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Equivariant sheaves for classical groups
acting on Grassmannians

Pramod N. Achar® and Tamanna Chatterjee

Abstract. Let V be a finite-dimensional complex vector space. Assume that V is a direct sum of
subspaces each of which is equipped with a nondegenerate symmetric or skew-symmetric bilinear
form. In this article, we introduce a stratification of the Grassmannian Gr (V) related to the action
of the appropriate product of orthogonal and symplectic groups, and we study the topology of this
stratification. The main results involve sheaves with coefficients in a field of characteristic other
than 2. We prove that there are “enough” parity sheaves, and that the hypercohomology of each parity
sheaf also satisfies a parity-vanishing property. This situation arises in the following context: let x be
anilpotent element in the Lie algebra of either G = Sp,, (C) or G = SOn(C),andlet V = kerx c CV.
Our stratification of Gry (V) is preserved by the centralizer G*, and we expect our results to have
applications in Springer theory for classical groups.

1 Introduction

1.1 Overview and statement of the main results

Parity sheaves, introduced by Juteau-Mautner-Williamson in [6], have become a
powerful tool in modular geometric representation theory. One especially important
case is that of flag varieties and their variants (such as affine or partial flag varieties,
including Grassmannians) equipped with the Schubert stratification. In this setting,
parity sheaves give rise to the notion of the p-canonical basis of the Hecke algebra, and
ultimately to a number of major advances of the past decade, including [2, 3, 9, 10].

The goal of this article is to study parity sheaves on Grassmannians equipped
with various stratifications other than the Schubert stratification. These stratifications,
defined in terms of the action of classical groups, are motivated by an anticipated
future application to Springer theory. This application will be discussed at the end
of the introduction.

Let us introduce the notation needed to formulate the main results. Let B be a finite-
dimensional complex vector space equipped with a decomposition

B=B® --- ®By,.

(On a first reading, the reader may wish to assume that m = 1.) Suppose that each B;
is equipped with a nondegenerate bilinear form (—, —)p, that is either symmetric or
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2 P.N. Achar and T. Chatterjee

skew-symmetric. Let Iso(B;) ¢ GL(B;) be the subgroup that preserves (-, —)p,, and
let Iso°(B;) c Iso(B;) be its identity component. Thus,

SO(B;) if (-, -)p, is symmetric,
Sp(B;)  if (-, —)p, is skew-symmetric.

Iso°(B;) = {

Let
Ip =1s0°(By) x -+ x Is0°(B,,) c GL(B).

In Section 5, we will introduce larger group Qp c GL(B) that has the form
Qg = I % (a connected unipotent group).

(If m =1, the unipotent part is trivial, and we have Qp = I = Iso°(B;).)

Let k be an integer with 0 < k < dim B, and consider the Grassmannian Gr(B) of
k-dimensional subspaces of V. The groups Qg and I act on Gri (B). We can consider
the equivariant derived category

DY, (Grk(B),k)

of sheaves of k-modules, where k is a field (more general rings will be allowed in the
body of the article).
The main results of the article are summarized in items (1)-(6) below:
(1) We classify the Qg-orbits on Gry(B).
(2) We determine the Qp-equivariant fundamental group of each Gry(B)-orbit.
It turns out that each such fundamental group is a product of copies of Z/27Z. As a
consequence, if the characteristic of k is not 2, then the category of Qg-equivariant
k-local systems on each orbit is semisimple.
(3) When the characteristic of k is not 2, for each Qp-orbit O c Gry(B) and each irre-
ducible Qp-equivariant k-local system £ on O, we construct an indecomposable
parity sheaf

€(0,£)

that is supported on O and satisfies €(0O, £)|o = £[dim O].
(4) Still assuming that the characteristic of k is not 2, we prove that the hypercoho-
mology of parity sheaves satisfies:

H (Gr(B),£(0,£)) =0 ifi#dimO (mod 2).

For item (3), once we have constructed £(O, £), the general theory from [6] tells us
that it is unique up to isomorphism. The construction requires some auxiliary results,
including the following:

(5) For each Qp-orbit O c Gri(B), we construct a resolution of singularities
u : X - O whose fibers have cohomology only in even degrees.

In the terminology of [6], these are called “even resolutions” These resolutions are
already enough to prove the existence of parity sheaves £(0,k) associated with
constant local systems. But when O admits nontrivial local systems, more is needed.
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(6) For each Qg-orbit O c Gry(B), we construct a proper map @ : X - O with the
following properties: (i) X is smooth; (ii) the fibers of 7 have cohomology only
in even degrees; (iii) 7 '(0) is simply connected; and (iv) z: @ '(0) - O is a
smooth morphism.

In item (6), parts (iii) and (iv) of this statement are the key to constructing £(O, £)
for nontrivial £. One could ask whether part (iv) could be improved to say that
E:u(0) - O is étale (so that I is an alteration). We do not know whether such
a statement is true.

1.2 Motivation

The present article is motivated by an anticipated application to Mautner’s clean-
ness conjecture. Before explaining this connection, we review some background on
Springer theory.

In Lusztigs work [7] on the generalized Springer correspondence (with
Q,-coefficients), one key result states that cuspidal simple perverse sheaves are clean,
that is, their stalks vanish outside of one orbit. The cleanness phenomenon plays a
crucial role in the computation of stalks of perverse sheaves on the nilpotent cone [8],
and in the theory of character sheaves.

About ten years ago, Mautner conjectured that these cuspidal perverse sheaves
remain clean when they are reduced modulo p, with some possible exceptions for very
small p. Mautner’s conjecture has been verified in type A and the exceptional types,
and for a few small-rank examples in types B-D. In general, it is currently open for
classical groups outside of type A.

Here is a sketch of the kind of computation that goes into checking Mautner’s
conjecture by hand. Suppose G = Sp,,;, and let P be a parabolic subgroup with Levi
factor L = GLy x Sp,y_,- Suppose J is a perverse sheaf on the nilpotent cone of
SP,n_ak> and identify the latter with a subset of the nilpotent cone of L. Then we can
consider the parabolic induction indY. , F, a perverse sheaf on the nilpotent cone N¢
of G. We might wish to compute the stalk

(ind{_p F)|x at a point x € Ng.

To do this, we need some additional input. Let G* c Sp, be the stabilizer of
x under the adjoint action, and let G*° be its identity component. An explicit
description of the reductive part of G* or G*° can be found in the classic textbook
[5], and in many other sources as well: we have

G™° = Iy x (a normal connected unipotent group) where B = ker x.

Here, the decomposition B = B; @ - -- & B,, is obtained from the Jordan blocks of m.
The groups G**° and Qp are closely related, and even though they do not coincide in
general, it is nevertheless possible to show that

(ind¥_, F)|, = RT'(a certainQjp -equivariant complex on Gry (B)).

The results of the present article provide powerful new tools for establishing parity-
vanishing results on the right-hand side. On the other hand, results in [4] link
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Mautner’s cleanness conjecture to parity-vanishing on the left-hand side. We hope
to combine these techniques to prove Mautner’s cleanness conjecture in future work.

1.3 Organization of the article

In Section 2, we prove a few preparatory lemmas about the topology of “isotropic
Grassmannians” with respect to possibly degenerate bilinear forms.

Sections 3 and 4 are devoted the m =1 case. That is, we consider a vector space
V equipped with a nondegenerate symmetric or skew-symmetric bilinear form, and
we study the orbits of SO(V) or Sp(V), respectively, on Gry (V). In these sections,
we classify orbits and equivariant local systems; we exhibit resolutions of singularities
for orbit closures; and we exhibit “universal covering submersions” for non-simply
connected orbits.

In Section 5, we lay the groundwork for the case of general m. We define the groups
I and Qp, and we classify orbits and local systems, completing items (1) and (2) from
Section 1.1.

In Section 6, we exhibit a resolution of singularities for each orbit closure (item (5)
above). In Section 7, we prove item (6) from Section 1.1. Finally, the main results on
parity sheaves (items (3) and (4) above) are proved in Section 8.

1.4 General conventions

Throughout the article, we treat Grassmannians and other complex algebraic varieties
as equipped with the analytic topology, and we consider sheaves and (singular)
cohomology with respect to this topology.

We will typically denote by k the ring of coefficients for singular or equivariant
cohomology, or for sheaves. In the early sections of the article, most statements allow
k to be an arbitrary commutative ring; sometimes, we also require 2 to be invertible.
In Section 8, we will impose the following assumption:

The ring k is either a field of characteristic or a complete local # 2,

(1.1) principal ideal domain in which 2 is invertible .
Regardless of the assumptions on k, we will use the phrase
“H®(X, k) is even and free”
to mean

H (X, k) = { a free k -module of finite rank  if i is even,

if i is odd.

A “k-local system of finite type” means a locally constant sheaf of k-modules whose
stalks are finitely generated k-modules. A k-local system is said to be “locally free” if
its stalks are free k-modules.
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2 Preliminaries on isotropic Grassmannians

Let X be a variety. Recall that an affine paving of X is a decomposition

X=]]Sa
ael
into finitely many locally closed subvarieties such that the following conditions hold:
(1) The indexing set I can be equipped with a total order I = (a; < -+ < ay) such
that for 1 < i < N, the subset
Say USq, U - US,,
is closed.
(2) Each S, is isomorphic to an affine space Ake,
If X admits an affine paving, then H? (X, k) is even and free.
Let V be a vector space equipped with a (possibly degenerate) symmetric or skew-
symmetric bilinear form (—, —). For any subspace H c V, we set
H*={veV|(v,w)=0forallwe H}
={veV|(w,v)=0forallwe H}.
We will usually call this the orthogonal complement of H, although that is probably
a misnomer when the form is degenerate. A subspace H c V is called isotropic if
H c H*. For an integer k with 0 < k < dim V, the isotropic Grassmannian is the variety
Gri(V)*° = {He Gri (V) | H c H*}.
The radical of V is
radV=V"

Lemma 2.1 Let V be a finite-dimensional complex vector space equipped with a
(possibly degenerate) symmetric or skew-symmetric bilinear form (—, —). Let M ¢ M,
- C M, be a sequence of isotropic subspaces of V. For 0 < k <dim V, the variety
Gr(V)° admits an affine paving
Gri(V)* =S4

ael

such that for each piece So and each i with 1< i < ¢, the function
So =~ Z given by Hw~ dim Hn M;
is constant.

This lemma is certainly well known in the cases where the bilinear form (-, -) is
either identically zero, or else nondegenerate: in these cases, it follows from the Bruhat
decomposition.

