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Abstract We consider deterministic perturbatiajigs) + F'(¢° (1)) = eb(¢°(¢), ¢%(¢)) of

an oscillatorj + F'(g) = 0, g € RY. Assume that lim |- o0 F(g) = oo and thatF’(q)

has a finite number of nondegenerate zeros. For a geRetidb /9§ < 0 (as in the case

of friction), then typical orbits are attracted to points whérdas a local minimum. For

0 < ¢ « 1, the equilibrium to which the trajectory is attracted is ‘random’. To study
this randomness, which is caused by the sensitive behavior of trajectories near the saddle
points, we consider the graghhomeomaorphic to the space of connected components of
the level sets of the HamiltoniaH (p, g) = p?/2 + F(g). We show that, as — 0, the

slow component of p¢(t/€), g€ (t/€)) tends to a certain stochastic procesgowhich is
deterministic inside the edges and branches at the interior vertices into adjacent edges with
probabilities which can be calculated through the Hamiltorfiaand the perturbatiob.

1. Introduction
An oscillator with one degree of freedom is given by the following equation

4@+ f(@@®) =0, q0) =qo. ¢(0) = po, 1.1)

whereg € R1. The Hamiltonian of the system is

H(p.q) = 3p*+ F(q),

whereF (q) = fo" f () du is the potential angp = . Although the results of this paper
can be generalized for a wider class of potentials (e.g., periodic potentials) we impose
for brevity the following restrictions on the potential. We assume that lim, F(q) =
oo and thatf(g) is a generic smooth function, so th#{g) has a finite number of
nondegenerate zeros (ifg) = 0, thenf’(g) # 0) and the critical values df are pairwise
distinct.

We consider perturbations of (1.1) and show that the long time behavior of the perturbed
system is in a certain sense stochastic.
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FIGURE 1.

Letb(p, q), p, q € R?, be a smooth function with bounded first and second derivatives.
Consider the perturbed equation

G+ f@" ) =eb(@* (), q° (1), 0=<e<K1, 1.2)

and assume first that(g) has only one zero, at= 0 with f'(g) > 0 (see Figure 1).

Of course, one can consider an expansiop‘df) in powers ofe. This describes the
solutions of the perturbed system (1.2) on any finite time interval. However, this approach
cannot answer more interesting questions concerning the behavior of the perturbed system
on large time intervals of the order of 1. A typical example of such a question is the exit
problem: how long does it take for the trajectdpy’ (¢), g (¢)) of (1.2) to exit a domain
G C R?, say, bounded by two trajectori€¥z;) = {x € R? : H(x) = z;},i = 1,2, of
(1.2)?

The long time behavior ok (r) = (p®(¢), ¢°(¢)) is of course related to the averaging
principle. SinceH (p, q) is afirst integral for (1.1), for a smaidl H (p®(¢), ¢ (¢)) changes
slowly so that the flow of (1.2) ifR? has a fast component and a slow component. The
fast component is basically the rotation along the corresponding nonperturbed trajectory
(p(),q(t)). Near an energy level of (1.1), asymptotically as | 0, the fast component
can be characterized by the invariant measure of the nonperturbed system on the level set
C(z) of H. The density of the normalized invariant measureddqp) with respect to the
length elemend! is

dl

-1
C<z>m) - x=(p.q).

<IVH(X)|

The slow motion is described by the evolutiontt p® (1), g (¢)) = %(ps(t))z + F(g%(1t))
which has the rate of order To deal with finite time intervals one rescales the time by

consideringy® (1) = p*(t/e), 4°(1) = q°(1/e), X* (1) = (p*(1), ¢° (1)), X° (1) = X*(t/e).
Then

. 1 e -
q° (1) + gf(és(t)) =b(q (1),4° (1) (1.3)

and it follows that

~ ~ t
HXE (1) — HXE(0)) = /0 5 )b (5 (5), 4° (5)) ds. (1.4)
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On atime intervalz, r + A], A <« 1, which is small but independent efthe energy
H(}?S(t)) changes by an amount of orddr, uniformly in ¢ € (0, 1]. The number of
revolutions that the fast motion makes along the corresponding level set during the same
time is of orderAe~1. Therefore, applying the classical averaging principle (see, e.g.,
[FWen2, Ch. 7]), one gets from (1.4) that asymptotically,ca$ O, the slow component
H()?S(t)) converges uniformly on any finite time intervd, ro] to the averaged motion
H(1):

_ _pbip.g)dl.
T(H®) Jeway Vp2 + f2q)

H(t) (1.5)

where

T(z) _% L
C@) P2+ f2q)

is the period of the oscillations with energ¥(p,q) = z, C(z) = {(p,q) € R? :
H(p,q) = z}. By the divergence theorem, the integral in the right-hand side of (1.5)
equals

ab(p,

B(z) = / Mdp dqg, z=H(@), (1.6)
G 9p

whereG (z) is the domain ifR? bounded byC(z). Note that ifS(z) = aredG(z)), then

T(z) = S'(z). Thus (1.5) takes the form

_ BUH®)
SH@®)

