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ABSTRACT

An experimental study incorporating the use of the Background-Oriented Schlieren (BOS)
technique was performed to measure the density field of a rectangular supersonic jet. This technique
is easier to set up than conventional schlieren since the optical alignment involving the various
mirrors, lenses and knife-edge is replaced by a background pattern and a single digital camera.
The acquired images which contain information of density gradients in the flow are solved as
a Poisson equation and further processed using deconvolution and tomographic algorithms to
generate a 3D domain which contains information about the actual density. 2D slices can then
be extracted to quantitatively visualise the density along any required planes. The results from
supersonic axisymmetric jets are used for validation of the code; these show excellent agreement
with pre-validated CFD data. The results for a rectangular supersonic jet are then obtained. These
show good agreement with the CFD data, in terms of shock-cell spacing and overall structure of
the jet. The technique has proved useful for investigating axis-switching, a phenomenon generally
associated with non-axisymmetric jets.
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NOMENCLATURE

b width of the rectangular nozzle exit, m
d image displacement vector

d image displacement, m

d'"  virtual image displacement, m

D circular nozzle exit diameter, m

D,, equivalent diameter, m; D, =~4bh/n
f focal length of the camera lens, m
G(A) Gladstone-Dale constant, m3/kg

height of the rectangular nozzle exit, m

shock-cell length, m

Mach number

fully-expanded Mach number at isentropic conditions for a given NPR
refractive index

horizontal direction (along axis of symmetry)

vertical direction

line-of-sight direction

N%RSZZV‘NN

Greek symbols

angle of deflection

wavelength, m

density, kg/m3

ambient density, kg/rn3

nozzle exit centreline density, kg/m3

a

O O T >2™

Abbreviations

2D  two dimensional

3D three dimensional

BOS background-oriented schlieren

CFD computational fluid dynamics

NPR nozzle pressure ratio (nozzle stagnation pressure relative to ambient static pressure)
PIV particle image velocimetry

1.0 INTRODUCTION

The application of non-intrusive and quantitative techniques for the measurement of flow-fields
has always been important. Optical visualisation techniques such as schlieren and shadowgraph
provide qualitative information about the first and second derivatives of density, respectively.
Although a schlieren or shadowgraph setup cannot be directly used as an aid to view objects
based on size or distance, it assists in looking at optical inhomogeneities in a transparent medium
in considerably more detail than by the naked eye('). The schlieren technique was first developed
by Robert Hooke using an in-line single lens arrangement with two candles. The first practical
apparatus for viewing schlieren images was, however, developed by August Toeplerl. It consisted
of an adjustable knife-edge cutoff, a lantern as the light source and a telescope which enabled
the image to be viewed directly. His test results established that temperature differences of 1°C

I see pp 8, 9 in Schlieren and Shadowgraph Techniques!", referring to the original work: Toepler, A., Beobachtungen nach einer neuen
optischen Methode — Ein Beitrag zur Experimentalphysik, M. Cohen and Son, Bonn, 1964.
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were visible; this corresponded to a change in refractive index of about one part per million.

Background-oriented schlieren (BOS) derives its basic principles from the schlieren technique.
It differs, however, in that it does not require the use of the extensive setup that is typical of a
schlieren arrangement. It is defined as ‘a schlieren measurement technique based on computer
evaluation of image variations due to refractive index variations in the propagation medium’?.
The variation in density of the transparent medium affects the refractive index; this is the principle
on which the BOS technique is based. The relation between the density and the refractive index,
first proposed by Gladstone and Dale™ can be written as:

n—1

=G ..

This is referred to as the Gladstone-Dale equation, where n is the refractive index of the fluid, p is
the density of the medium, and G(}) is the Gladstone-Dale constant. The Gladstone-Dale constant
is dependent on certain characteristics of the medium and weakly on the frequency of the light
used. The reader is directed to Merzkirch™ for more detail.

The distorted image of a particular background is compared numerically with an undistorted
one to determine the gradients of density. The BOS technique offers the possibility of determining
the density field by integration of the measured gradients. A specific illuminated background
pattern and a digital camera are the only instruments required for this arrangement. Consequently,
it is easier to set up than conventional schlieren. Different background patterns provide different
results for correlation, depending on the contrast of the captured image and the flow direction. The
best results are, thus, usually generated using a random dot background since it has high contrast
and unique features which are ideal for image correlation algorithms to determine pixel shift.”.

