero for all m > 1.

(A3) S*M carries an isolated generalized closed Reeb orbit v of index A with fastest possible
index growth and H*(Sv) # 0.

(B1) There exists X€H, A such that Cr(X™) =mCr(X) for all m > 1.

(B2) There exists an isolated generalized closed Reeb orbit v and X EE[*(SV) such that
X™ e H,(Sy™) is nonzero for all m > 1.

(B3) S*M carries an isolated generalized closed Reeb orbit « of index A and nullity v with
slowest possible index+nullity growth and Hxy,4+1(S7v) #0.

Proof. (A1) < (B1) follows from the compatibility of Poincaré duality with the products and
with the length filtrations, see §2.1.
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Let v be an isolated generalized closed Reeb orbit and 7 its backward parametrization. Then
(A2) for ~ is equivalent to (B2) for 7 because Poincaré duality in Theorem 1.1 specializes to an
isomorphism

*(Sv) = y_.(59).
Condition (A3) for v is equivalent to (B3) for 7: By Proposition 2.24, the indices and nullities
are related by i(vy) = —i(5) — v(7), hence H'")(Sy) = Hi_i(1)(57) = Hi®5)+v(7)+1(57). On the
other hand, by the proof of Theorem 2.25, fastest possible index growth for v is equivalent to
slowest possible index+nullity growth for 7.

To prove the equivalence with conditions (al-3) and (b1-3), let v be the lift of an isolated
closed geodesic c. Then by (2.8) and the above we have the following equivalences for i =1, 2, 3:

condition (ai) for ¢ <= condition (Ai) for v <= condition (Bi) for 7,
condition (bi) for ¢ <= condition (Bi) for v <= condition (Ai) for 7. O

Proposition 2.28 suggests a generalization of Theorem 2.27 in terms of local level Rabinowitz
homology and closed Reeb orbits, which we will pursue in forthcoming work. It will rely on ideas
from the proof of the Conley conjecture in [Hin09, Gin10, GG19] and the study of symplectically
degenerate maxima in [GG10, GHHM13, HHM19].

3. Poincaré duality in Rabinowitz Floer homology

Poincaré duality H,(X) = H™ *(X) for an m-dimensional closed oriented manifold ¥ is known
to be induced by a canonical chain isomorphism MC,(f)= MC™*(—f) between the Morse
chain complex of a Morse function f:¥ — R and the Morse cochain complex of —f. In this
section we show that this isomorphism canonically extends to Rabinowitz Floer homology if ¥
is the boundary of a Liouville domain.

3.1 Rabinowitz Floer homology

Recall from [CF09] the definition of Rabinowitz Floer homology. Consider the completion (V, )
of a Liouville domain (V, \) with boundary X = V. We abbreviate by £=C>(S",V) the free
loop space of V, where S =R/Z. A defining Hamiltonian for X is a smooth function H : V — R
with regular level set ¥ = H~1(0) whose Hamiltonian vector field Xy (defined by iy, w = —dH)
has compact support and agrees with the Reeb vector field R along 3. Given such a Hamiltonian,
the Rabinowitz action functional is defined by

1 1
Ag:LxR—=R, Ag(z,n) ::/ A —77/ H(x(t)) dt.
0 0
Critical points of Ay are pairs (z,7n) such that x: S' — 3 solves
t=nXg(x)=nR(zx).

There are three types of critical points: closed Reeb orbits on ¥ that are positively parametrized
and correspond to n > 0, closed Reeb orbits on X that are negatively parametrized and correspond
to n < 0, and constant loops on ¥ that correspond to 7= 0. The action of a critical point (z,n)
is Ay (xz,n)=mn. Because of general homotopy invariance properties of Floer homology, for the
purpose of defining Rabinowitz Floer homology we can assume without loss of generality that
the Reeb flow on ¥ is nondegenerate. In this case the critical points of Ay form Morse-Bott

manifolds: on the one hand 3, and on the other hand one circle for each closed Reeb orbit,
parametrized positively or negatively.
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Pick a smooth family (J;);es1 of compatible almost complex structures on V that are cylin-
drical at infinity. It induces a metric g=g; on £ x R which at a point (z,7) € £ x R and two
tangent vectors (21, 71), (Z2,72) € Tz (L x R) =T(S', 2*TV) x R is given by

9@ ((B1,M1), (T2, 72)) = /0 w(Z1(t), Je(2(t))22(t)) dt + 1 - 1.

Positive gradient flow lines of the Rabinowitz action functional Ay with respect to this metric
are solutions (z,7n) € C*(R x S, V) x C°(R,R) of the Rabinowitz Floer equation

Osx + Ji(x)(Orx — nXg(x)) =0,
dsn+ [ H(x(t)) dt=0.

We fix action values —oo < a < b < oo outside the action spectrum of Agy, and we pick an addi-

tional small Morse function f on the critical manifold Crit(Ag). Thus f consists of a Morse

function fyx:¥ — R and Morse functions f.« :im(y) — R for each simple closed Reeb orbit

and k € Z\ {0}, where we assume the latter to have unique minima m.» and maxima M.
We fix a commutative unital coefficient ring R. Then RF Cia’b)(H , [ J) is the free R-module

generated by the critical points of f with action in (a, b), and the boundary operator

8: RFC\™Y(H, f; J) —» RFC'“Y(H, f; J)

counts cascades as in [CF09]. They combine the negative gradient flow of Ay with respect to
the metric g and the negative gradient flow of f with respect to some metric on Crit(Ay). As
grading we use the integer grading obtained by shifting up by % the half-integer grading defined
in [CF09]. The resulting filtered Rabinowitz Floer homology groups

RFH!"Y (S, \):= RFH"Y (H, f; J),

are well defined and do not depend on the choice of J, H, and f, although they do depend on
the contact form A|y. The Rabinowitz Floer homology of ¥ is defined as the limit

RFH, () :=limlim RFH{"Y(2,)), a——o0, b— oo.
b a

(3.1)

By [CF11, Theorem A], this definition is equivalent to the original one in [CF09]. By similar
direct-inverse limits one defines as in [CO18] the groups

RFH? (%), ©e{@,>0,>0,=0,<0,<0},
with the meaning that RFH?Z = RFH,.

We define the Rabinowitz Floer cohomology groups by a similar procedure using the
dual complex RFC{, , (H, f; J) = REC™Y (H, f;J)V. The filtered Rabinowitz Floer cohomology
groups are defined as

RFHEka?b)(E, A) = RFH(*a,b)(H, f;d),
and the Rabinowitz Floer cohomology of ¥ is the limit

RFH*(X):=limlim RFH, , (3, \),
a’

with variants RFH&(X) for O e {@,>0,>0,=0,<0,<0}. The grading is the same as for
homology. This definition is analogous to [CO18, Definition 3.1], given in a symplectic homology
framework.

These Rabinowitz Floer co/homology groups depend on the contact structure on ¥ (though
not on the contact form) as well as the Liouville filling V' (up to Liouville homotopy). As in [CO18]
we do not indicate the filling in the notation since it will always be clear from the context.

3163

https://doi.org/10.1112/S0010437X25102819 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X25102819

K. CiELIEBAK, N. HINGSTON AND A. OANCEA

3.2 Poincaré duality

Poincaré duality results from the following observation: under the canonical involution
LXR—=LxR, (z,n)— (@ 1), z@)=z(-t), 7=-n,
the Rabinowitz action functional changes sign

Ap(z,7)=—Agn(z,n).

It follows that the involution maps positive gradient lines of Ay to negative gradient lines of Ay,
provided that we also replace the family .J; by J; := J_; (and the resulting metric accordingly).
In other words, if (z, 1) € C®(R x S!, V) x C°°(R, R) solves the Rabinowitz Floer equation (3.1)
with positive asymptotic (z,n4) and negative asymptotic (x_,n_), then (z, ) defined by

(s, t):=x(—s,—t), 7(s):=—-n(—s)

solves equations (3.1) with positive asymptote (Z_,7_) and negative asymptote (Z, 74 ).
When applying the involution, we also replace the Morse functions fx:¥ —R and f.x:
im(y) — R by

fE ==, .f'y’“ ::_f'yk'

Then the preceding discussion shows that the involution (z,7)— (Z,7) defines a chain
isomorphism between the Rabinowitz Floer chain and cochain groups

o

REC“Y/(H, f;.0) =5 RFC/Z; _ (H, f;J).

Therefore, we have shown the following.
THEOREM 3.1 (Poincaré duality in Rabinowitz Floer homology). The involution (z,n)— (Z, 1)
induces isomorphisms between filtered Rabinowitz Floer homology and cohomology groups

PD:RFH"Y (T, ) = RFH!7_ (5, )),

and between the Rabinowitz Floer homology and cohomology groups
PD:RFHY(Y) — RFH'(Y)
for O e{@,>0,>0,=0,<0,<0}.

Given Q € {@,>0,>0,=0, <0, <0}, the meaning of —Q is that equalities are preserved and
inequalities are reversed, e.g., if O =@ then —O =@, and if O =*>0" then —Q =*<0’.

Remark 3.2. With the half-integer grading from [CF09], Poincaré duality would take the more
symmetric form RFH, ~ RFH™*. Our use of the shifted integer grading is motivated by (4.1)
below, which ensures that Rabinowitz Floer homology as defined in this section is isomorphic to
the one from the Introduction. Also, this grading relates more easily to the gradings in singular
cohomology and loop space homology. For example, with a = —¢, b=¢ and £ > 0 smaller than the
period of the shortest closed Reeb orbit (‘energy 0’), the filtered Poincaré duality isomorphism for
Rabinowitz Floer homology from Theorem 3.1 becomes the usual Poincaré duality isomorphism
Hiin 1(X)~ H*T(T).

Remark 3.3. Rabinowitz Floer homology has a Lagrangian version defined in terms of Lagrange
multipliers as above, see [Mer14]. Theorem 3.1 has a straightforward counterpart in that setting.
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4. Poincaré duality in symplectic homology

In this section we discuss Poincaré duality in (V-shaped) symplectic homology. While being more
involved than the one in Rabinowitz Floer homology, the description in symplectic homology
has three additional features: it is directly related to loop space (co)homology in the case of
cotangent bundles; it is compatible with the pair-of-pants products and coproducts; and it carries
non-canonical splittings in the case of cotangent bundles.

This section is concerned with general Liouville domains and leads to the proof of
Theorem 1.1. For general background on symplectic homology we refer to [CO18]. We use
coeflicients in a commutative unital ring R.

4.1 Recollections on Poincaré duality and exact sequences
The main result in [CFO10] states that

RFHZ(OV)= SHY (8V) (4.1)

where V is a Liouville domain of dimension 2n and SHy (0V) denotes the symplectic homology
of the trivial cobordism [3,1] x OV in the sense of [CO18]. We assume that 2¢;(V) =0 and
that the square of the canonical bundle of T'V is trivialized, so that Floer chain complexes
are canonically Z-graded by the Conley—Zehnder indices of periodic orbits, see Appendix A.
This assumption is used only for grading purposes and has no essential bearing on the sequel
arguments. Then Theorem 3.1 has the following formulation in symplectic homology.

THEOREM 4.1 (Poincaré duality in symplectic homology of a trivial cobordism [CO18,
Theorem 9.4]). There exist canonical isomorphisms between the symplectic homology and
cohomology groups of a trivial cobordism

PD:SHZ (V) — SH ' (aV)

for Oe{@,>0,>0,=0,<0,<0}.

This isomorphism is constructed in [CO18] without relying on the connection between sym-
plectic homology and Rabinowitz Floer homology. We expect the isomorphisms of Theorems 3.1
and 4.1 to be compatible with (4.1). In the rest of the paper we will refer to Poincaré duality
for a trivial cobordism as being the isomorphism in Theorem 4.1.

The Poincaré duality isomorphism has the following properties, see [CO18].

(A) Compatibility with the exact sequence of the pair (V,0V).

THEOREM 4.2 [CO18, Theorem 9.5|. For every Liouville domain V' and © € {&,>0,>0,=0,
<0,< 0} there exists a commuting diagram

...SHZ(V,dV) SHY (V) SHP (V) ——SHY (V,dV)...

PDl% PD\L% PDl% PD\L% (4.2)
LSHZ5(V) SH=5(V,0V) —=SH S (9V) SH'G(V)...

where the rows are the long exact sequences of the pair (V,0V') from [CO18] and the vertical
arrows are the Poincaré duality isomorphisms from Theorem 4.1 (the third one) and for pairs as
defined in [CO18] (the other ones). Moreover, the Poincaré duality isomorphisms are compatible
with filtration exact sequences.
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(B) Relation to singular cohomology. Recall from [CO18] that at action zero symplectic
homology specializes to singular cohomology,

SH(V)=H""(V),
and similarly for the other versions. Therefore, we obtain the following.

COROLLARY 4.3 [CO18, Corollary 9.7]. The commuting diagram in Theorem 4.2 specializes at
action zero to

L CHY(V,0V) H" (V) H"*(0V) ———=H"*TYV, 0V)...
PDJ(N PDiN PD\LN PD\LN (4.3)
. Hn+*(V) Hn+>k (‘/, 8‘/) e n+*_1(aV) Hn+*_1(V) e

where the rows are the long exact sequences of the pair (V,0V') and the vertical arrows are the
Poincaré duality isomorphisms for the closed manifold OV (the third one) and the manifold-
with-boundary V' (the other ones).

(C) Description of the first map in (4.2). The following result is simply a restatement
of [CFO10, Proposition 1.3].

PROPOSITION 4.4.
(a) The map SH,.(V,0V)— SH,.(V) in (4.2) (for © = @) fits into a commutative diagram
SH.(V,0V)——=SH,.(V)
| fe (4.4)
H"(V,0V) —=H"""(V)

in which the bottom arrow is the restriction map and the vertical arrows are compositions
of action zero isomorphisms with action truncation maps

e H" * (V)= SHZO(V)— SHZ(V)=SH,.(V),
¢*:SH,(V,0V)=SH=(V,0V) — SH°(V,0V) = H**"(V, V).
(b) The map SH=*(V)— SH*(V,0V) in (4.2) (for © = @) fits into a commutative diagram
SH*(V) —= SH~*(V, V)
o fe. (4.5)
Hypi(V) —— Hyp s (V, 0V)

in which the bottom arrow is induced by inclusion and the vertical arrows are compositions
of action zero isomorphisms with action truncation maps

et Hyps(V,0V) 2 SHZ§(V,0V) = SH_§(V,0V)=SH *(V,0V),
¢ SH*(V)=SH5(V) = SH_§(V) = Hppu (V).
(¢) The above two diagrams are isomorphic via the Poincaré duality isomorphism PD.

