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SUMMARY
Due to a large number of redundant degrees of freedom (DOFs), the hyper-redundant manipula-
tor shows outstanding dexterity and adaptability in avoiding the obstacles in confined space. In
this paper, a hybrid obstacle-avoidance method of spatial hyper-redundant manipulators is pro-
posed, with both efficiency and accuracy considered. The space around an obstacle is classified
into safe, warning, and dangerous zones. A two-level protection strategy is then addressed to han-
dle the obstacle-avoidance problem from qualitative (i.e., pseudo-distance based on super-quadric
function) and quantitative (i.e., Euclidean distance based on practical geometry function) perspec-
tives, respectively. The only condition for switching between the two-level protections is the value of
pseudo-distance. Then, a modified modal method, which is a trajectory planning method, is presented
to plan the collision-free trajectory of the manipulator by maximizing the minimum pseudo-distance
or Euclidean distance in different zones. Some parameters, including the arm-angle parameters and
the equivalent link length parameters, are defined to represent the manipulator configuration. They
are adjusted to avoid the obstacle, singularity, and joint limit. The simulations of 12-DOF manipulator
and an experiment of 18-DOF manipulator verify the proposed methods.

KEYWORDS: Hyper-redundant manipulator; Space manipulator; Obstacle avoidance; Modified
modal method; Confined space.

1. Introduction
With the development of science and technology, a variety of complex equipment is emerging
gradually, for example, nuclear facilities and spacecraft.1–4 For the service in confined space, the
hyper-redundant manipulator shows better dexterity than the non-redundant manipulator in avoid-
ing obstacles. Obviously, the modeling of obstacles and their avoidance are the two key issues for
applications of hyper-redundant manipulators. Traditionally, most obstacle modeling methods have
simplified the obstacle model, considering only efficiency or accuracy. In fact, whether for two-
dimensional (2-D) modeling or three-dimensional (3-D) modeling, most methods have put more
emphasis on efficiency. For 2-D obstacle modeling, basic geometric primitives (i.e., line, circle,
and ellipse) are always used to model obstacles. Colbaugh et al.5 modeled the planar obstacle
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and manipulator using circles and straight lines, respectively. This simplified approach satisfied the
demand for obstacle-avoidance planning in time-varying environments. Later, Rahmanian-Shahri
et al.6 proposed another online collision detection method using ellipses to model links and obstacles
in the plane. Perdereau et al.7 offered a feasible solution for the real-time operation of a redundant
robot moving in a variable environment. The method of formulating anti-collision constraints using
a concept of pseudo-distance was realized in a simple and original way. For 3-D obstacle model-
ing, basic space geometric shapes (i.e., sphere, ellipsoid, cylinder, and cuboid) are frequently applied
to model spatial obstacles. Bonner and Kelley8 put forward the successive spherical approximation
scheme for the representation of obstacles, which facilitated rapid collision-free path planning in
dynamic environments. Choi and Kim9 presented a “collidability measure” for redundant manip-
ulators, using the sphere and ellipsoid to model the obstacle and manipulator and defining the
collidability measure based on the relative movement between links and obstacles. Hwang et al.10

simplified the mathematical representation and reduced the computation complexity by modeling the
objects as ellipsoids. The intersection check was reduced to test whether the point (representing the
robot) fell outside or inside the transformed ellipsoid (representing the obstacle). Patel et al.11 mod-
eled the arm and its environment using cylinders and spheres. By resorting to the notion of dual angles
and dual vectors that represented axes of cylinders in space, different types of collision were charac-
terized. Furthermore, super-quadric used by Khosla12,13 was a typical way to model the basic space
geometric shapes in artificial potentials. Pseudo-distance was prior used to calculate the distance from
obstacle. Mu et al.14,15 developed the pseudo-distance concept by establishing a unified modeling
framework for multiple moving obstacles. The obstacle surface was represented by a super-quadric
function whose parameters could be adjusted to describe different shapes and dimensions.

Once obstacle modeling is completed, online obstacle avoidance becomes the key issue. Glass
et al.16 represented the online obstacle-avoidance requirements as inequality constraints. They
achieved obstacle avoidance by satisfying these inequality constraints, when the end-effector tracked
the desired trajectory. Yoshida et al.17 proposed a general and practical online planning framework
for generating 3-D collision-free motions. They obtained a collision-free path through efficient geo-
metric and kinematic sampling-based motion planning. Freund et al.18 presented an approach for
the online planning of collision-free robot motions. This approach resulted in an intuitively com-
prehensible model used to determine the potential collision and treated collision-free path planning
as an optimization problem. This optimization problem provided a mathematically exact solution
to the path-planning problem by considering all of the static and dynamic obstacles in the environ-
ment. Mayorga19 proposed a fast and geometrically bounded method of online obstacle avoidance for
redundant manipulators. This approach was based on the solution of a linear system. The developed
algorithm was successfully tested through simulations of a 7-degree of freedom (DOF) redundant
manipulator. Seraji20 formulated the collision-avoidance problem as a position-based force con-
trol problem. This approach was simple, computationally fast, and applicable to the whole-arm
collision avoidance for the 7-DOF manipulator. For the singularity analysis and avoidance, the sim-
ilar concepts of the elementary Jacobian transformation, workspace decomposition, and singularity
separation methods21,22 can be used for such hyper-redundant manipulators. Moreover, as general
methods, the Damped Least-Squares, Manipulability Optimization, and the Singular Value Filtering
methods proposed by other scholars23,24 can also be used. Limited by the length of the paper, the
details are not given in this paper.

