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This paper considers spurious regression between integrated processes with stable
errors+Our results show that thet-ratios diverge at the rate of#T,which is identical
to what Phillips~1986, Journal of Econometrics33, 311–340! has obtained for
the Gaussian case+ Therefore, it is the long memory in the dependent variable and
regressors, instead of the moment conditions of the error terms, that causes the
spurious regression+

1. INTRODUCTION

Spurious regression was first studied by Granger and Newbold~1974!+ They
showed that the regression of an integrated process of order one, or I ~1!, on
another independentI ~1! process will result in spurious effects, i+e+, the null hy-
pothesis of no relationship among the unrelatedI ~1! processes will be rejected
too often+Granger and Newbold’s simulation results were later proved by Phillips
~1986!+ Phillips showed that the usualt-statistic in a spurious regression does not
have a limiting distribution but actually diverges as the sample size~T ! ap-
proaches infinity+ Marmol ~1995! generalized the work of Phillips toI ~d! pro-
cesses withd being integer+ His results reveal that thet-ratios also diverge at the
#T rate independent of the integerd+ The case of long memory processes was
considered by Tsay and Chung~1995!+ They found that spurious regression can
arise among a wide range of long memory processes, even in cases where both the
dependent variable and regressor are stationary+

There has been fast growing interest in modeling time series by ARIMA mod-
els with heavy-tailed errors, i+e+, the error process belongs to the domain of at-
traction of a stable law with indexa~0 , a , 2!+ This process was first used by
Mandelbrot~1963! to model the heavy-tailed nature of stock returns+ Examples
where such models are appropriate include Fama~1965!, Fama and Roll~1968!,
So~1987!, and Chan~1990!+ Therefore, we wonder whether the presence of sta-
ble errors affects the divergence rate of thet-statistics in the regression among
unrelatedI ~1! processes+ The nonstandard asymptotic distributions of various
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coefficient estimators and test statistics are derived to answer the preceding ques-
tion+ Instead of Brownian motions, weak convergence involving Lévy processes
is needed to handle the infinite variance errors+ Our results show that thet-ratios
diverge at the rate of#T, which is independent of the index parameters of the
error terms+ Moreover, the divergence rate of thet-ratios is exactly the same as
what Phillips~1986! has obtained for the Gaussian case wherea 5 2+ Conse-
quently, spurious regression is a phenomenon unaffected by whether or not the
errors are heavy-tailed+

2. A GENERAL THEORY OF SPURIOUS REGRESSION

Our analysis is based on a simple linear regression model in which the dependent
variable and the regressor are independentI ~1! processes with different heavy-
tailed errors+ Before presenting these models, let us first briefly review some
basic properties of the stable processes+

A stable distribution is characterized by four parameters: a [ ~0,2# represent-
ing the index of stability, s [ ~0,`! representing the scale, b [ @21,1# repre-
senting the skewness, and d [ ~2`,`! representing the location+ The most
important parameter in determining the tail shape isa, which is the maximal
moment exponent of the distribution+Absolute moments of the stable process of
order less thana are finite,whereas all higher-order moments are infinite+ There-
fore, stable processes have infinite variance except in the special case whena 5
2 ~Gaussian!+Moreover, the stable process is closed under temporal aggregation+
Whena , 2, the tail of the distribution decays like a power function+

Throughout this paper, we assume the following conditions for the stable
process+

Assumption 1+ The processet is an independently and identically distributed
~i+i+d+! sequence with distributionF+ The distributionF is in the domain of attrac-
tion of a stable law with indexa [ ~0,2# + If a . 1 then we requireE~et ! 5 0+ If
a 5 1 then we requireet to be symmetric at zero+

Following the discussion in Chan and Tran~1989!, we define ae~T ! 5
T 10al ~T !, wherel ~T ! is a slowly varying function that satisfies

lim
tr`

l ~tx!

l ~t!
5 1 for all x . 0+

As et satisfies the conditions in Assumption 1, Resnick~1986! shows that as
T r `,

Sae~T !21 (
t51

@Tr#

et ,ae~T !22 (
t51

@Tr#

et
2Dn ~Ua~r !, Va~r !!

in D@0,1# 2, wherer [ @0,1# , @Tr# denotes the integer part of Tr,n denotes weak
convergence, and~Ua,Va! is a Lévy process with indexa+ Whena 5 2, which
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corresponds to the finite variance case,we haveUa~r !5B~r !, a standard Brown-
ian motion, andVa~r ! 5 r+