Remark 4.5 (Lagrangian case). The previous results have Lagrangian counterparts, with sym-
plectic homology replaced by Lagrangian symplectic homology, or wrapped Floer homology,
cf. [CO18]. We spell out some of these statements, mainly with the purpose of explaining the
effect of the grading convention described in Appendix A.
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Given an exact n-dimensional Lagrangian L which is conical near its boundary OL, the
Poincaré duality isomorphisms from [CO18] read

SH,(L,0L)~SH" *(L),
and
SH,(OL) ~ SH”‘*“(BL). (4.6)

This fixes the grading for the Lagrangian counterpart of (4.2).
The action zero part of Lagrangian symplectic homology and cohomology is expressed in
topological terms as

SH; (L)~ H" (L), SHZy(L)~ Hn.(L)

where £ stands for any of the symbols L, (L, OL), or L. This fixes the grading for the Lagrangian
counterpart of (4.3).
The Lagrangian analogue of (4.4) is as follows.

SH,(L,0L)—— SH,(L)

H"*(L,0L)—— H" *(L)
In the particular case where L is a disc the bottom map vanishes for degree reasons, hence the
map SH,.(L,0L)— SH,(L) vanishes as well.

4.2 TQFT operations on Floer homology

In this subsection we recall the definition of TQFT operations on Hamiltonian Floer homol-
ogy from [Sei08a, Rit13], see also [CO18, EO17]. Consider a punctured Riemann surface S
with p negative and ¢ positive punctures and chosen cylindrical ends Z; = (—o0, 0] x S* near
the negative punctures z; , respectively Z;r =[0,00) x St near the positive punctures z;-r. Let
H:SxV =R be an S-dependent Hamiltonian on a completed Liouville domain V which is
linear outside a compact subset of V', and S-independent equal to H lft near each puncture zlft of
S. Pick nonzero weights Azt € R* (one usually considers positive weights, but we will also need
to allow negative ones) and a 1-form 5 on S with the following properties:

ii) 8= AFdt in cylindrical coordinates (s,t) € Zi near the puncture z-.
14 y4 l

We consider maps u: S —V that are perturbed holomorphic in the sense that (du— Xg ®
8)%! =0 and have finite energy F(u) =% [, |du — X ® 8|*vols. They converge at the punctures
to 1-periodic orbits xzt of AEEH gt and satisfy the energy estimate

q P
0<E(u) < Z AA}'H;' (xj) - Z AA;H; (z; ). (4.7)
j=1 i=1
The signed count of such maps yields an operation

q p
vs: Q) FH.(ATH) — (X) FH.(A; H;)

j=1 i=1

of degree n(2 —2g — p —q) which does not increase the action. These operations are graded
commutative if the degrees are shifted by —n and satisfy the usual TQFT composition rules.
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As they respect the action, the operations descend to operations between suitable filtered Floer
homology groups and thus to symplectic homology.
Suppose now that H : V — R is S-independent. Then 8 and the weights are related by Stokes’
theorem
q p

AF — = .
]le ;Az /Sdﬁ

Conversely, if the quantity on the left-hand side is non-negative (respectively zero, respectively
non-positive), then we find a 1-form /5 with properties (i) and (ii) such that dg > 0 (respectively =
0, respectively <0). Thus for S-independent H we can arrange conditions (i)—(ii) in the following
situations:

(a) H arbitrary, d3=0, p,q>1;
(b) H>0,d3<0,p>1;
(c) H<0,dB>0,q>1.

Let us now specialize to the case that S is a pair-of-pants with two positive punctures and
one negative puncture. Then the operation ¥g induces a pair-of-pants product on filtered Floer
homology

Vs FHi(al,bl)(Aii-H) Q FHJ(CLQ,bz)(A;—H) . FHZ‘(in;f;{lal+b2’a2+b1}7b1+b2)(AIH)-
By taking suitable inverse and direct limits (see [CO18]) this leads to degree —n pair-of-pants
products on SH,.(V), SH.(V,0V)=SH~*(V), SH.(0V), and SH.(W,0W)=SH~*(9V),
where W = [$, 1] x 9V..

More generally, one can consider open—closed TQFT operations in Floer homology, which
mix together Hamiltonian Floer homology inputs and outputs and Lagrangian Floer homology
inputs and outputs. The discussion about weights carries over without modification, and we refer
to Appendix A for a discussion of gradings in this setting.

4.3 Products and the mapping cone

We consider in this section an algebraic set-up that will help us organize the subsequent geo-
metric arguments regarding the compatibility of the Poincaré duality isomorphism with product
structures.

Consider a chain complex (C, 9) of the form

_ o f
_ + _
C=C"aCt, a_< . a+>'

Thus (C*, 0%) are chain complexes, C~ is a subcomplex of C, and C' is the cone of the chain
map f: CT[1] — C~. We use the conventions of [CO18] for cones and degree shifts: CT[1]; = C;11
and Oc+py) = —07.

Assume now that C is acyclic as a consequence of Idc being homotopic to zero, i.e. there
exists K : C'— C[1] such that

Ide =0K + KO.
Writing K with respect to the decomposition C =C~ @& C* as

k= h
h= ( g k*)’
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this is equivalent to the system of four equations

dtg+ g0~ =0,

0 k™ + fg+ k0" =Idc-,

Okt +gf +kT0T =1d¢+,

O"h+ fkt+k~f+hot =0.
The first three equations amount to the fact that

g:C~ —CH1]
is a chain map which is a homotopy inverse for f, the homotopies between fg and gf and the
corresponding identity maps being given by
k=:C~—C7[1], kt:CT—CT1].
The fourth equation gives extra information which we will not use.
Let now (C, d) be another chain complex of the form

c-C eC", a:(a f+>.
0 0

The complex C need not be acyclic, although an important special case > I8 C = C. In the following
we will adopt the following conventions for a linear map ¢: C ® C' — C"

- gbi_ is the part of ¢ mapping CT ® C~ —>6+, etc.;

— we abbreviate ¢T := o1 and ¢~ =9~

~[0,¢]:=00¢— (-1)l¥lpo (9@ 1+120).
Suppose now that we are given a ‘product’ p: C ® C — C of degree zero satisfying

0,4]=0 and py~ =pi"=pi" =0.

Thus x descends to homology and the pair of subcomplexes (C~,C ) is a ‘two-sided ideal pair’
with respect to u.'0 It follows that
0=[0,)=" =[07,pu=7] and 0=1[9,pul1" =[07, ui"],
so p=p":C"®C-—=C and pt= ui+ .0+t @C*t = C" descend to products on
homology.

Remark 4.6. The case of a product of any degree can always be reduced to the degree zero case
by a shift of the grading on C and C.

The following lemma is a key result for this section.

LEMMA 4.7. For (C,0), K, (C,0) and p as above the following hold.

(a) The negative parts v—, 7~ :C~ ® C~ — C [1] of the maps v:=pu(K ®1):C®C — C[1]
and v := pu(1® K) satisfy

po =07, v]=0",v]

In particular, the primary product u~ vanishes on the homology of C~.

0That is, whenever one of the inputs of p is in C~, the output is in C .
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(b) The negative part o~ :C~[-1]® C~[~1] — C [~1] of the difference o := ¥ — v satisfies
[0, 07 ] =0 and thus descends to a secondary product on the homology of C~[—1].

(c) The negative part n~ =n_":C~[-1]®@ C~[-1] = C of n:=u(K ® K) satisfies
0707 ]=0" = fut(g®@y9).
Thus the secondary product o~ agrees on homology with the product ut transferred from
C* to C~[—1] via the chain map f and the homotopy inverse g of f.
Proof. For part (a) we compute, using [0, u] =0 and [9, K| =1,
[0, V] =0u(K®1) +u(K®1)(0®1+1®0)
=u([0®1+120,K ®1))
=0, K]®1) = p.
We now use v~ =0 and then take the C~ part to get
poo= [87 V]:i = [8_7 V_}'
Part (b) follows directly from part (a). For part (c) we compute, using [0, u] =0 and [0, K] =1,
0,1 =0u(KK)+uKK)(0®1+1®09)
=u([0®1+1®0,K ® K))
— ([0, K]® K — K © [0, K])
=l K -K®1l).
Taking the C'~ part the right-hand side becomes v~ — v~ = ¢, while the left-hand side becomes

O, 0=~ =00 ]+ oy =07, 071+ fn"(g®g). O

4.4 Poincaré duality with products

As in the previous sections V' is a Liouville domain of dimension 2n, and W =[3,1] x 0V CV
is the trivial cobordism realized by a collar neighbourhood of 9V in V. Recall from §4.2 that
SH,.(W,0W) carries a product of degree —n determined by counts of rigid pairs-of-pants in
combination with suitable action truncations. We refer to this product as the primary product
on SH,.(W,0W). By Poincaré duality we have SH,(W,0W)~SH~*(W), and we refer to the
corresponding degree n pair-of-pants product on SH*(W) as the primary product on SH*(W) =
SH*(0V).

The following result corresponds to Theorem 1.1 from the Introduction. Recall that SH,(9V)
carries a unital product p of degree —n.

THEOREM 4.8. Let V be a Liouville domain of dimension 2n. Then we have the following.

(a) The primary product on SH*(9V') vanishes. As a consequence, SH*(0V') carries a degree
n — 1 secondary product A\¥7 which is associative, graded commutative, and unital (if
degrees are shifted by 1 —n).

(b) The Poincaré duality isomorphism
PD:SH,(0V)— SH'™*(8V)

is a ring homomorphism, where SH,(0V') is endowed with its degree —n pair-of-pants
product g and SH*(0V) is endowed with its degree n — 1 secondary product A¥.
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A
—-)\/2 H,,

N = ]

FIGURE 3. Hamiltonian profile for SH,(9V).

Part (b) shows that, in contrast to the secondary product on SHZ (V) defined in [CO18],
the secondary product on SH*(0V') has a unit.

It is interesting to note that our proof of (a) is inseparable from the proof of (b). In particular,
unitality of A¥7 is only implicitly inferred from unitality of p via the isomorphism in (b). We refer
to [CO24a] for an alternative, more direct description of the unit for A7 within the framework
of multiplicative structures on cones.

Before giving the proof of Theorem 4.8, we state its Lagrangian counterpart. We consider
Maslov 0 exact Lagrangians I C V with boundary such that 9L = L N0V and L is conical near
OL.

THEOREM 4.9. Let V be a Liouville domain of dimension 2n and L C'V be an exact Lagrangian
as above. Then we have the following.

(a) The primary product on SH*(OL) vanishes. As a consequence, SH*(OL) carries a
secondary product AV of degree —1, which has a unit in degree 1.

(b) The Poincaré duality isomorphism
PD:SH,(OL) = SH" **1(9L)

is a ring homomorphism, where SH,(OL) is endowed with its degree —n pair-of-pants
product p and SH*(OL) is endowed with its degree —1 secondary product A'.

Proof. The proof is up to notation the same as that of Theorem 4.8. Gradings are discussed in
Appendix A. O

Before giving with the proof of Theorem 4.8, it is useful to recall the definition of SH..(9V).
Denote the radial coordinate in the conical part of the symplectic completion V =V U[1, 00) X
OV by r €[1,00). Rabinowitz Floer homology SH.(0V') is defined using the family

H={Hy, : \pcR}

of Hamiltonians on ‘7, equal to 0 on AV, linear in r of slope p on [1,00) x AV, linear in r of
slope A on [1/2,1] x 9V, and constant equal to —A/2 on {r <1/2}. See Figure 3.
Given —oo < a < b < oo we define

(a,b) . (a,b)
SH*(0v)y= lim  FH""(H,,),
HU—+00, A—>—00
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37/4

€T

—€T

FIGURE 4. Hamiltonian profile h_,/ ; . . for Poincaré duality.

and further

SH.(OV)= lim lim SH®Y(@V),

b—00 a—>—00

Proof of Theorem 4.8. Let 1 be the completion of V, with a canonical embedding of the
symplectization (0,00) x 9V C V. Under this embedding the level {1} x 9V is canonically iden-
tified with OV, and the restriction of this embedding to (0, 1] x 9V takes values in V. Denote
Vs =V \ (9, 00) x 9V for 6 > 0.

Key to the proof is the following construction. Given 7 > 0 define the function ¢_ : (0, 00) —
R constant equal to 37/4 on the interval (0,%] and linear of slope —7 on [{,00), so that
¢_(1) =0. Fix now parameters 7/ >7 >0 and 0 <e < 1. (In the constructions that follow the
parameter 7/ will eventually be chosen very close to 7.) Let € =¢(r' —7)/(7' +7), so that
0 < ¢ <e. Consider the continuous piecewise linear function h="h_.s ;. : (0, 00) = R defined

by the following conditions:

— h coincides with ¢_, on (0,1 — €l;

— h is linear of slope —7’ on the interval [1 —¢, 1 — €'];
— h is linear of slope 7 on the interval [1 — €', 1];

~ h(1)=0;

— h coincides with ¢_, on the interval [1, c0).

We call h=h_;/ + o the (—7',7T,€,€)-dent on the function {_.. See Figure 4. Let h be a
smoothing of h with the following properties:

1
4

[1 —¢,1], the function h coincides with h. In particular, h is constant equal to 37/4 for
r<1—46 and is linear of slope —7 for r€[3+68,1—€—¢] and r>1+§ for some small
6> 0;

— inside the neighbourhood of the closed intervalll — €, 1], and outside small neighbourhoods

ofr=1—¢ r=1—¢, and r =1, the function h is linear of negative slope —7{ smaller but
close to —7’/, then linear of positive slope 7, larger but close to ;

— outside a small neighbourhood of r =3 and a small neighbourhood of the closed interval
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— inside the neighbourhood of r = i where its derivative lies in (—7, 0), the function h is strictly
concave;

— inside the neighbourhood of r =1 — € where its derivative lies in (—7{, —7), the function h
is strictly concave;

— in a neighbourhood of r =1 —¢€ the function h is constant equal to —€/T on some open
interval, and is strictly convex as its slope varies in (—77,0) and (0, 71);

— in a neighbourhood of » =1 the function h is constant equal to 0 on some open interval, and
is strictly concave as its slope varies in (0, 71) and (—7,0).

