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Equivariant sheaves for classical groups
acting on Grassmannians
Pramod N. Achar and Tamanna Chatterjee
Abstract. Let V be a finite-dimensional complex vector space. Assume that V is a direct sum of
subspaces each of which is equipped with a nondegenerate symmetric or skew-symmetric bilinear
form. In this article, we introduce a stratification of the Grassmannian Grk(V) related to the action
of the appropriate product of orthogonal and symplectic groups, and we study the topology of this
stratification. The main results involve sheaves with coefficients in a field of characteristic other
than 2. We prove that there are “enough” parity sheaves, and that the hypercohomology of each parity
sheaf also satisfies a parity-vanishing property. This situation arises in the following context: let x be
a nilpotent element in the Lie algebra of either G = SpN(C) or G = SON(C), and let V = ker x ⊂ CN .
Our stratification of Grk(V) is preserved by the centralizer Gx , and we expect our results to have
applications in Springer theory for classical groups.

1 Introduction

1.1 Overview and statement of the main results

Parity sheaves, introduced by Juteau–Mautner–Williamson in [6], have become a
powerful tool in modular geometric representation theory. One especially important
case is that of flag varieties and their variants (such as affine or partial flag varieties,
including Grassmannians) equipped with the Schubert stratification. In this setting,
parity sheaves give rise to the notion of the p-canonical basis of the Hecke algebra, and
ultimately to a number of major advances of the past decade, including [2, 3, 9, 10].

The goal of this article is to study parity sheaves on Grassmannians equipped
with various stratifications other than the Schubert stratification. These stratifications,
defined in terms of the action of classical groups, are motivated by an anticipated
future application to Springer theory. This application will be discussed at the end
of the introduction.

Let us introduce the notation needed to formulate the main results. Let B be a finite-
dimensional complex vector space equipped with a decomposition

B = B1 ⊕ ⋅ ⋅ ⋅ ⊕ Bm .

(On a first reading, the reader may wish to assume that m = 1.) Suppose that each B i
is equipped with a nondegenerate bilinear form ⟨−,−⟩B i that is either symmetric or
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2 P. N. Achar and T. Chatterjee

skew-symmetric. Let Iso(B i) ⊂ GL(B i) be the subgroup that preserves ⟨−,−⟩B i , and
let Iso○(B i) ⊂ Iso(B i) be its identity component. Thus,

Iso○(B i) =
⎧⎪⎪⎨⎪⎪⎩

SO(B i) if ⟨−,−⟩B i is symmetric,
Sp(B i) if ⟨−,−⟩B i is skew-symmetric.

Let

IB = Iso○(B1) × ⋅ ⋅ ⋅ × Iso○(Bm) ⊂ GL(B).

In Section 5, we will introduce larger group QB ⊂ GL(B) that has the form

QB = IB ⋉ (a connected unipotent group).

(If m = 1, the unipotent part is trivial, and we have QB = IB = Iso○(B1).)
Let k be an integer with 0 ≤ k ≤ dim B, and consider the Grassmannian Grk(B) of

k-dimensional subspaces of V. The groups QB and IB act on Grk(B). We can consider
the equivariant derived category

Db
QB
(Grk(B), k)

of sheaves of k-modules, where k is a field (more general rings will be allowed in the
body of the article).

The main results of the article are summarized in items (1)–(6) below:
(1) We classify the QB-orbits on Grk(B).
(2) We determine the QB-equivariant fundamental group of each Grk(B)-orbit.
It turns out that each such fundamental group is a product of copies of Z/2Z. As a
consequence, if the characteristic of k is not 2, then the category of QB-equivariant
k-local systems on each orbit is semisimple.
(3) When the characteristic of k is not 2, for each QB-orbitO ⊂ Grk(B) and each irre-

ducible QB-equivariant k-local system L on O, we construct an indecomposable
parity sheaf

E(O,L)

that is supported on O and satisfies E(O,L)∣O ≅ L[dimO].
(4) Still assuming that the characteristic of k is not 2, we prove that the hypercoho-

mology of parity sheaves satisfies:

Hi(Grk(B),E(O,L)) = 0 if i /≡ dimO (mod 2).

For item (3), once we have constructedE(O,L), the general theory from [6] tells us
that it is unique up to isomorphism. The construction requires some auxiliary results,
including the following:
(5) For each QB-orbit O ⊂ Grk(B), we construct a resolution of singularities

μ ∶ X → O whose fibers have cohomology only in even degrees.
In the terminology of [6], these are called “even resolutions.” These resolutions are
already enough to prove the existence of parity sheaves E(O, k) associated with
constant local systems. But when O admits nontrivial local systems, more is needed.
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Equivariant sheaves for classical groups acting on Grassmannians 3

(6) For each QB-orbit O ⊂ Grk(B), we construct a proper map μ̂ ∶ X̂ → O with the
following properties: (i) X̂ is smooth; (ii) the fibers of μ̂ have cohomology only
in even degrees; (iii) μ̂−1(O) is simply connected; and (iv) μ̂ ∶ μ̂−1(O) → O is a
smooth morphism.

In item (6), parts (iii) and (iv) of this statement are the key to constructing E(O,L)
for nontrivial L. One could ask whether part (iv) could be improved to say that
μ̂ ∶ μ̂−1(O) → O is étale (so that μ̂ is an alteration). We do not know whether such
a statement is true.

1.2 Motivation

The present article is motivated by an anticipated application to Mautner’s clean-
ness conjecture. Before explaining this connection, we review some background on
Springer theory.

In Lusztig’s work [7] on the generalized Springer correspondence (with
Q�-coefficients), one key result states that cuspidal simple perverse sheaves are clean,
that is, their stalks vanish outside of one orbit. The cleanness phenomenon plays a
crucial role in the computation of stalks of perverse sheaves on the nilpotent cone [8],
and in the theory of character sheaves.

About ten years ago, Mautner conjectured that these cuspidal perverse sheaves
remain clean when they are reduced modulo p, with some possible exceptions for very
small p. Mautner’s conjecture has been verified in type A and the exceptional types,
and for a few small-rank examples in types B–D. In general, it is currently open for
classical groups outside of type A.

Here is a sketch of the kind of computation that goes into checking Mautner’s
conjecture by hand. Suppose G = Sp2N , and let P be a parabolic subgroup with Levi
factor L = GLk × Sp2N−2k . Suppose F is a perverse sheaf on the nilpotent cone of
Sp2N−2k , and identify the latter with a subset of the nilpotent cone of L. Then we can
consider the parabolic induction indG

L⊂P F, a perverse sheaf on the nilpotent cone NG
of G. We might wish to compute the stalk

(indG
L⊂P F)∣x at a point x ∈ NG .

To do this, we need some additional input. Let Gx ⊂ Sp2N be the stabilizer of
x under the adjoint action, and let Gx ,○ be its identity component. An explicit
description of the reductive part of Gx or Gx ,○ can be found in the classic textbook
[5], and in many other sources as well: we have

Gx ,○ = IB ⋉ (a normal connected unipotent group) where B = ker x .

Here, the decomposition B = B1 ⊕ ⋅ ⋅ ⋅ ⊕ Bm is obtained from the Jordan blocks of m.
The groups Gx ,○ and QB are closely related, and even though they do not coincide in
general, it is nevertheless possible to show that

(indG
L⊂P F)∣x ≅ RΓ(a certainQB -equivariant complex on Grk(B)).

The results of the present article provide powerful new tools for establishing parity-
vanishing results on the right-hand side. On the other hand, results in [4] link
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4 P. N. Achar and T. Chatterjee

Mautner’s cleanness conjecture to parity-vanishing on the left-hand side. We hope
to combine these techniques to prove Mautner’s cleanness conjecture in future work.

1.3 Organization of the article

In Section 2, we prove a few preparatory lemmas about the topology of “isotropic
Grassmannians” with respect to possibly degenerate bilinear forms.

Sections 3 and 4 are devoted the m = 1 case. That is, we consider a vector space
V equipped with a nondegenerate symmetric or skew-symmetric bilinear form, and
we study the orbits of SO(V) or Sp(V), respectively, on Grk(V). In these sections,
we classify orbits and equivariant local systems; we exhibit resolutions of singularities
for orbit closures; and we exhibit “universal covering submersions” for non-simply
connected orbits.

In Section 5, we lay the groundwork for the case of general m. We define the groups
IB and QB , and we classify orbits and local systems, completing items (1) and (2) from
Section 1.1.

In Section 6, we exhibit a resolution of singularities for each orbit closure (item (5)
above). In Section 7, we prove item (6) from Section 1.1. Finally, the main results on
parity sheaves (items (3) and (4) above) are proved in Section 8.

1.4 General conventions

Throughout the article, we treat Grassmannians and other complex algebraic varieties
as equipped with the analytic topology, and we consider sheaves and (singular)
cohomology with respect to this topology.

We will typically denote by k the ring of coefficients for singular or equivariant
cohomology, or for sheaves. In the early sections of the article, most statements allow
k to be an arbitrary commutative ring; sometimes, we also require 2 to be invertible.
In Section 8, we will impose the following assumption:

The ring k is either a field of characteristic or a complete local ≠ 2,
principal ideal domain in which 2 is invertible .(1.1)

Regardless of the assumptions on k, we will use the phrase

“H●(X , k) is even and free”

to mean

Hi(X , k) =
⎧⎪⎪⎨⎪⎪⎩

a free k -module of finite rank if i is even,
0 if i is odd.

A “k-local system of finite type” means a locally constant sheaf of k-modules whose
stalks are finitely generated k-modules. A k-local system is said to be “locally free” if
its stalks are free k-modules.
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Equivariant sheaves for classical groups acting on Grassmannians 5

2 Preliminaries on isotropic Grassmannians

Let X be a variety. Recall that an affine paving of X is a decomposition

X = ⊔
α∈I

Sα

into finitely many locally closed subvarieties such that the following conditions hold:
(1) The indexing set I can be equipped with a total order I = (α1 < ⋅ ⋅ ⋅ < αN) such

that for 1 ≤ i ≤ N , the subset

Sα1 ∪ Sα2 ∪ ⋅ ⋅ ⋅ ∪ Sα i

is closed.
(2) Each Sα is isomorphic to an affine space Akα .
If X admits an affine paving, then H●c(X , k) is even and free.

Let V be a vector space equipped with a (possibly degenerate) symmetric or skew-
symmetric bilinear form ⟨−,−⟩. For any subspace H ⊂ V , we set

H⊥ = {v ∈ V ∣ ⟨v , w⟩ = 0 for all w ∈ H}
= {v ∈ V ∣ ⟨w , v⟩ = 0 for all w ∈ H}.

We will usually call this the orthogonal complement of H, although that is probably
a misnomer when the form is degenerate. A subspace H ⊂ V is called isotropic if
H ⊂ H⊥. For an integer k with 0 ≤ k ≤ dim V , the isotropic Grassmannian is the variety

Grk(V)iso = {H ∈ Grk(V) ∣ H ⊂ H⊥}.

The radical of V is

rad V = V⊥ .

Lemma 2.1 Let V be a finite-dimensional complex vector space equipped with a
(possibly degenerate) symmetric or skew-symmetric bilinear form ⟨−,−⟩. Let M1 ⊂ M2 ⊂
⋅ ⋅ ⋅ ⊂ Mc be a sequence of isotropic subspaces of V. For 0 ≤ k ≤ dim V, the variety
Grk(V)iso admits an affine paving

Grk(V)iso = ⊔
α∈I

Sα

such that for each piece Sα and each i with 1 ≤ i ≤ c, the function

Sα → Z given by H ↦ dim H ∩M i

is constant.

This lemma is certainly well known in the cases where the bilinear form ⟨−,−⟩ is
either identically zero, or else nondegenerate: in these cases, it follows from the Bruhat
decomposition.

Proof We proceed by induction on dim V . If dim V = 0, then k = 0, and Grk(V)iso

is a singleton. The statement is obvious in this case.
Assume now that dim V > 0. If ⟨−,−⟩ is degenerate, choose a one-dimensional

space L ⊂ rad V . Otherwise, let L be any one-dimensional subspace of M1. In both
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cases, L is automatically isotropic. Choose a complement W to L in L⊥, so that
L⊥ = L ⊕W . Let p1 ∶ L⊥ → L and p2 ∶ L⊥ →W be the projection maps. If H ⊂ L⊥, then

dim p2(H) ∩ p2(M i) = dim p−1
2 (p2(H) ∩ p2(M i)) − 1 = dim(H + L) ∩ (M i + L) − 1

= dim(H + L) + dim(M i + L) − dim(H +M i + L) − 1.

Comparing this to dim H ∩M i = dim H + dim M i − dim(H +M i), we find that

dim H ∩M i =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dim p2(H) ∩ p2(M i) + 1 if L ⊂ H and L ⊂ M i ,
dim p2(H) ∩ p2(M i) if L /⊂ H and L ⊂ M i ,
dim p2(H) ∩ p2(M i) if L ⊂ H and L /⊂ M i ,
dim p2(H) ∩ p2(M i) − 1 if L /⊂ H, L /⊂ M i , and L ⊂ H +M i ,
dim p2(H) ∩ p2(M i) if L /⊂ H +M i .

