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This paper develops a method for performing inference using spatially dependent
data. We consider test statistics formed using nonparametric covariance matrix esti-
mators that account for heteroskedasticity and spatial correlation (spatial HAC). We
provide distributions of commonly used test statistics under “fixed-b" asymptotics,
in which HAC smoothing parameters are proportional to the sample size. Under this
sequence, spatial HAC estimators are not consistent but converge to nondegenerate
limiting random variables that depend on the HAC smoothing parameters, the HAC
kernel, and the shape of the spatial region in which the data are located. We illus-
trate the performance of the “fixed-b” approximation in the spatial context through
a simulation example.

1. INTRODUCTION

Many economic analyses rely on dependent data. To conduct inference with time
series data, researchers often employ heteroskedasticity and autocorrelation con-
sistent (HAC) inference procedures. The essence of HAC procedures is the use
of a nonparametric estimator for the variance of estimated model parameters,
which provides valid standard errors in the presence of intertemporal correlation.!
The use of standard error estimators that account for temporal dependence has
also become common in microeconomic applications involving panel data, where
researchers employ clustered covariance estimators with clusters given by the
cross-sectional units of observation.?
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An often neglected feature of cross-sectional data is cross-sectional or spatial
correlation: Data or residuals from one observation may be statistically related to
data or residuals from other neighboring observations. As is the case with tem-
poral correlation, inference procedures that do not account for such spatial cor-
relation will usually be incorrect when it exists in the data. To account for this
problem, spatial HAC procedures have been developed.® These spatial HAC esti-
mators allow for processes with dependence indexed in more than one dimension.
In this paper, we present a novel way to use spatial HAC estimators. Our approach
is based on an alternate asymptotic approximation to the behavior of associated
test statistics, referred to in time series contexts as “fixed-b" asymptotics follow-
ing Kiefer and Vogelsang (2002, 2005).

Fixed-b approximations differ from the usual approximation in the treatment
of the HAC covariance matrix estimator and the resulting reference distributions
of test statistics. Researchers typically employ a limiting Gaussian approximation
that depends on an unknown variance-covariance matrix. The covariance matrix
is then estimated using a HAC estimator which requires the choice of a kernel and
smoothing parameters. This HAC estimator is then “plugged-in” for the unknown
covariance matrix in the asymptotic Gaussian approximation, which is then used
to construct confidence intervals and perform statistical tests. These procedures
are justified by a promise that kernel and smoothing parameters are chosen so
that the HAC covariance matrix estimator is consistent. They implicitly treat the
estimator as if it perfectly estimates the underlying covariance matrix, ignoring
sampling uncertainty and other issues such as small sample bias that are known
to arise in nonparametric covariance estimation.

In contrast, the time series fixed-b approach of Kiefer and Vogelsang (2002,
2005) (KV) considers the behavior of statistics under an asymptotic sequence in
which the HAC smoothing parameter is proportional to the sample size (this fixed
proportion is the source of the label “fixed-b"). This contrasts with the conven-
tional sequence where the smoothing parameter grows more slowly than the sam-
ple size. Under the KV sequence, the HAC estimator converges in distribution to
a nondegenerate random variable. The resulting limit distributions for + and Wald
statistics are pivotal but nonstandard, so critical values are obtained by simulation.
Because they explicitly treat the HAC estimator as random, these approximations
account for both sampling uncertainty and bias in the HAC estimator. Through
simulations, KV provide evidence that their approximation outperforms the plug-
in approach.*

In this paper, we extend the analysis of KV to allow for spatially dependent
data. We consider the behavior of spatial HAC estimators as in Conley (1996,
1999) under asymptotic sequences in which smoothing parameters are propor-
tional to the sample size. We follow KV and refer to this asymptotic sequence as
fixed-b asymptotics. As in KV, this analysis produces a random variable limit for
the HAC estimator and nonstandard limit distributions for + and Wald statistics.

Extension of the KV results from the time series to the spatial context is
both important and nontrivial. Nonparametric estimation of covariances can be
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challenging in the time series case and is even more so when the data exhibit
dependence in more than one dimension. The resulting variance estimators ex-
hibit pronounced sampling variability and small sample biases, both of which can
be captured to a large degree through the use of fixed-b asymptotics. The fixed-b
reference distributions for test statistics in the spatial setting are considerably
more complicated than those obtained in the time series case.

In the time series case, KV show that the fixed-b reference distributions depend
explicitly on the choice of kernel and bandwidth. They suggest this feature is
desirable, as we know that the finite sample distribution of test statistics changes
based on these factors. In this paper, we find that in the spatial setting, these
distributions also depend explicitly on the shape of the spatial sampling region.
Like KV, we argue that this is an advantage, as in practice spatial data are observed
in a wide variety of different configurations. One contribution of our paper is to
make this dependence on the shape of the sampling region explicit. In particular,
under the fixed-b sequence, the limit of the HAC estimator can be represented in
terms of integrals against a set-indexed Gaussian process.

There are, of course, other ways to perform inference with spatially dependent
data. Kelejian and Prucha (1999, 2001) and Lee (2004, 2007a, 2007b) consider
inference based on specific models for the spatial dependence structure. Methods
that do not rely on parametric covariance structures are also available. Ibragi-
mov and Miiller (2010) consider doing inference based on partitioning data into
groups that are “approximately” uncorrelated and estimating parameters within
each partition. Ibragimov and Miiller (2010) provide properties of t-tests formed
using these sets of point estimates. Bester, Conley, and Hansen (2010) consider
a different, but related procedure based on using a clustered covariance estimator
with researcher-defined clusters. In both Ibragimov and Miiller (2010) and Bester,
Conley, and Hansen (2010), the key condition required for such tests’ validity is
that averages of scores within clusters be asymptotically uncorrelated, which may
be achieved through appropriate choice of partitions. Both papers are also in the
spirit of fixed-b asymptotics, as both approaches advocate the use of large groups
and provide asymptotic analysis that accounts for uncertainty in estimating the
covariance matrix.

Our paper complements this literature. We obtain inference that is robust to
general forms of spatial correlation without functional form assumptions on
the dependence structure. Relative to Ibragimov and Miiller (2010) and Bester,
Conley, and Hansen (2010), the procedure in this paper allows finer control over
assumed dependence structure through the use of downweighting via the kernel
function and smoothing parameters. By allowing for smooth decay of covari-
ance across observational units, it is less susceptible to boundary problems than
the grouping schemes of Ibragimov and Miiller (2010) and Bester, Conley, and
Hansen (2010) as these estimators by construction ignore covariances between
observations on the boundary of one group with observations in other groups.
The drawback is that we derive the fixed-b approximation under strong stationar-
ity and homogeneity conditions not used in either Ibragimov and Miiller (2010)

https://doi.org/10.1017/50266466614000814 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466614000814

FIXED-b ASYMPTOTICS FOR SPATIAL HAC 157

or Bester, Conley, and Hansen (2010). Thus, we view the two approaches as
complementary.

We present a set of simulation results that illustrate the performance of the
fixed-b approximation. We make comparisons to the approach of Ibragimov
and Miiller (2010) and so our results complement the simulations reported by
Ibragimov and Miiller (2010) for spatially correlated settings. Our simulations
show that inference procedures that ignore spatial correlation are highly size-
distorted when spatial correlation is present. As in Ibragimov and Miiller (2010),
we also see that large size distortions persist when spatial HAC estimators are
employed with the usual asymptotic normal approximation. Across the simula-
tions, correctly sized tests are obtained using the inference procedure developed
in our paper along with HAC estimators using large values of the smoothing pa-
rameter or with the Ibragimov and Miiller (2010) approach with a small number
of groups. Further discussion on the relative merits of the fixed-b HAC approach
and the Ibragimov and Miiller (2010) approach is presented in the simulation sec-
tion. Our simulations also highlight the potential importance of accounting for the
shape of the sampling region.

The remainder of this paper is organized as follows. In Section 2, we review
spatial HAC estimation. We present the main asymptotic results in Section 3. Sec-
tion 4 contains results from our simulation experiments, and Section 5 concludes.

2. SPATIAL HAC ESTIMATION

We consider estimation of a p x 1 dimensional parameter 6y identified by the
following moment condition:

Est (00) = 07

where the index 7 indexes observations of a p x 1 score function s;(f). Given a
sample of N observations, we are interested in the sample analog estimator of

~

6o, 0, implicitly defined as the solution to:

1Y
5 Zs, 6) =0. 2.1
t=1

To facilitate modeling spatial dependence across observations, we take our obser-
vations to be located on a two-dimensional integer lattice with each observation ¢
having a vector of integer coordinates d(¢) = {i, j}. When convenient, we index
observations with coordinates (i, j) directly via i, j subscripts, e.g., s;,j (0).

The coordinates for observations in a sample lie within a set of integer ordered
pairs denoted B,,, which is one of a sequence of ‘sample regions’ indexed by 7.
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We present the case where all integer coordinate pairs within B, are observed

so that

- 1

NZS,(@):N Z s,’j(é))
=1 (l,j)EBn

Our results extend to many scenarios where only a subset of locations are
observed/sampled in an exogenous manner, independent of the process s;, ; (o).
Appendix B provides further discussion.