The obstacle modeling and avoidance problems for 7-DOF manipulators have been studied exten-
sively. However, few obstacle modeling and avoidance studies have considered both efficiency and
accuracy, especially for spatial hyper-redundant manipulators. When efficiency is the factor of con-
cern in modeling, the actual accurate distance always goes unconsidered. In contrast, if an accurate
model is built, the computation load is always large during the working process. For example, the
model described by the super-quadric function is an efficient way to detect collision, yet it is not
accurate in terms of distance. If a model described by a practical geometry function could also be
established to calculate the accurate minimum distance when the actual distance is too close, then the
actual available workspace would become larger, and the operation of the manipulator would be more
secure. Inspired by this idea and the aforementioned literature, this paper proposes a hybrid model-
ing method combined with a super-quadric function and a practical geometry function. It also uses
the modified modal method for the hyper-redundant manipulator to avoid the obstacles described by
the proposed hybrid models. The remainder of this paper is organized as follows. In Section 2, the
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Fig. 1. Hyper-redundant manipulator working in confined space.

hybrid obstacle-avoiding strategies are proposed, and the hybrid obstacle-avoiding concept is estab-
lished. In Section 3, the mixing qualitative and quantitative criteria are established, and the concrete
realization method of the model described by the super-quadric function and the model described
by the geometric function are analyzed. In Section 4, obstacle-avoiding trajectory planning using a
modified modal function is analyzed. The effectiveness of the proposed algorithm is then verified by
simulations and experiment in Section 5. The final section summarizes and concludes the paper.

2. Hybrid Obstacle-Avoiding Strategies

2.1. A hyper-redundant manipulator for on-orbital servicing
Hyper-redundant manipulators play a paramount role in on-orbit servicing applications, especially in
narrow environments with multiple obstacles. One typical application scene for satellite maintenance
is shown in Fig. 1, where a hyper-redundant manipulator is used to cross the equipment to provide
visual information.

The equipment (such as the telescope, optical camera, communication antenna, and attitude sen-
sor) becomes “obstacles” for the working manipulator. To work safely during the whole process, it
is necessary to prevent the hyper-redundant manipulator from colliding with space equipment and
to prevent the manipulator from being damaged by other obstacles. As such, a hybrid obstacle-
avoidance method involving spatial hyper-redundant manipulators for on-orbital servicing is detailed
in the following sections.

The hyper-redundant manipulator is connected by universal joints in series. The universal joints
have two orthogonal DOFs. This hyper-redundant manipulator is compact in structure and flexible in
3-D motion. These characteristics make it suitable for complex 3-D space tasks. Note that the number
of DOFs is n. The odd-numbered (2i − 1)th universal joint is U2i−1 and the even-numbered (2i)th

universal joint is U2i , where i = 1, 2, . . . , N (N = n/4). The Denavit-Hartenberg (D-H) parameters
and the D-H coordinate system are shown in Table I and Fig. 2, respectively.

2.2. Hybrid obstacle-avoiding concept
When the hyper-redundant manipulator performs space tasks, obstacles can be avoided in two ways:
through the motion of the whole hyper-redundant manipulator25–27 or through the local adjustment
of several related joints. The former way is suitable for relatively spacious environments. However,
the latter way is more suitable for making full use of a narrow space with multiple obstacles. This
paper focuses on providing a solution to the latter issue. Therefore, all equipment in the task space is
modeled according to the value and urgency of avoidance. Based on the idea of the aforementioned
hybrid method in Section 1, the hybrid obstacle modeling of the space equipment is established
synergistically using the super-quadric and practical geometry functions (as shown in Fig. 3).
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Table I. D-H parameter table.

Link i θi (
◦) αi (

◦) ai (m) di (m)

1 0 90 0 0
2 0 0 L 0
3 0 −90 0 0
4 0 0 L 0
· · · · · · · · · · · · · · ·
n−3 0 90 0 0
n−2 0 0 L 0
n−1 0 −90 0 0
n 0 0 L 0

θ1

θ2

Z1

Y0
Z0,Y1

X0,X1

θ3

θ4

θ6

θ5

Z2

Y2,Z3

X2,X3
Xn

Y3

Z5

Z4,Y5

X4,X5

Y4

Zn-2

Yn-2,Zn-1

Xn-2,Xn-1

Yn-1
Zn

Yn

nθ

1nθ −2nθ −

3nθ −

1U 2U 2 1U i − 2U i 2U N

Fig. 2. D-H coordinate system.

The model described by super-quadric
function at dangerous boundary

The model described by practical 
geometry function at warning boundary 

Equipment

Fig. 3. Hybrid obstacle modeling of the space equipment.