In particular, if B(z) does not change sign, the slow component is monotorigzlf) = 0
andB’(zg9) < 0, then the perturbed equation has a stable limit cycle near the €ifrye
The pointH = 0 is inaccessible in finite time for the trajectal(r) with H(0) > 0.
Consider now the case whegnhas several zeros. Suppose for example, lh@t, g) =
(p%/2) + F(q) has a saddle @& = (0, 0) (i.e., the potentiaF (¢) has a local maximum
atg = 0 and two minima (see Figure 2)). For brevity assume ##dp, g)/dp < O,
(p,q) € R? (a kind of friction for the oscillator) and leH (po, g0) > H(O). Then,
by (1.7), H(¢) decreases asincreases. SincEB(H (0))| is finite andT(z) — oo as
z | H(O), the right-hand sid&(z)/ T (z) of (1.7) equals zero at= H(O). Itis easy to
check thatl'(z) ~ |In(z — H(®))| L asz | H(O). Therefore, in spite of the fact that
B(z)/T (z) = 0atz = H(O), the trajectoryH (¢) will reach the point = H(O) in a finite
time Ty = To(x0), )?9(0) = xo0 = (po, go0). The phase portrait of the unperturbed system is
shown in Figure 2(b). Sincéb(p, gq)/dp < 0, as a result of the perturbation, the centers
will become stable spiral points but the saddle persists, see Figure 3. The trajextdries
of the perturbed system, except the two separatricéx aend to one of the attracto€|
or 00, depending on the initial point and As we explain below, it is natural to view
the limiting slow motion on the graph corresponding to the Hamiltorifa(see FWen1,
Fwen2).
The set of the connected components of the level@ets = H ~1(z), with the natural
topology, is homeomorphic to a tr&ewith verticesO; and edges;. Each level seC(z)

H (1) (1.7)
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(b) (d)

FIGURE 2.

FIGURE 3.

consists of a finite number of componeidis(z). By the genericity assumption oA,

each interior vertex is adjacent to exactly three edges; it corresponds to a sadfile of
and represents ato-shaped component of the saddle’s level set. The verticés aff
degree one (i.e., with only one adjacent edge) correspond to the minima and maxima of
H, they represent the components of the level sets consisting of single points. The points
lying inside the edges df correspond to the periodic orbits of (1.1). A pointe I is
characterized by the edge numbeand the corresponding value of the Hamiltonian. The
pair (H, k) defines global coordinates &) more than one pair may correspond to a vertex.
Let O : R2 — T be the projection — (H(x), k(x)) € T so thatQ(Ci(z)) € Ix. Note
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that H (x) andk(x) are first integrals of the unperturbed systemHlhas more than one
local minimum k is independent of{.

In general, when the averaging principle is applied to a perturbed system, the slow
component describes the evolution of the first integrals of the unperturbed system along
the perturbed trajectories. In our case there is a smooth first intelgeadd an integer-
valued first integrat. Their joint evolution naturally happens &h

In 82 we construct a stochastic procgs@) onT'. Inside each edgeof I the process
Q(t) is deterministic and is governed by equation (1.7)doif db(p, g)/9p < 0, then
H()?S(t)) decreases (i.eQ(¢t) moves down alon@’, see Figure 3) an@(¢) branches at
each interior vertex) of I with probabilities proportional to the integrals @ (p, ¢)/dp
over the regions ifR? bounded by the separatrices of the saddle of (1.1) corresponding
to O.

In this paper we show that for a potential with several local minima (and, in general, for
Hamiltonian systems with one degree of freedom and several critical points), 8sthe
slow component OPN(S(I) tends in a certain sense to the stochastic proQgse

There are several ways to give the convergence a precise meaning. In 82 we consider
random perturbations of the right-hand side of (1.2). We repl&ac¢p, ¢) with eb(p, g) +
Jeka (q)W;, whereW, is the standard one-dimensional white noisey 0 ando (¢) is
a smooth positive function. We prove that, as firgtnd thernx tend to zero, the process
Q()?f;g) on T converges weakly to the proceggr) onI'. We emphasize that the limit
proces)(¢) does not depend on the choiceoafy).

In 83 we consider random perturbations of the initial paifif0) of the deterministic
trajectory. LetX?(0) = x + & = x;, whereg; is random variable ifR? with a continuous
density, which converges to zerogs> 0. LetX®9(r) = (549 (¢), G (1)) be the solution
of (1.3) with initial conditionxs = (ps, gs). The slow motion is the projectioQ(?e*‘s(t))
of )?8*50) to I'. We prove in 83 that for an§ > 0, as firste and ther$ tend to zero, the
stochastic proce@(?”(r)) onT converges weakly in the space of continuous functions
¢ : [0, T] — T to the stochastic procegs(r) onT.

The fact that in both cases and for differentthe limit processQ(¢) on I" for the
slow motion is the same shows th@{z) is determined by the intrinsic properties of the
Hamiltonian system and its deterministic perturbatiéfrip, g) and not by the random
noise which we use to regularize the problem.

As we show in 83, the second approach works only if the past behavior of the trajectories
of Q(t) on the graph is trivial in the sense that all trajectories have the same limit as
t — —oo. If this is not so, then for some initial conditions the proce@éﬁ“(r)) do
not converge as firgtand thers tend to zero.

We also consider a more general situation when the oscillator (1.1) is replaced by a
general Hamiltonian system with one degree of freedom.

A special case of Theorem 2.7 whefx) is the unit matrix was considered by Wolansky
in [W].

After this paper was written, Ya. Sinai and L. Lerman pointed out that a statement
similar to Theorem 3.1 appears (without a proof) in Arnold’s papgr(bee 84.3) and in
Neishtadt's papem]; the authors are not aware of any published proof.
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2. Perturbation of the vector field

Let W;, t > 0, be the one-dimensional Wiener proces§;), x € R, be a positiveC*°-
function and let O< « <« 1. In this section we consider a random perturbation of the
right-hand side of equation (1.2) of the following form:

GEF @) + (@5 (1) = eb(G5 (1), g5 (1)) + ek a (q=* (1)) W;. (2.1)

Now ¢®*(¢) is a stochastic process iR. To make it a Markov process we consider
the pair p*“(t) = ¢*“(@) and ¢*“(t). After rescaling timep®“(t) = p=*“(t/e),
g5 () = g=*(t/¢), we obtain the following equations fgf-“ () andg®“ (¢):

P = = £ @5 0) + b(PTF ), §7 (1)) + Via (G ()W,
& (2.2)

: 1
ge () = gﬁ”(t).