A function h as above can be interpreted as a Hamiltonian H:V >R by extending it as
constant equal to 37/4 over V' \ (0, 00) x V.

Assume now that 7 does not belong to the action spectrum of V. Since the latter is a closed
set in R, we can choose the other parameters 7/, 71, 71 such that 7 < 7 < 7/ < 7{ and such that the
whole interval [, 7{] does not intersect the spectrum. (In our later proof of Proposition 5.12 we
will have to diminish even further the parameter 7{ > 7.) The parameter € is chosen arbitrarily,
while the parameter € is determined by €, 7, and 7/, and is typically much smaller than e. The
1-periodic orbits of H fall then into three groups.

— Group I consists of constants in V% and nonconstant orbits in the concavity region near
r=1

— Group II consists of orbits located in a neighbourhood of r =1 — €, and these are themselves
of three types: constants on the trivial cobordism which constitutes the minimal level (type
11°), nonconstant orbits in the convexity region near its negative boundary (type II7),
nonconstant orbits in the convexity region near its positive boundary (type II™).

— Group III consists of orbits located in a neighbourhood of =1, and these are again of
three types: constants on the trivial cobordism which constitutes the maximal level (type
IIIO), nonconstant orbits in the concavity region of positive slope near its negative boundary
(type III7), nonconstant orbits in the concavity region of negative slope near its positive

boundary (type IIIT).

Let H = H, be a C?-small perturbation of H , time-dependent and supported near the non-
constant periodic orbits in the concavity or convexity regions, time-independent Morse in the flat
regions, and such that in each flat region the gradient of the Morse perturbation is pointing out-
wards along the boundary if the latter is adjacent to a convexity region, and is pointing inwards
along the boundary if the latter is adjacent to a concavity region. The orbits of H naturally fall
into classes I, II, and III as above, and their action is close to the action of the corresponding
orbits of H.

Let (a,b) be a fixed action window with —oo < a <0 < b < 0o, and assume 7 is large enough
so that —37/4 < a. Then the action of all orbits in group I lies below the action window (a, b).
Denote by

(Can, ) := FC\™Y (H)
the Floer complex in the action window (a, b). Note that, up to canonical chain homotopy equiv-

alence, this complex does not depend on H = H,, as long as 7 > max{4|a|/3, b}. The generators
of Cy are orbits of types II and III, and we can write
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where C' 1 is the submodule generated by orbits of type 111, and C+b is the submodule generated
by orblts of type 1L

It follows from [CO18, Lemmas 2.2, 2.3, and 2.5] that C, is a subcomplex if the size of the
perturbation H — H is small enough. In particular we can think of Cy ; as the cone C(f), where
f:CH, — C,[—1] is the part of the differential which maps elements of C;/, to elements of C,

The Hamiltonian H is homotopic by a monotone homotopy supportéd in an open neigh—
bourhood of the region {1 —e<r <1} to the Hamiltonian L = L, which coincides with H in
an open neighbourhood of Vi and which is linear of slope —7 outside that neighbourhood. This

homotopy defines a chain map FC’ia’b)(H) — Fol™?) (L)=0.
Choose now € > 0 small enough so that the Hamiltonians H and L are C%-close. By [CO18,
Lemma 7.2], the reverse homotopy from L to H then induces a chain map 0 :FCZEa’b)(L) —

F C’,Ea’b) (H) which is a homotopy inverse for the previous map. The homotopy of homotopies
between the composition of these two homotopies and the constant homotopy for H induces a
chain homotopy

K: Ca,b — Ca,b[“v

such that

lde, , = 1[0, K].
It follows from the discussion in §4.3 and from the definition of symplectic (co)homology
in [CO18] that the map f: C+b —C [ 1] above induces on homology the Poincaré duality
isomorphism

for SHED(OV) =5 SHIZ;_ (9V)

from symplectic homology to cohomology in truncated action. (This is also a consequence
of [CO24al.) Consider now the pair-of-pants product

Cap ® Cop— FCL T2 (2H),

as in §4.2, where we use a 1-form [ satisfying d8 = 0 with positive weights 1 and negative weight
2. The Hamiltonian 2H is of the type Hs,, C%-close to the corresponding linear Hamiltonian
Lo,. Thus FCiaer’Zb)(QH) can be identified with Cy,p 2, and we obtain a degree —n product

p:Cap @ Copy = Cogp2p-

Note that the target also splits as Cyip,20 = C’;+b72b ® C’a+b op> With C(;,-b,zb a subcomplex, and
in the notation of §4.3 we have

[0,u]=0 and pi~ =pi"=pi" =0,
again as a consequence of [CO18, Lemmas 2.2, 2.3, and 2.5]. Hence, we are in the situation of

§4.3 with C=C, 3 and C= Catb,20- In the notation of that section, it follows that pt = ,ufr
descends to a product on homology

i SHY (0v) @ SHED (9v) 24 st gy,
Moreover, Lemma 4.7 implies:

(a) the primary product = = pu_~ vanishes on homology (cohomology after dual identifica-
tion), i.e.

j =0:SHZ, (V)@ SH, _ (0V) = SH %y, 4y (9V):
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(b) the vanishing of the primary product in two ways gives rise to a secondary product

_ % —% [—n] — %
o SHY(OV) 0 SHE L 0v) L sHE G, L v

(c) the products uf and o, on homology are related via the Poincaré duality isomorphism
f+ and its inverse g, as follows.

+
SH™Y (9V) @ SH™Y (9V) — L gHH02Y) gy

%Tg*@)g* Eif*

SH; =y V)@ SH = (0V)——=SH 7}, , ,(9V)

By construction, the maps in this diagram are compatible with the action filtrations, so for
a<a' and b<1l' the diagram is related to the corresponding diagram for a’,b’ via the action
truncation maps

SHLD(OV) = SHE@OV),  SHIZ; _,\(0V) = SH =S (V).

Passing first to the inverse limit as a — —oo and then to the direct limit as b — 0o, we obtain
a degree —n product pu = u} on SH,(0V) and a degree n — 1 secondary product A7 =0 on
SH*(0V) which are related via the Poincaré duality isomorphism PD = f, as follows.

SH,(0V)® SH,(0V) —E£ SH,(0V)
PD@PDJ/% %J{PD
SH'=*(9V) @ SH'~*(dV) 2> SH'~*(9V))
This concludes the proof of Theorem 4.8. O

4.5 Poincaré duality with coproducts

We keep the set-up of §4.4, with V' a Liouville domain of dimension 2n. The degree —n product
on SH,(0V) can be rephrased as a degree n coproduct on SH*(0V), see §4.2. On the other
hand SH,(0V) carries a coproduct of degree —n determined by counts of rigid pairs-of-pants
in combination with suitable action truncations. We refer to this coproduct as the primary
coproduct on SH,.(OV).

In §§4.5 and 4.6 we work with coefficients in a field, so that the Kiinneth isomorphism holds.
This ensures that chain-level coproducts C'— C'® C, which it a priori induce in homology maps
H(C)— H(C ® (), factor through coproducts H(C) — H(C) ® H(C). All our formulas actually
hold with arbitrary coefficients if the targets of the homological coproducts are set to H(C ® C)
instead of H(C) ® H(C).

THEOREM 4.10. Let V' be a Liouville domain of dimension 2n. Then we have the following.

(a) The primary coproduct on SH,(0V') vanishes. As a consequence, the group SH,(OV)
carries a secondary coproduct X of degree —n + 1 which is coassociative, graded
cocommutative, and counital (if degrees are shifted by n —1).

(b) The Poincaré duality isomorphism
PD:SH,(0V) = SH'~*(dV)

is a homomorphism of coalgebras, where SH,(0V') is endowed with its degree —n + 1
secondary coproduct and SH*(0V') is endowed with its degree n pair-of-pants coproduct.
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Proof of Theorem 4.10. The proof is entirely analogous to that of Theorem 4.8. For finite action
intervals (a,b), it uses the dual version of Lemma 4.7 for coproducts (obtained by applying
Lemma 4.7 to the dual chain complexes), and the Hamiltonian profiles in Figure 4 turned upside
down (i.e. with h replaced by —h). The resulting coproduct in the limit as a — —oo and b — oo
lands in a suitable completed tensor product described in §§5.1-5.2. O

Theorem 4.10 has a Lagrangian counterpart. Given the Liouville domain V', we consider
Maslov 0 exact Lagrangians L CV with boundary such that 0L =LNAdV and L is conical
near OL.

THEOREM 4.11. Let V be a Liouville domain of dimension 2n and L C V' be an exact Lagrangian
as above. Then we have the following.

(a) The primary coproduct on SH,(OL) vanishes. Therefore SH,(OL) carries a secondary
coproduct of degree 1 which is coassociative and counital (if degrees are shifted by —1).

(b) The Poincaré duality isomorphism
PD:SH,(OL) = SH" **1(9L)

is a homomorphism of coalgebras, where SH,(OL) is endowed with its degree 1 secondary
coproduct and SH*(0L) is endowed with its degree n pair-of-pants coproduct.

Proof. The proof is up to notation the same as that of Theorem 4.10. Gradings are discussed in
Appendix A. O

4.6 Relation to ordinary symplectic homology

Recall from [CO18] the pair-of-pants product p on symplectic homology SH, (V') and the sec-
ondary pair-of-pants coproduct A on positive symplectic homology SH_%(V), as well as their

algebraic duals ¢ and AV. The next result relates these to the product p and coproduct X on
SH,(0V) defined above.

THEOREM 4.12 (Relation to ordinary symplectic homology). There exists a commuting diagram
with exact row

(SHZp"(V), A7)
- (SH*(lV), W@v% 0, X) —" (SHI(V), V) —~
(SHZ°(V),A)

in which
— the maps ¢ and i intertwine the products p, p and \V1;
— the maps p and 7 intertwine the coproducts A\, X\ and 7" .

Dualizing the diagram and applying Poincaré duality SH,(0V)= SH'=*(0V) reproduces the
same diagram reflected at its center.
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Proof. By [CO18, Proposition 7.19] there exists a commuting diagram
0=SH=V)—= SH(OV) —£ = SH=, (V,0V) —=0

o

S~ SH,(V)—‘—=SH,(0V)—=— SH,_1(V,0V) —=

C

0—=SH>(V)—L > SH>Y(9V) —= SH>° (V,0V) =0

o

where the rows are exact sequences of the pair (V,9V), and the vertical maps are parts of the
tautological sequences given by action truncation. (Note that the columns are not tautological
sequences and thus not exact.) Setting i =i’k~! and p=7r"1p’, in view of the canonical ring iso-
morphisms SH,_1(V,0V) = SH'~*(V) and SHZ" (V,0V) = SHL;*(V) this yields the desired
commuting diagram. By [CO18, Theorem 10.2], the maps ¢ and i intertwine the respective pair-
of-pants products. By Poincaré duality, which dualizes and reflects the diagram, this implies
that the maps p and 7 intertwine the respective coproducts. O

Remark 4.13. Theorem 4.12 has a Lagrangian counterpart. The statement is entirely analogous
and we omit it.

5. Graded Frobenius algebra structure

In this section we prove that the Poincaré duality isomorphism from §4 intertwines naturally
defined graded Frobenius algebra structures. Up to the discussion of graded open—closed TQFT
structures from §6, this proves Theorems 1.2 and 1.3 from the Introduction. Throughout this
section we use coefficients in a field k.

Given a Liouville domain V of dimension 2n, we denote

SH,(0V) = SH,,,(0V), SH*(0V)=SH*t"(9V),
the shifted Rabinowitz Floer, or symplectic, (co)homology of OV
THEOREM 5.1 (Graded Frobenius algebra structure on symplectic homology). The product
and coproduct X of §4 make SH,(0V) into a commutative cocommutative graded Frobenius
algebra in the sense of Definition 5.7. The dual product AY7 and coproduct Tp" make

SH*(0V) into a commutative cocommutative graded Frobenius algebra. Poincaré duality yields
an isomorphism of such (bi)algebras

PD: (SH,(dV), u, ) — (SH' 2" *(aV), A\V1, 71").

Given the Liouville domain V of dimension 2n, let L CV be a Maslov 0 exact Lagrangian
with boundary such that 9L =L N0V and L is conical near L. We denote

SH..(0L) = SH.,,(0L), SH*(OL)=SH*T"(0L),
the shifted Rabinowitz Floer homology, or symplectic, or wrapped Floer (co)homology of OL.

THEOREM 5.2 (Graded Frobenius algebra structure on symplectic homology, Lagrangian case).
The product p and coproduct A of § 4 make SH,(OL) into a graded Frobenius algebra in the
sense of Definition 5.7. The dual product X1 and coproduct Tp" make SH*(OL) into a graded
Frobenius algebra. Poincaré duality yields an isomorphism of such (bi)algebras

PD: (SH,(OL), p, A) — (SH~""*(L), A1, 711").
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The explanation and proof of these theorems will occupy the remainder of this section. In $5.1
and § 5.2 we recall from [CO24c] the notion of a graded Tate vector space and a graded Frobenius
algebra and state an algebraic version of Poincaré duality. In the sequel subsections we give a
direct definition of the secondary coproduct in symplectic homology and prove the relations of
a graded Frobenius algebra. In the process, we obtain a more direct description of the Poincaré
duality isomorphism in terms of the copairing (Proposition 5.12). The closing subsection wraps
up the ensemble and summarizes the proofs of Theorems 5.1 and 5.2.

5.1 Tate vector spaces [CO24c, CO24b]

We equip the field k with the discrete topology. A linearly topologized wvector space is a
k-vector space A with a Hausdorff topology which is translation invariant and has a basis of
open neighbourhoods of 0 consisting of linear subspaces. Note that an open linear subspace U
is also closed because its set-theoretic complement can be written as a union of translates of U.
Linearly topologized vector spaces form a category Top whose morphisms are continuous linear
maps. The kernel and cokernel of a morphism f: A— B are defined as

ker(f)={ve A| f(v) =0}, coker(f) = B/F(A).