(2.1)

Now, let

X1 = {H ∈ Grk(V)iso ∣ L ⊂ H},
X2 = {H ∈ Grk(V)iso ∣ L /⊂ H, H ⊂ L⊥},
X3 = {H ∈ Grk(V)iso ∣ H /⊂ L⊥}.

It is enough to show that each of these locally closed subsets separately admits a
suitable affine paving.

For X1, observe that an isotropic subspace H that contains L is necessarily contained
in L⊥. The map p2 induces an isomorphism

X1 ≅ Grk−1(W)iso .

By induction, Grk−1(W)iso admits an affine paving such that the function F ↦
dim F ∩ p2(M i) is constant on each stratum. We transfer this affine paving to X1. Since
dim p2(H) ∩ p2(M i) is constant on each stratum and L and L is fixed, so the condition
in (2.1) is also constant. Therefore, the function H ↦ dim H ∩M i is constant on each
stratum in X1.

Next, we turn to X2. Consider the variety

E = {(F , f ) ∣ F ∈ Grk(W)iso , f ∈ Hom(F , L)}.

This is a vector bundle over Grk(W)iso. For H ∈ X2, the map p2 induces an isomor-
phism H ≅ p2(H). Let fH ∶ p2(H) → L be the composition

fH ∶ p2(H)
induced by p2�������→

∼
H

p1�→ L.

Then we have a map

θ ∶ X2 → E given by H ↦ (p2(H), fH).

In fact, this is an isomorphism: the inverse map sends (F , f ) to H = {( f (v), v) ∈
L ⊕W ∣ v ∈ F}. Thus, X2 is a vector bundle over Grk(W)iso. By induction, Grk(W)iso

admits an affine paving such that F ↦ dim F ∩ p2(M i) is constant along strata. Taking
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Equivariant sheaves for classical groups acting on Grassmannians 7

preimages along X2 → Grk(W)iso, we obtain an affine paving of X2. By (2.1), the
function H ↦ dim H ∩M i is constant on each stratum in X2.

Finally, we consider X3. If X3 is nonempty, then L⊥ ≠ V , that is, L is not contained
in the radical of ⟨−,−⟩. Our set-up implies that this can happen only when ⟨−,−⟩ is
nondegenerate. Assume this from now. We also have L ⊂ M1, and since all the M i are
isotropic, we have

L ⊂ M1 ⊂ ⋅ ⋅ ⋅ ⊂ Mc ⊂ L⊥ .(2.2)

In addition, the restriction of ⟨−,−⟩ to W is nondegenerate, and W⊥ is two-
dimensional and contains L. Choose an isotropic complement R to L in W⊥, and then
choose some nonzero vector r0 ∈ R.

Let

X′2 = {F ∈ Grk−1(V)iso ∣ L /⊂ F , F ⊂ L⊥}.

This variety is analogous to X2, and the same reasoning shows that X′2 has an affine
paving such that F ↦ dim F ∩M i is constant on strata. Let u ∈ L⊥/F, we define a linear
map ⟨u,−⟩ ∶ F → C. This map is well defined as ⟨u, v⟩ = 0 for all u, v ∈ F, which is
because F ⊂ F⊥. The assignment u ↦ ⟨u,−⟩ is a linear map L⊥/F → F∗. Consider the
element ⟨−r0 ,−⟩ ∈ F∗. Its preimage in L⊥/F, given concretely by

{u ∈ L⊥/F ∣ ⟨u, v⟩ = ⟨−r0 , v⟩ for all v ∈ F},

is an affine subspace of L⊥/F. We deduce that the variety

E′ = {(F , u) ∣ F ∈ X′2 , u ∈ L⊥/F , and ⟨u, v⟩ = ⟨−r0 , v⟩ for all v ∈ F}

is an affine bundle over X′2. The affine paving of X′2 induces an affine paving of E′.
For H ∈ X3, we have H ∩ L⊥ ∈ X′2. Moreover, the composition H → H/(H ∩ L⊥) ≅

(H + L⊥)/L⊥ is surjective. As H is one-dimensional and not contained in L⊥, hence
H + L⊥ ≅ V . This implies H/(H ∩ L⊥) ≅ V/L⊥. Now, we claim V/L⊥ ≅ R. The inter-
section R ∩ L⊥ must be 0. If not then R ⊂ L⊥. But L⊥ ∩W⊥ is one-dimensional and
hence L = L⊥ ∩W⊥. So R cannot be contained in both W⊥ and L⊥ and we are done
with our claim. Therefore, R ↪ V/L⊥ and by dimension equality V/L⊥ ≅ R. Finally,
we get a surjective map H → R. so there is a vector r̃H ∈ H that maps to r0. We have
r̃H − r0 ∈ L⊥. Since H is isotropic, for any v ∈ H ∩ L⊥, we have ⟨r̃H , v⟩ = 0, so

⟨r̃H − r0 , v⟩ = ⟨−r0 , v⟩.

We can thus consider the map

θ′ ∶ X3 → E′ given by θ′(H) = (H ∩ L⊥ , r̃H − r0 + (H ∩ L⊥)).

The remainder of the argument is slightly different depending on whether ⟨−,−⟩
is symmetric or skew-symmetric. In the skew-symmetric case, θ′ is an isomorphism:
the inverse map sends a pair (F , u) ∈ E′ to the space H = F +C(u + r0). Thus, X3 has
an affine paving induced by that X′2. In view of (2.2), we have

dim H ∩M i = dim(H ∩ L⊥) ∩M i ,

and thus the function H ↦ dim H ∩M i is constant on strata.
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It remains to consider the symmetric case. We begin by describing E′ another way.
For F ∈ X′2, the projection maps p1 ∶ L⊥ → L and p2 ∶ L⊥ →W induce an isomorphism

L⊥/F ≅ L ⊕W/p2(F).

For u ∈ L⊥/F, write u = u1 + u2 with u1 ∈ L and u2 ∈W/p2(F). Then ⟨u, v⟩ = ⟨u2 , v⟩
for all v ∈ F, so we can identify

E′ = {(F , u1 , u2) ∣
F ∈ X′2 , u1 ∈ L, u2 ∈W/p2(F),

and ⟨u2 , v⟩ = ⟨−r0 , v⟩ for all v ∈ F } .

In this description, there is no condition on u1. Consider the subset

E′′ = {(F , u1 , u2) ∈ E′ ∣ ⟨u1 , r0⟩ = − 1
2 ⟨u2 + r0 , u2 + r0⟩}.

We need to check that the expression “⟨u2 + r0 , u2 + r0⟩” makes sense, because
W/p2(F) ⊕ R does not have an induced bilinear form. Since we are starting with a
point in E′, for v ∈ F, we have

⟨u2 + v + r0 , u2 + v + r0⟩ = ⟨u2 + r0 , u2 + r0⟩ + 2⟨u2 + r0 , v⟩ + ⟨v , v⟩.

On the right-hand side, the middle term vanishes by the definition of E′, and the last
term vanishes because F is isotropic. We conclude that E′′ is well-defined. Its definition
says simple that the u1 component is determined by u2. Thus, E′′ is isomorphic to the
variety

{(F , u2) ∈ E′ ∣ F ∈ X′2 , u2 ∈W/p2(F), and ⟨u2 , v⟩ = ⟨−r0 , v⟩ for all v ∈ F}.

In particular, E′′ is also an affine space bundle over X′2.
Note that

⟨u1 + u2 + r0 , u1 + u2 + r0⟩ = 2⟨u1 , r0⟩ + ⟨u2 + r0 , ur + r0⟩.

In view of this, the definition of E′′ can be rewritten as

E′′ = {(F , u) ∈ E′ ∣ ⟨u + r0 , u + r0⟩ = 0}.

In the symmetric case, it is clear that the image of θ′ is contained in E′′, since r̃H is an
isotropic vector. In fact, θ′ induces an isomorphism X3 ≅ E′′: the inverse map again
sends (F , u) ∈ E′ to H = F +C(u + r0). We conclude that X3 has an affine paving with
the desired properties. ∎

Corollary 2.2 For V as in Lemma 2.1 and for any commutative ring k, we have that
H●(Grk(V)iso , k) is even and free.

The next lemma will be a useful technical tool for inductively constructing affine
pavings later in the article.

Lemma 2.3 Let V be a finite-dimensional complex vector space equipped with a
(possibly degenerate) symmetric or skew-symmetric bilinear form ⟨−,−⟩. Let M1 ⊂ M2 ⊂
⋅ ⋅ ⋅ ⊂ Mc be a sequence of isotropic subspaces of V, and assume that

Mc = rad V .
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Let f ∶ Ad → Grr(V)iso be a map with the property that for each i, the integer

dim( f (x) ∩M i) for x ∈ Ad

is independent of x. Let

Y = {(x , H) ∈ Ad ×Grk(V)iso ∣ f (x) ⊂ H ⊂ f (x)⊥}.

Then Y admits an affine paving

Y = ⊔
α∈I

Sα

such that for each i, the function

(x , H) ∈ Y ↦ dim(H ∩M i)

is constant on each stratum Sα .

Proof Let i be an integer with 1 ≤ i ≤ c, and let

Fi = {(x , v) ∈ Ad × V ∣ v ∈ f (x) +M i} ⊂ Ad × V .

Using the fact that dim( f (x) ∩M i) is independent of x, one can check that Fi is a
vector bundle over Ad . Similarly,

F⊥ = {(x , v) ∈ Ad × V ∣ v ∈ f (x)⊥} ⊂ Ad × V

is also a vector bundle overAd (because dim( f (x) ∩ rad V) is independent of x). Note
that M i ⊂ rad V ⊂ f (x)⊥ for all x, so we have containments of vector bundles

F1 ⊂ F2 ⊂ ⋅ ⋅ ⋅ ⊂ Fc ⊂ F⊥ .(2.3)

By the Quillen–Suslin theorem, each of these vector bundles is a trivial bundle.
Moreover, each quotient Fi/Fi−1 or F⊥/Fc is also trivial. It follows that we can choose
compatible filtrations of each of the terms in (2.3). In concrete terms, this means that
we can choose a point x0 ∈ Ad and an isomorphism

θ ∶ F⊥
∼→ f (x0)⊥ ×Ad

such that θ restricts to an isomorphism

Fi
∼→ f (x0) +M i .

Via these isomorphisms, we obtain an isomorphism

Y ≅ Grk−r( f (x0)⊥/ f (x0))iso ×Ad .

Now consider the sequence of subspaces

( f (x0) +M1)/ f (x0) ⊂ ( f (x0) +M2)/ f (x0) ⊂ ⋅ ⋅ ⋅ ⊂ ( f (x0) +Mc)/ f (x0).

By Lemma 2.1, Grk−r( f (x0)⊥/ f (x0))iso admits an affine paving with the property that
the function H ↦ dim H ∩ f (x0)+M i

f (x0)
is constant on strata. The lemma follows. ∎

https://doi.org/10.4153/S0008414X26102144 Published online by Cambridge University Press

https://doi.org/10.4153/S0008414X26102144


10 P. N. Achar and T. Chatterjee

We conclude this section with the following lemma on the nondegenerate case.

Lemma 2.4 Let V be a finite-dimensional complex vector space equipped with a
nondegenerate symmetric or skew-symmetric bilinear form ⟨−,−⟩. Let 0 ≤ k ≤ 1

2 dim V.
(1) The variety Grk(V)iso is smooth, and each connected component is simply con-

nected.
(2) If ⟨−,−⟩ is symmetric and dim V = 2k, then Grk(V)iso has exactly two connected

components. In all other cases, Grk(V)iso is connected.

The assertions in Lemma 2.4 are well known. Alternatively, they follow from
Propositions 3.8 and 3.10 below: in the notation of those propositions, we have
Grk(V)iso = Ck ,0(V).

3 Symplectic and orthogonal group orbits on Grassmannians

In this section, we work in the following setting: let V be a complex vector space of
dimension n < ∞, and assume that it is equipped with a nondegenerate bilinear form

⟨−,−⟩ ∶ V × V → C,

assumed to be either symmetric or skew-symmetric. Then one may consider the
isotropy group Iso(V) and its identity component Iso○(V).

The goal of this section is to classify the orbits of Iso○(V) (i.e., either SO(V) or
Sp(V)) on the Grassmannian Grk(V). This classification is certainly known, but
we are unaware of a reference that includes enough details about stabilizers and
equivariant cohomology for our needs. For this reason, we give complete proofs here.

3.1 Stratification by rank

We begin with some preliminary lemmas that apply in both the symmetric and skew-
symmetric cases.