Under suitable regularity conditions, Oy will have an asymptotic normal dis-
tribution. To simplify notation define s; ; = s; j(6o) and its sample analog 5; ; =
Si,j (@N) The variance covariance matrix for éN has a sandwich form with middle
matrix given by

/

1
Q:Nli—>mooNE Z i, Z Si,j

(i,j)eBn (i,j)eBn

The nonparametric HAC estimator of Q is given by

a1 it @2 j1 j2\~
Q== > D Kl ) S 2.2)
N < . “ hi hy hy hp
(i1,j1)€By (i2,j2)€By

where K (x1,x2,x3,x4) < 1 is a kernel weighting function that satisfies
K(x,x,y,y) =1 and h; and h, are tuning parameters where larger (smaller)
values of /1 and h; indicate less (more) smoothing for a given kernel.

2.1. Sampling Regions

Part of the contribution of our paper is to explicitly characterize the dependence
of the limiting distribution of Q on the shape of the sampling region. The shape of
our sampling region is summarized by a region B C [—1/2, 1/2]?. For a scalar c,
define ¢B = {cu:u € B}. For each n € N, we formally define our set of sam-
pled locations on the integer lattice B, = nB NZ?2. Intuitively, the sample starts at
the origin for n = 1 and propagates outward at the same rate along each coordi-
nate direction. The sample size is then N(n) = || B,| = 0(n2), and we will have
N(n)/n> — A(B) where /. is Lebesgue measure. For the remainder of the paper,
we write N for the sample size, suppressing the dependence on 7, and write limits
as N — oo and n — oo interchangeably.

We provide results for sampling regions with B having boundaries with a prop-
erty that we call “quadrant-wise monotone boundaries” (QMB). We define a QMB
region B C [—1/2,1/2]* as a connected region consisting of four disjoint subre-
gions, B = |J;_, Bj, one in each quadrant of the plane. The boundary of each
subregion consists of a horizontal and a vertical line segment extending outward
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Region with Quadrant-Wise Monotone Boundary Region without Quadrant-Wise Monotone Boundary

R / __-%H\
OF ¢ 0l \

(a) QMB Region (b) Non-QMB Region

FIGURE 1. Sample regions satisfying (a) and violating (b) definition of quadrant-wise
monotone boundary.

from the origin to an endpoint, as well as a monotone curve connecting the two
endpoints. For simplicity, we assume that the boundary of the entire region B is
continuous. Figure 1(a) illustrates a QMB region, and Figure 1(b) illustrates a
region that violates the QMB assumption. Note that the boundary of the region
B in the third quadrant of Figure 1(b) is nonmonotone.

The QMB assumption simplifies our analysis because it allows interchanging
the order of summation in each subregion. For k = 1,...,4, define the integer-
valued function

Ly x(j) =max{i|: (i, j) € nBy},
i€

and similarly for M,, k(i). The QMB assumption ensures these functions are
monotone within each subreglon For example, Ly, 1(j) and M,, 1(i) are both non-
increasing functions, i.e., for j' > j, we have L,, 1( j) < Ln 1(j). This means that,
for any function w : 7? — R, we have

Lnanl(l) Mlli‘)’l,l(j)
§ Wi, j = E E Wi j = wi, j,
i,jeBy i=1 j=I j=1 i=l

where I:n’l = sup I:n,l(j) and similarly for 1\7[,1,1.

J
Note that the generality of the QMB assumption can depend on the kernel. For
example, consider the region depicted in Figure 1(a) rotated 45 degrees in either
direction. If the coordinate axes remain as depicted in the figure, the region no
longer has monotone boundaries. However, if the kernel K is isotropic, the axes
may be redefined so that the assumption is satisfied; in fact the HAC estimator
(2.2) is invariant to this rotation.

https://doi.org/10.1017/50266466614000814 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466614000814

160 C. ALAN BESTER ET AL.

3. FIXED-b ASYMPTOTICS

This section presents asymptotic theory for the spatial HAC covariance estimator
described in the previous section under a sequence where the smoothing param-
eters h1 and hy grow quickly relative to the sample size. Under this sequence,
the HAC estimator converges to a random variable whose distribution involves
set-indexed Brownian motions (cf. Dedecker, 2001). Section 3.1 provides a brief
overview and definitions of these processes. In Section 3.2, we provide results on
the limit distributions of the HAC estimator and related test statistics.

As mentioned above, the distributions of t and Wald tests are nonstandard and
explicitly reflect both the kernel and chosen values of smoothing parameters as
well as the shape of the set to which indices d(¢) belong. Because of the many
bandwidth and kernel choices available in practice and the multitude of potential
shapes of sampling regions, it is impractical to tabulate all relevant critical values.
Critical values must therefore typically be calculated by simulation on a case-by-
case basis.

3.1. Set-Indexed Brownian Motion and Related Processes

In the time series case, Kiefer and Vogelsang (2002) show that, when bandwidth
equals sample size,’

. 1 1 azK( : ,
Or = A [ /0 /0 W};S)Yp(r)Yp(s)drds] A, 3.1)

where Y), is a p-vector of standard Brownian bridges. To extend their results
to data observed at locations in the plane, we first need to define the analog of
Brownian motion indexed by sets in the unit rectangle.

Let A be a collection of Borel subsets of [0, 1]¢, and C(A) be the space of
continuous real functions on A equipped with the sup norm. A standard Brownian
motion, W, indexed by A is a mean zero Gaussian process with sample paths in
C(A) and covariance function

Cov(W (A), W(B)) = A(ANB),

where A(-) is the Lebesgue measure on R?. With 4 = 1 and A including all Borel
subsets of [0, 1], the set-indexed Brownian motion is simply the usual Brownian
motion; and with d = 2 and A including all Borel subsets of [0, 113, it is the
standard Brownian Sheet (cf. Deo, 1975 or Basu and Dorea, 1979). Denote by
W), a p-vector of independent set-indexed Brownian motions. Since we want our
region to be centered at the origin to simplify exposition, we consider a shifted
set-indexed Brownian motion defined with A a collection of Borel subsets of
[—1/2,1/2].

Fix a set B C [—1/2,1/2]* and consider a sequence of sampling regions
B, =nBNZ? as described above. Denote by 6B the boundary of the region B.
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The limiting distribution of Q and related test-statistics will depend on “pinned”
Brownian processes. For sets A C B with A € A, we define the pinned process

A(A
W,(A,B) =W, (A)—ﬁW( ). 3.2)

The limit distributions in the next section will involve integrals of the pinned
Brownian process W, (A, B) against derivatives of the kernel. For vectors u =
(u1,uz) € B, define the set-valued functions R : B+ A and P : 6B — A as
follows:®
Rp(@)=(J0Au;,0vulx]0Au2,0vur])NB
(10,u11x10,u2))NB  ue By
(lu1,u1xJu2,0))N B u € By
(lu1,01xJuy, u2]) B we By
(luy,01x10,u2]) B u€ B;

Pp(u) =

where Ju;,u1]x]u,,u>] is the smallest rectangle containing B. Note that Rp(u)
is the intersection of B with a rectangle with vertices at u and the origin while
Pp(u) is defined piecewise for each of the four subregions. These functions are
illustrated in Figure 2.

Like KV in the time series case, the limit distributions here also involve inte-
grals of derivatives of the kernel against the pinned process W), (-, B), for example,

0" Kp,.b, (1, V) /
Lp.1,1(b1,b2, B L7 R ,BYW,(Rp(v), B) dvdu,
p.1,1(b1,b2 / /6u16u2601602 W, (Rg(u), BYW,(Rp(v), B) dvdu
ueBveB
3.3)
where Kp, 5, = K (5 Zl , Z—j 02) and (b1, b>) € (0,11 will be related to band-

widths by (h1,hy) = (bln bzn) These integrals arise as limits of partial sums
taken on the interior of the rectangle.7 Unlike the time series case, however, the
limit distributions also involve integrals such as

83Kb b, (W, V) ,
L by,by, B) = —— bR “wo(R ,BYW,(Rp(v), B) dvd
p.1,11(b1,b2, B) / / o101 02(Y) »(Rp(u), B)W,(Rp(v), B) dvdu
ueBveoB

3 Kp, b, (W, V) /

L (b1.b — 2 "W, (R BYW, (P B)'dvd

p.1,111(b1.b2. B / / 10201 () Wy (Rp(a), BYW, (Pg(v), B) dvdu,
ueBveoB

34

where z(v) =1(v e BN B3)v;+1(v € By N By) vy, and £ (v) is a unit length vec-
tor tangent to the boundary of the region, 0B, in a counterclockwise direction.
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FIGURE 2. This figure provides an example of a region B broken into the four subregions
B1-By4 and construction of the related index sets used in the definitions in Section 3.1.