The completion of a linearly topologized vector space A is
A:=lim A/U
veu
where U denotes the collection of open linear subspaces in A. The space A is called complete if
the canonical map A — A is an isomorphism.
A linearly topologized vector space A is called
— discrete if {0} is an open set;
— linearly compact if it is complete and dim(A/U) < oo for each open linear subspace U C A;
— Tate'! if it is complete and admits an open linearly compact subspace.

For example, the vector space k[t~!,]] of Laurent power series, with a basis of neighbour-
hoods of 0 given by t"k[[t]], n € Z, is Tate. Its open subspace k[[t]] is linearly compact, and
its complementary closed subspace t~'k[t7!] is discrete. More generally, a linearly topologized
vector space A is Tate if and only if it is a topological direct sum A= L @& D with L linearly
compact and D discrete. It is finite-dimensional if and only if it is discrete and linearly compact.

The categorical product in Top of a family {V;}icr is the direct product ], V; endowed
with the initial topology with respect to the canonical projections proj; : [[, Vi = V;. As such,
a product of linearly compact vector spaces is linearly compact. The categorical coproduct in
Top of a family {V;};cs is the direct sum @®;V;, endowed with the final topology with respect to
the canonical inclusions incl; : V; — @;V;. As such, the coproduct of discrete spaces is discrete
[CO24b, §2.1].

5.1.1 Duality. For linearly topologized vector spaces A, B we denote by Hom(A, B) the
space of continuous linear maps A — B equipped with the compact-open topology, i.e. the
linear topology whose neighbourhood basis of the origin is given by the linear subspaces
{f €Hom(A, B)| f(L)CV} for L C A linearly compact and V' C B linear open. An important
special case of this is the topological dual AY =Hom(A4, k), whose neighbourhood basis of the

" These spaces were introduced by Lefschetz [Lef42, II] under the name of locally linearly compact vector spaces;
see [CO24b] for further discussion and references.
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origin is given by the linear subspaces
Lt ={ac AV |a|, =0}, LC A linearly compact.

The association A+ AV is functorial: a continuous linear map f: A — B induces a continuous
linear map fV:BY — AV, fVB=po f.

THEOREM 5.3 (Lefschetz—Tate duality [Lef42, (11.28.2-29.1)]).

(a) If A is discrete, then AV is linearly compact.
(b) If A is linearly compact, then AV is discrete.
(c) If A is Tate, then so is AV and the canonical map A — AVV is a topological isomorphism.

For example, @, k is discrete, [], k is linearly compact, and these spaces are topological
duals to each other. See [CO24b, Lemma 4.3(c)] and [CO24c, Remark 2.18]. More generally, the
dual of an arbitrary coproduct is the product of the duals, and the dual of an arbitrary product
is the coproduct of the duals.

5.1.2 Tensor products. Let A, B be linearly topologized vector spaces. Beilinson describes
in [Bei08, §1.1] two topologies on the algebraic tensor product A ® B that are uniquely
characterized by the following universal properties.

— The * topology is the finest linear topology such that the canonical bilinear map A x B —
A ® B is continuous.

— Let B(AY x BY, k) be the space of continuous bilinear maps AY x BY — k, endowed with
the compact-open topology.'? For A and B Tate, the ! topology is the coarsest topology
such that the linear map

A®B— B(AY x BV, k), a®b— ((¢,1)— @(a)v(D)),
is continuous.

We denote A®"B and A®!B the completions of A ® B with respect to the x and ! topologies.
Since the ! topology is coarser than the * topology, the identity map induces a continuous linear
map

A&"B - A&'B.
Given Tate vector spaces A, B we have canonical isomorphisms [EP24, CO24b]
(A®*B)V~AY®' BY, (A®' B)Y~AY®*BY.

A key aspect is that neither A ®* B nor A ®' B need be Tate. Following Esposito and Penkov [EP,
EP24] and [CO24b, §§5.5-6], this ‘monoidal’ duality statement can be understood in terms of
the categories Z of ind-linearly compact vector spaces and P of pro-discrete vector spaces. The
category T is closed under the ®* tensor product, the category P is closed under the ®' tensor
product, and topological duality induces an involutive equivalence Z ~ P that intertwines the
two tensor products. The category Tate of Tate vector spaces is such that T'ate C Z NP. Under
suitable countability conditions on T'ate, Z, and P, this inequality becomes an equality [CO24b,
Proposition 6.5].

12Gee [CO24b, §4.3] for a discussion of spaces of bilinear maps. Note the slight ambiguity in the notation: the
space B(AY x BY, k) depends on each of the factors AY and B", and not just on the product AY x B".
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5.1.3 Graded Tate vector spaces. A (Z-)graded linearly topologized vector space is a direct
sum A =P, , A; of linearly topologized vector spaces. It is a graded Tate vector space if A; is
Tate for each ¢ € Z. The morphism spaces in the category of graded linearly topologized vector
spaces are by definition

Hom(A, B) = @ Homy (A, B), Homg(A,B)= H Hom(A;, Bi+k)-
kEZ i
(The product used in the definition of Homy (A, B) is the usual categorical product in Top.) The
degree of a homogeneous element a € A is denoted |a|. A morphism ¢: A — B is homogeneous
of degree k if |¢(a)| = |a| + k for homogeneous elements a € A. A homogeneous morphism of
degree k is therefore a collection ¢ = (¢;) with ¢; € Hom(A;, B;+). The degree of a homogeneous
morphism ¢ is denoted |¢|.
The dual of a graded linearly topologized vector space is defined to be

A= 4/, A =Hom(A_; k).
€7
The * and ! tensor products of graded linearly topologized vector spaces are the graded linearly
topologized vector spaces

A" B=(A®" B}, (A®"Bi= P A& B,

keZ i+i=k
A9 B=A& By, (A= B= [] 4&'B,.
kez i+j=k

(The product used in the definition of (4 ®' B)y, is again the usual categorical product in Top.)

PROPOSITION 5.4. For graded linearly topologized vector spaces A, B,C we have canonical
isomorphisms

AR*B~B®"A, (AR"B)®"C~A®"(B®"(),
A®'B~B®'A, (A®'B)®'C~Ax' (Bx'C).
Moreover, the identity induces a continuous linear map
A®*(B®' C)—= (A®*B) &' C.
THEOREM 5.5. For graded Tate vector spaces A, B we have canonical isomorphisms
(A*B)Y~AY®'BY, (A& B)"~AY®*BY.
The following result fits Rabinowitz Floer homology into this framework. Here, we view both

homology and cohomology as graded topological vector spaces, i.e. direct sums of their pure
degree components.

THEOREM 5.6 [CO24b]. Rabinowitz Floer homology and cohomology of any Liouville domain
V' are graded Tate vector spaces such that SH*(0V') is the topological dual of SH,(0V'), and
Poincaré duality (see Theorem 4.8) defines an isomorphism of graded Tate vector spaces.

5.2 Graded Frobenius algebras [CO24c]|

Let A=, , A: be a graded Tate vector space. We denote the degree of a homogeneous element
a€ A by |al. A continuous linear map ¢: A — B is homogeneous of degree d if |¢(a)| = |a| +d
for homogeneous elements a € A, and we denote its degree by |¢|. We will use the following
conventions.

3180

https://doi.org/10.1112/S0010437X25102819 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X25102819

POINCARE DUALITY FOR LOOP SPACES

5.2.1 Identity map. The identity map of A is denoted 1: A — A.

5.2.2 Twist. Thetwist7: A® A — A® A defined by 7(a ® b) = (—1)1*I!lb ® a induces maps
A®*A—> A®* Aand A®' A — A®' A still denoted 7.

5.2.3 Product. A morphism p:AR*A— A is called a product. We say that p is
commutative if

pr = (=D,
We say that p is associative if
ppel)=(—nHulop).
An element n € A is called a unit for p if

(—)Hpmel)=1=p(len).

5.2.4 Coproduct. A morphism A: A — A®'A is called a coproduct. We say that X is
cocommutative if

A= (1)
We say that A is coassociative if
A@DA=(—DM (1@ XA
A morphism e: A — k is called a counit for X if
(eoDA=1=(-1)Maoe)A

DEFINITION 5.7. A graded Frobenius algebra is a graded Tate vector space A endowed with a
degree zero product p: A®* A— A, a coproduct A\: A — A®"' A, and elements n€ A, e: A =k
that satisfy the following relations:

— (uNIT) the element 7 is the unit for the product p;

— (COUNIT) the element € is the counit for the coproduct A;
— (ASSOCIATIVITY) the product p is associative;

— (COASSOCIATIVITY) the coproduct A is coassociative.

Moreover, defining the copairing by

c=An,
and the pairing by
p=(-1)ep,
we have:
— (FROBENIUS)
A=(1op)(col)=(pal)(1xc),
and
p=C)Npenier) =(1op)(Ae )
— (SYMMETRY)

re=(—1)e,
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O S R L

FiGURE 5. The Frobenius relations.

DW

and

pT=Dp.

n [CO24c|, a graded Frobenius algebra is also called a biunital coFrobenius bialgebra. In
contrast to [CO24c], we assume in this paper that the product has degree zero (which can
always be achieved by a degree shift). We depict the Frobenius relations in Figure 5, where the
operations have their inputs at the top and their outputs at the bottom.

A graded Frobenius algebra is called commutative and cocommutative if p is commutative
and A is cocommutative.

5.2.5 Duality. Given a homogeneous morphism ¢ : A — B, its dual morphism ¢ : BY —
AV is defined by Vg = (—1)l9ll¥lgo .

Any operation with inputs/outputs in A is equivalent to one with outputs/inputs in AY. To
navigate between these two points of view we use the evaluation and coevaluation maps. We have
a degree 0 continuous bilinear map (-, ) : AY x A — k given by evaluation (f, a) = f(a) [CO24Db,
Proposition 4.12]. This induces a morphism ev: AY ®@* A — k, which we call evaluation. The
dual morphism ev' :k — (AY ®* A)Y =2 A®' AV is called coevaluation. These two maps satisfy
(1@ev)(evV®@1)=14 and (ev® 1)(1®@evY)=14v.

Given a copairing ¢: k — A ®' A we denote

¢:AY > A

the map €= (ev® 1)(1®c), i.e. &(f) = (—D)/llel(f @ 1)e. Given a pairing p: A®* A —k we
denote

p:A—AY

the map p= (p®1)(1®ev"). This is equivalent to ev(p® 1) =p, i.e. p(a)(b) =p(a @ b).
We say that a homogeneous morphism ¢ : A — B intertwines products pg, ppg if

pra = (—1)llRal o2
If this holds and p 4 is unital with unit 4, then gz is unital with unit
np=(=1)*lpn,.
We say that ¢ intertwines coproducts Aa, Ap if
©22Ay = (_1)|90H>\A\)\B(p_
If this holds and Ap is counital with counit €, then A4 is counital with counit
EA=ERP.

With this terminology, we have the following.
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THEOREM 5.8 (Algebraic Poincaré duality [CO24c]). Let (A, u, X\, m, €) be a graded Frobenius
algebra with pairing p and copairing c. Then the maps

p:A—AY, E:AYV = A,
are mutually inverse isomorphisms of graded Frobenius algebras
(A7 K, )\7 mn, E) = (Ava (_1)|>\‘)‘V7-7 (_1)|)“7-“V’ 5\/) (_1)|>\\,’7\/);

i.e. they intertwine the products, they intertwine the coproducts, and they preserve the units
and counits.

Thus Poincaré duality holds automatically on each Frobenius algebra. The following criterion
will be useful.

PROPOSITION 5.9 [CO24c]. Let (A, p, A, ) with ¢ = An satisfy the following conditions:

— (UNIT) the element m is the unit for the degree zero product p;
— (ASSOCIATIVITY) the product p is associative;
— (UNITAL COFROBENIUS)

A=(1op)(col)=(pal)(1xc);
— (SYMMETRY)
TC= (—1)|)“c;
— (1SOMORPHISM) the induced map é: AY — A is an isomorphism.

Then e = (—1)*nVé™" makes (A, u, A, n, €) a graded Frobenius algebra.

5.3 Product and unit on SH,(3V)

To prove Theorems 5.1 and 5.2, we will construct a product g with unit  and a coproduct A
on SH,(0V) and verify the relations in Proposition 5.9.

The product p is induced by the usual pair-of-pants product, and 7 is induced by the count of
spheres with one negative puncture of weight 1. It is well known that p is commutative and asso-
ciative with unit 1. By [CO24b] the product defines a morphism p: SH,(0V) ®@* SH,.(0V) —
SH,.(0V).

5.4 The primary coproduct on SH,(0V') vanishes
We give in this subsection a second proof of the vanishing of the primary coproduct on SH,(9V)
from Theorem 4.10. This is useful for the direct definition of the secondary coproduct which we
give in §5.5.

Let H=H) , with A<0<p as in §4.4 and a <b. The genus zero Riemann surface > with
1 positive puncture, 2 negative punctures, and fixed cylindrical ends at the punctures, together
with the choice of a non-positive 1-form with weights (1;2,2) at the punctures in the sense
of §4.2, defines a degree —n primary coproduct

APHmay . po(H) — FCL.(2H) @ FC.(2H).