Lemma 3.1 Let H ⊂ V be a subspace of dimension k, and let r = k − dim H ∩H⊥.
There exist subspaces M1 , M2 , M3 , M4 ⊂ V with the following properties:

V = M1 ⊕M2 ⊕M3 ⊕M4 ,(3.1)
dim M1 = k − r, dim M2 = r, dim M3 = n − 2k + r, dim M4 = k − r,

H ∩H⊥ = M1 , H = M1 ⊕M2 , H⊥ = M1 ⊕M3 .

Moreover, the restriction of ⟨−,−⟩ to the summands in (3.1) satisfies

⟨−,−⟩ ∶ M i ×M j → C is(3.2)
⎧⎪⎪⎨⎪⎪⎩

perfect if {i , j} = {1, 4}, or if i = j = 2, or if i = j = 3,
0 otherwise.

Proof Set M1 = H ∩H⊥, and choose M2 to be any complement to M1 in H. Choose
M3 to be any complement to M1 in H⊥. Finally, choose M4 to be any complement to
H +H⊥ = M1 ⊕M2 ⊕M3. It is straightforward to check that the restriction of ⟨−,−⟩
to these summands has the properties claimed in (3.2). ∎
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Lemma 3.2 Let 0 ≤ k ≤ n, and let

Ck ,r(V) = {H ∈ Grk(V) ∣ dim H − dim H ∩H⊥ = r}.

If Ck ,r(V) is nonempty, then it is a single Iso(V)-orbit. Moreover, it is a single Iso○(V)-
orbit except possibly in the case where ⟨−,−⟩ is symmetric, and r = 0 and k = n/2.

Proof Suppose H and H′ are two points in Ck ,r(V). Invoke Lemma 3.1 twice to
obtain two decompositions

V = M1 ⊕M2 ⊕M3 ⊕M4 ,
V = M′1 ⊕M′2 ⊕M′3 ⊕M′4 .

Choose any linear isomorphism g1 ∶ M1
∼→ M′1. Thanks to the pairing properties in

(3.2), we have an adjoint map g†
1 ∶ M′4

∼→ M4. Next, since M2 and M′2 are vector
spaces of the same dimension, both equipped with nondegenerate bilinear forms of
the same type (either symmetric or skew-symmetric), there exists a pairing-preserving
isomorphism g2 ∶ M2

∼→ M′2. We similarly get a pairing-preserving isomorphism g3 ∶
M3

∼→ M′3. Let

g = g1 ⊕ g2 ⊕ g3 ⊕ (g†
1 )−1 ∶ V → V .

This is a linear automorphism of V that preserves the bilinear form, that is, an element
of Iso(V). By construction, g(H) = H′, so H and H′ are in the same Iso(V)-orbit.

If ⟨−,−⟩ is skew-symmetric, then Iso(V) = Iso○(V) = Sp(V), so H and H′ are in
the same Iso○(V)-orbit.

Suppose now that ⟨−,−⟩ is symmetric, and that r > 0. If det g = 1, then g ∈ SO(V),
and we already have that H and H′ are in the same Iso○(V)-orbit. Now suppose that
det g = −1. Since dim M2 = r > 0, there exists an element s ∈ O(M2)/SO(M2), that is,
an automorphism of M2 with determinant −1. Let

g′ = g ○ (idM1 ⊕ s ⊕ idM3 ⊕ idM4).

Then g′ also sends H to H′, but it has determinant 1, so H and H′ are in the same orbit
for Iso○(V) = SO(V).

Finally, if ⟨−,−⟩ is symmetric and r = 0 and k < n/2 (in other words,
n − 2k + r > 0), similar reasoning applies using an element of O(M3)/SO(M3). ∎

Suppose we have chosen a decomposition of V as in (3.1). Given a linear map θ ∶
V → V , we can write it as a 4 × 4 matrix with respect to this decomposition. Let θ† ∶
V → V be the adjoint map to θ, that is, the map such that ⟨θ(−),−⟩ = ⟨−, θ†(−)⟩.
Thanks to (3.2), the adjoint can be computed “entrywise,” as follows:

if θ =
⎡⎢⎢⎢⎣

a b c d
e f g h
i j k l

m n p q

⎤⎥⎥⎥⎦
then θ† =

⎡⎢⎢⎢⎢⎢⎣

q† h† l † d†

n† f † j† b†

p† g† k† c†

m† e† i† a†

⎤⎥⎥⎥⎥⎥⎦
.(3.3)

Lemma 3.3 Let H ⊂ V be a subspace of dimension k, and choose a decomposition of
V as in Lemma 3.1. Then the stabilizer of H in Iso(V) is given by

StabIso(V)(H) ≅ (GL(M1) × Iso(M2) × Iso(M3)) ⋉ A,
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where A ⊂ GL(V) is the unipotent group given by

A =
⎧⎪⎪⎨⎪⎪⎩
[

1 b c d
1 −b†

1 −c†

1
]
...........

d + d† = −bb† − cc†
⎫⎪⎪⎬⎪⎪⎭

.

Proof An element of Iso(V) that preserves H must also preserve H⊥ and H ∩H⊥.
If θ ∈ GL(V) preserves H, H⊥, and H ∩H⊥, then it has the form

θ =
⎡⎢⎢⎢⎣

a b c d
e f

g h
k

⎤⎥⎥⎥⎦
where a, e, g, and k are invertible. Then θ† and θ−1 are given by

⎡⎢⎢⎢⎢⎣

k† f † h† d†

e† b†

g† c†

a†

⎤⎥⎥⎥⎥⎦
and

⎡⎢⎢⎢⎢⎢⎣

a−1 −a−1 be−1 −a−1 c g−1 a−1 be−1 f k−1+a−1 c g−1 hk−1−a−1 d k−1

e−1 −e−1 f k−1

g−1 −g−1 hk−1

k−1

⎤⎥⎥⎥⎥⎥⎦
,

respectively. For θ to lie in Iso(V), we must have θ† = θ−1. We deduce that

StabIso(V)(H) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎣

a b c d
e −eb†(a†)−1

g −gc†(a†)−1

(a†)−1

⎤⎥⎥⎥⎥⎦

...........

a ∈ GL(M1), e ∈ Iso(M2), g ∈ Iso(M3),
and d† = −a−1bb† − a−1cc† − a−1da†

⎫⎪⎪⎪⎬⎪⎪⎪⎭
.

This can be rewritten as
⎧⎪⎪⎨⎪⎪⎩
[

a
e

g
(a†)−1

]
⎡⎢⎢⎢⎢⎣

1 a−1 b a−1 c a−1 d
1 −b†(a†)−1

1 −c†(a†)−1

1

⎤⎥⎥⎥⎥⎦

...........

a ∈ GL(M1), e ∈ Iso(M2), g ∈ Iso(M3),
and d† = −a−1bb† − a−1cc† − a−1da†

⎫⎪⎪⎬⎪⎪⎭
,

and after an appropriate change of coordinates, this matches the statement of the
lemma. ∎

Remark 3.4 Later in the article, we will occasionally need to consider the group

GIso○(V) = C× × Iso○(V).

Let GIso○(V) act on V by having theC× factor act by scaling. Of course, in the induced
action on Grk(V), the C×-factor acts trivially. It is easy to see that:
(1) The GIso○(V)-orbits on Grk(V) coincide with the Iso○(V)-orbits.
(2) For any H ∈ Grk(V), the natural map

StabIso○(V)(H)/ StabIso○(V)(H)○ → StabGIso○(V)(H)/ StabGIso○(V)(H)○

is a bijection. As a consequence, any Iso○(V)-equivariant local system on an
Iso○(V)-orbit C is also GIso○(V)-equivariant.

3.2 Tangent spaces

In this section, we use Lemma 3.1 to carry out some computations in the tangent space
to a point of Grk(V).

Lemma 3.5 Let V be a finite-dimensional vector space, and let H ∈ Grk(V). Let
THGrk(V) be the tangent space to Grk(V) at H.
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(1) There is a canonical isomorphism

THGrk(V) ≅ Hom(H, V/H).

(2) There is a (noncanonical) open immersion

Hom(H, V/H) ↪ Grk(V)

that sends 0 ∈ Hom(H, V/H) to H ∈ Grk(V), and that induces the isomorphism
of tangent spaces from part (1).

Proof (1) The group GL(V) acts transitively on Grk(V). Let P be the stabilizer of H
in GL(V); this is a parabolic subgroup. Then THGrk(V) is identified with the quotient
of gl(V) by the subspace p = Lie(P). Choose a complement H′ to H in V. We of course
have identifications

gl(V) = End(V) = Hom(H ⊕H′ , V) = Hom(H, V) ⊕Hom(H′ , V).

The subspace p ⊂ gl(V) is the subspace of End(V) consisting of maps that preserve
H: thus,

p = Hom(H, H) ⊕Hom(H′ , V).

The cokernel of p↪ gl(V) is thus identified with the cokernel of Hom(H, H) ↪
Hom(H, V), which is Hom(H, V/H).

(2) As above, let H′ be a complement to H. Identifying V = H ⊕H′, we have two
projection maps p ∶ V → H and p′ ∶ V → H′. Let

W = {M ∈ Grk(V) ∣ M ∩H′ = 0}
= {M ∈ Grk(V) ∣ p∣M ∶ M → H is an isomorphism}.

This is an open subset of Grk(V) that contains H. For M ∈W , let θM ∶ H → H′ be the
composition

H
(p∣M)−1

����→
∼

M
p′∣M��→ H′ .

It is easily checked that M ↦ θm defines an isomorphism W ≅ Hom(H, H′) =
Hom(H, V/H). ∎

In the setting of Lemma 3.1, the subspace H ⊂ V has a specified complement
M3 ⊕M4, so Lemma 3.5 lets us identify

THGrk(V) ≅ Hom(H, M3 ⊕M4) = Hom(M1 ⊕M2 , M3 ⊕M4).(3.4)

We can therefore write elements of this tangent space as 2 × 2 matrices.

Lemma 3.6 Let H ⊂ V be a subspace of dimension k, and choose a decomposition of
V as in Lemma 3.1. Let C be the Iso(V)-orbit of H in Grk(V). The tangent space to C at
H is given by

THC = {[
a b
c d] ∈ Hom(M1 ⊕M2 , M3 ⊕M4) ∣ c† = −c} .
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Proof From the proof of Lemma 3.5, the map gl(V) → THGrk(V) is given by
⎡⎢⎢⎢⎣

a b c d
e f g h
i j k l

m n p q

⎤⎥⎥⎥⎦
↦ [ i j

m n ] .(3.5)

To compute THC, we must compute the image of Lie(Iso(V)) ⊂ gl(V) under this
map. Since Lie(Iso(V)) = {θ ∈ gl(V) ∣ θ† = −θ}, we see from (3.3) that

Lie(Iso(V)) =
⎧⎪⎪⎨⎪⎪⎩

⎡⎢⎢⎢⎢⎣

a b c d
−n† f − j† −b†

i j k −c†

m n −i† −a†

⎤⎥⎥⎥⎥⎦

...........

a, b, c, i , j, n arbitrary, and
d† = −d , f † = − f , k† = −k, and m† = −m

⎫⎪⎪⎬⎪⎪⎭
.

The image of this under (3.5) is the space described in the statement of the lemma. ∎
Corollary 3.7 Let H ⊂ V be a subspace of dimension k, and choose a decomposition of
V as in Lemma 3.1. Let C be the Iso(V)-orbit of H in Grk(V). There is a transverse slice
S to C and H and an isomorphism

S ≅ {c ∈ Hom(M1 , M4) ∣ c† = c}
that identifies H ∈ S with 0 ∈ Hom(M1 , M4).

Moreover, there is a cocharacter ψ ∶ Gm → Iso(V) such that the induced Gm-action
on Grk(V) preserves S, and acts on it linearly with strictly positive weights.
Proof It is clear from (3.4) and Lemma 3.6 that {c ∈ Hom(M1 , M4) ∣ c† = c} is a
linear complement to THC in THGrk(V). Via Lemma 3.5(2), we can identify this
subspace with a locally closed subvariety S ⊂ Grk(V) that meets C transversely.

Next, let ψ ∶ Gm → GL(V) be the map given by

ψ(z)v =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

z−1v if v ∈ M1 ,
zv if v ∈ M4 ,
v if v ∈ M2 or v ∈ M3 .

This map actually takes values in Iso(V) ⊂ GL(V), and even in StabIso(V)(H) (by
Lemma 3.3). The induced action on Hom(M1 , M4) is given by z ⋅ a = z2a. ∎

3.3 The symplectic case

We now specialize to the symplectic case. In this section, assume that

⟨−,−⟩ ∶ V × V → C

is skew-symmetric.
Proposition 3.8 Suppose V is equipped with nondegenerate skew-symmetric bilinear
form. For 0 ≤ k ≤ n, let Ck ,r(V) ⊂ Grk(V) be as in Lemma 3.2.
(1) The set Ck ,r(V) is nonempty if and only if

r ≡ 0 (mod 2) and max{0, 2k − n} ≤ r ≤ k.