To examine the spurious effects, we first define two independent stable pro-
cesses, vt , wt , which both satisfy the conditions in Assumption 1 with indices
a1 anda2, respectively+ We can then define twoI ~1! processes by integrating
vt andwt :

yt 5 yt21 1 vt and xt 5 xt21 1 wt +

We also assume, without loss of generality, that the initial values of the stable
processesv0, w0, y0, andx0 are all zero+ Hence, yt andxt can be viewed as the
partial sums ofvt andwt , respectively; i+e+, yT 5 (t51

T vt andxT 5 (t51
T wt + Thus,

if we defineay~T ! 5 T 10a1l y~T !,ax~T ! 5 T 10a2l x~T !, then we have

ay~T !21 (
t51

@Tr#

vt n Ua1
~r ! and ax~T !21 (

t51

@Tr#

wt n Ua2
~r !+

Given the preceding discussion, we consider the following simple linear re-
gression model:

yt 5 b0 1 b1 xt 1 ut +

Let Zb0 and Zb1 denote the usual ordinary least squares~OLS! estimators from a
regression ofyt on a constant andxt , respectively+ Their respective variances are
estimated bysb0

2 andsb1

2 , from which we have thet-ratiostb0
5 Zb00sb0

andtb1
5

Zb10sb1
+

THEOREM 1+ Given that Assumption1 holds, then, as Tr `, we have the
following results:

1+
ax~T !

ay~T !
Zb1n

E
0

1

Ua1
~s!{Ua2

~s! ds2FE
0

1

Ua1
~s! dsGFE

0

1

Ua2
~s! dsG

E
0

1

@Ua2
~s!# 2 ds2 FE

0

1

Ua2
~s! dsG2

[ b1
*+

Note that ay~T !0ax~T ! 5 O~T 10a1210a2 !+

2+
1

ay~T !
Zb0 n E

0

1

Ua1
~s! ds2 b1

*E
0

1

Ua2
~s! ds[ b0

*,

whereb1
* is defined in1+ Note that ay~T ! 5 O~T 10a1 !+

3+
1

#T
tb1

n
b1
*

s*b1

,

whereb1
* is defined in1 ands*b1

2 is defined in the Appendix+
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4+
1

#T
tb0

n
b0
*

s*b0

,

whereb0
* is defined in2 ands*b0

2 is defined in the Appendix+

Here, Ua1
~s! and Ua2

~s! are two independent Lévy processes+

The proof ofTheorem 1 is in theAppendix+Theorem 1 shows that,as the sample
sizeT increases, the twot-ratiostb1

andtb0
diverge at the#T rate,which is indepen-

dent of the index parameters,a1anda2+The divergence rate of these twot-ratios is
exactly the same as what Phillips~1986! has obtained for the case wherea1 5
a2 5 2+ Thus, even whenvt andwt are stable processes, the spurious regression
occurs, i+e+, the probability of rejecting the null hypothesis ofb50 ora50 based
on t-tests increases monotonically as the sample size approaches infinity+

The limiting distributions of thet-ratios, after being normalized by#T, are
direct generalization of those derived by Phillips+ In other words, when we com-
pare our results with those of Phillips,we observe a common feature in these two
statistics, i+e+, the index parameters, a1 anda2, do not affect their convergence
rates whereas the effects on their limiting distributions are quite straightforward:
all the standard Brownian motions in Phillips’s theory are replaced by Lévy pro-
cesses+ That the stability parametersa1 anda2 play a relatively minor role here
is mainly because the two statistics are all ratios so that the effects ofa1 anda2

are canceled out+ In contrast, the results on the OLS estimatorsZb1 and Zb0 are a
different story+ In Phillips’s theory both Zb1 and Zb00#T converge to some non-
normal degenerate limiting distributions+ But for the present model concerning
the stable processes, the orders of Zb1 and Zb0 areT 10a1210a2 andT 10a1, respec-
tively+Therefore, the divergence rate ofZb0 decreases witha1,which is intuitively
reasonable because the driving force of the dependent variable becomes less
volatile+

3. CONCLUSION

In our analysis of spurious regression between integrated processes with stable
errors,we find that thet-ratios diverge at the rate of#T,which is identical to what
Phillips~1986! has obtained for the Gaussian case+So it is the long memory in the
dependent variable and regressor, instead of the moment conditions of the error
terms, that causes the spurious regression+

A few generalizations of our work are worthy of further consideration+ As
suggested by Chan~1990!, the errorsvt andwt can be generated by the more
general ARMA process driven by i+i+d+ stable process, respectively+ Based on the
work of Phillips~1990!, we expect most of the results in this paper to hold when
vt andwt are both ARMA processes with stable errors+Another extension of this
paper is to generalize the investigation of Tsay and Chung~1995! thatvt andwt

are generated by the fractionally integrated processes with stable errors+ This
process is first introduced in Kokoszka and Taqqu~1996!,which will serve as the
building block for future studies+
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APPENDIX