Finally, we will also need integrals weighted against W, (A, B) evaluated over the
four subregions B;, e.g.,

%K, b, e)
L= | R, (Ratw). B)W, (5. B) d (35
i=lyep
4 4
Lpivav =Y. > Kei.ej)Wy(Bi, BYW,(B;, B,
i=1 j=1

where e; is the ‘endpoint’ of each region when the boundary 6B is traversed
in a counterclockwise direction starting at (0,%5).8 There are sixteen types of
terms corresponding to possible pairs of the indices / through 7 V. The remaining
types of terms are defined in the appendix following the conventions established
in (3.3)—(3.5); for example, L ; is defined as in (3.4) by interchanging u and V.
As in the time series case (3.1), each term in the limit distribution of Qisa
random variable whose distribution depends explicitly on both the kernel, K, and
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the ‘bandwidth’, b. In addition to the kernel, each of these terms depends on the
shape of the sampling region. Even for isotropic kernels, replacing the region
B with a rectangle or monotone boundary polygon of equal area will generally
change the limit distribution of Q. Restrictions on the kernel may simplify these
terms. For example, if the kernel is symmetric, K (u,v) = K (v, u), then any two
terms with the same indices are equivalent, e.g., L, 1,17 = Lp ;7,;. If, in addition,
the kernel evaluated at the four ‘endpoints’ is equal, then all terms involving the
index IV are zero.

3.2. Main Theorems

Define A such that AA” = Q. The following set of assumptions are sufficient for
obtaining the main results of the paper. Throughout the following, we use A(A) to
denote the Lebesgue measure of region A.

Assumption 1. Let A be a collection of Borel subsets of [—1/2,1 /2]2 that
satisfies (i) fol VH(A, x)dx < oo where H(A, ¢) is the logarithm of the smallest
number of open disks of radius € which form a covering of A and (ii) A(0A) =0
for all A € A where 6A is the boundary of A.

From Dudley (1973), Assumption 1 is sufficient to guarantee existence of stan-
dard Brownian motion over .4 as defined in the previous section.

Assumption 2. Suppose that B € A is a QMB-region such that A C B for
all A € A. Assume that B is inscribed in the rectangle [u,u%1] X [u,,u2] where

max {|g/~|, |ﬁj|} —1/2and min [|gj|, |ﬁj|} —c>0.Let By=nBNZ2forneN.
j=12 L= j=1,2
The sample size N = || B, || is such that, as n — oo, nﬂl — A(B).

Assumption 2 defines a sequence of sampling regions B, as a function of a
region B C [—1/2,1/2]%, which is assumed to have quadrant-wise monotone
boundaries (QMB) as discussed in Section 2.1.2 We note that this condition im-
plicitly assumes roughly uniform sampling over a simple geometric region. As
noted above, we suppress the dependence of the sample size, N, on n, and any
limits as N — oo are understood as limits with n — oo where n € N.

The next assumption involves a set of mixing and moment conditions for the
scores s;. For simplicity, we work directly with the scores rather than data y; and
a score function S.

Assumption 3. {s; j(60)}; jez2 is a strictly stationary field of ¢-mixing ran-
dom variables with mean zero, finite variance, mixing coefficients ¢, (k),lo where
(@) E(Isi,;j(@0)I*) < oo and > ;. k3¢ (k) < oo or (i) for some b in ]2,4[,
E(lsi,jI??/®=2) < 0o and ¢o(k) = O (k7). Let AA = Q = limyoo0 %

I
. J)eB . J)eB
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The scores s;,;j are assumed to satisfy a set of mixing and moment conditions
identical to those required for Theorem 3 in Dedecker (2001). Note we do not
assume uniform mixing,10 which is often assumed in the time series case but is
restrictive in the spatial setting. In particular, it is in general too strong for ap-
plication to Gibbs random fields.!! The assumption that scores follow a strictly
stationary random field rules out heteroskedasticity and various other types of het-
erogeneity in the score process. Because we are working directly with the scores,
we state consistency of the estimator Oy defined by (2.1) as a high level assump-
tion.

Assumption 4. O LS o for By € int(®) where O is a compact set.

Our next assumption is a functional central limit theorem for partial sums of
the scores over subsets of the region B.

Assumption 5. The sequence {1 > A(nANRg ;))sq)): A e A} con-
(i,))ez?
verges in distribution in C(A) to AW,, where W, is a set-indexed Brownian
motion indexed by A and R(; jy =]i —1,i]x]j — 1, j] is the unit square with up-
per corner at (i, j).

Though we state it here as an assumption, this FCLT is proven in Theorem 3 of
Dedecker (2001) under our Assumptions 1 and 3. Note that Assumption 2 is not
necessary for Dedecker’s result, but is assumed here to simplify the proofs, and
to allow us to more explicitly characterize the limit distribution of Q in terms of
the integrals described in Section 3.1. This allows us to better understand the role
played by both the kernel and the shape of the sampling region in determining the
fixed-b limit distribution. Given that the QMB assumption is in no way required
for Assumptions 3—-6, we conjecture that the limit distributions in our theorems
would exist under much weaker restrictions on the region B.

Assumption 6.

sup i —ﬁsi,j(H) - —/I(A) J©6) 50
acA0eN @) | N Soa 90 AB) ’

where J (0p) is nonsingular and N (0p) is an open neighborhood of 6.

Assumption 6 may be interpreted as two requirements, the first of which is a
uniform (over both A/(6y) and A) law of large numbers. The second requirement
is that the expectation of 0s;, j /00 is homogeneous across the sampling region. For
example, in the regression context, Assumption 6 requires that second moments
do not depend on locations. Note that KV require an analogous assumption in the
time series context.

We begin our main results with the following lemma, which gives the asymp-
totic distribution of the estimator ﬁN.
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LEMMA 1. Suppose Assumptions 1-6 hold. Then, as N — 00,
VN Oy — ) = —(.(B) 2T (00)) ' AW, (B).

While asymptotic normality of Oy seems trivial from Assumptions 5 and 6, note
that the FCLT above applies to partial sums of the form A(B, N R; ;)s;, j, where
0< A(ByN R; ;) <1, where the estimator is defined by sums of 1y(, j)s;, j,
where 1y () =1if (i, j) € B, and zero otherwise. Assumptions 2 and 3 are used to
show the difference between these two types of sums is asymptotically negligible.
Proofs of Lemma 1 as well as the theorems stated below are collected in the
Appendix.

The following theorem is analogous to Kiefer and Vogelsang (2005) and es-
tablishes convergence of Q to a functional of the set indexed Brownian motion
Wp.

THEOREM 1. Suppose the four argument kernel K with domain U x U, with
U C R?, has bandwidths (hy, ha) = (bin, byn) where (b1, b>) € (0,11, and that
4

the derivative g K

—S=—— s everywhere continuous. Then, under Assumptions
5 0X10Xx20x30X4
]_ )

N 1 )
0= WAQp(bl,bg, B)A (3.6)

Op()=Lp 10 +Lpr1()+Lp i) +-+Lpiviv(E),

where L, . . are defined in (3.3)—(3.5).

As for KV in the time series case, the limit of Q is proportional to AA’ = Qg, but
depends on the random matrix Q, (b1, b2, B) which reflects the choice of kernel
and bandwidths as well as the shape of the region B. In contrast to a consistency
result, where Q,(b1,b2, B) = A(B)1, (3.6) approximates the finite sample ran-
domness in the HAC estimator. Note that this theorem does not cover the Bartlett
kernel which is widely used in practice in time series analysis and spatial contexts
(see Conley, 1999). In a previous version of this paper, we showed that a result
similar to Theorem 1 holds for the Bartlett kernel on a rectangular region with a
slight, notationally cumbersome change in the algebraic device used to prove the
theorem. Extending the result for the Bartlett kernel to a QMB region is straight-
forward and details are omitted.

Consider a test of the null hypothesis Hy : r(6p) = 0 against the alternative
H, : r(0y) # 0 where r is a g-vector of C! functions, ¢ < p, and R(0) = aggf)
is a ¢ x p matrix of first derivatives. By Lemma 1 and the continuous mapping
theorem, we have that

V'Nr@y) = —R(60)(A(B)'2T) "' AW, (B). (3.7

Note that the right hand side follows a g-variate Gaussian distribution.
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Let J, = % 2. jeB, o ’5’9(/” ) and define the Wald statistic

F=Nr@vY (ROY) (73,) " Q(F5,) 7 RGYY) @)
and the r-statistic
L VNr@v)

VRO (73,)7'@(%5,) " R@yy

when ¢ = 1. The null distributions of F and ¢ are given in the following theorem.

THEOREM 2. Suppose the conditions of Theorem I are satisfied. Then
Wi(B)
Vv Qi1(b1, b2, B)

As in the time series fixed-b approximations of KV, the nuisance parameter A
appears in both numerator and denominator of 7- and Wald tests and cancels out
so that the tests do not depend on it asymptotically. The resulting reference dis-
tributions are nonstandard but can be simulated given a choice of the kernel and
bandwidth in applications. We conjecture that the simple i.i.d. (independent and
identically distributed) bootstrap provides a valid method for simulating these
critical values as in Gongalves and Vogelsang (2011), though verifying this con-
jecture is complicated by the need for a spatial FCLT of the form of Dedecker
(2001) over triangular arrays. We have been unable to find such a FCLT in the
literature and establishing such a result is beyond the scope of the present paper.