(2) If Ck ,r(V) is nonempty, it is a single Sp(V)-orbit.
(3) The stabilizer in Sp(V) of any point in Ck ,r(V) is connected.
(4) For any commutative ring k, H●Sp(V)(Ck ,r(V), k) is even and free.
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Proof For brevity, we write Ck ,r instead of Ck ,r(V) in this proof. There is an
obvious Sp(V)-equivariant isomorphism Grk(V)

∼→ Grn−k(V) given by H ↦ H⊥.
This restricts to an isomorphism betweenCk ,r andCn−k ,n−2k+r . By replacing k by n − k
if necessary, we may as well assume that k ≤ n/2. We will prove parts (1)–(4) under this
assumption.

(1) When k ≤ n/2, this statement says that Ck ,r is nonempty if and only if r is even
and 0 ≤ r ≤ k. If Ck ,r is nonempty, then for any H ∈ Ck ,r , the quotient H/(H ∩H⊥)
inherits a nondegenerate symplectic form, so its dimension r must be even. It is
obvious that 0 ≤ r ≤ k.

For the opposite implication, choose a basis {x1 , . . . , xn} for V such that

⟨x i , x j⟩ =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

1 if i < j and i + j = n + 1,
−1 if i > j and i + j = n + 1,
0 otherwise.

Given an even number r such that 0 ≤ r ≤ k, we see that

span{x1 , . . . , xk−r} ∪ {x dim V−r
2 +1 , x dim V−r

2 +2 , . . . , x dim V+r
2
}

lies in Ck ,r , so Ck ,r is nonempty.
(2) This holds by Lemma 3.2.
(3) By Lemma 3.3, we have

StabSp(V)(H) ≅ (GL(M1) × Sp(M2) × Sp(M3)) ⋉ (a unipotent group),
and this is connected.

(4) We have

Hi
Sp(V)(Ck ,r , k) ≅ Hi

Stab(H)(pt, k) ≅ Hi
GL(M1)×Sp(M2)×Sp(M3)

(pt, k).
It is well known that the equivariant cohomology of a point vanishes in odd degrees
as long as the torsion primes for the group are invertible in k (see, for instance,
[1, Theorem 6.7.9]). But GL(M1) × Sp(M2) × Sp(M3) has no torsion primes, by
[11, Section 4.4]. ∎
Remark 3.9 Using the fact that Sp(V) is simply connected, one can deduce from
Proposition 3.8(3) that each orbit Ck ,r(V) is also simply connected.

3.4 The orthogonal case

In this section, assume that

⟨−,−⟩ ∶ V × V → C

is symmetric. In contrast with the symplectic case, not all SO(V)-orbits on the
Grassmannian are simply connected: some admit 2-to-1 covering maps. For any
commutative ring k, let

sgn = sgn
k

denote the k[Z/2Z]-module whose underlying k-module is just k itself, and on which
the nontrivial element of Z/2Z acts by −1. If 2 ≠ 0 in k, then sgn

k
and the trivial
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k[Z/2Z]-module are not isomorphic. In addition, if 2 is invertible in k, then the
regular representation decomposes as

k[Z/2Z] ≅ k⊕ sgn.(3.6)

Proposition 3.10 Suppose V is equipped with nondegenerate symmetric bilinear form.
For 0 ≤ k ≤ n, let Ck ,r(V) ⊂ Grk(V) be as in Lemma 3.2.
(1) The set Ck ,r(V) is nonempty if and only if max{0, 2k − n} ≤ r ≤ k.
(2) If Ck ,r is nonempty, it is a single O(V)-orbit. Moreover, if n − 2k + r > 0 or

r > 0, then Ck ,r(V) is a single SO(V)-orbit. If n − 2k + r = r = 0, then Ck ,r(V)
is a union of two SO(V)-orbits.

(3) Let H ∈ Ck ,r(V). We have

StabSO(V)(H)/ StabSO(V)(H)○ ≅
⎧⎪⎪⎨⎪⎪⎩

Z/2Z if max{0, 2k − n} < r,
1 if max{0, 2k − n} = r.

(4) Let C be an SO(V)-orbit on Grk(V), and let k be a commutative ring in which 2 is
invertible. Then H●SO(V)(C, k) is even and free. In the case where points of C have
disconnected stabilizers, H●SO(V)(C, sgn) is also even and free.

When n is even, we (arbitrarily) label the two orbits in Cn/2,0(V) by

Cn/2,0′(V) and Cn/2,0′′ .

Proof Let us write Ck ,r for Ck ,r(V). There is an obvious SO(V)-equivariant iso-
morphism Grk(V)

∼→ Grn−k(V) given by H ↦ H⊥. This restricts to an isomorphism
between Ck ,r and Cn−k ,n−2k+r . By replacing k by n − k if necessary, we may as well
assume that k ≤ n/2. We will prove parts (1)–(4) under this assumption.

(1) When k ≤ n/2, this statement says that Ck ,r is nonempty if and only if 0 ≤ r ≤ k.
The “only if ” direction is obvious. For the “if ” direction, choose an orthonormal basis
{x1 , . . . , xn} for V, that is, a basis satisfying

⟨x i , x j⟩ =
⎧⎪⎪⎨⎪⎪⎩

1 if i = j,
0 otherwise.

For 0 ≤ r ≤ k, the subspace

span{x1 +
√
−1x2 , x3 +

√
−1x4 , . . . , x2k−2r−1 +

√
−1x2k−2r}

∪ {x2k−2r+1 , x2k−2r+2 , . . . , x2k−r}

lies in Ck ,r , so Ck ,r is nonempty.
(2) All but the case where n − 2k + r = r = 0 is covered by Lemma 3.2. We will

return to this case after proving part (3).
(3) By Lemma 3.3, we have

StabO(V)(H) ≅ (GL(M1) ×O(M2) ×O(M3)) ⋉ (a unipotent group).

Write an element of this group as a quadruple (g1 , g2 , g3 , v). The set of connected
components of StabO(V)(H) is in bijection with the set of possible values of the
pair (det(g2), det(g3)), and thus depends on whether M2 and M3 are zero or not.
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A connected component lies in SO(V) if det(g2)det(g3) = 1. Recall that dim M2 = r
and dim M3 = n − 2k + r. The following table summarizes the possible cases.

Number of components in Number of components in
Condition StabO(V)(H) StabSO(V)(H)

max{0, 2k − n} < r 4 2
2k − n < 0 = r 2 1
2k − n = r = 0 1 1

(The case 0 < 2k − n = r cannot occur under the assumption that k ≤ n/2.) This table
shows that the group StabSO(V)(H)/ StabSO(V)(H)○ is as claimed in the proposition.

(2) for r = 0 and 2k − n = 0. We must show that Ck ,r consists of two SO(V)-orbits
in this case. We have already seen that it is a single O(V)-orbit, so it consists of at most
two SO(V)-orbits. On the other hand, we saw above that StabO(V)(H) is connected
for H ∈ Ck ,r , soCk ,r has two connected components, and therefore must consist of two
SO(V)-orbits.

(4) Let C be an SO(V)-orbit, and let H ∈ C. Suppose first that StabSO(V)(H) is
connected. Then

H●SO(V)(C, k) ≅ H●(GL(M1)×O(M2)×O(M3))○
(pt, k).

By [11, Section 4.4], the only torsion prime for the reductive group (GL(M1) ×
O(M2) ×O(M3))○ is 2. By assumption, the prime 2 is invertible in k, so the coho-
mology groups H●(GL(M1)×O(M2)×O(M3))○

(pt, k) are even and free.
Suppose now that StabSO(V)(H) is disconnected, and let

E = SO(V)/ StabSO(V)(H)○.

Then we have a 2-to-1 covering map p ∶ E → C. Since 2 is invertible in k, we have p∗k ≅
k⊕ sgn, so it is enough to show that H●SO(V)(E , k) is even and free. But

H●SO(V)(E , k) ≅ H●(GL(M1)×O(M2)×O(M3))○
(pt, k),

and this is even and free by the same reasoning as in the previous paragraph. ∎

Remark 3.11 In contrast with the setting of Remark 3.9, the fundamental group of
Ck ,r(V) can be more complicated. One can show that

π1(Ck ,r(V), H) ≅
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

Z/2Z if n ≥ 3 and max{0, 2k − n} < r,
Z if n = 2 and max{0, 2k − n} < r,
1 if max{0, 2k − n} = r.

We will not need these calculations in this article, however.

4 Some results on orbit closures

This section contains two results related to the geometry of orbit closures in the setting
of Section 3.3 or 3.4. The first exhibits a resolution of singularities. The second deals
with non-simply connected orbits in the orthogonal case.
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Proposition 4.1 Let V be an n-dimensional complex vector space equipped with a
nondegenerate symmetric or skew-symmetric bilinear form. Let 0 ≤ k ≤ n, and let r be
such that max{0, 2k − n} ≤ r ≤ k. In the skew-symmetric case, assume also that r is even.
Let

C̃k ,r(V) = {P ⊂ H ⊂ P⊥ ⊂ V ∣ dim P = k − r and dim H = k}.

Let ϖ ∶ C̃k ,r(V) → Grk(V) be the map given by

ϖ(P, H) = H.

Then the image of ϖ is Ck ,r(V), and the map ϖ ∶ C̃k ,r(V) → Ck ,r(V) is a resolution of
singularities.

Proof If H is in the image of ϖ, then it satisfies the condition P ⊂ H ⊂ P⊥ with
dim P = k − r. This implies P ⊂ H⊥ ∩H. Hence, k − r ≤ dim H ∩H⊥ and H ∈ Ck ,r(V).
The map ϖ∣ϖ−1(Ck ,r(V)) ∶ ϖ−1(Ck ,r(V)) → Ck ,r(V) is clearly an isomorphism. Now
consider the map, C̃k ,r → Grk−r(V)iso by sending (P, H) to P. The fibers of this
map are isomorphic to {H ∣ P ⊂ H ⊂ P⊥} ≅ Grr(P⊥/P), which is smooth. Also k − r <
k − r/2 ≤ n/2, hence by Lemma 2.4, Grk−r(V)iso is smooth. Therefore, C̃k ,r(V) is
smooth. We know the projection map Grk−r(V)iso ×Grr(V) → Grk(V) is proper
and C̃k ,r(V) is a closed subset of Grk−r(V)iso ×Grr(V). Hence, the map ϖ is proper.
Combining these facts, we deduce that ϖ is a resolution of singularities. ∎

For the remainder of this section, we work in the symmetric case, that is, in the
setting of Section 3.4. Suppose max{0, 2k − n} < r, so that Ck ,r(V) is not simply
connected. We have already seen in the proof of Proposition 3.10(4) how to construct
a certain 2-to-1 covering map p ∶ E → Ck ,r(V).

It would have been useful later in the article to have a “compactification” of p, that
is, a proper map p′ ∶ E′ → Ck ,r(V) with smooth domain E′ such that the restriction
p′∣(p′)−1(Ck ,r(V)) ∶ (p′)−1(Ck ,r(V)) → Ck ,r(V) is identified with the covering map p.
Unfortunately, we do not know how to construct such a compactification of the 2-to-1
covering p explicitly.

As a substitute, we will construct a compactification of a “π1-injective fibration of
index 2,” by which we mean a locally trivial fibration F → Ck ,r in which F is connected,
and the induced map

π1(F) → π1(Ck ,r)

is injective, with image a subgroup of index 2. More precisely, we will construct a
proper map

ϖ̂ ∶ Ĉk ,r(V) → Ck ,r(V)

whose domain is smooth, and whose restriction to the preimage of Ck ,r(V) is a π1-
injective fibration of index 2.
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We begin by defining Ĉk ,r(V). The definition is different depending on whether r
is even or odd. If r is even, we set

Ĉk ,r(V) = {
P ⊂ Q ⊂ H
⊂ P⊥ ⊂ V ∣

dim P = k − r, dim Q = k − r
2 ,

dim H = k, and Q ⊂ Q⊥ } (r even).

Before defining it in the odd case, we need some additional notation. Let

V+ = V ⊕C,

and equip it with the nondegenerate symmetric bilinear form ⟨−,−⟩+ given by

⟨(v , z), (v′ , z′)⟩+ = ⟨v , v′⟩ + zz′ for v , v′ ∈ V and z, z′ ∈ C.

There is an obvious injective map

Ck ,r(V) → Cr+1,k+1(V+) given by H ↦ H+ = H ⊕C.

We now set

Ĉk ,r(V) = {
P ⊂ H ⊂ P⊥ ⊂ V ,
P ⊂ Q ⊂ H+ ⊂ V+ ∣

dim P = k − r, dim Q = k − r−1
2 ,

dim H = k, and Q ⊂ Q⊥+
} (r odd).