The BOS method has been successfully employed as a quantitative measurement technique
for different applications, ranging from under-expanded axisymmetric jets(é), multi-jet ﬂows(6’7),
hypersonic shock waves ™, supersonic separated flow, and shock waves of a rifle discharge and
explosions(s), to name a few. The current study aims to make use of the BOS technique to look
at the flow in an under-expanded rectangular jet and understand its development downstream of
the nozzle exit.

2.0 TECHNIQUE

Typically, as a first step, an image is taken of the random dot pattern with the medium (air) at rest,
i.e. no-flow condition. The second image is then taken with the nozzle running at the required
Nozzle Pressure Ratio (NPR). This image contains the necessary density gradients that distort
the background image. A cross-correlation algorithm is employed to generate the displacements
of the dots between the two images in the x and y directions. In the current setup x is along the
centreline of the jet downstream of the exit, with the origin at the centre of the exit. The vertical
axis is denoted by y, while z is the line-of-sight direction. It can be shown" that refraction of
light passing through a medium is proportional to the gradient of the refractive index. Thus, the
deflection of a single beam contains information about the spatial gradient of the refractive index
integrated along the axial path(lo). Thus, the image deflection B is given by:

1 a+Aa8 5

n n
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Figure 1. A representative diagram for typical BOS setup®.

(where n, is the refractive index of undisturbed air). This is illustrated in Fig. 1 which shows
the typical BOS arrangement. The background pattern is positioned at B, the density field to be
measured is positioned at S, the camera lens is at L and the image plane is positioned at /. The
solid line indicates one undistorted image ray R/ while one distorted image ray, R2, is shown by
a dashed line.

From the figure, using simple geometrical reasoning, we can see that the virtual displacement
d' is related to the image displacement d by the distance of the background from the lens g and the
distance of the image plane from the lens b. For large g, this may be replaced by the focal length
of the camera lens f. Thus we have;

dl

d
g_b

d
7 .. %)

Also, if the deflection angle B is considered very small, it may be approximated as d'/a, where a is
the distance of the optical disturbance from the background. Using this approximation, Equation
(3), and the proportionality relation of Equation (2), the sensitivity for a given setup is stated as:

(61583/) x (%) @

Thus, the shift of the background and, hence, the sensitivity increases with increasing distance
of the density gradient from the background. For a constant image field, this implies that the
increased distance between the background and lens, g, may then be compensated by increasing
the focal length of the camera lens, f.

Extending to two dimensions and using Equation (1), we have:

Vn o« Vp o d -9

The obtained displacements are, therefore, proportional to the density gradients at each point in
the field. Applying the div operator, we get:

Vén «< V.d ...(6)

Rewriting this, we get the Poisson Equation of the form:
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2 62
7P y) + yzp(xy)—S(xy) (D)

where S(x, ), the source term, is obtained from the observed displacements and the constants
of proportionality derived from the experimental geometry and Equation (1). In evaluating the
source term at each mesh point, the displacements are obtained through correlation using standard
PIV techniques(“) and differentiated numerically. Neumann boundary conditions, i.e. Vp = 0,
are applied during the initiation of the solving process. The solution of Equation (7) yields the
line-of-sight integrated density field, i.e. the 3D density field as projected when viewing from one
direction. The projected density fields, obtained from observing the phase object along different
directions, can then be simultaneously deconvoluted using optical tomographic techniques (e.g.
filtered backprojection technique). This enables the density distribution to be obtained for any
given plane. More details on the filtered backprojection technique applied to BOS may be obtained
from Venkatakrishnan and Meier''?). In particular, for details about various tomographic techniques
available, the reader is referred to Kak and Slaney(lz)

3.0 SET UP

The experiments were carried out using Cranfield University’s jet rig facility at the Defence
Academy of the UK in Shrivenham. Compressed air was supplied using a CompAir L110-10A
screw-type compressor. The pressure in the system was limited to 7bar(g); the maximum operable
pressure for continuous running of the jet rig was 3-5bar(g). A circular settling chamber of internal
diameter 203mm was used to straighten the flow and reduce swirl, at the same time filtering the
air so that any particulates would not damage the nozzle. A spline section reduced the internal
diameter of the settling chamber to 65mm. The rectangular nozzle used for the experiments had
a circular inlet of 35mm diameter and an exit of aspect ratio 4 and area of 400mm?. It was affixed
using an aluminium adapter to reduce the diameter from 65mm to 35mm. For the reconstruction
of the 3D density field, projections were required to be taken from different directions and then
deconvoluted simultaneously. Since the entire setup involving the camera and the background
could not be rotated easily around the nozzle, the rectangular nozzle was instead rotated using
a dual-flange arrangement (Fig. 2). This enabled taking measurements from 0° through to 90°
azimuth. Using symmetry of the nozzle about its axes, the measurements from 90° to 180° azimuth
were replicated from the measurements obtained in the first quadrant.