F= Wq(B)/Qq(bl:bZ,B)_IWq(B) and t=

4. SIMULATION EXAMPLES

In the previous sections, we have provided approximations to the behavior of test-
statistics based on spatial HAC covariance estimators under a sequence which
keeps the HAC bandwidths proportional to the sample size. In this section, we
provide evidence on the finite-sample inference properties of tests using the pro-
posed procedure through a simulation experiment in a model with an endogenous
explanatory variable and also provide a comparison of t-tests based on spatial
HAC using ‘fixed-b’ critical values (hereafter HAC) to t-tests based on the group-
ing procedure of Ibragimov and Miiller (2010) (hereafter M).12

We report results from simulating a simple linear model with an endogenous
explanatory variable. We generate instruments and errors as geometrically decay-
ing spatial moving averages of order 15:

Zs,h = Z y”j”wxﬂ,h forh=1,2,3,

ljl<1s

&y = Z V”j””s+j,l, and
ljl<1s

by = Z V”j””s+j,2>
ljl<15
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where ||| = max(ji, j2); Us,1 = ~8us,2 + .6es; and ey, Us2, Ws 1, Ws?2,
and wy3 are independent and follow N(O,1) distributions. We then gener-
ate x; = 113 _ zon 4+ 0 (21,22, 23)05 and y; = fo + fixs + 0 (21,22, 23)és-
We set 0(z1,22,23)° = 1 in our homoskedastic designs and o (z1,z22,23)> =
exp{.2 Z?,:l zs,n}/1.3. We use three instruments and IT = .5. In all simulations,
o =0and f; = 1. We consider two different values of y, y € {.2,.4}.13

We consider two different designs, one in which the data are observed on a
15 x 15 square and the other in which the observations are observed on a cross.
The cross has a length and height of 25 lattice points with the horizontal and
vertical lines being five lattice points wide (see Figure 3). This design of the two
regions gives an equal number of observations (N = 225) within each region.
When y # 0, we draw u; and v, on a 55 x 55 lattice to generate a 25 x 25 lattice
of x; and &;. We then take the appropriate 225 observations from this 25 x 25
lattice for the square and cross regions.

We report results for tests based on HAC estimators and the IM procedure. For
the HAC estimators, we use a Gaussian product kernel and smoothing parameter
equal to A, i.e.,

K (s,5) = exp{—=5[(s1 =51)/(h/2) Py exp{—.5[(s2 = 52)/ (h/2)1P}.

25F x x x x x ®x x x x X X X X X X ® X X X
OO OUH K WO W ¥ omx X X X X Woom B W O ORI R K OE X
x x x x x x x X x X x x X x x x x x x x X x x
O G UM D L M D e X ox X X Ao K M K MM X KX
x x x x x x x x x x x x x x x x x x x * x x x
20F x x x x X X X X x
* X MM ®.OMIOH X X X X X oM M X ® X X x x
x x x * x x x x x x x x * x x * x * x x *
A R XM ok ox *x X X X %O N X x oX o x o x %
x x x x x x x x x x x x x x x x x x x x x
151 L A

X ®K X ®OMOX M O® X XK X R W ON N W R X M X X

x x 3 x x x x x x x * x x * x x x x x x x

x X X X X X X X X X X X X X x X X E A

o MO WD OB A RO W OUW N R one oK ® OX X X

101 X X x X

® X X R O T LA ® M X % ®oX X o x %
x x x x x x x x x x x x x x x * x x x x x
X X X X X MR X o ®x X X ¥OM W W X X X X X
I X oM ox X X X X X ®x OW K X * X X x X
5F x x x x X X X X X
$ O B8 o O OBE U B & O X X X X X X X xXx X X
MO W OIK N X Mo X * b 3O B B B N R X X X
x x x x x x x x x x x x X x x x x x x x X x x
WU R I e e o % %% WD o WM X MK
D Il 1 1 1 1
0 5 10 15 20 25

FI1GURE 3. This figure illustrates the two sampling regions, the square and the cross, used
in the simulation study.
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We consider three different values of the smoothing parameter, i € {0, 8, 16}.
Recall that the IM ¢-statistic is formed by breaking the data into G groups and then
estimating the model parameters within each group. In our IV model, a different
point estimate of the parameter of interest, £ is constructed within each group,
call it /3’ 1,g- Letting P1.c denote the cross group average of the within-group point
estimates, ﬂ_l,G = é Zg ﬁAlj ¢» the IM test statistic for the null hypothesis that

pr=pj is
Bi.c—B; .
S E s e P

Under mild regularity conditions, #7); converges to a limiting t-distribution with
G — 1 degrees of freedom. In our simulations, we consider G € {2,4} where
groups are formed by splitting the data into the two groups formed by splitting
at the vertical axis of symmetry or into the four groups formed by splitting at the
vertical and horizontal axes of symmetry.

There are a few key differences between HAC and IM. The first is that any
grouping scheme, such as IM or Bester, Conley, and Hansen (2010), ignores cor-
relations between nearby observations that happen to belong to different groups.
This ignoring of boundary terms is easily seen by looking at the form of the
denominator in #7); which is just the sample variance obtained by treating the
within-group estimators as independent. Under general types of weak depen-
dence, treating the within-group estimators as independent is asymptotically jus-
tified, but one suspects that ignoring these boundary effects may lead to some size
distortions in finite samples. The second difference between IM and HAC is that
the numerator of the HAC test statistic is the usual full sample estimator of the
parameter of interest while the numerator of the IM statistic is the across group
average of within group estimators. Since the IM approach is using an estimator
that is the average over several estimators obtained in smaller samples, it may
be more susceptible to finite-sample bias problems than HAC since these biases
will generally not average out. Thus, the bias in the IM numerator will generally
correspond to the bias of the estimators in the smaller samples.

A key advantage of the IM procedure is that it can formally be shown to produce
t-statistics that control the size of tests under weaker conditions than those used in
obtaining the fixed-b approximation. Importantly, the conditions of IM allow for
general forms of nonexplosive nonstationarity. This type of nonstationarity is not
allowed for in the conditions used to establish the validity of the type of functional
central limit theorem that we use in deriving the fixed-b limit.!*

We report the simulation results in Table 1. The main results are for size based
on the fixed-b approximation for HAC-based tests or the t5_; approximation for
IM in rows labeled “Size—Fixed-b”, for size based on the conventional Gaussian
approximation for HAC-based tests in rows labeled “Size—Gaussian”, and size-
adjusted power of 5% level tests against the alternatives that g is 0, 0.5, 1.5,

M=
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TABLE 1. Simulation results
y =02 y =04
HAC ™M HAC ™M
0 8 16 4 2 0 8 16 4 2
% Weight 0.000 0278 0.617 0.252 0.502 0.000 0278 0.617 0.252 0.502
A. Homoskedastic, square
Size—Fixed-b 0.255 0.103 0.081 0.122 0.067 0.566 0200 0.166 0.167 0.075
Size—Gaussian ~ 0.255  0.201  0.361 0.566  0.309 0.456
Power(0.0) 0.998 0988 0976 0935 0433 0810 0.792 0.754 0.735 0.319
Power(0.5) 0.887 0.813 0.761 0.647 0246 0482 0463 0432 0387 0.182
Power(1.5) 0.997 0909 0.783 0473 0220 0.070 0.164 0.166 0.072 0.114
Power(2.0) 1.000  1.000 0.998 0.961 0.399 0913 0.828 0.745 0.549 0.237
Bias(b) 0.016 0.016 0.016 0.047 0.024 0.047 0.047 0.047 0.132 0.079
Std(s.e.) 0.035 0.049 0.060 0.102 0.108 0.154 0.158 0.175 0.197 0.256
B. Homoskedastic, cross
Size—Fixed-b 0238 0.078 0.070 0.125 0.065 0.539 0.167 0.150 0.211 0.077
Size—Gaussian  0.238  0.156  0.269 0.539 0.257 0.363
Power(0.0) 0.999 0991 0981 0929 0471 0.859 0.820 0.764 0.701 0.336
Power(0.5) 0.904 0.854 0.796 0.686 0269 0.524 0.510 0440 0.379 0.207
Power(1.5) 1.000 0960 0.871 0.519 0.228 0.186 0225 0.184 0.077 0.114
Power(2.0) 1.000  1.000 1.000 0.968 0.435 0.959 0.888 0.789 0.520 0.279
Bias(b) 0.011 0.011 0.011 0.044 0.023 0.038 0.038 0.038 0.124 0.071
Std(s.e.) 0.032  0.047 0.057 0.069 0.108 0.111 0.133 0.148 0.181 0.235
C. Heteroskedastic, square
Size—Fixed-b 0.268 0.100 0.086 0.085 0.067 0573 0.175 0.149 0.130 0.070
Size—Gaussian  0.268  0.208  0.372 0.573 0307 0452
Power(0.0) 1.000 0997 0991 0975 0463 0.788 0.780 0.748 0.743  0.284
Power(0.5) 0932 0.894 0.846 0.785 0244 0462 0491 0462 0.392 0.166
Power(1.5) 0.999 0982 0902 0.764 0224 0.123 0.237 0.250 0.125 0.104
Power(2.0) 1.000  1.000 1.000 0.994 0.444 0.895 0.845 0.769 0.647 0.239
Bias(b) 0.007 0.007 0.007 0.024 0.010 0.013 0.013 0.013 0.085 0.029
Std(s.e.) 0.030 0.045 0.054 0.068 0.092 0203 0211 0.226 0.204 0.264
D. Heteroskedastic, cross
Size—Fixed-b 0.239 0.078 0.066 0.098 0.060 0.526 0.149 0.141 0.170 0.074
Size—Gaussian  0.239  0.161  0.281 0.526 0.248 0.361
Power(0.0) 0.999 0.995 0992 0964 0505 0.827 0.792 0.746 0.693 0.288
Power(0.5) 0950 0.904 0.877 0.784 0290 0.538 0487 0448 0.381 0.171
Power(1.5) 1.000 0982 0940 0.768 0.258 0.292 0279 0250 0.130 0.116
Power(2.0) 1.000  1.000 1.000 0.994 0.495 0950 0.866 0.793 0.602 0.245
Bias(b) 0.004 0.004 0.004 0.022 0.009 0.008 0.008 0.008 0.083 0.035
Std(s.e.) 0.029 0.045 0.054 0.060 0.094 0.183 0.218 0.231 0.177 0.277