Here, Q⊥+ is the orthogonal complement of Q with respect to ⟨−,−⟩+.
Before studying Ĉk ,r in detail, we define another variety Bk ,r(V) as follows:

Bk ,r(V) = {P ⊂ Q ⊂ V ∣dim P = k − r, dim Q = k − r
2 ,

and Q ⊂ Q⊥ } if r even,

Bk ,r(V) = {
Q ⊂ V+ ,

P ⊂ Q ∩ V ⊂ V ∣
dim P = k − r, dim Q = k − r−1

2 ,
and Q ⊂ Q⊥+

} if r odd.

There are obvious maps

Ĉk ,r(V) → Bk ,r(V), Ĉk ,r(V) → Ck ,r(V)
given by forgetting H or Q, respectively. Let

ϖ̂ ∶ Ĉk ,r(V) → Ck ,r(V)

denote the composition Ĉk ,r(V) → C̃k ,r(V)
ϖ�→ Ck ,r(V). Next, let

Ĉ○k ,r(V) = (ϖ̂)−1(Ck ,r(V)) and ϖ̂○ = ϖ̂∣Ĉ○k ,r(V)
∶ Ĉ○k ,r(V) → Ck ,r(V).

Proposition 4.2 Let V be an n-dimensional vector space equipped with a nonde-
generate symmetric bilinear form, and let 0 ≤ k ≤ n. Let r be an integer such that
max{0, 2k − n} < r ≤ k.
(1) The variety Bk ,r(V) is smooth, connected, and simply connected.
(2) For any commutative ring k, H●(Bk ,r(V), k) = 0 is even and free.
(3) The variety Ĉk ,r is smooth, connected, and simply connected.
(4) The map ϖ̂○ ∶ Ĉ○k ,r(V) → Ck ,r is a locally trivial fibration.
(5) Let k be a commutative ring in which 2 is invertible. There is an isomorphism of

local systems

H0(ϖ̂○∗k) ≅ k⊕ sgn.
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Proof (1) There is a map

p ∶ Bk ,r(V) → Grk−r(V)iso(4.1)

given by (P, Q) ↦ P. Since 2k − n < r, we have k − r < k − r/2 < n/2, and so
Grk−r(V)iso is smooth, connected, and simply connected by Lemma 2.4.

Suppose for now that r is even. Let Fl(k − r, k − r/2) be the variety of partial
flags P ⊂ Q ⊂ V with dim P = k − r and dim Q = k − r/2. The projection Fl(k − r, k −
r/2) → Grk−r(V) is a locally trivial fibration, and the map p in (4.1) is the restriction
of this map to the preimage of Grk−r(V)iso ⊂ Grk−r(V). Hence, p is a locally trivial
fibration whose fiber over a point P ∈ Grk−r(V)iso is the variety

{Q ∣ dim Q = k − r/2 and P ⊂ Q ⊂ Q⊥ ⊂ P⊥} ≅ Grr/2(P⊥/P)iso .

Since 2k − n < r, we have dim P⊥/P = n − 2(k − r) = n − 2k + 2r > r, so
Grr/2(P⊥/P)iso is again smooth, connected, and simply connected. We conclude that
Bk ,r(V) is smooth, connected, and simply connected.

The case where r is odd is similar, but the fiber of p over P ∈ Grk−r(V)iso is given
by

{Q ∣ dim Q = k − r−1
2 and P ⊂ Q ⊂ Q⊥+ ⊂ P⊥ ⊕C} ≅ Gr r+1

2
(P⊥/P ⊕C)iso .

Since dim(P⊥/P ⊕C) > r + 1, the variety Gr r+1
2
(P⊥/P ⊕C)iso is smooth, connected,

and simply connected, and we conclude as before.
(2) We have seen in part (1) that Bk ,r is an isotropic Grassmannian bundle over an

isotropic Grassmannian. The claim that its cohomology is even and free then follows
from the Serre spectral sequence and Corollary 2.2.

(3) Suppose first r is even. From the definitions, the map Ĉk ,r(V) → Bk ,r(V) is a
locally trivial fibration whose fiber over a point (P, Q) ∈ Bk ,r(V) is identified with

Grr/2(P⊥/Q),

which is smooth, connected, and simply connected. In view of part (1), the claim for
Ĉk ,r(V) follows.

Now suppose that r is odd. For a point (P, Q) ∈ Bk ,r(V), let Q̄ be the image
of Q under the projection map V+ → V . The kernel of this projection map con-
tains no nonzero isotropic vectors. Since Q is isotropic, it follows that dim Q̄ = dim
Q = k − r−1

2 . Note also that Q is contained in P⊥+ = P⊥ ⊕C, and hence that Q̄ ⊂ P⊥.
Finally, in the definition of Ĉk ,r(V), the condition Q ⊂ H+ ⊂ P⊥+ ⊂ V+ is equivalent to
Q̄ ⊂ H ⊂ P⊥ ⊂ V . In view of these observations, we deduce that Ĉk ,r(V) → Bk ,r(V) is
a locally trivial fibration whose fiber over a point (P, Q) ∈ Bk ,r(V) is identified with

Gr r−1
2
(P⊥/Q̄),

and then we conclude as before.
(4) Let H ∈ Ck ,r(V), and let (P, Q , H) ∈ ϖ̂−1(H). The definition of Ĉk ,r(V) implies

that P ⊂ rad H, but the fact that H ∈ Ck ,r means that dim rad H = k − r = dim P. These
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observations let us describe Ĉ○k ,r(V) as follows: if r is even, then

Ĉ○k ,r(V) = {rad H ⊂ Q ⊂ H ∣H ∈ Ck ,r(V), dim Q = k − r
2 ,

and Q ⊂ Q⊥ } if r is even,

Ĉ○k ,r(V) = {rad H ⊂ Q ⊂ H+ ∣H ∈ Ck ,r(V), dim Q = k − r−1
2 ,

and Q ⊂ Q⊥+
} if r is odd.

In both cases, it follows that Ĉ○k ,r(V) → Ck ,r is a locally trivially fibration. The fiber
over H ∈ Ck ,r is given by

Grr/2(H/ rad H)iso if r is even, Gr r+1
2
(H+/ rad H)iso if r is odd.

(5) Since Ĉk ,r(V) is smooth and connected, its Zariski-open subset Ĉ○k ,r(V) is
as well. Let Γ = π1(Ck ,r(V)), and let Γ′ = π1(Ĉ○k ,r(V)). (The group Γ is described in
Remark 3.11, but we will not need this information.)

Next, let F denote a fiber of ϖ̂ ∶ Ĉ○k ,r(V) → Ck ,r(V). We have identified F in the
proof of part (4). By Proposition 3.10(2), F has two connected components, and by
Lemma 2.4, each connected component is simply connected. In other words, π0(F) ≅
Z/2Z and π1(F) = 1. Then the long exact sequence of homotopy groups

⋅ ⋅ ⋅ → π1(F) → π1(Ĉ○k ,r(V))
78888888888888888888888888889888888888888888888888888888:

Γ′

→ π1(Ck ,r(V))
78888888888888888888888888889888888888888888888888888888:

Γ

→ π0(F) → π0(Ĉ○k ,r(V)) → ⋅ ⋅ ⋅

shows that Γ′ → Γ is injective, and that its image is a subgroup of index 2.
The category of local systems on Ck ,r(V), respectively, on Ĉ○k ,r(V), is equivalent

to the category of k[Γ]-modules, respectively, of k[Γ′]-modules. Under these equiva-
lences, the pullback functor ϖ̂∗ corresponds to the forgetful functor

k[Γ] -mod → k[Γ′] -mod .(4.2)

Since ϖ̂○ is a locally trivial fibration, the (non-derived) push-forward functor H0 ○ ϖ̂∗
sends local systems to local systems. It is right adjoint to ϖ̂∗, so we can identify it with
the right adjoint to (4.2), which is

Homk[Γ′](k[Γ]op ,−) ∶ k[Γ′] -mod → k[Γ] -mod .

Therefore, the local system H0(ϖ̂∗k) corresponds to Homk[Γ′](k[Γ]op , k), which can
be identified with the regular representation of k[Γ/Γ′] = k[Z/2Z]. This local system
decomposes as in (3.6) because 2 is invertible in k. ∎

5 Direct sums of bilinear forms

Let B1 , . . . , Bm be a collection of nonzero finite-dimensional complex vector spaces.
Assume that each is equipped with nondegenerate bilinear form

⟨−,−⟩B i ∶ B i × B i → C

that is either symmetric or skew-symmetric. Let Iso(B i) ⊂ GL(B i) be the group of
linear automorphisms of B i that preserve ⟨−,−⟩B i , and let Iso(B i)○ be its identity
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component. That is, Iso(B i)○ is either SO(B i) or Sp(B i), depending on ⟨−,−⟩B i . Let

IB = Iso(B1)○ × Iso(B2)○ × ⋅ ⋅ ⋅ × Iso(Bm)○.

We let

n i = dim B i and n = n1 + ⋅ ⋅ ⋅ + nm .

Fix an integer k such that 0 ≤ k ≤ n. Let k = (k1 , . . . , km) be a tuple of nonnegative
integers satisfying k1 + ⋅ ⋅ ⋅ + km = k. Let r = (r1 , . . . , rm) be a sequence of symbols
satisfying the following constraints:
• If ⟨−,−⟩B i is skew-symmetric, then r i is an integer such that r i ≡ 0 (mod 2) and

max{0, 2k i − n i} ≤ r i ≤ k i .
• If ⟨−,−⟩B i is symmetric and dim B i is odd, then r i is an integer such that

max{0, 2k i − n i} ≤ r i ≤ k i .
• If ⟨−,−⟩B i is symmetric and dim B i is even, then r i is either an integer such that

max{1, 2k i − n i} ≤ r i ≤ k i , or it may be one of the two special symbols 0′ or 0′′.
Let

Ωk = {pairs of m-tuples (k, r) satisfying the conditions above}.

Then Propositions 3.8 and 3.10 together give us a bijection

Ωk
∼↔ ⊔

k1 , . . . ,km≥0
k1+ ⋅ ⋅ ⋅ +km=k

{IB -orbits on Grk1(B1) × ⋅ ⋅ ⋅Grkm(Bm)}.

For (k, r) ∈ Ωk , let

Ck ,r(B) = Ck1 ,r1(B1) × ⋅ ⋅ ⋅ × Ckm ,rm(Bm)

be the corresponding orbit.
Next, let

B≤i = B1 ⊕ B2 ⊕ ⋅ ⋅ ⋅ ⊕ B i ,
B = B1 ⊕ B2 ⋅ ⋅ ⋅ ⊕ B i ⊕ ⋅ ⋅ ⋅ ⊕ Bm .

We also sometimes write B<i = B≤i−1. There is a canonical identification

B i ≅ B≤i/B<i .

For a subspace H ⊂ B, we set

pri H = (H ∩ B≤i)/(H ∩ B<i) ⊂ B i .

Let UB be the subgroup of GL(B) given by

UB = {g ∈ GL(B) ∣ for v ∈ B i , g(v) ∈ v + B<i}.

This is a unipotent group. We regard IB as a subgroup of GL(B) in the obvious way.
This group normalizes UB , and we set

QB = IB ⋉UB ⊂ GL(B).
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Occasionally, we will need to consider slightly larger groups. As in Remark 3.4, we set

GIso○(B i) = C× × Iso○(B i).
We also set

GIB = GIso○(B1) ×GIso○(B2) × ⋅ ⋅ ⋅ ×GIso○(Bm),
GQB = GIB ⋉UB .

In part (4) of the following proposition, a “locally free k-local system of finite rank”
means a local system of k-modules whose stalks are finite-rank free k-modules.

Proposition 5.1 Let 0 ≤ k ≤ n. For (k, r) ∈ Ωk , let

Ok ,r = {H ∈ Grk(B) ∣ for all i, dim pri H = k i and pri H ∈ Ck i ,r i (B i)}.
(1) Each Ok ,r is a single QB-orbit and a single GQB-orbit. Moreover, this construction

establishes bijections

Ωk
∼↔ {QB -orbits on Grk(B)}. = {GQB -orbits on Grk(B)}.

(2) The natural map

Ok ,r → Ck ,r

given by H ↦ (pr1H, . . . , prm H)makes Ok ,r into an affine space bundle over Ck ,r .
(3) Let H ∈ Ok ,r . We have

StabQB(H)/ StabQB(H)○ ≅ StabGQB(H)/ StabGQB(H)○ ≅ (Z/2Z)d ,

where

d = ∣{i ∣ ⟨−,−⟩B i is symmetric and max{0, 2k i − n i} < r i}.
(4) Let k be a commutative ring in which 2 is invertible, and let L be locally free

QB-equivariant k-local system of rank 1 on Ok ,r . Then H●QB
(Ok ,r ,L) is even and

free.