Settling chamber/
(]

Nozzle —______ﬁ
o =
Dual-flange / 7\
1’

arrangement

Figure 2. The dual-flange arrangement used for rotating the
rectangular nozzle through 90° (left), closer view (right).
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Figure 3. Schematic representation of the experimental setup; dimensions are given in mm.

A schematic representation of the experimental setup is given in Fig. 3. The background was
created using a random dot pattern-generator program, appropriately modified to generate the pattern
for Al-sized paperz. This was laminated and mounted on a frame made of aluminium extrusions
to ensure rigidity. A halogen lamp placed approximately 1.5m away was used to illuminate the
pattern. This approximated parallel beam conditions and, thus, eliminated the need to re-sort the
fan-beam projections into parallel beam projections(lO 12

Initial experiments were conducted using a compact camera having a small sensor; however,
it was soon realised that results would be improved using a larger sensor. An image sensor with
a higher pixel resolution is able to capture more detail in the image. This helps in improving the
accuracy of the density gradients calculated from the image cross-correlation. Coupled with a
larger sensor, which corresponds to better signal levels and less noise, the image quality improves
significantly. These factors make using a digital single-lens reflex camera suitable for BOS studies.
The images were captured in RAW format by a Canon EOS350D digital camera (8 Megapixel
sensor) with an 18—-55mm lens set at a focal length ratio (f#) of 3.5, focal length (f) of approximately
41mm and an exposure time of 1/30s, using a remote trigger. The remote trigger ensured that the
camera, mounted on a tripod, would not be subject to any physical displacement due to manually
operating the shutter. The aperture setting on the camera allowed maximum light to be captured
during the imaging process. Although this setting would correspond to a lower depth of field, it
actually allows the focus to be set more precisely on the background, which is a requirement for
the BOS technique.

4.0 METHODOLOGY

4.1 Image acquisition

The density data were calculated based on the acquisition of the image pair with no-flow and
flow conditions. The image capture in terms of overall experiment setup was the same for both
axisymmetric and rectangular nozzles. There were, however, small differences in the methods
due to differences in the flow-fields observed.

2 The authors would like to acknowledge Dr Frédéric Moisy, Assistant Professor, Université Paris-Sud, the originator of the Matlab program for creating a random
dot background pattern for A4-sized paper. The program is available to download freely at http:/www.fast.u-psud.fr/~moisy/ml/misc/makebospattern.m.
The program was modified by the authors to adapt it for the current study.
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(a) without flow (b) with flow

Figure 4. The background dot pattern image pair used for creating the vector field.

4.1.1 Axisymmetric nozzle

For an axisymmetric nozzle, the density projections along any direction normal to the streamwise
axis are identical. Therefore, only one set of data is required for calculation of the gradients
and the integrated density field. With the setup in place, an image was acquired for the no-flow
condition (Fig. 4(a)). This served as the base image for cross-correlation. Another image was
acquired with the nozzle running at the required NPR (Fig. 4(b)). This process was repeated
four times to give five image pairs. These image pairs were then averaged and used sequentially
for 180 projections corresponding to an azimuthal angular increment of 1° from 0° to 179°.
The axisymmetric nozzle was run at NPR = 3.00 for this particular study.

4.1.2 Rectangular nozzle

The axisymmetric flow-field presents simplicity, in that a single data set is sufficient to reproduce
the entire 3D flow field. Such is not the case with a rectangular nozzle flow-field. There are two
ways of accomplishing the task of acquiring projections of a rectangular flow-field: rotating
the measurement setup about the centreline of the jet, or rotating the nozzle about its centreline
axis. The former, although ideal in terms of ensuring that the flow remains undisturbed, is
impractical since it involves re-orientation of the camera and the background and is physically
difficult to set up, particularly with a fairly large-scale rig. The second method requires the
nozzle to be rotated about its centreline, keeping the rest of the setup intact. This is more
feasible and easier to achieve with appropriate modifications.

The dual-flange arrangement was used to rotate the nozzle from 0° to 90° so that projections
could be taken without disturbing the background and the camera positions. The symmetry
of the nozzle about its major and minor axes allowed the assumption that the projections of
the density for 90° to 180° would be the same as those for 90° to 0°. The projections were
taken in steps of 7-5° from 0° (minor axis) through to 90° (major axis), resulting in 13 projec-
tions. The data for projections from 7-5° to 82-5° were assumed to be the same for projections
between 172.5° to 97.5°, based on symmetry about its major axis; the total number of projec-
tions being 24. Each projection resulted in a different line-of-sight density field which was
then analysed and processed to produce the 3D density field. The rectangular nozzle was run
at NPR = 2.50 for this study.
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Figure 5. The projected density field, as Figure 6. Comparison of jet centreline axis velocity
computed from the Poisson equation. profiles with results from Saddington, et al (2004 )"

for the axisymmetric nozzle running at NPR = 2-50.