Note: This table reports rejection rates for 5% level tests from a Monte Carlo simulation experiment with data
generated on a two-dimensional lattice with endogenous explanatory variable. “Size—Fixed b” is the frequency of
rejection of the hypothesis that the parameter is equal to the true value (f = 1) using the fixed-b approximation or
the IM approximation. “Size - Gaussian” is the frequency of rejection of the hypothesis that the parameter is equal
to the true value using the conventional Gaussian approximation. We also report size-adjusted power against the
alternatives that # =0, # = 0.5, f = 1.5, and # = 2 along with the bias and standard error of the point estimates.
All results are based on 1,000 simulation replications. Column labels indicate the values of smoothing parameters.
Columns under HAC use a Gaussian product kernel and with equal smoothing parameter in both directions equal to
the number given in the column. Columns under IM use the procedure of Ibragimov and Muller (2007) with number
of groups given in the column. All data were generated by a spatial moving average model as described in the text
with y =.2 or y = .4 and three instruments.
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or 2.0 based on HAC or IM. Columns labeled “HAC” give results for HAC with
the smoothing parameter given by the number in the column label. Similarly, IM
results are reported in the columns labeled “IM” where the number of groups is
given by the number in the column label. We also provide the bias of the 2SLS and
of the IM point estimators of the slope coefficient in rows labeled “Bias(b).” Fi-
nally, we report two additional statistics for each covariance estimator considered:
the empirical standard deviation of the estimated variance of the slope coefficient
(Std(s.e.))!> and the proportion of the total number of potential cross-products
that are used in forming the covariance matrix estimator (% Weight).16

First, comparing the fixed-b approximation to the usual Gaussian approxima-
tion, we see that the fixed-b approximation produces tests that are less size dis-
torted than the Gaussian approximation across all of the designs considered. This
reduction in size-distortion is most pronounced when a large bandwidth is used.
We also see that the size for HAC is closest to the nominal level in all cases for
the largest value of the bandwidth parameter. It is worth noting that the fixed-b
approximation improves upon the usual approximation under the model of het-
eroskedasticity considered.

We should also note that in previous versions of the paper, we used the i.i.d.
bootstrap to obtain critical values for the spatial HAC tests. Those results exhib-
ited very similar patterns to the results we report here using the simulated asymp-
totic fixed-b critical values. This further supports our conjecture that it should be
possible to show that the i.i.d. bootstrap can be used to obtain valid fixed-b critical
values once appropriate spatial FCLTs are developed in the literature.

Next, we compare the performance of HAC and IM. As mentioned above, a
key difference between the procedures is that they use different numerators in
forming test statistics. The simulation results demonstrate that the IM numerator
has substantially more bias than the HAC numerator and that the bias in the IM
numerator increases rapidly as the number of groups (observations per group)
increases (decreases). In terms of testing properties, IM with two groups does
the best job of controlling size across all settings. It is interesting that the size
distortions of the HAC procedure are much more constant across the different
smoothing parameter values than those of the IM procedure. This rapid increase
in the size distortion of IM as one increases the number of groups, which was also
found by Ibragimov and Miiller (2010) in a simple location model with spatial
data, is likely generated by the coarseness of the grouping structure which leads
to a rapid accumulation of ignored boundary terms as the number of groups gets
large coupled with the rapid increase in finite sample bias as one decreases the
number of observations per group. Looking at size-adjusted power, we see that
HAC with the bandwidths considered clearly dominates IM with the groupings
considered. The least powerful HAC procedure with a smoothing parameter of 16
has size-adjusted power greater than IM using four groups while doing a generally
better job at controlling size.

Overall, these simulation results are favorable to HAC using ‘fixed-b’ critical
values relative to HAC using critical values from the Gaussian approximation.
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We also see the trade-offs between HAC and IM. IM tends to be more biased and
less-powerful than the HAC-based procedure. However, the most conservative
IM procedure possible, with only two groups, controls size better than the most
conservative HAC estimator we considered. It is clear that both approaches have
favorable features and a more systematic comparison may be interesting. As with
most procedures, we do not believe that one will uniformly dominate the other,
and thus the two approaches are complementary.

5. CONCLUSION

In this paper, we have provided asymptotic approximation results for inference
procedures based on spatial HAC covariance matrix estimators under “fixed-b”
asymptotics, where the HAC smoothing parameters are proportional to the sam-
ple size. Similar to the results in Kiefer and Vogelsang (2002, 2005) for the time
series case, the spatial HAC estimator is not consistent but instead converges in
distribution to a nondegenerate random variable whose distribution depends on
the kernel and smoothing parameters. We also find that, in a spatial setting, these
distributions depend explicitly on the shape of the sampling region. We provide a
characterization of ‘boundary effects’ in terms of integrals against a set-indexed
Gaussian process. Under the fixed-b sequence, asymptotic distributions of test
statistics based on the spatial HAC estimator account for finite sample variability
in the HAC estimator and explicitly reflect the choice of kernel and smoothing
parameters. The resulting approximate distributions for test statistics are nonstan-
dard, so critical values must be obtained via simulation.

We illustrate the use of spatial HAC estimators and our approximation through
simulations. In the simulations, we find that inference based on the usual asymp-
totic approximation tends to be badly size distorted. We also find that inference
based on spatial HAC estimators and the approximate distributions we develop in
this paper improves size control relative to this baseline across all simulations we
consider.

There are important questions that deserve more attention. One issue that we do
not address is smoothing parameter selection. Our simulation results do suggest
that one needs to use quite large values for smoothing parameters to control the
size of tests based on HAC estimators. This is consistent with Sun, Phillips, and
Jin (2008), who consider smoothing parameter selection in the context of Gaus-
sian location model in a time series and show that the rate of increase for the
optimal smoothing parameter chosen by trading off size and power using higher-
order asymptotics is much faster than the rate for minimizing MSE of the vari-
ance estimator. An interesting direction for future research would be to adapt the
arguments of Sun, Phillips, and Jin (2008) to the present context. The theoretical
results we obtain are also provided under very strong homogeneity assumptions.
It may be useful to extend these results to allow for heteroskedasticity as well as
heterogeneity in the sampling process and region.
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NOTES

1. The most popular implementation is in Newey and West (1987). See also Andrews (1991) for a
thorough treatment of time series HAC estimation.

2. See Wooldridge (2003) for a concise review of this literature. See also Liang and Zeger (1986),
Arellano (1987), Bertrand, Duflo, and Mullainathan (2004), Hansen (2007), and Bester, Conley, and
Hansen (2010).

3. See Conley (1996, 1999) for early examples and Kelegian and Prucha (2007) and Kim and Sun
(2011) for more recent examples.

4. Jansson (2004) and Sun, Phillips, and Jin (2008) also provide theoretical evidence that the fixed-
b approximation outperforms the standard approximation in Gaussian location models.

5. Note that KV assume that K (r, s) = k(r —s) so that —k”/(r —s) appears in place of the partial
derivative of K in their expression.

6. For the remainder of this section and in the Appendix, u = (u1,u) and v = (v, v7) are points
in R2 while u 1, up are scalars denoting the vertical and horizontal coordinates of u, respectively. We
also use a Ab = min{a, b} and a vV b = max{a, b}.

7. See Lemma 2 in the Appendix.

8. Thatis, e; = (u1,0), ex = (0,u5), e3 = (11,0), and eq = (0, up).

9. We assume that one of the ‘endpoints’ e; defined in footnote 8 is at distance exactly 1/2 from
the origin for convenience. Any B =cBfor0 <c¢ < 1 would give the same limit distribution.

10. For a probability space (Q2,.A,P) and two o-algebras U and V of A, define ¢ (U,V) =

d d
sup{||P(V|U) —P(V)|lso, V € V}. For a real random field (RZ ,BZ ,P) with |I'| denoting the
cardinality of any subset I" of 74, we can define the ¢-mixing coefficient for any (k,m) € N2 as
¢k (m) = sup{@(Fr,, Fr,), T2l < k,d(',T2) > m} for d(I'y, T'2) = min{|j —i|,i €, j € Ta}.
Note that these mixing coefficients differ from the uniform mixing coefficients, ¢oo () typically con-
sidered in the time series case, where the o-algebra V may be generated by an infinite number of

random variables. When S is a matrix, |S| = trace(SS/)%.

11. See comments and references in Dedecker (2001). A previous version of this paper referenced
a FCLT in Goldie and Greenwood (1986), which requires uniform mixing. We thank an anonymous
referee for bringing this issue to our attention.