Since the sum of Hamiltonian actions at the output is less than or equal to the action at the
input, it acts with respect to the action filtrations as

APrimary . po<ae(rry o FCEY?(2H) @ FC,(2H) + FC,(2H) @ FC=*(2H),
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and
Apimay s pOSb(H) — Y FCS™(2H) ® FCS*2(2H).
b14ba=b
Combining these for a < b, we get
aprimary . polO gy - N PO 2H) @ FO (2m).
b1+ba=b
Passing to homology and in the limit over H we obtain the degree —n primary coproduct
APy g @yy 3T SHYP (V) @ SHPM (9v).
b1+ba=b
PRrOPOSITION 5.10. The primary coproduct
Ay oD@y ST SHP (V) @ SHY M) (9V)
bi4ba=b

vanishes for all a <b.
Proof. Given H = H} ;, we denote L = H) ). The homology coproduct

APy pE 0 () N FHS 2H) @ FHM (20)
b14ba=b
does not depend on the choice of non-positive 1-form on the Riemann surface Y. In particular,
the latter can be chosen as follows: it has weights (1; —1,2) away from a neighbourhood of
—oo in the cylindrical end at the first negative puncture, it has weight —1 on a long neck in
that cylindrical end, and it has weight 2 at —oo in that cylindrical end. As such, we obtain a
factorization

Aprimary _ (C ® 1))\1
where at chain level

N:FOUD(H) Y PO (—H) 0 O (2H)
b1+ba=b

is a primary coproduct and c: FCia/Q’bl)(—H) — FC£G/2’b1)(2H) is a continuation map. Let us
now choose the parameters A and p such that —u <A <0< p. We then have —H =H_, _, <
L=H))<H=H),,, and therefore the continuation map c factors as FC,Ea/z’bl)(—H) —
FC£G/2’b1)(L) — FC£Q/2’b1)(2H). Since FC’ia/Q’bl)(L) =0 for A < a, we obtain ¢ =0 in this range.
Passing to homology and the limit over H = H} , as A — —oo and p — oo thus yields the desired
vanishing result. O

5.5 Secondary coproduct on SH,(9V)

We give in this subsection a direct definition of the degree —n + 1 secondary coproduct A on
SH,(0V). It follows from [CO24a] that this is dual to the degree n — 1 secondary product on
Rabinowitz Floer cohomology from Theorem 4.8.

The vanishing of AP"™8Y was proved above by factoring out a continuation map at the first
negative puncture. The same argument could have been carried at the second negative puncture.
The secondary coproduct A is obtained by interpolating between these two constructions.

Consider again the genus 0 Riemann surface 3 with 1 positive puncture, 2 negative punctures
and fixed cylindrical ends at the punctures, with coordinates z = s+ it, t € S1, s € (—o0, 0] at
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FIGURE 6 (colour online). Definition of the coproduct with broken homotopies at the endpoints.

the negative punctures. We pick a smooth 1-parameter family of Floer data H,, 3,, 7 € (0, 1),
on ¥ as follows (see Figure 6).

Outside the negative cylindrical ends H. = H as in the previous subsection, and the 1-forms
B, € QL(X) satisfy dB, =0 and are equal to dt on the positive cylindrical end, and to f(7)dt
respectively (1 — f(7))dt near the negative boundaries. Here, f:[0,1] —[—1,2] is a smooth
function which equals —1 on [0, 0] and 2 on [1 — 4, 1], for some § > 0.

On the first negative cylindrical end (—oo,0] x S we write H, 3, = H sdt for a family H,
of s-dependent Hamiltonians with 0H, ;/0s <0 and the following properties:

— H, ; is equal to f(7)H near s =0, and to 2H for s < —R(7);
~ H.s=Lfort€l0,d] and s € [—R(7) + 1, —1].

Here, R:(0,1] —[0,00) is a nonincreasing smooth function with R(1)=0, R(d)=3, and
lim,_,o R(7) = oc.

On the second negative cylindrical end (—oo,0] x ST we write H.3, = H, cdt for a family
H. s of s-dependent Hamiltonians with 0H, ;/0s <0 and the following properties:

— H, ;is equal to (1 — f(7))H near s =0, and to 2H for s <—R(1 —7);
-~ H,s=Lforte[l-¢,1] and se [-R(1—7)+1,—1].

Note that at 7 =0 the Riemann surface 3 degenerates into a nodal Riemann surface consist-
ing of a 3-punctured sphere with asymptotics (H; —H,2H), and a chain of two cylinders with
asymptotics (—H; L) and (L; 2H) attached at the first negative puncture. A similar degeneration
occurs at 7 =1 at the second negative puncture, see Figure 6.

By construction, the Floer data H, 3, satisfy conditions (i) and (ii) in §4.2. So the moduli
spaces of pairs (7, u), with 7€ [0,1] and u: 3 — V solving (du — Xp. ® dB3,)%! =0 with given
asymptotics, are compact up to Floer breaking. The signed count of zero-dimensional such moduli
spaces therefore defines a degree —n + 1 map

\:FC,(H)— FC.(2H)%®?

where the +1 in the degree comes from the parameter 7. As in the case of AP"™Y for q <b
action considerations yield

X FOU(H)— S FOPM 2H) @ FCY 2m).
b1+ba=b

Again, the key point now is that for fixed parameters a < b we have FCia/Q’b) (L) =0 if the slope
of L satisfies A < a. Since the contributions to A at 7=0,1 factor through FCia/Zb)(L), this
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FIGURE 7 (colour online). The Hamiltonians S and 7.

implies that A is a chain map. Passing to homology and in the limit over H we obtain

X SHD@V) = ST SHPM (0v) @ SHYP (9v).
b1+b2=b

By [CO24b, Theorem 8.1], passing to the direct limit over b — oo and then to the inverse limit
over a — —oo we obtain the degree —n + 1 secondary coproduct as a morphism

A:SH.(OV)— SH.(0V) @ SH.(3V).

Standard arguments show that this coproduct is canonical, i.e. it does not depend on the
various choices involved in the construction. It follows directly from the definition that X is
cocommutative on SH, (V).

5.6 The unital coFrobenius relation
Let p, A, n be the operations on SH, (0V') constructed in the preceding subsections and define
c=An. A standard neck-stretching argument shows that ¢ is induced by counting configu-

rations as in Figure 6 without the positive puncture. This directly implies the (SYMMETRY)
re=(—1)*le.

PROPOSITION 5.11. The operations p and ¢ on SH,(0V') satisfy the (UNITAL COFROBENIUS)
relation

A=1epu)(cal)=(pe1)(1xc).

Proof. For A <0< p and |A| < p recall the Hamiltonians H = Hy , and L= H} ) from above,
which satisfy —H <L < H. Consider the new Hamiltonians S=H_», and T'= Hjy) _, in
Figure 7. Recalling the notation Vs, § >0 from the beginning of the proof of Theorem 4.8,
their explicit description is the following: the Hamiltonian S is constant equal to A/2 on V% , it
is linear of slope —A on V' \ V1 and it is linear of slope 2 outside of V; the Hamiltonian T is
constant equal to A on V1 it 1s linear of slope 2\ on V'\ V1 and it is linear of slope —u outside
V. They have the followmg properties:

(i) H=S+T and —H < S,T <2H;
(ii) the count of Floer spheres with one positive puncture at H and two negative punctures
at S and T is well defined;
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FIGURE 9 (colour online). Vanishing of the lower side.

(iii) for fixed —oco < a < b< 0o and u, —A sufficiently large, S and T" have no 1-periodic orbits
with action in [a, b]; the same holds for (1 —7)S — 7L and (1 —7)T + 7L with 7 € [0, 1].

Consider now the moduli space of punctured Floer spheres shown in Figure 8. Here, the upper
right side describes —A and the upper left side the composition (1 ® p)(ec ® 1). The lower side is
described in Figure 9. Here, (going from left to right) the first deformation linearly interpolates
between —L and S, the second one glues the puncture at —H , the third one splits off the puncture
at T', the fourth one glues the puncture at .S, the fifth one splits off the puncture at —H, and the
sixth one linearly interpolates between T" and L. In view of properties (1) and (2) above all the
corresponding counts are well defined. For a finite action window (a,b) and p, —\ sufficiently
large, all these counts vanish by property (3) because we always have at least one puncture
at S, T, (1—71)S—71L,or (1—7)T+ 7L with 7 €0, 1]. We extend the configurations over the
interior of the triangle in Figure 8 by first gluing everything in a small tubular neighbourhood
of the boundary, and then convexly interpolating the forms on the disc (all having H as input
and 2H as output). This proves the first equality of the (UNITAL COFROBENIUS) relation in a
fixed finite action window, and by taking inverse and direct limits it follows on SHL (OV).

The second equality can be proved analogously. Alternatively, it can be formally deduced
from the first one by verifying the identity

TA=(ur®1)(1®7c)
and applying the symmetries

A= ()R, re=(-1)Ple, pr=(-1)Hpu. -
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F1GURE 10. The map ¢.

5.7 The copairing is the inverse of the Poincaré duality isomorphism

Let ¢=An be as in the preceding subsection and recall the notation é=(ev® 1)(1® c¢). We
shall sometimes refer to € as being the secondary continuation map. See [CO22] for a related
discussion.

PROPOSITION 5.12. The map —¢é:SH'™*(0V)— SH,(0V) is the inverse of the Poincaré
duality isomorphism in Theorem 4.8.

Proof. Let H = H) , be a V-shaped Hamiltonian as in Figure 3 and L = H) ) the corresponding
linear Hamiltonian. By construction, the map € counts cylinders in the 1-parametric moduli
space shown in Figure 10.

As in the proof of Theorem 4.8, we fix a finite action window (a,b) and consider for 7> 0
the dented Hamiltonian in Figure 4, redrawn in Figure 11. Let us denote this Hamiltonian
by Z. Recall that its Floer chain complex in the action window (a, b) has the form

FC@Y () =C—aCt, 0,;= (80_ aﬁ)

where C~ and C'T are generated by orbit groups III and II, respectively, and f:CT — C~ is a
map of degree —1.

Let K be the Hamiltonian which agrees with Z to the left of orbit group III and with H
to its right, see Figure 11. Monotone homotopies Z ~» L ~~ H and Z ~» K ~~ H give rise to a
diagram of chain maps

FC@Y(K)

T

FC(@b) (7) FC@b) (H)

\/

FC@b (L)
which commutes up to a degree 1 chain homotopy
D : (FC@Y(Z),07) = (FC@Y (H), o).
This means that

og®+ ®oy =F, — Fy
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FIGURE 11 (colour online). The Hamiltonians H, L, Z, K.

for the compositions
Fy: FC@b (2) = FO@Y (L) - FC@Y (H),
Fy:FC@Y(72) - FO@Y(K) = FO@Y (H).

Writing @ = (®~, ®F) and F; = (F, , F;") with respect to the splitting FC(*?(Z)=C~ @ C*,
the relation reads
opd®t + 079t + o f=F" - F},
{ Ogd +® 9" =F — Fy .
The following three observations describe the chain maps Fii.

(1) We have Ff =0 because the map Fy factors through FC(*? (L) = {0}.

(2) We have F; =0. To see this, we show that the continuation map C~ — FC(*Y(K)
vanishes. Consider an s-dependent Hamiltonian Hg which agrees with K near —oco and with
Z mnear +oo and satisfies s Hs; < 0. Suppose that there exists a Floer cylinder u for Hy with
asymptotic orbits x4 = (r4,7y4) in group III and z_ in group II. If +, is not constant, then,
since Z is concave near orbit group III, u attains r-values > ry by [CO18, Lemma 2.3]. This is a
contradiction to [CO18, Lemma 2.2], which is applicable because in orbit group III the slope of
hs, and therefore also the action Ay (r) at fixed r, decreases in s. If ; is constant, then, since

Z is concave near orbit group III, the same argument applies using [CO18, Lemma 2.5].
(3) The map

Ff.ct — FC@Y(K) — FC@Y(H)
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is the identity under the canonical identifications of the chain complexes for a suitable choice of
the homotopies. This is proved by analyzing separately each of these continuation maps. As we
now explain, we only deform the Hamiltonians and keep the almost complex structure constant.

— The first continuation map Ct — FC(*Y(K) can be chosen to be determined by a mono-
tone homotopy Z ~» K that is constant to the left of orbit group III. The almost complex
structure is kept constant along the homotopy. By [CO18, Lemma 2.2], the Floer continu-
ation cylinders relevant for this continuation map must be entirely contained in the region
where the homotopy Z ~~ K is constant, and they must therefore be constant. Since con-
stant cylinders are regular for a constant almost complex structure, this continuation map
is the identity.

— For the second continuation map, we keep the almost complex structure constant along the
homotopy and we choose the slope 7/ very close to 7. Then K and H are C?-close, and the
following hold:

e the generators of F'C(K) and FC(H) are canonically identified;

e the continuation map induced by a generic C?-small homotopy from K to H induces the

canonical identification between FC(K) and FC(H).

This is a consequence of the continuity and persistence, under C'-small perturbations, of
the zeroes of a transverse index 0 proper Fredholm section of a Banach bundle. For the first
statement, the fixed points of a Hamiltonian diffeomorphism are intersections of its graph
with the diagonal, and these can be seen locally as zeroes of an index 0 section of the normal
bundle to the diagonal. For the second statement, the continuation Floer trajectories that
connect two orbits with index difference 0 are the zeroes of the index 0 section given by the
Cauchy—Riemann equation defined on a suitable space of maps.

As a consequence of these observations, the second relation above says that &~ is a chain
map and the first relation becomes dy®+ + ®T0T + &~ f =1, so on homology the composition
in the upper row of

H.(CF I H_ () — 2 FHEY ()
SH (V) L2 SHI 7 (0V) —S= SH (V)

is the identity. Commutativity of the first square follows from the definition of the Poincaré
duality isomorphism in the proof of Theorem 4.8. The second square commutes because the
map &~ :C~ — FC@Y (H) interpolates between the factorizations through FC(*Y (L) and
FC(@Y (K). We claim that this interpolation agrees with the definition of the secondary contin-
uation map —¢€ (see Figure 10). To prove the claim, we consider the diagram of chain maps as

follows.
FC@b)(L)
////////7 \\\\\\\&
O~ Cc FCeY(Z) FC@) (H)
4,;4455;5; \\\\\\\\\s 44444444
FC@(—H) 0 FC@b)(K)
\\\\\\\\§ ////////7
FC(@b)(—L)
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The identification FC(®*) (K)= FC(** (H) is the one described above. The image of the map
FC@)(—H) = FC@(Z) is contained in C~ because the corresponding homotopy —H ~» Z
can be chosen to be constant to the right of orbit group II and we can apply [CO18, Lemmas 2.2,
2.3, 2.5]. As a consequence, the upper-right diamond describes —®~. That the chain homotopy for
commutativity of the bottom-left diamond is identically zero follows from the proof of observation
(2) above, since the monotone homotopies in this 1-parametric family differ from the one in (2)
only to the left of orbit group III, which does not affect the argument. The claim follows because
the bottom and top compositions from left to right in the diagram are the endpoints of €.