The generator of the diffusion proce%ﬁ“(t) = (P& (@), g% (1)) is

2
LK = goz(q)% +b(p,q)% - %f(q)% + % %.

Letl = {I1,...,1;; O1,..., Oy} be the graph corresponding #(p, g) = %pz +
F(q) andQ : R2 — T be the corresponding projectiop, ¢) = (H(p.,q),i(p,q)) €
T, (p,q) € R2 Ifan edgel; is adjacent to a verte®y, we writel; ~ Oy.

Let Oy be an interior vertex of" with adjacent edge$;,, I;,, I;;, ~ O. The set
0~1(Ox) consists of the equilibrium poirt; and two separatriceg' andy,? of Oy for
the unperturbed system (1.1). Denote®y(Oy) the domain bounded bjykJ and assume
thatQ=1(I;;)) € G;(Op), j = 1, 2. Define

Bij = / o%(q)dpdq, j=1,2,
G;(Op) (2.3)

Brz = —(Br1 + Br2)-

Consider the proceg3®* (r) = Q(p**“(t), ¢ (¢)) onT', which is the slow component
of (p=*(t), g%*(¢)) ase | 0. It follows from [FWeb1, FWeb2] that for any fixed« > 0,
ase | 0, the proces®**(¢r) converges weakly in the space of continuous functions to a
diffusion proces)y onT'. Inside any edgé; C I', the generatod of Qf (on smooth
functions) is
Kk d d 1 d
i==——— 1\ A; - ——DB; - 24

25/2) dz < (Z)dz) HGGRAPE @4
where S; (z) is the area of the domain iR? bounded byC;(z) = 0 1(z, 1), Si(z) =
dS;(z)/dz and

ab(p,
WP D g,
i@ op

Letg : ' — R, be a continuous function such thdg is continuous ang is smooth
inside the edges df. Theng belongs to the domaip 4 of the generatoA of Qf if and

Ai(D) = / o%q)dpdg. Bi(z) = /
Gi(2) G
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only if the following gluing condition is satisfied at any interior vertéx € I

3
Zﬂijjg((’)k) =0, (2.5)
j=1
where theg’s are defined by (2.3); denotes the-derivative along;; andl;,, 1;,, li; ~
Ok. The limiting processQf is uniquely defined by the operatofs and the gluing
conditions (2.5).
Note that, if an edgé;, ~ O, then the limit Iimz,,-j)q(gk Bi;(z) = B;(Oy) exists.
If I, I,, I;; ~ O andz increases along, andI;, and decreases alorg as the point
approacheéy, then
B3(Ok) = B1(Ok) + B2(Ox)

for any interior vertex0; € I'. We assume for brevity that
Bi(Oy) #0, i =1,2,3, (2.6)

for any interior vertex0; € I'.
Let I; be an edge adjacent to an interior vertdx We call/; anexitedge ifH (0~ 1(u))
increases (decreases) aldh@su € I" approache®; and if B;(z) < 0 (Bi(z) > 0) forz
close toH (Q~1(Oy)). If I; ~ O and it is not an exit edge, it is called antranceedge
for Or. By (2.6), every interior vertex is adjacent to at least one exit edge and at least one
entrance edge.
Consider the stochastic proced¢) onT" defined by the following properties.
1. Inside any edgd; C T, the proces)(¢) is deterministic motion with speed
Bi(2)/S](2):
dQ(r)  Bi(Q))
dt SH(Q@)’
2. If an interior vertexOy is adjacent to only one exit edde then Q(¢r) leavesOy
without delay along;.
3. If O is an interior vertex and;,, I;, ~ O are exit edges, the@(s) leavesOx
without delay along;, or I;, with probabilities

P — [B1(Op)| , | B2(Op)|
|B1(O)| + | B2(Oy)|’ |B1(Op)| + | B2(Oy)|’

respectively, independently of the past.

Note that the speed Q(¢)/dr is equal to zero at any vertex af but, as simple
calculations show, near an interior vert& with H(Q~1(Ok)) = Ho, this zero is of
order(|In|z — Ho||)~t as|z — Ho| — 0. Therefore, the interior vertices are accessible
for Q(¢) in finite time and the trajector@(¢) can leave such a vertex without delay. The
exterior vertices are inaccessible f0r7). '

Let ykl andyk2 be the separatrices @ for the unperturbed system (1.1) and([g{t be

the domain bounded by, j = 1, 2. Then

Q@) €I

ab(p, .
B;j(Oy) = /,- (8%(1) dpdq, j=12; B3(Or) = B1(Or)+ B2(Op).

Gy

https://doi.org/10.1017/50143385700000043 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700000043

62 M. Brin and M. Freidlin

We will show that, for anyl" € [0, c0), ask | O, the proces®“(¢), t € [0, T], on
" converges weakly in the space of continuous functipns[O, 7] — T to the process
Q(1). Note that the ‘randomness’ @ (¢) is localized at the interior vertices with two exit
edges. Since the measure in the space of trajectori@s:0fis independent of the random
perturbation (i.e., independent®fq)), the proces®) (r) describes intrinsic properties of
the Hamiltonian system (1.1) and its deterministic perturbations.

The HamiltonianH can be viewed as a function dh Let p be the metric oii" induced
by the distanceéH (u1) — H (u2)| inside the edges df.

Denote byCor (I') the space of continuous functions [@h 7'] with values inl".

LEMMA 2.1. For any compact subsé&f c I, the family of stochastic processés (t),
0<«k <1, 0“(0) € K, is tight in the topology of weak convergenc&ia (I').

Proof. The proof of this lemma is similar to the proof of Lemma 3.2 fraAwen1] and

we omit it. |
Set&p(u) ={v el :pu,v) <h}foru e andrS = minfr : Q“(r) ¢ En(u)}. As

usual, we use the subscript for probability and expectation to indicate the initial point.