12. We chose not to report results based on OLS or using clustering as discussed in Bester, Conley,
and Hansen (2010) to keep the amount of reported results manageable. OLS results for the Ibragi-
mov and Miiller (2010) approach in a simple location model with spatial data can be found in their
Table 3.

13. Note that in this setting, a given value of y induces a higher level of dependence in the data
versus the time series setting where each point would have exactly two points in the sample located a
given integer distance away. In this design, each point has eight neighbors located at distance 1, 16 at
distance 2, and so on.

14. It is worth noting that the robustness IM demonstrate for their t-statistics has not been shown to
carry over to joint tests of multiple hypotheses.

15. To make this object more meaningful, we report the empirical standard deviation scaled by the
amount one would need to multiply the standard error estimator to produce an unbiased estimate of
the empirical standard deviation of the slope coefficient estimators.

16. Specifically, % Weight reports the weighted sum of the cross-products used where weights

are determined by the weight assigned to each cross-product by the kernel; i.e., % Weight =
221? 2515:1 Zgzl 2%15:1 Z‘sl'25=1 K (s,5). For HAC, K (s,5) is defined above. For IM, K (s,5) =1

whenever s and 5 belong to the same group; and K (s,5) = 0 otherwise.
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APPENDIX A: Proofs

A.1. Lemmas

Proof of Lemma 1. We have that fy solves the estimating equation Zi, jeBy, Si,j (aN) =0.
From a mean-value expansion, we then have

Z si,j(0p) + Ap, (@60, 98,) @y — o) =0,
i,jeB,

where A (On,00,p,) is a p x p matrix with /' row given by the I’ row of the matrix

(Zi jeB as’aéfe)) lp_g with 0_1(31) = (sg)90+ (1 —dg))@v where 5g) is the /" element
> n =i Bn n n n n

of the vector dg, and 0 < 51(313 < 1. It follows that

. 1 _ |
n('9N—90):—(njABn(9N,90,5Bn)) - Z si, j (0p).

i,jeB,

Now note that

1 n/2 n/2

= > i) = LYY wigsi

i,jeB, t——n/2/——n/2
n/2 n/2 n/2 n/2
Z Z lljs,/(eo)-f—* Z Z (1, — ,',j)si,j(GO),
(L S— i=—n/2j=—n/2

where 1; ; is an indicator which equals one when an observation occurs at lattice point
@ j), l"j = A(By N1i —1,i1x1j — 1, j1), and A(-) is the Lebesgue measure on R? as in
Dedecker (2001).

For the first term, we have - Z?f_n/z an_n/z LS (6p) = AW, (B) by Assump-
tion 5.

For the second term, we define dBt = {(i,j) : [(i, j) € By and ((i — 1, j) ¢ By or
(,j=1)gBpor(i—1,j—1) & Bp)lor[(i,j) ¢ Byand (i —1,j) € Bpor(i,j—1) €
By, or (i —1,j—1) € By)]. By Assumption 2 (specifically, that the boundary of each sub-
region is monotone), the number of points in d BT is less than or equal to Crn. Write

n/2 n/2
Z > 4 Al,)sl,wo); > ij=27 )si i)
l——l’l/2]——i’l/2 i,jedBt
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We then have

1
B~ > (=47 )si,j @)
i,jedB+

1 : ,
<= D D Wiy =A e = A7 1Esi j @o)sk.1 @) |
i,jedBtk,led Bt

IN

1
—Cn— 0.
n2

The first inequality follows from the Cauchy—Schwarz and Triangle inequalities. The sec-
ond inequality follows from the mixing and moment conditions in Assumption 3, noting
that the largest number of d"-order neighbors of a set of k points in R is C(m)kd with
C(m) a finite constant that depends on the size of the space, and the condition on the size
of the boundary set d BT

Thus, we have

1
- > si,j(0) = AWy (B).
i,j€B,

For the remaining term, we have that

1 ~ . N\ 1 —~
3, O.0.08,) = (73) 37 85, @u-b0.08,) > 23T
n n*) N

from Assumptions 2 and 6.
Combining these results gives

n(@y —0) = — (A(B)T (00)) " AW,(B),

and it immediately follows using ./ nﬂz — A(B)Y/? that

~ —~ -1
VN (Oy —0o) = \/gn (On —00) = (—A(B)l/zj(ﬁo)) AW, (B). -

It is also convenient to establish the limiting behavior of partial sums of the realized
scores of the form % Zi,jeA,, ?,-,j, where A, =nA.

LEMMA 2. Suppose Assumptions 1-6 hold. Then, as N — oo,

1 ~ A(A)
;i /ZE/‘; Sij =N (Wp(A)_ 7(B) Wp(B)) = W,(A, B)
for A C B.

Proof of Lemma 2. Note that

1 R 1 | ~ e
- Z Sij = z Si,j(eo)‘f'7AAH(9N,00,5An)”(0N_90),
i,jeA, i,jeA, "
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where A4, (@\N, 00,04, is defined similarly to A g, (@\N, 9, 9p, ). By an argument similar
to that used in Lemma 1, we can show that

1
- > si,j(00) = AW,(A).
i,j€A,

Similar to the argument for A g, (§N ,00,0p,), we have

1 ~ p
njAA,, On,00,04,) — L(A)T ().

Plugging these two results in and using Lemma 1 then gives

1 - 1 1 ~ 2 ~
- > Sij = > Si,j(<90)+njAAn(9N,90,5A,1)‘/nﬁ\/ﬁ(@v—@o)
i,jeA, i,jeAn
-1
= AW, (A) = LAT ) AB) 2 (2B) 2T @0)) AW, (B)
A(A)

=A (W,,(A) - —WP(B)) .

A(B) |

The next lemma provides a representation of sums over QMB regions in terms of partial
sums over subregions. To make things concrete, we will define the subregions and bound-
aries of the QMB region as in Figure 4.

In stating the result, we will make use of the following regions:
Ar={i,j:0<i<M(+1)=1,0<j<N 1},
Ay={i.jri=M(+D,0<j<N -1},

Ay={i,j:0<i<M~1,j=N()}
Ag={i,j:i=My,j=Ni (M)},
As={i,j:0<i<My—1,1<j<Ny(i+1)—1},
Ag={i,j:i=0<i<My—1, j=NG+D},
Ar={i,jri=My().1<j< N1},

Ag =i, j:i=My(N,), j =Ny},
Ag={i,j:1<i<M3—1,0<j<N3(i+1)—1},
App={i,j:i=1<i<M3—1, j=N3G+1)},
An={i,j:i=M3(j),0<j<N3—1},
App={i.j:i=M3(N3),j = N3},

A ={i,j:1<i<Mg(j+1)—1, 1< j<Ny—1},
A ={i,j:i=M4(j+1), 1<j<Ny—1},
Apis={i,j:1<i<My—1,j =Ny},
Arg={i,j i =My, j = Ny(My)}.
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nB
(7, Mi(5*)
M, = M,
nB, ; nB,
(Na(@r), &%)
5
-0 \
—Ny = —N,
nB4
nB3
Mg = — M,
(", —Ma(5)
0

i

FIGURE 4. This figure illustrates the regions, boundaries, and indexing used in establishing
the formal results and can be used to aid visualization of the partial sums bj—bg and
regions A1—-Ajg-

For a function of four arguments, W (i, j, k, /), we will also make use of the differences
DHIYW G, k) = (WG, j, k1) — WG, j+1,k,1))
—(W(i+1,j,k,)=W(i+1,j+1,k,1))
DUI2W G, jok, ) =W (M(j+1), j.k, D)= WM (G +1), j+1,k,1)
DUI3W (i, jok, 1) = Wi, Ny (i), k,[) = W(i + 1, Ni (i + 1), k, 1)
DUIAW G, jok, 1) =W (My, Ny (M), k, 1)
DRIAWG, k) = (Wi, —j, k1) —W(i +1,—],k,1))
— (W@, =G+ 1),k =W@i+1,—( +1),k,1)
DUIOW G, ok, ) =W (i, =Ny + 1), k,)) =W (i +1,—No (i +1),k,1)
DYTW (G, jok, 1) = W(Ma(j), = sk, 1) = W (M (j + 1), = ( + 1),k 1)
DP3W (i, j k1) = W(My(Ny), —No, k, 1)
DYIIW (G, jok, 1) = (W(—i, j,k, 1) = W(=(i +1), j, k. 1)
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—(W(=i, j+ 1Lk, )= W(=G+1), j+1,k,1))
DEPOW G, ok 1) = W(—i, N3G + 1), k, 1) = W(=(i + 1), N3G + 1), k,1)
DUPYYW (i, j k1) = W(=M3()), j,k, 1) = W(=M3(j +1), j+ 1,k 1)
DUP2W (i, j k. 1) = W(=M3(N3), N3, k,1)
DHIBW (G, j k1) = (W(=i,—j, k1) = W(=i,—(j + 1), k,1))
—W(=G+1), =k, =W(=G+ 1, = +1),k,1))
DU YAW G, jok 1) = W(=My(j+ 1), —j k1) — W(=Ma(j+ 1), =+ 1), k, 1)
DI BW G, jk, 1) =W (=i, —Ng(i), k1) — W(=(G + 1), =N4 (i + 1), k, 1)
DY OW (i, ok, 1) = W(—My, —Na(Ms), k,1).