We obtain (—=é)oPD=1 on SH (a.b) (0V). In the inverse-direct limit we obtain that
(=)o PD=1on SH,(0V), i.e. —€ is the inverse of the isomorphism PD. O

5.8 Proof of Theorems 5.1 and 5.2

Proof of Theorem 5.1. By §5.3, the degree 0 product g on SH,(9V) is commutative and asso-
ciative with unit 5. The degree 1 —2n coproduct A is defined in §5.5. By construction, A is
cocommutative and the associated copairing ¢ = An is symmetric. By Proposition 5.11 the
(UNITAL COFROBENTUS) relation holds, and by Proposition 5.12 the map —¢: SH!=2"~*(9V) —
SH.,.(0V) is the inverse of the Poincaré duality isomorphism. Thus (u, A, n7) satisfies the condi-
tions in Proposition 5.9 and it follows that e = —n¥é ' makes (SHL.(OV), p, A, m, €) a graded
Frobenius algebra. Finally, it follows from Theorem 5.8 that —¢ and its inverse —p= PD
intertwine the graded Frobenius algebra structures on SH, (0V) and SH~*(9V). O

Proof of Theorem 5.2. The proof is up to notation the same as that of Theorem 5.1, using the
gradings in Appendix A. Note that commutativity of p and cocommutativity of A need not
hold in this case, but symmetry of c is still satisfied because ¢ is counting disks with only two
boundary punctures. O

6. Graded open——closed TQFT structure

In this section we show that the graded Frobenius algebra structure on V-shaped symplectic
homology and its Lagrangian counterpart from §5 fit together to a graded version of a two-
dimensional open—closed TQFT. Throughout this section we use coefficients in a field k.

6.1 Two-dimensional open—closed TQFTs

We begin by recalling the description of a two-dimensional open—closed TQFT in terms of
generators and relations from Lauda and Pfeiffer [LP08]. It associates with the circle a finite-
dimensional k-vector space C' and to the closed interval a finite dimensional k-vector space A.
Its generators are the following operations (see Figure 12):

— the product p:C ® C'— C and the unit n,:k — C;

— the coproduct A¢ : C'— C ® C and the counit e : C' — k;
— the product p4: A® A — A and the unit 9, :k — A;

— the coproduct Ay : A— A® A and the counit €4 : A — k;
— the zipper (or closed—open map) ¢ :C — A;

— the cozipper (or open—closed map) ¢*: A— C.

These satisfy the following relations (in our terminology):

(i) (C, pe,me, Ac, €c) is a commutative and cocommutative Frobenius algebra,;
(ii) (A, pa, M4, A4, €4) is a Frobenius algebra;
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FIGURE 12. The generators of an open—closed TQFT.

(iii) the zipper is an algebra homomorphism

paC®C)=Cre, CNe="n4;
(iv) the zipper lands in the center of p 4

PA(C® 1) =ps7(C@1);

(v) the cozipper is dual to the zipper via the copairings cc = Acn and ¢4 = Aany
(I®¢)ec=(¢" ®1)ea;
(vi) the Cardy condition

¢¢ = HATAA.

In [LPO8] condition (5) is stated as the equivalent condition in Lemma 6.2 below (without
signs), and it is proved that a two-dimensional open—closed TQFT is equivalent to the algebraic
structure defined by these generators and relations.

6.2 Graded open——closed TQFTs

In this subsection we adapt the description of a two-dimensional open—closed TQFT to the
Z-graded setting, also dropping the finite-dimensionality conditions on C' and A. Thus C' and A
are now graded Tate vector spaces.

After shifting degrees, we can and will assume that the products p~ and p 4 have degree 0.
Then relations (1)—(5) determine all the other degrees in terms of the degrees of Ac and A4

lnc|=ncl=Ipal =Inal=1¢|=0,
IAc|=lec|=—lecl, |Aa|l=lcal=—[eal,
IC*[ = [Ac] = [Aal.

Relation (6) yields the additional condition |[¢*| =|Aal, which combined with the previous one
implies that [Ac|=2|A4]| is even. This gives rise to an algebraic structure which recovers the
one of the previous subsection in the case that |A4] is also even.

On degree shifted symplectic homology SH, (0V'), however, the coproduct A¢c has odd degree
1 — 2n, so the Cardy condition makes no sense in its original form. This leads us to the following
definition.

DEFINITION 6.1 (Cf. [CO24c, Definition 6.1]). A graded (two-dimensional) open—closed TQFT
consists of two graded Tate vector spaces C, A and the following morphisms:

— the degree 0 product p: C ®* C' — C and the unit n:k — C;
— the coproduct A¢ : C — C ®' C and the counit e¢ : C — k;

— the degree 0 product g, : A ®* A — A and the unit 94 :k — A;
— the coproduct Ag: A— A®"' A and the counit €4 : A = k;

— the zipper (or closed—open map) ¢ : C' — A;

— the cozipper (or open—closed map) ¢*: A — C.

3192

https://doi.org/10.1112/S0010437X25102819 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X25102819

POINCARE DUALITY FOR LOOP SPACES

-

H

FIGURE 13 (colour online). The zipper and cozipper in symplectic homology.

These are required to satisfy the following signed versions of relations (1)-(6) above:

(i) (C, pe,me, Ac, €c) is a commutative and cocommutative graded Frobenius algebra, called
the closed sector;
(ii) (A, peq,M4,Aa,€4) is a graded Frobenius algebra, called the open sector;

(iii) the zipper is an algebra homomorphism

A(C@C)=Cre, CNc="na;

(iv) the zipper lands in the center of p 4

palC@1)=p (¢ @ 1);

(v) the cozipper is dual to the zipper via the copairings cc = Acn and ¢4 = Aany
(1®)ec=(¢" ®@1)eca;
(vi) the graded Cardy condition
CCr = ()Pl s if [Ag| =2|A4] and dim A < oo,
CC =p mA4=0 if |Ac|#2|A4| and dim A < oo,
¢¢ =0 if |Ac|#2|A4| and dim A = co.

LEMMA 6.2 [CO24c, Lemma 6.6]. Assuming relations (1) and (2), relation (5) is equivalent to
the following relation in terms of the pairings po = (—1)*lecus and py = (—1)Male qpu 4

Pe(l® (") = (~)PMFRelp, (¢ o1).

Consider now a Liouville domain V' of dimension 2n and an exact Lagrangian submanifold
L CV with Legendrian boundary 0L C OV. We define the zipper (or closed—open map) and
cozipper (or open—closed map)

¢:SH, (V) — SH,(OL), ¢*:SH.(AL) — SH,_,(dV)

by counts of discs with one positive interior puncture and one negative boundary puncture,
respectively one positive boundary puncture and one negative interior puncture, as shown in
Figure 13.

THEOREM 6.3 (Graded open—closed TQFT structure on symplectic homology). Let V' be a
Liouville domain of dimension 2n and L C 'V an exact Lagrangian submanifold with Legendrian
boundary OL C 0V. Then the graded Frobenius algebra structures on SH,(0V') and SH..(OL),
together with the maps ¢ and (", fit together into a graded open—closed TQFT structure,
with coproducts of degrees |[A¢|=1—2n and |A 4| =1 — n. The Poincaré duality isomorphisms

intertwine this structure with the corresponding structure on cohomology SH'~2"=*(9V') and
SH!="=*(OL).
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FIGURE 14 (colour online). The zipper is an algebra homomorphism.
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FIGURE 15 (colour online). The zipper lands in the center.

FIGURE 16 (colour online). The cozipper is dual to the zipper.

Proof. Relations (1) and (2) are Theorems 5.1 and 5.2, respectively. The proofs of relations (3)
and (4) are shown in Figures 14 and 15, respectively.

The proof of relation (5) is shown in Figure 16. There we consider a moduli space parametrized
by a hexagon, where the left side corresponds to (¢* ® 1)c4 and the right side to —(1® ¢)cc.
The operations on the other four sides factor through the Hamiltonian L and therefore vanish
because L has no periodic orbits in a given finite action window.

The proof of relation (6) is shown in Figure 17. Since A has odd degree it reads ¢ ¢* =0, and
in addition p47A4 =0 if dim SH,(90L) < co. Now ¢ ¢* =0 follows from the figure because the
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FIGURE 17 (colour online). The graded Cardy condition.

Hamiltonian L has no periodic orbits in a given finite action window. The composition p,47A4
is given by the right-hand picture in the figure with L replaced by H, which vanishes because
we can deform H back to L. O

6.3 Topological open—closed and closed—open maps

Now we specialize to the pair (V, L) = (D*M, D; M), so that we work with Rabinowitz loop
homology H.A = SHL.(S*M) and Rabinowitz based loop homology HO= SHL.(S; M). In this
subsection we identify the closed—open and open—closed maps ¢, (" described above with their
topological counterparts, the topological shriek and pullback/pushforward maps induced by the
inclusion 7:Q < A, denoted i, i* etc. Note that the latter are also well defined at the level of
reduced (co)homology groups.

PropPoOSITION 6.4. With respect to the splittings for H,A and H,) in Theorem 1.5, the following
hold.

(a) The zipper ¢ : H A — H,_,Q restricts to maps H,A — H,_,Q and F_*—H(A) — H=*+1Q
which coincide respectively with the topological shriek map iy and the cohomological
pullback map i*.

(b) The cozipper ¢* : H,Q — H, A restricts to maps H,Q — H, A and H*T1-"Q—+H A
which coincide respectively with the topological pushforward map i, and the cohomolog-
ical shriek map i'.

*+1

Proof of Proposition 6.4. We prove only assertion (a), the proof of (b) being similar. The topo-
logical shriek map iy : Hy(A) — H,_,, () descends to ij: H.(A) — H,_,(2) because the point
class lies in its kernel for degree reasons. It admits the following description in Morse theory
(see [AS12, CHO23]). Consider a smooth Lagrange function L:S! x TM — R which outside a
compact set has the form L(t,q,v) = %MQ — Voo l(t, q) for a smooth potential Vi, : St x M — R.

It induces a smooth action
1
SiA-R g [ Lt
0

which we can assume to be a Morse function whose negative flow with respect to the W12-
gradient V.S, is Morse and Smale.

View Q C A as a codimension n Hilbert submanifold and choose the base point ¢ generic
so that all critical points of S, lie outside ©2. We can further perturb V., so that Sp|q is a
Morse function and the following moduli spaces are cut out transversally. Given a € Crit(Sy)
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and b € Crit(Sp|q) set
M(a;b) =W~ (a) N WT(b)

where W~ (a) is the unstable manifold of a with respect to the flow of —V.S, on A, and W (b) is
the stable manifold of b with respect to the flow of —V(S1|q) on Q. Generically, this is a smooth
manifold of dimension dim M (a,b)=ind(a) — ind(b) — n, where ind(a) and ind(b) denote the
Morse indices of a and b with respect to Sy and Sy |, respectively. This manifold is compact up
to breaking of Morse trajectories, and it is already compact if its dimension is 0. The oriented
count of the elements of the zero-dimensional moduli spaces M(a, b), a € Crit(Sy), b € Crit(Sz|a)
defines the map 1.

The zipper ¢: H, A — H,_,Q can alternatively be described using the usual Hamiltonian
profile for the symplectic homology SH.(T*M), i.e. a Hamiltonian that is constant equal to
zero on D*M and linear of positive slope with respect to the radial coordinate outside D* M.

We use the isomorphism Wy : SH,(D*M) = H,A from [AS12, Abol5]. It is given by a count
of mixed configurations consisting of a disc with boundary on the zero section, one marked point
on the boundary and one positive interior puncture, solving a perturbed Cauchy—Riemann equa-
tion, together with a semi-infinite descending gradient line in A starting at the loop determined
by the restriction of the disc to its boundary.

We also use the isomorphism Vg, : SH*(D;M) = H,_ QY with Q= M, i.e. the Lagrangian
counterpart of Wy defined in [AS12, Abol5]. It is given by a count of mixed configurations
consisting of a disc with three boundary punctures, with one boundary component constrained
to M, the other two boundary components constrained to T;'M, a positive puncture at the
end bordered by the two T, M-components, solving a perturbed Cauchy-Riemann equation,
together with a semi-infinite descending gradient line in () starting at the loop determined by
the restriction of the strip to the boundary component which is constrained to M. Note that
the strip must be asymptotic to g at each of the punctures bordered by M and T,;M, since q
is the unique intersection point of M and T,y M. Recall that in H.A and H,_,{2 we use twisted
coefficients as described in Appendix A.2.

We need to show that the following diagram commutes.

SH,(D*M)—*~ SH.(D: M)

\PA\LZ Z\L\I/Q

H,A " H, ,Q

We prove that both compositions are equal to the map I': SH,.(D*M) — H,_, induced by the
count of moduli spaces consisting of a disc with boundary on the zero section, one marked point
on the boundary and one positive interior puncture, solving a perturbed Cauchy—Riemann equa-
tion, such that the marked point on the boundary is constrained to be equal to g, together with
a semi-infinite descending gradient line in €2 starting at the loop determined by the restriction
of the disc to its boundary.

We first discuss the composition ij o Wy. After gluing, the composition is described by an
obvious moduli space involving (starting at the component which contains the positive puncture)
a disc with boundary constrained to M and with one marked point on the boundary, a finite
length descending gradient line in A whose lowest energy point is a loop based at ¢, and a
semi-infinite descending gradient line in 2. We bring the length of the intermediate cylinder to
zero in a 1-parameter family. This produces a homotopic operation and we observe that at the
zero-length end of the homotopy we recover the map T'.
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FI1GURE 18. The one-dimensional moduli space of discs with one interior puncture and two
boundary punctures.