Proof We proceed by induction on dim V. If dim V = 0, then k = 0, and Gry (V)i°
is a singleton. The statement is obvious in this case.

Assume now that dim V > 0. If (-, —) is degenerate, choose a one-dimensional
space L c rad V. Otherwise, let L be any one-dimensional subspace of M;. In both
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cases, L is automatically isotropic. Choose a complement W to L in L*, so that

L*=Le® W.Letp;: L* > Land p, : L* — W be the projection maps. If H c L*, then

dim p,(H) n p2(M;) = dim p3" (p2(H) N pa(M;)) —1=dim(H+L) n (M; + L) -1
=dim(H+ L) +dim(M; + L) -dim(H+ M; +L) - L.

Comparing this to dim H n M; = dim H + dim M; — dim(H + M; ), we find that

(2.1)
dlmpz(H)ﬁpz(Ml)-i-l ichHanchM,-,
dim p,(H) n p2(M;) ifL¢ Hand L c M;,
dimHnM; = dlmpz(H)ﬂpz(M,) ichHandL¢Mi,
dlmpz(H)ﬂpz(M,)—l 1fL¢H,L¢M1, andLCH+M,',
dlmpz(H)ﬂpz(M,) 1fL¢H+Ml
Now, let
X; = {H e Gr(V)*° | Lc H},
X, ={HeGr(V)*°|L¢H, Hc L'},
X3 = {HeGr (V) |H¢ L},
It is enough to show that each of these locally closed subsets separately admits a
suitable affine paving.

For X;, observe that an isotropic subspace H that contains L is necessarily contained
in L*. The map p, induces an isomorphism

Xl = Gl’k_l(W)iSO.

By induction, Gry_;(W)*® admits an affine paving such that the function F +~
dim F n p,(M;) is constant on each stratum. We transfer this affine paving to X;. Since
dim p,(H) n p,(M;) is constant on each stratum and L and L is fixed, so the condition
in (2.1) is also constant. Therefore, the function H —~ dim H n M; is constant on each
stratum in Xj.

Next, we turn to X,. Consider the variety

E={(F, f)|FeGri(W)"*°, feHom(F,L)}.

This is a vector bundle over Gry(W)™*°. For H € X,, the map p, induces an isomor-
phism H 2 p,(H). Let fg : p2(H) — L be the composition

induced b
fu: p2(H) iR £

Then we have a map
0:X,>E given by Hw (p2(H), fu)-

In fact, this is an isomorphism: the inverse map sends (F, f) to H = {(f(v),v) €
L& W | v e F}. Thus, X; is a vector bundle over Gry (W ). By induction, Gry (W)*°
admits an affine paving such that F — dim F n p,(M;) is constant along strata. Taking
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preimages along X, — Gry(W)™°, we obtain an affine paving of X,. By (2.1), the
function H — dim H n M; is constant on each stratum in X,.

Finally, we consider X;. If X5 is nonempty, then L* # V, that is, L is not contained
in the radical of (-, ). Our set-up implies that this can happen only when (-, -) is
nondegenerate. Assume this from now. We also have L c M;, and since all the M; are
isotropic, we have

(2.2) LcMyc---cM,cL*.

In addition, the restriction of (—,—) to W is nondegenerate, and W* is two-
dimensional and contains L. Choose an isotropic complement R to L in W*, and then
choose some nonzero vector ry € R.

Let

X, ={FeGr(V)*°|L¢F, Fc L'}

This variety is analogous to X5, and the same reasoning shows that X}, has an affine
paving such that F — dim F n M; is constant on strata. Let u € L* /F, we define alinear
map (u,—) : F — C. This map is well defined as (u,v) =0 for all u,v € F, which is
because F c F*. The assignment u — (u, —) is a linear map L*/F — F*. Consider the
element (-, —) € F*. Its preimage in L*/F, given concretely by

{ueL*/F|(u,v)={-rg,v)forallveF},
is an affine subspace of L*/F. We deduce that the variety
E'={(F,u) |Fe X5, ueL"/F, and (u,v) = (-ro,v) forallv € F}

is an affine bundle over X}. The affine paving of X} induces an affine paving of E'.

For H € X3, we have H n L* € X},. Moreover, the composition H -~ H/(Hn L) =
(H + L*)/L* is surjective. As H is one-dimensional and not contained in L*, hence
H+ L* 2 V. This implies H/(Hn L*) = V/L*. Now, we claim V/L* 2 R. The inter-
section R N L* must be 0. If not then R c L*. But L* n W* is one-dimensional and
hence L = L* n W*. So R cannot be contained in both W+ and L* and we are done
with our claim. Therefore, R — V/L* and by dimension equality V/L* = R. Finally,
we get a surjective map H — R. so there is a vector 7y € H that maps to ry. We have
7y — ro € L*. Since H is isotropic, for any v € H n L*, we have (7, v) = 0, so

(fg — r0,v) = (=70, V).
We can thus consider the map
0": X3 > E given by O'(H)y=(HnL"fg-ro+ (HNL"Y)).

The remainder of the argument is slightly different depending on whether (-, —)
is symmetric or skew-symmetric. In the skew-symmetric case, 8’ is an isomorphism:
the inverse map sends a pair (F, u) € E’ to the space H = F + C(u + rg). Thus, X3 has
an affine paving induced by that X}. In view of (2.2), we have

dimHn M; =dim(Hn L") n M;,

and thus the function H ~ dim H n M; is constant on strata.
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It remains to consider the symmetric case. We begin by describing E” another way.
For F € X}, the projection maps p; : L* - Land p, : L* - W induce an isomorphism

L*/F = Lo W/p,(F).

For u € L*[F, write u = u; + u, with u; € L and u; € W/p,(F). Then (u, v) = (u,,v)
for all v € F, so we can identify

and (u,,v) = (—rp,v) forallv e F

E,:{(Ful uz)‘ FeXu €L, uy,e W/py(F), }

In this description, there is no condition on u;. Consider the subset
E" = {(F, U, l/lz) € E, | (L{], 7"0) = —%<M2 + 1o, Uy + 7’0)}.

We need to check that the expression “(u, + ro,u, + r9)” makes sense, because
W/p2(F) @ R does not have an induced bilinear form. Since we are starting with a
point in E’, for v € F, we have

(upg +v+ro,up+v+rg)=(uy+ro,up +10) +2{ty + 19, v) + (v, v).

On the right-hand side, the middle term vanishes by the definition of E’, and the last
term vanishes because F is isotropic. We conclude that E” is well-defined. Its definition
says simple that the u; component is determined by u,. Thus, E” is isomorphic to the
variety

{(F,uy) € E' | F € X3,uy € W/p,(F), and (uz,v) = (~ro,v) forall v € F}.

In particular, E” is also an affine space bundle over Xj.
Note that

(uy + ua + 1oty + Uy +1o) = 2{ug, ro) + (Uz + 1o, Uy + 1o).
In view of this, the definition of E” can be rewritten as
E"={(F,u) €eE"| {u+ro,u+ry)=0}.

In the symmetric case, it is clear that the image of 0’ is contained in E”, since 7 is an
isotropic vector. In fact, 8’ induces an isomorphism X3 = E”: the inverse map again
sends (F,u) € E'to H = F + C(u + rp). We conclude that X3 has an affine paving with
the desired properties. ]

Corollary 2.2 For V as in Lemma 2.1 and for any commutative ring k, we have that
H®(Gri (V)™ k) is even and free.

The next lemma will be a useful technical tool for inductively constructing affine
pavings later in the article.

Lemma 2.3 Let V be a finite-dimensional complex vector space equipped with a
(possibly degenerate) symmetric or skew-symmetric bilinear form (-, —). Let M; ¢ M, ©
- € M, be a sequence of isotropic subspaces of V, and assume that

M, =radV.
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Let f : A% — Gr,(V)™° be a map with the property that for each i, the integer
dim(f(x) N M;) forx € A?
is independent of x. Let
Y = {(x, H) e A? x Gre (V)™ | f(x) c He f(x)*}.
Then Y admits an affine paving

Y=]]Sa

acel

such that for each i, the function
(x,H)eY +~ dim(HnM;)
is constant on each stratum S,.
Proof Letibe an integer with1< i < ¢, and let
Fi={(x,v) e A xV|vef(x)+M}cAx V.

Using the fact that dim(f(x) n M;) is independent of x, one can check that F; is a
vector bundle over A, Similarly,

Fo={(x,v) e A"xV]vef(x)'} cA?xV

is also a vector bundle over A? (because dim( f(x) N rad V) is independent of x). Note
that M; c rad V c f(x)* for all x, so we have containments of vector bundles

(2.3) FicF,c---cF.cF,.

By the Quillen-Suslin theorem, each of these vector bundles is a trivial bundle.
Moreover, each quotient F;/F;_; or F, /F, is also trivial. It follows that we can choose
compatible filtrations of each of the terms in (2.3). In concrete terms, this means that
we can choose a point xo € A? and an isomorphism

6:F, > f(xo)" x Af
such that 6 restricts to an isomorphism
F; > f(x0) + M;.
Via these isomorphisms, we obtain an isomorphism
Y 2 Grier (f (x0) "/ f(%0))™° x A%

Now consider the sequence of subspaces

(f(x0) + M1)/f(x0) € (f (x0) + M2)/f(x0) © -+ € (f(x0) + Mc)/f(x0).

By Lemma 2.1, Gri_,(f(x0)*/f(x0))*° admits an affine paving with the property that
the function H - dim H n % is constant on strata. The lemma follows. [ ]
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We conclude this section with the following lemma on the nondegenerate case.

Lemma 2.4 Let V be a finite-dimensional complex vector space equipped with a
nondegenerate symmetric or skew-symmetric bilinear form (-, =). Let 0 < k < % dim V.

(1) The variety Gry(V)*° is smooth, and each connected component is simply con-
nected.

(2) If (-, -) is symmetric and dim V = 2k, then Gry.(V)"*° has exactly two connected
components. In all other cases, Gr.(V)*° is connected.

The assertions in Lemma 2.4 are well known. Alternatively, they follow from
Propositions 3.8 and 3.10 below: in the notation of those propositions, we have
Grk(V)iso = Gk,o(V).

3 Symplectic and orthogonal group orbits on Grassmannians

In this section, we work in the following setting: let V be a complex vector space of
dimension n < oo, and assume that it is equipped with a nondegenerate bilinear form
(-, -): VxV->C,

assumed to be either symmetric or skew-symmetric. Then one may consider the
isotropy group Iso( V') and its identity component Iso° (V).