LEMMA 2.2. Let Oy be an interior vertex of and letl;,, I;,, I;; ~ Ok.
If I;, is the only exit edge fa®, then for a small enough

Li% Po Q" (ry) € Ii} = 1. (2.7)

If there are two exit edgeB, and;,, then for a small enough
E% Po Q" (ty) € Ii3} =0, (2.8)
!(ilfg)P@k{Q"(t,’f)eIij}sz, j=12 (2.9)

Proof. Foru = (z,i) € £,(Oy), setv’jf(u) = vj(z, i) = P;i{Q“(z;) € I;;}. The function
v’ (z, 1) is the unique continuous solution of the following problem

Lim U’{(Z, lm) = O, (Zv lm) € Eh(ok) \ {Ok}, m = 1a 27 33

J
V5 (2, im) | zimyeagn©pnt,, =0 form # j,

V5 (2 i) ipess, 00 = 1 (2.10)
3
Z ﬂkmDmvj (Ok) =0.
m=1

Operatord.; and constantgy,, were introduced in (2.4) and (2.3).

Problem (2.10) can be solved explicitly and then equalities (2.7), (2.8) and (2.9) can be
checked. Without loss of generality, assume tH&tQ ~(O0y)) = 0, H(Q1(z,i3)) > 0
andH (0 1(z,i1)), H(Q (z, i»)) < 0. Define

< 2B, (y) + kAL ()
UK (2) = / VY
0 Aiﬂ'l (y)

X
Vi(x) = / e MVOUn@ gz m=1,2,3.
0

3
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Note thatA;, (y) is strictly positive and boundedagm (y) > oo asy — 0 but this
singularity is integrable.

The solution of (2.10) has the form:
(L—d)VF@) +d5VE(—h)

ifi=212j=i;
. Vi (=h) o o
V@D avecn - vEe) |
U L ifi=12j+#i;
V< (—h)
(1—df-)V3K(z)—d]K-V§(h) 3
£ J - ]
v8(z,3) = Vs ()
I dE Ve (h) = Vi (2) ,
/ , if j#3.
V3 (h)
The constantdjk. are defined by the following gluing conditions
3
Bim D (Or) =0, j=1,2,3. (2.11)
m=1

It follows from the definition ofuj’f (z, i) that
Po {0 (ty) € Ii;} = v (Op) = dj.
Choose: so small thatB;, (z) # 0in &, (Oy). SinceVy(x) — oo ask | 0if (x, m) lies
in an entrance edgg, for Oy, one obtains easily from (2.11) théf, — 0 as« | 0. This
yields (2.7) and (2.8).
To prove (2.9), observe that singg is an exit edge fo€, (2.11) implies that
1—-d)Bu  difr2
Vii(=h) V3 (—h)
A-dy)frz  d3pu
VE(—=h)  Vi(=h)

o,(1), ask O,

0,(1), ask 0.

Therefore,
dy _ BaV;(=h)

df +d5 =1 1), = . 2.12
1 + 2 + 0, (1) dg ,BkZVf(_h) ( )
From the last equality we obtain that
a  Pu ot eXp[— Jo 2By (0)/x Ay () dy — [ Al (0)/Ai () dy} dz

|
SO 310 iy fo " expl 5 2Bi, (0 /A dy = [§ AL 0/ A(v) dy dz

_ i Pl expl— J5 2B, 0)/kAin () dy) dz
{_
{_

k10 B [ exp|— JE 2B, () /i Aiy () dy ) dz
_ i Pl exp{ 2By O)1/kAx )} dz _ |B,O)
<10 Bio [ exp{—z|B;,(0)|/k Ai(0)} dz B (O]

We used in the last equality that; = lim;—.0 A;;(z) = A;;(0), j = 1, 2. Formulas (2.12)
and (2.13) imply (2.9). ]

(2.13)
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FIGURE4.

LEMMA 2.3. Assume thaB; (Oy) # 0,i = 1, 2, 3, for an interior vertexOx. Then there
ishg > 0and A > 0 such that for any: € (0, hol, any(z, i) € &,(Or) and any small
enough,

E.it; (Oy) < Ah|Inh|.

Proof. The lemma can be proved by writing down and solving explicitly a boundary value
problem in&,(Ox) C T for u*(z,i) = E;;t; (Or). To reduce the calculations we use
comparison arguments (the maximum principle).

As before we assume without loss of generality W¥atis an interior vertex/;,, I;,,
Ii; ~ Ok and thatH (Oy) = 0. Let Din (Dou) be the subset diy, i», i3} consisting of the
indices of the entrance (exit) edges@f. Letso > 0 be so small that the functio, (z)
have no zeros i& (Ok). Consider the domain

Mp(Or) = Ujepin ;) U0k} U [(Ujepoyd ) NEROW].

For example, in Figure 4Din = {3}, Dout = {1, 2}, the setM;,(Oy) is shown by a

thick line. Since we are interested in theneighborhood ofD;, 0 < & < hg, we can

assume that the functior;, (z) are uniformly bounded away from zero in the edge

i; € Din. Moreover, we replace the edgés, j € Din, by infinite rays attached to

Ox which increases the exit time frod,(Ox). The signs of the functions;; (z) are

such that the drift is directed t©; on the entrance edge(s) and away frGhp on the

exit edge(s). The exit time fromd, (Oy) increases if the drift in the entrance edge(s) is

replaced by a weaker drift with the same sign which is independentoD;,, and the

diffusion coefficients are replaced by a smaller positive constant which is independent of

i € Din. Similarly the drift and diffusion in the exit edge(s) can be replaced by quantities

independent of the edge, increasing the exit time. We denote the modified proa@ss by
Since the coefficients are now the same for the entrance edge(s) and the same for

the exit edge(s), the exit time @K from M, (Oy) is the same as the exit time from