As shown in Figs. 3 and 4, each obstacle is surrounded by two kinds of models. The dimension
of the model described using the super-quadric function is much larger than that of the obstacle.
However, the dimension of the model described using the practical geometry function is similar to
that of the obstacle. For the model described using the super-quadric function, the collision can be
determined rapidly according to the pseudo-distance, although this is simply a qualitative detection
method. However, the model described using the practical geometry function can not only obtain the
Euclidean distance between the manipulator and the obstacle, but also resolve the coordinate of the
nearest distance accurately. This geometric model must distinguish the relative position and adopt
quite different calculation methods. If the Euclidean distance is calculated during the whole working
process, the huge amount of computation is the major adverse effect on real-time obstacle avoidance.
Therefore, for the preceding reasons, the model described using the super-quadric function is gen-
erally defined at the warning boundary of the obstacle, and the model described using the practical
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Fig. 4. Detection of pseudo-distance and Euclidean distance.
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Fig. 5. Relationship between the manipulator and obstacle.

geometry function is defined at the dangerous boundary of the obstacle. The relationship between
the manipulator and the obstacle is drawn in Fig. 5. There are three application principles for hybrid
models of obstacles and their avoidance.

1) When the manipulator is in the safe zone (i.e., the pseudo-distance is more than zero), the pseudo-
distance is calculated efficiently based on the model described using the super-quadric function.
The qualitative criterion for the manipulator movement can be provided, and the computation
load of the obstacle avoidance is relatively small.

2) When the manipulator is in the warning zone (i.e., the pseudo-distance is no more than zero),
the obstacle-avoidance strategy takes account of both security and the computation load. The
Euclidean distance is accurately calculated based on the model described using the practi-
cal geometry function, and the quantitative criteria can be provided for the obstacle-avoidance
planning.

3) When the manipulator is approaching the dangerous boundary, security is the main focus of the
obstacle-avoidance strategy. The Euclidean distance based on the model described using the prac-
tical geometry function can provide not only the nearest distance, but also the nearest point on the
manipulator, and the obstacle can be avoided.
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Table II. Obstacle-avoidance strategy criterion.

Dangerous Warning
Zone boundary Warning zone boundary Safe zone

Motion of
manipulator

Stop Slow (Criterion:
Euclidean distance)

Deceleration Normal speed
(Criterion: pseudo-distance)

The corresponding obstacle-avoidance strategy criterion is shown in Table II. The correspond-
ing pseudo-distance or Euclidean distance and the corresponding operation speed can be chosen
according to the equipment value, threshold criterion, and space-ground time delay.

3. Mixing Qualitative and Quantitative Criteria
The hybrid obstacle-avoidance modeling method consists of the model described using the super-
quadric function and the model described using the practical geometry function. The pseudo-distance
can be taken as the distance criteria qualitatively, while the Euclidean distance can be taken as the
distance criteria quantitatively.

3.1. Qualitative criterion based on the model described using the super-quadric function
As the basic geometric model can represent the obstacle, the super-quadric function is used to estab-
lish the mathematical equation of the basic geometric model. The most obvious advantage of this
model is that the typical geometric shapes can be modeled in the unified formula. The representa-
tion of any point P(x, y, z) on a super-quadric function is listed in unified Eq. (1). The relationship
between spatial points and the model described using the super-quadric function is shown in Fig. 6.

bS(x, y, z)=
(
(x − x0)

h1

)2m

+
(
(y − y0)

h2

)2n

+
(
(z − z0)

h3

)2p

− 1 = 0 (1)

The left superscript “b” indicates the obstacle’s fixed coordinate system. The size of the basic
geometric model is represented by h1, h2, and h3. The type of the basic geometry model (sphere,
cylinder, cuboid or cone, etc.) is indicated by m ≥ 1, n ≥ 1, and p ≥ 1. The location of the obstacle
geometry center in its own coordinate system {b} is indicated by x0, y0, and z0. By adjusting the
parameters of the super-quadric function, the shapes of different basic geometries can be expressed,
which is detailed in our previous study.15

Relative to the obstacle (the cylinder is taken as the example in this paper), the points in space can
be divided into three categories (shown in Fig. 6): 1) the points inside the obstacle (collision), 2) the
points on the obstacle surface (critical position of collision), and 3) the points outside the obstacle
(no collision).

S(x, y, z)= (x)2 + (y)2 + (z)8 − 1 (2)

When the points are changing along the lines

⎛
⎝i.e., l1:

⎧⎨
⎩

x = v

y = 0
z = 0

, l2:

⎧⎨
⎩

x = 0
y = 0
z = v

, l3:

⎧⎨
⎩

x = v

y = v

z = v

, l4:

⎧⎨
⎩

x = v

y = v

z = 2v

⎞
⎠

in Fig. 6, the relationship of the pseudo-distance between the spatial points and the cylindrical
obstacle is shown in Fig. 7. The variable and the pseudo-distance are abbreviated as v and pd,
respectively.

For the cylindrical obstacle model, the approaching direction and the change rate of the pseudo-
distance are listed in Table III.

The change rate of the pseudo-distance is quite different along the corresponding lines. For the
different approach directions, the unified criteria of the distance between the manipulator and the
obstacle are difficult to set based on the pseudo-distance of the model described by the super-quadric
function. However, the collision can be found easily and quickly by comparing the relationship
between the value of S(xp, yp, zp) and 0 (the relationship is shown in Fig. 6). As such, the model
described using the super-quadric function can be built much larger than the actual obstacle, and it is
also defined as the warning boundary. The computation load of the qualitative criterion is small, and
the efficiency of the qualitative criterion is ensured.
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Table III. Approaching direction and change rate of pseudo-distance.