To prove Theorem 1, first we note the following result+

THEOREM A+1+ Given that Assumption1 holds, then, as Tr `, the following joint
weak convergences hold:

1+
1

T (
t51

T yt

ay~T !
n E

0

1

Ua1
~s! ds and

1

T (
t51

T xt

ax~T !
n E

0

1

Ua2
~s! ds+

2+
1

T (
t51

T yt
2

ay~T !2 n E
0

1

@Ua1
~s!# 2 ds and

1

T (
t51

T xt
2

ax~T !2 n E
0

1

@Ua2
~s!# 2 ds+

3+
1

T (
t51

T yt

ay~T !
{

xt

ax~T !
n E

0

1

Ua1
~s!{Ua2

~s! ds+

Here, Ua1
~s! and Ua2

~s! are two independent Lévy processes+
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The preceding results are straightforward applications of the results in Lemma 1 of
Chan~1990! and the continuous mapping theorem+

To prove item 1 of Theorem 1, we note

Zb1 5
(
t51

T

yt xt 2
1

T (
t51

T

yt (
t51

T

xt

(
t51

T

~xt 2 Sx!2

+

Therefore, we have

ax~T !

ay~T !
Zb1 5

1

Tay~T !ax~T ! (
t51

T

yt xt 2S 1

Tay~T ! (
t51

T

ytDS 1

Tax~T ! (
t51

T

xtD
1

Tax~T !2 (
t51

T

~xt 2 Sx!2

n b1
*,

where the weak convergence is based on items 1–3 of Theorem A+1+
To prove item 2 of Theorem 1, we note

Zb0 5
1

T (
t51

T

yt 2 Zb1{
1

T (
t51

T

xt ,

so we have

1

ay~T !
Zb0 5

1

Tay~T ! (
t51

T

yt 2
ax~T !

ay~T !
Zb1{

1

Tax~T ! (
t51

T

xt n b0
*,

where the weak convergence is based on item 1 of Theorem 1 and item 1 of Theorem A+1+
To prove item 3 of Theorem 1, first we note the estimated variance of the OLS residuals+

The terms2 is defined as

s2 5
1

T (
t51

T

~ yt 2 Zb0 2 Zb1 xt !
2 5

1

T (
t51

T

~ yt 2 Sy!2 2 Zb1
2{

1

T (
t51

T

~xt 2 Sx!2+

So we have

1

ay~T !2 s2 5
1

Tay~T !2 (
t51

T

~ yt 2 Sy!2 2 Sax~T !

ay~T !
Zb1D2 1

Tax~T !2 (
t51

T

~xt 2 Sx!2

n E
0

1

@Ua1
~s!# 2 ds2 FE

0

1

Ua1
~s! dsG2

2 ~b1
*!2HE

0

1

@Ua2
~s!# 2 ds2 FE

0

1

Ua2
~s! dsG2J

[ s*
2,
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where the weak convergence is based on item 1 of Theorem 1 and items 1 and 2 of Theo-
rem A+1+ Furthermore, we note that the variance ofZb1,sb1

2 is defined as

sb1

2 5
s2

(
t51

T

~xt 2 Sx!2

,

and we have

Tax~T !2

ay~T !2 sb1

2 5

1

ay~T !2 s2

1

Tax~T !2 (
t51

T

~xt 2 Sx!2

n
s*

2

E
0

1

@Ua2
~s!# 2 ds2 FE

0

1

Ua2
~s! dsG2

[ s*b1
,

where the weak convergence is based on items 1 and 2 of Theorem A+1 and the asymptotic
behavior ofs2+ Combining the asymptotic behaviors ofZb1 andsb1

, we prove item 3 of
Theorem 1+

To prove item 4 of Theorem 1, we note that the variance ofZb0,sb0

2 is defined as

sb0

2 5 s23
1

T
1

~ Sx!2

(
t51

T

~xt 2 Sx!2 4 ,
so we have

T

ay~T !2 sb0

2 5
1

ay~T !2 s2311

S 1

Tax~T ! (
t51

T

xtD2

1

Tax~T !2 (
t51

T

~xt 2 Sx!2 4
n s*

2511

FE
0

1

Ua2
~s! dsG2

E
0

1

@Ua2
~s!# 2 ds2 FE

0

1

Ua2
~s! dsG2 6 [ s*b0

2 ,

where the weak convergence is based on the asymptotic behavior ofs2 and items 1 and 2
of Theorem A+1+ Combining the asymptotic behaviors ofZb0 andsb0

, we prove item 4 of
Theorem 1+
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