M, = {x € R : x > —h)} for the one-dimensional process;, whose diffusion

and drift coefficients ori—#, 0] are the same as those of on the exit edge(s) and

whose diffusion and drift coefficients of®, oo) are the same as those EI‘K on the

entrance edges. Sin%(z) has a singularity of ordefin |z|| at O, we conclude that
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the functionu(z, i) is bounded from above fdt| < & by the functiom®(z) = E,T*,
wheret® = min{r : X; < —h}. The functionv® (z) is the minimal positive solution of the
problem
kv"(z) — (B —ky|IN* 2] V' (2) = —a|In* 2],
z>—h, z#0, v(=h)=0, (2.14)
v(z) andv’(z) are continuous at = 0,
wherea, 8, y are appropriate positive constants; ol = In|z| if |z] < eand I |z| = 1

if |z] > e. Since the coefficients have a singularityzat 0, equation (2.14) is satisfied
only for z # 0. The solution of (2.14) is

a [* 1 /Y N
v =2 [ [exp(—/ (B —xylin IZII))dZ} dy
K J_p K Jo
x/ [exp(— }/'(/3—/()/||n*|v||)dv>i| | In*|z|| dz.
y kK Jo

Using the integrability of In |z|| atz = 0 we conclude that folz| < & and some positive
constants;

Aq h oo
v(z) < —/ ePy/x dy/ e P In* )| dv
K —h y

h 00

=A2/ deﬂW./ e PVF | In* [v|| dv

—h y

h h

+A2/ | In* |v|| dv
—h —h

o0
:Azeﬁy/K/ e P In* ]| dv
y

o o0
< Ash|Inh| +A2eﬁh/K/ e PV In* v| dv — Aze—ﬁh/K/ e PV In* )| dv.
h —h
(2.15)

Since

o o
eﬂh/K/ e P In* vl dv < |Inh|/ e PU=/k gy
h h

o0
= ||nh|/c/ e Pdv = AacInh,
0

00 h
e_ﬁh/K/ e-ﬁu/x“n*lv"dv:e—ﬁh/l(/ e—ﬁv/K“nIUHdU
—h

o
+ eiﬂh/ e P In* v| dv
h

h
< / [In|v||dv + Aax Inh < As(h|Inh| 4+« Inh),
h

we conclude from (2.15) that, fox| < & and« small enough,
v(x) < Agh|Inh|

and the lemma follows. O
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The argument in the proof of Lemma 2.3 implies the following fact.

COROLLARY 2.4. For any$ > 0,

lim max P.{zf > 8} = 0uniformlyink e (O, ko], 2.16
10 xeg, O x{h > 4} y ink € (0, kol ( )

wheret; = min{r : 0“(t) ¢ M, (O)}.
For an edgd; C I" with endsOy, andOy,, set

TiK’h =min{z : QK(t) ¢ 1\ (gh(okl) U gh(okz))}y €, h=0;
Tt =T A >0 TP = T,

LEMMA 2.5. Foranys > 0,7 > 0O,

lim P, ; max K(s) — 5§t =0, 2.17
B2 {osng[(z)lQ () — Q@) > } ( )

where the subindek, i) means thaD* (0) = (z,i) = Q(0).

Proof. The coefficients of the equations f@* (r) and Q(¢) are Lipschitz before time
T/°" ATO" (1). Therefore, (2.17) witl; (1) replaced byl A T (z) follows by standard
Gronwall-Bellman inequality arguments (cf. 84.2B7)[ This together with (2.16) implies
the lemma. ]

By Lemmas 2.2, 2.3 and 2.5, as| 0, the finite-dimensional distributions @* (¢),
0 <t < T, converge to the finite-dimensional distributions®@€t). This convergence,
together with the weak tightness of the proc€gsr) guaranteed by Lemma 2.1, implies
the weak convergence @f“ (¢) to Q(¢) in the spac&€pr (I'). Theorem 2.6 below follows
from the weak convergence ¢f“(¢),0 <t < T, to Q“(¢) ase | 0inCor(I") and from
the weak convergence @f“ (¢) to Q(¢) ask | O.

THEOREM2.6. Assume that condition (2.6) is satisfied. Then for @ny 0 the process
0% (1) = Q(X%9),t € [0, T, converges weakly ifor (I'), as firste | 0and thenc | O,

t/e
to the proces® () onT".

Consider now a general Hamiltonian system with one degree of freedom
X(@) =VHX(®), X0 =(p,q) =xcR?

oH 8H>

vH(PJI) = <—%, %

We assume tha# (x) is a smooth generic function with lif— . H(x) = oco. For a
smooth bounded vector fieldx) in R? consider the perturbed system

Xe(t) = VH(XE(1)) + eb(X5(1)), O<e <1l (2.18)

To study the slow component of this system we rescale the Lime by séfﬁ(tg =
{80/8). Similarly to the system (1.1), the slow conlpongﬁlrt) of X4(¢) is the image of
X£(t) under the projectio : RZ2 — I', Q¢(t) = Q(X¢(r)) (see alsofWen1)). It turns

https://doi.org/10.1017/50143385700000043 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700000043

Perturbed Hamiltonian systems 67

out that similarly to the system (1.1), as| 0, the deterministic procesg’ () converges
to a stochastic proceg3(¢) on the grapi’.

To give this statement a meaning, we consider again random perturbati&ﬁt@f
Leta(x), x € R?, be a uniformly positive definite 2 2 matrix with bounded smooth
coefficients. Fokx > 0, define the random perturbati&i‘i”‘(r) of fa(t) as the diffusion
process ifk? governed by the operator

Lu(x) = g divia(x)Vu(x)) + b(x) - Vu(x) + ;vH(x) - Vu(x).