Proof We will first prove (2) by induction on m. If m = 1, then Ok ,r = Ck ,r , and there
is nothing to prove. Otherwise, let B′ = B≤m−1, and let n′ = n1 + ⋅ ⋅ ⋅ + nm−1. Given
(k, r) = ((k1 , . . . , km), (r1 , . . . , rm)), let k′ = k1 + ⋅ ⋅ ⋅ + km−1, and let

(k′ , r′) = ((k1 , . . . , km−1), (r1 , . . . , rm−1)).
This pair labels a subset Ok′ ,r′ ⊂ Grk′(B′). The map Ok ,r → Ck ,r in the statement of
the proposition factors as

Ok ,r
H↦(H∩B′ ,prm H)
���������→ Ok′ ,r′ × Ckm ,rm(Bm)
(H′ ,K)↦(pr1 H′ , . . . ,prm−1 H′ ,K)
���������������→ Ck1 ,r1(B1) × ⋅ ⋅ ⋅ × Ckm ,rm(Bm) = Ck ,r .(5.1)

The second map in (5.1) is an affine space bundle by induction, so it is enough to prove
that the first map is an affine space bundle.

Let p ∶ B → B′ be the projection map with respect to the decomposition
B = B′ ⊕ Bm . For any H ∈ Ok ,r , the map p∣H ∶ H → B′ induces a map p̄H ∶ H/H ∩ B′ →
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B′/H ∩ B′. The assignment H ↦ (H ∩ B′ , prm H, p̄H) defines an isomorphism of Ok ,r
with the variety V given by

V = {(H′ , K , φ) ∣ H′ ∈ Ok′ ,r′ , K ∈ Ckm ,rm(Bm),
and φ ∶ K → B′/H′ a linear map} .

Since V is a vector bundle over Ok′ ,r′ × Ckm ,rm(Bm), we are done.
Next, we prove (1). It is clear that the extra factors copies of C× that appear in

GQB preserve each Ok ,r , so it is enough to show that each Ok ,r is a single QB-orbit.
For this claim, we again proceed by induction on m. If m = 1, the statement is trivial.
Otherwise, let B′ be as above. Let

UB′ = {g ∈ UB ∣ g(v) = v for v ∈ Bm}, X = {g ∈ UB ∣ g(v) = v for v ∈ B′}.

Then X is a normal subgroup of UB , and UB = UB′ ⋉ X. By induction, the variety
Ok′ ,r × Ckm ,rm(Bm) is a single orbit under the group IB ⋉UB′ = QB′ × Iso○(Bm).

On the other hand, given H′ ∈ Ok′ ,r′ and K ∈ Ckm ,rm(Bm), the group X acts
transitively on the set of linear maps K → B′/H′. That is, X acts transitively on the
fibers of the first map in (5.1). The desired conclusion follows.

For part (3), the statement for QB follows from Propositions 3.8(3) and 3.10(3). This
statement implies the version for GQB by Remark 3.4.

Similarly, part (4) follows from Propositions 3.8(4) and 3.10(4). ∎

5.1 Tangent spaces and slices

Let (k, r) ∈ Ωk , and let H ∈ Ok ,r . For 1 ≤ i ≤ m, choose a complement K i to H ∩ B<i
in H ∩ B≤i . We thus have

H ∩ B≤i = K1 ⊕ ⋅ ⋅ ⋅ ⊕ K i .

Next, for each i, apply Lemma 3.1 to the subspace pri H ∈ Grk i (B i) to obtain a
decomposition

B i = M i ,1 ⊕M i ,2 ⊕M i ,3 ⊕M i ,4

with

pri H = M i ,1 ⊕M i ,2 .

Via the isomorphism K i
∼→ pri H, we transfer this to a decomposition

K i = K i ,1 ⊕ K i ,2 where K i ,1 ≅ M i ,1 and K i ,2 ≅ M i ,2 .

We obtain a decomposition

B≤i =
i
⊕
j=1
(K j,1 ⊕ K j,2 ⊕M j,3 ⊕M j,4).

By Lemma 3.5, we obtain an isomorphism

THGrk(V) = ⊕
1≤i , j≤m

Hom(K i ,1 ⊕ K i ,2 , M j,3 ⊕M j,4).
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In the spirit of (3.4), we can write elements of THGrk(V) as m2-tuples of 2 × 2
matrices:

THGrk(V) =

{(A i j)1≤i , j,≤m ∣A i j = [
a i j b i j
c i j d i j

] ∈ Hom(K i ,1 ⊕ K i ,2 , M j,3 ⊕M j,4)} .(5.2)

Lemma 5.2 Let H ∈ Grk(V) be as above, and let C be the QB-orbit of H. In terms of
(5.2), the tangent space to C at H is given by

THC =
⎧⎪⎪⎨⎪⎪⎩
(A i j = [

a i j b i j
c i j d i j

])
1≤i , j≤m

∣ A i j = 0 if i < j, and
c†

i i = −c i i for all i

⎫⎪⎪⎬⎪⎪⎭
.

Proof We follow the strategy of the proof of Lemma 3.6. Consider first the vector
space

gl(V) = ⊕
1≤i , j≤m

Hom(B i , B j).

The Lie algebra of QB can be written as

Lie(QB) = ⊕
1≤i≤m

Lie(Iso(B i)) ⊕ ⊕
1≤ j<i≤m

Hom(B i , B j).

As in the proof of Lemma 3.5, there is a natural map gl(V) → THGrk(V), leading to
the description in (5.2). The image of Lie(QB) under this map is

⊕
1≤i≤m

( image of
Lie(Iso(B i))

) ⊕ ⊕
1≤ j<i≤m

Hom(K i ,1 ⊕ K i ,2 , M j,3 ⊕M j,4).

In terms of (5.2), this shows that a point (A i j)1≤i , j≤m in the image satisfies A i j = 0
whenever j > i. When j = i, A i j must lie in the image of Lie(Iso(B i)) → Grk i (B i),
and this image is described by Lemma 3.6. ∎

Corollary 5.3 Suppose H ∈ Grk(V) satisfies

H = pr1H ⊕ pr2H ⊕ ⋅ ⋅ ⋅ ⊕ prm H,(5.3)

and letC be the QB-orbit of H. There is a transverse slice S toC at H and an isomorphism

S ≅
⎧⎪⎪⎨⎪⎪⎩
(A i j = [

a i j b i j
c i j d i j

])
1≤i , j≤m

∣ A i j = 0 if i > j, and for all i ,
A i i = [ 0 0

c i i 0 ] where c†
i i = −c i i for all i

⎫⎪⎪⎬⎪⎪⎭
.(5.4)

that identifies H ∈ S with 0 ∈ Hom(M1 , M4).
Moreover, there is a cocharacter ψ ∶ Gm → GIB such that the induced Gm-action on

Grk(V) preserves S, and acts on it linearly with strictly positive weights.

Proof Thanks to the assumption (5.3), we may choose

K i = pri H ⊂ B i(5.5)

for all i. We work with this choice for the remainder of this proof.
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Let X denote the right-hand side of (5.4). In view of (5.2) and Lemma 5.2, we can
regard X as a linear subspace of THGrk(V) that is complementary to THC. Via Lemma
3.5(2), we can identify this subspace with a locally closed subvariety S ⊂ Grk(V) that
meets C transversely.

Next, choose a sequence of integers

e1 < e2 < ⋅ ⋅ ⋅ < em .

Define ψ1 ∶ Gm → GIB and ψ2 ∶ Gm → IB as follows:

ψ1(z)(v) = ze i v if v ∈ B i , ψ2(z)(v) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

z−1v if v ∈ K i ,1 ,
zv if v ∈ M i ,4 ,
v if v ∈ K i ,2 or v ∈ M1,3 .

(Here, the assumption (5.5) guarantees that ψ2 actually takes values in IB .) Then define

ψ ∶ Gm → GIB by ψ(z) = ψ1(z)ψ2(z).

The induced action on THGrk(V) is given by

ψ(z)([a i j b i j
c i j d i j

]) = [z
e j−e i+1a i j ze j−e i b i j

ze j−e i+2c i j ze j−e i+1d i j
] .

In particular, the action on S has strictly positive weights. ∎

Corollary 5.4 Let H ∈ C be as in Lemma 5.2, and let C be the QB-orbit of H. There is
a transverse slice S to C at H and a cocharacter ψ ∶ Gm → GQB such that the induced
Gm-action on Grk(V) preserves S, and acts on it linearly with strictly positive weights.

Proof Consider the point H′ ∈ Grk(V) given by

H′ = pr1H ⊕ pr2H ⊕ ⋅ ⋅ ⋅ ⊕ prm H.

By construction, pri H′ = pri H for all i, so by Proposition 5.1, they lie in the same GQB-
orbit C. In Corollary 5.3, we have constructed a transverse slice to C at H′. By acting
by a suitable element of GQB , we obtain the desired slice to C at H. ∎

6 Resolution of singularities for orbit closures

Let (k, r) ∈ Ω. The goal of this section is to construct a resolution of singularities μ ∶
X(k, r) → Ok ,r , generalizing Proposition 4.1. We will also prove that the cohomology
of X(k, r) and of the fibers of μ is even and free.

We define X(k, r) as follows. A point of X(k, r) is a list of 3m vector spaces, denoted
by

Pi , H i ⊂ B≤i and P̃i ⊂ B i for 1 ≤ i ≤ m,
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satisfying the following conditions1 for each i:

dim P̃i = k i − r i ,
dim Pi = k1 + ⋅ ⋅ ⋅ + k i−1 + k i − r i ,

dim H i = k1 + ⋅ ⋅ ⋅ + k i−1 + k i ,

P̃i ⊂ P̃⊥i ,
pri Pi ⊂ P̃i ,

pri H i ⊂ P̃⊥i ,
H i−1 ⊂ Pi ⊂ H i

with one extra condition:

if r i = 0′ or 0′′ , then P̃i ∈ Ck i ,r i ⊂ Grk i (B i).
By construction, X(k, r) is a closed subvariety of a product of Grassmannians, so

it is a projective variety. The defining conditions imply that each P̃i is an isotropic
subspace of B i , and that P1 = P̃1. On the other hand, we have dim Hm = k. There is a
map

μ ∶ X(k, r) → Grk(B)
that sends a point to Hm .

Lemma 6.1 The variety X(k, r) is a smooth, connected, and simply connected. More-
over, for any commutative ring k, H●(X(k, r), k) is even and free.

Proof Let j be an integer with 0 ≤ j ≤ m. We define varieties Yj and Y ′j as follows: a
point is a collection of vector spaces as indicated below, subject to the same conditions
as those in the definition of X(k, r).

For Yj For Y ′j

P̃i for 1 ≤ i ≤ m P̃i for 1 ≤ i ≤ m
Pi for 1 ≤ i ≤ j Pi , H i for 1 ≤ i ≤ j
H i for 1 ≤ i < j

There is an obvious sequence of maps

X(k, r) = Y ′m → Ym → Y ′m−1 → ⋅ ⋅ ⋅ → Y ′1 → Y1 ,(6.1)

where each map forgets one subspace from the data.
Let us describe the fibers of the maps in (6.1). Let 1 ≤ j ≤ m, and fix a point in Yj .

The fiber of Y ′j → Yj over the given point is the variety of subspaces H j such that

Pj ⊂ H j ⊂ B< j ⊕ P̃⊥j and dim H j = k1 + ⋅ ⋅ ⋅ + k j .

The space of choices for H j is isomorphic to the Grassmannian

Grr j((B< j ⊕ P̃⊥j )/Pj),

and we conclude that Y ′j → Yj is a Grassmannian bundle, that is, a locally trivial fiber
bundle whose fibers are Grassmannians. Similar arguments show that Yj+1 → Y ′j is
also a Grassmannian bundle.

1If ri is one of the special symbols 0′ or 0′′, it should be interpreted as 0 in these equations.
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For each variety Y appearing in (6.1), we will prove the following claims:
(1) Y is smooth, connected, and simply connected.
(2) We have H●(Y , k) is even and free.
We proceed by induction, starting with Y1. Since P1 = P̃1, and since each P̃i is isotropic,
we may identify

Y1 = Y11 × ⋅ ⋅ ⋅ × Y1m where Y1i =
⎧⎪⎪⎨⎪⎪⎩

Ck i ,r i (B i) if r i = 0′ or 0′′ ,
Grk i−r i (B i)iso otherwise.

(6.2)

Recall that when r i = 0′ or 0′′, the variety Ck i ,r i (B) is a connected component of
Grk i (B i)iso. Using Lemma 2.4, we see that each Y1i is smooth, connected, and simply
connected, and by Corollary 2.2, H●(Y1i , k) = 0 is even and free. We deduce that Y1
has the desired properties as well.

For the inductive step, let Y ′ → Y be a map in (6.1), and assume that the claims
are known for Y. We have seen that Y ′ → Y is a Grassmannian bundle. It follows
immediately that Y ′ is smooth, connected, and simply connected. Since Y is simply
connected, the Serre spectral sequence shows that H●(Y ′) = 0 is even and free. ∎

Proposition 6.2 The image of μ ∶ X(k, r) → Grk(B) is Ok ,r and the restriction
μ∣μ−1(Ok ,r) ∶ μ−1(Ok ,r) → Ok ,r is an isomorphism of varieties. As a consequence,

μ ∶ X(k, r) → Ok ,r

is a resolution of singularities.