Approaching direction Changing rate of pseudo-distance

l1
∂S(x, y, z)

∂x

∣∣∣∣
x=v

= 2v

l2
∂S(x, y, z)

∂z

∣∣∣∣
z=v

= 8v7

l3
∂S(x, y, z)

x
+ ∂S(x, y, z)

y
+ ∂S(x, y, z)

z

∣∣∣∣
x=y=z=v

= 4v+ 8v7

l4
∂S(x, y, z)

x
+ ∂S(x, y, z)

y
+ ∂S(x, y, z)

z

∣∣∣∣
x=y=v,z=2v

= 4v+ 1024v7

Fig. 6. Relationship between spatial points and the model described using the super-quadric function.

Fig. 7. Approaching direction to cylinder (left) and the corresponding pseudo-distance (right).

3.2. Quantitative criterion based on the model described using the practical geometry function
Analysis of the model described using the practical geometry function reveals that the minimum
distance between the manipulator and the obstacle mainly appears in three cases: 1) the perpendicular
distance 1, which is between the obstacle and the link; 2) the perpendicular distance 2, which is
between the upper or bottom surfaces of the obstacle and the link; and 3) the perpendicular distance
3, which is between the upper or bottom surfaces of the link and the obstacle. In this paper, the three
typical calculation processes of the perpendicular distances are discussed. To facilitate the expression,
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Fig. 8. Two perpendicular feet located on the manipulator and obstacle, respectively.

the coordinates of the base and each link are transformed into the coordinate system of the obstacle.
In this section, only the cylindrical obstacle is taken as an example.

(1) Perpendicular distance 1

The perpendicular line is the shortest distance between the two spatial segments. When two per-
pendicular feet (i.e., F1 and F2) are located on the manipulator and the obstacle, respectively, the
minimum distance between the link and the obstacle is the length of the common perpendicular line
F1F2, which is shown in Fig. 8.

The geometrical equation of the cylinder is as follows:

{(
x − xOcy

)2 + (
y − yOcy

)2 = R2

−H ≤ z ≤ H
(3)

where the center of the obstacle is POcy

(
xOcy, yOcy, zOcy

)
, the radius is R, the height is 2H , the center of

the upper surface is Ou, the center of the bottom surface is Ob, the direction vector is
−−−⇀
ObOu = [0, 0, 1],

and the direction vector of the link is
−−−⇀
U2U3 = [

xU3 − xU2, yU3 − yU2, zU3 − zU2

]
.

The perpendicular foot of the perpendicular line is Fi . The perpendicular equation F1F2 is shown
in Fig. 8:

x − xF1

xF2 − xF1

= y − yF1

yF2 − yF1

= z − zF1

zF2 − zF1

. (4)

The direction vector is
−−⇀
F1F2 = [

xF2 − xF1, yF2 − yF1, zF2 − zF1

]
.

According to the geometric properties of the perpendicular foot:

{−−⇀
F1F2 · −−−⇀

ObOu = 0−−⇀
F1F2 · −−−⇀

U2U3 = 0
. (5)

Then,

{
zF2 − zF1 = 0(
xU3 − xU2

) (
xF2 − xF1

) + (
yU3 − yU2

) (
yF2 − yF1

) + (
zU3 − zU2

) (
zF2 − zF1

) = 0
. (6)

https://doi.org/10.1017/S0263574718001406 Published online by Cambridge University Press

https://doi.org/10.1017/S0263574718001406


1006 A hybrid obstacle-avoidance method of spatial hyper-redundant manipulators
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Y0
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O0

Ocy
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Ob
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Cr

U2
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Fig. 9. One perpendicular foot on the link, the other outside the obstacle.

Points F1 and F2 are located on
−−−⇀
U2U3 and

−−−⇀
ObOu, respectively:

xF1 − xU2

xU3 − xU2

= yF1 − yU2

yU3 − yU2

= zF1 − zU2

zU3 − zU2

(7)⎧⎨
⎩

xF2 = 0
yF2 = 0
zF2 = zF1

. (8)

Simultaneous equations are listed as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

xF1 =
(
xU3 − xU2

) (−yU2 yU3 + y2
U2

) + xU2

(
yU3 − yU2

)2

(
xU3 − xU2

)2 + (
yU3 − yU2

)2

yF1 =
(
yU3 − yU2

) (−xU2 xU3 + x2
U2

) + yU2

(
xU3 − xU2

)2

(
xU3 − xU2

)2 + (
yU3 − yU2

)2

zF1 =
(
zU3 − zU2

) [−yU2

(
yU3 − yU2

) − xU2

(
xU3 − xU2

)]
(
xU3 − xU2

)2 + (
yU3 − yU2

)2 + zU2

. (9)

The minimum distance between the link and the cylinder is

dcy =
√(

xF1 − xF2

)2 + (
yF1 − yF2

)2 + (
zF1 − zF2

)2
. (10)

(2) Perpendicular distance 2

When one perpendicular foot falls on the current link and the other falls on the outside of the
cylindrical obstacle, the minimum distance between the link and the obstacle is no longer the length
of the perpendicular line F1F2, as shown in Fig. 9. Three points (i.e., U2, U3, and Ocy) can form a
spatial plane, and this plane intersects with the upper surface of the cylinder obstacle at point Cr (Cr
is the abbreviation of “cross point”). A perpendicular line is then drawn from point Cr to line U2U3,

and the perpendicular foot is marked as F3. The length of
∣∣−−⇀F3Cr

∣∣ is defined as the minimum distance
from the current link to the cylinder obstacle.
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The equation of the plane formed by U2, U3, and Ocy in space, the intersection of the plane
equation, and the upper surface of the cylindrical obstacle are solved as follows.