Consider the diffusion proceg3 () onI" which is defined as follows. Inside an edge
I; c T, the generata# of the proces®)” (r) (on smooth functions) is
Kk d du;(z Bi(2) du;(z
—<m<> o>+ () dui @)
2T;(z) dz dz Ti(z) dz

Liu;i(z) =
where

dl,

A-(z)—y{ a(x)VH(x)- VH(x)
T T |VH (x)]

dl
= - Bi@= b(x) - ni(x)dl,
¥ ﬁmHVHun ® ﬁm>“)nu)

andC;(z) is the component of the level s€tz) = {x : H(x) = z} corresponding to a
point(z, i) € I; andn;(x) is the exterior normal t@’; (z). By the divergence theorem

Bi(z) :/ divb(x)dx,
Gi(2)

whereG; (z) is the domain bounded hy; ().

Let O, be an interior vertex of" and letl; ~ O, j = 1,2,3. As(z,j) € I;
approacheéy, the setD ~1(z, j) tends to a closed cur\@" which is a subset o ~1(Oy).
For two of the edges, the curveé are the separatrices 6f; and for the third one/kj is
their union.

A function u(x), x € I', smooth inside the edges of, belongs to the domain of
definition of the generatad of Q“ (¢) if it is continuous together wittdu (x) onT" and if
the following gluing conditions are satisfied at every interior vetfgx

> £BDu(Ox) =0
jIIj’VOk
where
dl.

B _y{ a(x)VH(x)-VH(x)
S [VH)|

The 4+’ (* =) sign in front of B;; corresponds tdd growing (decreasing) as the point
approacheg); along/;. The operatorg,; and the gluing conditions uniquely determine
the proces®” (¢).

By a slight generalization of the arguments FNenl, FWen2] and by the absolute
continuity arguments fromHWeb2], we obtain that for any” > 0 andx > 0, the process
Q% (1) = Q()?gv’((t)), 0<t <T,converges,as| 0,t0 0“(¢).
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For an interior vertex); and an edgé; ~ O,
set

B;(Op) = / divb(x)dx,
G;(Or)

where, as before(; ; (Oy) is the domain bounded by the curyé corresponding td;.
Define a proces@(¢) onT as follows.
1. If O(¢) belongsto an open eddec T, then

o) 1
dt T:(Q®) Jo; o)
2. Ifthereis only one exit edgk for an interior vertexOy, the proces®) (¢) leavesOy
without delay along;;.
3. If there are two exit edgel, andI;, for an interior vertexOy, the process)(r)
leavesOy without delay along;;, j = 1, 2, with probability

o |B;j (O]
7T BL(O0)| + |B2(0p)]

divb(x)dx.

independently of the past.
Using the same arguments as in Theorem 2.6 we obtain the following result.

THEOREM2.7. Suppose&s; (Oy) # Ofor any interior vertexO, and edgd; ~ O. Then,
as firste | 0 and thenk | 0, the proces%*(r) = Q(X**(t)) converges weakly in
Cor (") to the proces®) (¢).

Note that Theorem 2.6 is not a special case of Theorem 2.7 because of the degeneracy
of the random perturbation in Theorem 2.6 H{ p, g) = %pz + f(q), the proces® (1)
in Theorem 2.7 is the same as in Theorem 2.6. We emphasize that the limiting process
is independent of the type of the random perturbations. If equation (2.18) is perturbed
by a stationary procesgxeé (1) with strong enough mixing properties ag¢d) is not
degenerate in a certain sense, then we expect the same p@eess the limit, as first
¢} 0andthenc | 0.

3. Perturbation of the initial condition
In this section we consider perturbations of initial conditions for the system

Xe(t) = VH(XE(1)) + eb(X4(1)), (3.1)

with a generic HamiltoniartH = %pz + F(g), i.e., F”(q) # 0 for any critical pointy

of F and all critical values o are distinct. We assume that ljn.» F(g) = oo and

that divb(x) < O for all x. Under these assumptions, the set of connected components of
the level sets” (z) of H, considered with the natural topology, is a tievith projection
0:R2 5T, x> 0kx) = (H(x),k(x)), whereQ(x) € Ii(x)- Level setC(z) with large
values of;z correspond to the only semi-infinite edfyeof I'. The first coordinate increases

if the pointinT" approacheg. Since diw(x) < 0, each interior verte® of I' corresponds

to a saddle of (1.1) (which we also den@¥and has degree three with one entrance edge
1, and two exit edge# andl,, which we callleft andright. The HamiltonianH decreases
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as the point irT" approaches the vertex along the entrance edge and increases as the point
approaches along the exit edgesg H> O along1; (respectivelyl,), then the closed orbit

07 1(g) of (1.1) tends to a separatrix (respectivelyy,) of the corresponding sadde.

If ¢ — O alongl,, then the closed orbi®1(g) of (1.1) tends to theo-shaped figure

y1 U y,. LetG; andG, be the domains bounded byandy,. Set

J) = divb(x)dx, J,)= / divb(x)dx
G Gr
Ji Jy
(1) N/ (Ir) Ji+ Jr

If I is an edge of", we refer to the end with the larger value Bfas thetop of I and
the end with the smaller value &f as thebottomof /. The edge has no top. For two
edgesl, I’ c T, we writeI > [’ if there is a pathx(Z, I’) in T from the bottom off to
the top ofl’ along whichH decreases. If > I’, then such a path is unique; it is a finite
collection of edges.

THEOREM3.1. Supposel and I’ are edges ofl’ with I > I’ and a(I,I') =
(In,I,....1,), 1 = I, I, = I'. Letd ¢ Q~1(I) be open and let/* c U be the
set of initial points iri/ whose orbits under (1.2) eventually ener(/’). Then

mU®) _ 1—[ p(l),
) j=2

e—0 mU

wherem is the Lebesgue measureRs.

Theorem 3.1 follows by an inductive application of Proposition 3.3.