We now discuss the composition Wq o . After gluing, it is described by the count of mixed
configurations consisting of a disc with one interior positive puncture, two boundary punctures,
one boundary arc constrained to M, the other boundary arc constrained to T;'M, solving a
perturbed Cauchy—Riemann equation, together with a semi-infinite descending gradient line in
Q) starting at the loop determined by the restriction of the disc to the boundary arc which is
constrained to M. Note that the disc must be asymptotic to ¢ at each boundary puncture, since
q is the unique intersection point of M and T,y M. We vary the conformal type of the disc in a 1-
parameter family within its moduli space by bringing the two boundary punctures together and
shrinking the boundary arc labeled T7 M, see Figure 18. This produces a homotopic operation.
We find at the other end of the moduli space a nodal disc with two irreducible components D1
and Do, together with a semi-infinite descending gradient line in €. The irreducible component
D; of the nodal disc contains the interior puncture, it has the node on its boundary, and the
boundary is labeled M. The irreducible component Dy contains the two boundary punctures
and the node, the boundary arcs adjacent to the node are labeled M and the third boundary
arc is labeled T ; M. On both components D; and D5 the resulting curves u; and wug solve a
Cauchy—Riemann equation perturbed by a non-negative 1-form and a Hamiltonian H as in the
definition of symplectic homology which vanishes near M. The maximum principle forces the
curve us to be contained in D* M, where the Hamiltonian vanishes, so that the curve solves a
genuine, unperturbed Cauchy-Riemann equation. Since both M and T; M are exact it follows
that uy is constant, necessarily equal to ¢. (This fact is akin to [Abol5, Ch. 13, Exercise 5.3].)
As a consequence, the node on the boundary of u; is sent to the point ¢ and we find that the
count of such moduli spaces defines the map I'. O

7. Proof of the main theorems on loop spaces

In the preceding sections we have proved our main results in the setting of general Liouville
domains. Their application to string topology is based on variations and refinements of Viterbo’s
isomorphism [Vit96], which we now describe.

In this section, M denotes a closed connected manifold with free loop space A and based
loop space 2. We denote by T*M the unit cotangent bundle with its canonical Liouville form,
and by D*M CT*M the unit disc bundle for some choice of Riemannian metric on M. This is
a Liouville domain with boundary the unit sphere bundle S* M. We use coefficients in a unital
commutative ring R.

The connection between Floer theory and the topology of free loops is provided by the
following theorem, which is the result of a joint effort of many people. Let o be the local
system on loops on T*M determined by the second Stiefel-Whitney class on M, let O =evjo
the pullback to loops on M of the orientation local system © on M, and recall that we denote
H.A = H,(A;O). In the sequel we compute Hamiltonian Floer homology groups with coefficients
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in o, and Lagrangian Floer homology groups with coefficients in X|q. See also the discussion in
the Introduction.

THEOREM 7.1.

(a) (See [Vit96, AS06, AS14, AS10, SWO06, Ritl3, CL09, Kral8, Abol5].) There are
isomorphisms of R-modules

SH,.(D*M)~H,\, SH*(D*M)~H*A.

The first isomorphism intertwines the pair-of-pants product on symplectic homology with
the loop product on loop space homology.

(b) (See [CHO23].) The second isomorphism induces SHZ(D*M)~ H*(A, Ag), an isomor-
phism which intertwines the secondary pair-of-pants product on positive symplectic
cohomology with the loop product on loop space cohomology rel Ag.

The connection between Floer theory and the topology of based loops is provided by the
following theorem, which is the Lagrangian analogue of Theorem 7.1.

THEOREM 7.2.
(a) (See [APS08, AS10, AS14, Abol2].) There are isomorphisms of R-modules
SH.1n(D;M)~H,Q, SH**"(D;M)~H*Q.
The first isomorphism intertwines the pair-of-pants product on wrapped Floer homology
with the Pontrjagin product on based loop homology.
(b) (See [CHO23].) The group SH**"(D}M) carries a secondary product that extends the
one defined on SHZ§™ (D; M) in [CO18], the group H*S) carries a secondary product that

extends the one defined on H*(2, {q}) in [GH09], and the second isomorphism intertwines
these two products.

For both these results we refer to the Appendix A.2 for a discussion of the relevant local
coefficient systems.

Proof of Theorem 1.4. The existence of a graded open—closed TQFT structure on (ﬁ*A, ﬁ*Q),
and the fact that Poincaré duality intertwines it with the corresponding structure on cohomology,
follows directly from Theorem 6.3 applied to L=D;M CV =D*M.

The statement about the closed—open and open—closed maps is a consequence of
Proposition 6.4, which identifies the zipper and cozipper as extensions of the topological shriek
and pushforward maps. That Proposition in turn uses Theorems 7.1 and 7.2. O

Proof of Theorem 2.1. The existence of the double filtrations on H,.A and H*A and their com-
patibility with the products are immediate consequences of the existence of the action filtrations
SH™Y (oV), SH (ab) (0V') on symplectic (co)homology and their compatibility with the pair-
of-pants products, applied to the unit disc cotangent bundle V = D*M. Compatibility with
Poincaré duality follows directly from the proof of Theorem 4.8. Compatibility with the split-
ting provided by Theorem 1.5 follows from compatibility of the isomorphisms SH,(D*M) = H, A
and SH*(D*M )= H*A with the action respectively length filtrations proved in [CHO23]. O

Proof of Theorem 1.5. The theorem is a consequence of combined results from [CO24a, CHO23,
C022]. The existence of splittings is a particular case of results from [CO22, § 7], since cotangent
bundles are Weinstein domains with essential skeleton. That the product on (based) Rabinowitz
loop homology restricts to the homological, respectively cohomological (based) loop product, is
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proved in [CHO23]|. Item (c) is a consequence of the cone description of (based) Rabinowitz loop
homology, see [CO24a, §5]. O

8. Computations for odd-dimensional spheres

In this section we illustrate the algebraic structures of this paper for loop spaces of odd-
dimensional spheres S™. For further details see [CO24c, CHO23]. We use coefficients in a unital
commutative ring R; this is possible even when it comes to coproducts because here the Kiinneth
formula holds with arbitrary coefficients.

The computations that follow illustrate the fact that the structure of a graded Frobenius
algebra is extremely rigid: for odd-dimensional spheres, the product determines uniquely the
counital coproduct up to sign (and the sign is further determined by an additional extension
property). We need to distinguish the cases n >3 and n=1.

8.1 The case of odd n >3
As a ring with respect to the loop product p, the degree shifted loop homology of S™ (which
equals reduced loop homology because x(S™) =0 for n odd) is given by
H,AS" =Ala,u], |ul=n—-1, |a|]=—n.
The loop coproduct was computed in [CHO23] to be

Mau®) = Z au’ ® au’,

The coproduct A has odd degree 1 — 2n, it is coassociative and cocommutative, but it has no
counit. Moreover, a direct computation shows that Sullivan’s relation (1.1) holds in its original
form.

As a ring with respect to u, the degree shifted Rabinowitz loop homology of S™ has been
computed in Example 2.17 to be

HAS" =Ala,u,u™Y], |ul=n—1, |a|=—n.

Here, as in Example 2.17, A is the free graded commutative algebra and u, a are the generators
of the homology. Thus u has degree 0, it is associative, commutative, and unital with unit 7 = 1.
(We write 1 in boldface to distinguish it from the identity map 1.)

We claim that the coproduct A is given by

Xau®) = Z au' @ au?
itj=k—1

A(uF) = Z (au' @u? —u' @ au?).
itj=k—1

Note that this coproduct has odd degree 1 — 2n, it is coassociative, cocommutative, and counital
with counit

1 fork=-1
() =0, elauf)=4 T
0 otherwise.
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Moreover, it extends the coproduct A on H,A, meaning that upon restriction to H,A and then
truncation to H,A ® H,A it is equal to A.

Assuming the claim, let us compute the pairing p and the copairing c¢. The pairing p=—epu
is given by

pu'®@u)=0, plau'®au’)=0,

_ _ , A —1 fori4+j=—1

plav’ @u!) =p(u' @ av’) = OTH_‘? ’
0 otherwise.

The copairing is determined by the relation (1 ® p)(c® 1) =1, giving

c= Z (au' @u! —u' @ au?).
itj=—1

Note that ¢ =A(1) as expected.

To prove the claim we use the fact that the coproduct on ]ﬁhA is counital and extends the
coproduct A on H,A in the above sense. Counitality implies that the counit is nonzero, i.e. it
acts nontrivially on Hj;_5, AS™. This last group is one-dimensional and generated by au~!, and
since the coproduct is defined at chain level over Z, the counit must be equal to +1 on au™!
and zero elsewhere. In other words, the counit must be equal to +&, with & defined above.
The counit +& determines a pairing equal to £p, a copairing equal to +c, and further, via the
unital coFrobenius relation from Proposition 5.9, a coproduct equal to X\, with X as above. The
restriction and truncation to H,A of the coproduct equals +\, so the correct coproduct is A.
This proves the claim. R

One can verify by direct computation that (H,AS™, u, A, n, €) is a graded Frobenius algebra.

Denoting by {(u*)V, (au*)V : k€Z} the basis dual to the basis {u*, au” : k€Z}, the
Poincaré duality isomorphism is given by

—p(u) = (au™"")", —Plau’)= (7).

By Example 2.17, the splitting from Theorem 1.5 can be described explicitly as follows (see
also [CO22, §7])

u2Afa, u]

7 =
B o J
p [

0—— Ala, u) =—> Ala,u, v —=u"'Ala,u'] —0

where all maps are the obvious inclusions or projections and ¢, i, i, j are algebra maps (nonunital
except for ¢). Note that the algebra structure on Elf%f*AS” in the lower right corner and the
map ¢ are uniquely determined by the rest of the diagram, so the splitting is canonical in this
example. This confirms general results from [CHO23, §4].

The preceding discussion carries over to the based loop space 25™ by simply dropping the
variable a, and one easily works out the maps %, and .. of the graded open—closed TQFT structure
from Theorem 1.4 in this example, see [CO24c¢].

The previous technique for computing A allows to recover the coproduct on reduced loop
homology up to a global sign, without any preliminary knowledge of its value on any particular
class. This is to be contrasted to [CHO23], where the computation uses the value of the coproduct
on a set of generators of the reduced loop homology algebra.
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8.2 The case n=1

As a ring with respect to the loop product p, the ordinary loop homology of S! (which equals
the reduced homology) is given by

HL.ASY = Ala, u,u™"], |u|=0, |a|]=—1.

According to the description in [CHO23], the loop coproduct in this case depends on the choice of
a nowhere vanishing vector field on S', and we shall discuss this later in the section in relation to
splittings. Our first goal is to compute the Frobenius algebra structure on H,AS!. To that effect,
we record the fact that the canonically defined coproduct on H, (A, Ag) is given by [CHO23]

Aau®) Sl aut @ aubt, k>0,
au®) = _ ,
— Zi_:lkﬂ au' @ auF~h k<0,
M) = SN aw' @ ub i — wt @ auk ), k>0,
_ Zi_:lk+1(aui @uFTt — v @ auFTY), k<.

Rabinowitz loop homology ]ﬁI*AS s a direct sum as a graded Frobenius algebra (i.e. the product
and coproduct both split)

HAS' = Aoy, ugp,ui' ]| @ Ala,u=' u ], Jug =0, Jaz|=—1.

That the product and the coproduct both split is a consequence of the confinement lemmas
in [CO18]. Here the two summands correspond to the two connected components of the unit
sphere cotangent bundle S*S! = {+1, —1} x S!, and our convention is chosen such that a term
uk has winding number k € Z around the circle. Since both summands are identical under the
transformation w4 — u”!, let us describe one of them, dropping the subscript +. The graded
R-module

Ala, u, u_l]], lu|=0, |a|]=-1

consists of Laurent series
N
Z (oz,;ui + ﬁiaui), g, ﬁz €eR, NeN
1=—00
with product given by the usual multiplication. Thus p has degree 0, it is associative,
commutative, and unital with unit n =1.
We claim that the coproduct is

A(auk) = Z au’ ® au?,
i+j=k
A(uF) = Z (au' @ u! —u' ® au?).
i+j=k
Note the similarity to the coproduct on IFLAS” for n >3 odd, with the difference that the
condition i + j = k — 1 in the sums now becomes i + j = k.'2 The coproduct A has odd degree —1,

13This difference can be understood geometrically as follows. In the case of the circle, the exponent of u* has a
topological interpretation as a winding number around S, and the fact that the sum runs over i + j = k expresses
the fact that the winding number is preserved by the coproduct, which ‘cuts the loops’ at self-intersections. In
the case of spheres of odd dimension n >3 endowed with the round metric, the exponent of u* is rather to be
interpreted as a critical value, and the fact that the sum runs over i + j = k — 1 expresses the fact that the critical
value drops under the coproduct, since self-intersections typically happen along loops that are not great circles.

3201

https://doi.org/10.1112/S0010437X25102819 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X25102819

K. CiELIEBAK, N. HINGSTON AND A. OANCEA

it is coassociative, cocommutative, and counital with counit

1 fork=0
(k) =0, s(au%:{ orE=
0 otherwise.

Also, it extends the coproduct A on H, (A, Ag) in the previous sense.
Towards proving the claim, we compute the copairing

c=X(1)= Z (au' @ u? —u' ® au?),
i+j=0

and the pairing p = —ep given by

pu'®@u)=0, plav'®au’)=0,

plav’ @ u!) =pu' @ au’) = {_1 for Z+‘? =0

0  otherwise.

The claim is a consequence of the following facts: (i) the coproduct on H, A is counital and
extends the coproduct A on H, (A, Ag), and (ii) the copairing is nondegenerate and the total
winding number at its outputs is zero (this last fact is geometric and is specific to the circle).
To prove the claim, denote counit, coproduct, copairing the operations to be determined. We
first show counit = +e, with € defined as above: we apply the relation (counit ® 1)coproduct =1
to the unit, we note that (a) the unit is represented by loops with winding number zero, and
(b) the copairing is given by coproduct(unit) and is nondegenerate, and we deduce that counit
vanishes on all homology classes represented by loops with winding number # 0. Since Iﬁl_lAS 1
is one-dimensional in winding number zero with generator a, and coproduct is defined over Z,
we find that the counit evaluates to +1 on a and zero elsewhere, i.e. counit = te.

From here we conclude as in the case of spheres of odd dimension > 3: the counit +e deter-
mines a coproduct equal to £ with A as above, whose restriction and truncation to H. (A, Ag)
equals +A. Therefore the correct coproduct is A, which proves the claim.

One can verify by direct computation that (HL.AS!, u, A, 7, €) is a graded Frobenius algebra.