1) The solution of the perpendicular plane equation and the perpendicular foot

The equation of cylindrical circle is{(
x − xOu

)2 + (
y − yOu

)2 = R2

z = zOu

. (11)

The plane formed by three points
(
Ocy

(
xOcy, yOcy, zOcy

)
, U2

(
xU2, yU2, zU2

)
, and U3

(
xU3,

yU3, zU3

))
is

A1x + B1 y + C1z + D1 = 0 (12)

where⎧⎪⎨
⎪⎩

A1 = yOcy zU2 − yOcy zU3 − zOcy yU2 + zOcy yU3 + yU2 zU3 − yU3 zU2

B1 = −xOcy zU2 + xOcy zU3 + zOcy xU2 − zOcy xU3 − xU2 zU3 + xU3 zU2

C1 = xOcy yU2 − xOcy yU3 − yOcy xU2 + yOcy xU3 + xU2 yU3 − xU3 yU2

D1 = −xOcy yU2 zU3 + xOcy yU3 zU2 + xU2 yOcy zU3 − xU3 yOcy zU2 − xU2 yU3 zOcy + xU3 yU2 zOcy

. (13)

The coordinate of point Cr can be obtained as follows:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

xCr = −B ± √
B2 − 4AC

2A

yCr = E1xCr + F1

zCr = zOu

(14)

where A = (E1 + 1) , B = 2
(
E1 F1 − E1 yU2 − xU2

)
,C = x2

U2
+ (

F1 − yU2

)2 − R2 E1 = − A1
B1

, and

F1 = C1zU2 +D1

B1
.

2) The solution of perpendicular foot F3

The linear equation of U2U3 can be expressed as follows:

x − xU2

xU3 − xU2

= y − yU2

yU3 − yU2

= z − zU2

zU3 − zU2

. (15)

The coordinate of F3 can be obtained as follows:⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

xF3 = xU2 + (xU3 −xU2)((xU3 −xU2)(xCr−xU2)+(yU3 −yU2)(yCr−yU2)+(zU3 −zU2)(zCr−zU2))

(xU3 −xU2)
2+(yU3 −yU2)

2+(zU3 −zU2)
2

yF3 = yU2 + (yU3 −yU2)((xU3 −xU2)(xCr−xU2)+(yU3 −yU2)(yCr−yU2)+(zU3 −zU2)(zCr−zU2))

(xU3 −xU2)
2+(yU3 −yU2)

2+(zU3 −zU2)
2

zF3 = zU2 + (zU3 −zU2)((xU3 −xU2)(xCr−xU2)+(yU3 −yU2)(yCr−yU2)+(zU3 −zU2)(zCr−zU2))

(xU3 −xU2)
2+(yU3 −yU2)

2+(zU3 −zU2)
2

. (16)

The minimum distance between the current link and the cylinder is

dCr =
√(

xCr − xF3

)2 + (
yCr − yF3

)2 + (
zCr − zF3

)2
. (17)

3) Perpendicular distance 3

When one perpendicular foot is located outside of the link and the other perpendicular foot is
located inside the obstacle, the minimum distance between the link and the obstacle is no longer the
length of the perpendicular line of F1F2, which is shown in Fig. 10. It becomes the distance from the

point U2 or U3 to the obstacle, that is,
−−−⇀|U2F3|.
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U1

U4

Fig. 10. One perpendicular foot outside the link and the other inside the obstacle.

The calculation method is similar to that of perpendicular distance 2 described previously, and the
minimum distance is calculated as follows:

dcy =
√(

xF3 − xU2

)2 + (
yF3 − yU2

)2 + (
zF3 − zU2

)2
. (18)

The model described using the practical geometry function can be built similar to the actual obsta-
cle, and it is also defined as the dangerous boundary. The accuracy of the quantitative criterion is then
ensured.

4. Obstacle-Avoiding Trajectory Planning Using the Modified Modal Function
Based on the hybrid obstacle models, a modified fitting method28 for the backbone curve can be
used to complete the hybrid obstacle-avoidance task. To realize the local obstacle avoidance of the
hyper-redundant manipulator, the proposed configuration parameters (i.e., the arm angle and the
equivalent link) are adjusted in this paper. These parameters fully excavate the redundant capability
of the hyper-redundant manipulator.

4.1. Modified fitting method for backbone curve
In the modified fitting method, the straight line between two adjacent odd-numbered universal joints

(i.e., U2i−1,U2i+1) is defined as the equivalent link; its length is ρi , and the angle between
−−−⇀
Oi Ũa

2i

and
−−−⇀
Oi U

ψ

2i is defined as ψi
4. The concept is shown in Fig. 11. In the local self-motion space, the

spatial position of the universal joint can be controlled by adjusting the arm angle. By controlling
the length of the equivalent link, the potential position of the universal joint on the backbone can be
fully used. Although the overall configuration of the hyper-redundant manipulator is still determined
by the backbone, the hyper-redundant manipulator works more flexibly due to the introduction of
configuration parameters.

As the configuration of the manipulator is no longer completely limited by the backbone,
the obstacle-avoidance application in a dynamic environment can be easily realized by adjust-
ing the configuration parameters instead of re-determining the backbone curve. From this viewpoint,
the traditional method29 is actually a special case of the modified modal method.