As before, the slow motion is described by the evolution of the projection of
H(pt(t), g% (¥)) to I" which has the rate of order To deal with finite time intervals we
rescale the time by consideripg (1) = p°(t/e), gé(t) = g*(t/e), X°(t) = (p° (1), g5 (1)),
Xe(t) = Xt(t/¢). Then

q° (1) + %f(és(t)) = b(G* (1. G° (1))
and
XE (1) = %VH(%(:)) + (X)), (3.2)
It follows that
H(X* () — H(X*(0) = /0 5D (5), 35 (5)) d. (3:3)
Let X (¢, xo) be the solution of (3.2) with initial conditioﬁ’s((z, x0) = X0.
Since for every interior verte® of I" the time during whichX? (¢, x) passes through

a neighborhood 02 ~1(0) is uniformly bounded ire, the following theorem follows
immediately from Theorem 3.1.
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O

FIGUREDS.

THEOREM3.2. Leté&s, § > 0, be a two-dimensional random variable with a continuous
density and such th&t — Oasé | 0.

Then, for everyI' > 0, as firste and thens tends to zero, the stochastic process
Q()?S(t, x + &s)) converges weakly to the proce@s, Qo = x.

We begin by considering the behavior of (3.1) in the special case Whiesis one local
maximum and two minima. The local maximum corresponds to a saddle critical@dint
of (3.1). Ase | 0, the saddle)® tends to a saddI® of (1.1). The two separatrices,

y, of O bound a figurexo-shaped region consisting of two domaihsand R shown in
Figure 5. Since di%(x) < 0, for a small enough > 0, the separatrices spiral into the
corresponding domains to the left and right®@f. Let W'(., ¢) denote the time-map of
(3.1),G’ denote the time-map of the gradient flow

X =VH(X),

andG(z) the trajectory of a point under the gradient flow. LetB(¢) andRB(¢) be the
basins of attraction of andB for (3.1), respectively:

LB ={x e R?: W'(x,6) € L, fort > T(x) > 0},
RB® = {x e R?: W'(x,e) € R, fort > T(x) > O}.

The setsL B and R B consist of the central parts that are closd.tand B, respectively,
and thin ribbons which we refer to #ew ribbons The boundaries of the flow ribbons are
the stable separatricgg andy,® of O° (see Figure 6).

Set

Ji :/divb(g)dg, J,:/ div b (&) dt.
L R

Using the terminology of §2, the vert& of I' has one entrance eddeand two exit
edgesl; and/, corresponding td. and B, respectively. Le3 be the preimage aof under
the projectionQ : RZ — T.

PROPOSITION3.3. LetOf be a saddle of (3.1). Then, for every operiget B\ (LU R),
m(U N LB?) _ Ji

m ———— = .
em0mUNRBE) U,

Proof. We will estimate theH -thickness of the flow ribbons, i.e., the difference between
the values off at the boundaries of the flow ribbons. For a poirfrom y,° or y/, let
LB?(x) be the region obtained froh B¢ by cutting off the tail flow ribbon along the
connected component 6f(x) N L B¢ containingr and letR B¢ (x) be the region obtained
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FIGURE®G.

from R B by cutting off the tail flow ribbon along the connected componeitef) R B¢
containingx. Assume thay, z € G(x), x € ¥/, y € ¥/, z € y¢ and the segment af (x)
betweenx andz intersects the separatrices onlyxaty andz. ThenLB®(x) = LB*(y)

is bounded by the segment pf from O° to x, the segment of;° from O° to y and the
segment ofG (x) from x to y. Similarly RB?(y) = RB?(z) is bounded by the segment of
y/ from O° to y, the segment of,° from O¢ to z and the segment @ (z) = G(y) from
ytoz. Fory = G'(x), let F(x, y) denote the flux oW H + ¢b through the segment @t
betweeny andz:

t
F(x,y) = / (VH(G™(x)) + &b(G (x))) - VH(G" (x)) d. (3.4)
0

LEMMA 3.4. Let H(O®) = a and letb > a be such thata, b] does not contain critical
values ofH. Then there i€” > 0 with the following property. Suppose thatz € G(x),
x €y, y € ¥/, z € yf and the segment af(x) betweenx and z intersects the
separatrices only at, y andz. Assume alsoth@t > H(z) > H(y) > H(x) = H(O%)+$§
with§ > 0. Then

HG@-HGY)
i oy —He 7| =V

Proof. Since®* is a nondegenerate critical point, the areaof'(a — 8, a + §) does not
exceedC1+/8 for some constant; > 0. Therefore

’/ divbh(€)dé| < Co(H, b)V3. (3.5)
HY(a—68,a+5)
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Since®* is a nondegenerate critical poif H (§)| > Co(H)~/8 for & ¢ H Y(a — 6,
a + 8). Therefore, assuming that= G'(x),

t
|H(y) — H(x) — F(x, y)| = ’/0 IVH(G™(x))[? dT — F(x,y)‘

=£

t
/ b(G"(x)) - VH(G"(x))dt
0

=<

(H(y) — H(x)). (3.6)

[SORG)

Similarly
|H(z) = H(y) = F(y,2)| < g(H(Z)—H(y))- (3.7)

By the divergence theorem,

F(x,y):e/ divb(&) d&, F(y,z)=8/ divb(&) d&.
LB (x,y) R

B®(y,2)

Therefore, by (3.5),

|F(x,y) — Jy| < C3vV/8|J;]

(3.8)
|F(y,2) — Jil < Cav/5 101,

whereC3 andCy4 are constants. The lemma follows from (3.6), (3.7) and (3.8). O

To keep track of the relative areas of different basins of attraction away from the
equilibrium©, we construct a convenient coordinate system away from the critical points
in which we apply the averaging principle to the equation in variations for (3.1).