The goal of this section is to classify the orbits of Iso° (V) (i.e., either SO(V) or
Sp(V)) on the Grassmannian Gry (V). This classification is certainly known, but
we are unaware of a reference that includes enough details about stabilizers and
equivariant cohomology for our needs. For this reason, we give complete proofs here.

3.1 Stratification by rank
We begin with some preliminary lemmas that apply in both the symmetric and skew-
symmetric cases.

Lemma 3.1 Let Hc V be a subspace of dimension k, and let r = k —dim H n H".
There exist subspaces My, My, M3, My c V with the following properties:

(3.1 V=M®®&M,®M:;e M,
dimM;=k-r, dimM,=r, dimMz=n-2k+r, dimMy=k-r,
HnH*=M,, H=M@®M,  H'=M®e&Ms,.
Moreover, the restriction of (-, —) to the summands in (3.1) satisfies
(3.2) (=-):M;ixM;—>C is
{perfect if{i,j} ={1,4}, orifi=j=2, orifi=j=3,

0 otherwise.

Proof Set M; = Hn H*, and choose M, to be any complement to M; in H. Choose
M3 to be any complement to M; in H*. Finally, choose M, to be any complement to
H+ H*' = M; ® M, ® M;. It is straightforward to check that the restriction of (-, -)
to these summands has the properties claimed in (3.2). [ ]
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Lemma 3.2 Let0<k<n,andlet
Ckr(V)={HeGr (V) |dimH-dimHnH" =r}.

If Ck (V) is nonempty, then it is a single Iso(V')-orbit. Moreover, it is a single Iso° (V' )-
orbit except possibly in the case where (-, ) is symmetric, and r = 0 and k = n/2.

Proof Suppose H and H’ are two points in Cx (V). Invoke Lemma 3.1 twice to
obtain two decompositions

V=M®&M,®M;dM,,
V=M &M,dM;&M,.

Choose any linear isomorphism g; : M; > M!. Thanks to the pairing properties in
(3.2), we have an adjoint map g/ : M} > M,. Next, since M, and M} are vector
spaces of the same dimension, both equipped with nondegenerate bilinear forms of
the same type (either symmetric or skew-symmetric), there exists a pairing-preserving
isomorphism g, : M, > Mj. We similarly get a pairing-preserving isomorphism g :
M; > Mj. Let

§=8000g50(g) " V-V.

This is a linear automorphism of V that preserves the bilinear form, that is, an element
of Iso( V). By construction, g(H) = H', so H and H’ are in the same Iso( V')-orbit.

If (-, —) is skew-symmetric, then Iso( V) = Iso°(V) = Sp(V), so H and H are in
the same Iso°®(V')-orbit.

Suppose now that (—, —) is symmetric, and that r > 0. If det g = 1, then g € SO(V),
and we already have that H and H' are in the same Iso°(V')-orbit. Now suppose that
det g = -1. Since dim M, = r > 0, there exists an element s € O(M;)\SO(M,), that is,
an automorphism of M, with determinant —1. Let

g = go (idu, ® s ®idp, ®idag,).

Then g’ also sends H to H', but it has determinant 1, so H and H' are in the same orbit
for Iso® (V) = SO(V).

Finally, if (-,-) is symmetric and r=0 and k<n/2 (in other words,
n — 2k + r > 0), similar reasoning applies using an element of O(M3;)\SO(M;). =

Suppose we have chosen a decomposition of V as in (3.1). Given a linear map 0 :
V — V, we can write it as a 4 x 4 matrix with respect to this decomposition. Let 67 :
V — V be the adjoint map to 6, that is, the map such that (8(-),-) = (-, 67(-)).
Thanks to (3.2), the adjoint can be computed “entrywise,” as follows:

abcd q n' 1 d'

. h togt ot

(3.3) if ez[jf«g,] then @' =7 /70
J p g k' ¢

mnpgq mt et it at

Lemma 3.3 Let H c V be a subspace of dimension k, and choose a decomposition of
V as in Lemma 3.1. Then the stabilizer of H in Iso(V') is given by

Stabyso(vy (H) 2 (GL(M,) x Iso(My) x Iso(M3)) x A,
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where A ¢ GL(V') is the unipotent group given by

1bc dT
A: [ llif]
1

Proof An element of Iso( V') that preserves H must also preserve H* and Hn H*.
If 6 € GL(V) preserves H, H', and H n H*, then it has the form

ahc't;
o
k

where a, e, g, and k are invertible. Then 6" and 67! are given by

d+df :—hbT—ccT}.

k'Rt at at —abe™ —aleg atbe fk v g ik T —a T d k!
T T -1 -1 -1
b e —e  fk
€ bt and 1 _1f -1 >
g ¢ g -g hk
a P!

respectively. For 6 to lie in Iso( V'), we must have 7 = 671. We deduce that
abc Td .
e —ebf(a")™!
Stablso(v)(H) = I: g —gcT(aT)_l‘|
(aT)—l

a € GL(M;), e € Iso(M,), g € Iso(M3),
andd’ = —a7'b" - a7 lect - a~Vdat

This can be rewritten as

a la'balc ald
€ g 1 -bT(a™)!
(ah)! R

and after an appropriate change of coordinates, this matches the statement of the
lemma. u

anddt = —a7 bt — a7 lect — aldat

a€GL(M),eelso(M;), g€ Iso(M3),}

Remark 3.4 Later in the article, we will occasionally need to consider the group
GIso’(V) = C* x Iso°(V).

Let GIso® (V) acton V by having the C* factor act by scaling. Of course, in the induced
action on Gry (V'), the C*-factor acts trivially. It is easy to see that:

(1) The GIso°(V')-orbits on Gri (V') coincide with the Iso®( V')-orbits.
(2) For any H € Grg(V), the natural map

StaobIso°(V) (H)/ StabIso"(V) (H)O - StabGIs0°(V) (H)/ StabGIso"(V) (H)o

is a bijection. As a consequence, any Iso®(V')-equivariant local system on an
Iso°(V)-orbit € is also GIso° (V)-equivariant.

3.2 Tangent spaces

In this section, we use Lemma 3.1 to carry out some computations in the tangent space
to a point of Gri (V).

Lemma 3.5 Let V be a finite-dimensional vector space, and let H € Gri(V). Let
TuGri (V) be the tangent space to Gri(V') at H.
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(1) There is a canonical isomorphism
TuGry(V) 2 Hom(H, V/H).
(2) There is a (noncanonical) open immersion
Hom(H, V/H) < Gri(V)

that sends 0 € Hom(H, V/H) to H € Gri(V), and that induces the isomorphism
of tangent spaces from part (1).

Proof (1) The group GL(V') acts transitively on Grg (V). Let P be the stabilizer of H
in GL(V); this is a parabolic subgroup. Then Ty Gr (V) is identified with the quotient
of gl( V') by the subspace p = Lie(P). Choose a complement H' to H in V. We of course
have identifications

gl(V) =End(V) =Hom(H ® H', V) = Hom(H, V) ® Hom(H', V).

The subspace p c gl(V) is the subspace of End(V') consisting of maps that preserve
H: thus,

p = Hom(H, H) ® Hom(H', V).

The cokernel of p = gl(V) is thus identified with the cokernel of Hom(H, H) -
Hom(H, V), which is Hom(H, V/H).
(2) As above, let H' be a complement to H. Identifying V = H & H’, we have two
projectionmaps p: V - Hand p’: V — H’. Let
W={MeGr(V)|MnH =0}
={M € Gri(V) | pls : M - H is an isomorphism}.

This is an open subset of Gry (V') that contains H. For M € W, let 65 : H -~ H’ be the
composition

H (plm)” JY |m .

It is easily checked that M ~ 6,, defines an isomorphism W = Hom(H,H') =
Hom(H, V/H). ]

In the setting of Lemma 3.1, the subspace H c V has a specified complement
M5 & My, so Lemma 3.5 lets us identify

(3.4) THGrk(V) = Hom(H, M; @ M4) = Hom(Ml @ My, M5 @ M4)
We can therefore write elements of this tangent space as 2 x 2 matrices.

Lemma 3.6 Let H c V be a subspace of dimension k, and choose a decomposition of
V as in Lemma 3.1. Let C be the Iso(V')-orbit of H in Gr. (V). The tangent space to C at
H is given by

THGZ{[? Z:I €H0m(M1€9M2,M3@M4)‘CT :—C}.
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Proof From the proof of Lemma 3.5, the map gl(V) —» TyGry (V) is given by
a ? c z
e i g

(35) [,-,-iz]ﬁ[mf,]-
mnpaq

To compute TyC, we must compute the image of Lie(Iso(V)) c gl(V) under this
map. Since Lie(Iso(V)) = {6 € gl(V) | 0T = -6}, we see from (3.3) that

aT b c dT
Lie(lso(V)):{l‘j f i ]
m n—lf —aT

The image of this under (3.5) is the space described in the statement of thelemma. =

a,b,c, i, j, n arbitrary, and
d'=-d,ff=-f, kT =-k, and m" = -m [~

Corollary 3.7 Let H c V be a subspace of dimension k, and choose a decomposition of
V asin Lemma 3.1. Let C be the Iso(V')-orbit of H in Gr (V). There is a transverse slice
Sto € and H and an isomorphism

S = {c e Hom(M;, My) | ¢" = ¢}

that identifies H € S with 0 € Hom(Mj, My).
Moreover, there is a cocharacter y : G, — Iso(V') such that the induced G,-action
on Gr (V) preserves S, and acts on it linearly with strictly positive weights.

Proof It is clear from (3.4) and Lemma 3.6 that {c € Hom(M;, My) | c" =c} is a
linear complement to TyC in TyGrg (V). Via Lemma 3.5(2), we can identify this
subspace with a locally closed subvariety S c Gry (V') that meets C transversely.
Next, let y : G, > GL(V) be the map given by
zWw  ifveM,
y(z)v=Lzv ifve My,
v ifve My orve M;.

This map actually takes values in Iso(V) c GL(V), and even in Stablso(v)(H ) (by
Lemma 3.3). The induced action on Hom (M, M) is given by z - a = z%a.

3.3 The symplectic case

We now specialize to the symplectic case. In this section, assume that
(-,-):VxV->C
is skew-symmetric.