For dealing with obstacle-avoidance problems, the modified method makes the following two
improvements.

1) The equivalent link length between two adjacent odd joints ρi is parameterized. As the position
of each odd universal joint moves along the backbone by adjusting the equivalent link parameter,
the equivalent link length can optimize the obstacle-avoidance problem.
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k
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U1 U1
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O0
O0Z0 Z0Y0 Y0

k

U2i−1
U2i−1
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U2i

Configuration parameter ρi : The length of
equivalent link between two adjacent odd
universal joints is parameterized by ρi

Configuration parameter ψi : The position of 
even numbered  universal joint is
parameterized by arm-angle ψi

Oi

U2i

i

1

i

U2i
b

Fig. 11. Concept of the obstacle-avoidance configuration parameters.

2) The position of each even-numbered universal joint is parameterized by arm angle ψi . Hence,
the even-numbered universal joints no longer have to be located on the backbone. The local
obstacle-avoidance problem can also be optimized by the arm angle.

4.2. Single configuration parameter adjusting for obstacle avoidance
According to Fig. 11, the modified modal method can be summarized as follows. First, the universal
joint U2N can be determined by matching the direction vector of end-effector k. Second, the rest of
the even- and odd-numbered universal joints are optimized by adjusting the configuration parameters
(i.e., the equivalent link length and the arm angle). As this paper focuses on the relationship between
the configuration parameters and the configuration of the manipulator, the effectiveness of the equiv-
alent link length and the arm angle is analyzed. The configuration parameters can be adjusted to
change the position of the universal joint. As such, the distances between the manipulator and the
obstacles are kept within a reasonable range.

4.2.1. Adjustment of equivalent link parameter. Based on the backbone of the modal function, the
configurations figure is presented in Fig. 12, and the obstacle-avoidance figure is presented in Fig. 13.
Both rely on equivalent length.

Uρ

i ——the position of the universal joint based on the length of the equivalent link
Fi ——the perpendicular foot of the perpendicular line
Fρi ——the perpendicular foot based on the length of the equivalent link

The length of the equivalent link is the independent variable. Actual links are represented by

U2i−1U
ρb

1
2i ,U

ρb
1

2i U2i+1; equivalent links are represented by U2i−1Uρ

2i+1, and the reference plane is rep-
resented by the dotted and solid lines (i.e., U2i−1Uρ

2i+1U2N ). To achieve obstacle avoidance, it is
necessary to iteratively solve the reasonable length of the equivalent link.

According to Fig. 13, the minimum distance between the manipulator and the obstacle can be
calculated by the method in Section 3.2. To meet the obstacle-avoidance requirement, it is necessary
to optimize the length of the equivalent link (i.e., ρi ).

4.2.2. Adjustment of arm-angle parameter. Once the length of the equivalent link is determined
(i.e., ρi = 1.8L), the arm angle ψi becomes the only parameter to affect joint angles. The position
of the end-effector and the universal joint (i.e., U2i+1) are listed in Eqs. (19) and (20), respectively.
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Fig. 12. Configurations relying on equivalent length.

Fig. 13. Obstacle avoidance relying on equivalent length ρi .

The corresponding configuration is drawn in Fig. 14. The obstacle-avoidance figure is presented in
Fig. 15, and it relies on the arm angle.

T0 = [
xT0, yT0, zT0

] = [0.3000m, 0.5000m, 0.4000m] (19)

U2i+1 = [0.1315m, 0.1699m, 0.2086m] (20)

Uψ

i ——the position of the universal joint based on arm angle ψ
� U2i−1U2i+1U2N ——the reference plane of arm angle ψi

Fψi ——the perpendicular foot based on arm angle ψi

As Fig. 14 shows, when the arm angle varies in the interval ψi = [0, π] (when the arm angle meets
ψi = [π, 2π], the two links form the other half-symmetrical configuration, which is not repeated
here), a series of corresponding configurations can be obtained.

If the obstacle must be avoided, the arm angle should be adjusted according to the minimum
distance, as shown in Fig. 15. The minimum distance can be calculated between the manipulator
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Fig. 14. Configuration in ψ = [0, π ].
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3F

F2
Zc Yc

Xc

4F

•

2Fψ1
Fψ

3Fψ
4t

Fψ

•

Fig. 15. Obstacle avoidance relying on arm angle ψ .

and the obstacle using the method in Section 3.2. To move the manipulator safely, it is necessary to
optimize the arm angle (i.e., ψi ) to ensure that the distance between the obstacle and the manipulator(
i.e.,

∣∣Fψ1 Fψ2
∣∣) meets the requirements of obstacle avoidance.

4.3. Configuration adjustment for the avoidance of obstacle, singularity, and joint limit
It can be seen from the paper that the avoidance of obstacle is taken as the example to introduce
the adjustment of the equivalent link and the arm angle. In fact, by adjusting the equivalent link and
the arm angle, the configuration of the manipulator can be adjusted iteratively, thereby achieving the
goals of the avoidance of obstacle, singularity, and joint limit. The possible modes of the adjustment
are summarized as follows:

Mode 1: The avoidance of obstacle, singularity, and joint limit is simultaneously achieved only by
adjusting the length of equivalent link ρi .

Mode 2: The avoidance of obstacle, singularity, and joint limit is simultaneously achieved only by
changing the value of arm angle ψi .
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Fig. 16. Configuration adjustment for the avoidance of obstacle, singularity, and joint limit.