4.2 Image processing

Clearly, the higher the number of projections, the better is the resolution of the deconvoluted density
field. The image pairs (no-flow and flow) were analysed and processed initially using a multi-step
vector-analysis code (written in FORTRAN). This code computed the density gradients using a
cross-correlation algorithm(ll) and stored the data in the form of an array. The density was then
obtained by numerical integration of the Poisson Equation (Equation (7)); the recorded density of
the ambient medium was used to initialise the solution. This yielded the integrated line-of-sight
density field (Fig. 5). The data were then processed by a separate code for deconvolution and
tomographic reconstruction of the projected density data (written in Matlab). Using the filtered
backprojection method (FBP), the density of the flow-field was calculated. This code incorporated
the use of the built-in ‘Inverse Radon Transform’ function''?. The necessary inputs for the variables
in the function were appropriately inserted for the current work. The Shepp-Logan filter'"? was
used for FBP in this study. This filter combines a sinc function (the continuous inverse Fourier
transform of a rectangular pulse of unit height and 2n width) with the ramp filter. Consequently, it
is much less sensitive to noise""”’. The entire density field was then normalised using the centreline
density at the nozzle exit (p,) and the resultant non-dimensionalised density stored in the form
of a 3D array. This enabled easy extraction of data along any required 2D plane and could be
accomplished by using any appropriate flow visualisation software.

4.3 CFD simulations

The CFD studies were initially conducted for a jet running at NPR = 2.50. The RNG £-¢ turbulence
model was used since it has been found to be the most suitable amongst the k- models for modelling
under-expanded turbulent jets(M). The mesh was tested for grid independence and suitably adapted
such that the wall y* values at the inner wall of the nozzle were approximately between 1 and 5.
Second-order discretisation schemes were employed for the solution of the pressure and turbulence
quantities. The pressure outlet downstream of the nozzle was specified at 1 bar. The CFD results
were validated by comparing the data from previously published work"® for axisymmetric under-
expanded jets at similar NPR values. The non-dimensionalised results for velocity and pressure
profiles along the centreline showed good agreement for the given NPR (Fig. 6).
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Figure 7. Shock-cell spacing comparison for the CFD simulation (top) with a conventional
schlieren image (bottom) for the axisymmetric nozzle running at NPR = 3-00.

The Prandtl-Pack formula"'® for theoretical calculation of the under-expanded shock-cell spacing
of an axisymmetric jet is given as:

L = 1-306(M? —1)"/*D (@)

For an under-expanded jet at NPR = 2.50, the corresponding fully-expanded Mach number
at isentropic flow conditions (M) is 1.223. The shock-cell spacing thus calculated is 0-92D,
which agrees very well with the CFD calculation of 0-89D.

Following the validation of the CFD at NPR = 2.50, another simulation was then set up with
similar conditions for a nozzle flow at NPR = 3.00 (M, = 1.358). The shock-cell structure was
compared with the schlieren image acquired at the same NPR (Fig. 7). The two show a very
good agreement with the shock-cell spacing at approximately 1-16D for the CFD and 1.19D
for the schlieren. The theoretically calculated shock-cell spacing at this NPR, from Equation
8, is 1.20D, matching very well with the experimental and numerical results.

The density data from the CFD simulation at NPR = 3.00 were then used for a quantitative
comparison with the BOS results and their validation. This is discussed in the next section.

5.0 RESULTS AND DISCUSSION

The validation of the process and the codes was carried out using data obtained from previous
conventional schlieren studies based on a circular, truncated (convergent) ‘Stratford’ nozzle!'”
with exit diameter of 25mm, operating at NPR = 3.00. For a quantitative assessment of the
results (as mentioned in Sec. 4.3), a comparison is also given with a CFD study for the same
nozzle.

Following the acceptance of the process and the codes for quantitatively assessing the
density field, it was then implemented for studying the rectangular jet running at NPR =
2.50. These results were then compared to conventional schlieren results and CFD studies
for the same NPR.
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Figure 8. Shock-cell spacing comparison for the axisymmetric nozzle running at
NPR = 3.00; BOS result (top) with a conventional schlieren image (bottom).