Proposition 3.8 Suppose V is equipped with nondegenerate skew-symmetric bilinear
form. For 0 < k < n, let Cy (V) c Gry(V) be as in Lemma 3.2.
(1) The set Cy (V) is nonempty if and only if

r=0 (mod 2) and max{0,2k - n} <r<k.

(2) If Cx (V) is nonempty, it is a single Sp(V')-orbit.
(3) The stabilizer in Sp(V') of any point in Cy (V') is connected.
(4) For any commutative ringk, Hg, 1) (Cx,(V), k) is even and free.
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Proof For brevity, we write Cx, instead of Cx,(V) in this proof. There is an
obvious Sp(V)-equivariant isomorphism Gri(V) - Gr,_x(V) given by H - H*.
This restricts to an isomorphism between Cy , and C,,_k, ,—2k+,. By replacing kby n — k
if necessary, we may as well assume that k < /2. We will prove parts (1)-(4) under this
assumption.

(1) When k < n/2, this statement says that C_, is nonempty if and only if r is even
and 0 < r < k. If G4, is nonempty, then for any H € Cy ,, the quotient H/(H n H*)
inherits a nondegenerate symplectic form, so its dimension r must be even. It is
obvious that 0 < r < k.

For the opposite implication, choose a basis {x1, ..., x, } for V such that

1 ifi<jandi+j=n+1,
(xi»xj)=4-1 ifi>jandi+j=n+1,
0  otherwise.

Given an even number r such that 0 < r < k, we see that

span{xy,...,Xg_r} U {Xdimzv—y+1,xdim2V—r+2, ey Xdim2V+r}

lies in Cy,, so Cy,, is nonempty.
(2) This holds by Lemma 3.2.
(3) By Lemma 3.3, we have

Stabg,,(vy (H) = (GL(M,;) x Sp(M;) x Sp(M3)) x (a unipotent group),

and this is connected.
(4) We have

Hep(v) (Chrs K) 2 Hiiap iy (PEK) = HGL (011 xsp(atayxsp(aty) (P K-

It is well known that the equivariant cohomology of a point vanishes in odd degrees
as long as the torsion primes for the group are invertible in k (see, for instance,
[1, Theorem 6.7.9]). But GL(M;) x Sp(M3) x Sp(M3) has no torsion primes, by
[11, Section 4.4]. [ ]

Remark 3.9 Using the fact that Sp(V) is simply connected, one can deduce from
Proposition 3.8(3) that each orbit C , (V) is also simply connected.

3.4 The orthogonal case

In this section, assume that
(—, —) :VxV-sC

is symmetric. In contrast with the symplectic case, not all SO(V')-orbits on the
Grassmannian are simply connected: some admit 2-to-1 covering maps. For any
commutative ring k, let

sgn = sgn,
denote the k[Z/2Z]-module whose underlying k-module is just k itself, and on which
the nontrivial element of Z/27Z acts by —1. If 2 # 0 in k, then sgn, and the trivial
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k[Z/2Z]-module are not isomorphic. In addition, if 2 is invertible in k, then the
regular representation decomposes as

(3.6) k[Z/27Z] = k & sgn.

Proposition 3.10  Suppose V is equipped with nondegenerate symmetric bilinear form.

For0<k<n,let C (V) c Grp(V) be as in Lemma 3.2.

(1) The set Cy,, (V') is nonempty if and only if max{0,2k — n} <r < k.

(2) If Cy,, is nonempty, it is a single O(V)-orbit. Moreover, if n—2k+r>0 or
r> 0, then C (V) is a single SO(V)-orbit. If n =2k +r=r =0, then Ci (V)

is a union of two SO(V)-orbits.
(3) Let H € C (V). We have

Z[2Z  if max{0,2k - n} <7,

Stab H)/ Stab H)® =
abso(v) (H)/ Stabso(v) (H) {1 if max{0,2k — n} =r.

(4) Let C be an SO(V)-orbit on Gri(V), and let k be a commutative ring in which 2 is
invertible. Then H;O(V)(G, k) is even and free. In the case where points of C have

disconnected stabilizers, Hgy ) (C, sgn) is also even and free.

When # is even, we (arbitrarily) label the two orbits in €/, o(V') by
GH/Z,O'(V) and GH/Z,O"'

Proof Let us write G, for Cx (V). There is an obvious SO(V)-equivariant iso-
morphism Gry (V) = Gr,_x(V) given by H > H*. This restricts to an isomorphism
between €y, and C,_g n-2k+,. By replacing k by n — k if necessary, we may as well
assume that k < n/2. We will prove parts (1)-(4) under this assumption.

(1) When k < n/2, this statement says that Cy , is nonempty if and only if 0 < r < k.
The “only if” direction is obvious. For the “if” direction, choose an orthonormal basis
{x1,...,x,} for V, that is, a basis satisfying

<xi,x,~>:{1 =

0 otherwise.
For 0 < r < k, the subspace
span{x; + V—1x2,x3 + V=1x4, ..., X2k—2r—1 + V =1X2k_2, }
U {x2k—2r+1; X2k=2r425+++> xzk—r}

lies in Ck,, so Ck,, is nonempty.

(2) All but the case where n -2k +r=r=0 is covered by Lemma 3.2. We will
return to this case after proving part (3).

(3) By Lemma 3.3, we have

Stabo(v)(H) 2 (GL(M;) x O(M;) x O(M3)) x (a unipotent group).

Write an element of this group as a quadruple (g1, 2, £3,v). The set of connected
components of Stabo(yy(H) is in bijection with the set of possible values of the
pair (det(gz),det(g3)), and thus depends on whether M, and Mj are zero or not.
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A connected component lies in SO(V) if det(g,) det(gs) = 1. Recall that dim M, = r
and dim M3 = n — 2k + r. The following table summarizes the possible cases.

Number of componentsin ~ Number of components in

Condition Stabo vy (H) Stabso vy (H)
max{0,2k —n} <r 4 2
2k-n<0=r 2 1
2k-n=r=0 1 1

(The case 0 < 2k — 1 = r cannot occur under the assumption that k < n/2.) This table
shows that the group Stabso vy (H)/ Stabso(vy(H)® is as claimed in the proposition.

(2) for r = 0 and 2k — n = 0. We must show that Cy, consists of two SO(V')-orbits
in this case. We have already seen that it is a single O( V')-orbit, so it consists of at most
two SO(V')-orbits. On the other hand, we saw above that Stabg (v (H) is connected
for H € Cg;, so Ck,, has two connected components, and therefore must consist of two
SO(V)-orbits.

(4) Let € be an SO(V )-orbit, and let H € C. Suppose first that Stabso(v)(H) is
connected. Then

so() (G k) = Higr(a)xo(a)x0(a3))e (PLK)-

By [11, Section 4.4], the only torsion prime for the reductive group (GL(M;) x
O(M;) x O(Ms3))° is 2. By assumption, the prime 2 is invertible in k, so the coho-

mology groups Hi1 1. xo(a;)x0(ay))e (P k) are even and free.
Suppose now that Stabgo vy (H) is disconnected, and let

E-= SO(V)/Stabso(V)(H)O

Then we have a 2-to-1 covering map p : E — C. Since 2 is invertible in k, we have p,k =
k @ sgn, so it is enough to show that Hg, ) (E,k) is even and free. But

Hgo(v)(E)k) = HZGL(MI)XO(MZ)xO(Ma))"(pt’k)>
and this is even and free by the same reasoning as in the previous paragraph. [ ]

Remark 3.11 In contrast with the setting of Remark 3.9, the fundamental group of
Ck,»(V) can be more complicated. One can show that

Z/27 ifn >3 and max{0,2k - n} <r,
m(Cx, (V),H) 2{Z if n =2 and max{0,2k - n} <r,
1 if max{0,2k - n} =r.

We will not need these calculations in this article, however.
4 Some results on orbit closures

This section contains two results related to the geometry of orbit closures in the setting
of Section 3.3 or 3.4. The first exhibits a resolution of singularities. The second deals
with non-simply connected orbits in the orthogonal case.
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Proposition 4.1 Let V be an n-dimensional complex vector space equipped with a
nondegenerate symmetric or skew-symmetric bilinear form. Let 0 < k < n, and let r be
such that max{0, 2k — n} < r < k. In the skew-symmetric case, assume also that r is even.
Let

Cir(V)={PcHcP'cV|dimP=k-rand dimH = k}.
Let @ : Ci (V) — Gri(V') be the map given by
o(P,H) = H.

Then the image of @ is Cy.,(V), and the map @ : Cy (V) — €y, (V) is a resolution of
singularities.

Proof 1If H is in the image of @, then it satisfies the condition P c H c P* with
dim P = k — r. Thisimplies P ¢ H* n H.Hence,k - r < dim Hn H*and H € G , (V).
The map @|op-1(e,,(v)) : @ (Ck,r(V)) = Crr(V) is clearly an isomorphism. Now
consider the map, Gy, - Gri_,(V)™° by sending (P, H) to P. The fibers of this
map are isomorphicto {H | P c H ¢ P*} = Gr,(P*/P), which is smooth. Also k — r <
k —r/2 < n/2, hence by Lemma 2.4, Gr_, (V)™ is smooth. Therefore, C; (V) is
smooth. We know the projection map Gri_, (V)" x Gr,(V') = Gri(V) is proper
and Gy (V) is a closed subset of Gry_,(V)"*® x Gr, (V). Hence, the map @ is proper.
Combining these facts, we deduce that @ is a resolution of singularities. |

For the remainder of this section, we work in the symmetric case, that is, in the
setting of Section 3.4. Suppose max{0,2k — n} < r, so that C; (V) is not simply
connected. We have already seen in the proof of Proposition 3.10(4) how to construct
a certain 2-to-1 covering map p : E — Cy (V).

It would have been useful later in the article to have a “compactification” of p, that

is, a proper map p’ : E' - G (V) with smooth domain E’ such that the restriction
P'lion1cen vy (0) 7 (Chr (V) = €k (V) is identified with the covering map p.
Unfortunately, we do not know how to construct such a compactification of the 2-to-1
covering p explicitly.

As a substitute, we will construct a compactification of a “m;-injective fibration of
index 2,” by which we mean a locally trivial fibration F — €y, in which F is connected,
and the induced map

7T1(F) - m(@k,r)

is injective, with image a subgroup of index 2. More precisely, we will construct a
proper map

5 : @k,r(v) g Gk,r(V)

whose domain is smooth, and whose restriction to the preimage of C; (V) is a -
injective fibration of index 2.
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We begin by defining C (V). The definition is different depending on whether r
is even or odd. If r is even, we set

~ _JPcQcH |dimP=k-r,dmQ=k-7,
ek,,(v)_{ cPlcvl dimH=k and Qc Q* (r even).