Mode 3: The avoidance of obstacle, singularity, and joint limit is simultaneously achieved by
adjusting equivalent link ρi and arm angle ψi cooperatively.

Mode 4: The avoidance of obstacle, singularity, and joint limit is simultaneously achieved by using
the adjacent group of configuration parameters (i.e., ψi , ρi , ψi+1, ρi+1) synergistically.

Based on the above introduction, the configuration adjustment for the avoidance of obstacle, sin-
gularity, and joint limit is described in Fig. 16. The criterion for the avoidance of singularity is
det J (θ) �= 0, and J (θ) is defined as the Shape Jacobian;30 the criterion for the avoidance of joint
limit is ∀ |θi | ≤ θmax, and θi is defined as the solved joint angle in the iteration process, and θmax is
the joint limit; the criterion for the avoidance of obstacle is

∣∣Fψ1 Fψ2
∣∣> 0, and

∣∣Fψ1 Fψ2
∣∣ is defined as the

minimum distance between the obstacle and the manipulator.

5. Case Study
To verify the avoidance capability of obstacle, singularity, and joint limit for the proposed method, the
hyper-redundant manipulator is set to work in a confined environment with different obstacles. The
hyper-redundant manipulator is simplified as segments, and the obstacles are simplified as cylinders,
cuboid, cones, etc. Based on the proposed hybrid models, the pseudo-distance and the Euclidean dis-
tance are calculated as the obstacle-avoidance criteria. The obstacle avoidance of the hyper-redundant
manipulator is achieved using the modified modal method. The redundant DOFs of the manip-
ulator are converted into controllable parameters. As such, the flexibility of the hyper-redundant
manipulator is fully exerted.

When the coordinates of start point A (xa, ya, za), the coordinates of end point C (xc, yc, zc), and
times of interpolation N are given, the interpolation step can be expressed as follows:⎧⎨

⎩
�x = (xc − xa)/(N + 1)
�y = (yc − ya)/(N + 1)
�z = (zc − za)/(N + 1)

. (21)

Any point i (1 ≤ i ≤ N ) on the line can be represented as:⎧⎨
⎩

xi = xa +�x · i
yi = ya +�y · i
zi = za +�z · i

. (22)

The initial and finish positions are shown in Eqs. (23) and (24), respectively:⎧⎪⎪⎨
⎪⎪⎩

[
xT0, yT0, zT0

]T = [0.35m, 0.30m, 0.40m]T

k1= [0.18, 0.91, 0.35]T

t1 = 0s

(23)
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Fig. 17. Hyper-redundant manipulator, backbone, and obstacle.

Fig. 18. Change of equivalent length of U3U5.

⎧⎪⎪⎨
⎪⎪⎩

[
xTf, yTf, zTf

]T = [0.35m, 0.55m, 0.45m]T

kf= [0.39, 0.70, 0.59]T

tf = 100s

. (24)

5.1. Case 1: obstacle avoidance by adjusting the equivalent link
The initial and termination conditions are the same as in Case 1. For comparison, a third-order poly-
nomial function is used to plan the motion trajectory between t0 and tf. Mode 1 in Section 4.3 is
chosen to avoid the cylinder obstacle. The planned configuration, changes in equivalent link, angular
velocity, and minimum distances to the cylinder obstacle are shown in Figs. 17–20, respectively.

5.2. Case 2: multiple obstacles avoidance by adjusting the arm angle
The initial and termination conditions are the same as above. The motion trajectory between t0 and
tf is also planned by a third-order polynomial function. Mode 3 in Section 4.3 is chosen to avoid
the obstacles (i.e., cylinder, cuboid, and cone). The configuration and the changes in arm angle,
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Fig. 19. Velocity of joints.

Fig. 20. Minimum distance.

angular velocity, and minimum distances to each obstacle are shown in Figs. 21–24, respectively.
The pseudo-distance calculated by the model described using the super-quadric function and the
Euclidean distance calculated by the model described using the practical geometry function are of
different orders of magnitude. To facilitate the representation in this simulation, when the pseudo-
distance value is greater than 0.25 m, the value is set to 0.25 m. In Fig. 24, the terms “cylinder,”
“cuboid,” “cone,” “Euclidean distance,” and “pseudo-distance” are abbreviated as “Cy,” “Cu,” “Co,”
“Eu Dis,” and “Ps Dis,” respectively.

5.3. Case 3: experiment of confined truss crossing
5.3.1. Experiment setup.

(1) Experiment principle: First, the trajectory planning algorithm proposed in this paper is used to
plan the desired trajectory of the hyper-redundant manipulator, and then, the hyper-redundant
manipulator is controlled to repeat the desired trajectory. Before the experiment, the end position
of the hyper-redundant manipulator is calibrated by using a laser tracking measurement system.
In the experiment, the errors between the actual angles of the joints measured by the rotary
encoders and the desired angles of the joints calculated by kinematics are both input into the
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Fig. 21. Hyper-redundant manipulator, backbone, and obstacles.

Fig. 22. Change in arm angle ψ2.

proportional differential controller, so the higher control precision can be obtained by superim-
posing the dynamic feedforward compensation term. The data of the experiment are processed
to verify the correctness of the trajectory planning method and the effectiveness of the dynamic
control method for hyper-redundant manipulator.