Denoting by {(u*)V, (au*)V : k€ Z} the basis dual to the basis {u* au* : k€Z}, the
Poincaré duality isomorphism is given by

') = (™), —Bla’) = (u

We now discuss the relationship with splittings and coproducts on reduced loop homology.
According to [CHO23], the loop coproduct on H,AS! depends on the choice of a nowhere van-
ishing vector field on S*. Up to homotopy there are two such choices v (z) = £1, giving rise to
two coproducts

—i)v‘

S aut @ aut k>0,
>‘+(auk) = 0,1 i ki
_Zi:k+1au ®au 5 ]§<O7
\ () — { Siolow @ut —wt @k, k20,
+ . Zz‘_:lk+1(aui ® wk—t g ® auk—i)’ k<0,
k=1 i k—i
/\,(auk) = 2im1 QU @au . k>0,
i Z?:k; aul ® auk—l7 k S 0,
A (uh) = SNt @ ub Tt —ul @ k), k>0,
- —Z?:k(aui(@uk_i —u' ®@auF?), k<O0.
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The coproduct A+ has odd degree —1, it is coassociative and cocommutative, but it has no counit.
One readily verifies that in this case Sullivan’s relation holds in the generalized form (1.8) with

AL = /\i(l) = :I:(a® 1-1 ®a).
The splitting from Theorem 1.5 reads

ui Al ]

2]
u_Aa_, u_]]
/ J
(wwi_A[a_;'_,U_i_,U_T_l” 3
Ala,u,u™ ] =——— @ H-1=*AS1

L s

Ala_,u=" u_]]

— )

where i is the obvious inclusion (which is a nonunital algebra map), 7 is the obvious projection,
and ¢ is the unital algebra map sending u* to uﬁ +u* and au® to a+u’i +a_u” . This follows
from the fact that the powers of u and u4 correspond to the winding number around the circle
and are therefore preserved under all maps, and ¢ is the inclusion of the negative action part.
The image of i must be a subalgebra complementary to the image of ¢, so it must be gener-
ated by the image of ¢ and two elements avray +a_a_, f41. 4+ S_1_ with ay #a_, B4 #[_.
A short computation shows that this is only possible if one of a4 is zero and one of S is zero,
so im ¢ must be the direct sum of im ¢ and one of the four subspaces

span{l;,a+}, span{li,a_}, span{l_,ay}, span{l_,a_}.

So, algebraically, there are four possible splitting maps 4, each of which induces a product on
H~1=*AS? extending the cohomology product on H~'=*(AS?, ApS?). Geometrically, only the
first and last of the four possibilities are realized by choices of nowhere vanishing vector fields
on S!, corresponding to the loop coproducts A+ above.

Again, the discussion carries over to the based loop space QS* by dropping the variable a
and one easily works out the graded open—closed TQFT structure, see [CO24c].

Appendix A. Grading and local systems

A.1 Grading conventions

Rabinowitz loop homology H.A is graded by the Conley—Zehnder indices of 1-periodic orbits
of Hamiltonians involved in the definition of symplectic homology. These indices are defined
using the canonical trivializations of the tangent bundle of T*M along loops defined in [Abol5],
with degrees shifted down by 1 along loops which are orientation reversing (i.e. along which the
pullback bundle T'M is nonorientable). With this grading the maps € and ¢ in (1.3) are degree
preserving. Similarly, based Rabinowitz loop homology H,(} is graded by the Conley—Zehnder
indices of Hamiltonian chords. We refer to [EO17, §4.1] and references therein for more details.

A.2 Local systems

All the results on loop space homology in this paper hold for any closed connected (not neces-
sarily orientable) manifold M. For this, we use loop space homology with coefficients twisted by
suitable local systems described in [Abol5], see also [CHO23, Appendix A]. Denote ev: A — M
the evaluation map at the starting point of a loop and © the orientation local system on M.
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The loop space A carries two canonical local systems: the orientation local system O =ev*o
on components of orientation preserving loops (which is trivial if and only if M is orientable),
and the Spin local system o (which is trivial if and only if the second Stiefel-Whitney class of
M vanishes). Then all results on closed loops in this paper hold in the following two situations
(with corresponding twists in cohomology):

(i) H.A is twisted by 0 ® O and SH.(D*M) is untwisted;

(ii) H.A is twisted by © and SH,.(D*M) is twisted by o~ .
Similarly, the results on based loops hold in the following situations:

(i) wrapped Floer homology is untwisted and based loop homology is twisted by o|q, the

restriction of the Spin local system to 2;

(ii) wrapped Floer homology is twisted by ol 1 and based loop homology is untwisted.

Appendix B. Proof of Proposition 2.24

We keep the notation from §2.7. The proof uses the Long index for paths P:[0,1] — Sp(2NV)
which do not necessarily start at the identity, cf. [Lon02, Definition 6.2.9]. We denote it

ZL(P) € 7.

The Long index is defined from the Bott—-Long index by attaching to P an arbitrary path &
starting at Id and ending at P(0) and setting iy (P) =14({#P) — i(§). Among the properties of
the Long index we will use additivity under concatenations, vanishing on paths for which the
nullity is constant along the path, and homotopy invariance with fixed endpoints. Taking into
account that i(P =1d) = — N, we see that the Long index and the Bott-Long index for paths P
which start at the identity are related by the equation

ir(P)=1i(P)+ N.
In particular, Equation (2.7) for paths starting at the identity is equivalent to

ir(P) = —iL(P) — v(P) +2N. (B1)

To prove (B1) we use a method from [CFO10, Lemma 2.3]. Denote P_(t)= P(1 —t), so that
P=P_P(1)~'. We start from the relation P_P~'=1Id. Given two paths Q, R starting at
the identity, their product QR:t+— Q(t)R(t) is homotopic to the concatenation Q#Q(1)R.
As a particular case, the path p_p! :PP(l)P:1 is homotopic to the concatenation of
P_P(1)~'=P and P(1)P(1)P~* = P~*. From i (Id) = 0 we therefore obtain
ir(P)=—ip(P~1).

Since the concatenation P# P_ is homotopic with fixed endpoints to Id, we get i, (P-) = —ip(P).
On the other hand, we prove below that

iL(R™1) =iz (R) — v(R(1)) + v(R(0)) (B2)
for any path R:[0,1] — Sp(2N). Then (B1) follows
iL(P) = —ir(P)
= —(=ir(P-) —v(P-(1)) + v(P-(0)))
= —(i(P) = v(P(0)) + v(P(1)))
— i (P) — v(P) +2N.
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Equation (B2) follows directly from the definition of the Long index i, and the equation
i(R™') = —i(R) — v(R) (B3)

for paths R: [0, 1] = Sp(2N) with R(0)=1d.

We are thus left to prove (B3). Denote P*(2N)={R:[0,1] — Sp(2N) : R(0) =1d,
det(R(1) —Id) #0}. We first observe that (B3) holds for paths R &€ P*(2N): the Bott-Long
index i(R) is equal to the Conley—Zehnder index on P*(2N) [Lon02, Definition 5.2.7], and the
definition of the Conley—Zehnder index in terms of the canonical extension p:Sp(2N)— U(1)
of the determinant function det:U(N)— U(1) from [SZ92, Theorem 3.1] implies the equal-
ity i(R™1') = —i(R) for all paths R € P*(2N) since p(A~1) = p(A) for every A € Sp(2N). Since
v(R) =0 for any path R € P*(2N), this proves (B3).

To prove (B3) for arbitrary paths we use the following minimizing characterization of
the Bott—Long index, which combines Theorem 5.4.1, Definition 5.4.2, Corollary 6.1.9 and
Definition 6.1.10 from [Lon02]

i(R)= sup inf{i(B): BeUNP*(2N)}
UEN(R)
= Ueljr\lff(R) sup{i(B) : BeUNP*(2N)} —v(R).

Here, N'(R) is the set of neighbourhoods of R in the space of paths [0, 1] — Sp(2NN) starting at
Id. We obtain

(R~ = sup inf{i(B): BEUNP*(2N)}
UeN(R-1)

= sup inf{i(B™'): B€UNP*(2N)}
UeN(R)

= sup inf{—i(B): BeUNP*(2N)}
UeN(R)

—_  inf /(B) : B€UNP*(2N
Ueljr\lf(R)sup{Z( ) (2N)}

=—i(R) —v(R).
The third equality makes use of (B3) for paths in P*(2N).

Appendix C. Proof of Theorem 2.27

The proof of Theorem 2.27 uses the following lemma. Given a closed geodesic ¢ of length L,
index A, and nullity v, we denote

H,(c)=lim H (ANU,A<ENU), H*(c)=lim H*(ANU,A<FN0)
UDc UDc

where U is an open set in A containing the point c € A.

LEMMA C.1. The condition H*(Sc) # 0 in Theorem 2.27(a3) is equivalent to Hy(c) #0. The
condition Hyy,+1(Sc) #0 in Theorem 2.27(b3) is equivalent to Hy,(c) #0.

Proof. The groups H,(c) and H*(c) have the following properties: (i) They are supported in
degrees {\,..., A+ v} [GM69]. (ii) They are isomorphic with rational coefficients to the S1-
equivariant (co)homology groups H, (c) ~ HS' (Sc), H*(c) ~ H $1(Sc). This holds because ¢ has
finite isotropy and finite groups are Q-acyclic [Wei94, Prop. 6.1.10].
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To prove the first equivalence, consider the fragment of the Gysin sequence in cohomology
Hg‘l_z(Sc) — H%,(S¢) — H*(Sc) — Hgfl(Sc). By (i) and (ii) the first and fourth term vanish,
so that H*(c) ~ H},(Sc) ~ H*(Sc). On the other hand, H*(c) # 0 if and only if Hj(c) #0.

To prove the second equivalence, let k =X+ v and consider the fragment H kS_lw(S’c) —
H,fl(Sc) — Hp41(Sc) — H,f_il(Sc) of the Gysin sequence in homology. By (i) and (ii) the first
and fourth term vanish, so that Hy(c) ~ H,fl (Sc) ~ Hi41(Se). O

Proof of Theorem 2.27. We assume without loss of generality that all closed geodesics are
isolated (otherwise there are infinitely many of them), and prove

(al) = (a2) = (a3) and (bl)=(b2)= (b3).

That (a3) implies the existence of infinitely many closed geodesics is the main theorem in [Hin97],
in view of the first part of Lemma C.1. That (b3) implies the existence of infinitely many closed
geodesics is [Hin93, Proposition 1] in view of the second part of Lemma C.1.

(al) = (a2) is [GH09, Lemma 11.2], while (b1) = (b2) is [GH09, Lemma 7.2].

We prove (a2) = (a3). Recall that ¢ is an isolated closed geodesic of index A, Sc¢ denotes its
saturation with respect to the Sl-action, and x € H*(Sc) is a class such that 2™ € H*(Sc™) is
nonzero for all m>1. Here 2™ =2 ® --- ® & (m times) is defined in terms of the loop product
in local cohomology, which has degree n — 1. Let deg(z) =k, so that deg(z™)=mk+ (m —1)
(n —1). We first observe that A <k because H*(Sc) is supported in degrees {\,..., A+ v+ 1}.
Next, we observe that ind(c) = lim,, ind(c™)/m (the mean index of c) equals

ind(c) =k +n—1.

This follows from lim,, ind(c™)/m = lim,, deg(z™)/m, which equals k+n — 1. To prove the
equality between the limits we note that | deg(z™) — ind(c¢"™)| < 2n — 1, by the support property
of H*(Sc™).

The Bott index iteration formula [Bot56, Theorem A] gives that ind(c¢™) =) .._; A(2),
where A:S' — N is the Bott index function. The latter is lower semi-continuous, it can have
discontinuities only at eigenvalues of the Poincaré return map lying on the circle [Bot56,
Theorem C], and the total jump at an eigenvalue, i.e. the sum of the left and right jumps,
is bounded from above by the multiplicity of the eigenvalue as a root of the characteristic
polynomial (this is a consequence of the characterization of the jumps in terms of the Krein
type of the eigenvalue [Eke90, Corollary 1.5.15], [Lon02, Theorem 9.1.7], see also [GHO09, §6.3]).
These properties imply that: (i) A <A+ n — 1 (because A(1) = A and the total multiplicity of the
eigenvalues is 2n — 2), hence also A <k +n — 1; (ii) ind(c) = (1/27) 027T A(e'?)dh (this is [Bot56,
Corollary 1]). Since ind(c) =k +mn — 1, we infer that the Bott function is constant equal to
k 4+ n — 1 except possibly at the eigenvalues of the Poincaré return map. This implies A = k, the
eigenvalue 1 has the maximal multiplicity 2n — 2, and the Bott function is equal to A at 1 and is
constant equal to A +n — 1 elsewhere on the circle. This gives ind(¢™) =mA+ (m —1)(n —1).

We prove (b2) = (b3). Let deg(X) =k, so that deg(X™)=mk — (m — 1)n. We first observe
that A4+ v+ 1>k because the homology H,.(Sc) is supported in degrees {\,..., A+ v+ 1}.
Next we observe that the mean index of c is

ind(c) =k —n.

This follows from lim,, ind(¢™)/m = lim,,, deg(X™)/m, which holds because deg(X"") stays at
uniformly bounded distance from ind(c™). We consider the Bott iteration formula ind(c¢™) +
v(c™)=>"_m_;(A(z) + N(2)), with A as above and N : S' — N the Bott nullity function. The
latter is zero away from the eigenvalues of the Poincaré return map, and is equal to the nullity
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at each eigenvalue. The properties of A listed previously, together with the fact that the left and
right jumps at an eigenvalue are bounded from above by the nullity of the eigenvalue [Bot56,
Theorem C], imply that A+ N is upper semi-continuous, it can have discontinuities only at
eigenvalues of the Poincaré return map lying on the circle, and the total jump at an eigen-
value is bounded from above by the multiplicity of the eigenvalue. Arguing as in the proof of
(a2) = (a3), from A(1)+ N(1) = A+ v >k — 1 we infer that lim,, (ind(c™) + v(c™))/m=k —n
is possible only if A4+ v =k — 1, the eigenvalue 1 has the maximal multiplicity 2n — 2, and the
Bott function A + N is equal to A+ v at 1 and is constant equal to A + v — (n — 1) elsewhere on
the circle. This gives ind(c™) +v(c¢™)=m(A+v) — (m —1)(n—1). O

Observe that the proof of (b2) = (b3) is analogous to that of (a2) = (a3), using —(A+ N)
instead of A and noting that —(A 4+ N) has exactly the same properties as A.
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