Before defining it in the odd case, we need some additional notation. Let
Vi=VecC,
and equip it with the nondegenerate symmetric bilinear form (—, —)., given by
((v,2),(v',2"))s = (v, V') + 22’ forv,v' € Vandzz €C.
There is an obvious injective map
Crr (V) = Crirxn1(VF) given by H~H"=HeaC.

We now set

dimP=k-r,dimQ =k - =1

PcHcPtcV r-1
bl 2)
dimH = k, and Q c Q* } (r odd).

Ek,r(v) = {PC QcH cV*

Here, Q; is the orthogonal complement of Q with respect to (-, -)..
Before studying Cy , in detail, we define another variety By (V') as follows:

B (V) = {P cQc V‘dimp - ’;I;dfbdichQl = k- 2,} £ even,
_ QcV*, |dimP=k-rdimQ=k- =1, '
Bk’r(v)_{PchVcV and Q c Q! 2 if r odd.

There are obvious maps
Cir(V) = B (V),  Cap(V) > Cip(V)
given by forgetting H or Q, respectively. Let
5 : @k,T(V) g Ck,r(V)

denote the composition Cx (V) — €, (V) 2 Cr.r (V). Next, let
&) =@ (V) and T =Bl 4y C(V) > (V).

Proposition 4.2 Let V be an n-dimensional vector space equipped with a nonde-

generate symmetric bilinear form, and let 0 <k < n. Let r be an integer such that

max{0,2k —n} <r<k.

(1) The variety By (V) is smooth, connected, and simply connected.

(2) For any commutative ringk, H®* (B (V). k) = 0 is even and free.

(3) The variety Cy., is smooth, connected, and simply connected.

(4) The map @° : ’G\ir(V) — Cg,, is a locally trivial fibration.

(5) Let k be a commutative ring in which 2 is invertible. There is an isomorphism of
local systems

H(@2k) = k @ sgn.
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Proof (1) There is a map
(4.1) p:Bi (V)= Grp_ (V)*°

given by (P,Q)w~ P. Since 2k—n<r, we have k—r<k-r/2<n/2, and so
Gri_,(V)'*° is smooth, connected, and simply connected by Lemma 2.4.

Suppose for now that r is even. Let F1(k —r,k — r/2) be the variety of partial
flags P c Q c V with dim P = k — rand dim Q = k — r/2. The projection FI(k — r, k —
r/2) = Gri_,(V) is alocally trivial fibration, and the map p in (4.1) is the restriction
of this map to the preimage of Gry_,(V)'*° c Gry_,(V'). Hence, p is a locally trivial
fibration whose fiber over a point P € Gry_,(V)° is the variety

{Q|dimQ=k-r/2and Pc Q c Q" ¢ P*} = Gr,),(P*/P)"°.

Since 2k-n<r, we have dimP'/P=n-2(k-r)=n-2k+2r>r, so
Gr,/>(P*/P)* is again smooth, connected, and simply connected. We conclude that
By, (V) is smooth, connected, and simply connected.

The case where r is 0dd is similar, but the fiber of p over P € Gry_,(V)*° is given
by

{Q|dimQ=k-"FandPcQcQicPoC}z Grm(Pl/PEB(C)lso

Since dim(P*/P & C) > r + 1, the variety Gr.s (P*/P & C)™*° is smooth, connected,
and simply connected, and we conclude as before.

(2) We have seen in part (1) that By , is an isotropic Grassmannian bundle over an
isotropic Grassmannian. The claim that its cohomology is even and free then follows
from the Serre spectral sequence and Corollary 2.2.

(3) Suppose first  is even. From the definitions, the map Cy , (V) — By, (V) isa
locally trivial fibration whose fiber over a point (P, Q) € By (V) is identified with

Grr/Z(PL/Q))

which is smooth, connected, and simply connected. In view of part (1), the claim for
C., (V) follows.

Now suppose that r is odd. For a point (P, Q) € By, (V), let Q be the image
of Q under the projection map V* — V. The kernel of this projection map con-
tains no nonzero isotropic vectors. Since Q is isotropic, it follows that dim Q = dim
Q = k- =1, Note also that Q is contained in P+ = P* @ C, and hence that Q c P*.
Fmally, in the definition of G ,(V), the condition Q ¢ H* c Pt c V* is equivalent to
Q c H c P* c V.Inview of these observations, we deduce that €y (V) — By (V) is
a locally trivial fibration whose fiber over a point (P, Q) € By (V) is identified with

Gr%l (P+/Q),
and then we conclude as before.

(4) Let H € G ,(V),andlet (P, Q, H) € @ '(H). The definition of C; , (V') implies
that P c rad H, but the fact that H € C , means thatdimrad H = k — r = dim P. These
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observations let us describe @Z (V) as follows: if 7 is even, then

if  is even,

@i,r(V) = {radH cQc H‘H €@, (V),dmQ=k- 2’}

and Q c Q*

HeC,(V),dimQ=k- ", .
and Q c Q if r is odd.

@Z),(V) = {radH cQcH"

In both cases, it follows that ’G\;’r(V) — Cg,, is a locally trivially fibration. The fiber
over H € Cy , is given by

Gr,(H/rad H)"° if r is even, Grem (H*/rad H)*® if ris odd.

(5) Since @k,r(V) is smooth and connected, its Zariski-open subset EZ,(V) is
as well. Let T = m1(C,(V)), and let T” = nl(’éi’r(V)). (The group T is described in
Remark 3.11, but we will not need this information.)

Next, let F denote a fiber of @ : /éir(V) — Cy,,(V). We have identified F in the
proof of part (4). By Proposition 3.10(2), F has two connected components, and by
Lemma 2.4, each connected component is simply connected. In other words, 7o (F) =
Z[27 and m,(F) = 1. Then the long exact sequence of homotopy groups

c = m(F) > m(€ (V) > m(Cr (V) = m0(F) = 10 (€} (V) > -

I’ r

shows that I'" — T is injective, and that its image is a subgroup of index 2.

The category of local systems on C ,(V), respectively, on @zr( V), is equivalent
to the category of k[T']-modules, respectively, of k[I']-modules. Under these equiva-
lences, the pullback functor @* corresponds to the forgetful functor

(4.2) k[T] -mod — k[I'] -mod .

Since @° is a locally trivial fibration, the (non-derived) push-forward functor H° o @D
sends local systems to local systems. It is right adjoint to @, so we can identify it with
the right adjoint to (4.2), which is

Homy /) (k[T]°P, =) : k[I"] -mod — k[I'] -mod .

Therefore, the local system H° (@, k) corresponds to Homyr+1(k[I']°P, k), which can
be identified with the regular representation of k[['/T’] = k[Z/2Z]. This local system
decomposes as in (3.6) because 2 is invertible in k. ]

5 Direct sums of bilinear forms

Let By, ..., B, be a collection of nonzero finite-dimensional complex vector spaces.
Assume that each is equipped with nondegenerate bilinear form

<_’_)Bi :Bi XB,' —>(C

that is either symmetric or skew-symmetric. Let Iso(B;) ¢ GL(B;) be the group of
linear automorphisms of B; that preserve (—, —)p,, and let Iso(B;)° be its identity
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component. That is, Iso(B;)° is either SO(B;) or Sp(B;), depending on (-, —)p,. Let
Ig =Iso(B;)° x Iso(B2)°® x -+ x Iso(By)°.

We let
n; = dim B; and =N+ - + Ny

Fix an integer k such that 0 < k < n. Let k = (ki, ..., k;, ) be a tuple of nonnegative
integers satisfying k; + --- + ky, = k. Let r = (r1,...,7) be a sequence of symbols
satisfying the following constraints:

o If (-, -)p, is skew-symmetric, then r; is an integer such that r; =0 (mod 2) and
max{O, Zk,' - 7’1,’} <r; < ki.

o If (—,-)p, is symmetric and dim B; is odd, then r; is an integer such that
max{O, Zki - 7’1,’} <r; < ki.

o If (-, -)p, is symmetric and dim B; is even, then r; is either an integer such that
max{1,2k; — n;} < r; < k;, or it may be one of the two special symbols 0" or 0".

Let
Qy = {pairs of m-tuples (k, r) satisfying the conditions above}.
Then Propositions 3.8 and 3.10 together give us a bijection

Qr < | ] {Ip -orbits on Gry, (B;) x ---Grg,, (Bm)}-

For (k,r) € Qy, let

Cr,r(B) = Cryry (B1) x -+ % Ch,,. 1, (Bm)

be the corresponding orbit.
Next, let

By=B®B,® - @B,
B=B®B,---®B;® --- ®B,,.

We also sometimes write B.; = B<;_;. There is a canonical identification
B; ¥ B.;/B.;.
For a subspace H c B, we set
pr;H = (HnBg;)/(HNB;) c B;.
Let Up be the subgroup of GL(B) given by
Up ={geGL(B) | forveB; g(v) ev+B}.

This is a unipotent group. We regard Iy as a subgroup of GL(B) in the obvious way.
This group normalizes Ug, and we set

QB :IB X UB c GL(B)
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Occasionally, we will need to consider slightly larger groups. As in Remark 3.4, we set
GIso°(B;) = C* x Iso°(B;).
We also set
GIp = GIso°(B;) x GIso®(B,) x - -+ x GIso®(Bp),
GQp = GIg x Us.

In part (4) of the following proposition, a “locally free k-local system of finite rank”
means a local system of k-modules whose stalks are finite-rank free k-modules.

Proposition 5.1 Let 0 < k < n. For (k,r) € Q, let
Ok,r = {H € Gri(B) | forall i,dimpr;H = k; and pr,H € Cy, ,,(B;)}.

(1) Each O, is a single Qp-orbit and a single GQg-orbit. Moreover, this construction
establishes bijections

Qx < {Qp -orbits on Gri(B)}. = {GQg -orbits on Gri(B)}.
(2) The natural map
Okr = Crr
given by H— (pr,H, ..., pr, H) makes Oy, into an affine space bundle over Cy,.
(3) Let H € Oy,,. We have
Stabg, (H)/ Stabg, (H)® = Stabg, (H)/ Stabgo, (H)® = (Z/27)*,
where
d =|{i| (-, -)p, is symmetric and max{0,2k; — n;} <r;}.