(2) Experiment equipment: Laser tracker system, rotary encoder, cable pretension device, WIFI
camera, vernier caliper, and a cable-driven hyper-redundant manipulator with 18 DOFs.

(3) Measurement method: The laser tracker system is used to calibrate the key positions of the
hyper-redundant manipulator, and its accuracy is 10µm ± 2.5µm/m. The rotary encoder is used
to measure the actual change of the cable’s length, which is regarded as the feedback value of
the closed-loop control, and its accuracy is 0.08◦. A cable pretension device is used to ensure
a reasonable preload of the cable, and the preload is set to 175 N based on the empirical value.
The WIFI camera can transmit the target environment information to the host computer for the
operator to control.
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Fig. 23. Velocity of joints.

Fig. 24. Minimum distance.

(4) Experiment process: In order to verify the adaptability of the proposed method, it is necessary
to carry out the confined space operation experiment for the hyper-redundant manipulator. The
manipulator is supposed to inspect a truss structure. 25 mm aluminum tubes are used to build a
tripod, and two sets of horizontal support tubes divided the tripod into a truss-like structure. The
initial to final poses are set as (25)–(27). Then, the proposed methods are used to generate the
trajectory of the manipulator. The desired joint angles are shown in Fig. 25.

Ts =
⎡
⎢⎣

1 0 0 1332.00mm
0 0 −1 0
0 1 0 0
0 0 0 1

⎤
⎥⎦ (25)

Tm =
⎡
⎢⎣

0.0577 −0.0002 0.9983 803.18 mm
0.9983 0.0040 −0.0577 135.27 mm

−0.0040 0.9990 0.0004 −0.52 mm
0 0 0 1

⎤
⎥⎦ (26)
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Fig. 25. Desired joint angles and actual joint angles.

Global camera1Truss

Manipulator Laser tracker system
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Global camera1

(b) Initial state

 

Global camera2

(c) Intermediate state (upper right: hand carmera)

Global camera2

WIFI camera

(d) Final state (upper right: hand carmera)

Fig. 26. Experiment process of confined truss crossing. (a) Scene of experiment; (b) Initial state; (c) Intermediate
state; and (d) Final state.

T f =
⎡
⎢⎣

−0.1142 −0.2067 0.9717 712.29 mm
−0.0766 −0.9733 −0.2160 410.82 mm

0.9904 −0.0991 0.0953 340.93 mm
0 0 0 1

⎤
⎥⎦ (27)

5.3.2. Experiment results. The movement of the manipulator is controlled to move with the desired
joint angles of the manipulator at each step. The actual joint angles are also shown in Fig. 25. The
results show that the proposed algorithm can meet the control requirements of the hyper-redundant
manipulator. It also reflects the extremely confined space crossing capability of the hyper-redundant
manipulator. The experiment process of confined truss crossing is shown in Fig. 26.

The experiment results show that the hyper-redundant manipulator has the ability to avoid obsta-
cles in a confined environment with a desired control accuracy (no more than ±0.05◦). However,
there are still some control errors in the joint angles due to the influence of geometric parameter
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errors (mainly processing and assembly errors accounting for about 90% of the absolute position
error of the manipulator). Combined with the characteristics of the hyper-redundant manipulator,
the main sources of errors are summarized as follows: First, geometric parameters errors exist in
hyper-redundant manipulator due to processing and assembly. Second, the cable has a certain elastic
deformation error under the preload force. Third, there is a large sliding friction due to the relative
motion between the cable and the cable hole, while the control model does not accurately consider
this friction.

In order to improve the control precision of the cable-driven hyper-redundant manipulator, the fol-
lowing improvement strategies can be adopted. First, improve machining and assembly accuracy by
calibrating geometric parameters and compensating for end positions in real time. Second, in order to
improve the feedback control effect, higher precision detection components should be used. Thirdly,
reduce the friction between the cable and the cable hole by using Teflon-coated material and modify
the control model of the hyper-redundant manipulator by compensating friction and gravity terms.

6. Conclusion
This paper proposes a hybrid obstacle-avoidance method to realize on-orbit obstacle-avoidance plan-
ning for the hyper-redundant manipulator. The model described using the super-quadric function and
the model described using the practical geometry function account for the efficiency and accuracy
of the distance detection for a two-level protection strategy. In addition, the modified modal method
considers the flexibility and solvability of the hyper-redundant manipulator. Based on the established
hybrid models of the obstacle, it is possible to plan the trajectory in the safe area. When the manipu-
lator works out of the warning boundary, the pseudo-distance can be used to determine the collision
qualitatively. Furthermore, when the manipulator approaches the dangerous boundary, the Euclidean
distance between the manipulator and the dangerous boundary can be accurately calculated to pro-
vide obstacle-avoidance criteria. As such, the main task of the hyper-redundant manipulator can be
successfully completed by adjusting the configuration parameters in a narrow environment with mul-
tiple obstacles. To verify the avoidance capability of obstacle, singularity, and joint limit, two typical
simulations of the 12-DOF manipulator and an experiment of 18-DOF manipulator are performed.
The results show that the method is very efficient. While for a very cluttered environment, the dex-
terity of the hyper-redundant manipulator with 12 DOF and 18 DOF will be limited by the number
of DOFs. By increasing the number of DOFs, the proposed method will also be effective for the
hyper-redundant manipulator.
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