Proof For x ∈ X(k, r), we have

dim pri Pi(x) ≤ k i − r i ,
dim pri H i(x) = dim H i/B<i ∩H i ≤ dim H i/Pi ≤ k i .

Let U be the open subset of X(k, r)where these inequalities are equalities for all i. The
definitions imply that for x ∈ U , we have

pri Pi = P̃i and P̃i ⊂ pri H i ⊂ (P̃i)⊥ .

In other words, P̃i is contained in the radical of pri H i . Therefore, the first assertion of
the proposition is true.

Since μ is proper and QB-equivariant, its image is closed, irreducible, and stable
under QB , and is therefore the closure of a single QB-orbit.

Let H ∈ Ok ,r . We can define Hm = H. Clearly, dim pri H ∩ pri H⊥ = k i − r i . So we
define P̃i = pri H ∩ pri H⊥ which has dimension k i − r i and an isotropic subspace.
Define H i = H ∩ B≤i . Then dim H1 = dim H ∩ B≤1 = dim pr1H = k1. Now, we prove
dim H i = k1 + ⋅ ⋅ ⋅ + k i by induction. Let the statement is true for H i−1. Then dim H i =
dim pri H + dim H ∩ B≤i−1 = dim pri H + dim H i−1 = k i + k i−1 + ⋅ ⋅ ⋅ + k1. Also pri H i =
pri H ⊂ pri H + pri H⊥ = P̃⊥i . We have the projection map π ∶ H i → pri H, where pri H
contains P̃i . We define Pi to be the preimage of P̃i under the map π. Then dim Pi =
dim P̃i + ker π = k i − r i + dim H ∩ B<i = k i − r i + k i−1 + ⋅ ⋅ ⋅ + k1. Also ker π = H i−1 ⊂
Pi . The i-th projection, pri Pi ⊂ P̃i . So it is clear that the choice of H ∈ Ok ,r determines
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the element in Xk ,r , hence μ∣μ−1(Ok ,r) ∶ μ−1(Ok ,r) → Ok ,r is a bijection. Since a
bijective morphism of smooth complex varieties is an isomorphism, we are done. ∎

Remark 6.3 From the preceding proof, we can extract a description of the inverse
isomorphism Ok ,r → μ−1(Ok ,r): it sends H ∈ Ok ,r to the collection (P̃i , Pi , H i ∶
1 ≤ i ≤ m) with

P̃i = rad(pri H), Pi = preimage of P̃i in H ∩ B≤i , H i = H ∩ B≤i .

The remainder of this section is devoted to the study of the fibers of μ. To do this,
we introduce another variety F(k, r) as follows. A point of F(k, r) is a collection of
vector spaces

Pi , H i ⊂ B≤i for 1 ≤ i ≤ m,

whose dimensions are as in the definition of X(k, r), and that satisfy the following
containment relations:

H i−1 ⊂ Pi ⊂ H i ⊂ B≤i and pri Pi , pri H i ⊂ (pri Pi)⊥ .(6.3)

We claim that there is an obvious map

X(k, r) → F(k, r)

given by forgetting the P̃i ’s. For this to make sense, we must check that points of
X(k, r) satisfy the additional condition (6.3). This condition is easily deduced from
the fact that pri Pi ⊂ P̃i ⊂ P̃⊥i . This implies pri Pi ⊂ P̃⊥i ⊂ (pri Pi)⊥. Also we have pri H i ⊂
P̃⊥i ⊂ (pri Pi)⊥. There is an obvious map

μF ∶ F(k, r) → Grk(B).

Lemma 6.4 Let M ∈ Grk(B). The variety μ−1
F (M) admits an affine paving

μ−1
F (M) = ⊔

α∈I
Sα

such that the following functions are constant on each piece Sα of the paving:

dim Pi ∩ B<i , dim H i ∩ B<i , dim Pi ∩ (rad pri M + B<i).

In this statement, “rad pri M” is the radical of the restriction of the bilinear form
⟨−,−⟩B i to pri M. In other words, rad pri M = pri M ∩ (pri M)⊥.

Proof Let 1 ≤ j ≤ m. Define varieties F j and F′j as follows: a point is a collection of
subspaces as indicated below, subject to the same conditions as in the definition of
F(k, r), along with the additional conditions indicated below.

For F j For F′j
Pi for 1 ≤ i ≤ j, Pi , H i for 1 ≤ i ≤ j,
H i for 1 ≤ i < j
Pj ⊂ M ∩ B≤ j H j ⊂ M ∩ B≤ j
pri M ⊂ (pri Pi)⊥ for 1 ≤ i ≤ j pri M ⊂ (pri Pi)⊥ for 1 ≤ i ≤ j
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We have a sequence of maps

μ−1
F (M) = F′m → Fm → F′m−1 → ⋅ ⋅ ⋅ → F2 → F′1 → F1 .

We will show that every variety in this sequence admits an affine paving with the
property that the functions mentioned in the statement of the lemma are all constant
on each piece of the paving. The proof is by induction along the sequence of maps
above.

Let us prove the claim for F j , assuming that F′j−1 has an appropriate affine paving.
(This paragraph also covers the start of the induction: interpret F′0 to mean a single-
ton, and take P0 = H0 = 0.) Consider the bilinear form (−,−)B≤ j on B≤ j defined by
declaring B< j to be in its radical, and by declaring its restriction to B j to coincide with
⟨−,−⟩B j . Then the condition pr jPj be isotropic with respect to ⟨−,−⟩B j is equivalent to
requiring Pj to be isotropic with respect to (−,−)B≤ j . Fix a stratum S in F′j−1. Each point
s ∈ S includes, as part of its data, a subspace H j−1(s) ⊂ B< j . The quotient B≤ j/H j−1(s)
has a bilinear form induced by (−,−)B≤ j , and

F j ×F′j−1
S = {(s, Pj) ∣

s ∈ S , H j−1(s) ⊂ Pj ⊂ M ∩ B≤ j , and
Pj is isotropic with respect to (−,−)B≤ j

} .

This variety is an instance of the variety called “Y” in the statement of Lemma 2.3,
using the vector space M ∩ B≤ j and the subspaces

B< j and rad pr j M + B< j .

(Note that the latter is the radical of M ∩ B≤ j with respect to (−,−)B≤ j .) By Lemma 2.3,
F j ×F′

−1
S admits an affine paving such that the functions

dim Pj ∩ B< j , dim Pj ∩ (rad pr j M + B< j)
are constant on strata. It follows that F j itself admits an affine paving such that the
desired functions are constant on strata.

Next, we prove the claim for F′j , assuming that F j has an appropriate affine paving.
Fix a stratum S in F j . Each point s ∈ S determines a subspace Pj(s) ⊂ B≤ j . We have

F′j ×F j S = {(s, H j) ∣ s ∈ S and Pj(s) ⊂ H j ⊂ M ∩ B≤ j}.
Similar reasoning shows that F′j ×F j S admits an affine paving such that dim H j ∩ B<i
is constant on strata, so F′j admits the desired kind of affine paving as well. ∎

Lemma 6.5 Let M ∈ Grk(B). The variety μ−1(M) admits an affine paving

μ−1(M) = ⊔
α∈I

Sα

such that the following functions are constant on each piece Sα of the paving:

dim Pi ∩ B<i , dim H i ∩ B<i , dim Pi ∩ (rad pri M + B<i).
Proof Let S be a piece of the affine paving of μ−1

F (M) ⊂ F(k, r) from Lemma 6.4. It
is enough to show that

X(k, r) ×F(k ,r) S

https://doi.org/10.4153/S0008414X26102144 Published online by Cambridge University Press

https://doi.org/10.4153/S0008414X26102144


Equivariant sheaves for classical groups acting on Grassmannians 31

admits an affine paving. For s ∈ S, we have a collection of spaces Pi(s), H i(s) ⊂ B
satisfying (6.3), and with Hm(s) = M. For 1 ≤ i ≤ m, let Y1i be as in (6.2). We have
an identification

X(k, r) ×F(k ,r) S =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
(s, P̃1 , . . . , P̃m) ∣

s ∈ S , P̃i ∈ Y1i , and
pri Pi(s) ⊂ P̃i ⊂ B i , 1 ≤ i ≤ m − 1,

prm Pm(s) ⊂ P̃m ⊂ (prm M)⊥

⎫⎪⎪⎪⎬⎪⎪⎪⎭
.

The argument of Lemma 2.3 shows that X(k, r) ×F(k ,r) X → S is a trivial fibration
whose fibers are of the form

Gra1((pr1M)⊥/pr1P1(s)) × ⋅ ⋅ ⋅ ×Gram((prm M)⊥/prm Pm(s)),

where a i is dim P̃i − dim pri Pi . (Note that the dimensions involved are independent of
the choice of s ∈ S, as dim pri Pi = dim Pi − dim Pi ∩ B<i and dim Pi ∩ B<i is constant
on S by Lemma 6.4.) By Lemma 2.1, X(k, r) ×F(k ,r) S admits an affine paving such
that the desired functions are constant on strata, and hence so does X(k, r). ∎

7 Compactified π1-trivial fibrations

In the previous section, we generalized Proposition 4.1. In this section, we generalize
Proposition 4.2: we will construct a proper map

μ̂ ∶ X̂(k, r) → Ok ,r

whose domain is smooth, and whose restriction to π−1(Ok ,r) is a “π1-injective
fibration of index 2” as defined in Section 4.

We define X̂(k, r) as follows: a point of X̂(k, r) consists of a point of X(k, r),
together with the following additional data:
• For each i such that ⟨−,−⟩B i is symmetric, r i >max{0, 2k i − n i}, and r i is even,

subspaces

Q i ⊂ B and Q̃ i ⊂ B i

satisfying the following conditions:

dim Q̃ i = k i − r i/2, P̃i ⊂ Q̃ i ⊂ Q̃⊥i
dim Q i = k1 + ⋅ ⋅ ⋅ + k i−1 + k i − r i/2 pri Q i ⊂ Q̃ i ,

Pi ⊂ Q i ⊂ H i .

• For each i such that ⟨−,−⟩B i is symmetric, r i >max{0, 2k i − n i}, and r i is odd,
subspaces

Q i ⊂ B ⊕C and Q̃ i ⊂ B i ⊕C

satisfying the following conditions:

dim Q̃ i = k i − r i−1
2 , P̃i ⊂ Q̃ i ⊂ (Q̃ i)⊥+

dim Q i = k1 + ⋅ ⋅ ⋅ + k i−1 + k i − r i−1
2 pri Q i ⊂ Q̃ i ,

Pi ⊂ Q i ⊂ H i ⊕C.
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(Here, in a slight abuse of notation, “pri Q i” should be understood as Q i/(Q i ∩
B<i) ⊂ B i ⊕C.)

There is an obvious map

X̂(k, r) → X(k, r)

given by forgetting the Q i ’s and the Q̃ i ’s. We denote the composition of this map with
μ ∶ X(k, r) → Grk(B) by

μ̂ ∶ X̂(k, r) → Grk(B).

Lemma 7.1 The variety X̂(k, r) is smooth, connected, and simply connected. Moreover,
for any commutative ring k, H●(X̂(k, r), k) is even and free.

Proof In the definition of X̂(k, r), the subspaces Q j and Q̃ j are defined only for
certain j. In this proof, it will be convenient to adopt the convention that

Q j = Pj , Q̃ j = P̃j if
⎧⎪⎪⎨⎪⎪⎩

⟨−,−⟩B j is skew-symmetric, or
⟨−,−⟩B j is symmetric and r j =max{0, 2k j − n j}.

The structure of the proof is very similar to that of Lemma 6.1. Let j be an integer
with 0 ≤ j ≤ m. We define three varieties Yj , Y ′j , and Y ′′j as follows: a point is a
collection of vector spaces as indicated below, subject to the same conditions as those
in the definition of X̂(k, r).

ForYj ForY ′j ForY ′′j

P̃i , Q̃ i for 1 ≤ i ≤ m P̃i , Q̃ i for 1 ≤ i ≤ m P̃i , Q̃ i for 1 ≤ i ≤ m
Pi for 1 ≤ i ≤ j Pi , Q i for 1 ≤ i ≤ j Pi , Q i , H i for 1 ≤ i ≤ j

Q i , H i for 1 ≤ i < j H i for 1 ≤ i < j

In place of (6.1), we now have a sequence of maps

X̂(k, r) = Y ′′m → Y ′m → Ym → Y ′′m−1 → ⋅ ⋅ ⋅ → Y ′1 → Y1 .(7.1)

Let 1 ≤ j ≤ m. The same reasoning as in Lemma 6.1 shows that Y ′j → Yj and Yj → Y ′′j−1
are locally trivial Grassmannian bundles. This reasoning also applies verbatim to
Y ′′j → Y ′j except in the case where ⟨−,−⟩B j is symmetric, r j >max{0, 2k j − n j}, and r j
is odd. In this case, an additional comment is required because the definition involves
H j ⊕C rather than H j . Specifically, the fiber of this map over a given point of Y ′j is
the set of subspaces H j such that

Q j ⊂ H j ⊕C ⊂ B< j ⊕ P̃⊥j ⊕C and dim H j = k1 + ⋅ ⋅ ⋅ + k j .