(4) Let k be a commutative ring in which 2 is invertible, and let £ be locally free
Qg-equivariant k-local system of rank 1 on Oy ,. Then Hy, (O, L) is even and

free.

Proof We will first prove (2) by induction on m. If m = 1, then Oy, = Cy,,, and there
is nothing to prove. Otherwise, let B’ = B<y,,—1, and let n’ = n; + -+ + ny,_;. Given
(kyr) = ((kis s km)s (115 stm)), let k" = kg + -+ + kp—1, and let

(k/,fl) = ((kl, e ,km_l), (1’1, . ’rm—l))-

This pair labels a subset Oy ,» ¢ Gry/(B'). The map Oy, — Cy,, in the statement of
the proposition factors as

H~(HNB',pr, H)
Ok,z ’ Ok’,z’ X ekm:rm (Bm)

(H',K)~(pr,H’,....pr,,_,H',K)

(51) ekl,ﬁ(Bl) X oo X ekm)rm (Bm) = ebl'

The second map in (5.1) is an affine space bundle by induction, so it is enough to prove
that the first map is an affine space bundle.

Let p:B— B’ be the projection map with respect to the decomposition
B=B'® B,,.Forany H € Oy ,, themap p|y : H - B’ inducesamap py: H/HnB' —
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B'/H n B'. The assignment H ~ (H n B, pr,, H, pyy) defines an isomorphism of Oy,
with the variety V given by

H €Oy, KeCy,r,(Bn), }

_ !
V= {(H ,K,<P)| and ¢ : K — B’/H’ alinear map

Since V is a vector bundle over Oy ,» x Cy,, r..(Bm ), we are done.

Next, we prove (1). It is clear that the extra factors copies of C* that appear in
GQp preserve each Oy, so it is enough to show that each Oy, is a single Qp-orbit.
For this claim, we again proceed by induction on m. If m = 1, the statement is trivial.
Otherwise, let B’ be as above. Let

Up ={geUp|g(v)=vforveBy,} X={geUp|g(v)=vforveB}.

Then X is a normal subgroup of Ug, and Up = Uy x X. By induction, the variety
O % Ck,..r, (Bm) is a single orbit under the group Iz x Ug = Qg x Iso®(B).
On the other hand, given H' € Oy, and K € Cy, ,, (B,), the group X acts

transitively on the set of linear maps K — B//H’. That is, X acts transitively on the
fibers of the first map in (5.1). The desired conclusion follows.

For part (3), the statement for Qp follows from Propositions 3.8(3) and 3.10(3). This
statement implies the version for GQp by Remark 3.4.

Similarly, part (4) follows from Propositions 3.8(4) and 3.10(4). ]

5.1 Tangent spaces and slices

Let (k,r) € Q, and let H € Oy, ,. For 1< i < m, choose a complement K; to H n B;
in H N B;. We thus have

HnB.;i=K @ - ®K;.

Next, for each i, apply Lemma 3.1 to the subspace pr;H € Gry,(B;) to obtain a
decomposition

Bi=Mi 1 ®Mir®M,;3® M,
with
pr,H=M;,® M;,.
Via the isomorphism K; — pr, H, we transfer this to a decomposition
K;i=K;i1®K;, where Kiy2M;; and K;,=2M,;,.

We obtain a decomposition
i
Bg; = @(Kj,l (&) Kj)z ® Mj,_v, ® Mj)4).
j=1
By Lemma 3.5, we obtain an isomorphism

THGrk(V) = @ HOIIl(K,',l ® K,-,z,Mj,g, @ Mj,4).

1<i,j<m
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In the spirit of (3.4), we can write elements of TyGry(V) as m*-tuples of 2 x 2
matrices:

THGI‘k(V) =

a b
(5.2) {(Aij)lgi,j,gm ‘Aij = |:c:]] d:j] € Hom(K;,, ® K; 5, M3 ® Mj,4)}-

Lemma 5.2 Let H € Gri (V') be as above, and let C be the Qg-orbit of H. In terms of
(5.2), the tangent space to C at H is given by

Toe=1la, =% bij ‘ Ajj=0ifi<j, and
H U ey di 1< jem cji:—ciiforalli )

Proof We follow the strategy of the proof of Lemma 3.6. Consider first the vector
space

0l(V)= @ Hom(B;,B)).

1<i, j<m

The Lie algebra of Qg can be written as

Lie(Qp) = €D Lie(Iso(B;))® € Hom(B;,B;).

1<i<m 1<j<i<m

As in the proof of Lemma 3.5, there is a natural map gl(V) - TyGr(V), leading to
the description in (5.2). The image of Lie(Qp) under this map is

image of
D . ® @ Hom(K;1®Kip,Mj3®M;,).
1sigm( Lie(Iso(B;)) ) 1<j<i<m (Ki P ]4)

In terms of (5.2), this shows that a point (A;;)i<i j<m in the image satisfies A;; = 0
whenever j > i. When j = i, A;; must lie in the image of Lie(Iso(B;)) — Gry, (B;),
and this image is described by Lemma 3.6. [ ]

Corollary 5.3 Suppose H € Gr (V) satisfies
(5.3) H=prH®pr,H® --- ®pr, H,

and let C be the Qp-orbit of H. There is a transverse slice S to C at H and an isomorphism

o~ _|aij by Ajj=0ifi> j, and forall i,
oyes {(AIJ . |:Cij dij])lsi,jSm |A” = [, 0] where cf; = —cy; forall i [

that identifies H € S with 0 ¢ Hom(M;, My).
Moreover, there is a cocharacter y : G,, — GIg such that the induced G,-action on
Gri (V) preserves S, and acts on it linearly with strictly positive weights.

Proof Thanks to the assumption (5.3), we may choose
(55) Ki = priH C Bi

for all i. We work with this choice for the remainder of this proof.
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Let X denote the right-hand side of (5.4). In view of (5.2) and Lemma 5.2, we can
regard X as alinear subspace of TyGry (V') that is complementary to Ty C. Via Lemma
3.5(2), we can identify this subspace with a locally closed subvariety S c Gry (V) that
meets C transversely.

Next, choose a sequence of integers

e1<ey< ot < ey
Define y; : Gy, = GIp and y; : Gy, — I as follows:

v ifvekK;y,
wn(z)(v) =z% ifveB,, va(z)(v) =4 zv ifveM,,,
v ifveK;,orveM;.

(Here, the assumption (5.5) guarantees that y, actually takes values in I5.) Then define

¥:Gm —> Glp by v(z) = y1(2)y2(2).

The induced action on Ty Grg (V) is given by
(|4 i) - 297 a2y
14 Cij dij - Ze,-—e,-+2cij Ze,»—ei+1dij .
In particular, the action on S has strictly positive weights. ]

Corollary 5.4 Let H € C be as in Lemma 5.2, and let C be the Qg-orbit of H. There is
a transverse slice S to C at H and a cocharacter v : G,, — GQp such that the induced
Gm-action on Gr (V) preserves S, and acts on it linearly with strictly positive weights.

Proof Consider the point H' € Gry (V') given by
H =prHopr,H® --- ®pr, H.

By construction, pr;H' = pr; H for all §, so by Proposition 5.1, they lie in the same GQp-
orbit €. In Corollary 5.3, we have constructed a transverse slice to C at H'. By acting
by a suitable element of GQg, we obtain the desired slice to C at H. ]

6 Resolution of singularities for orbit closures

Let (k,r) € Q. The goal of this section is to construct a resolution of singularities y :
X(k,r) = O, generalizing Proposition 4.1. We will also prove that the cohomology
of X(k, r) and of the fibers of u is even and free.

We define X (k, r) as follows. A point of X (k, r) is alist of 3m vector spaces, denoted
by

P,‘,H,‘CBSI' and PiCBi forlSiSm,
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satisfying the following conditions' for each i:

~ Pi CPil>
dlmP, :ki—ri, ~
. pr;P; c P,
d1mP,~zk1+---+k,-_1+k,~—r,~, .
. i C I
dlmH, = k1 + -0+ ki*l +ki, prlHl Pl >
Hi—lcpi CHi

with one extra condition:
if r; = 0" or 0”, then P; € Cy, ,, c Gry,(B;).

By construction, X (k, r) is a closed subvariety of a product of Grassmannians, so
it is a projective variety. The defining conditions imply that each P; is an isotropic
subspace of B;, and that P; = P;. On the other hand, we have dim H,, = k. There is a
map

p: X(k,r) ~ Gre(B)
that sends a point to H,,.

Lemma 6.1 'The variety X (k,r) is a smooth, connected, and simply connected. More-
ovet, for any commutative ringk, H* (X (k, r), k) is even and free.

Proof Let j be an integer with 0 < j < m. We define varieties Y; and Y] as follows: a
point is a collection of vector spaces as indicated below, subject to the same conditions
as those in the definition of X (k, r).

For Y; ForYj'
f)iforlgiém bifori<i<m
Pifor1<i<j Pi,Hifor1<i<j
Hifor1<i<j

There is an obvious sequence of maps
(61) X(k)l):Yi;—)Ym%Yr,nf]% _)Yll_)Yla

where each map forgets one subspace from the data.
Let us describe the fibers of the maps in (6.1). Let 1 < j < m, and fix a point in Y;.
The fiber of Y] — Y; over the given point is the variety of subspaces H; such that

PJCH]CB<J®EIJ- and dlmHJ:k1++kJ
The space of choices for H; is isomorphic to the Grassmannian
GI',].((B<]' @ pj‘)/PJ),

and we conclude that Y] — Y} is a Grassmannian bundle, that is, a locally trivial fiber
bundle whose fibers are Grassmannians. Similar arguments show that Yj,; — Yj' is
also a Grassmannian bundle.

Lie r; is one of the special symbols 0’ or 0"/, it should be interpreted as 0 in these equations.
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For each variety Y appearing in (6.1), we will prove the following claims:

(1) Y is smooth, connected, and simply connected.
(2) We have H*(Y, k) is even and free.

We proceed by induction, starting with Y;. Since P; = P}, and since each P; is isotropic,
we may identify

Ck,ri (Bi) ifr; =0 or 0,

6.2 Yi=Yyx- - xY where Yj; = .
(62) e o § {Grki_ri(B,-)lSO otherwise.

Recall that when r; = 0" or 0”, the variety Cg, ,,(B) is a connected component of
Gry, (B;)"°. Using Lemma 2.4, we see that each Yj; is smooth, connected, and simply
connected, and by Corollary 2.2, H*(Y;;,k) = 0 is even and free. We deduce that Y
has the desired properties as well.