Note that differences D¥-/~* will be defined similarly with the third and fourth indices
being incremented appropriately. Finally, for a set of random elements indexed in 72, say
{bi, j}, we will make use of the following set of partial sums:

i MiG+1)
Ui =D bpg. D= D, Dbpg
p=0 ¢=0 p=0 ¢=0
i Ni(p) My Ni(p)
)= D bpg  bN=DD by
p=0 ¢=0 p=0 ¢g=0
i Ny(i+1) i
@)= D bpg. G = D Dby
p=0 g=1 g=1 p=0
j Mag) Ny Ma(q)
B )=D D bpge DXL N=D D by
qg=1 p=0 g=1 p=0
i N3Gi+1) i
P N=> Db pg b0 H= D Db,y
p=1 ¢=0 g=0 p=1
j Mi(g) N3 M3(q)
UG =D D bopg DG N=DD by
qg=0 p=1 g=0 p=1
i My(G+1)
bRGLHN=D Db, D N= D Dby
p=1 g=1 p=1 q=1
i Ni(p) My Na(p)
DG )= D bopg BOGH=D D by
p=1 g=1 p=1 g=1
LEMMA 3. Suppose B is a QMB region. Then
16 o
> WG ik Dbij =2 > DWW, j kDb G, j)
i,j€By x=li,jeAy

for Ay, DHIYW (i, j, k1), and b* (i, j) defined above.
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Proof of Lemma 3. The conclusion of the lemma follows from the definition of a QMB
region and decomposing Zi,jeBn W@, j,k,Db; j as

> WG gk Dbij= D WG jkDbij+ D, W j.kDb,

i,jGBn l',jGB,L] i»jeBn,2
+ D> WG ikDbij+ > WG, kDb ;.
iajEBn,3 iaJEBn,4

We then note that by repeated application of Abel’s lemma we can write the double sum
of the product of @; ; and b; ; as

L M(@)
D aijbij=2 > aijbij
ijeA i=0 j=0

M—1L(j+1)—1

v — i
=D > l@j—aij4)—(@ig1,—aiv1, 401 D D bpg
—t

J i=0 p=0g=0
M—1 LG+ j
+ 2 (w2gen,~azgan i) 2 Dbea
J=0 p=0 ¢=0
L1 i M(p) L M(p)
+ (ai,M(i) _“i+1,M(i+1)) Z Z bp.q+af wi) Z Z bp.q
i=0 p=0 g=0 p=0 ¢=0
: : L Mi M L(j ;
for any region A that satisfies 37 jca fi,j = 2.iZ0 Zj:((l)) fij =20 Zi:{)) fi,j- Since
the subregions in the QMB region satisfy this condition, the conclusion follows from ap-

plying this identity to the sum over each subregion. u

The next lemma provides convergence of partial sums of scores of the form given in
Lemma 3.

LEMMA 4. Let 5% (i, j) for x = 1,...,16 be defined as the partial sums in Lemma 3.
Then %Ax(i, 7)) = Wy(A*(uy,uz), B) for

Al(ur,uz) = (10,u11x10,u2)) N Br,  A*(u1,u2) = (10, fi (u2)1x10,u2]) N By

Adur,uz) = (10,u11x10, 51D N B A*(u1,u2) = B

AS(ur,u2) = (10,u11x] —u2,00) N By, A%, uz) = (10,u11x]— g2(u1),01) N B>
AT(ur,u2) = (10, HL1x1—u2,0) N By, A¥(u1,u2) = By

A% (ur,uz) = (1= u1,01x10,us)) N By A" (uy,u2) = (1= 1, 01x10, g3(—u1)]) N B
ANy, u0) = (1= £3,001x10,u2)) N Bs, A (uy,u2) = Bs
AB(uy,uz) = 01— ur,01x]—u2,0) N By, A" (u1,u2) = (1= fa(—u2),01x] —u2,01) N By
APy, u) = (1= u1,01x]1— 24,010 By,  A'"®(uy,up) = By

where uy = f1(up) is the upper boundary of By; ur = g1(uy) is the right boundary
of By with g1 = SUPule[O,l/Z]gl(ul); u1 = fo(—up) is the upper boundary of By with
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J2 =supy,ef0,1/2) f2(—u2); —uz = —ga(uy) is the left boundary of By; —uj = — f3(u2)
is the lower boundary of By with — f3 = — SUpy, el0,1/2] 3 (un); up = g3(—uy) is the right
boundary of By; —u1 = — f4(—u») is the lower boundary of By; and —uy = —g4(—uy) is
the left boundary of By with —g4 = —sup,, ¢[0,1/2) 84 (—u1).

Proof of Lemma 4. The result is immediate from Lemma 2 and the definition of partial
sums used in Lemma 3. u

A.2. Proof of Theorem 1

Recall that
Z Z (b n’ byn bkn bln)/‘\i’j?;"l
l ,j€Byk,leB, 1 2 1 2

_”2 K ik
ey Z 2. (bln byn’ bin’ bn)('//n) Gt/ ).

k,leB, | i,jeB,

Applying Lemma 3 to this expression twice, first to the inner sum then to the outer sum,
gives

_~ n k,l,) J k !
8- ¥ 3 % [ (o (i )]

y=lkleAyx=1i,jeAy
x (5@, j)/m)E (k. 1)/n)'. (A.D

The expression (A.1) contains 256 terms where each term is the sum over two different
subregions of B, of the product of two partial sums with the kernel or a first, second, third,
or fourth difference of the kernel. Convergence of each element in the sum to a Brownian
functional can be shown by applying the result in Lemma 4 and the continuous mapping
theorem. Rather than providing the argument for each term, we note that the analysis of
each term is similar, provide the argument for several terms, and then state the result.

Consider the term in (A.1) with x = y = 1. Applying the definitions of the terms given
in Lemma 3 and letting )+ + denote the element of (A.1) with y = y* and x = x*, we
have that

n2 Ni—=1 M (+1)=1N;—1 M; (j+1D)—1

AR PSRN 7LL !
T1,1— Z Z Z z [D (D 7 K(bln byn’ byn’ bzn))}
i J
Z Z/S\P,q/" Z Z/S\;J/"

p=0g=0 r=0r=0

where

phld (piidg (o 4k L
byn’ b2n bln bzn
_(x i J Kk _x i+l ko
bln byn’ bln bzn bln bon’ bln bzn
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i+1 j k1 P i+1 j+1 kI
bin’ byn’ bin’ byn bin’ byn  bin’ byn
(kY (e ke
n bon bin byn bin byn bin byn
i+l ok I+1 _x i+1 j+1 &k [+1
bin’ byn’ bin’ byn bin’ byn bin’ byn
X i ,L,k+1’L _r i ’j+1’k+1’L
n byn bin byn bin~ bon ~ bin  byn
X i+1 j k+1 1 K i+1 j+1 k+1 [
bin " byn’ bin’ byn bin’ byn’ bin’ byn
X i j k41 141 P i j+1 k+1 141
bin’ bon’ bin’ byn bin’ byn’ bin’ byn

R AN R e
bin’ byn’ bin’ byn '

S

bin’ byn’ bin’ byn
Observe that

4| et (piitg (S kL
bin byn bin byn

1 0K(xy,x2,x3,x4)
b%b% 0x10x20x30%4 lxy=u1 /b1, xa=ua/bs, x3=01/b1, xa=02/b>

4
=Ky, p, W1 u2,01,02).
Using Assumption 2, Lemma 4, and the continuous mapping theorem, we have that

Ni—1 M (I+1)—1 Ny =1 My (j+1)—1

T = '}HZ IEDIED [ (oo (L )]
('Zi?p,q/n) (ZZ@:,/n)

p=0g=0 r=0t=0
= AQy' (b1,b2, B)N,

where
1,1 1 ' 4 1 1

o b = [ [k @owsalw. By, w. Bavau,
P (B) ueB| JveB bi.by b P

u=(ug,u3), v=(v1,02), and quB] h(u)du = fofl fé’yl () h(u)durduy. This argument
is identical to Kiefer and Vogelsang (2005) except that the convergence is to functionals
involving set-indexed Brownian processes rather than Brownian motion.