Let Q̄ j be the image of Q j under the projection map B ⊕C→ B. The condition above
is equivalent to

Q̄ j ⊂ H j ⊂ B< j ⊕ P̃⊥j and dim H j = k1 + ⋅ ⋅ ⋅ + k j ,

so the fiber over the given point of Y ′j is identified with

Gr ri−1
2
((B< j ⊕ P̃⊥j )/Q̄ j).
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The subtlety is that in order for these fibers to assemble into a locally trivial bundle,
we must check that the dimension of Q̄ j is constant on Y ′j . This is true: indeed, the
argument in the proof of Proposition 4.2 shows that dim Q̄ j = dim Q j . We conclude
that Y ′′j → Y ′j is also a locally trivial Grassmannian bundle.

Next, from the definition, we have

Y1 = Y11 × ⋅ ⋅ ⋅ × Y1m ,

where

Y1i =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

Bk i ,r i (B) if ⟨−,−⟩B i is symmetric and max{0, 2k i − n i} < r i ,
Cr i (B i) if r i = 0′ or 0′′ ,
Grk i−r i (B i)iso in all other cases.

Combining Corollary 2.2, Lemma 2.4, and Proposition 4.2, we conclude that Y1 is
smooth, connected, and simply connected, and that is cohomology is even and free.
Since each map in (7.1) is a locally trivial Grassmannian bundle, the same conclusions
hold for X̂(k, r). ∎
Proposition 7.2 The image of μ̂ ∶ X̂(k, r) → Grk(B) is Ok ,r , and the restricted map

μ̂○ = μ̂∣μ̂−1(Ok ,r) ∶ μ̂
−1(Ok ,r) → Ok ,r

is a π1-injective fibration of index 2. If k is a ring satisfying (1.1), the sheaf

H0(μ̂○∗k)
is a QB-equivariant local system in which every indecomposable locally free QB-
equivariant local system on Ok ,r appears as a direct summand.
Proof Let H be a point in Ok ,r , and let F = μ̂−1(H). A point in F consists of data
(P̃i , Pi , H i , Q̃ i , Q i) satisfying varying conditions. By Proposition 6.2, the terms P̃i ,
Pi , and H i are determined by H. To describe μ̂−1(H), we must describe the space
of choices for Q i and Q̃ i .

The formulas in Remark 6.3 imply that Pi ∩ B<i = H i ∩ B<i for all i, and that these
spaces have dimension k1 + ⋅ ⋅ ⋅ + k i−1. From the definition of X̂(k, r), we see that
Q i ∩ B<i must also equal H i ∩ B<i . This implies that dim pri Q i = dim Q̃ i , and hence
that Q̃ i = pri Q i . Phrased another way, Q i must be the preimage of Q̃ i under the map
H ∩ B i → pri H (or if r i is odd, under (H ∩ B i) ⊕ C → pri H ⊕C). Thus, it remains to
determine the space of choices for Q̃ i . The quotient Q̃ i/P̃i is an isotropic subspace of
pri H/P̃i (or if r i is odd, of (pri H ⊕C)/P̃i ), which carries a nondegenerate bilinear
form. We conclude that the fiber F = μ̂−1(H) is described by

F ≅ ∏
1≤i≤m

⟨−,−⟩Bi symmetric
max{0,2k i−n i}<r i

r i even

Grr i/2(pri H/ rad(pri H))iso

× ∏
1≤i≤m

⟨−,−⟩Bi symmetric
max{0,2k i−n i}<r i

r i odd

Gr(r i+1)/2((pri H ⊕C)/ rad(pri H))iso .
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More generally, μ̂−1(Ok ,r) → Ok ,r is a locally trivial fibration with fibers isomorphic
to F.

Using Lemma 2.4, we see that π0(F) ≅ (Z/2Z)d , where

d = ∣{i ∣ ⟨−,−⟩B i is symmetric and max{0, 2k i − n i} < r i},

and π1(F) = 1. So we get the following short exact sequence of homotopy groups:

1→ π1(μ̂−1(Ok ,r)) → π1(Ok ,r(V)) → (Z/2Z)d → 1.

Proposition 5.1 also identifies the middle term with (Z/2Z)d , so μ̂−1(Ok ,r) must
be simply connected. Then the same reasoning as in Proposition 4.2(5) shows that
H0(μ̂○∗k) is the local system corresponding to the regular representationk[(Z/2Z)d].
Since 2 is invertible in k, the regular representation decomposes as a direct sum of
representations that are each free of rank 1 over k. Under the additional assumptions
from (1.1), every indecomposable k[(Z/2Z)d]-module that is free over k occurs as a
direct summand of the regular representation. This proves the second assertion in the
proposition. ∎

Let F̂(k, r) be the variety defined as follows: a point of F̂(k, r) consists of a point of
F(k, r) and P̃i , 1 ≤ i ≤ m satisfying the relations in X(k, r) together with the following
additional data: for each i such that ⟨−,−⟩B i is symmetric and r i >max{0, 2k i − n i},
we require a space Q i where

Q i ⊂ B, Pi ⊂ Q i ⊂ H i , pri Q i ⊂ (pri Q i)⊥ if r i is even,
Q i ⊂ B ⊕C, Pi ⊂ Q i ⊂ H i ⊕C pri ,+Q i ⊂ (pri ,+Q i)⊥+ if r i is odd,

and where the dimension of Q i is as in the definition of X̂(k, r), and where for r i odd,
we set

pri ,+Q i = Q i/(Q i ∩ B<i) ⊂ B i ⊕C.

There are obvious maps

X̂(k, r) → F̂(k, r) → F(k, r) and μ̂F ∶ F̂(k, r) → Grk(B)

given by forgetting appropriate parts of the data.

Lemma 7.3 Let M ∈ Grk(B). The variety (μ̂F)−1(M) admits an affine paving

μ̂−1
F (M) = ⊔

α∈I
Sα

such that the following functions are constant on each piece Sα of the paving:

dim Pi ∩ B<i , dim H i ∩ B<i , dim Pi ∩ (rad pri M + B<i).

Proof Let S be a piece of the affine paving of μ−1(M) ⊂ X(k, r) from Lemma 6.5. It
is enough to show that

F̂(k, r) ×X(k ,r) S
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admits an affine paving. For s ∈ S, we have subspaces Pi(s), H i(s), P̃i(s) ⊂ B satisfying
the condition in X(k, r), and with Hm(s) = M. We have an identification

F̂(k, r) ×X(k ,r) S = {(s, (Q i) certain 1≤i≤m) ∣
s ∈ S , and

Pi(s) ⊂ Q i ⊂ H i or H i ⊕C
} .

In more detail, suppose ⟨−,−⟩B i is symmetric and r i >max{0, 2k i − n i}. If r i is even,
then the space of choices for Q i over s ∈ S is identified with

Gr(H i(s)/(Pi(s))iso .

If r i is odd, then we instead have

Gr((H i(s) ⊕C)/Pi(s))iso .

Combining these cases and using the argument of Lemma 2.3, we conclude that the
map F̂(k, r) ×X(k ,r) S → S is a locally trivial fibration whose fibers are products of
isotropic Grassmannians. The lemma follows. ∎
Lemma 7.4 Let M ∈ Grk(B). The variety μ̂−1(M) admits an affine paving

μ̂−1(M) = ⊔
α∈I

Sα

such that the following functions are constant on each piece Sα of the paving:

dim Pi ∩ B<i , dim H i ∩ B<i , dim Pi ∩ (rad pri M + B<i).
Proof Let S be a piece of the affine paving of (μ̂F)−1(M) from Lemma 7.3. We then
have

X̂(k, r) ×F̂(k ,r) S =

{(s, (Q̃ i) certain i ∈ {1, . . . , m}) ∣ s ∈ S and
P̃i(s) + pri Q i(s) ⊂ Q̃ i ⊂ (Q̃ i)⊥ or (Q̃ i)⊥+

} .

In more detail, suppose ⟨−,−⟩B i is symmetric and r i >max{0, 2k i − n i}. If r i is even,
then the space of choices for Q̃ i over s ∈ S is identified with

Gr(P̃i(s)⊥/(P̃i(s) + pri Q i(s)))iso .

If r i is odd, then we instead have

Gr((P̃i(s)⊥ ⊕C)/(P̃i(s) + pri Q i(s)))iso .

Combining these cases and using the argument of Lemma 2.3, we conclude that the
map X̂(k, r) ×F̂(k ,r) S → S is a locally trivial fibration whose fibers are products of
isotropic Grassmannians. The lemma follows. ∎

8 Main results on parity sheaves

Let B = B1 ⊕ ⋅ ⋅ ⋅ ⊕ Bm be as in Section 5. Let k be a ring satisfying assumption (1.1).
In this section, we study the QB-equivariant derived category of constructible sheaves
on Grk(B), denoted by

Db
QB
(Grk(B), k).
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Consider the collection of all indecomposable QB-equivariant local systems on
QB-orbits in Grk(B). The “even and free” property from Proposition 5.1(4) means
that this collection of local systems satisfies the basic assumptions in [6, Equations
(2.1) and (2.2)] needed for the theory of parity sheaves. In particular, it makes sense
to speak of “QB-equivariant parity sheaves” on Grk(B). By [6, Theorem 2.12], we have
the following classification result.

Theorem 8.1 [6]

(1) For each orbit Ok ,r ⊂ Grk(B) and each indecomposable locally free k-local system
L on Ok ,r , there is (up to isomorphism) at most one indecomposable parity sheaf

E(Ok ,r ,L)

that is supported on Ok ,r and that satisfies

E(Ok ,r ,L)∣Ok ,r ≅ L[dimOk ,r].

(2) Every parity complex in Db
QB
(Grk(B), k) is isomorphic to a direct sum of objects of

the form E(Ok ,r ,L)[m].

Note that the first part of this result says “at most one”: the general theory from [6]
does not guarantee the existence of E(Ok ,r ,L).

Theorem 8.2 For each orbit Ok ,r ⊂ Grk(B) and each QB-equivariant local system L

on Ok ,r , the parity sheaf E(Ok ,r ,L) exists. Moreover,

H●(Grk(B),E(Ok ,r ,L)[−dimOk ,r])

is even and free.

Proof Consider the map μ̂ ∶ X̂(k, r) → Grk(B). Let d = dim X̂(k, r), and let F =
μ̂∗k[d]. Because X̂(k, r) is smooth and μ̂ is proper, we see that F is isomorphic to
its own Verdier dual. The stalk of F at a point M ∈ Grk(B) is given by

FM = H●+d(μ̂−1(M), k).

Since μ̂−(M) has an affine paving, we see that the stalks of F vanish in degrees whose
parity does not match that of d. Since the same condition holds for DF, we conclude
that F is a parity complex.

By Theorem 8.1, F is a direct sum of objects of the form E(Ok′ ,r′ ,L′)[m]. Since
F is supported on Ok ,r , any summand E(Ok′ ,r′ ,L′)[m] that occurs in F must
satisfy Ok′ ,r′ ⊂ Ok ,r . As a consequence, if F∣Ok ,r is nonzero, and if L is an irreducible
summand of some cohomology sheaf Hi(F∣Ok ,r), then E(Ok ,r ,L) exists and occurs
(up to shift) as a direct summand of F.
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By Proposition 7.2, every indecomposable locally free QB-equivariant local system
L on Ok ,r occurs as a direct summand of H−d(F). We conclude that every E(Ok ,r ,L)
exists, and that

E(Ok ,r ,L)[d − dimOk ,r]
occurs as a direct summand of F.

Finally, we see that Hi(Grk(B),E(Ok ,r ,L)[−dimOk ,r) is a direct summand of

H●(Grk(B),F[−d]) ≅ H●(X̂(k, r), k),
and this is even and free by Lemma 7.1. ∎
Corollary 8.3 IfF ∈ Db

QB
(Grk(B), k) is an even complex, thenH●(Grk(B),F) is even

and free.

References

[1] P. Achar, Perverse sheaves and applications to representation theory, Mathematical Surveys and
Monographs, 258, American Mathematical Society, Providence, RI, 2021.

[2] P. Achar, S. Makisumi, S. Riche, and G. Williamson, Koszul duality for Kac–Moody groups and
characters of tilting modules. J. Amer. Math. Soc. 32(2019), 261–310.

[3] P. Achar and L. Rider, Parity sheaves on the affine Grassmannian and the Mirković–Vilonen
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