For the inductive step, let Y — Y be a map in (6.1), and assume that the claims
are known for Y. We have seen that Y’ — Y is a Grassmannian bundle. It follows
immediately that Y’ is smooth, connected, and simply connected. Since Y is simply
connected, the Serre spectral sequence shows that H*(Y’) = 0 is even and free. [ ]

Proposition 6.2 The image of u:X(k,r) - Gri(B) is O, and the restriction
pluro,,) * # (Ok,y) = Oy, is an isomorphism of varieties. As a consequence,

U: X(k)f) - Ok,l
is a resolution of singularities.
Proof For x € X(k,r), we have

dimpriP,-(x) < k,’ — T
dimpriH,-(x) = dlmH,/B<, NH; < dlmH,/P1 < k,‘.

Let U be the open subset of X (k, r) where these inequalities are equalities for all i. The
definitions imply that for x € U, we have

pr,P; = P; and P; cpr,H; c (P;)*.
In other words, P; is contained in the radical of pr;H;. Therefore, the first assertion of
the proposition is true.

Since y is proper and Qg-equivariant, its image is closed, irreducible, and stable
under Qg, and is therefore the closure of a single Qg-orbit.

Let H € Oy,,. We can define H,, = H. Clearly, dimpr,H npr,H" = k; - r;. So we
define P; = pr;H npr;H* which has dimension k; - r; and an isotropic subspace.
Define H; = H n Bg;. Then dim H; = dim H n B¢ = dimpr; H = k;. Now, we prove
dim H; = k; + -+ - + k; by induction. Let the statement is true for H;_;. Then dim H; =
dimpr,H +dim HnN Bg;_; =dimpr,H +dimH;_; = k; + ki_y +--- + k;. Alsopr;H; =
pr;H c pr;H + pr,H* = P}. We have the projection map 7 : H; — pr,H, where pr,H
contains P;. We define P; to be the preimage of P; under the map 7. Then dim P; =
dimP; +kerm=k; —r; +dimHNB.; =k; —r; + kj_y + - + ky. Also kerm = H;_; ¢
P;. The i-th projection, pr; P; c P;. So it is clear that the choice of H € O k,r determines
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the element in X ,, hence pl,1(0, )4 " (Okr) = Ok, is a bijection. Since a
bijective morphism of smooth complex varieties is an isomorphism, we are done. m

Remark 6.3 From the preceding proof, we can extract a description of the inverse
isomorphism Oy, - ' (Oy,,): it sends H € O, to the collection (P;,P;,H; :
1< i <m) with

b; = rad(pr;H), P; = preimage of P; in H n B, H; = Hn Bg;.

The remainder of this section is devoted to the study of the fibers of u. To do this,
we introduce another variety F(k, r) as follows. A point of F(k,r) is a collection of
vector spaces

Pi,H,'CBS,' forlSiSm,

whose dimensions are as in the definition of X(k,r), and that satisfy the following
containment relations:

(6.3) H;ycP;cH;cBg and pr;Pi,pr;H; c (pr,P;)*.
We claim that there is an obvious map
X(k,r) = F(k,1)

given by forgetting the P;’s. For this to make sense, we must check that points of
X(k,r) satisfy the additional condition (6.3). This condition is easily deduced from
the fact that pr; P; c P; c P}. Thisimplies pr; P; ¢ P;' ¢ (pr;P;)*. Also we have pr; H; c
P} c (pr;P;)*. There is an obvious map
HE: F(k)l) - Grk(B)'
Lemma 6.4 Let M € Gry(B). The variety uz' (M) admits an affine paving
up' (M) = Sa
ael

such that the following functions are constant on each piece S, of the paving:
dim P; n B, dim H; n B.;, dim P; n (rad pr,M + B.;).

In this statement, “rad pr, M” is the radical of the restriction of the bilinear form
(= ), to pr;M. In other words, rad pr;M = pr,M n (pr;M)".

Proof Let1< j<m. Define varieties F; and F; as follows: a point is a collection of
subspaces as indicated below, subject to the same conditions as in the definition of
F(k,r), along with the additional conditions indicated below.

For F; ForFJ’»
Pi fOI'lSlS], Pi,H,’ fOI'lSlS],
H; fori<i<j
PjCMﬂBS]’ HjCMﬂBSj

pr;Mc (pr;P;)* for1<i<j pr;M c (pr,P;)* forl<i<j
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We have a sequence of maps

B (M) = By By By > o By F >
We will show that every variety in this sequence admits an affine paving with the
property that the functions mentioned in the statement of the lemma are all constant
on each piece of the paving. The proof is by induction along the sequence of maps
above.

Let us prove the claim for F}, assuming that F ]’-_1 has an appropriate affine paving.
(This paragraph also covers the start of the induction: interpret Fj to mean a single-
ton, and take Py = Ho = 0.) Consider the bilinear form (-, -)p_; on Bg; defined by
declaring B.; to be in its radical, and by declaring its restriction to B; to coincide with
(> —)B;. Then the condition pr; P; be isotropic with respect to (-, -}, is equivalent to
requiring P; to be isotropic with respect to (-, —) s ;. Fixa stratum Sin F}_,. Each point
s € S includes, as part of its data, a subspace H;_;(s) c B.;. The quotient B<;/H;_,(s)
has a bilinear form induced by (-, -)3_;, and

se€S,H;_1(s) c P; c MnBgj, and
v, S _ j j <j
Fjxp S {(S’ Pj) |P]~ is isotropic with respect to (=, —)s_; [ °

This variety is an instance of the variety called “Y” in the statement of Lemma 2.3,
using the vector space M n B¢ and the subspaces

B and radprjM +B.;.

(Note that the latter is the radical of M N B with respect to (-, —)5_;.) By Lemma 2.3,
Fj xp: S admits an affine paving such that the functions

dim P; n B.j, dim P; n (rad pr;M + B;)

are constant on strata. It follows that F; itself admits an affine paving such that the
desired functions are constant on strata.

Next, we prove the claim for F}, assuming that F; has an appropriate affine paving.
Fix a stratum S in F;. Each point s € S determines a subspace P;(s) c B<j. We have

Fixg S ={(s,H;) |seSand Pj(s) c Hj c M nBgj}.

Similar reasoning shows that F; x5, S admits an affine paving such that dim H; n B;
is constant on strata, so F; admits the desired kind of affine paving as well. ]

Lemma 6.5 Let M € Gry(B). The variety u~'(M) admits an affine paving
W (M) = Sa

ael

such that the following functions are constant on each piece S, of the paving:
dimP,-ﬁB<i, dimH,-ﬂB<i, dimPiﬂ(radpriM+B<i).

Proof Let S be a piece of the affine paving of u'(M) c F(k,r) from Lemma 6.4. It
is enough to show that

X(k’ 1) XF(E,[) S
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admits an affine paving. For s € S, we have a collection of spaces P;(s), H;(s) c B
satisfying (6.3), and with H,,(s) = M. For 1< i < m, let Y;; be as in (6.2). We have
an identification
seS,P;eYy;, and
X (k1) xp(ry S =3 (5 Pr, ..., Pyy) ‘priPi(s) cPcBjl<i<m-1,
pr,,Pu(s) ¢ Py c (pr,,M)*

The argument of Lemma 2.3 shows that X(k,r) xp(,,) X — S is a trivial fibration
whose fibers are of the form

Grg, ((pry,M)*/pry Pi(s)) x -+ x Gra,, ((pr,,, M) " /pr,, Pm(s))

where a; is dim P; — dim pr;P;. (Note that the dimensions involved are independent of
the choice of s € §, as dim pr, P; = dim P; — dim P; n B.; and dim P; n B; is constant
on S by Lemma 6.4.) By Lemma 2.1, X(k,r) Xp(k,») S admits an affine paving such
that the desired functions are constant on strata, and hence so does X (k, ). [ ]

7 Compactified m-trivial fibrations

In the previous section, we generalized Proposition 4.1. In this section, we generalize
Proposition 4.2: we will construct a proper map

7:X(k,r) — O,

whose domain is smooth, and whose restriction to 77'(Oy,,) is a “m-injective
fibration of index 2” as defined in Section 4.

We define X(k,r) as follows: a point of X(k,r) consists of a point of X(k,r),
together with the following additional data:

o For each i such that (-, —)p, is symmetric, r; > max{0, 2k; — n;}, and r; is even,
subspaces

Q;cB and Q; c B;

satisfying the following conditions:

dim(i),»:k,-—ri/z, picéicéj
diin:k1+-~~+ki_1+k,~—1’i/2 PI’,-QiCQi)
P; cQ; c H;.

o For each i such that (-, -}, is symmetric, r; > max{0, 2k; — n;}, and r; is odd,
subspaces

QicBoC and Q;cB;oC
satisfying the following conditions:
dim Q; = k; - 2, BicQic(Qi)y
dimQ; =k + -+ + ki + ki — ™ pr;Q; c Q;,
P;cQ;cH;aC.

-1
2
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(Here, in a slight abuse of notation, “pr;Q;” should be understood as Q;/(Q; N
B.)cB;aC)

There is an obvious map
X(k,r) > X(k.r)

given by forgetting the Q;’s and the Q;’s. We denote the composition of this map with
p: X (k1) > Gry(B) by

#:X(k.,r) ~ Gri(B).

Lemma 71 The variety X (k, 1) is smooth, connected, and simply connected. Moreover,
for any commutative ringk, H* (X (k,r),k) is even and free.

Proof In the definition of X(k,r), the subspaces Q ; and Q ; are defined only for
certain j. In this proof, it will be convenient to adopt the convention that

R .« | (=), is skew-symmetric, or
Qj=Fbp Q=k i i ic and r; = max{0, 2k
—, =), is symmetric and r; = max{0, 2k; - n;}.

The structure of the proof is very similar to that of Lemma 6.1. Let j be an integer
with 0 < j < m. We define three varieties Y;j, Y/, and Y;" as follows: a point is a
collection of vector spaces as indicated below, subject to the same conditions as those
in the definition of X(k, r).

ForY; ForYj' ForYj"
Pi,Q,-forlﬁiSm b;,Q;forl<i<m b;,Q;forl<i<m
P,fOflSlS] P,-,Q,-forlSiSj Pi,Qi,HifOI'ISiS]'
Qi Hfor1<i<j Hiforl<i<j

In place of (6.1), we now have a sequence of maps
(71) X(k,r) =Y > Y, Y, > Y - Y > Y.