Let—co < a < b < oo and letC(a, b) be a component aff ~1([a, b]) which does not
contain any critical points off. We will use the solutions of (1.1) and the gradient flow of
H to construct a convenient coordinate system.@&ebe the timer map of the differential
equation

X = VH(X) (3.9)

andW¥’(-, &) be the timer map of (3.1). Call a solution of (1.1) or (3.t@gular if it is

not an equilibrium and does not tend to an equilibrium in either direction. The regular
solution of (1.1) that starts atis periodic with periodl'(x). Lety € C(a, b) be a point

with H(y) = a and letp = 27t/ T (y) be the time parameter rescaled to lengthdh the
solutionS(y) of (3.1) starting aty. LetIT : C(a, b) — S(y) be the projection along the
gradient flow (3.9). Thep (IT(¥!(x, €))) is a smooth function an@H (x), ¢ (I1(x))) is a
smooth coordinate system @a, b). Let

h(x, &) = {[|dGT (x)(V(X* (1)) + eb(X* (DS},

wherel(S(y)) is the length ofS(y), dG'(x) is the derivative ofG’ (x) with respect tax
andr is such thatG" (x) = I1(x). Then in coordinategH, ¢)

Xe(r) = (V(XE(1)) 4+ eb(XE(1))h(XE(1), €) (3.10)
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=

I =/
E——a

RB

LB

FIGURET.
has the form
H= H
{ ‘ cu(e, H, §) (3.11)
=1

whereu is a smooth uniformly bounded function whose derivatives are uniformly bounded
for x € F ande € (0, ¢p).

Observe that by changing the velocity by a factozah (3.10) we do not change the
trajectories of (3.1) and therefore do not change the bdshisandR B®.

Consider now the following system of differential equations for the derivative of the
solution of (3.11) with respect to the initial point in the direction of the varidble

dt oH
H =eu(s, H, $)
=1
After the change of time — ¢/¢ we obtain the following system:
d 0
4y ducHd
dt oH
H =u(e, H,$) (3.12)
p=e1

LEMMA 3.5. Ase — 0, the solutions of (3.12) converge uniformiy3n (L U R), with first
derivatives with respect t&, on bounded time intervals, to the solutions of the averaged

system
d 2 u(0, H
—AH = / Md(ﬁ AH
dt 0 oH

27
H:/ u(0, H, ¢)d¢.
0

Proof. The statement follows immediately by the averaging principle (S&éh?2, Ch. 7])
applied to (3.12). ]
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FIGURES8.

flow ribbons flow ribbons
from O from O
1 2
FIGUREOQ.

To complete the proof of Proposition 3.3 observe that the flow ribbons of the laBins
andR B¢ partition the neighborhootf into narrow curvilinear rectangles (see Figure 7) of
almost constant width. Sincl does not contain the critical points &f, the proportions
of LBf andRB? in U/ can be measured by th¢-widths of the flow ribbons. By Lemma
3.4, for a smalb, the ratio of theH-widths of theL B® flow ribbons and ther B® flow
ribbons is close td/; /Jg in the §-neighborhood o). By Lemma 3.5, ag — 0, this
ratio tends to a constant 8. This finishes the proof of Proposition 3.3. |

Remark 3.1.The issue of independence from the past does not arise in 83 since we consider
the oscillator system and assume that the divergence of the perturbation is negative.
Together with the genericity assumptions this implies that theltrisebinary, one edge is
an infinite ray corresponding to large valueskf all interior vertices have one entrance
and two exit edgesH decreases from left to right in Figure 8 and decreases along the
solutions of (1.2). In particular, all trajectories have the same past and the limit process is
Markovian.

If one does not assume that div< 0, thenI" may have an edge with ends®; and
0> such thatD; has two entrance edges and one exit edge@ntas one entrance and
two exit edges, see Figure 9. The preimagd @f the phase plane under the projection
Q is homeomorphic to a cylinder shown in Figure 9 on the right. There is a vertical cut
in the cylinder with the flow ribbons fror®1 shaded to the left and the flow ribbons from
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0> shaded to the right; the past behavior of the trajectory is determined by the left shading
and the future by the right. The slope and width of the flow ribbons are of erded the
number of revolutions they make around the cylinder is of oedér Ase | 0, the flow

ribbons to the left of the cut are sliding up and the flow ribbons to the right of the cut are
sliding down at a rate of ordexe /. Therefore, for any nontrivial ratios of the integrals of

div b over the areas enclosed by the separatrices of the saddles, the conditional measures of
initial conditions corresponding to different pasts and futures do not have limitg &

It seems though that if one averages the conditional measures with respethéa the

limits exist and the average (&) future behavior is asymptotically independent of the past.

Example 3.2 Consider the oscillator witl (p, ) = (p?/2) + F(g), where the potential
F has only one local maximum at*, H(¢*) = H*, separating two local minima and
limy— o0 F(g) = oo (see Figure 2). Fofz, k) € I, the componenty (z) of the level set
H~1(z) is a periodic trajectory of the oscillator. L&t(z) be the period o€ (z) andsS (z)
be the area of the regia® (z) bounded byCy (2), k = 1, 2, 3. ThenS; (H) = Ti(z).
Assume that the oscillator is perturbed by small friction proportional to the velocity:

G (1) + F(q° (1)) = —eBq°(1).

Applying the results of this paper we conclude that the slow component, after the rescaling
of timer +— t/e, converges, as | 0, to a proces®)(t) onI' whose description follows.
Insidely, k = 1, 2, 3, the proces® (¢) is governed by the following differential equation:

dH Si(H)

= div(—pp, 0) = —B 22
yr o V(=gp. 0) ﬂSk(H)

(3.13)

so that
Sk(H (1)) = Si(H(0))e™"".
If the initial energy leveld (0) is high enough, the slow motion starts at a peii(0), 3)
I3 and is described bys(H (1)) = S3(H (0))e#" until time r* whenH decreases tél*,
l *

t*=—"1In Lli)
B S3(H(0))
At time ¢* the procesg) (¢) branches intdy or I with probabilities
_ Si(H*)
 S1(H*) + S2(H*)’

=1,2,

i

wheresS; (H*), are the areas of the regions bounded by the two separatrices of the saddle
(g*,0). Insidel; and I> the evolution of the slow component is given By H (t)) =
S3(H*)e P11,
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