By identical arguments, we can also handle the terms with y =1 and x =5, x =9, or
x = 13 to obtain

1 1
Ti5= AQy (b1, by, B)N, T9= AQy° (b1, by, B)A',

and Ty 13 = AQy (b1, by, B)N,
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where

Q[l;s(bl,bg,B):—%B)/UEB] /VEBZ Ky b, (01, —02) W, (A (), BYW, (A’ (v), B)dvdu
Q};g(bl,bz,B)z—ﬁ/uem /veB3 K, 1, W, =01, 02) W, (A' (0), BYW, (A% (v), B)dvdu
0, (b1,by. B) = %B)/uesl /vem Ky 4, W, =)W, (A" (u), B)W,(A"(v), B)dvdu

with [, _p h(u)du= fof_z 82 hdupduy . fyep, h(w)du= Of3 JEYD h(wyduzduy,

and [, p h(u)du = f0f4 f(‘)g“(ul)h(u)duzdul. Changing variables in Q[],’S, Q[],’g, and

Q},’B paying attention to the limits of integration and then summing yields

€By

0y P (b1, b2, B) = QL (b1,b2, B) + Q) (b1, b2, B) + QL (b1 ba, BY + 053 (b1, b2, B)
- %B) /“ . /V Kb W (4 @, BYW, (RO, Bdvdu,  (A2)
where
R(v1,v2) = (Jmin(vy,0), max(vy,0)]x Imin(vy, 0), max(v,, 0)]) N B. (A.3)
Using similar definitions and arguments, one can define

05 P (b1, by, B) = Q31 (b1, b2, B)+ Q33 (b1, b2, B) + 03° (b1, b2, B) + 052 (b1, b, B)

(A4)
05 Y% (b1, by, BY = Q0 (b1, by, B+ Q05 (b1, by, BY + Q%% (b1, by, B) + Q%' (b1, b2, B)
(A.5)
4
0y P (b1, by, B = Q1 (b1, b2, B)+ Q133 (b1, by, B) + Q1 (b1, b2, B) + Q1> (b1, b2, B).
(A.6)

Adding the expressions given in (A.2) and (A.4)— (A.6) gives

Li(by,by, B) = Kﬁl’hz(u, )Wy (R(w), B)Wp(R(v), B)dvdu. (A7)

1
/1(3) /ueB veB

There are 15 additional types of terms all of which involve the boundary of B in some
fashion. We consider one such case here by taking the term in (A.1) with y =4 and x = 3:

p2 M1 ik
T3=— > |DM*(DM K =, = =
N = bin byn bin brn
i Ni(p) My Ni(r)
(23 ) (2 X 5]
p=0 g=0 r=0 r=0
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where

phtA (piidg i k1
bln bon’ bln bzn

_xl( Ni() My Ni(Mp) _g(it! NiG+1) M Ni(Mp)
o bin’ byn bin’  bon bin’  byn " bin’ bon '

Once again, observe that

i - !
nDk,l,4 Dl A 3K ]
bln byn’ bln bzn

1 0K (Ml gi(un) fi O) 1 0K (ul g1y fi O) 281(2)

|z=u1

_bila by’ by by’ by 0xp \ by~ by ’a’ 0z
_ 0K (ﬂ gi(ur) fi 0)
a[bl,bz (ll) b2 ’ bl ’

converges to the derivative of the kernel function in the direction tangent to the boundary
of the space B.
As with the previous argument, we have that

21M1 1

j k l
T43:n77 n| DRLA | pisd3 g 7L7
’ N n = byn’ byn’ bin’ bzn
i Ni(p) My Ni(r)
2, 2 Saln | (2 25
p=0 ¢=0 r=0 t=0

= AQy (b1,by, BN,

where

i ek u (1) fi )
4,3 1 81y 1
2 (by, by, B ,+—=,0
0p~(b1.b2, B) = ,1(3)/ 5zb1’b2(u)( by by

X Wp(A (uy1,uz), B)Wy(By, B) du,

using Assumption 2, Lemma 4, and the continuous mapping theorem.
Define the set

P(v1,02) = (111 <0)(1(v2 > 0)(—f3)+ 1(v2 < 0)(v1)), 1(v1 > 0)(1 (2 > O)v;
+1(03 < 0) f2)1x11(v2 < 0)(1(v] > 0)(v2)+1(v1 < 0)(—g4)),
Loz 2 0)(1(vy 2 0)g; + L(vg < 0)v2])
NB. (A.8)

Also, let

/ h(v)dv =/ h(v)doy —l—/ h(v)dvy
veoB~ veB:01>0,00=g1(v1) veBy:v1=f2(—02),02<0

h(v)dvy + / h(v)do.

y
veB3iw1=—f3(02),02>0 veByw1 <0,00=—g4(-01)
(A9)
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Then applying the same argument as for the term with y =4 and x = 3 to the terms with
y=4and x =7, x =11, or x = 15 and summing the results yield

1,Type; 5 4, 4,7 4,11
0, P by, by, BY= 03 (b1, b2, B)+ O (b1, b2, B)+ Q5 (b1, b2, B)

4,1
+0p 3(b1,by, B)
. 1 oK (u1 un .fl )
~ A(B) Jueon- 0ty b, (W) \by by by’
x Wy (P(uy,up), BYW,(B1, B) du. (A.10)
Obtaining the result follows from applying similar arguments to the remaining terms

and combining as demonstrated above. To make stating the final result more tractable, we
define the following objects in addition to (A.3), (A.8), and (A.9):

/ h(v)dv =/ h(V)d1)2+/ h(v)dvy
vedB+ veBi:w1=f1(v2),02>0 veByw1>0,00=—g2(v1)

n / h(v)do,
veB3:01<0,00=¢3(—02)

+ / h(v)dvy, (A.11)
veBs:v1=— fa(—v32),02<0

and
T1=(f1,0), T2=0,-2), T3=(0.83), Ta=(—f1,0). (A.12)

Given these objects and following the steps above, we have that Q= %B)A
Qp(b1,by, B)A', where Qp(b1,by,B) = Ly 1 1(b1,b2,B) + Ly 1,11(b2,b2,B) +
LpJ]’][(bl,bz, B)+--- +Lp,IV,IV(blsts B) where Lp’.,. are defined in (3.3)—(3.5).

|

A.3. Proof of Theorem 2

Given (3.7) and Theorem 1, it is easy to show that F and ¢ converge to functionals of
Wp (A, B), A, J, and R(6) using the continuous mapping theorem. Straightforward ex-
tensions of arguments used by Kiefer and Vogelsang (2005) in the proof of their Theorem
3 show that the limiting functionals can be rewritten in terms of W, (A, B) with A, 7, and
R(6p) canceling from the representations.

APPENDIX B: Missing Locations

This appendix describes one way to accommodate missing locations that is closely re-
lated to the framework in Conley (1999). Define ¢; ; as an indicator for whether a given
location is sampled: ¢; ; = 1 if there is an observation at a point {i, j}, ¢; ; = 0 other-
wise. Sample size N = Z(i, J)eB, which will no longer equal || B, || the integer coordinate
pairs within the set Bj,. Our sample moment condition written just as a sum over ¢; ; =1
locations is

1 R
— > sijO=o0. (B.1)

N
(i>j)Eangi,j=1
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An observationally equivalent representation can easily be obtained using a sum over all

L . N 0if ¢;;=0 .
locations in By. Define a random variable s; j(c9) = ©) ¢, — 1 thatis observ-
, . ij=

able at all integer coordinate locations in B,;. This new process simply replaces ‘missing’
observations with zeros. The corresponding sample moment condition is:

1 .
B > st @) =0. (B.2)

(i,j)€Bn

The estimators implicitly defined by equations (B.1) and (B.2) are numerically identical
because these sets of equations differ only in scale, the sums are the same:

z 5 j0) = Z 5.
(i,j)€By:l =1 (i,))€Bn

The test statistics we consider in this paper are also identical using either the repre-
sentations involving s; j(H) or s;j(e). For example, take our Wald statistic using si*j (@)
notation:

Fi = ||Bullr @)

~1
1 A A
[IIB”H 2..j)eB, ﬁsij(g)] x
1 ip J / )
x [uBnu > i1ty ininen, KGr s s hz)%l i, @)st . 6) ] x| r@©.
1
[an T 2G.)eBs Wsi,j(e)]
The corresponding Wald statistic using the s; /.(0) representation is:
F> = Nr(@)
1 2 517"
[ﬁ Z(i,j)eBn:f,-,,:l 207 i, j(g)] x
. R
[ﬁ D1 0 Bty =1 Dot Bty =1 K (G 7 A zf*) .y Oy, 12(0)] r(©).
[ 20, )eByiti =1 s ,(9)}

The scale factors of || B, || and N, respectively, cancel out of the statistics F| and F;. Fy
and F, are numerically identical because:

1 0 N

¥ = X 0
@i,j)eBy:tl; j=1 (i,j)EB,

and

i 2 J1 J2
2 2 KGrgs o Ot 0F

(i1,j1)€By (i2, j2)€By
_ i1 b Ji 5 N
= 2 X K i s @5, O
(1,J1)€Bu:liy jy=1(i2, j2)€Bn:tiy, j, =1
Thus our results apply to t and Wald tests involving 0 defined via

1 A
5 > sij0)=0

(i,j)EBn:[,"j=1
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provided the associated s;* j(9) process satisfies our regularity conditions in Assumptions
1-6. Repeating its definition for convenience

0if ¢ ;=0
* . 12%)
SiO= s @i =1

Our maintained assumptions are of course that the process s i (6p) satisfies our regular-
ity conditions in Assumptions 1-6. Thus the issue reduces to what conditions on the ¢; ;
will imply that 57 . (f) also meets our regularity conditions. There are many possible as-
sumptions regarding ¢, j that would be sufficient. The mixing conditions in Assumption 3
will be satisfied for example by a stationary ¢; ; process thatis independent of s; ; (6y) and
exhibits weak spatial dependence satisfying the same mixing rate conditions as s; ;(6p).
Our high-level assumptions of consistency (Assumption 2) and homogeneity and Uniform
LLN for %s i (#) are cumbersome to directly extend to sZ j (@p). Tt is however clear that
these assumptions will follow from a set of primitive conditions that allow for stationary
and weakly spatially dependent ¢; ;. We leave an exposition of these primitive conditions
for future research.
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