Let1< j < m. The same reasoning as in Lemma 6.1 shows that Y/ — Y; and Y; - Y/,
are locally trivial Grassmannian bundles. This reasoning also applies verbatim to
Y!" - Y/ except in the case where (~, —) p; is symmetric, r; > max{0, 2k; - n;},and r;
is odd. In this case, an additional comment is required because the definition involves
Hj @ C rather than H;. Specifically, the fiber of this map over a given point of Y} is
the set of subspaces H; such that

QchjGB(CCBq@leEB(C and dimHj =k + - +k;j.

Let Q ; be the image of Q; under the projection map B @ C — B. The condition above
is equivalent to

Qchjchean* and dimH; = ki + - +kj,

so the fiber over the given point of Y} is identified with

Groi ((B<j @ Py)/Q)).
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The subtlety is that in order for these fibers to assemble into a locally trivial bundle,
we must check that the dimension of Q ; is constant on Yj’ . This is true: indeed, the
argument in the proof of Proposition 4.2 shows that dim Q; = dim Q;. We conclude
that Y/" — Y/ is also a locally trivial Grassmannian bundle.

Next, from the definition, we have

Yi=Yux - XYim,
where
By, (B) if (-, =) g, is symmetric and max{0,2k; — n;} <r;,
Y1i =4C,,(B;) ifr; =0 or0”,
Gri,—r,(B;:)™° inall other cases.

Combining Corollary 2.2, Lemma 2.4, and Proposition 4.2, we conclude that Y; is
smooth, connected, and simply connected, and that is cohomology is even and free.
Since each map in (71) is a locally trivial Grassmannian bundle, the same conclusions
hold for X(k, 7). ]

Proposition 7.2 The image of i : X (k,r) — Gry(B) is Oy, and the restricted map

B = g0, B (Oky) = Ok,
is a m-injective fibration of index 2. If k is a ring satisfying (1.1), the sheaf
H(i2k)

is a Qg-equivariant local system in which every indecomposable locally free Qg-
equivariant local system on Oy, appears as a direct summand.

Proof Let H be a point in Oy,,, and let F = 7 '(H). A point in F consists of data
(P;, P, H;, Q;, Q;) satistying varying conditions. By Proposition 6.2, the terms P;,
P;, and H; are determined by H. To describe z'(H), we must describe the space
of choices for Q; and Q;.

The formulas in Remark 6.3 imply that P; n B.; = H; n B.; for all i, and that these
spaces have dimension k; + - -- + k;_;. From the definition of X(k,r), we see that
Qi N B.; must also equal H; n B.;. This implies that dim pr;Q; = dim Q;, and hence
that Q; = pr;Q;. Phrased another way, Q; must be the preimage of Q; under the map
HnB; — pr;H (orif r; is odd, under (Hn B;) ® C — pr;H & C). Thus, it remains to
determine the space of choices for Q;. The quotient Q;/P; is an isotropic subspace of
pr,H/P; (or if r; is odd, of (pr;H & C)/P;), which carries a nondegenerate bilinear
form. We conclude that the fiber F = 7' (H) is described by

Fr 1 Groya(prH/rad(pr,H))™
1<i<m

(——)p, symmetric

max{0,2k;—n; }<r;

x T1 Groe((pr,H®C)/ rad(pr,H))™.
1<i<m
(=,—)p; symmetric
max{0,2k;—n; }<r;
r; odd
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More generally, 7' (Oy,,) = O, is a locally trivial fibration with fibers isomorphic
to F.
Using Lemma 2.4, we see that 719 (F) = (Z/27)%, where

d =|{i| (-, -)s, is symmetric and max{0,2k; —n;} <7;},
and 7, (F) = 1. So we get the following short exact sequence of homotopy groups:
1= m(7 ' (0k,)) = m(0k, (V) > (Z/22)" > 1.

Proposition 5.1 also identifies the middle term with (Z/2Z)%, so 7' (Ok,,) must
be simply connected. Then the same reasoning as in Proposition 4.2(5) shows that
HO(@2k) is the local system corresponding to the regular representation k[ (Z/27)“].
Since 2 is invertible in k, the regular representation decomposes as a direct sum of
representations that are each free of rank 1 over k. Under the additional assumptions
from (1.1), every indecomposable k[ (Z/27)%]-module that is free over k occurs as a
direct summand of the regular representation. This proves the second assertion in the
proposition. [

Let F(k, r) be the variety defined as follows: a point of F(k, r) consists of a point of
F(k,r)and P;,1< i < m satisfying the relations in X (k, r) together with the following
additional data: for each i such that (-, —) 5, is symmetric and r; > max{0, 2k; — n;},
we require a space Q; where

Q; c B, P,cQ; cHj, pr;Q; ¢ (pr;Q;)* if r; is even,
QicBeC, PcQicH;eC pr, Qic (pri)JrQ,-)fr if r; is odd,

and where the dimension of Q; is as in the definition of X (k,r), and where for r; odd,
we set

pr; .Qi=Q;/(QinB.;) cB;&C.
There are obvious maps
X(k,r) > F(krr) > F(kir)  and @ :F(k.r) > Gri(B)
given by forgetting appropriate parts of the data.

Lemma 7.3 Let M € Gri(B). The variety (ir) "' (M) admits an affine paving

wp (M) = Sa

ael

such that the following functions are constant on each piece S, of the paving:
dimP; nB.;, dimH;nB;, dimP;n (radpr;M + B.;).

Proof Let S be a piece of the affine paving of ™' (M) c X(k,r) from Lemma 6.5. It
is enough to show that

F(k)l) XX(E,[) S
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admits an affine paving. For s € S, we have subspaces P;(s), H;(s), P;(s) c B satisfying
the condition in X (k, r), and with H,,(s) = M. We have an identification

- se S, and
F(k)f) XX(&[) S= {(S, (Qz) certain lsigm) |Pi(5) c Qi c Hi or Hi @ (C} .

In more detail, suppose (—, —) p, is symmetric and r; > max{0, 2k; — n; }. If r; is even,
then the space of choices for Q; over s € S is identified with

Gr(H;(s)/(Pi(s))™°.
If r; is odd, then we instead have
Gr((Hi(s) ® C)/Pi(s))"™°.

Combining these cases and using the argument of Lemma 2.3, we conclude that the
map F(k,r) xx(k,) S — S is a locally trivial fibration whose fibers are products of
isotropic Grassmannians. The lemma follows. [ ]

Lemma 7.4 Let M € Gry(B). The variety &' (M) admits an affine paving
(M) = LS.

ael

such that the following functions are constant on each piece S, of the paving:
dimP; n B.;, dimH;nB.;, dimP;n (radpr,M + B.;).

Proof Let S be a piece of the affine paving of (r) (M) from Lemma 7.3. We then
have

X\(k,l) X*Flk,r) S=

. ) seSand
{<S’<Qf> cran 1 (oo D) | ) priy(9) € Qs e (@) or (Qi)i}'

In more detail, suppose (-, —) g, is symmetric and r; > max{0, 2k; — n;}. If r; is even,
then the space of choices for Q; over s € S is identified with

Gr(P;(s)* /(Pi(s) + pr;Qi(s)))™*°.
If r; is odd, then we instead have
Gr((Pi(s)* ® C)/(Pi(s) +pr;Qi(s)))"°.

Combining these cases and using the argument of Lemma 2.3, we conclude that the
map X(k,r) x Fn S > Sisa locally trivial fibration whose fibers are products of
isotropic Grassmannians. The lemma follows. [ ]

8 Main results on parity sheaves

Let B=B; & --- & B, be as in Section 5. Let k be a ring satisfying assumption (L1).
In this section, we study the Qp-equivariant derived category of constructible sheaves
on Grg(B), denoted by

DY, (Gri(B),k).
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Consider the collection of all indecomposable Qg-equivariant local systems on
Qg-orbits in Grg(B). The “even and free” property from Proposition 5.1(4) means
that this collection of local systems satisfies the basic assumptions in [6, Equations
(2.1) and (2.2)] needed for the theory of parity sheaves. In particular, it makes sense
to speak of “Qp-equivariant parity sheaves” on Gry (B). By [6, Theorem 2.12], we have
the following classification result.

Theorem 8.1 [6]

(1) For each orbit Oy, c Gri(B) and each indecomposable locally free k-local system
L on Ok, there is (up to isomorphism) at most one indecomposable parity sheaf

E(Ok,rn L)
that is supported on Oy, , and that satisfies
E(Ok’ﬁ, L)|Ok,£ = L[dlm OK’K]'

(2) Every parity complex in DZB (Grk(B), k) is isomorphic to a direct sum of objects of
the form E(O.,, L)[m].

Note that the first part of this result says “at most one”: the general theory from [6]
does not guarantee the existence of £(O.,, £).

Theorem 8.2  For each orbit Oy, c Gri(B) and each Qg-equivariant local system £
on O, the parity sheaf E(Oy.,,, L) exists. Moreover,

H'(Grk(B), S(OE’L’L)[_ dim Ok:l])
is even and free.

Proof Consider the map i X(k,r) - Gri(B). Let d = dim X(k, ), and let F =
w.k[d]. Because X(k,r) is smooth and 7 is proper, we see that F is isomorphic to
its own Verdier dual. The stalk of & at a point M € Gri(B) is given by

Fu = H (7 (M), k).

Since ¢~ (M) has an affine paving, we see that the stalks of F vanish in degrees whose
parity does not match that of d. Since the same condition holds for DF, we conclude
that & is a parity complex.

By Theorem 8.1, F is a direct sum of objects of the form (O ., £L)[m]. Since

J is supported on Oy, any summand &(O ., L")[m] that occurs in F must
satisfy Oy ,» c O, As a consequence, if F|o, , is nonzero, and if £ is an irreducible

summand of some cohomology sheaf H*(F|o,, ), then &(Oy,, L) exists and occurs
(up to shift) as a direct summand of F.
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By Proposition 7.2, every indecomposable locally free Qg-equivariant local system
£ on Oy, occurs as a direct summand of 3¢ (F). We conclude that every €(0y,,, £)
exists, and that

S(OEI,L)[CI — dim OE’K]

occurs as a direct summand of J.
Finally, we see that H'(Gri(B), &(Ok,,, £)[- dim Ok, ) is a direct summand of

H*(Gre(B), F[-d]) 2 H*(X(k. 1), k),
and this is even and free by Lemma 7.1. [ ]

Co;(}llary 83 IfFe DZB (Gri(B), k) is an even complex, then H*(Gry(B), F) is even
and free.
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