Figure 9. Comparison of normalised density contours for the axisymmetric
nozzle running at NPR = 3-00; p_ is the nozzle exit centreline density.
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pie,

Figure 10. Shock-cell spacing comparison along the major axis plane for the rectangular
nozzle running at NPR = 2-50; BOS result (top), conventional schlieren image (bottom).

5.1 Axisymmetric nozzle

Figure 8 shows the comparison between the density contours calculated using BOS and a
conventional schlieren image. The two results show good agreement in terms of the shock-cell
spacing for the first shock-cell (approximately 1-19D for the schlieren and 1-17D for BOS).
The quantitative values of the density field are then compared with the data available from the
CFD simulation (Fig. 9). While the overall figures match quite favourably, there is, however,
a slight distortion in the values calculated by BOS. This may be due to the susceptibility of
the Shepp-Logan filter to a small amount of blurring(m .

These results reflect the effectiveness of the application of BOS for the quantitative study
of a circular nozzle density field. The process of image acquisition and post-processing using
the multi-step vector-analysis, and the deconvolution and tomographic reconstruction codes
was effectively the same for the rectangular nozzle. The validation of the BOS technique
for the axisymmetric nozzle case thus- implies that the post-processing is acceptable for the
rectangular nozzle BOS setup.

5.2 Rectangular nozzle

While the axisymmetric nozzle results were generated using 180 projections, the rectangular
nozzle results, initially, were generated using 24 projections. This resulted in a significantly
lower resolution for the density field calculated using BOS.

The shock-cell structure shows good agreement for the rectangular nozzle flow (Fig. 10).
The values of density calculated using BOS are slightly higher compared to the CFD results
(Fig. 11); the existence of the very high density regions is most likely due to distortion and
blurring, and an insufficient number of projections.
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(a) Background-oriented Schlieren
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(b) CFD

Figure 11. Comparison of normalised density contours along the
major axis plane for the rectangular nozzle running at
NPR = 2.50; p_is the centreline density at the nozzle exit.
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Figure 12. Jet development indicating ‘axis-switching’ for the supersonic rectangular jet (NPR = 2.50); the
blue (solid) iso-lines indicate normalised density contours (p/p,) equal to 1, given for equispaced locations
from1to7 Deq downstream of the nozzle exit; the exit is indicated by the dashed outline.

To improve the resolution of the 3D density field, another set of images was acquired for the
rectangular nozzle at the same NPR = 2.50. In this case, the projections were taken in steps
of 5°. Based on the procedure detailed above, this resulted in a total of 36 projections, which
were further processed using the codes to generate the required density field. The data were
used to visualise the jet flow as it developed downstream of the exit. Figure 12 shows the
development of the jet by tracking the shape of the jet spreading, indicated by an iso-line of
normalised density (p/p,), equal to 1. It can be seen that after exiting the nozzle, the jet spreads
faster along the minor axis than the major axis. This leads to the jet cross-section appearing to
have rotated about the centreline through approximately 90° at some distance downstream of
the exit; this phenomenon is known as ‘axis-switching’'®. Clearly, the supersonic rectangular
jet in this case exhibits such a behaviour. The cross-over between the axes appears to have
occurred around 5 D, downstream of the exit.

6.0 CONCLUSIONS

The background-oriented schlieren method is easy to set up as compared to many other
quantitative measurement techniques. It is a completely non-intrusive method of measuring a
flow-field property and, with proper calibration, is ideal for measurement of axisymmetric flow
experiments. It is, however, limited in its application. For measurement of non-axisymmetric
flow, there has to be an appropriate arrangement to move the background and the camera setup
without disturbing their positions with respect to each other. Alternatively, the same result
might be achieved if the flow-field to be measured can be rotated about a fixed axis without
affecting the flow structures developing, as was done for the current experiment. It also requires
a sufficiently large space unobstructed by any other equipment so that the images captured
exhibit only the flow and its development.
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In spite of these inherent drawbacks, it still shows promise for non-intrusive measurement.
A number of lessons have been learnt from the current study.

® The resolution of the digital camera affects the level of detail in the image; greater sensor
size results in lower noise levels and thus better image quality.

® Since a uniformly back-lit pattern is the most ideal for the background, improvements
could be made by using a more diffused source of lighting with higher illumination. This
would also ensure that the projections are emitted in a truer parallel-beam condition.

® The BOS method shows potential to be applied for the quantitative study of supersonic
non-axisymmetric jet flow-fields. If employed correctly, it can be a very useful tool for
visualising flow features such as axis-switching, as demonstrated in this study.
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